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ABSTRACT

Many problems in application involve media with multiple scale, for example, in com-
posite materials, porous media. These problems are usually computationally challenging
since fine grid computation is extremely expensive. Therefore, one may need to develop a
coarse grid model reduction for this type of problems. In this dissertation, we will consider
a multiscale method called generalized multiscale finite element method (GMsFEM).

GMSFEM follows the framework of multiscale finite element method. Instead of using
one basis function per coarse grid node, GMsFEM uses several basis functions for one
coarse grid node. Since the media is highly heterogeneous and may involves high
contrast, having more than one basis function per node is important to reduce the error
significantly.

Due to the varying heterogeneity in the domain, we may require different numbers of
basis functions in different regions. Then the question is how to determine the number of
basis functions in each region. In this dissertation, we will discuss an adaptive enrichment
algorithm for enriching basis functions for the regions with large error. We will consider
two different types of basis function for enrichment. One is using the pre-computed offline
basis functions. We call this method offline adaptive enrichment. The other method uses
online constructed basis functions called online adaptive enrichment.

In applications, non-conforming basis functions can give us more flexibility on grid-
ding. The discontinuous Galerkin method also makes the mass matrix block diagonal,
which enhances the computation speed in solving time-dependent problem with an ex-
plicit scheme. In this dissertation, we will discuss offline and online adaptive methods
for the generalized multiscale discontinuous Galerkin method (GMsDGM). We will also

discuss using GMsDGM for simulating wave propagation in heterogeneous media.
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NOMENCLATURE

MsFEM Multiscale Finite Element Method

GMsFEM Generalized Multiscale Finite Element Method

GMsDGM Generalized Multiscale Discontinuous Galerkin Method

Q Computational domain

T" A partition of €2 into fine finite element

TH A partition of (2 into coarse finite element

h The fine mesh size

H The coarse mesh size

T; A coarse grid vertex

wW; a subdomain with a common vertex at z;

w;” a oversampled subdomain for w;

K; a coarse grid element

K; a oversampled subdomain for K;

Up The fine-grid solution

Uy The coarse-grid solution

Vi The fine-scale space

N, The number of coarse-grid nodes

N The number of coarse-grid elements

Xi The partition of unity

1/1,?) The snapshot multiscale basis functions
,(j) The offline multiscale basis functions
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1. INTRODUCTION

1.1 Motivation

In real life applications, many multiscale problems are involved in different areas (for
example, in engineering, mathematics, physics, chemistry, computational biology and
computer science problems). One can use an extremely fine mesh to solve these mul-
tiscale problems, however, it is computationally experience. Therefore, some types of
model reduction technique is required for solving these problems efficiently. There are
many different mutliscale model reduction methods. They are basically fall into two types
of approach. One is called global model reduction [1, 2, 3]. The other is called local model
reduction techniques [4, 5, 6,7, 8,9, 10, 11, 12,13, 14, 15, 16, 17, 18, 3, 19, 20, 21, 22, 23].

Global model reduction techniques basically use global basis functions or global infor-
mation to construct a reduced global model to approximate the original model. Since these
methods using some global information in the offline stage, it may require a huge amount
of computational power and also lack local adaptivity. In this dissertation, we will mostly
focus on local model reduction techniques. In order to capture the global information of
the model, we will present an online basis construction technique which uses the residual
information obtained from solving the global equation. We remark that these online basis
functions are constructed locally, therefore, it is time effective and compute these online
basis function in parallel.

There are many different local multiscale model reduction techniques developed previ-
ously. They solve some underlying fine-scale problems on a coarse grid. These approaches
can be classified into two categories. One is upscaling type approach. The other is multi-
scale method type approach. Upscaling approaches [4, 5] basically involve computation of

some effective mediums in the coarse grid level which give an approximate model. Mul-



tiscale methods [7, 9, 16, 17, 18, 3, 19, 20, 21, 22] basically involve construction of some
local basis functions in coarse grid level. These basis functions are constructed to capture
the local multiscale information of the problem. We will briefly discuss some examples of
upscaling and multiscale approach in Chapter 1 later.

There are many papers [24, 25, 26] discussed on using few local multiscale basis func-
tions to approximate the solution. In this dissertation, we will mainly focus on a recent
developed local model reduction method called Generalized Multiscale Finite Element
method (GMsFEM) [27, 20, 22, 28, 29]. GMsFEM can be viewed as a generalization
of the Multiscale Finite Element Method (MsFEM) ([30]). It gives a systematic way to
enrich the basis functions in the coarse grid space. Enriching these basis functions are
essential to reduce the error significantly. GMsFEM involves two stages of computation,
which are offline stage and online stage. We will construct a small dimensional multiscale
finite element space in the offline stage and use it to compute an approximate solution with
a given source term and boundary condition in the online stage. We remark that one can
use the multiscale finite element space for solving the problem with different source term
and boundary condition without recomputing the basis functions. The most important part
of the construction of offline spaces is the choice of local spectral problems and the choice
of the snapshot space. We will discuss it in Chapter 2 in detail.

In practice, one may need to use different number of basis functions in different coarse
elements (coarse neighborhoods) to obtain an accurate representation of the solution. We
can use a small amount of basis functions in the regions with less heterogeneous property.
In contrast, we will need to use more basis functions in the regions with more hetero-
geneities and high contrast. Therefore, we will need an adaptive enrichment algorithm to
determine how many basis functions are required in each coarse region. In [31], the au-
thors proposed a residual based local error estimator for adaptive enrichment of GMsFEM.

In this dissertation, we will discuss on using residual based local error estimator to preform



basis enrichment for generalized multiscale discontinuous Galerkin method (GMsDGM).
We will also use this residual based local error estimator to preform our online basis con-
struction algorithm for GMSFEM and GMsDGM. There are many existing research papers
[32, 33, 31] discussing on using local error estimator to preform mesh refinement or basis
enrichment. Our analysis follows the same idea and do not consider the error coming from
the fine grid discretization. We will discuss the adaptivity enrichment method for GMs-
DGM in detail in Chapter 3. We remark that there are many related activities in designing
a-posteriori error estimates [34, 35, 36, 37, 38, 39] for global reduced models. The main
difference is that our error estimators are based on special local eigenvalue problem and
use the eigenstructure of the offline space. We also discuss an approach that adaptively
selects multiscale basis functions from the offline space by selecting a basis with the most
correlation to the local residual (cf. [40]). Adaptivity is important for local multiscale
methods as it identifies regions with large errors. However, after adding some initial basis
functions, one needs to take into account some global information as the distant effects
can be important. In this dissertation, we discuss the development of online basis func-
tions for both GMSFEM and GMsDGM that substantially accelerate the convergence of
the method. The online basis functions are constructed based on a residual and motivated
by the analysis. We will discuss the online basis construction in the adaptivity enrichment
method for GMsFEM in Chapter 2 and GMsDGM in Chapter 4.

GMsDGM has many applications in different areas, for example, flow problem, wave
simulation problem. In Chapter 5, we will discuss on using GMsDGM to simulate wave
propagation in heterogeneous media. The discontinuous Galerkin framework give us a
block diagonal mass matrix and more flexibility on gridding process which improve the

computational performance and handle complex geometry of the computational domain.



1.2 Introduction of upscaling method and multiscale finite element method

In this section, we will briefly discuss about homogenization, numerical homogeniza-
tion and multiscale finite element method for the flow problem with periodic media pa-

rameter, that is, solving u, satisfying
x
-V - (k(=)Vu,) = f(z), z€Q
€

with periodic parameter (%) in the computational domain 2 = [0, 1]¢ C RY, where € is

assumed to be extremely small.
1.2.1 Homogenization

In this subsection, we will introduce the homogenization technique for the flow prob-
lem. The basic idea of homogenization is to approximate the solution u. by a solution ug

of the flow problem with a constant coefficient x*, which is,
-V - (k"Vug) = f(z), x €.

Next, the question is how to find out the constant coefficient x*. We assume u,. can

written as a asymptotic expansion which is
Ue = Uo(l',y) + €u1($, y) + 62u2($7 y) T+

where y = £ is fast variable and the functions w;(x, y) are periodic in y with period 7T'. It
is easy to see V = V, + ¢ 'V,. By comparing the coefficient of € in O(e~?) order, we

have,

-V, (ﬁ(y)vyuo(x,y)> = 0.



By solving the above equation with periodic boundary condition in y, we have u is inde-
pendent of y, that is, uo(z, y) = ue(z). Next, by comparing the coefficient of € in O(e™!)

order, we have

-V, - (/{(y)vyul(a:,y)> =V, - (/i(y)quo(x)> = <Vy/<;(y)> : (quo(a:)> (1.1)
We consider NV; = N;(y) to be the solution to the following "cell problem":

0

V- (k) VNG ) = oy, W)

with periodic boundary condition in y. Then, the solution of (1.1) can be written in form

of

0 -
u(z,y) = /\/Ja—x]u + ().

By comparing the coefficient of € in O(1) order, we have

V- (A9) (Vato(@) + Vi @) ) = Vy - (k) (Vara (,9) + Vyua(a, ) ) = (@)
1.2)

Finally, integrating (1.2) over periodic cell Y, we have the homogenized equation is given

as

-V, - <I€*Vmu0(l‘)> =f
where

1 0
ki = — [ K(0;; + =—N;)dy.
= 1., 70 g N



We remark that even if the parameter coefficient x(y) is a scalar coefficient, the homoge-

nized coefficient xk* can be a symmetric tensor.
1.2.2 Numerical Homogenization

In this subsection, we will briefly introduce numerical homogenization technique.
Similar to homogenization, we would like to compute the homogenized coefficient for
the problem. However, it is not easily to determine the periodic cell Y in practice. Some-
times, the parameter coefficient is even not periodic. Therefore, we may need to fix the
coarse regions of the "cell problem" numerically. In numerical homogenization approach,

we will first partition the computational domain into a coarse grid (see 1.1). Using this

Figure 1.1: Illustration of the coarse grid for numerical homogenization.

coarse grid, we will compute the "cell problem" in each coarse element K where the "cell

problem" is defined as: finding /\/'j"h with

—V(m(%)V/\/}”h) —0zek



subjecting to the boundary condition /\/'J”h = z; on OK.

Then the numerical homogenized coefficient /if]’-“h is defined by

*nh nh
Ky =K / kVN,

We remark that the numerical homogenized coefficient /ij]’-"h is a symmetric tensor.
In fact, the "cell problem" in numerical homogenization is similar to the "cell problem"

in homogenization case in the sense of ./\/;”h — x; satisfying

V- (RO VN = 27)) = 5 —k(y),

with zero Dirichlet boundary condition and

*nh nh .
Kij |K| / 0ij + M ;))dy.

That is, instead of solving the local problem with periodic boundary condition in periodic
cell Y, we solve the local problem with boundary condition (can be Dirichlet, Mixed

Dirichlet-Neumann or even periodic) in each coarse element K.
1.2.3 Multiscale finite element method (MsFEM)

In this subsection, we briefly introduce multiscale finite element method. In contrast
to numerical homogenization, multiscale finite element method constructs the basis func-
tions instead of the homogenized coefficient. Multiscale finite element method follows the

framework of the standard finite element method, for example, it considers the variational



problem for flow problem: find v € H'(Q) satistying

/ﬂwu-vv:/ﬂfvvueﬂl(ﬂ).

Multicale finite element method will approximate the variational solution v € H'(Q) by a
solution u,, satisfying the variational equation in a finite dimensional multsicale subspace

Vs C HY, that is, finding u,,s € V},s such that

/ KV Ups - VU = / foYv e V. (1.3)
Q Q

The main idea of multiscale finite element method is constructing a multiscale basis func-
tion per coarse grid node which can capture the multiscale feature of the solution .

We consider the computational domain €2 is partition into a coarse grid 7 which is
similar to the coarse grid in numerical homogenization. For each coarse vertices z;, the

coarse neighborhood w; is defined by
wi=|J{K; eT" ;€ K}, (1.4)

that is, w; is the union of the coarse elements K € T containing the coarse grid node z;.
In Figure 1.2, we show an illustration of the coarse mesh and coarse neighborhood.
To construct the multiscale basis functions gb(i), we will solve a local problem in each

coarse neighborhood w; which is:

~V - (k(z) Vo)) =0 VK € TH (1.5)

o (xj) =6, for all coarse node x;,

and ¢ is piecewise linear in each coarse edge, where 9; ; is the Kronecker delta function.
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Figure 1.2: Illustration of a coarse neighborhood and a coarse element.

The multiscale finite element space is defined as the span of these local basis functions,
namely,

Vins = span{gb(i)| 1<i< N}

where N, is the number of coarse-grid nodes. After constructing the multiscale finite
element space, one can use this space repeatedly for solving (1.3) with different source
terms and boundary conditions.

The methods introduced in this section can basically handle the problems with scale
separation quite well. However, in some applications, one may need to handle some more
complicated cases, for example, high contrast media with multiple inclusions and chan-
nels. In these cases, we will require a more complex coarse grid upscaling model or
enriching the multiscale finite element space to capture the complex multiscale feature of
the solution. In the next chapter, we will discuss on the GMsFEM which is a generaliza-
tion of the multiscale finite element method for handling the flow problem in high contrast

medium.



2. RESIDUAL-BASED ONLINE GENERALIZED MULTISCALE FINITE
ELEMENT METHODS

2.1 GMSsFEM for high contrast flow
2.1.1 Overview

In this section, we will introduce the GMsSFEM ([27, 20, 22, 28, 29]) for flow prob-
lem. Let {2 be the computational domain. We are considering the flow problem in highly

heterogeneous media defined as

-V (kVu)=f in Q (2.1)

u=0 on 0Jf2 (2.2)

where  is the permeability coefficient in L>((2), f is a source function in L?(2). We as-
sume the coefficient « is highly heterogeneous, which can involve multiple non-separable
scale and high contrast.

The GMSFEM starts with partitioning the computational domain €2 into a coarse mesh
TH with mesh size H. The coarse mesh is then refined into a fine mesh 7" with fine
mesh size h << H. We assume this fine mesh is fine enough to restore the multiscale
properties of the problem. To simplify the discussion, we will consider the coarse mesh
and fine mesh are both uniform rectangular mesh. Let NV, be the number of nodal points of

the coarse mesh. We consider the set N, = {x; |1 < ¢ < N_} containing all of the coarse

Reprinted with permission from "Residual-driven online generalized multiscale finite element methods"
by Eric T Chung, Yalchin Efendiev and Wing Tat Leung, 2015. Journal of Computational Physics, 302, 176-
190, Copyright [2017] by Elsevier.
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grid nodes. For each coarse grid node x;, the coarse neighborhood wj is defined by
wi=|J{K; e T €K}, (2.3)

that is, w; is the union of the coarse elements K € T containing the coarse grid node z;.
In Figure 1.2, we show an illustration of the coarse mesh and coarse neighborhood.

Next, we denote the conforming piecewise bilinear fine-scale finite element space as
Vi, thatis Vi, = {v € HY(Q)] v|x € Q*(K), VK € TH}. This finite element space is
used to compute some local problems for constructing the multsicale finite element space
and the fine-scale reference solution for comparison. The finite-scale reference solution

up, 1s defined by the following variational problem: find u;, € V}, such that
a(up,v) = (f,v), forallve Vj, (2.4)

where a is the bilinear form which is defined as a(u,v) = [, xVu - Vodz. We define
the energy norm, ||v||,, by ||v||> = a(v,v). Since the fine mesh is fine enough to resolve
the multiscale properties of the problem, we notice that the reference solution is a good
approximation of the exact solution. We would like to construct a multiscale finite element
space V,,s which is a subspace of the the fine-scale finite element space V/}, in the coarse
mesh with multiscale basis function resolve the local multiscale behaviors of the exact
solution.

Next, we will present the general framework of GMsFEM ([27, 20, 22, 28, 29]). It
follows the standard continuous Galerkin framework. We seek for a multiscale numerical

solution u,,; € V,,s such that

a(tms,v) = (f,v), forall v € Vs CV,. (2.5)
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The basis functions of the multiscale finite element space are constructed in coarse neigh-
borhoods, and therefore, they are nodal based and supposed on coarse neighborhoods.
That is, V,,,s = span{aﬁy) e Vil supp{gbgi)} C w;, forl < i < N}. The most important
part of GMSFEM is how to construct these local basis functions in order to obtain a good
approximation of the solution. We will discuss it in detail in the latter subsection. By
[27, 20, 22, 28, 29], we will use some basis functions which is called offline basis function
to span our initial multiscale finite element space. These basis functions are called offline
basis function since they are constructed in the offline stage. These basis functions are not
always sufficient to give us a good approximation of the solution. Therefore, we may need
to construct some local basis functions in online stage to give a rapid convergence to the

reference solution.
2.1.2 Construction of offline basis functions for GMsFEM

In this section, we discuss how to construct the offline basis function in GMsSFEM (see
e.g. [27, 20, 22, 28, 29]). For each coarse neighbourhood w, we consider the local fine-
scale finite element space Vh(i) to be the restriction of the global finite-scale finite element
space V},, namely, Vh(i) = {v| € H'(w)| v = w|, forsome w € V;,}. Next, we will
introduce a subspace of the local fine-scale finite element space which is called the local
snapshot space %&Qp. The local snapshot space is considered to be a space containing all
of the important components of the reference solution in the coarse neighbourhood w. The
snapshot space is usually too large that will not be used directly to be our multiscale finite
element space. We will use a spectral problem to select some dominant modes in order to
obtain a low dimensional subspace, and our multiscale finite element space is consider to
be the sum of low dimensional subspace. Usually, there are two choices for the snapshot
space. One is using the local fine-scale finite element space directly. Another choice is

using the space containing all x - harmonic extensions.
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Next, we discuss the construction of harmonic extension snapshot space VSSQP. Let
Jn(w) be the set of all finite grid nodal points on the coarse neighbourhood boundary dw.

For each finite grid nodal point z; € J,(w), we construct a local snapshot basis function

Ysnap,j by solving

—div(K(2) Vs, ;) =0, in w,
(2.6)

Ysnap,; (Tk) = (5,2’,]-, for all z;, € J,(w).

where 5]}? is the discrete delta function defined by

1, k=j
6]’;'/7]:

0, k#J

The local snapshot space VSSQP is the space spanned by these snapshot basis functions,

namely, I/;E,Qp = span{Ysap ;| V; € Jy(w)}. Therefore, the dimension of the local snap-

shot space is equal the number of finite grid nodes on on the coarse neighbourhood bound-
ary Jw. To construct this snapshot space, we need to solve a number of local problems.
To reduce the computational cost of the construction, we can use randomized snapshots
with oversampleing technique [41]. For each coarse neighbourhood w, we can define an

oversampled domain w™ by extending several fine grid layers around w. We will construct

K snapshot basis functions w;am by solving the x - harmonic extension with random

boundary conditions, that is, solving

0, in w™,

—div(k(z) Vi

snap,j) =

2.7)

+

— +
sap,j = Tj» oN ow™,.

where r; are independent identically distributed (i.i.d.) Gaussian random vectors on the
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fine-grid nodes on dw™. The local snapshot space nggp is the space spanned by these
snapshot basis functions restricted in w, namely, VSSQP = span{@b;rlm i || forl < j < K}.
K can be chosen as the number of offline basis function per coarse neighbourhood plus a
small number pys, for example, p,y = 4. Therefore, we only need to solve about n + 4
local problems if we need n offline basis functions.

Next, we will discuss about the construction of offline basis functions. We will use

a spectral problem to perform a local model reduction. From the analysis in [16], we

consider the spectral problem to be: find (¢, \) € VSEIQP x R such that

snap

/ R(I)Vgﬁgi) -Voudr = /\g-i) / T{(x)wj(l)v dz, Yve VY (2.8)

w

where k() is defined by

Ne
R = KZH2|VXZ'|2,

i=1
with x; being the nodal multiscale basis function for the coarse node ;.

We assume the eigenvalues Agi) from (2.8) are in ascending order. For each w;, the first
[; eigenfunctions corresponding to the small eigenvalues are chosen to construct the offline
space. The offline space V. is spanned by the basis Xigbg-i), namely Vg = span{xigﬁy) 1<
i < N, 1 <j<I;}. After constructing the offline space, we can set the multiscale finite

element space to be this offline space and compute the numerical solution by solving (2.5).
2.2 Offline Adaptive GMsFEM

In the previous section, we introduced a multiscale offline space to a coarse-scale ap-
proximation of the exact solution. However, using a pre-defined number of basis functions
l; in the coarse neighborhood w; may not be enough to restore all of the scale of the exact
solution. Therefore, we may need to use an adaptive approach to select the number of

basis functions used in each coarse neighborhood. In [31], there is an adaptive enrichment
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algorithm for choosing /; is introduced and analyzed. The general idea of this adaptive
enrichment algorithm is using the local residual of the equation to indicate the regions
which require more basis functions. We will first compute a numerical solution by using
the offline multiscale space and use it to compute the local residual for each coarse neigh-
borhood. Next, for each coarse neighborhood with large residual, we enrich more basis
functions by using the next eigenfunctions in (2.8), namely adding Xi¢z(f)+1> ceey Xiébz(jzrp to
finite element space. We repeat the basis enrichment process until the residual is smaller
than a tolerance. We call this algorithm the offline adaptive GMsFEM since we only add
the predefined offline basis functions to multiscale finite element space.

Next, we will discuss the offline adaptive GMsFEM in more details. We assume v, €
Voer to be the solution obtained in (2.5). For a given coarse neighborhood, we can define

the local residual functional, R; : Vh(i) — R, by

R;(v) ::/ fv—/ aVigys - Vo

| Ri(v)]|
The operator norm of the residual functional is defined by || R;|| := sup Tl Follow
v|lv
the result in [31], we have a posteriori error estimate for GMsFEM which is
N. 4
lun = |l < Cen Y RPN ) (2.9)

i=1

where C.,, is a uniform constant, and /\Z(Zzrl is the (I; + 1)-th eigenvalue for the spectral
problem (2.8) which corresponds to the first eigenfunction that do not used in the offline
basis construction.

Next, we will present the adaptive enrichment algorithm. The index m > lis used to

denote the enrichment level. To enrich the multiscale finite element space, we will use the
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Dorlfer’s bulk marking strategy [34] to select the number of enriching local regions. We
first define a constant 0 < theta < 1 independent of m. At each enrichment level m, we
compute the numerical solution u;, by computing the corresponding solution obtained in
(2.5) with Vs = V.U where V" is the corresponding multiscale finite element space in
m-th level. Next, we compute the local error indicator 7; for each coarse neighborhood w;
with

n = RlPNg)™ i=1,2, N,

where [7" is the number of basis functions used in the coarse neighborhood w; and R;(v)

m

is defined using ;" , namely,

Ri(v) = / fu —/ aVug - Vo, YveV,.

