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Parameter estimation for the subcritical Heston
model based on discrete time observations

MATYAS BARCZY, GYULA PAP and TaMAs T.SzABO

Communicated by L. Kérchy

Abstract. We study asymptotic properties of some (essentially conditional least
squares) parameter estimators for the subcritical Heston model based on dis-
crete time observations derived from conditional least squares estimators of
some modified parameters.

1. Introduction

The Heston model has been extensively used in financial mathematics since one can
well-fit them to real financial data set, and they are well-tractable from the point
of view of computability as well. Hence parameter estimation for the Heston model
is an important task.

In this paper we study the Heston model

{dYt=(a—bYt)dt+al\/7tth, 50 a1

dX; = (a — BY;) dt + 02v/Y; (edW; + /1 — ¢ dBy),

where @ > 0, b,0,8 € R, 01 > 0,02 > 0, 0 € (—1,1), and (W, B;)s»0 is a
2-dimensional standard Wiener process, see Heston [7]. We investigate only the
so-called subcritical case, i.e., when b > 0, see Definition 2.3, and we introduce
some parameter estimator of (a,b,a, ) based on discrete time observations and
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derived from conditional least squares estimators (CLSEs) of some modified pa-
rameters starting the process (Y, X) from some known non-random initial value
(yo,To) € (0,00) x R. We do not estimate the parameters o1, o2 and p, since these
parameters could—in principle, at least—be determined (rather than estimated)
“using an arbitrarily short continuous time observation (X, t)tefo,r) of X, where T' > 0,
see, e.g., Barczy and Pap [1, Remark 2.6]. In Overbeck and Rydén [15, Theorems 3.2
and 3.3] one can find a strongly consistent and asymptotically normal estimator of
o1 based on discrete time observations for the process Y, and for another estimator
of o1, see Dokuchaev [5]. Eventually, it turns out that for the calculation of the
estimator of (a, b, a, ), one does not need to know the values of the parameters
01,02 and p. For interpretations of Y and X in financial mathematics, see, e.g.,
Hurn et al. [8, Section 4].

CLS estimation has been considered for the Cox—Ingersoll-Ross (CIR) model,
which satisfies the first equation of (1.1). For the CIR model, Overbeck and Rydén
[15] derived the CLSEs and gave their asymptotic properties, however, they did
not investigate the conditions of their existence. Specifically, Theorems 3.1 and 3.3
in Overbeck and Rydén [15] correspond to our Theorem 3.4, but they estimate
the volatility coefficient ¢; as well, which we assume to be known. Li and Ma [14]
extended the investigation to so-called stable CIR processes driven by an a-stable
process instead of a Brownian motion. For a more complete overview of parameter
estimation for the Heston model see, e.g., the introduction in Barczy and Pap [1].

It would be possible to calculate the discretized version of the maximum
likelihood estimators derived in Barczy and Pap [1] using the same procedure as
in Ben Alaya and Kebaier [3, Section 4] valid for discrete time observations of
high frequency. However, this would be basically different from the present line of
investigation, therefore we will not discuss it further.

The organization of the paper is the following. In Section 2 we recall some
important results about the existence of a unique strong solution to (1.1), and study
its asymptotic properties. In the subcritical case, i.e., when b > 0, we invoke a result
due to Cox et al. [4] on the unique existence of a stationary distribution, and we
slightly improve a result due to Li and Ma [14] and Jin et al. [10, Corollary 2.7] and
[11, Corollaries 5.9 and 6.4] on the ergodicity of the CIR process (Y3)¢>0, see Theorem
2.4. We also recall some convergence results for square-integrable martingales. In
Section 3 we introduce the CLSE of a transformed parameter vector based on
discrete time observations, and derive the asymptotic properties of the estimates —
namely, strong consistency and asymptotic normality, see Theorem 3.2. Thereafter,
we apply these results together with the so-called delta method to obtain the same
asymptotic properties of the estimators for the original parameters, see Theorem
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3.4. The point of the parameter transformation is to reduce the minimization in
the CLS method to a linear problem, because our objective function depends on
the original parameters through complicated functions. The covariance matrices of
the limit normal distributions in Theorems 3.2 and 3.4 depend on the unknown
parameters a, b and 8, as well (but somewhat surprisingly not on «). They also
depend on the volatility parameters o1, o2 and p, but, again, we will assume these
to be known. Since the considered estimators of a, b and 3 are proved to be strongly
consistent, using random normalization, one may derive counterparts of Theorems
3.2 and 3.4 in a way that the limit distributions are four-dimensional standard
normal distributions (having the identity matrix I4 as covariance matrices).

2. Preliminaries

LetN,Z, ,R, Ry, Ry, and R__ denote the sets of positive integers, non-negative in-
tegers, real numbers, non-negative real numbers, positive real numbers, and negative
real numbers, respectively. For z,y € R, we will use the notation z Ay := min(z, y).
By ||z|| and ||A||, we denote the Euclidean norm of a vector « € R and the induced
matrix norm of a matrix A € R%%?, respectively. By Iy € R%*¢ we denote the
d x d unit matrix. The Borel o-algebra on R is denoted by B(R). Let (2, F,P) be
a probability space equipped with the augmented filtration (F;):cr, corresponding
to (Wi, Bt )ier, and a given initial value (ng, o) being independent of (W}, By )icr,
such that P(ny € Ry) = 1, constructed as in Karatzas and Shreve {12, Section
5.2]. Note that (F;):cr, satisfies the usual conditions, i.e., the filtration (F;):er,
is right-continuous and JFy contains all the P-null sets in F.