7

We will use the error indicator to identify the regions where basis enrichment is required.
We first rearrange the order of the coarse neighborhoods such that the error indicator 7?
are in decreasing order, that is, n? > 13 > --- > n%. Let k be the smallest integer such

that
N¢ k
0 <Y i (2.10)
=1 1=1

We then add the next eigenfunction Xigbl(;ﬁ 41 to the multiscale finite element space for
1 <4 < k where ¢ is in the new arranged order. We call the enriched space Vn’l’;“, namely,
Vit = ym 4 span{xigbl(;2+1| 1 <i<k}.

In [31], the above enrichment algorithm can give a fast convergent rate if the eigen-
values in (2.8) increase rapidly. Although rapid eigenvalue growth occur in many cases,
this offline enrichment algorithm may be give a rapid convergence in some situations since
the offline constructed basis functions may not contain the global information of the prob-

lem. Thus, we may need to construct some basis functions involving global information
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to accelerate the convergence. In next section, we will introduce an adaptive algorithm by
using online constructed basis functions where these basis functions can capture the global

behaviors of the solution and thus give a rapid convergent rate.
2.3 Residual based online adaptive GMsFEM

In previous sections, we discussed about the offline adaptive enrichment method and
mentioned that online constructed basis functions may be important in some cases. In this
section, we will present the online basis function construction algorithm in more details.
We call the adaptive algorithm using the online constructed basis functions online adaptive
GMSsFEM. Based on the analysis and numerical result, we show that using sufficient num-
ber of offline basis functions is necessary to give a rapid convergence for online adaptive
GsFEM.

Basically, the online adaptive GMsFEM following a similar framework as the offline
adaptive GMSFEM. Thus, we will use similar notations as in the previous section. In
online adaptive GMsFEM, instead of, using the next eigenfunction constructed in 2.8, we
will add a online constructed basis function (b(()Q to the multiscale finite element space V.
Therefore, the resulting multiscale finite element space contain both offline constructed
and online constructed basis functions.

Next, we will discuss how to construct the online basis functions. In the m- th enrich-
ment level, similar to the offline adaptive GMsSFEM, we will obtain the numerical solution
u by solving (2.5) with Vo = V!. The main point is how to find a suitable basis
function ¢,,, with support in w; such that the next level multiscale finite element space
Vm+l = Y 4 span{¢,, } can give a good approximation of the reference solution.

Let v be the numerical solution for the next enrichment level. By using Galerkin
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orthogonal property of the numerical solution. We have

m+1||2 —

lun — infflus = v

ms

By taking v = u, + ¢, we have
m+1||v < [Jun — up, O‘¢0n||%/ = [Jun — UQSH%/ — 2a(up — Uy, Pon) + a(Pon, Pon)-

| un —

To reduce the error for next level enrichment, we will minimize the last two terms in

the above inequality. That is, we will find ¢,,, € Vh(i) such that,

Pon = argmingéev}fi){—Qa(uh Upme, ®) + a(o, ¢)} (2.11)

Since R;(¢) = fwi fo— fwi aVu™ - Vo = a(uy — u, ¢), we have

ms?

Cbon = argmin¢evlfi){_2Ri(¢) + a(¢a ¢)}

and by simple variation argument, we have ¢,,, € Vh(i) satisfying
a(¢on,v) = Ri(v) Vv € V7 (2.12)

Moreover, we know the error of next level is reduced by 2R;(don) — a(Gon, Gon) =

a(¢0n> ¢on) == ||R1||2, namely,
= wgst M 1P < Yl — upell® = (| Ral1*. (2.13)

We consider the spaces V! contains the first n; offline basis functions for the coarse
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neighborhood w; for all level m. Therefore, by (2.9), we obtain

[l = I <CerrZHRH (o)™ (2.14)

=1
Combining (2.13) and (2.14), we obtain

A
Hu _ um+1HV < (1 i+l

CCIT z

(A;JZH)_

( nj+1

)l i

The above inequality show the error decay rate for enriching one basis function with
support in w; per iteration. To increase the rate of convergence of the method, we can
enrich multiple basis functions with non-overlapping support in each iteration. For ex-
ample, we can choose a index set of some non-overlapping course neighborhoods I C
{1,--- N}, thatisw; Nw; = () for all 4, j € I withi # j. Next, we can construct a set of
basis functions, {(;522 € Vh(i)| Vi € I}, by solving (2.12) for each coarse neighborhood w;
with ¢ € I. It is easy to check that, using the same argument as above, we can obtain the

following inequality

= w1 < M= wpll = D IRl (2.15)

el

if the coarse neighborhoods w;, Vi € I are non-overlapping. Consequently, we have

Aﬁfm > ier 1R 2 (/\Zi+1>_

= w3 < (1 - Nu—wmlly  @16)
Cor Y0 RPN, m
where
AT — min A . (2.17)

Form the above inequality, we can see that the convergence of the online enrichment
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method is determined by A which related to the number of basis functions of the offline

min

space. To obtain a rapid convergence, we need to take enough offline basis function such

that A s large enough and

min

I .\
Al(nil Zz’el Tz2( ﬁﬁl) !
C Ne 2 wj —1 Z 90
er Y55 7"j<)‘nj+1)

for some 0 < 6, < 1 which is independent of the contrast in x(z).

Hence, we obtain the following convergence for the online adaptive GMsFEM:
[l — g I < (1= 00)l|u — -

We note that A , can be very small when there are channels in the domain. This is

extensively discussed in [42]. For this reason, we introduce a definition.

Definition 2.3.1. We say Vg satisfies Online Error Reduction Property (ONERP) if

N SO,
Corr 335 17N )™

for some 0y > 0 > 0, where 0 is independent of physical parameters such as contrast.

We remark that if Vg is ONERP, then the error will decrease independent of physical
parameters such as the contrast and scales. We will show in our numerical results that if
we do not choose Vi with ONERP, the online basis functions will not decrease the error.
One of easiest way to determine Vi being ONERP is to guarantee that Afm)n is sufficiently
large. In general, one can use the sizes of A(I and Y, ;r7(Ani, )" to determine the
switching between offline and online.

We remark that one can derive apriori error estimate for ||u — w1 ||%. To do so, we

can use an error estimate for the GMsSFEM that uses initial multiscale basis functions ([31,
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29, 16]) and obtain estimate for ||u —ul||3-, where u0,, denotes the multiscale solution that
uses the initial basis functions. This convergence rate depends on the use of oversampling
and is proportional to 1/A,, where A, is the largest eigenvalue that the corresponding

eigenvector is not used in constructing the initial multiscale space.
2.4 Numerical result

In this section, we will present some numerical examples to demonstrate the perfor-
mance of the online adaptive enrichment method. We first briefly introduce the algorithm
for online adaptive GMSFEM. As we mentioned before, the online adaptive enrichment
will start constructing a offline space with a fixed number of offline basis functions for
each coarse neighborhood. The offline space is denoted as Vo, We consider the initial
multiscale finite element space V.1 be the offline space V. Next, the coarse neighbor-
hoods are denoted by w; ;, where ¢ = 1,2,--- /Ny and j = 1,2,--- N, and N, and
N, are the number of coarse nodes in the x and y directions respectively. We consider
I; oaa and I, eyen as the set of odd and even indices from {1,2,--- | N, }. Similarly, 7, 544
and [, cven are the set of odd and even indices from {1,2,---, N,}. In each iteration of
our online adaptive GMsFEM, we will perform 4 sub-iterations which add online basis
functions in the non-overlapping coarse neighborhoods w; ; with (i,7) € Ipoda X Iy o4
(1,7) € Ipodd X Lyevens (1,7) € Ly even X Lyoda and (7, j) € Iy even X Iy even respectively.

The computational domain D is considered as [0, 1]? and the coarse mesh is an uniform
square mesh with mesh size H = 1/16. The fine mesh is an uniform square mesh with
mesh size H = 1/256. In Figure 2.1, we will show the permeability field ~ and the source
function f. In the following sections, we will use the following error quantities to measure

the accuracy of our algorithm.

HU_UmSHLQ(D) v — ||
) Co = —F 1

€y =

Y

[l 2 () [[ullv
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Figure 2.1: Left: Permeability field x. Right: Source function f.

2.4.1 Comparison of using different number of initial basis

In this subsection, we will present the numerical result to compare the convergence rate
of using different number of initial basis functions. In Table 2.1, we will show the result
of using one basis function per coarse neighborhood for the offline space. In the table, we
will show the number of basis functions used in each coarse neighborhood and the degrees

of freedom (DOF), which is the total number of basis functions. In the table, we will

max K
consider two different contrast level. In the left table, we have the contrast — = 10%.
min K
max K
In the right table, we have a contrast — = 10% which is 100 times larger than the
min K

contrast in the left table. That is, we have a permeability field with permeability equal
to 10° in the inclusion and channels in Figure 2.1. We know that the first few eigenvalue
are dependent on the contrast([42]). For using 100 times contrast, we will have 100 times
smaller eigenvalues for the first few eigenfunctions. By comparing the convergence history
for using different level of contrast (in Table 2.1), we can see the convergence rate is
dependent on the contrast if we do not have enough initial basis functions. Similarly, in
Table 2.2, we can see the convergence rate is slower for the higher contrast case if we use

two initial basis functions. However, in Table 2.3, we show that the convergence rate does
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not dependent on the contrast since A, is independent of the contrast. In Figure 2.2,
we plot the relative errors in energy norm and the logarithm of relative errors in energy
norm against total number of degrees of freedom. for various number of the initial basis
functions for two different contrasts. We observed that the convergence rates are similar
for using 3 and 4 initial basis functions. Therefore, we can conclude that the convergence
rate is independent of contrast if we have enough initial basis functions. Moreover, we can
see the error decay exponentially for using online adaptive method.

From Figure 2.2, we can observe the following facts. First, we observe if we choose the
number of initial basis functions to be 2 (which satisfies ONERP), it will give the smallest
error for a fixed coarse space dimension. Indeed, if we start with the smallest number of
initial basis functions (that satisfy ONERP), then at every iteration of the online stage, the
error will reduce more compared to the offline-stage basis addition (i.e., adding the basis
functions computed in the offline stage). On the other hand, if we would like to reduce
the online cost associated with computing basis functions, then it is more advantageous to
choose more offline basis functions. Indeed, by choosing a larger number of initial offline
basis functions will give us a better result, as we observe from Figure 2.2. For example,
if we compare the errors for one online basis addition, we will find that the case with 4
initial offline basis functions gives smallest error. This is because the initial error for the
four offline basis functions is smallest among those shown in Figure 2.2. In general, one
needs to be careful as more offline basis functions will increase the dimension of the online
system and, consequently, the cost of solving the coarse-grid system.

Next, we will present an example with a different medium parameter ~ shown in Figure
2.3 to show the importance of ONERP. The source function f is taken as the constant 1.
The domain D is divided into 8 x 8 coarse blocks consisting of uniform squares. Each
coarse block is then divided into 32 x 32 fine blocks also consisting of uniform squares.

The convergence history for the use of one initial basis and the corresponding total

23



number of basis (DOF) €q €
1(225) 60.71% 33.87%
2(450) 33.10% 13.38%
3(675) 14.38% 3.25%
4(900) 4.28% 1.02%
5(1125) 1.33% 0.24%
6(1350) 0.065% 0.0028%
7(1575) 0.00083% | 2.96e-05%
8(1800) 1.59¢-05% | 4.87e-07%
9(2025) 2.35e-07% | 2.10e-08%
number of basis (DOF) €q e
1(225) 60.90% | 34.15%
2(450) 35.90% | 15.87%
3(675) 35.00% | 15.29%
4(900) 25.77% | 8.77%
5(1125) 14.17% | 4.39%
6(1350) 7.79% | 2.78%
7(1575) 6.83% | 2.06%
8(1800) 415% | 1.20%
9(2025) 2.60% | 0.64%

Table 2.1: Convergence history for the permeability field in Figure 2.1 and for the case
with one initial basis. Left: Lower contrast(1e4). Right: Higher contrast(1e6).

number of degrees of freedom (DOF) are shown in Table 2.4. In this case, Ay, = 0.0033,
which is considered to be very small, and we observe very slow convergence of the online
adaptive procedure. In Table 2.5, we present the convergence history for the use of two
to five initial basis, where we only show the results for the last 4 iterations. We see that
the values of A, increase as we increase the number of initial basis. We also observe
that the convergence rate increase when we raise the number of initial basis from 2 to 4.
For the use of 5 initial basis, we again see rapid convergence and a faster convergence
compared when using 4 initial basis functions. In particular, we observe (based on 3
iterations following the initial one) that the error decays at 130-fold when 5 initial basis

functions are selected, while the error decay is about 90-fold when 4 initial basis functions
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num of basis(DOF) €a €9
2 (450) 26.60% 6.92%
3(675) 1.46% 0.060%
4 (900) 0.017% 0.000079%
5(1125) 0.000021% | 1.06e-05%
6 (1350) 3.56e-06% | 1.65e-07%
num of basis (DOF) €4 €9
2 (450) 27.17% 7.53%
3(675) 4.99% 0.79%
4 (900) 0.20% 0.0073%
5 (1125) 0.0017% 8.16e-05
6 (1350) 2.71e-05% | 1.09e-06%

Table 2.2: Convergence history for the permeability field in Figure 2.1 and for the case
with two initial basis. Left: Lower contrast(1e4). Right: Higher contrast(1e6).

are selected. A comparison of error decay for the use of 1 to 5 initial basis functions is
shown in Figure 2.4. We have also tested harmonic basis functions and the results are
similar, i.e., the convergence rate is very slow unless sufficient number of offline basis

functions is selected.

In conclusion, we observe

o If Vs does not satisfy ONERP, then the error decay is slower as the contrast becomes

larger.

o If Vs does not satisfy ONERP, in some cases, we have observed the error does not

decrease as we add online basis functions (see Table 2.4, 2.5).

o If V}, satisfies ONERP, then we observe a fast convergence, which is independent

of contrast.
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num of basis (DOF) €4 €
3(675) 16.95% 2.53%
4 (900) 0.54% 0.023%
5(1125) 0.011% 0.00040%
6 (1350) 9.07e-05% | 3.79e-06%
7 (1575) 1.38e-06% | 6.05e-08%
num of basis (DOF) €4 €
3(675) 16.96% 2.54%
4 (900) 0.54% 0.023%
5(1125) 0.011% 0.00041%
6 (1350) 9.07e-05% | 3.79e-06%
7 (1575) 1.58e-06% | 5.49e-07%

Table 2.3: Convergence history for the permeability field in Figure 2.1 and for the case
with three initial basis. Left: Lower contrast(1e4). Right: Higher contrast(1e6).
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Figure 2.2: Comparison for the permeability field in Figure 2.1 with different choices of
the number of initial basis. Left: The contrast is 10%. Right: The contrast is 10°.
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Table 2.4: Convergence history for the permeability field in Figure 2.3 and for the case

DOF €q €9
81 17.24% | 4.35%
162 | 2.80% 1.02%
243 | 2.65% | 0.88%
323 | 2.64% | 0.87%
401 1.09% | 0.081%
478 | 0.74% | 0.094%
555 | 0.73% | 0.090%
632 | 0.48% | 0.039%
709 | 0.37% | 0.026%

with one initial basis. (The value of A;, = 0.0033).

Figure 2.3: Permeability field « for second case.

DOF €q €9 DOF €q €9

162 | 13.29% | 2.90% 405 7.24% 0.92%
405 | 1.60% | 0.17% 486 | 0.0684% 0.0028%
486 | 0.33% | 0.025% || 567 | 0.00049% | 1.51e-05%
567 | 0.30% | 0.022% || 635 | 3.80e-06% | 2.49¢-06%

Table 2.5: Convergence history for the permeability field in Figure 2.3. Left: Two initial
basis (A, = 0.026). Right: Five initial basis (A, = 319.32).
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Figure 2.4: Comparison for the permeability field in Figure 2.3 with different numbers of
initial basis functions.

28



2.4.2 Adaptive online enrichment

In this section, the online enrichment is performed only for regions with the residual
that is larger than a certain threshold. In the first case, the online enrichment is performed
for the coarse regions with a residual error bigger than a certain threshold which will be
taken 1073, 10™%, and 107°. In the second case, the online enrichment is performed for
coarse regions that have cumulative residual that is 6 fraction of the total residual. One of
our objectives is to show that one can drive the error down to a number below a threshold,
adaptively.

In our numerical results, we will consider three tolerances (tol) 1072, 10~* and 107°.
We will enrich coarse regions, if the H ~!-norm of the residual is bigger than the tolerance.
In Table 2.6, we show the errors when using 1 initial basis function for tolerances 1073,
10~* and 107°. We first observe a very slow reduction in errors similar to the results
presented in the previous section. Another observation is that the energy error of the
multiscale solution is in the same order of the tolerance, and the error cannot be further
reduced if we perform more iterations. This allows us to compute a multiscale solution
with a prescribed error level by choosing a suitable tolerance in the adaptive algorithm. In
Table 2.7 and Table 2.8, we show the errors for the last three iterations when using 2 and
3 initial basis functions respectively for tolerances 1073, 10~* and 10~°. We observe that
the convergences are much faster. In addition, the energy errors are again have the same

magnitude as the tolerances. From these results, we obtain the following conclusions.

e Using smaller tolerances, we can reduce the final error below desired threshold er-

Tors.

e We have observed that the number of initial basis functions are important to achieve
better results. For example, we observe a slow decay of the error when 1 initial basis

function is selected. Moreover, if the contrast is higher, the decay becomes slower.
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DOF €q €9 DOF €q €
225 | 60.71% | 33.87% || 225 | 60.71% | 33.87%
447 | 33.10% | 13.39% || 449 | 33.10% | 13.38%
652 | 14.43% | 3.28% 674 | 1438% | 3.25%
776 | 4.37% | 1.06% 883 | 4.28% 1.02%
824 | 1.83% | 0.37% || 1031 | 1.33% 0.24%
847 | 1.10% | 0.25% || 1125 | 0.082% | 0.0036%
863 | 0.50% | 0.029% || 1136 | 0.052% | 0.0023%

DOF €q €9

225 1 60.701% | 33.87%

450 | 33.10% 13.38%

675 | 14.38% 3.25%

899 4.28% 1.02%

1114 | 1.33% 0.24%

1275 | 0.065% | 0.0028%

1338 | 0.0048% | 0.00017%

Table 2.6: Convergence history with a fixed tolerance (tol) and one initial basis for the
permeability field in Figure 2.1. Left: tol = 1073, Middle: tol = 10~*. Right: tol = 107°.

In our next numerical example, the online enrichment is performed for coarse regions
that have a cumulative residual that is 6 fraction of the total residual. Assume that the local

residuals are arranged so that

LTy >3 >

Then, we only add the basis ¢, - - - , ¢, for the coarse neighborhoods wy, - - - , wy such that

k is the smallest integer with
Ne k
0 Z r? < Z 7.
i=1 i=1
In Table 2.9, we present numerical results for the last 4 iterations when using 1, 2
and 3 initial basis functions with the tolerance 10~* and # = 0.7. We observe that one

can reduce the total number of basis functions compared to the previous case to achieve

a similar error. Our conclusions regarding the importance of ONERP condition for V,, is
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Table 2.7: Convergence history with a fixed tolerance (tol) and two initial basis for the
permeability field in Figure 2.1. Left: tol = 1073, Middle: tol = 10~%. Right: tol = 107>,

DOF €q €9 DOF €, €
450 | 26.60% | 6.92% 450 | 26.60% | 6.92%
649 | 1.49% | 0.063% || 674 | 1.46% | 0.059%
666 | 0.53% | 0.028% || 802 | 0.048% | 0.0022%

DOF €q €9

675 1.46% 0.060%

885 | 0.017% | 0.00079%

925 | 0.0043% | 0.00019%

Table 2.8: Convergence history with a fixed tolerance (tol) and three initial basis for the
permeability field in Figure 2.1. Left: tol = 1073, Middle: tol = 10~*. Right: tol = 107°.

the same as before.
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DOF €q €9 DOF €q €2
675 | 16.96% | 2.54% 675 | 16.96% | 2.54%
863 | 0.63% | 0.027% || 898 | 0.054% | 0.023%
867 | 0.44% | 0.018% || 993 | 0.046% | 0.0015%

DOF €q €9

900 0.54% 0.023%

1087 | 0.011% | 0.00043%

1106 | 0.0050% | 0.00019%




DOG €q € DOF €q I DOF €q €
620 1.10% 0.23% 450 | 26.60% | 6.92% 675 | 16.96% | 2.54%
709 | 0.49% | 0.082% 576 | 1.94% 0.12% 827 | 1.02% | 0.045%
787 | 0.050% | 0.0024% || 690 | 0.20% | 0.0099% || 957 | 0.091% | 0.0033%
789 | 0.046% | 0.0022% || 744 | 0.051% | 0.0023% || 987 | 0.048% | 0.0017%

Table 2.9: Convergence results using cumulative errors with = 0.7, tol = 10~* and the
permeability field in Figure 2.1. Left: One initial basis. Middle: Two initial basis. Right:
Three initial basis.
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3. AN ADAPTIVE GENERALIZED MULTISCALE DISCONTINUOUS GALERKIN
METHOD (GMSDGM) FOR HIGH-CONTRAST FLOW PROBLEMS

3.1 GMsDGM for high-contrast flow problems
3.1.1 Overview

In this section, we will introduce the GMsDGM ([43]) for the flow problem. As in the
chapter 2, we denote the computational domain by 2. We will consider the flow problem
(2.1) with high-contrast medium coefficient () and Dirichlet boundary condition u = ¢
on boundary 0f2. Instead of using continuous Galerkin approach, we would like to in-
troduce an efficient coarse grid discontinuous Galerkin approach to capture the multiscale
feature of the solution.

We denote the coarse grid by 7 as in the previous chapter. We then denote consider
the fine grid 7" to be a refinement of the coarse grid. To simplify the discussion of
the methodology, we will consider a conforming refinement only. We remark that the
conforming refinement is not necessary in the discontinuous Galerkin case.

GMsDGM also consists of two main ingredients, which are the construction of local
basis functions and the global coarse grid level coupling. For the local basis functions, a
snapshot space V;EQP is first constructed for each coarse grid block K; € 7. The snapshot
space contains a large library of basis functions, which can be used to obtain a fine scale
approximate solution to (2.1). A spectral problem is then solved in the snapshot space nggp
and eigenfunctions corresponding to dominant modes are used as the final basis functions.
The resulting space is called the local offline space Vo(flf) for the i-th coarse grid block
K;. The global offline space Vi is then defined as the linear span of all these Vo(f?, for

1 =1,2,--- N. This global offline space V¢ will be used as the approximation space of
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our discontinuous Galerkin method, which can be formulated as: find u G ¢ V. such that

apa(ug’,v) = (f,v), Vv € Vg, (3.1)

where the bilinear form apg is defined as

apc(u,v) = ag(u,v) Z / {kVu - ng}v]+{xVv - ng}u] Z /

Ec&H Ee&Hd

(3.2)
with

v) = Z afy(u,v), aff(u,v) = /KF;Vu-Vv, (3.3)

KeTy

where v > 0 is a penalty parameter, ng is a fixed unit normal vector defined on the coarse
edge E € £H. Note that, in (3.2), the average and the jump operators are defined in the
classical way. Specifically, consider an interior coarse edge £ € £ and let KT and K~
be the two coarse grid blocks sharing the edge F. For a piecewise smooth function GG, we
define

Gy =g@ +@),  [(1=G"'-G, o F

where G = G|+ and G~ = G- and we assume that the normal vector ny is pointing
from K to K~. Moreover, on the edge E, we define £ = (kg+ + kx-)/2 where K+
is the maximum value of x over K=. For a coarse edge F lying on the boundary 0D, we
define

{G}=[G] =G, and FE=kg on F,

where we always assume that ng is pointing outside of D. We note that the DG coupling
(3.1) 1s the classical interior penalty discontinuous Galerkin (IPDG) method [44] with our

multiscale basis functions as the approximation space.
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3.1.2 Construction of offline basis functions

In this subsection, we will give a detailed description of the method. We will first give
the construction of the snapshot space, and then give the definitions of the local spectral
problems for the construction of the offline space. Furthermore, a priori estimate of the
method will be derived.

Let K; € T be a given coarse grid block. We will define two types of snapshot
spaces. The first type of local snapshot space Vl(,?nap for the coarse grid block K is defined
as the linear span of all harmonic extensions. Specifically, given a function ¢ defined on

OK;, we find o)™ € V,(K;) by

/ VY™ . Vo =0, Yve VK,
Ki (3.4)

i,snap
y =0k, on 0K,

where V,(K;) is the standard conforming piecewise polynomial finite element space with
respect to the fine grid defined on K, V)?(K;) is the subspace of V;,(K;) containing func-
tions vanishing on 0K; and ¢ is piecewise polynomial on 0K; with respect to the fine
grid such that d has the value one at the k-th fine grid degree of freedom and value zero
at all the remaining fine grid degree of freedoms. The linear span of the above harmonic

extensions is the local snapshot space Vl(’?nap, namely
Vi = span{yy™®, k=1,2,--, MUY

where M is the number of basis functions in ‘/1(,is11ap’ which is also equal to the number
of fine grid degree of freedoms on OK;. The second type of local snapshot space V;Qnap
for the coarse grid block K; is defined as VQ(;)nap = V(K;). Itis easy to see that V},(K;) =
V(i)

1snap T ‘/'Q(QMP, namely the space V},(K;) is decomposed as the sum of harmonic extensions
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and functions vanishing on the boundary 0K;. Moreover, the global snapshot space V/ sap

i)

snap*

is defined so that any v € V; g if 0|k, € V1(7 The space V5 gnqp 1s defined similarly.
We will perform dimension reductions on the above snapshot spaces by the use of
some carefully selected spectral problems. Based on our analysis to be presented in this
section, we define the spectral problem for ‘/1(,?nap as finding eigenpairs (¢,(f), )\%), k =
1,2,---, M®»"® such that
(i
1,

[ ovol o= [ Relu weevl, (3.5)

7

where k is the maximum of % over all coarse edges E € 0K;. Moreover, we assume that

/\g’)l < A% <o < Ag”)Mp

i)

For the space VZ(,snap’ we define the spectral problem as finding eigenpairs (f,ff), )\gz), k =

1,2,---, such that

/ RVE Vo= 28 / D0, Vo€ Vi, (3.6)
K; K;

k3
where we also assume that

Agl)l < )\S)Q <

In the spectral problems (3.5) and (3.6), we will take respectively the first [;; and Iy ;
eigenfunctions to form the offline space for the coarse grid block K;. The local offline

spaces are then defined as

V1(,i)ff = span{¢l(i), =12, all,i}7

‘/Q(j))ff = SPan{fz(i)7 l=1,2,--- 752,1‘}-
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We define Vo(f? = Vl(;)ff + VQ(QH The global offline space V" is defined so that the re-
striction of any function v € VP on the coarse grid block K; belongs to V;"°". The
definition for V3™ is defined similarly. In addition, we define Vo = Vi off + Vaofr. This
space is used as the approximation space in (3.1). We remark that we assume the eigen-
values in the spectral problems (3.5) and (3.6) are simple only to simplify the notations. If
there is a non-simple eigenvalue, then there are multiple eigenfunctions correspond to this
eigenvalue. In this case, we will include all these eigenfunctions in the space when this
eigenvalue is chosen in our adaptive process.

Now we will analyze the method defined in (3.1). For any piecewise smooth function

u, we define the DG-norm by

D .
el = anuu)+ 3 1 /E Rul? ds.

Eecéy

Let K be a coarse grid block and let ngx be the unit outward normal vector on JK.
We denote V},(0K) by the restriction of the conforming space V;,(K) on K. For any
u € V™, the normal flux kVu - nyg is understood as an element in V;,(0K) and is

defined by
/ (kVu-ngg)-v= / kVu-Vo, ve VoK), (3.7
oK

K

where v € V},(K) is the harmonic extension of v in K. By the Cauchy-Schwarz inequality,

/ (kVu - nar) - v < aly(u, u)% als (v, 5)\)%.
oK

By an inverse inequality and the fact that v is the harmonic extension of v

ag(i}\,ﬁ) < /fKC’fWh_l/ |v|2, (3.8)
oK
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where we recall that s is the maximum of x over K and C,,, > 0 is the constant from

inverse inequality. Thus,
1 1 1
/ (K- 19ic) - © < Kk Comh™ [0l 2o @l (o, ).
oK

This shows that

/ |kVu - nak|? < kgC2 h™aly (u, u). (3.9
oK

We remark that the above steps show that the inequality (3.9) holds for any « in the snap-
shot space V™. On the other hand, for any function u € V,"*, one can show that (3.9)
holds, with possibly a different constant Cj,,, by using arguments based on inverse in-
equality. See also Lemma 2 in [22]. Furthermore, the relation (3.7) will be used in the
proof of Theorem 3.1.2.

Our first step in the development of an a priori estimate is to establish the continuity

and the coercivity of the bilinear form (3.2) with respect to the DG-norm.

Lemma 3.1.1. Assume that the penalty parameter v is chosen so that v > C?2. The

mv*

bilinear form apg defined in (3.2) is continuous and coercive, that is,

VAN

GDG(U,U) alHUHDG HU“DGy (3.10)

apc(u,u) > a0||u||f)G, (3.11)

_1
2.

for all u,v, where ag = 1 — Cinw’% >0anda; =1+ Ciyy

Proof. By the definition of apg, we have

apc(u,v) = ag(u,v)— Z /E({ﬁVu-nE}[[v]]—l—{/ﬁVv~nE}[[u]])—|— Z %/Eﬁ[[u}][[v]]

EecgH EceH
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Notice that

ap(u,v) + Z/EE[[U]] [l < [lullps [[v]lbg-

For an interior coarse edge E € £/, we let K+, K~ € T be the two coarse grid blocks

having the edge £. By the Cauchy-Schwarz inequality, we have

/E{wu-nE}-[[v]] < (h/E{f-{Vu-nEP(E)_l);<%/EE[[U]]2>%. (3.12)

Notice that

h/E{/fVU'nE}Q(E)_l < h(/E(/ﬁerVu*-nE)z(/fKﬁ_l —I—/E(/{_VU_-RE)Q(/{K)_l)

where u® = u|g+, kT = k|g+. So, summing the above over all £ and by (3.9), we have

h Z /{/@'Vu ng}?(®)'<h Z/ (kVu - nar ) (k) < C2Lam(u,u).

EcEH KeTy

Thus we have

> /{Wu np}v] < Civan(u,u)? Z / . (3.13)

EceH EEEH

Similarly, we have

Z/{wv nE}[[]]<cmvaHm% Z /

EcegH EcEH

Summing the above two inequalities, we have

/ (Vu-ng} ol + {wV0-np}ful) < Gy ~Flulios lolbe. G.14)

EecgH
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This proves the continuity (3.10).

For the coercivity (3.11), we have

avcln) = [ulo = 3° [ ({#9u-ns} -] + {(xFu-nz} - [u]).

EcegH

By (3.14), we have

_1
aDg(u,U) > (1 - Cinv7 2)||u”l2)G7

which gives the desired result.
O

In the following, we will prove an a priori estimate of the method (3.1). First, we let
Vi ={ve L*(D) : v|g € Vi(K)}. (3.15)
Let uy, € ;6 be the fine grid solution which satisfies
apG(un,v) = (f,v), Vv e VPo. (3.16)

It is well-known that u;, converges to the exact solution « in the DG-norm as the fine mesh
size h — 0. Next, we define a projection u; € Vj g Of uy in the snapshot space by
the following construction. For each coarse grid block K, the restriction of u; on K is

defined as the harmonic extension of uy,, that is,

/ kVuy - Vo =0, Vo e VP(K;)
K (3.17)

uy = up, on 0K;.

The following theorem gives an a priori estimate for the GMsDGM (3.1).
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Theorem 3.1.2. Let u, € VP be the fine grid solution defined in (3.16) and uy be the
GMsDGM solution defined in (3.1). Then we have

N
H vH
[un — upllpe < C (1+
DG (Z 2 h)\(l)

7,+1 1 ll z+1

)/8Ki(/<cVu1 noK)?

Z Hinz(K ez Y / Rlu]?).

KeTu 2l5,;+1 EegH

=1

where u, is defined in (3.17).

Proof. First, we write u, = uy + us where us = u;, — u;. Notice that, on each coarse

grid block K;, the functions u; and us can be represented by

M;
=Y ¢’ and uy = dig” (3.18)
=1

>1

where M; = M*"® and we assume that the functions qﬁl(i) and fl(i) are normalized so that

/ R0 =1 and /H(gl@)2:1.
OK; K;

Notice that, the functions u; and u, belong to the snapshot spaces V nap and V5 gnap re-
spectively. We will need two functions %; and 4, which belong to the offline spaces Vi o

and V5 o respectively. These functions are defined by

1. I

=Y ¢ and U= dg’ onkK,.
=1 =1

We remark that u; and u, are the truncation of u; and u, up to the eigenfunctions selected
to form the offline space.

Next, we will find an estimate of ||u; — 1 |pg. Let K; € TH be a given coarse grid
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block. Recall that the spectral problem to form Vl(fgff is

(4)

. A ) )
/ /ngb,(;) Vo = L '/%gb,(;)v, Yv € Vl(?nap.
K; H Jok, ’

k3

By the definition of the flux defined in (3.7), the above spectral problem can be represented
as
. /\(i) 4
/ (RV¢](;) . n@Ki)’U ds = Lk %¢S)U
o 0 Jox,

By the definition of the DG-norm, the error ||u; — u;||pg can be estimated by

N

o —wnlo < 3 ([ wv@—u)P+ 2 [ F@ - w?).
1 /K OK;
Note that, by (3.18), we have
M; (@) M; (2)
- AL H ALl
[ e = 3 Jd< g 3 (g
? l:ll,i-i-l l,ll,i-f—l l:ll,i+1
and o
1/ w(u 2 _ 1 N 2 H? S ALl o
- Rl —wm) =7 Y d<—m=—" > (7)d.
h Jox, h h()‘g,gl,m)z I=l1 41
Furthermore,
G, 0
DA< (g = (E)l/ (kVuy - nok,)*
H H oK
I=l1,i+1 =1 i

Consequently, we obtain the following bound

N
Juy = [Jpg < Z =

i=1 K

H H
@ (1+ i (kVuy - nax)>.
ALyt

(4)
1,01 4+1 h)\Lll’i-‘rl IK;
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Next, we will find an estimate of ||us — Us||pg. By definition of the bilinear form apg,

apc(uz,v) = —apg(u,v) + (f,v) Z / {kVv - -ng} uﬂ]) (f,v)

EegH

which holds for any v € V5 ¢n,p. In addition, by the fact that any function in V5 4, 18 zero

on boundaries of coarse grid blocks, we have
[|lug — %H%g = apa(ug — Uz, uy — Uz) = apg (U, uy — Uy),

where it follows from the fact that the eigenfunctions of (3.6) are x-orthogonal on every

coarse grid block. Therefore we have

s — T3 = Z/ (kY (s — ) nE}[[u1]]>+(f,u2—62). (3.19)

EecgH

The second term on the right hand side of (3.19) can be estimated as

~ 1 ~
oz =) < 37 oo 9% (z — @) 2

KeTH

By (3.6), for every K; € TH, we have

| - )P - | w9 - wP.
K; K;

For the first term on the right hand side of (3.19), we use inequality (3.13) to conclude that

g
)lz: 212_>\(z

2[2 i+1

S i (-

[>l2.+1 2 12 i+1

> [ (05t =) nedu]) < Gy Hue = Talba( 3 7 [ wlul?)’

EceH EceH

Consequently, from (3.19) and the fact that [u;] = [uy] for all coarse edges, we obtain the
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following bound

R 1 H?
v = Tallfe < O(Chy 3 1 [ Al + 3 I
h (4)
E KeTy >‘

EecgH 2,l2,5+1

Finally, we will prove the required error bound. By coercivity,

aolliy + Uy — unllpg < apa(Uy + Uy — up, Uy + Uz — un)
= CLDG<a1 + 711\2 — uH,ﬂl + ’/LL\Q — uh)

—|—CLDg<a1 + iL\Q —Uug,Up — uH)
Note that apg (U + Uy — upy, up, —ug) = 0 since Uy + Uy — uy € Vogr. Using the above

results,

[y + @ — urllpe

N

H H
i=1 ’i)‘1711,i+1 h>‘1,zl,i+1 0K
+Z@ m%ﬁmzt/%_
KeTn 2 2,41 EcgH

The desired bound is then obtained by the triangle inequality

|un — vurllpe < |lun — ullpe + ||t — um||be,

where U = u; + uy. This completes the proof.
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We remark that, the term

H H
. 0 (1+ #) / (kVuy - 1K) (3.20)
i=1 [ OK;

1,:+1 1,01 :+1
corresponds to the error for the space V o and the term
H2

2,l,;+1

11122

corresponds to the error for the space V5 .. Moreover, the term

L [f_
Ci Y 3 [ Flur

EcegH

is the error in the fine grid solution uy. This is the irreducible error, and an estimate of
this can be derived following standard DG frameworks. In particular, the fine grid so-
lution uy, satisfies (3.16), which is the standard interior penalty discontinuous Galerkin
(IPDG) method with the use of the DG space defined in (3.15). One can find the er-
ror analysis of this method, for example, in [44]. More precisely, one can show that
> peer + JpFlun]® < Cexh® where p is the degree of the piecewise polynomial in
Vi(K). We note that the constant C,, depends on the derivatives of the true solution
and can be large. However, we assume that the fine mesh size & is small enough to resolve

all scales of the true solution so that this error term is small.

h AR h AR
1/48 | 1.0021e+03 || 1/48 | 7.7650e+05
1796 | 1.0193e+03 || 1/96 | 1.6569e+06

1/192 | 1.3094e+03 || 1/192 | 3.3254e+06

Table 3.1: Left: oversampling basis, Right: no-oversampling basis
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Remark 3.1.3. It is important to note that one can also replace (3.8) by

aly (0,9) gA;’;“PIf;/ lv]?, (3.21)
oK

where N3 is the largest eigenvalue for the spectral problem (3.5). Therefore, (3.9) can
be replaced by
/ |kVu - ngx|? < AZPE aly (u,u). (3.22)
oK

By following the above steps, we see that one can choose 7y in (3.20) so that

> C.h max AT?
7 e K

where the constant C., is defined as

maxpcokx K
CH = max ————.
KCcTH MINgcpr K
We remark that this constant C\; is order one if we assume that every coarse element has
a high contrast region.
One can take smaller values of vy if oversampling is used (oversampling method is dis-
cussed in Section 3.3). The main idea of the oversampling is to choose larger regions for
computing snapshot vectors. For every coarse block K;, we choose an enlarged region

i,0ver

K", and find oversampling snapshot functions ;""" by solving (3.34). We have per-

7
formed numerical experiments and computed N3 with and without oversampling. De-
note N7 to be the largest eigenvalue corresponding to the oversampled problem. In our
numerical results (see Table 3.1), we have removed linearly dependent snapshot vectors

with respect to the inner product corresponding to |, oK |v|? before computing the largest

eigenvalue. Our numerical results show that one can have about three orders of magnitude
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smaller value for N7*Y compared to N/ Moreover, our numerical results show a weak h-
dependence for N} as we decrease h, while A} behaves as h™' (when no-oversampling
is used).

Our error analysis holds when oversampling snapshot space is used. The term in

(3.20) will become
al H aCymaxygcrn Ny H
> - a1+ o ) / (kVuy - nok ) (3.23)
i=1 K')\Lll,i-i-l 1,041 OK;

when v = aCyhmaxgcra AZT. If AT is a weak function of h, e.g., if it is bounded
with respect to h, then the terms involving N7*Y doesnt influence the error and the error is
dominated by the first term. We emphasize that our discussions in this Remark are based on
our numerical studies and their analytical studies are difficult because it requires interior

estimates for solutions. We plan to study them in future.

Remark 3.1.4. From the remark above as well as (3.21) and (3.22), one sees that the

penalty term in (3.2) can be replaced by

sz [ wullo

where [ is an O(1) constant and N'P := max g7 Ai". Moreover, it is easy to show

that the result in Theorem 3.1.2 becomes

snap

N
1
= un g < O( 30— (4 ) [ (kW e
OK;

i %)
o1 KA ,%UH )\g,ll,ri’l
# 3 W+ 3 g )
KeTy 212 i+l EecH B

Remark 3.1.5. We note that while the solution can be well approximated by using our
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basis functions within coarse elements, the jumps of the solutions across coarse edges may
not be well controlled (particularly, for a small number of multiscale basis functions). One
reason for this is because we use a constant penalty parameter v > 0 and a very large
penalty factor (scaled as h™"). In general, the solution has multiscale structure on coarse
edges, and the use of multiscale penalty (instead of constant penalty) is desirable and is
important in order to capture the jumps of the solution (e.g., similar to HDG methods).
Despite these limitations, the IPDG formulation performs well in practical applications.
The method is easy to implement in parallel using unstructured coarse meshes and avoids

overlaps.

3.2 A-posteriori error estimate and adaptive enrichment

In this section, we will derive an a-posteriori error indicator for the error u, — uy
in energy norm. We will then use the error indicator to develop an adaptive enrichment
algorithm. The a-posteriori error indicator gives an estimate of the local error on the coarse
grid blocks K;, and we can then add basis functions to improve the solution. Our indicator
consists of two components, which correspond to the errors made in the spaces Vj gnap
and V5 gnap. By using the indicator, one can determine adaptively which space has to be
enriched. This section is devoted to the description of the a-posteriori error indicator and
the corresponding adaptive enrichment algorithm. The convergence analysis of the method
will be given in the Section 3.4.

Recall that V}; is the fine scale DG finite element space, and the fine scale solution uy,
satisfies

apc(up,v) = (f,v) forall v € Vi, (3.24)

Moreover, the GMsDGM solution u satisfies

apg(ug,v) = (f,v) forall v € V. (3.25)
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We remark that Vo C VhDG. Next we will give the definitions of the residuals.
Definitions of residuals:
Let K; be a given coarse grid block. We will define two residuals corresponding to
the two types of snapshot spaces. First, on the space ‘/1(,is)nap’ we define the following linear

functional

Ry ;(v) = / fv—apg(ug,v), ve Vl(f;{mp. (3.26)
K;

Similarly, on the space VQ(’?nap, we define the following linear functional

Ry(v) = fv—apg(um,v), ve [/2(213 : (3.27)
b p
K;

These residuals measure how well the solution uy satisfies the fine-scale equation (3.24).

Furthermore, on the snapshot spaces Vl(;)nap and Vz(,gmp, we define the following norms

||v||%/1(Ki):H_1/aK kv and ||v||%/2(Ki):H_2/K/wQ (3.28)

respectively. The norms of the linear functionals R?; ; and Ry ; are defined in the standard

way, namely

1Bl = sup AEOL g Ry = sup (B2 (35

veV [ollva iy vevi [vllva(r)
The norms || Ry ;|| and || R ;|| give estimates on the sizes of fine-scale residual errors with
respect to the spaces Vl(?nap and VQ(?MP

We recall that, for each coarse grid block /;, the eigenfunctions of the spectral prob-

lem (3.5) corresponding to the eigenvalues )\ﬁ)l, ceey )\glgl and the eigenfunctions of the
spectral problem (3.6) corresponding to the eigenvalues )\g)l, e ,)\522 . are used in the

construction of V. In addition, the energy error in this section and Section 3.4 is mea-
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sured by ||u||? = apg(u, u), which is equivalent to the DG norm.
In Section 3.4, we will prove the following theorem, and we see that the norms || R; ;||

give indications on the size of the energy norm error ||uy, — ug||,.
Theorem 3.2.1. Let u;, and uy be the solutions of (3.24) and (3.25) respectively. Then
N 2 .
lun = a2 < Con D0 D NRIPOD, 40) 7" (3.30)
i=1 j=1
where C.,, is a uniform constant.

We will now present the adaptive enrichment algorithm. We use m > 1 to represent
the enrichment level, V(1) to represent the solution space at level m and v/} to represent
the GMsDGM solution at the enrichment level m. For each coarse grid block K;, we use
[77; to represent the number of eigenfunctions in VJ(?H used at the enrichment level m for
the coarse region K;. Assume that the initial offline space V,¢(0) is given.