The next proposition is about the existence and uniqueness of a strong solution
of the SDE (1.1), see, e.g., Barczy and Pap |1, Proposition 2.1].

Proposition 2.1. Let (7o, (o) be a random vector independent of (W, By)icr, sat-
isfying P(no € Ry) = 1. Then for alla € Ry, b,a,8 € R, 01,02 € Ry, and
0 € (—1,1), there is a (pathwise) unique strong solution (Yi, X;)1ecr, of the SDE
(1.1) such that P((Yo, Xo) = (10,¢0)) =1 and P(Y; € Ry for allt € Ry) = 1. Fur-
ther, for all s,t € Ry with s < t,

{Yt = e =9, 4 a [ e MW dut 0y [ e WYY AW, @2.1)

Xe =Xs + [Ha— BYu)du+ 02 [ /Yo d(eWy + /1 - ¢2B,).
Next we present a result about the first moment of (Y3, X¢):er, . For a proof,

see, e.g., Barczy and Pap [1, Proposition 2.2] together with (2.1) and Proposition
3.2.10 in Karatzas and Shreve [12].
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Proposition 2.2. Let (Y;, X;)icr, be the unigue strong solution of the SDE (1.1)
satisfying P(Yp € Ry) = 1 and E(Yo) < oo, E(]Xo|) < co. Then for all s,t € R,
with s < t, we have

¢
E(Y; | F,) = e t¢-9)y, + a/ e tt—¥ dy, (2.2)

. k]
B(GIF) = X, + [ (- BE(Y] ) du (2.3)
=X, +a(t —s) - BY, /t e P9 dy — af /t (/u e~ bu=v) dv)du,
and hence
[]E(Yt)] _ e bt 0
(E(X)] T [-B et du 1

Consequently, if be Ry, then

ol [ontireage o [

1 —3 .C_l i -1 —_ —_
thm E(Y;) = 5 thrn T E(Xy) =« ,
if b =0, then

L N 1
lim ¢ E(Y,) =a,  Jlim 7 E(X,) = —5 fa,

t—o0

ifbe R__, then
Ba
'b—2—.
Based on the asymptotic behavior of the expectations (E(Y;), E(X;)) ast — oo,
we introduce a classification of the Heston model given by the SDE (1.1).

lim e E(V;) = E(Yo) — 7, Jlim e E(X,) = %E(Yo) -

b t—o0

Definition 2.3. Let (Y}, X;):cr, be the unique strong solution of the SDE (1.1)
satisfying P(Yp € R;) = 1. We call (Y}, X¢)eer, subcritical, critical or supercritical
ifbeRyy, b=0o0rbe R__, respectively.

In the sequel L, £, and 25 will denote convergence in probability, in
distribution and almost surely, respectively.

The following result states the existence of a unique stationary distribution
and the ergodicity for the process (Y;):cr, given by the first equation in (1.1) in
the subcritical case, see, e.g., Cox et al. [4, Equation (20)], Li and Ma [14, Theorem
2.6], Theorem 3.1 with o = 2 and Theorem 4.1 in Barczy et al. [2], or Jin et
al. [11, Corollaries 5.9 and 6.4]. Only (2.7) of the following Theorem 2.4 can be
considered as a slight improvement of the existing results.
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Theorem 2.4. Let a,b,01 € Ry Let (Y:)ier, be the unique strong solution of the
first equation of the SDE (1.1) satisfying P(Yp € Ry) = 1. Then
(i) Y; £, Y, ast — oo, and the distribution of Yo is given by
2

Y 0% 2a/af
E(e ) = (1 2b,\) ., AeRy, (2.4)

i.e., Yoo has Gamma distribution with parameters 2a/0? and 2b/c?, hence

(2a +0f)(a +0f)a
253

(2a + o?)a
2b2 ’

a ‘

E(Yoo) = 7, E(YZ) = E(Yeo) = » (25)

(i) supposing that the random initial value Yy has the same distribution as Yoo,
the process (Yi)ier, 15 strictly stationary;

(iii) for all Borel measurable functions f : R = R such that E(]f(Yeo)]) < 00, we

have
1 T . .
T/o F(Y2) ds 25 E(f(Ya)  as T = oo, (2.6)
n—1
LY S SHE(f(Yer)  as mob oo, (2.7)
1=0

Proof. Based on the references given before the theorem, we only need to show (2.7).
By Corollary 2.7 in Jin et al. [10], the tail o-field (,cg, (Y5, s > t) of (Yt)ter, is
trivial for any initial distribution, i.e., the tail o-field in question consists of events
having probability 0 or 1 for any initial distribution on Ry. But since the tail
o-field of (Y;)ier, is richer than that of (Y;)iez, , the tail o-field of (Yi)icz, is also
trivial for any initial distribution.