Adaptive enrichment algorithm: Choose 0 < # < 1. Foreachm =0,1,---,

1. Step 1: Find the solution in the current space. That is, find u}} € Vg(m) such that
apc(ulfy,v) = (f,v) forall v € Viyg(m). (3.31)
2. Step 2: Compute the local residuals. For each coarse grid block K;, we compute
05 = IRulP O )™ =12,

where the residuals and their norms are defined in (3.26)-(3.29). In particular, the
residuals are the L? projections with respect to the inner products (3.28) and their
norms are L2 norms of these projections. After we computed the residual norms,

we re-enumerate the above 2N residuals in the decreasing order, that is, 77% > 773 >
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.-+ > n2, where we adopted single index notations. That is, each single index k

corresponds to a double index (7, ¢) for the i-th coarse block K; and the space Vj(?ff

. Step 3: Find the coarse grid blocks and spaces where enrichment is needed. We

choose the smallest integer & such that

2N k
0> 03 <> 0 (3.32)
J=1 J=1

The above is the standard Dorfler marking strategy. It is also a criterion to select the
coarse regions with large errors. The numbers of regions and spaces to enrich are

determined by the parameter 6.

. Step 4: Enrich the space. For each J = 1,2,--- |k, chosen by the above criterion,
we add basis functions in V;(f))ff according to the following rule. Let s be the smallest
positive integer such that )\gll);nl 41 18 large enough (see the proof of Theorem 3.2.2)
compared with )\yl)J +1- Then we will add the eigenfunctions (b,(f) or § ,(f) from the
spectral problem (3.5) or (3.6) for k = [T, +1,--- , I, +s, depending on the value of
J, in the construction of the basis functions. We note that j = 1 or 2 corresponds to

the space defined by eigenfunctions the spectral problem (3.5) or (3.6). The resulting

space is denoted as Vg (m + 1).

We remark that the choice of s above will ensure the convergence of the enrichment algo-

rithm, and in practice, the value of s is easy to obtain. Moreover, contrary to classical adap-

tive refinement methods, the total number of basis functions that we can add is bounded

by the dimension of the snapshot space. Thus, the condition (3.32) can be modified as

follows. We choose the smallest integer k such that

2N
0> n3 <>
J=1

Jel
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where the index set [ is a subset of {1,2,--- | k}.

Finally, we state the convergence theorem.

Theorem 3.2.2. There are sequence {L,,}_, and positive constants T, ¢y, p independent

of m such that the following contracting property holds

2N 2N
Jun — a2 4 e S (7 < e — w2+ S (STY).
14+ 7L — 1+ 7L, —

Note that 0 < ¢ < 1 and
.

=1 — ¢6?
¢ O (1 + L)

where we can take any value of 0 with the following condition

Qéﬁiiffﬂﬁ)é}. (3.33)

T

O<9<min{1,<

We remark that the precise definitions of S7/* as well as the constants 7, €, p and the

sequence L,, are given in Section 3.4.
3.3 Numerical Results

In this section, we will present some numerical examples to demonstrate the perfor-
mance of the adaptive enrichment algorithm. The domain (2 is taken as the unit square
[0,1]% and is divided into 16 x 16 coarse blocks consisting of uniform squares. Each
coarse block is then divided into 32 x 32 fine blocks consisting of uniform squares. Con-
sequently, the whole domain is partitioned by a 512 x 512 fine grid blocks. We will use

the following error quantities to compare the accuracy of our algorithm

||UH - Uh||L2(Q) \/aDG(UH — Up,Ug — Uh)
(& =
||UhHL2(Q) e apc (un, up)

€y =
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snap ||UH - Usnap||L2(Q) snap _ \/aDG(UH — Uspap, UH — Usnap)

e
2 HusnapHLQ(Q) T

v/ apG (Usnap, Usnap)

where uy and wu;, are the GMsDGM and the fine grid solutions respectively. Moreover,
Ugnap 18 the snapshot solution obtained by using all snapshot functions generated by an
oversampling strategy, see below.

We consider the permeability field ~ which is shown in Figure 3.1. The boundary
condition is set to be bi-linear, g = z125. We will consider two examples with two different
source functions f. We will compare the result of V; enrichment, V; — V5 enrichment,
oversampling basis enrichment, uniform enrichment and the exact indicator enrichment.

The following gives the details of these enrichments.

e V} enrichment: We use the error indicator, nii to perform the adaptive algorithm
by enriching the basis functions in V; space only, that is, basis functions obtained by
the first spectral problem (3.5). We use 4 basis functions from (3.5) and zero basis

function from (3.6) in the initial step.

o Vi — V5 enrichment: We use both the error indicators, 77%72-, 77%,@' to perform the adap-
tive algorithm by enriching the basis functions in both V; and V5 spaces, that is, basis
functions from both spectral problems (3.5) and (3.6). We use 4 basis functions from

(3.5) and zero basis function from (3.6) in the initial step.

e Oversampling enrichment: For every coarse block K;, we choose an enlarged
region K" (in the examples presented below, we enlarge the coarse block in each

direction by a length H, that is K is a 3x3 coarse blocks with K at the center).
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Then we find oversampling snapshot functions ¢;°*" € V;,(K;") by solving

/ VY- Vo =0, Yove VYK,
K (3.34)

2,0Ver

L =0,  on 0K

The linear span of these snapshot functions is called V*°**", Then we choose 40
dominant oversampling basis functions by POD method. Specifically, we solve the

following eigenvalue problem

2,0ver _ \j 7,0vVer i,0ver
/ YU = A v, v, YoeV :
K; OKF

and choose the first 40 eigenfunctions with largest eigenvalues. Then we use these
40 functions as boundary conditions in (3.4) and repeat the remaining construction

of the offline space.

Uniform enrichment: We enrich the basis functions in V} space uniformly with 4

basis functions from the V) space in the initial step.

The exact indicator enrichment: We use the exact error as the error indicator to
perform the adaptive algorithm by enriching the basis functions in V; space only
with 4 basis functions in the space V; in the initial step. Here, the exact error is

defined as ||u — ugy||q-

3.3.1 Example 1

In our first example, we take the source function f = 1. The fine grid solution is shown

in Figure 3.1. In Table 3.2 and Table 3.3, we present the convergence history of our algo-

rithm for enriching in V; space only, enriching in both V) and V5 spaces and enriching by

the oversampling basis functions. We remark that, in the presentation of our results, DOF
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1000 0.1

100 200 300 400 500 100 200 300 400 500

Figure 3.1: Left: Permeability field . Right: Fine grid solution with f = 1.

means the total number of basis functions used in the whole domain. We see from Table
3.2 that the behaviour of enriching in V; space only and enriching in both V; and V5 spaces
are similar. The is due to the fact that the source function f is a constant function, and the
space V5 will not help to improve the solution. This is in consistent with classical theory
that basis functions obtained by harmonic extensions are good enough to approximate the
solution. In Table 3.3, the convergence behaviour is shown for the oversampling case,
and we see again that a clear convergence is obtained. For this case, we use 40 snapshot
basis functions per coarse grid block giving a total DOF of 10240, and the corresponding
snapshot errors (that is, the difference between the solution obtained by these 10240 basis
functions and the solution uy,) of 4.5195 x 10~ and 9.8935 x 10~* in relative L? norm and
relative a-norm respectively. In addition, we observe that the oversampling basis provides
more efficient representation of the solution than the non-oversampling basis. To further
demonstrate the efficiency of our algorithm, we compare our result with the uniform en-
richment scheme. The convergence history for using uniform enrichment is shown in Table
3.3, and we see that our adaptive enrichment algorithm performs much better than uniform
enrichment. Finally, a comparison among all the above cases and the enrichment by exact
error is shown in Figure 3.2, in which the energy error is plotted against DOF. From the

figure, we clearly see that our enrichment algorithm performs much better than uniform
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enrichment. Moreover, our enrichment algorithm performs equally well compared with

enrichment by the exact error. This shows that our indicator is both reliable and efficient.

DOF €9 €, DOF €9 €,

1024 | 0.1082 | 0.0479 1024 | 0.1082 | 0.0479
1769 | 0.0456 | 0.0178 1639 | 0.0802 | 0.0239
2403 | 0.0156 | 0.0105 2584 | 0.0194 | 0.0114
3135 | 0.0070 | 0.0067 3822 | 0.0061 | 0.0063
5607 | 0.0016 | 0.0031 5660 | 0.0021 | 0.0037

Table 3.2: Convergence history with § = 0.4 for Example 1. Left: Enrich in V; space only.
Right: Enrich in both V; and V5 spaces.

DOF es €a ey T eshap DOF e €q

1024 | 0.0940 | 0.0469 | 0.0939 | 0.0469 1024 | 0.1082 | 0.0479
1975 | 0.0204 | 0.0121 | 0.0202 | 0.0121 2048 | 0.0671 | 0.0199
2648 | 0.0087 | 0.0077 | 0.0084 | 0.0077 3328 | 0.0423 | 0.0150
3422 | 0.0046 | 0.0056 | 0.0043 | 0.0056 5888 | 0.0161 | 0.0059
6748 | 0.0009 | 0.0022 | 0.0006 | 0.0020 8448 | 0.0128 | 0.0044

Table 3.3: Left: Convergence history for oversampling basis with § = 0.4 for Example 1
and enrichment in V) space only. Right: Convergence history for uniform enrichment in
V} space only.

Next, we will numerically demonstrate in Figure 3.3 the result of Theorem 3.1.2. In
particular, we will show that the error decay is inversely proportional to the smallest eigen-
value corresponding to the un-used eigenfunctions. To better show this relation, we will
consider basis function enrichment only in the V; space and we fix the number of basis in
the V5 space. Thus, we consider only the relation between error decay and the reciprocal

of eigenvalues from the V) space. In the left graph of Figure 3.3, the decay in relative error
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Figure 3.2: A comparison of different ways of enrichment for Example 1.

with respect to the number of basis functions per coarse element is shown, and in the right
graph of Figure 3.3, the decay in reciprocal of eigenvalue with respect to the number of
basis functions per coarse element is shown. We can see that the decay behaviours are very
similar. Indeed, the correlation of these two curves is 0.9863, which confirms our result in
Theorem 3.1.2. We remark that we conducted a similar test for the space V5 and obtained

the same conclusion.

10 T T T T T T T 300

40

Figure 3.3: Relation of error and eigenvalue decays for Example 1. The correlation co-
efficient of these two curves is 0.9863. Left: Relative error decay. Right: Eigenvalue
decay.
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Finally, we will show numerically that the error indicator (3.26)-(3.27) gives a good
approximation of the error. In Figure 3.4, we plot the ratio of error to residual with respect
to the dimension of the approximation space, which contains both basis functions from V;
and V5. The error and the residual are the quantities appeared in (3.30). We see that the
ratio remains bounded and O(1), and is independent of the dimension of the approximation
space. This shows that the constant in (3.30) is O(1). This also shows that the residual

gives a good indication of the level of error.

0.5

0451

0.4r

0.35

0.3

0.25

0.2

. . . . .
1000 2000 3000 4000 5000 6000 7000 8000
DOF

Figure 3.4: The ratio of error to residual with respect to the dimension of the approxima-
tion space for Example 1.

3.3.2 Example 2

In our second example, we will take the source f to be the function shown in the
left plot of Figure 3.5 and the corresponding fine grid solution shown in the right plot
of Figure 3.5. In Table 3.4 and Table 3.5, we present the convergence history of our
algorithm for enriching in V) space only, enriching in both V; and V5 spaces and enriching
by oversampling basis. We see from Table 3.4 that enrichment in both 1/ and V5 spaces

provides much more efficient methods than enrichment in V; space only. In particular,
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for an error level of approximately 1%, we see that enrichment in both V; and V5 spaces
requires 3144 DOF while enrichment in V) space only requires 3483 DOF. In Table 3.5,
the convergence behaviour is shown for the oversampling case, and we see again that a
clear convergence is obtained. For this case, we use 40 snapshot basis functions per coarse
grid block giving a total DOF of 10240, and the corresponding snapshot errors (that is, the
difference between the solution obtained by these 10240 basis functions and the solution
uy,) of 0.0078 and 0.0093 in relative L? norm and relative a-norm respectively. In addition,
we observe again that the oversampling basis provides more efficient representation of the
solution than the non-oversampling basis. To further demonstrate the efficiency of our
algorithm, we compare our results with the uniform enrichment scheme. The result for
using uniform enrichment is shown in Table 3.5 and we clearly observe that our adaptive
method is more efficient. Moreover, a comparison of the performance of various strategies
is shown in Figure 3.6, where the errors against DOF are plotted. From the figure, we see
that our method is much better than uniform enrichment. Furthermore, enrichment in both
V) and V; spaces has the best performance, which suggests that both 1/} and V5 spaces are

important for more complicated source functions.

400
350
300
250
200
150
100
50
100 200 300 400 500 0

Figure 3.5: Left: The source function f for the second example. Right: The fine grid
solution.
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DOF €9 €q DOF €9 €q

1024 | 0.2052 | 0.0554 1024 | 0.2052 | 0.0554
2028 | 0.0362 | 0.0191 2023 | 0.0486 | 0.0206
2717 | 0.0152 | 0.0140 3144 | 0.0113 | 0.0105
3483 | 0.0111 | 0.0118 4456 | 0.0050 | 0.0066
5116 | 0.0084 | 0.0102 7407 | 0.0013 | 0.0034

Table 3.4: Convergence history with § = 0.4 for Example 2. Left: Enrich in 1} space only.
Right: Enrich in both V; and V5 spaces.

DOF €2 €q ey T ey DOF €2 €q

1024 | 0.1882 | 0.0540 | 0.1865 | 0.0532 1024 | 0.2052 | 0.0554
1926 | 0.0296 | 0.0182 | 0.0269 | 0.0156 2048 | 0.0923 | 0.0282
2626 | 0.0137 | 0.0135 | 0.0098 | 0.0098 3328 | 0.0659 | 0.0215
3368 | 0.0105 | 0.0116 | 0.0057 | 0.0070 5888 | 0.0278 | 0.0135
6677 | 0.0080 | 0.0097 | 0.0007 | 0.0025 8448 | 0.0226 | 0.0121

Table 3.5: Left: Convergence history for oversampling basis with § = 0.4 for Example 2
and enrichment in V) space only. Right: Convergence history for uniform enrichment in
V) space only.

3.3.3 Adaptive enrichment algorithm
3.3.3.1 Adaptive enrichment algorithm with basis removal

In our adaptive enrichment algorithm, we can add basis functions to the offline space
by using the error indicators. However, the addition of the basis functions must follow
the ordering of the eigenfunctions. There may be cases that some of the intermediate
eigenfunctions are not required in the representation of the solution. Therefore, we propose
a numerical strategy to remove basis functions that do not contribute or contribute less to
the representation of the solution. In the following, we will present this numerical strategy.
Basically, the first 4 steps are the same as before. We introduce Step 5 below to remove
unnecessary basis functions.

Adaptive enrichment algorithm with basis removal: Choose 0 < 6 < 1. For each
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Figure 3.6: A comparison of different ways of enrichment.

m=0,1,---,

1. Step 1: Find the solution in the current space. That is, find u%} € Vg(m) such that

apg(uy,v) = (f,v) forall v & Vyg(m). (3.35)

2. Step 2: Compute the local residuals. For each coarse grid block K;, we compute
M= ||Rj,z‘||2()\§fl);.7i+1)_1, j=1,2.

Then we re-enumerate the 2N residuals in the decreasing order, that is, n? > 15 >

.-+ > n2,, where we adopted single index notations.

3. Step 3: Find the coarse grid blocks where enrichment is needed. We choose the

smallest integer & such that

2N k
0w <y ni (3.36)
J=1 J=1

4. Step 4: Enrich the space. For each J = 1,2,--- |k, we add basis function in V](f))ff
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according to the following rule. Let s be the smallest positive integer such that

)\(i)

i im 4 s41 18 large enough (see the proof of Theorem 3.2.2) compared with )\g.il)m_ ‘1
7,1 7

3

Then we include the eigenfunctions in the construction of the basis functions. The
resulting space is denoted as ‘A/Off(m + 1). Note that this is the offline space without

basis removal.

. Step 5: Remove basis. In this step, we will remove basis functions that have lit-
tle contribution to the solution. For each coarse grid block K;, we can write the

restriction of the current solution u; on K as

I, 1
Z 041,l¢l(z) + Z 062,151(2)-
=1 I=1

Fixed a tolerance ¢ > 0, which specify the importance of basis functions. Then the

basis function ¢\ or £ is removed from V°(m + 1) if

I 13, i 13,
2 2 2 2 2 2
oy, < 5( g oy + E a27l> or ay; < e( g Qg + g 0‘2,1)
=1 =1 =1 =1
is satisfied. The resulting space is called Vyg(m + 1).

To test this strategy, we consider our second example with the source function f de-

fined in Figure 3.5. We will consider three choices of ¢, with values 107'2, 10~** and

107!, The convergence history of these cases are shown in Table 3.6. We can see that our

basis removal strategy gives more efficient representation of the solution. For example,

comparing the errors with DOF of around 2000 with basis removal (Table 3.6) and with-

out basis removal (Table 3.4), we see that the method with basis removal gives a solution

with smaller errors in both L? norm and a-norm. On the other hand, we see that the choice

of ¢ = 10~ performs better than £ = 1072, In particular, for DOF of around 2200, the
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error with e = 10~ is around 2% while the error with ¢ = 102 is around 4%. However,

one expects that smaller choices of € are not as economical as larger choices of €.

DOF | Ly-error | a-error DOF | Ly-error | a-error
1024 | 0.2052 | 0.0554 1024 | 0.2052 | 0.0554
951 | 0.1824 | 0.0502 996 | 0.1767 | 0.0501
1074 | 0.1158 | 0.0415 1107 | 0.1236 | 0.0431
1742 | 0.0461 | 0.0174 2006 | 0.0266 | 0.0154
2218 | 0.0404 | 0.0153 2824 | 0.0192 | 0.0123

DOF | Ly-error | a-error
1024 | 0.2052 | 0.0554
1048 | 0.1774 | 0.0500
1185 | 0.1280 | 0.0434
2235 | 0.0223 | 0.0150
3275 | 0.0147 | 0.0117

Table 3.6: Enrichment with § = 0.4 and basis removal as well as enrichment in V] space
only. Left: ¢ = 1072, Middle: ¢ = 1073, Right: ¢ = 104

3.3.3.2 Adaptive enrichment using local basis pursuit

In this section, we discuss an algorithm that follows basis pursuit ideas [40] and iden-
tify the basis functions which need to be added based on the residual. The main idea is to
find multiscale basis functions that correlate to the residual the most and add those basis
functions. More precisely, we identify basis functions that has the largest correlation co-
efficient with respect to the residual and add those basis functions. In the following, we
will present the details of the numerical algorithm. The key components of the algorithm
are Step 2 and Step 3, which determine the basis functions that correlate to the residual the
most.

Adaptive enrichment algorithm using local basis pursuit: Choose 0 < 6 < 1. For

eachm=0,1,---,
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1. Step 1: Find the solution in the current space. That is, find u}} € Vg (m) such that

apg(uyy,v) = (f,v) forall v & Vyg(m). (3.37)

2. Step 2: Compute the local residuals. For each coarse grid block K;, we compute

) |Rji(un)]?

el e

Note that |R,;(v;)| is the inner-product that identifies the basis functions that have

the largest correlation to the residual. More precisely,

|Rji(v)| = |/ Ju — apg(ulff,v)|
K;

which is just the local inner-product of the residual vector and basis function v;. We
remark that v; denotes generically the [-th basis functions in the space V;(kK;). The
above quantity ng,i,l has triple indices. But we re-enumerate these residuals using
single indices in the decreasing order, that is, (? > (3 > ---. More precisely, each

single-index residual 7)? corresponds to a triple-index residual Cﬁz‘,l for some (7,1, 1).

3. Step 3: Find the coarse grid blocks where enrichment is needed. We choose the

smallest integer & such that

Ce > 0¢. (3.38)

More precisely, if (7 is selected by (3.38), then by Step 2, 77 corresponds to a triple-
index residual ng,z;l for some (j,,/). We will then add the basis function v; in the

space V;(K;) to the new approximation space. (See Step 4).

4. Step 4: Enrich the space. For each J = 1,2,---  k, we add the basis function
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v € V;(K;) corresponding to ¢;. The resulting space is denoted as \A/Off(m +1).

Note that this is the offline space without basis removal.

5. Step 5: Remove basis. For each coarse grid block K;, we can write the restriction

of the current solution uY; on K; as

I, 1
Z 041,l¢l(z) + Z 062,151(1)-
=1 I=1

Fixed a tolerance € > 0. Then the basis function (bl(i) or l(i) is removed if

i, i, i, i,
2 2 2 2 2 2
ayy < 5( § ai+ E 042,1) or ay; < 5( E ay + E %,z)

=1 =1 =1 =1

is satisfied. The resulting space is called Vyg(m + 1).

To demonstrate the performance of this strategy, we will consider two examples. In
the first example, the source function f is defined as in Figure 3.5 and the rest of the
parameters as in the Example 2. In the second example, we will take the solution (see
Figure 3.7) which only contain the component of the 1st, 17th and 30th eigen-basis. The
boundary conditions are as in Example 2 and the source term is calculated based on this
sparse solution. The convergence history for the first example is shown in Table 3.7.
Comparing these results to Table 3.6, we can see that the adaptive enrichment provides a
better convergence. The convergence history is substantially improved if we consider the

sparse solution as in our second example. The numerical results are shown in Table 3.8.
3.4 Convergence analysis

In this section, we will provide the proofs for the a-posteriori error estimates (Theorem
3.2.1) and the convergence of the adaptive enrichment algorithm (Theorem 3.2.2).

For each coarse grid block K;, 1 = 1,2,--- | N, we define two projection operators
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DOF €9 €q

1024 | 0.2052 | 0.0554
1036 | 0.1474 | 0.0405
1259 | 0.0585 | 0.0230
2096 | 0.0129 | 0.0125
2643 | 0.0099 | 0.0111

Table 3.7: Enrichment using basis pursuit with §# = 0.8 and basis removal as well as

enrichment in V; space only.
0.8
0.7
0.6
0.5
0.4
0.3
. 0.2
0.1
100 200 300 AOU 500

Figure 3.7: Solution with sparse coefficient

Py Vo = VY

- snap oft J = 1,2, from the local snapshot spaces to the corresponding local

offline spaces by

/ KPP (v)w :/ row  Yw € Vl(?ff,
oK, OK; ’

/ kP (v)w :/ Row Yw € 1/2(?“.
Kl‘ Ki 7

For any v € Vﬁ?naw we can write v = Zl]\il cl,lgbl(i). By orthogonality of eigenfunctions,
we have P ;(v) = ;1:1 cl,lcbl(i). Therefore, by the equivalence of || - ||, and || - ||pg, we

have

P ()2 < VPP~ [ &P
1Pl < @ RIVPL)T+ o | BPGv)
i 0K;

k3
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DOF € €q DOF € €y
1024 | 0.0150 0.0424 1024 | 0.0150 | 0.0424
941 0.0069 0.0286 997 | 0.0150 | 0.0424
934 | 0.0032 0.0135 1327 | 0.0108 | 0.0412
688 | 0.0001 0.0010 || 2447 | 0.0023 | 0.0154
744 | 1.20e-06 | 2.13e-05 || 889 | 0.0003 | 0.0022

Table 3.8: Enrichment with § = 0.8 . Left: basis pursuit. Right: standard enrichment

By the spectral problem (3.5) and the fact that the eigenvalues are ordered increasingly,

we have

P <o |3 [ wRor
, a — H 1, h oK ,

) o ) e
< a i + 3 ch,l =a1 | Ay, + B 1o sy

Similarly, forv =3, 0061, we have Py (v) = Y2120 ¢y,61". Therefore, by the equiv-

alence of || - ||, and || - ||pg, we have

Palz <o ([ AVPL0F).