Denoting the distribution of ¥y and Y, by v and p, respectively, let us in-
troduce the distribution 5 := (u + v)/2. Let us introduce the following processes:
(Zt)ter, , which is the pathwise unique strong solution of the first equation in (1.1)
with initial condition Zy = (o, where (o has the distribution y; and (U;)ser, , which
is the pathwise unique strong solution of the same SDE with initial condition
Uy = &, where & has the distribution 7.

We use Birkhoff’s ergodic theorem (see, e.g., Theorem 8.4.1 in Dudley [6])
in the usual setting: the probability space is (R%+, B(RZ+), £((Z;)iez,)), where
L£((Z;)icz, ) denotes the distribution of (Z;);cz, , and the measure-preserving trans-
formation T is the shift operator, i.e., T((%;)iez, ) := (Tit1)icz, for (Zi)icz, € RZ+
(the measure preservability follows from (ii)). All invariant sets of T are included
in the tail o-field of the coordinate mappings 7;, i € Z,, on RZ+, since for any
invariant set A we have A € o(m, 71, ...), but as T*(A) = A for all k € N, it is also
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true that A € o(mg, Tgy1,...) for all k € N. This implies that T is ergodic, since
the tail o-field is trivial. Hence we can apply the ergodic theorem for the function

g:R™ SR, g((z)iez,) = f(2o), (zi)icz, € R+,

where f is given in (iii}, to obtain

%;f(zi)—’/mf(xo)ﬂ(dzo) as n — 0o

for almost every (z:)icz, € R%+ with respect to the measure £((Z;)icz, ), and
consequently '

LY ) B EGL) s noe 29
=0

because, clearly, the distribution of Y, does not depend on the initial distribution.
We introduce the following event, which is clearly a tail event of (Z;);cz, and has
probability 1 by (2.8):

n—1
Cz={wea: % > F(Zi(w)) > E(f(¥or)) 85 n— 00},
1=0

The events Cy and Cy are defined in a similar way and are clearly tail events of
(Yi)icz, and (U;)icz., , respectively. Clearly,

2P(Cy) = 2/0oo P(Cy |Up = z) dn(x)
= /00 P(Cy |Up = z)du(z) + /00 P(Cy |Up = z) dv(zx)
4] 0
> / P(Cu | Up = o) dp(z) = / P(Cz| Zo = ) du(z) = B(Cz) = 1.
0 0

Here we used that P(Cy |Uy = z) = P(Cz|Zo = z) p-a.e. x € R, since the
conditional probabilities on both sides depend only on the transition probability
kernel of the CIR process given by the first SDE of (1.1) irrespective of the initial
distribution. Further, we note that P(Cy | Uy = z) is defined uniquely only n-a.e.
z € Ry, but, by the definition of 7, this means both p-a.e. z € R, and v-a.e.
z € Ry, and similarly P(Cz | Zg = z) is defined p-a.e. x € R,, so our equalities
are valid. Thus, we have P(Cy) > % But since Cy is a tail event of (U;)ez, , its
probability must be either 0 or 1 (since the tail o-field is trivial), hence P(Cy) = 1.
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Hence
2= P(Cu Uy = o) dule) + | "B(Cu | Uo = 2) du(z) < u([0,00)) + ([0, 00)) = 2,
(o] 0

yielding that
[e o] o0 .
/ P(Cy |Up = z) dp(z) = / P(Cy |Up = z)dv(z) =1,
0 0

and the second equality is exactly (2.7) after we note that, by the same argument
as above,

/oo ]P(CU I Up = .’L‘) dl/(I) = /oo ]P’(Cy |Y0 = CE) dV(.’I)) = ]P(Cy).
0 0

With this our proof is complete. a

In what follows we recall some limit theorems for (local) martingales.. We
will use these limit theorems later on for studying the asymptotic behaviour of
(conditional) least squares estimators for (a, b, o, §). ,

First, we recall a strong law of large numbers for discrete time square-integrable
martingales.

Theorem 2.5. (Shiryaev [16, Chapter VII, Section 5, Theorem 4])

Let (Q,F, (Fa)nen, P) be a filtered probability space. Let (Mp)nen be a square-
integrable martingale with respect to the filtration (Fp)nen such that P(My =0) =1
and P(limy, 00 {M)p, = 00) = 1, where ({(M)p)nen denotes the predictable quadratic
variation process of M. Then

<]1\\447>L 2350 as n — 0.

Next, we recall a martingale central limit theorem in discrete time.

Theorem 2.6. (Jacod and Shiryaev [9, Chapter VIII, Theorem 3.33])

Let {(Mpk,Fni) : kK =0,1,...,kn}nen be a sequence of d-dimensional square-
integrable martingales with M, o = 0 such that there exists some symmetric, positive
semi-definite non-random matriz D € R¥*? such that

kn
ZE((Mn,k ~Myp—1) (Mg — Mag—1)" | Fak-1) 2y D as n— oo,
k=1 .

and for alle e Ry 4,

k

S E(IMpp—Mapo1 P10 o= Mopslize} | Frk=1) =20 as n— co. (2.9)
k=1
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Then

Z(Mn,k — M) = Moy, <5 Ny(0,D) as n— oo,

where Ny(0, D) denotes a d-dimensional normal distribution with mean vector 0
and covariance matriz D.