(3

By the spectral problem (3.6) and the fact that the eigenvalues are ordered increasingly,

we have

lo; )\gg () l2,

) 2712,' )
1Pl S an | D055 | San | =5 | Do =ah, ol
=1 =1
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Thus the projections P;; satisfy the following stability bound

HﬂAmmSaf,gm+—F lollvyry, §=1,2, i=12,-- N (3.39)

Next, we will establish some approximation properties for the projection operators F; ;.

Indeed, by the definitions of the operators P; ;, for any v € v

J,snap?
AL
_j 7 _ D>
lo = Py = H7 D2 i< O™ X0 55
1>15,+1 121,41
= (Agfl)j’i+l)_1/ K/|vv|27
K;
and therefore the following convergence result holds
_1 1
lv — Pi(v)] < (A ’ iRk (3.40)
v 7l = (Aj i k|Vv . )

For the analysis presented below, we define the projection II : Vi, — Vogr by v =
Zﬁil Z?:l Pji(v).
3.4.1 Proof of Theorem 3.2.1

Let v € V,PS be an arbitrary function in the space V,°. Using (3.24), we have

apg(up — ug,v) = apg(un, v) — apg(ug,v) = (f,v) — apg(ugy, v).
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Therefore,

apg(up — ug,v) = (f,v) — apg(ug,v)

= (f,v—1Iv) + (f,v) — apc(uy, [lv) — apg(ug, v — v).

Thus, using (3.25), we have
ap(un — ug,v) = (f,v — ) — ape(um, v — ). (3.41)

DG ; _ 09 with v
Since the space V) is the same as Viy,p, we can write v ZZ DY =1 vy with v;” €

1% Hence, (3.41) becomes

j,snap*

N 2
aDG(uh—uH,v):ZZ /f @) ]m) aDG(uH,UJ(»‘) szv(l))) (3.42)

i=1 j=1

We remark that, in the computation of the term apg(u g, o =) ivﬁi)) in (3.42), we assume

Vi s
that the second argument is zero outside the coarse grid block K.

Using the definition of R;;, we see that (3.42) can be written as

Thus, we have
N 2

ap (un — ug,v) <33 Rl = Pt v, i

=1 j5=1
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Using (3.40),

=

N 2 ) .
ap(up — U, v ZZ”RNH< jl”+1> 2</K R\VUJ(-Z)P)Z.

=1 j=1
The inequality (3.30) is then followed by taking v = u;, — uy and

N

» / RIVo 2 < o3 < aollv]

=1 j5=1

3.4.2 An auxiliary lemma

In this section, we will derive an auxiliary lemma which will be used for the proof of
the convergence of the adaptive enrichment algorithm stated in Theorem 3.2.2. We use the
notation F}’; to denote the projection operator F;; at the enrichment level m

In Theorem 3.2.1, we see that || R, ;|| gives an upper bound of the energy error ||u; —

Upr]|a- R; ;|| is also a lower bound up to a correction term (see

Lemma 3.4.1). To state this precisely, we define

(3.43)

| 1 R, (v — P(u
Sm _ ()\‘g-ll)”‘n.—'_l)f5 sup | 7 ( 7, ( ))|
b

7 ve‘/j(iiap ||UHVJ K;)

Notice that the residual I7;; is computed using the solution u7; obtained at enrichment

level m. We omit the index m in R;; to simplify notations. Next, we will obtain
(S72)° = IRyl A ) (3.44)
Indeed, by the fact that P (v) € V(Off,
R;;(Pfi(v) = fP}i(v) — apc(uy, Pj(v)) = 0.
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Thus,

|Rji(v — Pl(v))]

m i 1
Sj,z‘ = ()‘gl)gnﬁl) 2 sup

vevj(f:?)g\p ||U||V](Kl)
) -1 |[Rj.i(v)] ) -1
= ) s L0, Ry
7,sn:

This implies (3.44).
To prove Theorem 3.2.2, we will need the following recursive properties for S7; (see

Lemma 3.4.1). Notice that, the notation ||u||, g, is defined as

3 2/E{mvu-nE}[[u]]+ 3 %/EE[[U]P.

EeoK; EcoK;

lull? ., = apa(u, u) = / wVul? —
K;

Lemma 3.4.1. For any o > 0, we have

A 1
(S1)2 < (14 @)=t
A

(575 + (1 + o HarDljug™ — u|Z x, (3.45)

where the enrichment level dependent constant D is defined by by

= | — +—
() (@)
/\j7l;?i+1+1 hAj’l;’,Li+1+1

(2)

with A\;; = max; Aii-
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Proof. By direct calculations, we have

t/ f(0— P W) — apa (v — PP (v))
/ fv_aDG m+1,v)

(3.46)
/ fv — apg(ufy,v) + apg(ufy — untt v)
/ f(v— Pi(v)) — apc(up,v — Pj5(v)) + apc(upy — Pt v).
By definition of 57}, we have
Doyl | [, f(v = PJi(v)) = ap(uy, v = Pi(v))]
S = (/\ﬁ,l)m.ﬂ) > sup 2 . (3.47)
2 e ® [ollv; ()

J,snap

Multiplying (3.46) by (A @ ) %||v||‘_/jl( x;) and taking supremum with respect to v, we

517+
have
2
A4\ 2
Sl < (6—) T4, (3.48)
)‘j,z;7i+1+1
where
; _1 lapc (U —up v)|
I'= ()\gfl);nﬁ'l) 2 sup ”HH £
’ Uer(z)ﬂap U ‘/‘7
To estimate /, we note that
ovolui P10 = [ FP() = avaluy ™, (0.

Therefore, we have

apa(uff —ufytt,v) = apc(uff —utt v — Pli(v)) < ||luj —ulf

By (0) |,k
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where we remark that v has value zero outside ;. By the stability bound (3.39),

N

1
3
. 1 vH . 1 vH
lo = Fii(lle < af | Aji+ == llo=Fi@)llvan < af [ Aga+ =1 [l
Thus we have
1
H 2
3 ? -1 " m m
1< af )™ | Mgt o | ™ =
Using (3.48), we get
3
A 1 A, ~vH
m BT+ 2 3 It m m
Sj,iJrl < </\(z)]—> Sj»i +af )\(i) h)\(i) Humer1 - umsHa,Ki'
PREARET [REARET

FREARET

Hence, (3.45) is proved.

3.4.3 Proof of Theorem 3.2.2

In this section, we prove the convergence of the adaptive enrichment algorithm. First

of all, we recall that
M5 = IRyl ) ™ = (ST (3.49)
We let the single index J = (j,4), and we will use the single index notation 7; and S’
for n;; and ST, respectively. Note that there is an one-to-one mapping of the set of single

indices J and the set of integers {1,2--- ,2N}.

Let 0 < 8 < 1. We choose an index set / so that
(3.50)

2N
0>y ny <>
J=1

Jel
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We will then add basis function from V](mp with J = (j,7) € I. Then, using Theorem

3.2.1 and (3.50), we have

02||uh - uH||2 < ezcerrznj < CYerrznt]'

Jel
By (3.49), we also have
2 Cerr 2
|up — u|? < ?Z(sgl) . (3.51)
Jel
On the other hand,
N
Z Serl Z(Serl + Z Sm+1
J=1 Jel JaI

(S7H) <1+ 04))\()—

PR

(57)* + (L+ o HarDllug ™ — uplls x,

If J ¢ I, then there is no enrichment involved. So AW Jim1 = )\;il)m+1+ p which implies
R

(S5 < (1+a)(S7)* + (L + o Har Dlju™ — wi k,

Combining the above two cases, we have

2N )\( i)

l
S < 3 (1 @) (SR (L o N Dl — w2 )

J=1 Jel 4

+> (A +a) (ST + 1+ a Ha Dljul™ — w2 x,) -
JeI
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We assume the enrichment is obtained so that

A
L U+
0:= rgg;( —)\(i) < <1,
IR

where J is independent of m. We then have

2N
Sosyh < 3 (0 )d(s7) + 0 (1 +a)(s)?)
J=1 Jel T¢I
2N
+>_ (1 +a N Dlug™ — il .
J=1
Since g = 1 — (1 — dy), the above can be written as
2N 2N
DSTE <M+ )Y (ST = (1+a)(1=d0) Y (S7)° + Linsa|Ju™ — w2,
J=1 J=1 Jel
where

Lomir = Nu(1 + oz_l)al( max max D), (3.52)
1<i<N 1<;<2

where N is the maximum number of edges of coarse grid blocks, and we also emphasise

that L,,,,1 depends on m. By (3.50),

2N

2N 2N
D ST < (T4 a) ) (ST = (T+a)(1 = 60)0° > (ST)? + Ly [lufy ™ — will2.
J=1 J=1 J=1

Let p = (1 + a)(1 — (1 — 80)0?). We choose « > 0 small enough so that 0 < p < 1. We

remark that « is fixed if we fix the values of dy and #, which are user inputs. The above

inequality can then be written as

2N 2N
>SS < 0SS+ Losallutt — 2. (3.53)
J=1 J=1
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Note that, by Galerkin orthogonality, we have

m+1

™ = gl = lun — wiglla — llun — ui G (3.54)

We let 7 > 0 which will be specified in the following. Then, by using (3.53) and (3.54),

we have
N 2N

= w2+ 7 (ST < = w2 +7p (ST + 7Ll — w2
J=1 J=1

Using (3.54), the above can be written as

2N

[ — m“||2+fzsm“ < lun —ugllz +7p ) (S7)

J=1
7L Il = w2 = llun — i 2)

which implies

2N 2N
U — um—l—l 2 4 T Sm—l—l 2 < wun — u™ 2 + TP gm 2‘
o = 5+ s DS < =l + T DS

Next, we let 0 < 8 < 1 which will be specified in the following. Using (3.51), we

have
- 2N
_,,m+l 2 o m-+1\2
Jup — w2 + T~ Z(SJ ) (3.55)
/BCCIT
< _ . m |2 m )
< (1= 8) lhun — gl + (5= + +TLm+1> Zl (S5 (3.56)
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We choose [ by the following

5= 62 (92 F O (1 4 TLm)>1 (1 . plit—%).

Then (3.55) becomes

2N 2N

m+1\2 - _ . m|2 T(l_ﬁ) m\2
T 25 s (1= 8) e =g+ T D57

(3.57)

.
lun — wg IS +

Finally, we will see that one can choose 7 such that 5 > 0. Since {L,,} is a decreasing

sequence, we have

1 L,
+—T <1+71L;.
1+7Lm+1
Then we have
1+7L, l—p—e
l—p———— > ¢, >0 <= < —
pl +7'Lm+1 =0 T L1

where we take ¢p < 1 — p. Using the above choice of 7, we see that 3 > 0. On the other
hand, the condition 5 < 1 is obvious. To complete the proof, we let M be the maximum

number of adaptive iterations, so that we have
. -1 —1A-1
Ly =a1Ng(1+« )lrélgjcv 1rgjang(l +yHR A, ).
Using the condition (3.33), we obtain

—1 —1
B> €yb* (Cern'*l(l +7Ly) + CerrTfl(l + TLm)> > ¢,0? (20m7'*1(1 + TLM)>

which gives the required convergence rate €. This completes the proof of Theorem 3.2.2.
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4. AN ONLINE GENERALIZED MULTISCALE DISCONTINUOUS GALERKIN
METHOD (GMSDGM) FOR FLOWS IN HETEROGENEOUS MEDIA

4.1 Overview

In this chapter, we will discuss about the online basis construction for GMsDGM for
the high-contrast flow problem (2.1). In order to obtain a good convergence result for the
online adaptive enrichment method, we need to use different multiscale offline space as in
the Chapter 3. Instead of using a different offline space, the offline stage of the method
is basically the same as in Chapter 3. Therefore, we will use the same set of notations
defined before.

Let we recall the framework of our GMsDGM. The methodology consists of two main
ingredients, namely, the construction of local basis functions and the global coarse grid
level coupling. For the coarse grid level coupling, we will apply the interior penalty dis-

continuous Galerkin (IPDG) method. That is, we find uy € Vg such that

aDG(uH7/U) = (fav)a Vv € VHa (41)

where the bilinear form apg is defined as

apg(u,v) = ag(u,v)— Z /E<{/£Vu : nE}[[v]]—l—{/ﬁV%nE}[[u]])—i- Z %/Eﬁ[[u]][[v]]
Eeed Eegf 42)
with

ap(u,v) = Z afy(u,v), ak(u,v) :/ kVu - Vo, 4.3)
K

KeTy

In the previous chapter, we already proved the continuity and coercivity of the bilinear

form apg in DG-norm || - || pg. Therefore, this bilinear form is well pose for any offline
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subspace Vi C VhD G,
One main result of the chapter is a convergence estimate of an adaptive procedure
for the problem (4.1). For this purpose, we will compare the multiscale solution uy to a

fine-scale solution u;, defined in the following way. We first let
VPG = {v € L*(D) : v|g € VM(K)},

where V" (K) is the space of continuous piecewise bilinear functions defined on K with
respect to the fine grid. The fine-scale solution u;, € V%, is defined as the solution of the
following

apg(up,v) = (f,v), Vv € VL. 4.4)

It is well-known that u, gives a good approximation to the exact solution w up to a coarse
grid discretization error.

The second main component of our method is the construction of local basis functions,
which contains two stages, namely the offline stage and the online stage. In the offline
stage, a snapshot space VSI(QP is first constructed for each coarse grid block K; € 7. The
snapshot space contains a rich space of basis functions, which can be used to approximate
the fine-scale solution defined (4.4) with a good accuracy. A spectral problem is then
solved in the snapshot space nggp and eigenfunctions corresponding to dominant modes
are used as the basis functions. The resulting space is called the local offline space Vo(f?
for the 7-th coarse grid block K;. The global offline space V. is then defined as the linear
span of all these Vo(flf) ,fore =1,2,--- , N. This global offline space V¢ will be used as the
initial space of our method. We denote this initial space as VISO). Using the initial space,

an initial solution ug) can be computed by solving (4.1). Local residuals in coarse grid

blocks can then be computed based on the initial solution u(fg). In coarse grid blocks with
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large residuals, new basis functions are computed and added to the approximation space.
This procedure is continued until certain tolerance is reached. Next, we present a general
outline of the method.

Assume that the initial space VISO) is given and the initial solution ug) i1s computed.

For any m > 0, we repeat the following until the solution u(Hm) satisfies certain tolerance

requirement.

Step 1: Solve (4.1) using the space V™ to obtain the solution 7" € V™.

Step 2: Compute local residuals based on the solution ug‘).

Step 3: Construct new basis functions in regions, where the residuals are large.
Step 4: Add these basis functions to V" to form a new space V(™ +1),
In the following, we will give the details of Step 2 and Step 3. We will also explain
how one chooses the initial space VIE,O).

4.2 Locally online adaptivity

In this section, we will give details of our locally online adaptivity for the problem
(4.1). As presented in the general outline of the method from the previous section, our
adaptivity idea contains the choice of initial space as well as construction of new local
multiscale basis functions. In the following, we will give the construction of these in

detail.
4.2.1 Initial space

We present the definition of the initial space VISO). Let z; be a node in the coarse grid
TH, referred to as the i-th coarse node, fori = 1,2,--- , N,, where N, is the number of
nodes in the coarse grid 7. We will then define the i-th coarse neighbourhood w; as the

union of all coarse grid blocks having the node z;, see Figure 1.2. Moreover, for each
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coarse grid block K € TH, we let Xg)’ j =1,2,3,4, be the partition of unity functions,
having value 1 at one vertex y; and value O at the remaining three vertices, where y;,
J = 1,2,3,4, are the four vertices of K. Note that there is exactly one value of j such
that the vertex y; is the same as the vertex z;. In the case, we write X{](-) = xX. One can
use the standard multiscale basis functions or bilinear functions as the partition of unity
functions. Note that we do not require any continuity of these partition of unity functions
across coarse grid edges. The partition of unity functions are all supported on coarse grid

blocks. Furthermore, we define the space V" (w;) by
Vi w) ={v e L*w) : v|lg e VHK), KeT" K Cuw}.

where V" (K) is the space of continuous piecewise bilinear functions defined on K. We re-
mark that functions in V" (w;) are supported in w; and belong to the space V" (K) for each
coarse grid block K C w;. Note that there is no continuity condition across boundaries of
coarse grid blocks. We consider V"*(w;) as the snapshot space in w;, that is ngia)p = V" (w),
and perform a dimension reduction through a spectral problem. For this purpose, we de-
fine £ be the set of coarse grid edges lying in the interior of w;, and the following bilinear

form

g, (u,v) = Z aly(u,v) + Z %/EE[[U]][[U]], Vu,v € Vi(w;). 4.5)

KeTH KCuw; Eegf

Based on our analysis to be presented next, we solve the following spectral problem

g, (u,v) = sy, (u,v), Yo € Vh(wi), (4.6)
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where

S, (U, v) = Z / K| VXEPuv + Z %/ EIETH{u} {v}, Yu,v e Vi(w).
KeTH Kcuw; 7 K pegi U E
4.7)
We use the notations \;* and @} to denote the k-th eigenvalue and the k-th eigenvector
of the above spectral problem (4.6). Each eigenfunction ®;" corresponds to a function in
i € VM(w;) defined by
B= 2@ (48)
j=1

where n; is the dimension of V"(w;) and {w}"}%, is a basis for V"(w;). In the above

definition, (<I>,(f)) ; is the j-th component of the eigenvector ®}".

For each w;, we solve the spectral problem (4.6) and the first L; eigenfunctions are used
to form the initial space. Each eigenfunction ¢, will be first multiplied by the partition
of unity function yX, for each K C w;, and is then decoupled across coarse grid edges to
form 4 basis functions. In particular, the 4 new basis functions have support in one of the
coarse grid block forming w; and are zero in the other three coarse grid blocks forming w;.
For example, if K C w;, the basis function is xX ¢%". We write Vo(é) as the space spanned
by Ix(xF ¢y, for all K C w;, where I is the standard bilinear interpolation operator.
Therefore, Vo(flf) is a subspace of V. See Figure 4.1 for an illustration. The initial space

VIE,O) is obtained by the linear span of all functions constructed in the above procedure.

Notice that V") ¢ V;PS,
4.2.2 Construction of online basis functions

In this section, we will discuss the construction of our local online basis functions. The
purpose is to add basis functions locally in some coarse neighborhoods to obtain rapidly

decaying errors. Assume that the space V}Im) at the m-th iteration and the corresponding
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solution ugﬂ) are given. For each coarse neighborhood w;, we define the local residual by

R (v) = (f,v) = apg(ufy”v), v € Vi(w) 4.9)
where V' (w;) C V"(w;) contains functions that are zero on dw; and

Vi w) ={ve L*w) : v|lg e VHK), KeT?, K Cw},

The residual Rz(m) can be seen as a linear functional defined on V" (w;) with norm ||R§m) I

defined by
- R™

1A = s ()

UEVOh(wi) ||U

, (4.10)

and ||v]|2, = ay,(v,v). We will then find the new online basis function ¢ € V{'(w;) by
solving

aw, (6, 0) = R™ (), VYo € Vw). 4.11)

The new online basis function ¢ is added to V,\"™ to form V,;™ "),

The motivation of finding a new basis function ¢ by solving (4.11) can be explained as

follows. We define the A-norm by
||u||?4 = apg(u,u), Yu € Vy.

We notice that the A-norm is equivalent to the DG-norm ||u||pg by Lemma 3.1.1. From

(4.1) and (4.4), we have the following Galerkin orthogonality condition

apg(un — uli v) =0, Yoe Vi, (4.12)
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Thus, we see that the following optimal error bound holds
lun — w1 < lun — T, Vi e V. (4.13)

Notice that (4.12) and (4.13) hold for any m > 0.
We will enrich the space Vlgm) by adding a basis function ¢ in the space V{*(w;) to form
V™ First, (4.13) implies

(m+1)

g, — w2 < g — T, Va e VMY, (4.14)

Taking u = ug}”) + ¢, for some scalar «, in (4.14), we have

(m—+1)

lun = w5 < My — u? — adl

which implies

)

IR < s — ul? 1A — 200 ape(un — ul?, ) + 6],

|un — uy

Taking o = apg(up, — ug{ ,®)/]|6]|4, we obtain

(m) 12
= O < g — ) — 226l 0) @.15)
1611%
By the definition of the residual Rz(m) in (4.9), we see that (4.15) becomes
(m—+1) (m) 2 (Rim) (¢))2
llun, — g™ W% < Mun — g |5 = TeE (4.16)
A

From (4.16), we see that the quantity (R (¢))?/||¢||% measures the amount of reduction

in error when the basis function ¢ is added in V}Im) to form Vlsmﬂ). We will construct the
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function ¢ € V{*(w;) to obtain the most reduction in error. Thus, we find ¢ € V{*(w;) that

maximizes Rgm)(gb) /||¢]| . Equivalently, we find ¢ € V*(w;) by solving
1, (6,0) = B (0), Vo € V().

Notice that, we have used the fact that ||¢||4 = ||¢

w; When ¢ € V{'(w;).

Next, we summarize our online GMsDGM:
e Initialization: We will construct the initial space VISO). For each coarse neighbor-
hood w;, we solve the following spectral problem in the space V" (w;):

g, (u,v) = X sy, (u,v).

Then we obtain the eigenfunctions ¢} by (4.8), and we will consider the restriction
of ¢} in each coarse element in w; as an individual function. Using the first L; of

these eigenfunctions, we obtain the basis functions I (x ).
e [teration: For each m > 0, we perform the following iterations.

1. Find u{7" € V™ by solving
a ( (m) — . V(m)
DG\Uy 7U)—<f,7)), v E H -

2. Choose non-overlapping coarse neighborhoods w; and find new basis functions
¢ € Vg'(wi) by
au,(6,0) = R (v), Vo € V' (w).