In all the remaining sections, we will consider the subcritical Heston model (1.1)
with a non-random initial value (yp, o) € Ry xR. Note that the augmented filtration
(Ft)ter, corresponding to (Wi, By)ier, and the initial value (Y0, 7o) € Ry X R, in
fact, does not depend on (yo, Zo)-

3. CLSE based on discrete time observations

Using (2.2) and (2.3), by an easy calculation, for all i € N,
Y;
E( [Xi] ‘f"‘l)

e~? 0 [Yi-1]+ fole_b"du 0 [a]
~Bfyetudu 1| | Xica] " |-Bf) (fredv)du 1| o)

Using that o(X3, Y1,...,Xi—1,Yi—1) € Fi—1,% € N, by the tower rule for conditional
expectations, we have

(x)
:E(E([;g]

B et 0
B —ﬂfol e~budy 1

(3.1)

o(X1, Vi, Xi1, Vi)

}-i—l)\o'(le}/l,---;Xi—l,}/i—l))

- ) 1 by
[Yz—l] " Jo e7Pdu 0} [a] ’ ieN,
Xi—l (2}

-8 fol ([ e dv)du 1
and hence a CLSE of (a, b, @, 8) based on discrete time observations (Y;, X;)ic {1, .. -n}
could be obtained by solving the extremum problem

arg min Z [(Yi-dYioi — )+ (Xi — Xic1 — 7= 6Yi1)?],  (3.2)
(aba,ﬂ)E]R
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1
dimd) =, cmclat)i=a | tdy
0

§:= (b, B) = —ﬁ/le_b“.du, v = 7(a,b,a, B) == & — af /1 (/u e dv)du.
0 0 0
(3.3)

First, we determine the CLSE of (¢, d, v, §) by minimizing the sum on the right-hand
side of (3.2) with respect to (c,d,7,d) € R%.

We get
coLSE Z(z_'l Y,
TCLSE n oy 7171 " vy
Trsn| = (R [gn "y BT S Y
Tn Zi:l Yioy Zi:l Y, Xn —Zo
oS8 P (Xi = Xi1)Yin

provided thatn 35, Y2, > (X0, Yi_l)z, where ® denotes the Kronecker product
of matrices. Indeed, with the notation

f(C, da Y 5) = Z [(}/’i_dyi—l—C)2+(Xi_X’i—1_’y—5Yi—1)2]) (C, da v, 6) € ]R4a

i=1

we have

af e

3¢ (6d8) =2 ;(Yi —dYi_1 —c),

af =

%(C, d,’)’, 5) = _2;}/1—1(}/1 - d}fi—l - C),

of i ‘

7, (cdm6) = =2 S (Xi = Ximy =y — 8Yion),
i=1

af i . :
%(C, d,v,0) = —2;3/2'—1()(@‘ - Xio1—v-0Y_1)

Hence the system of equations consisting of the first-order partial derivates of f
being equal to 0 takes the form

Y Ys
Do YinrYs
Xn — Xp
S (X — Xis1)Yia

n’ S Y
I ® [ - %_1 ])
( 2 Zi=1 Yio1 Zi:l Yi2—1

S 2 a0
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This implies (3.4), since the 4 x 4-matrix consisting of the second-order partial
derivatives of f having the form

n Z?:l Y"‘l

2I2 ® [ n n

is positive definite provided that n> " Y2, > (31, Yi_1)2. In fact, it turned
out that for the calculation of the CLSE of (¢, d,~, é), one does not need to know
the values of the parameters g,, 0, and p.

The next lemma assures the unique existence of the CLSE of (¢, d,~, d) based
on discrete time observations.

Lemma 3.1. Ifa€R+4,b€ER, 01 € Ry y, and Yo =yo € Ry, then for alln = 2,

n € N, we have
P(nin_l >(Lva)) =1,
i=1 =1

and hence, supposing also that o, € R, 02 € Ryy, ¢ € (—1,1), there exists a
unique CLSE (¢CLSE, qCLSE 5CLSE §CLSE) o (¢ d ~,§) which has the form given
in (3.4).

Proof. By an easy calculation,

ngi’il - (gm_l)z =n_§nj(n_1 - %gn_l)z >0,

i=1

and equality holds if and only if
ln
Yi_lzﬁzle_l, i=1,...,n &= Yo=Yi=- =Y,
J:

Then, for all n 2 2,

]P(Yo = Y1 == Yn—l) S P(YO = Yl) = ]P(Yl = yo) = 0,

since the law of Y} is absolutely continuous, see, e.g., Cox et al. [4, formula 18].

Note that Lemma 3.1 is valid for all b € R, i.e., not only for the subcritical
Heston model.
Next, we describe the asymptotic behaviour of the CLSE of (¢, d, 7, §).
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Theorem 3.2. Ifa,be R4, a,B €R, 01,02 € Ry, p € (—1,1) and (Yo, Xo) =
(o, z0) € Ryt xR, then the CLSE (cS“SE, c’iELSE,"y\SLSE, 6CLSEY of (¢, d, v, 6) given
in (3.4) is strongly consistent and asymptotically normal, i.e.,

E ~ .8,
(SLSE, dSLSE FOLSE GULSE) 2% (c,d,v,6)  as n— oo,
and
¢CLSE _ ¢
O’lCLSE —d| ¢
Vn | 2ise — N4(0,E) as n — 0o,

771. -

S‘CLSE -5
n

with some ezxplicitly given symmetric, positive definite matriz E € R?*2 given in
(3.14).

Proof. By (3.4), we get

lgiii} - (12:; [Yzl—l] [Yil_l]-r)—l(g [Yil_l] Yi)
- (g [Yil—l [Yil—l] )—l(iz:; [Yzl—l] [Yil—l] ) [2] - (35)
* @ v ] )7 E e 0 e-aven

el i=[1 ][ 1] 11 1
B [d] * (EZ [Yi—l] [Yi—l] ) 5; [Yi—l} o
where €; :=Y; —c—dYi_1, i € N, provided that n) ;. Y2, > (X, Y;_1)?. By
(3.1) and (3.3), E(Y; | Fi—1) = dYi_1 + ¢, i €N, and hence (&;)ien is a sequence of
martingale differences with respect to the filtration (F;)iez, . By (2.1), we have

i
e " dy 4 0y / e~ (-9 /Y, dw,

1
1 i—1

Yi=e %1 + a/
-1

=in—1+C+01/

1—

e~ Y, dW,, i€N,
1

hence, by Proposition 3.2.10 in Karatzas and Shreve [12] and (2.2), we have
E(ef | Fic1)

=0‘_fE((/iile~b(i—u)ﬁ;qu)2

. ;L )
Fis)=of [ MW | i) du
i—1
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_02/ o~ 2bli-Wg-bu=i+1)y; | gy 4 o2 / —2b(i—u)a/~ o2 4y du
i—1

—01Y / ’b(2_”)dv+a a/ / b2-v=u) 4y du =: C1Y,_1+0C,.

Now we apply Theorem 2.5 to the square-integrable martingale My © =

Zz:l €;, n € N, which has predictable quadratic variation process (M (c))n =
Y E(€2| Fic1) = C1 Y1, Yi1 + Can, n € N, see, e.g., Shiryaev [16, Chapter
VII, Section 1, formula (15)]. By (2.5) and (2.7),

(o)
%ﬂ)ClE(YOO)+Cz as m — 00,

and since C1,Cy € Ry, (M), 2% o0 as n — co. Hence, by Theorem 2.5,

1y M (ME), aa
E;E":(M(c»n " 0-(C1E(Yo) +C2) =0  as n—oo. (3.6)

Similarly,
E(YZ 62| Fic1) = Y2, E(e2| Fim1) = CLY3 | + CoY2 |, i€eN,

and, by essentially the same reasoning as before, % Z?:l Yi_16; 25 0as n — oo.
By (2.5) and (2.7),

(3.7)

-[ise v i%fiyf:j * by B3]

as n — 0o, where we used that E(Y2) — (E(Ys))? = —Z; € Ry 4, and consequently,

~CLSE a‘CLSE) a.s,
n ' ¥ n

the limit is indeed non-singular. Thus, by (3.5), (¢ — (¢,d) as'n'— oo.
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Further, by (3.4),

v A
[Yil—l >_l(zﬂ: [11-1_1] [Yil_l] ) m +. (38)
|

[1])( Xy =y = %)

G2hd) [x J )il

i=1 =1

S 2
—
+

where 7; := X;~X;_1—v—06Y;_1,4 € N, provided that n } 7, Y2, > (X1, Y,-_1)2.
By (3.1) and (3.3), E(X; | Fi—1) = Xi—1 +8Yi_1 +7, i €N, and hence (7;):en is a
sequence of martingale differences with respect to the filtration (F;)icz, . By (2.1)
and (2.2), with the notation Wt = oW; + /1 — 0?B;, t € Ry, we compute

Xi— X

=/ (o — BYy) du+02/ VY, dW, = a— /3/ Ydu+ag/ VY, dw,
=a-4 (e—b("_(i_l))Yi_l +a/ e b= dy +01/ e b0 Jy, de)du+
i—1 i-1 i-1
+0’2/ \/Yudﬁ;u

—a—-BY, | et dy —ap ( / e~bu=v) dv)du—
i—1 i—1 1 .

—/301/ (/ et /y dW)du+02/ VY. dW,
1
=a-BY;_ 1/ e b”dv—aﬂ/ / ‘wdv du—
0
-—,301/ (/ e_b("‘?’)\/Yvde du+02/ \/Yuqu
i—1 i—1 i—1

\/: (5Y;-1+’Y—,301/ (/ e—b(u—v)\/Zde)dU-i-O'z/ deu,
i—1 i—1

i—1
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and consequently,

E(n? | Fi-1)

=ron( [ [T
-1 Ji—-1
+03E[( \/_dW) Fie 1]

-1
'—2ﬂ0102]E < / i / ue‘b(“‘”)\/f,dwvdu) (g i\/Zqu) ]-'_1]-—
i—1Ji—-1
—2ﬂ01021E (/ 1/ l‘b(“‘”)\/_dW du M/ \/_dB ‘}', 1]

We use Equation (3.2.23) from Karatzas and Shreve [12] to the first, second and

third terms, and Proposition 3.2.17 from Karatzas and Shreve [12] to the fourth
term (together with the independence of W and B):

E(n?|Fi—1)

= %52 /_1/_11E(/: e~ b)Y AW, /:le-b@—w)\/ﬁdww l]—'i_l)dvdu
+03 /;]E(Yulfi_l)du
—2ﬁulazg/;1b:(/: —b(u= “’)\/_dW/ VY0 dW,, ]}1 1)du—