3. Add those basis functions to Vlsm) to form Vlsmﬂ).
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4.2.3 Convergence of the adaptive procedure

In this section, we analyze the convergence of the above online enrichment procedure.
Before proving the convergence, we need the following lemma which will can be proved

by standard techniques.

Lemma 4.2.1. There exists a positive constant C such that
11(v)|lpg < Crl|vllpg, Vv € V;P¢ 4.17)

where [(v)|x = Ix(v) forall K € TH,

We begin the convergence analysis at the inequality (4.16). Notice that, this inequality
can be written as

llun — aS VNS < Jun — w214 — R, (4.18)

when the basis function ¢ is obtained as in (4.11).

On the other hand, we will show that the error ||u, — u%n)H 4 can be controlled by
the residual norm ||R{™||. To do so, we consider an arbitrary function v € VP9, Let
v; € Vh(wi) be the restriction of v in w;, and let vfo) € V;)(fzf) be the component of v; in the

offline space V.. By the GMsDGM (4.1), the fine-grid problem (4.4) and the Galerkin

orthogonality (4.12), we have

apg(up — ugn), v) = apg(up — uzn), v — U(O)), Vol e V}(IO),

where we define v(®) = S v e V}(IO) and use the fact that VIS,O) C Vlgm) for all m > 0.

i=1 "4

By (4.4), we have

apc(up — ugn), v) = (f,v— U(O)) — aDG(ugn), v — U(O)).
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Using the property Z?Zl x{§) = 1 for all K € T and the linearity of interpolation

operator /,

apa(un —u v) = 30 D7 ((F Ll (v = ) = v e (xffy (0 = o))
KeTH j=

1

Writing the above sum over coarse neighborhoods w;, we have

oot~ o7 1) =Y Y (7, IO (0 = o)) = ava(uly”, I (0 = o).
i=1 KCuw;
For each coarse neighborhood w;, we define the following modified local residual by

R = 32 (( Ik () =~ ava(ulf” Ik (xv), v e Viw). @19)

KCuw;

The modified residual Egm) can be seen as a linear functional defined on V" (w;) with norm

|R"™ || defined in the following way

R (v)]
)1 kcw, I (XE0)

IRM™| = sup

veVh(w;)

Wy

In the above definitions, Xf( is considered to be defined only on K, and has zero value
outside K.

Using the definition of the modified residual E{ﬁm) we have

ape (up — ul”,v) < ZHR(” S Ie O (0 =)l (4.20)

KCuw;
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where we used the fact that 3, T (x{* (v — UZ(O))) is zero on Ow;. Using Lemma 3.1.1,

IS IO @ = o < a2l 3 I (0 = ) . 4.21)

KCuw; KCw;

By the definition of the DG-norm and Lemma 4.2.1,

k(K —vNEe < CHIXE(w—v)3g (4.22)
= (X [ Avedw- )P @

KCuw; K
+%§;1ﬁhfw—v9mﬁ. 424)

For each K C w;, we have

[ V0@ = oDP 22 [ 0o = o®)P +2 [ WV 0P @2
K K K

For each e € £, we have

JAbE @ = o <2 [ROEP - o 42 [REP Lo @26)

Combining inequalities (4.25) and (4.26) in (4.24), we have

1k (X (0 — ) 126 (4.27)
< 202w -3 (4.28)
2 I K120, 02 T =T K200, (032
20t [ /IVAP o) +h§1/j[{xzu{v W) @)
o ect!

k3
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where ||[v||%. = a.,(v,v). Using the spectral problem (4.6), we have
o = 0w (v = 0" v = o)) < (v, 01) = o]l

and

= s v — 00— 00) < o]

Thus, (4.29) and (4.21) impleis

1
17O 0 = o) < 20163 (14 55— ) el

Hence, (4.20) becomes

Nc
— M ) < 2a,C2(1 + ——) || R"™ :
apa (i, — uj v>_(; @ CH +AL1+ IR (Z| )

We remark that the above inequality holds for any v € V,PS. Taking v = v, — vg”) and

using Lemma 3.1.1, we finally obtain

Ne

||un — ugn)Hi < 2ay'a,CoC Z (1 +

w
i=1 /\Li—i-l

IR, (4.30)

where Cy = max g7 ng and ng is the number of vertices of the coarse grid block K.

We define

1

Nc
0= RN/, and i = 205" Gl Y (14 o IR 43D
=1

w.
)\Li+1
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From (4.18) and (4.30), we see that the following convergence holds
lun = g% < (1= 0)lfun — w15

We summarize the above results in the following theorem.

Theorem 4.2.2. Let uy, be the solution of (4.4) and u;}”), m > 0, be the solution of (4.1)

in the m-th iteration. Then the following residual bound holds

Ne

lun = w13 < 205" a1 CoCE Y (14— ) IR (4.32)
— ALt
=1 i
Moreover, the following convergence holds
lan — i A < (1= 6)llun — uig” |1 (433)

where 0 is defined in (4.31).

We remark that one can derive a priori error estimate for the error ||u;, — ugn) ||lpg, for
every m > 0. Since the purpose of this chapter is an a posteriori error estimate (4.32) and
the convergence of an adaptive enrichment algorithm (4.33), we will not derive a priori
error estimate.

Finally, we remark that by using more basis functions in the initial space VI(JO) , the
values of the eigenvalues \7" | are larger. Thus, the value of ¢ is further away from zero,
and this fact enhances the convergence rate. In particular, the convergence rate is affected
by the quantity Ay, = minj<;<n, A“LJ +1- The convergence is slow when Ay, is small
(cf. [45, 46]). We also remark that one can add online basis functions in multiple coarse

neighborhoods to speed up the convergence. Let S be the index set for which online basis
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functions are added in w; for « € S. By using similar arguments as above, we obtain
+1 D
lan = w15 < (1= O)lfun — i |

where

0= |R™|/n.

i€S
4.3 Numerical Results

In this section, we will present some numerical examples to show the performance of
the proposed method. The implementation procedure of online adaptive GMsDGM is de-
scribed below. First, we choose a fixed number of functions for every coarse neighborhood
by solving the local spectral problem. This fixed number for every coarse neighborhood
is called the number of initial basis. After that, we split these functions into the basis
functions of the offline space such that each basis function is supported in one coarse grid
block. We denote this offline space as Vg and set VISO) = Vig.

The coarse neighborhoods are denoted by w; ;, where ¢ = 1,2,--- /N, and j =
1,2,---,N, and N, and N, are the number of coarse nodes in the x and y directions
respectively. We consider I, ogq and I, ¢ven as the set of odd and even indices from
{1,2,---,N,}. Similarly, I, .44 and I even are the set of odd and even indices from
{1,2,--- ,N,}. In each iteration of our online adaptive GMsDGM, we will perform 4
sub-iterations which add online basis functions in the non-overlapping coarse neighbor-
hoods w; ; with (4, j) € Iy0da X Lyodds (457) € Lroda X Lyevens (4,7) € Lyeven X Iy oaa and
(4,7) € Ly even X I even respectively.

We will take v = 2 and D = [0, 1]?. The domain is divided into 10 x 10 uniform square
coarse blocks. Each coarse block is then divided into 10 x 10 fine blocks consisting of

uniform squares. Namely, the whole domain is partitioned by 100 x 100 fine grid blocks.
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The medium parameter « is shown in Figure 4.2. The source function f is taken as the

constant 1. To compare the accuracy, we will use the following error quantities

Huh—UH||L2(D) |un — um|lbe

ey = , and e, =

|un | z2(p) |un|lpc

4.3.1 Comparison of using different number of initial basis

In Table 4.1, we present the convergence history of our algorithm for using one, two,
three, four initial basis per coarse neighborhood. Notice that, in the presentation of our
results, DOF means the total number of basis functions used in the whole domain and
m denotes the number of iterations. We use the continuous multiscale basis functions as
the initial partition of unity. In the tables, we obtain a fast error decay which give us a
numerical solution with error smaller than 0.1% in two or three iterations. We can see the

error decay of using one initial basis is slower than the error decay of using two or more

initial basis since A, for using one initial basis is too small.

m | DOF €q € m | DOF € €
0| 324 | 44.50% 24.88% 0 | 648 17.73% 3.58%
1 | 648 9.92% 2.18% 1] 972 0.31% 1.80e-2%
2 | 972 0.78% | 7.54e-2% || 2 | 1296 | 3.52e-3% | 1.62e-4%
311296 | 3.24e-2% | 2.13e-3% || 3 | 1620 | 1.81e-5% | 8.58e-7%
4 | 1620 | 2.42e-4% | 1.10e-5% || 4 | 1948 | 1.04e-7% | 4.68e-9%
m | DOF €q € m | DOF € €
01 972 11.30% 1.72% 0 | 1296 | 8.38% 1.00%
1 [ 1296 | 045% | 2.44e2% || 1 | 1620 | 7.98e-2% | 3.13e-3%
2 | 1620 | 3.05e-3% | 1.37e-4% || 2 | 1944 | 9.93e-4% | 3.57¢-5%
3 11944 | 1.06e-5% | 4.08e-7% || 3 | 2268 | 1.39e-5% | 5.15¢-7%
4 | 2240 | 4.59¢-8% | 2.14e-9% || 4 | 2540 | 4.23e-8% | 1.55e-9%

Table 4.1: Top-left:

One initial basis (Ap;, = 4.89¢ — 4). Top-right: Two initial basis
(Amin = 0.9504). Bottom-left: Three initial basis (A, = 1.4226). Bottom-right: Four

initial basis (A, = 2.2045).
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To further study the importance of the initial basis, we will present another example
with a different medium parameter x shown in Figure 4.3. The domain D is divided into
5 x 5 coarse blocks consisting of uniform squares. Each coarse block is then divided into
40 x 40 fine blocks also consisting of uniform squares. The convergence history for the
use of one, two, three, four initial basis and the corresponding total number of degrees
of freedom (DOF) are shown in Table 4.2, Table 4.3, Table 4.4, Table 4.5 respectively.
We consider two different contrasts. On the right table, we increase the contrast by 100
times. More precisely, the conductivity of inclusions and channels in Figure 2 (left figure)
is multiplied by 100. In this case, the first 4 eigenvalue that are in the regions with channels
become 100 times smaller. The decrease in the eigenvalues will slow down the error decay.
In Table 4.2, we can observe that the error decay for the lower contrast case is much faster
than the higher contrast case. In the higher contrast case, the error stop decreasing in some
iterations. Similar observations are obtained when we use 2 or 3 initial basis. For using

four initial basis, we observe a rapid convergence for both higher and lower contrast case.

DOF €, €
64 25.44% 6.67%
128 1.20% 0.23%
192 0.47% 0.10%
256 0.26% | 5.79¢-2%
320 0.10% | 2.30e-2%
384 | 6.22e-2% | 1.02e-2%
448 | 3.70e-4% | 1.57¢-5%

DOF €q €9

64 | 25.45% 6.67%
128 | 1.45% 0.27%
192 | 1.39% 0.27%
256 | 0.84% 0.15%
320 | 0.34% | 7.98e-2%
384 | 0.34% | 7.91e-2%
448 | 0.15% | 3.71e-2%

aunlrlwl~o3
| KWl —~o3

Table 4.2: One initial basis. Left: Lower contrast(le4)(A;, = 0.0062). Right: Higher
contrast(1e6)(Api, = 6.22¢ — 5).
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m | DOF €q € m | DOF €q €9

0| 128 18.22% 4.42% 0| 128 18.56% 4.62%
1] 192 1.14% 0.12% 1] 192 1.37% 0.16%
2 | 256 0.50% | 4.95¢-2% || 2 | 256 1.25% 0.14%
3| 320 | 4.17e-2% | 2.06e-3% || 3 | 320 1.23% 0.13%
4 | 384 | 5.73e-3% | 5.38¢-4% || 4 | 384 041% | 3.22e-2%
5 | 448 | 7.12e-4% | 2.89e-5% || 5 | 448 | 3.63e-2% | 3.56e-3%

Table 4.3: Two initial basis. Left: Lower contrast(le4)(Ay;,, = 0.027). Right: Higher
contrast(1€6)(Apin = 2.72¢ — 4).

m | DOF €q €9 m | DOF €q €

0] 192 10.69% 1.86% 0] 192 11.55% 2.14%

1| 256 0.80% 6.66e-2% || 1 | 256 1.13% 0.10%
2 | 320 0.34% 2.24e-2% || 2 | 320 0.98% 8.85e-2%
3| 384 | 1.51e-2% | 6.24e-4% || 3 | 384 0.96% 8.95e-2%
4 | 448 | 2.25¢-4% | 1.61e-5% || 4 | 448 0.30% 1.39e-2%
5| 508 | 1.72e-6% | 6.70e-8% || 5 | 508 | 2.00e-3% | 8.39e-5%

Table 4.4: Three initial basis. Left: Lower contrast(le4)(Ay,;, = 0.0371). Right: Higher
contrast(1e6)(Anin = 3.75¢ — 4).

4.3.2 Setting tolerance for the residual

In this section, we will show the performance for the online enrichment implementing
it only for regions with a residual error bigger than a certain threshold. We consider the
medium parameter shown in Figure 4.2. We show the results for using three different
tolerances (tol) 1073, 10~* and 10~°. We will enrich for the coarse regions with residual
larger than the tolerance. In Table 4.6, we show the errors when using 1 initial basis
function for tolerances 1073, 10~* and 10~°. We can see that the convergence history in
the first few iteration is similar to the result shown in previous section. Moreover, the
energy error of the multiscale solution is in the same order of the tolerance and the error

will stop decreasing even if we perform more iterations. Therefore, we can compute a
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m | DOF €q € m | DOF €q €9

0 | 248 7.92% 1.14% 0| 242 9.63% 1.59%
1| 312 0.25% | 2.42e-2% || 1 | 306 0.51% | 5.40e-2%
2 | 376 | 5.09¢-3% | 2.72e-4% || 2 | 370 | 1.38e-2% | 9.46e-4%
3 | 440 | 5.18e-5% | 2.62e-6% || 3 | 434 | 2.10e-4% | 1.59¢-5%
4 | 484 | 1.39e-6% | 6.40e-8% || 4 | 494 | 1.74e-6% | 1.27e-7%

Table 4.5: Four initial basis. Left: Lower contrast(le4)(An, = 0.4472). Right: Higher
contrast(1e6)(Amin = 0.3844).

multiscale solution with a prescribed error level by choosing a suitable tolerance in the
adaptive algorithm. In Table 4.7 and Table 4.8, we show the errors for the last three
iterations when using 2 and 3 initial basis functions respectively for tolerances 1073, 1074
and 10~°. We have the same observation that the energy errors have the same magnitude

as the tolerances.

Table 4.6: One initial basis. Left: tol = 1073, Middle: tol = 10~%. Right: tol = 10~°.
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m | DOF e e m | DOF Ca ©2
a 2
0 | 324 | 4450% | 24.88% |0 | 324 | 44.50% | 24.88%
1| 648 | 9.92% 2.18%
1| 648 | 9.92% | 2.18%
21 972 | 0.78% | 7.54e2%
2 1 924 | 081% | 7.72¢-2%
T 976 T 039% | 340007 1|3 | 1176 [ 4.12e-2% | 2.88e-3%
A M 4 1184 | 2.65e-2% | 1.57e-3%
m | DOF €q €2
0 | 324 | 4450% | 24.88%
1| 648 | 9.92% 2.18%
21 972 | 0.78% | 7.54e-2%
3 | 1284 | 3.24e2% | 2.13e-3%
4 | 1364 | 2.56e-3% | 1.55¢-4%



m | DOF €q ) m | DOF €q €9
0| 648 | 17.73% 3.58% 0 | 648 17.73% 3.58%
1 | 964 | 033% | 1.85e-2% || 1 | 972 0.31% 1.80e-2%
2 | 972 | 030% | 1.63e-2% || 2 | 1136 | 2.53e-2% | 1.24¢-3%

m | DOF €q es

0| 972 0.31% 1.80e-2%

1 | 1248 | 3.99¢-3% | 1.85e-4%

2 | 1276 | 2.49¢e-3% | 1.19¢-4%

Table 4.7: Two initial basis. Left: tol = 10~3. Middle: tol = 10~*. Right: tol = 107°.

m | DOF €q €9 m | DOF €q es
0| 972 | 11.30% 1.72% 0| 972 11.30% 1.72%
1 | 1248 | 0.50% | 2.57¢-2% || 1 | 1296 0.45% 2.44e-2%
2 | 1276 | 0.24% | 9.98e-3% || 2 | 1436 | 2.60e-2% | 9.70e-4%

m | DOF €q )

0 | 1296 0.45% 2.44e-2%

1 | 1564 | 3.52e-3% | 1.56e-4%

2 | 1576 | 2.49¢-3% | 1.04e-4%

Table 4.8: Three initial basis. Left: tol = 1073, Middle: tol = 107, Right: tol = 107>,

4.3.3 Adaptive online enrichment

In this section, we will show the performance for the online enrichment implementing
it only for regions that have a cumulative residual that is € fraction of the total residual.
We consider the medium parameter shown in Figure 4.3 (4 channels medium).

Assume that the local residuals are arranged such that

2Ty > T3 2>

where r; is the norm of the local residual || R;||. We only add the basis ¢y, - - - , ¢y, for the
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coarse neighborhoods wy, - - - , wy such that k is the smallest integer with

Ne k

92@2 < Zr?

i=1 i=1

We will also consider two ways to compute the local residual r;, one is based on Ly norm
and the other is based on an energy norm. For the L, norm based approach, we will
compute 7; = || R;|| where the norm is the L, norm. This is an inexpensive way to compute
r;. The energy norm based residual is to compute r; = || R;|| using an energy norm, which
is defined in (4.10). In particular, we will solve a local problem to compute this norm.
This requires a larger computational cost, but it provides a better solution.

In Table 4.3.3, we present the error for the last 5 iterations when using 1 initial basis
functions with the tolerance 107° and 6§ = 0.5. We also present a comparison of using
the L, based residual and the energy norm based residual. Comparing the result to the
previous case, we can observe that this can use less number of basis functions to achieve a
similar error. We also see that the energy norm based residual produces better solutions. In
Figure 4.4, we present the distribution of number of basis functions in coarse blocks, and
see that the number of basis functions is larger near the channels (c.f. Figure 4.3). Thus,

online basis functions can be adaptively added in some regions using an error indicator.

m | DOF €q €9 m | DOF €, €

0 | 336 0.35% | 3.80e-2% || 0 | 348 0.16% | 5.19¢-2%
1 | 352 0.27% 1.74e-2% || 1 | 368 0.10% | 4.03e-2%
2 | 368 | 7.71e-3% | 5.88e-4% || 2 | 392 | 7.13e-2% | 9.34e-3%
3| 384 |247e-3% | 2.15¢-4% || 3 | 412 | 6.04e-3% | 6.60e-4%
4 | 396 | 8.77e-4% | 6.94e-5% || 4 | 424 | 1.51e-3% | 1.25e-4%

Table 4.9: The results using cumulative errors with § = 0.5, tol = 107" and 1 initial basis.

Left: using energy norm based residual. Right: using L, norm based residual.
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Figure 4.1: Illustration of the initial basis construction. Left: An eigenfunction x =} is
defined in w;. Right: 4 basis functions are obtained by splitting X} into 4 pieces, and
each has support in K C w;.
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Figure 4.4: Distribution of number of basis functions in coarse blocks.
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5. GENERALIZED MULTISCALE FINITE ELEMENT METHODS FOR WAVE
PROPAGATION IN HETEROGENEOUS MEDIA

5.1 Overview

Numerical modeling of wave propagation is important in many applications that in-
clude geophysics, material science, and so on. For example, in geophysics applications,
wave propagation simulations play an important role in determining subsurface properties
[47, 48, 49, 50, 51, 52]. These approaches include finite difference methods, finite ele-
ment methods, and spectral methods that use polynomials basis [53, 54, 55, 56, 57, 58,
59, 60, 61, 62, 63, 64]. While these methods have different strengths and weaknesses, all
of them tend to have limitations associated with discretization, especially in 3-D applica-
tions as frequency content of the simulated wavefield increases. Though the solutions to
the wave equation have been shown to be accurate when the grid is fine enough [65], the
practical limitations in discretization caused by limitations in computational power restrict
this accuracy. An example of an application where this may be important is in the mod-
eling of fractured media, where establishing reliable and accurate relationships between
the properties of reflected seismic wavefields and variations in the density, orientation and
compliance of fractures may help provide important constraints for hydrocarbon produc-
tion. While more general finite element and spectral element methods may be able to
address some problems by adapting grids to conform to heterogeneous structures, there
are basic limitations associated with representing fine-scale features, and there is therefore
a need to find approaches that reliably and accurately incorporate fine-scale features in a

coarsely gridded model.

Reprinted with permission from "Generalized multiscale finite element methods for wave propagation in
heterogeneous media" by Eric T Chung, Yalchin Efendiev and Wing Tat Leung, 2014. Multiscale Modeling
& Simulation, 12, 1691-1721, Copyright [2017] by Society for Industrial and Applied Mathematics.
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In this chapter, we present GMsDGM for wave propagation simulations on a coarse
grid. We will focus our discussions on two-dimensional problems. The methodology can
be applied to three-dimensional problems without significant conceptual difference. Let
Q) C R? be a bounded domain of two dimensions. The aim is to develop a multiscale
method for the following wave equation

9%u

o = V- (aVu) + f in [0,7] x Q (5.1

with the homogeneous Dirichlet boundary condition © = 0 on [0, 7] x 9f2. The function
f(z,t) is a given source. The problem (5.1) is supplemented with the following initial

conditions

u(2,0) = o(x),  unlw,0) = g1 ().

We assume that the coefficient a(z) is highly oscillatory, representing the complicated
model in which the waves are simulated. It is well-known that solving (5.1) by standard
methods requires a very fine mesh, which is computationally prohibited. Thus a coarse
grid solution strategy is needed. Next we present our fine scale solver. The fine scale solu-
tion is considered as the exact solution when we discuss the convergence of our multiscale
method in the following sections. We assume that the domain (2 is partitioned by a set of
rectangles, called fine mesh, with maximum side length A~ > 0. We denote the resulting
mesh by 7" and the set of all edges and vertices by £" and A" respectively. We assume
that the fine-mesh discretization of the wave equation provides an accurate approximation
of the solution. The fine scale solver is the standard conforming bilinear finite element
method. Let V}, be the standard conforming piecewise bilinear finite element space. We
find u;, € V}, such that

82uh

(W,U) + G(Uh,’U> = (f7 U)? \ORS Vh7 (52)

101



where the bilinear form a is defined by
a(u,v) = / aVu-Vv, Yu,velV, (5.3)
Q

and (-, -) represents the standard L? inner product defined on .