— % /1/ 1/ TRy, 5 1)dwdudv+a2/il E(Y, | Fi_1) du

- 2&71029/ / e b(u—v) E(Y, | Fi—1)dvdu.
i—-1Ji-1

Using again (2.2), we get

(771 |]:l 1

= B%0?Y;_ 1/ / / e~ Putv—w=(-1)) gy, dy du+ :
i—1Ji—-1Ji-1
+a,320f/ / / / e bwtv=v=2) 4> duw dv du+ -
i-1Ji—1Ji-1 Ji1

i
+0§Yg_1/ et g4
i1
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+a‘73/ / e~b(=) dUdU—250102QYi—1/ / e~ b(v=(=1)) 4y du—
i—1Ji—-1 i—1Ji-1
—20501029/ / / e (=) dyy dv du '
1Ji-1Ji-1
u AV
20%/ / / e~ bW+ =w") goy do’ du —
—2501029/ / —bv" g0 du/ +02/ —b’ du) o1t
u' AV’
+aB?c / / / / e~ b/ +v' —w'==") 7 Qo' do’ du'+
+aa§/ / e~ P ~v) g/ du/ —2aﬁalazg/ / / e_b(”’_“’,)dw’ dv’ du/’
o Jo o Jo Jo

=: C3Y;_1 + Cy.

Now we apply Theorem 2.5 to the square-integrable martingale M,(ﬂ) =

> .m, n € N, which has predictable quadratic variation process (MO, =
St L EMm? | Fic1) =C3 Y i, Yio1 + Can, n € N. By (2.7),

(M( )>'n. a S.

n
Note that Cs > 0 and C4 > 0, since E(n? | Fo) = Cayo + Cs 2 0 for all yo € Ry.
By setting yo = 0, we can see that C4 > 0, and then, by taking the limit yo — 00
on the right-hand side of the inequality C3 > —%‘1, yo > 0, we get C3 > 0 as

well. Note also that (M N, 2% o0 as n — oo provided that C3 + C4 > 0. If
Cs; = 0 and Cy = 0, then E(n? | F;_1) = 0, i € N, and consequently E(7?) = 0,
i € N, and, since E(n;) = 0, ¢ € N, we have P(n; = 0) = 1, i € N, implying that
P(3 ;—1 7 =0)=1and P30, Yicim =0) =1, n €N, ie., in this case, by (3.8),
(FCLSE 6CLSEY = (v,6), n € N, almost surely. If C3 + C4 > 0, then, by Theorem
2.5,

= C3E(Yo) + Cy as n — 0. (3.95

MY (MO, as,
an_ Iy, w 0-(C3E(Yoo) +Cs) =0  as n—o0. (3.10)

Slmllarly,
IE(Yﬁlnf | Fio1) = Yzz—l E(nf | Fi1) = CSYz'S—l + C4Yi2—17 it €N,
and, by essentially the same reasoning as before, Tll S Yiam 2% 0asn =

(in the case C3 + Cy > 0). Using (3.7) and (3.8), we have (75-5F, SCLSEY 2% (1 )
asn — 00.
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Since the intersection of two events havmg probablhty 1 is an event having
probability 1, we get (¢SLSE, &CLSE FSLSE 6CLSE) 2% (¢, d,v,8) as n — oo, as
desired.

Next, we turn to prove that the CLSE of (¢, d,~, 8) is asymptotically normal.
First, using (3.5) and (3.8), we can write

ECLSE —-c
4 -1
gCLSE d n T " e 1
\/ﬁ ACLSE I2 RIn -1 E [ ] [ ] 77/_1/2 E [E] ® [Y ] )
7'n, - =1 i=1 YD i—1
5SLSE -6

(3.11)
provided that n} 7, Y2, > (¥, Y,-_1)2. By (3.7), the first factor converges

almost surely to

Bolyry moa) e o

For the second factor, we are going to apply the martingale central limit theorem
(see Theorem 2.6) with the following choices: d = 4, k, = n, n € N, Fok = Fr,
neN, ke {l,...,n}, and

k
Mmk:n—%Z[ei]@[Yl }, neN, ke{l,...,n}.
, i i—1

— L

Then, applying the identities (A; ® A2)T = A] ® AJ and (Ail ®A)(A3® Ay) =
(A143) ® (A244), '

]E((Mn k— Mn k:—l)(Mn,k: - Mn,k—l)T , ]:n,k—l)

(b D]
:%E«[ H J )®([Y: 1] [Ykl_J )’i"”)
:%E([;:H ] ‘fk 1) ([Ykl_l] [Ykl—l] ),~ neN, ke{l,...,n)}.