The numerical results are presented for several representative examples. We inves-
tigate the GMsDGM’s accuracy and, in particular, how choosing modes from different
snapshot spaces can affect the accuracy. Our numerical results show that choosing the
basis functions from interior modes can improve the accuracy of GMsDGM substantially
for wave equations. These results differ from those we observe for flow equations [27].

The chapter is organized as follows. In Section 5.2, we will present the multiscale
method. Numerical results are shown in Section 5.3. Stability and spectral convergence of
the semi-discrete scheme are proved in Section 5.4. In Section 5.5, the convergence of the

fully-discrete scheme is also proved. Finally, conclusions are presented.
5.2 The generalized multiscale discontinuous Galerkin method

In this section, we will give a detailed description of our generalized multiscale dis-
continuous Galerkin method for wave equation. The method gives a numerical solver on

a coarse grid, providing an efficient way to simulate waves in complicated media.
5.2.1 Global IPDG solver

We will apply the standard symmetric IPDG approach as in Chapter 3 to solve (5.1) on
the coarse grid TH . The method follows the standard framework as discussed in [67, 44],
but the finite element space will be replaced by the space spanned by our multiscale basis
functions. We emphasize that the use of the IPDG approach is an example of the global
coupling of our local multiscale basis functions, and other choices of coarse grid methods

are equally good. The key to our proposed method’s success of is the construction of our
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local multiscale basis functions.

Let Vi be a finite dimensional function space which consists of functions that are
smooth on each coarse grid blocks but are in general discontinuous across coarse grid
edges. We can then state the IPDG method as: find uy(¢,-) € Vi such that

82
(ﬁ’“) +apg(um,v) =1(v), Vv € Vy, (5.4)

where the bilinear form apg(u, v) and the linear functional [(v) are defined by

ang(u,v) = 3 /KaVu~VU+ 3 (—/e{aVu~n}e .

KeTH ecEH

— /e{aVv “n}e [ule + %/@a[u]e M€>
l(v) = (f,v)

where v > 0 is a penalty parameter and n denotes the unit normal vector on e. The jump
and average operator are defined as Chapter 3. The initial conditions for the problem (5.4)
are defined by uy(0) = Py(go) and (ug):(0) = Py(g1), where Py is the L2-projection
operator into V.

Let T' > 0 be a fixed time and At = T'/N be the time step size. The time discretization

is done in the standard way, we find u?fl € Vg such that
(u’};l,v) = 2(uly,v) — (u?fl,v) — A#? <apg(u’}{,v) — l(v)), Voe Vg (5.5

in each time step. Throughout the chapter, the notation " represents the value of the
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function u at time ¢,,. The initial conditions are obtained as follows

UOH = PH(QO),

At?

where v € Vj is defined by

(0,v) = (f(0),v) —apg(go,v), VveE Vy.

We will use the offline space defined in Chapter 3 to be our multiscale finite element
space V. We recall that the basis construction process follows the offline construction in
Chapter 3 in Section 3.1.2. That is, we will construct V as a sum of two spaces V'1, off
and V3 of, namely,

Vi = Viotr + Voo

where V) o and V5 o are the sum of the local offline space Vl(gff and Vz(yi)ff, where

Vl(,i)ff =span{w; g,, [ =1,2,---, 11},

VQ(,i)ff =span{z k,, (=1,2,--- ly;}.

with qb,(;) and & ,(f) satisfying the spectral problem in (3.5) and (3.6). That is,

_ A _ ;
/ KNV, - Vv = % R,  Yoe V., (5.6)
K OK;
and
/ kV2 K - Vo= M;I;( / K21K,V, Vo € \/QEiLap,. (5.7)
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Given a function w € Vl(lo)ff, we can define a discrete normal flux 2% € 97" (K;) on

/ aa—wvz/ aVw - Vo, vedT"K;) (5.8)
2] K;

Kk, On
where ¥ is any a-harmonic extension of v in K. This is well-defined since w is also
obtained by an a-harmonic extension.
Quasi-orthogonality of 1/1(2“ and VQ(i,)ff Finally, we point out the following quasi-
orthogonality condition which will be used in our analysis. For any v € ‘G(’i)ff and u €

VQSQH, we conclude by (3.4) that

/ aVv-Vu=0. (5.9
K;

5.3 Numerical Results

In this section, we will present some numerical examples to show the performance of
our multiscale method. The media that we will consider is a heterogeneous field which is a
modified Marmousi model (see the left plot of Figure 5.1). We have also considered more
regular periodic highly heterogeneous fields and observed similar results. We will compare
both the accuracy and efficiency of our method with the direct fine scale simulation defined

in (5.2). To compare the accuracy, we will use the following error quantities

Sk feun = fieunl? 19 (s = wn)ll e

s eyl =
Vil fewP IVenliz)

which are the relative L? norm error, the relative L? norm error for coarse grid averages

HUH - UhHL?(Q)
€y =

€2

Huh“L?(Q)

and the relative L? norm error of the gradient. We will also consider the jump error on
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coarse grid edges defined by

ramy = [l

ecEH

Moreover, we let ¢, be the time needed for offline computations and t,,, be the online
computational time. These quantities are used to compare the efficiency of our method
with direct fine scale simulation. To perform a fair comparison, we will use the same time
step size for both of our GMsSFEM and the fine scale method, since we only consider spa-
tial upscaling in this chapter. However, we note that multiscale basis functions can be used
for different source terms and boundary conditions which will provide a substantial com-
putational saving. Furthermore, we will take v = 2 and 2 = [0, 1]? for all of our examples.
The initial conditions gq and g, are zero. Throughout the chapter, all computational times
are measured in seconds.

The Ricker wavelet with frequency f, = 20
fz,y,t) = (1())?6—102((x—0-5)2+(y—0-5)2)(1 _ 27r2f§(t _ 2/f0)2)6—7r2f§(t—2/fo)2

is used as the source term. We will compute the solution at time 7" = 0.4. The coarse
mesh size is taken as H = 1/16. Each coarse grid block is divided into a 32 x 32 grid,
that is, n = 32. Thus, the fine mesh size h = 1/512 and there are totally 128 and 961 local
basis functions in the space VI(QH and V;ZO)H respectively on each coarse grid block. The
time step size for both GMSFEM and the fine grid solver is taken as At = h/80 in order
to meet the stability requirement and the computation time for fine grid solution is 55.06.
We will compare the accuracy and efficiency of our method using the solution computed
at the time 7" = 0.2, which is shown in the right figure of Figure 5.1.

In Table 5.1 and Table 5.2, we present the errors and computational times for the case

with m = 1, that is, we only use the first eigenfunction in the space V5 .. We see that if we
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use 80% of the total energy, the number of basis functions is between 33 and 40 on each
coarse grid while the computational time for the offline procedure is 1019.06 and the time
for online computations is 32.43. Note that the online computational time is about 59%
of that of the online computational time of the direct fine grid simulation. The relative L?
error and the relative error for cell averages are only 3.92% and 2.74% respectively. In
addition, the relative error for the gradient is 14.86% and the jump error is 0.003. When
75% of the total energy is used, the number of basis functions is reduced to a number
between 24 and 29 while the computational time for the offline procedures is 326.83 and
the time for online computations is 18.21. The time for the online computation is 33% of
the time required for direct fine grid simulation. The relative L? error and the relative error
for cell averages are increased slightly to 4.23% and 3.12%, respectively. In Table 5.1, we
also present the values of (i, for the space V) .. Moreover, the eigenvalues are shown
in Figure 5.3. The numerical solutions for these cases are shown in Figure 5.2. We note
that the error decay is not fast mostly due to the error contribution because of the modes
corresponding to the interior. Even though the error between the GMsFEM solution and
the solution computed using the entire snapshot space V; o is very small, the overall error
between the GMsFEM solution and the fine-scale solution may not be small because we
have only used one basis function in V5 . Next, we will add more basis functions from
V2 off and compare the errors.

Next, we will investigate the use of more eigenfunctions in the space V5 . that will
allow reducing the overall error. To do so, we consider the first case where 75% energy in
the space V) o 1S used and we consider using various number of eigenfunctions in V5 .
The errors and computational times are shown in Table 5.3 and Table 5.4. In general,
we obtain better numerical approximations as more eigenfunctions are used. When two
eigenfunctions are used (this corresponds to using less than 3% of the total local degrees

of freedom in constructing all GMSFEM basis functions), the relative error is 3.52% and
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the online computational time is 18.64. When five eigenfunctions are used, the relative
error is 1.93% and the online computational time is 18.21. Thus, we see that adding a
few eigenfunctions in the space V5 o will improve the multiscale solution. This indicates
that for the multiscale wave simulations, the modes that represent the interior nodes can
improve the accuracy of the method and play an important role in obtaining an accurate
solution. We also report the largest eigenvalue used in Table 5.3. Furthermore, for the use
of the central frequency fo = 20, 75% energy in the space V3 and m = 5 in the space
Va.off, there are about 35 basis functions per coarse-grid block and the number of points per
wavelength is approximately 30, where the number of points per wavelength is computed
as 2mv/ Nl / fo and N,y is the total number of basis functions. On the other hand, since
the fine grid solution is computed on a 512 x 512 fine grid, the number of points per
wavelength is about 160. Therefore, the fine grid solution has sufficient resolution.

We would like to remark that the computational gain will be higher when implicit
methods are used or we employ finer grids to resolve the problem. In the latter case, the

CPU time for coarse-grid simulations will not change.
5.3.1 The use of oversampling

In this section, we present the performance of the method when the basis functions in
the space V) o are obtained by oversampling. We consider the previous example. The
oversampling technique is used and the harmonic extension problems are solved on en-
larged coarse grids, which are obtained by extending the original coarse grids by H/16 on
each side. The results for using one basis functions in V5 . and various number of basis
functions in V} o are shown in Table 5.5. Moreover, we compute the errors using 73%
energy for V) o and various number of basis functions in V5 . The results are presented
in Table 5.6. We observe that there is no improvement in this case. This is due to the error

from the modes representing internal nodes.
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5.4 Stability and convergence

In this section, we will prove the stability and convergence of the generalized multi-
scale finite element method constructed in Section 5.2. We will first state and prove some
preliminary results, and then prove the main convergence theorem for the semi-discrete

scheme (5.4).
5.4.1 Preliminaries

Before we analyze the convergence of our GMsFEM, we first prove some basic results.
To do so, we introduce some notations and state the assumptions required in our analysis.

For functions u,v € H'(T*), we define the bilinear form a(, ) by

a(u,v) = Z /KaVu-Vv.

KeTH

Moreover, for any function u € H 1 (TH ), we define the a-norm by
Y 1 )
lulla = | alu,u) + 5 > llazulel72
ecEH

and the a-semi-norm by

lul, = a(u, u)%.

Furthermore, the broken H!'-norm for v € H'(T*) is defined as

v
lullzrerny = | D Tulingg + 7 3 Muleliie

KeTH ecEH

Assumption 1. The function a(x) is bounded, that is, there exist positive numbers ay and
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ay such that

ap < a(x) < ay, Ve
This assumption implies that the norms || - ||q and || - || g1 (71 are equivalent.

In the following, we will describe the consistency of the method (5.4). We define the

consistency error by

62
Ruh(’U) = l(U) - (a—tug}l7U) - aDG<uh7U)7 Vv e va (510)

where uy, is the fine grid finite element solution defined in (5.2). Clearly, we have

Ry, (v) =0, Vo € Voo (5.11)

since Vo of C V3. Thus, we only need to estimate R, (v) for v € Vi .. The following
lemma states that the method (5.4) is consistent with the fine grid solution defined by (5.2).

The proof will be presented in the Appendix.

Lemma 5.4.1. Let uj, and u be the finite element solution defined in (5.2) and the ex-

act solution of the wave propagation problem (5.1) respectively. Assume that u,u; €

L>=(0,T; H*(Q)) and that w € W3'(0,T; H'(Q2)). We have

Ry, (v)] < C(w)h||v)la,  vE Vi (5.12)

where C'(u) is a constant which depends on the solution u but independent of the fine mesh

size h. This inequality gives the consistency of our method.

The coercivity and continuity conditions of the bilinear form ap are followed from

Lemma 3.10 and 3.11 in Chapter 3.
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Next, we will prove the convergence of the semi-discrete scheme (5.4). First, we define

the following error quantities. Let
n=u,—wy, &=uy—wy, and &=u—uy, (5.13)
where wy € Vy is defined by solving the following elliptic projection problem
apc(wi,v) = ape(un, v) + Ry, (v), Vv e Vy. (5.14)

Notice that ¢ is the difference between the multiscale solution uy and the fine grid finite
element solution wu;,. Moreover, 17 measures the difference between the fine grid solution
uy, as its projection wy. In the following, we will prove estimates for €. First, we let

el zoo 0,11 L2(0)) = Dax, lellzz) and ]| Lo (jo,150) = oax ella-

Then we will prove the following two inequalities, which estimate the error for the solution
¢ by the error for the projection 7 and the initial errors Z; and Z,, which are defined in the

statements of the theorems.

Theorem 5.4.2. Let £, 1 and £ be the error quantities defined in (5.13). Then we have the

following error bound

el oo,y r20)) + €l o< (0,730
(5.15)

< C<||77tHLoo([o,T];L2(Q)) A 191 oo (0,12 (7)) + el 22 0, 73522(02)) + L1 )

where T, = [|&(0)||z2(q) + [[£(0)|| m1¢7m)y.
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Proof: First, using (5.4) and the definition of £, we have

(&, v) + apa(§,v) = (f,v) = (Wa)w, v) — ape(wn, v).

Then by (5.12), we have

(€, 0) + apa(€,v) = (N, v). (5.16)

Taking v = &; in (5.16), we have

(&1, &) +apa(§, &) = (M, &),
which implies

Ly

57 (I€ellZ20) + ana(€,€) ) < llmell2ll€l z2)-
2dt

Integrating from ¢ = 0 to ¢ = 7, we have

1 T
1€ Z2(0) + €I < 16O 22 + 201€O)Ilz + 2/0 171l L2 1€l 22 ()

T
< 16O ey + 2101 + 2o Wl [ Il

Therefore, we obtain

T
1€ T oo o322y F+ 1€l Fom 077509 < C<||§t(0)||%2(ﬂ) + [l€0))12 + (/ 176l 22(02) dt)2>-
0

Finally, (5.15) is proved by noting that e =7 — £.
O

Theorem 5.4.3. Let €, and & be the error quantities defined in (5.13). Then we have the
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following error bound

lellzo= o,z < C<||77t||L1<[o,T1,L2<Q>> 0l o rz20)) + I2>7
where Iy = ||£(0)|| 2(o)-
Proof: Integrating by parts with respect to time in (5.16), we have

_(£t7vt) + 8t(£t7v) + (ZDG(S,'U) = 8t<77t7/U) - (nt»vt)-

Taking v(z,t) = [, &(x, 7)dr, we have v, = —& and v(7) = 0. So,

(ftag) - at(gh U) - aDG(vt7v) = at(nta 1}) + (ntag):

which implies that

1d 1d
thHf”L?(Q O (&, v) — id_aDG(U v) = O(ne,v) + (i, §).-

Integrating from ¢t = 0 to £ = ~y, we have
1 1 1
SIEO aay = 5 IEO) gy + (6(0), 0(0)) + 5 apa(v(0), v(0))
~(0)0(0) + [ ()

Since & — 1, = (ug — up);, We obtain

(£(0) = 1:(0),v(0)) = ((umr — un):(0),v(0)) = 0.
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Using the coercivity of apq, we have

)
IEIZ2 @) < €O +2/ 1726l] 220 [1€]] 2 @)
0

T
<€)y + 2 max €]l 2y / Inllzc.
0

0<t<T
Hence (5.17) is proved by noting thate = 7 — &.
O

From Theorem 5.4.2 and Theorem 5.4.3, we see that, in order to estimate the error
e = uy, — ugy, we will need to find a bound for 7 given that the initial values & (0) and £(0)

are sufficiently accurate.
5.4.2 Convergence analysis

In this section, we will derive an error bound for n = u;, — wy. Notice that, on each

coarse grid block K, we can express uy, as

n no
Up = E Ci KW; Kk + E di ki k = U1 K + U K
i1 i=1

for some suitable coefficients ¢; c and d; ;¢ determined by a L?-type projection, where ng
is the dimension of V}?(K). We write uj, = uy + ug with u;| ¢ = u;  for i = 1,2. More-
over, we recall that C'(u, f), defined in (5.38), is the constant appearing in the consistency
error estimate in Lemma 5.4.1. In the following theorem, we will give an estimate for the
difference between the fine grid solution u;, and the projection of u,, into the coarse space
Vi defined in (5.14). The theorem says that such difference is bounded by a best approxi-
mation error ||u;, — v||, and a consistency error hC'(u, f). We emphasize that, even though
the coarse mesh size H is fixed, but the fine mesh size i can be arbitrary small, and hence

the consistency error is small compared with the best approximation error ||uy, — v||q.
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Theorem 5.4.4. Let wy € Vg be the solution of (5.14) and uy, be the solution of (5.2).

Then, for a fixed time t € [0, T, we have

|un — willa < C(|up — vl||o + hC(u, £)), Vv e V. (5.18)

Proof: By the definition of wy, we have

apc(wm,v) = apg(up,v) + Ry, (v), VYove Vy.

So, we have

apc(wyg —v,wy —v) = ape(up — v,wy — v) + Ry, (wg — v).

By (3.11), (3.10) and (5.12), we get

|lwg — UHz < 2apg(wyg — v, wy —v)
= 2apg(up, — v, wg —v) + 2R, (wy — v)

< Cllun = vlla + hC(u, ) wn = vla-

Finally, we obtain

lun = willa < llun = vlla + lws = vlla

< C(|Jup = v|la + RC(u, f)).

U
From the above theorem, we see that the error ||u;, —wp ||, is controlled by the quantity

115



|up, — v||o for an arbitrary choice of the function v € V. Thus, to obtain our final error
bound, we only need to find a suitable function v € V} to approximate the finite element
solution uy. In the following theorem, we will choose a specific v in Theorem 5.4.4 and

prove the corresponding error estimate.

Theorem 5.4.5. Let u;, € V), be the finite element solution. Then, for a fixed time t €

[0, T, we have

H 2a,vH B H?
(1+ / a 2+
Pp+1,K hip1.x” Jore On

= ol2 < > (

1f = (un)eell72x) )
KeTH K

(5.19)

)\m+1

where the function ¢ € Vi is defined as

p m
lr = Z Ci,k Wik + Z dikzix = O1x + P2k
=1 i=1

Proof: For a given coarse grid block /', using the orthogonality condition (5.9), we

have

LMWM—@F=LMWm—%W+AMWW—@W

which implies

lun — |2 = [lur — ¢1|2 + |ua — ¢2l2,

where we write ¢ = ¢ + ¢ and ¢;|xk = ¢; i, for i = 1,2. We will first estimate
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|lu; — ¢1||>. By the definition of a-norm, we have

s =l = 3 ([ aivtw—o0p+ X 5 [ el - L)

KeTH ecgf ¢
< 3 | [avin-or s 7 [ altn o (5:20
_KGTH K h Jox |
< Y | favtn-onFs o [ o
alV(uy — Uy —
_KGTH K 1 1 h oK 1 1

Next, we will estimate the right hand side of (5.20) for each K.
We note that the eigenvalue problem (3.5) is motivated by the right hand side of (5.20).

In particular, based on the right hand side of (5.20), we consider

1 ,
/ aVuw, - Vv + T W, = ZZ/ R(w,) - R(v), Vv € Vl(gff, (5.21)
K oK K

where the choice of R, e.g., R = \/EVwM, depends on how we would like to bound the
error. Indeed, choosing the eigenvectors that correspond to the largest L eigenvalues, one
can guarantee that the best Ly dimensional space in the space of snapshots is given by the
first Lx dominant eigenvectors. The choice of R(-) is important and can influence the
eigenvalue behavior. For example, the use of oversampling domains both for the snapshot

space and the eigenvalue can provide a faster convergence. In this chapter, we take
R = \/Eun,

which allows estimating the right hand side of (5.20) by the energy norm. Note that, in

(3.5), we use the smallest eigenvalues to determine the basis functions which is the same
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as choosing the largest eigenvectors that correspond to the largest eigenvalues of (5.21)
because /i =1+ +.
Note that the eigenvalue problem (3.5) is equivalent to
8w” 1

a— = =W on 0K

where the normal flux aag‘; £ is defined discretely in (5.8). So, for each K,

0 0 &
/a K(a gZKV: /a K<a%<zci,Kwi,K))2 (5.22)

i, K o Hi, KCi K \2
/ ; —5C; szK — Z(T) ) (523)

=1

where we have used the fact that f o Wi KWj K = d;j. Then, by using the eigenvalue

problem defined in (3.5), we have

o Mg = 0P =2 D e < (B5) e
h OK hi=p+1 h’:up—i-lKZ =p+1 H
and
- 7, ,uz
/G|V(U1,K—¢1,K)|2 = %02 Z K
K i=p+1 Hp+1K i=p+1
Note that, by using (5.23), we have,
- Hi K 2 2 - Hi, K \2 2 8ul,K 2
(Popcc < St pa = [ @y
z-:,ZH H K ; H' K Jo on
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Therefore

2¢vH ‘
=2 < 3 (1) 3 (B, )

h

H 2a1vH ou
< ) [ @),
rern SHr+1K Hp+1, K Jok

(5.24)

Next, we will estimate |uy — ¢5|2. Since uy, satisfies

la-
/ aVuh-Vv:/ (f = (un)u) v, VUEVhO(K).
K K
Putting v = z; i, we obtain

i K
ﬁdi,f( = / aVuy, - VZ@',K = / (f - (Uh)tt) ZiK -
K K

Ai K

e ——d; i and

We define f; x = [} ( (un)et) zi.xc- Then we have f; x =

o
fof;( <\ = (un)eellZ2 k)
=1
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Hence,

iz — ol = /a|v ——

KeTH

:ZZ 22K

KeTH i>m+1
2 2

5 > o,

A
rerH "MHLE >

=D s 2 T

KeTH m+1 K i>m—+1

SZ/\

KeTH mtl,

IN

H2

1f = (un)ee | Z2 )

O

We note that, by the technique in [66], we can also derive a bound for ||u; — ¢1]|, as

follows

||u1—¢1||§§ Z Z ¢

KeTH izp+1
This bound shows the decay of the error when more basis functions are used.
The bound in (5.19) gives the spectral convergence of our GMsFEM. Notice that, the

term

Y Sy

KeTH 0K

is uniformly bounded and can be considered as a norm for w;. Thus, (5.19) states that the
error behaves as Oy 1K T At 1, x)- We note that the eigenvalues increase (and go to
the infinity as the fine mesh size decreases) and thus the error decreases as we increase the

coarse space dimension.
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Combining the results in Theorem 5.4.4 and Theorem 5.4.5, we obtain

H2
Inl2 < ¢ 3 (——=If = @allZae (5.25)
K;H )\erl,K (K)
H 2&1’)/]’[ (‘3u1
+ 1+ / a——)?) + h*C(u)?. 5.26
Mp+1,K( ity 1, 8K( 8n) ) (u) ©-20)
Similarly, we obtain
H2
2 < ¢ > (M = @l
K;H )\m—f—l,K (K)
H 2a1vH Aur )¢
+ 1+ / a 2) + R2C (w)?.
Mp+1,l<< hMp+l,K) 8K( on ) ( t>

Finally, using these bounds for 7, as well as the estimates proved in Theorem 5.4.2 and

Theorem 5.4.3, we obtain estimates for the error .
5.5 Convergence of the fully discrete scheme

In this section, we will prove the convergence of the fully discrete scheme (5.5). To

simplify the notations, we define the second order central difference operator 62 by

un+1 —oun + unfl

At?