Since E(e; | Fx—1) = C1Yi—1 + Ca, k €N, and E(n? | Fi—1) = C3Yi_1 + Cy, k € N,
it remains to calculate

E(exnk | Fr-1)
= E((Ys — ¢ — dYa_1)(Xe — Xi—1 — 7 — 8Yie1) | Fie—1)
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k
=E (01 / e k-9 /Y, dW, x
k-1

k u k —
x (- pon / / VT W, dutop [ VTadW)|Fi)
k—1Jk-1 k—1
k k u
= —Bo? / E ( / e k=) Y dW, [ e b)Y, dW, ]-'k_l)du+
k—1 k-1 k—1

k k —
+ o102 E ( /k e bk=9) /Y, dW, : VY, dW,
-1 -1

Again, by Equation (3.2.23) and Proposition 3.2.17 from Karatzas and Shreve {12],
we have

]-‘k_l).

k u
E(exnk | Fr—1) = —Bo? / / e bkHu=20) By, | Fr_1) dvdu+t
k-1Jk—-1 -

k
+ olazg/ e k=) E(Y, | Fr_1) du.
k-1
Using (2.2), by an’easy calculation,
E(exn | Fr-1)
v

k u
_ —ﬂaf/ / o~ b(k+u—2v) (e—b(u—k+1)yk_l +a/ o—b(v—3) ds)dv dust
k—1Jk-1 k-1

k ' v
+01029/ o—b(k—v) (e—b(v—k+1)Yk_1 + a/
k-1

g b(v—s) ds) dv
k—1

1 pu’
= (— ﬁaf/ / et ="+ g/ Qo + Ulazge_b) Y1+
o Jo

1 u’ v’
_ aﬂaf/ / / e—b(u —v'—3g'+1) dSI d'U/ d’U,I+
0 JO 0

1 v
+a01029/ / e 1-9) 4¢’ dv’
o Jo

=: CsYi-1 + Cs, keN.
Hence, by (2.5) and (2.7),

Y E((Mnpx = Mpj1) (Mg — Mpx_1)" | Faka)

- l zn: [Clyk_l +Cy CsYp-1+ Csjl ® [ 1 Yk—l]
n

1 |CsYe1 +Cs CaYi1 + (i Vi1 Y2,
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Cs]  [Ye—1 Y,f_l] 1< [Cz cs] [ 1 Yk_l]
= - +— ®
Z[ } [Yk2 Y, "Z Ce Ci4 Yio1 Y2,
as, |C1 Cs E(Ye) E(Y2) C: Cs 1 E(Yo)
- [Cs Cs]®[E(Yo2o) ES)] Tlos ¢l ® [Bve) E(XY2)
=: D as n — 00,
where the 4 x 4 limit matrix D is necessarily symmetric and positive semi-definite

(indeed, the limit of positive semi-definite matrices is positive semi-definite).
Next, we check the Lindeberg condition (2.9). Since

H ||4

2?1 gjzpzey < “ ” — Llzlize} < , xR eeRyy,

and ||z||* = (z? + 2% + 2% + 22)? < 4(z} +z§ + % + z3), 71,72, 23,24 € R, it is
enough to check that

Z E(ey | Fe-1) + Yie  E(eg | Feo1) + E(ng | Fr—1) + Yy E(m | Fe—1))
k=1
1 n
=n_2_: (L+ Y ) (et +78) | Feo) =5 0 as n— oo

Instead of convergence in probability, we show convergence in L, i.e., we check that

n

Z A+YE (et +n8) —0 as m — oo.
k=1

Clearly, it is enough to show that

iugE((l + Y1) (e + k) < oo
€

By the Cauchy—Schwarz inequality,

E((1+ ¥ 0)(ed + ) < /B + VL)) E((et + nd)?)

< V2\E((1+ Y 0)?) Ele} + 1))

for all k¥ € N. Since, by Proposition 3 in Ben Alaya and Kebaier 3],

sup E(Y}*) < oo, Kk €Ry, (3.12)
teR, .
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it remains to check that sup;y E(si +ng) < oo. Since, by the power mean inequality,
E(e}) = E(|Yi—dVe-1—c®) < E((Ye+dYi-1+0)®) < 3" E(YP+dY_ +¢°), kEN,

using (3.12), we have sup,cy E(e2) < co. Using (2.1) and again the power mean
inequality, we have .

E(ng) = E((Xk — Xp-1 =1 = 8%-1)%)
k

k
=E ((a —8 [ Yiodutoso| YedWa.+
k-1 k—1
k 8
oav/1— 92/k VY. dB, — v — 6Yk_1) )
-1
k 8
VYl dW,) +
k-1

\/ZdBu)s +YE L+ 78), keN.

<67E(a8+ﬂ8( Yudu)8+a§gs(

k-1

+o3(1— 02)4(

k-1

By Jensen’s inequality and (3.12),

e ([ 3o)") < e ([ 3200) = gp [ w0000

i} (3.13)
< ( sup IE(YtS)) (sup/ ldu) = sup E(Y?) < 0
teR4 keN Jk—1

teRy

By the SDE (1.1) and the power mean inequality,

B(( [, vRaw)) <

<

i? ((Yk—Yk_l—a—b k:Yudu)S)
4 k
S of

]E(Y,§+Y,f_1+a8+b8(/ Yudu)s), k€N,
1

k—

and hence, by (3.13),

z:g]E(( - 1\/_dW) ) 1(2tselu1£]E(Y8)+a +b8ts€111£1E(}’t )) 0.