6 (u™) =

By the definition of the consistency error (5.10), at the time ¢,,, we have

((un)iz, v) + apa(up,v) = (f",v) — Rup(v). (5.27)
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The fully discrete scheme (5.5) can be written using the operator §° as

(62(uy),v) + apa(uly,v) = (f",v), forn > 1.

Moreover, we define

uf — 0% (wh), forn > 1,
At2(¢H = €9, forn =0,

and

R" = At i ri.
i=0

(5.28)

(5.29)

In order to prove the convergence for the fully discrete scheme, we first prove the

following lemma. The result will be needed in the derivation of an upper bound for the

time step size At.

Lemma 5.5.1. There exists a positive constant 3(h) such that

aDG(Uav) < ﬂ(h)iluvH%Q(Q)a Vove Vy.

Moreover, the constant 3(h) can be taken as h®a;* (24 + 32v/3A + 16Aa2ay?) .

Proof: We first note that, if p is a linear function defined on the interval [ = [z —

h/2,x, + h/2], then we have

4
1Pl 7001y < EHPHZL%U

p|H1(1) =72 ||p||L2(1)-
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Then by the definition of ap¢ and the Cauchy-Schwarz inequality, we have

apc(v,v)
gl
< 3 [awep-2 X ( [tavoenke oo+ [alof)
KeTH VK cce Ve e
ov 1 _ 1
< 3 [ aVeP a2 3 bl R H Y B )
rerH K KeTH oK ecEH
gl
2
b [l
ecEH

Then by using the discrete trace inequality , a < a; and estimating the jump terms by

L?*(0K) norms, we have

apa(v,v)
1 B 1 7
<ai( X [ Ve A [ VRS h Rl )t 5 S [0F)
KeTH VK ket VK ccet ceEH
<ai( X [V aal Y A [ VoY h ol
KeTH /K KeTH K KeTH
2y
+ = 3 ol
KeTH

(5.32)

Thus, it remains to estimate ||Vv||z2x) and ||v||r2(ax) by the norm ||v||z2(k). The tech-
niques used are the same as those used for standard finite element inverse inequalities. We
include the derivation below for the explicit expression of 3(h).

We will estimate the term ||V v/| 12k first. For a given coarse grid block K, we can
write it as the union of fine grid blocks K = Upcx F', where we use F' to represent a

generic fine grid block. Since the fine grid blocks are rectangles, we can write F' as a
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tensor product of two intervals, namely, ' = I x I; . For any v € Vz we can also write

the restriction of v on F as v(x,y) = v (x)vra(y).

I L

FCcK

- Z <h(v%’2)2 /If(vpvl(x))Qth(Uh)Q /Ij(UFz(y))Q)

FCcK

_y (/Ii(U%’Q(y))Q/[:f(UFJ(x))Q+/If(v%’l(x))Q/Ii(UFQ(y))Q) .

FCK
Then, using (5.31), we have

[ vee <1y ( [ e [ ey [ @y | F(UF,z(y))2>

Yy x Yy

=240 ) / |v]?.
F

FCK

Next, we estimate the term ||v||;2(sx). For a generic fine grid cell F, we write I =
(21, 25) and I = [y1,92]. Then, we define B, = OFN(I,x{y1}), By, = OFN(I:x{y.}),
B,, =0F N ({1} x 1) and B,, = 0F N ({x2} x 1,,). By using (5.30),
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lolaor = 3 / (v
OFNOK

e

(vralyn)ora (2))? + / <vF,2<y2>vF,1<x>>2>

FCK v1 By,
+ Z (/ (vpa( 371)’UF2(3/))2 +/ (UFJ(SCQ)UFQ(y))Q)
Fck \’ B Ba,
< 7 Z / / vpa(y UF1 / / vpa(y vFl(sc) )
FCK By, Jy1,y1-+h] By, J [y2—h,y2]
h Z / / vpa(x UF2 / / v (z)vee(y) )
FCK Bz, J[z1,214h] Bz, J [x2—h,x2]
<

—Z ( / vra(y)ve ()2 + /F (UF,I(I)UF,Z(?J))Z)

FCK

8 2
= EHUHLQ(K)

Consequently, combining the above results and using (5.32),
ai
apa(v,v) < 7 (24 +32v/3A + 167) [
Furthermore, using the lower bound of ~, we see that we can take 5(h) as

B(h) = h%a; (24 + 32V 3A + 16Aatay?) .

Finally, we will state and prove the convergence of the fully discrete scheme (5.5).
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Theorem 5.5.2. Assume that the time step size At satisfies the stability condition At* <

453(h). We have

N
max_||e"|| 2y < C <1\50||L2 + max [|n" \|L2(Q)+At2|m"||L2(m>. (5.33)

0<n<N 0<n<N
n=0

Proof: Subtracting (5.28) by (5.27), we have
(0%(uy) — (un)y, v) + apa(ufy — ui, v) = Ry (v), forn > 1,
which implies
(6% (uy — wiy + W), v) + apa(ufy — up, v) = ((un)ig, v) + Rap (v).

Using the fact that ¢ = uy — wy and the definition of the elliptic projection wy given in

(5.14), we have
(0%(€"),v) + apa(€",v) = (1", v),  forn>1,

where r" is defined in (5.29). Using the definition of the operator 52, we have

£n+1 o éﬁn (é“n _ gn—l

(T, v) — A—t,v) + Atape(£™,v) = At(r", v).

Summing the above equations, we get for n > 1,

€n+1 _ fn 5 50
(—— ) — (

B )+ AtZaDG At;(rl,v). (5.34)
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To simplify the notations, we define
=M =AtY ¢, forn>1; and E°=0.
i=1
Using the above definition and the definition of R", we can write (5.34) as

§n+1 _ gn
At

0 | Fapg(E",v) = (R"v), n>1
Substituting v = £"! + €7, we have

1€ T2y = 1€ 1 720) + At apa(E™, €M+ €") = AH(R", €1 + &),
and summing for all n > 1, we have

1€ M 7o) — 1€ 1520y + ALY apa(E, €T + &) = At > (R, &H +¢). (535)
i=1 =1

By the definition of =", we have =" — =71 = A¢ (¢ 4 ¢7) forn > 1. So

n n—1

_ ZCLDG(: 7Ez+1> _ ZaDG(Zly Ez+1)
i=1 =0

- aDG<En7 En+1)
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Moreover,

=n + En+1 =n + En+1 =n _ En+1 =n _ En-‘,—l
apc(E", 2" = apa( 5 ; 5 ) — apa( 5 ; 5 )
At? _—
> —TCLDG(fnJr ’£n+ )

So, (5.35) becomes

At?

1€ 1Z20) — —apc (€ €) < €M 72 + ALY (RLEH +€), n>1.

4

At?

Using the assumption At? < 43(h), we define Cy = 1 — EID)

> (. By Lemma 5.5.1,

Coll€™ 20y < €7 2(0) + AtZ(Ri>fi+l +&7)

=1
< IE gy + 288 max {11620} D I 1eco)
- =1

C 2
e+ O+ o (3057 )

Therefore, we have

U ope < 2 N 12 .
e (s} < 1€ s + A6 1R )

=1

Since £ = £ + At*r°, we have

max {[[¢']|z2)} < C (IIéolle o) + AL 2y + ALY IIRiIIL2<Q)>

1<i<n+1 -
=1
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and using the definition of R°,

. {[1€]]z} < (“fo”wm Ay ||Ri”L2(m> |

i=0
Thus,

0<i<n+1 ,
=0

max {[[¢'l|zze)} < C <I|€°HL2<9> ALY ||Ri|!L2<Q>> :
Finally, by using the relation € = 1 — £, we obtain (5.33).

O

From Theorem 5.5.2, we see that the error €" of the fully discrete scheme mainly
depends on two quantities, which are " and R". Recall that, " can be estimated as in
(5.26). Therefore, it remains to get a bound for R". To do so, we will prove the following

two lemmas for an upper bound of ".

Lemma 5.5.3. We have
1700l L2y < CAE el oo ro1sL2c) + At (un el o122 (92)))-
Proof: By (5.29), we have r = At2(¢! — £9) and by the definition of u%,, we have
(ul; —u’ v) =0, Vve Vy.
Then using the definitions of ! and £°, we have

(51 _5077}) = (u}{_vav) - (u?ﬁl _va'U)



The first term can be estimated in the following way

(k=) — (o~ w0 <[ A= w0

< A [mel| o o,y22 @) V] 22(9) -

To estimate the second term, by the Taylor’s expansion, we get

At? At3
u}L = u(,)L + At (uh)g + T(uh)gt + T(uh)m(-, s), where 0 < s < ¢!,
By the definition of u};,
1 1 0 0 Atz ~
() = (s, ) = () + M)} + —(5,0)
Thus,
X X At? At3
(ug — up,v) = 7(5 - (uh)?tv v) — 7((Uh)ttt('a s),v)
At? . . . At3
= T[(f ,v) = a(uy, v) + ((up)gy, v)] — T((uh)ttt(', 5),v)
At3

= —?«uh)ttt('u s),v)

which proves the Lemma.

Lemma 5.5.4. Forn > 1, we have

tnt1 tnt1
nmmmsmm{/ mmﬂw@+m/ e () ey

th—1 tn—1
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Proof: By the definition of ",

17| z2) = [|(un)iy — 8w || 120

< 16wy — up)llza) + ll(wn)i — 6*up [l 22(@)-
Using the identity

|7 — t,]

At

tn+1
T 2" T = At/ 1-— vy (7)drT,

tn—1

the first term can be estimated as follows

1t |7 — t,]
(6% (wyy — up),v) = —/ (1- ) (((wi)u = (un)u), v) (T)dr

1 tn+1
< N - ||7]tt('77)||i2(9) HUHi?(Q)dT'

To estimate the term ||(uy,)}, — 0%uj || 12(q), We use

]_ tn+1
52UZ = (Uh);; + W/ (At — ’7’ — tn|)3(uh)tttt('; T)dT.

tn—1

This implies

At tn+l

()i = S uillize) < - [ CunJaaaa (-5 7) | 2@y
tn—1
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Using the definition of 2™ and the above two lemma, we get

IR 20
tn

<0 [ It sor + Il oz
0

tn
+ At2/ | (un)eeee (- 7) [ L2(02) + A752”(Uh)ztttHC([O,T};L?(Q))>-
0

Hence we obtain

N
Atz IR 2
n=0

< QTOISI}Z%V IR |20
T

<C( [ Dl + Illo=oyaoon+
0

T
A% [ e 7)oy + AL ez

Combining the estimates of 7 proved in Section 3 and Theorem 5.5.2, we obtain the error

estimate for the fully discrete scheme (5.5).
5.6 Proof of the Lemma 5.4.1

In this section, we will prove Lemma 5.4.1. Let v € V; . By assumption, u € H?(Q)
forall time ¢ € [0, 7. Thus apg(u,v) is well-defined, the normal flux is continuous across

coarse edges and we have

82
> (a—;,v)m(K) +apa(u,v) = > (fo)w), YveH(TY). (5.36)

KeTH KeTH
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Moreover, the following standard finite element error estimate holds

0
||§(U —un)|lz2(0) + [u — unlm ()

< Ch

VRS

|U,|Loo(07T;H2(Q)) + |u|W2,1(07T;H1(9))>, Vte [O, T]

and
0? o

< Oh(‘Ut’Loo(()’T;HQ(Q)) + |U’W3¢1(07T;H1(Q))>7 Vit e [O,T}.

We remark that, for simplicity, we assume the initial conditions belong to the fine space
V3. In the following derivations, we will fix the time variable ¢. By the definition of the
consistency error and equation (5.36), we have

82u 82uh

R,, (v) = (W — W,v) + apg(u,v) — apg(un, v), Voe HY(T?). (5.37)

Next, we define v. € V}, in the following way. For each vertex in the triangulation, the
value of v, is defined as the average value of v at this vertex. Then by direct calculations,
we have

1
Z |U — UC|?’—[1(K) S CE Z ||[U]||%2(e)

KeTH ecEH

and

Z v — UCH%Q(K) < Ch Z ||[U]||%2(e)‘

KeTH ecEH
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Clearly, we have [v — v = [v]. for all e € E¥ since v. € CY(Q). Therefore we get

1
lo = vellzn gy < €5 D~ M)l

ecEH

By (5.37) and (5.2) as well as the fact that apg(up, v.) = a(up, v.), we have

*(u—u
Ry, (v) = Z (%7” - UC)LQ(K) + apg(u — up, v — V).
KeTH

Next, we will estimate the two terms on the right hand side. For the first term, we have

O(u — up,)
Z ( 012 d 7U_UC>L2(K)

KeTH
1
0% (u — :
S\Ia—tHLZ (Z v — vcHLzm)
KeTH
1
2
0?(u —
<on 2O oy | 25 el
eGEH

N[

1
§0h2<|ut|LOO(O,T;H2(Q)) + |U|W371(0,T;H1(Q))> 7 Z ||[U]||%2(e)

ecEH
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For the second term, by the definition of ap¢ and the Cauchy-Schwarz inequality, we have

apc(u — up, v — v,)

= Y [aVa-w) Vv - ¥ [ w) )l

KeTH ecEH

< Z arlu — up|m iy |V = Vel g
KeTH

(g o) (5 ).

To estimate the flux term above, we let [k be the standard finite element interpolant. Then

we have

3 /8K(aV(u — ) n)?

KeTH

<2 (aV(u— Ix(u)) - n)2> +2 < (aV(Ix(u) —up) - n)2>
(K;H /‘W K;H /8K

1
<Cay h|u|§{2(K) + E|IK(U) - uhﬁfl(K)

1 1

gCal h‘uﬁp([{) + E\IK(u) —u|§{1(K) +E|u—uh\§{1(K)

S C’alh|u|?{2(K).
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Next we will estimate the term ) ;o ru a1|u — up| (k) [v — ve| g1 (k). We have

Z a1|u - Uh|H1(K) : |U - ?Jc|H1(K)
KeTH

1 1
< Cay( Z u— Uhﬁ{l(}()ﬁ( Z v — Ucﬁ{l(K))Q

KeTH KeTH

1 1 1
<Cai(3 Y lu—unlina) (Y I[lllZae)?

KeTH ecEH

1 1
< Ca1h|u|H2(Q)(E PGS

ecEH

Combining the above estimates, we get

| Ruy, (0)]

C

<—h (h(\ut!pom,:r;m(m) + Www(o,T;Hl(m))
0

2

1
+ arfuleormean) | 7 D lalollg | -

ecEH

for all t € [0, 7. Finally, the constant C'(u) in the lemma can be chosen as

C(U) ~ ’Ut‘LOO(QT;H?(Q)) + ’u‘W&l(O?T;Hl(Q)) + ‘u’L‘”(QT;HQ(Q))-
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x10°

Figure 5.1: Left: a subset of the Marmousi model. Right: fine grid solution.

Energy | Number of basis s €2 et € Jump Lhmin
5% 24-29 0.0423 | 0.0312 | 0.1542 | 4.7304¢-04 | 1.9414
80% 33-40 0.0392 | 0.0274 | 0.1486 | 3.0671e-04 | 2.9992

Table 5.1: Errors for various choices of energy for the space V; .

Energy toff ton
75% 326.83 | 18.21
80% 1019.06 | 32.43

Table 5.2: Offline and online computational times.
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[ 20 40 60 80 100 120 140

Figure 5.3: Eigenvalues for the space V} .

€2 [2) EqH1 € Jump )\mzn
0.0423 | 0.0312 | 0.1542 | 4.7304e-04 | 3.4805e+04
0.0352 | 0.0259 | 0.1346 | 4.7030e-04 | 3.4873e+04
0.0227 | 0.0187 | 0.0945 | 4.5931e-04 | 5.5906e+04
0.0193 | 0.0163 | 0.0833 | 4.5910e-04 | 6.9650e+04

N W | —3

Table 5.3: Errors for various number of eigenfunctions in V5 o for using 75% energy in
‘/i,off-

toff ton
326.83 | 18.21
368.89 | 18.64
405.73 | 19.88
528.47 | 25.96

UIUJ[\.)»—kB

Table 5.4: Offline and online computational times for various number of eigenfunctions in
V2 ofr for using 75% energy in Vi o
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Energy | Number of basis € ey et € Jump Mmin
73% 24-30 0.0673 | 0.0583 | 0.1866 | 5.2038e-04 | 1.6755
79% 33-40 0.0640 | 0.0548 | 0.1827 | 3.4797e-04 | 2.5681
84% 45-55 0.0626 | 0.0534 | 0.1809 | 2.6388e-04 | 3.7918

Table 5.6: Errors and computational times for various number of eigenfunctions in V5 o

Table 5.5: Simulation results with one basis function in V5 .

€2

)

egt

€ Jump

)\min

0.0673

0.0583

0.1866

5.2038e-04

3.4805e+04

0.0596

0.0524

0.1666

5.1865e-04

3.4873e+04

0.0488

0.0449

0.1332

5.0929¢-04

5.5906e+04

LIIU)[\)»—AB

0.0449

0.0419

0.1220

5.0793e-04

6.9650e+04

for using £ = 73%.
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6. SUMMARY AND CONCLUSIONS

In this section, we will have a summary of this dissertation. In Chapter 2, we discuss
about a residual-based online basis construction for GMsFEM. The main idea of the pro-
posed method is to construct the online basis functions by solving local problems based
on a computed residual. In particular, in each coarse region, an online multiscale basis
function is constructed by solving local problems with a right hand side that is a residual
computed at the current solution iterate. We show that the offline space needs to satisfy
ONERP condition in order to guarantee that adding online basis function will decrease the
error independent of the contrast and small scales. The online basis functions account for
global effects that are missing in local GMsSFEM basis functions. However, the first several
GMSFEM basis functions are needed in order to guarantee that the online basis functions
will decrease the error independent of the contrast. This method is applied in conjunction
with an adaptivity where online basis functions are added in selective regions. The overall
procedure results to a local multiscale approach where one can adaptively select regions
and compute multiscale basis functions without resorting to global solves. We test our
approaches on several examples and present some representative numerical results. Our
numerical results show that with the offline spaces that satisfy ONERP, one can achieve
a rapid decay of the error. We propose some strategies to reduce the computational cost
associated with calculating the online basis functions.

In Chapter 3, we an offline adaptive Generalized Multiscale Discontinuous Galerkin
Method (GMsDGM) for a class of high-contrast flow problems, and derive a-priori and a-

posteriori error estimates for the method. Based on the a-posteriori error estimator, we de-

Reprinted with permission from "Residual-driven online generalized multiscale finite element methods"
by Eric T Chung, Yalchin Efendiev and Wing Tat Leung, 2015. Journal of Computational Physics, 302, 176-
190, Copyright [2017] by Elsevier.
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velop an adaptive enrichment algorithm for our GMsDGM and prove its convergence. The
adaptive enrichment algorithm gives an automatic way to enrich the approximation space
in regions where the solution requires more basis functions, which are shown to perform
well compared with a uniform enrichment. We also discuss an approach that adaptively
selects multiscale basis functions by correlating the residual to multiscale basis functions
(cf. [40]). The proposed error indicators are Lo-based and can be inexpensively computed
which makes our approach efficient. Numerical results are presented that demonstrate the
robustness of the proposed error indicators.

In Chapter 4, we discuss about the online basis construction for GMsDGM. Though
the use of offline basis functions is important for multiscale finite element methods, adding
online basis functions in some regions can improve the convergence dramatically. The
construction of online basis functions for various applications and discretizations require a
careful analysis. In particular, as we have shown earlier [45] for GMsFEM within continu-
ous Galerkin framework that one needs a certain number of offline basis functions in order
to guarantee that the online basis functions can result to a convergence independent of
physical parameters. In this chapter, we develop an online basis procedure for GMsDGM
that can provide a convergence independent of the contrast and small scales. Because
multiscale basis functions are discontinuous across coarse-grid boundaries, we construct a
special offline space as well as online basis functions. We show that our construction will
guarantee a convergence independent of the contrast and small scales if we select a cer-
tain number of offline basis functions based on a local spectral problem. Furthermore, we
apply an adaptive procedure to add online basis functions in only some selected regions.
Numerical results are presented to back up our theoretical findings.

In Chapter 5, we present a multiscale wave simulation method based on GMsDGM
for highly heterogeneous media. This wave simulation method is based on GMsDGM

which preform a local model reduction by solving a spectral problem in each local snap-
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shot space. The local spectral problems is used to select the important modes in that local
neighborhood. The local spectral problems are designed to achieve a high accuracy and
motivated by the global coupling formulation. The use of multiple snapshot spaces and
multiple spectral problems is one of the novelties of this work. Using the dominant modes
from local spectral problems, multiscale basis functions are constructed to represent the
solution space locally within each coarse block. These multiscale basis functions are cou-
pled via the symmetric interior penalty discontinuous Galerkin method which provides a
block diagonal mass matrix, and, consequently, results in fast computations in an explicit
time discretization. Numerical examples are presented. In particular, we discuss how the
modes from our snapshot spaces can affect the accuracy of the method. Our numerical
results show that one can obtain an accurate approximation of the solution with GMsFEM

using less than 3% of the total local degrees of freedom.
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