Further, using that the conditional distribution of |, :_1 VY. dBy given (Yu)uelo,x

is normal with mean 0 and variance [, :_1 Y, du for all k € N, we have

E (( 1:1 \/ZdBu)s ‘ (Yu)ue[o,k]) = 105(/}:1 Y. du)4, keN,
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and consequently

B(([ vRas.)) =105k (

Hence, similarly to (3.13), we have

k

R du)4), keN.

supE (( k: \/ZdBu>8) <105 sup E(Y?) < oo,

keN tER4

which yields that sup,enE(nf) < co. All in all, by the martingale central limit
theorem (see Theorem 2.6),

_ = [e 1 c
M,,=n 1/2§ ["Illj ® [Yk—l] — N4(0, D) as n — 00.
=1

Consequently, by (3.11) and Slutsky’s lemma,

ESLSE —c
ECLSE d

vn |
%?LSE v
6CLSE 4
n

S Ni(o, (12®[]E(}1’00) E;{Eﬂ)_l”("z@[m&w) Egﬁ])_l)

as n — 00, where the covariance matrix of the limit distribution takes the form

-1 -t -1
(122 ey wd)]) P (@ g woi)))

~([% & (o 202 ooz E02)))

“ (128 gy Egywi]_l%
+([c2 ]®<[ 20 o w02)])
(I EEYOO)] )

- gj@dmlfw) sd) [EEY;‘Zi 505 [E) %gz;]_l)’L
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+lo &le (e Eg:;] [ | Eiiziﬁ
1 C: Cs
= [E(Z) - [E(Vo))?)? [cs Cs} ®

o (|5 TV ed sodl i) V)

e eyt I L

_ 1 [Cl ]
~(E(Y2) - (B(Ye Cs
®[ IE(Yoo)((lE(Y"’))z Yo E(YZ)  (B(YE))” — E(Yoo) E(YZ) ] +
(E(YZ))? - E(Yeo ) (Y3) E(YR) - 2E(Yeo) E(YR) + (E(Yeo))?

SR e ol ® ke 1

2
_ [Cl Cs] 2 (1(2_1?:25‘ E’E’-‘ C2 6 %ﬁ 2
Cs Cs 2a+al b(a+a Ce C A _ 31: ggj

=E. (3.14)

Indeed, by (2.5), an easy calculation shows that

30
(E(Yeo) E(Y2) - (B(Y2))?) E(Yao) = (2 4 0}),
E(Ya) E(Y3) - (E(Y2))? = £
2
E(Y2) - 2E(Yeo) E(Y2) + (E(Yeo))® = S (a + o),
. 0.2
E(Y2) - (E(Ya)” = -

Finally, we show that FE is positive definite. To show this, it is enough to check that
(i) the matrix [g; g5 ]1s positive definite,
(ii) the matrices

a(2a+al) _ 2a+0? 2a+02 2
Cy Cs , ba o? . and a2 ;2%-
Cs Ca 2a+o‘l 2b(a+0o3) ' 2b 2b

o7 acy

(2a+af),

are positive semi-definite.



334 M. Barczy, G. Pap and T. T. SzaBO

Indeed, the sum of a positive definite and a positive semi-definite square matrix is
positive definite, the Kronecker product of positive semi-definite matrices is positive
semi-definite and the Kronecker product of positive definite matrices is positive
definite (as a consequence of the fact that the eigenvalues of the Kronecker product
of two square matrices are the product of the eigenvalues of the two square matrices
in question including multiplicities). The positive semi-definiteness of the matrices

a(2a+o 2a+40? 2a+0? 2
B e oy o |
2at+0?  2b(ato?) and % 22
el T ad?

1 1 1

2 2
a(2a+01) >0, 2a+2”1 > 0, and the determinant of the matrices
l 1

readily follows, since
in question are zi'}ﬁ > 0 and =% 2b > 0, respectively. Next, we prove that the
1
matrices
€ Cs and Cy C4
Cs Cs : Cs G

are positive semi-definite. Since P(Yy = yo) = 1, we have E(e? | Fo) = C1yo + Cs,
E(n? | Fo) = Cayo + C4, and E(e1m | Fo) = Csyo + Cs P-almost surely, hence

E(3) E(n}) — (E(eim))”
= (0103 -~ Cg)yg + (0104 + C203 - 2C'5C'6)y0 + CoCy — Cg

Clearly, by Cauchy—Schwarz’s inequality,

E(2) EG2) — (E(eim))® > 0

hence, by setting an arbitrary initial value Yy = yo € R, we obtain C,C5 — Cg >
and C2Cy — C? > 0. Thus, both matrices [g; gz] and [C’ g“]are positive semi-
definite, since C; > 0 and C3; > 0. Now we turn to check that [gl g5]1s positive
definite. Since C; > 0, this is equivalent to showing that C;C3 — C2 > 0. Recalling
the definition of the constants, we have

1 b
C = af/ e @M gy = afe‘%e——l—)_——l-,
0

1 p1 pu'AV
20’%/ / / e—b(u'fv'—w') duw' dv’ du/—
o Jo Jo ,
1 pu 1
- 2ﬁ01029/ / e~ dv’ du’ + o2 / e~ du/
o Jo 0

= b3 (2e7°B%07 (sinh b — b) + 2bBoa102((1 + b)e™® — 1) + b20Z(1 —e7?)),
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1 pu
Cs = “‘50%/ / e 0 ~v'+1) qy/ Ao’ + o1000e”?
o Jo
=b"201e7? (—e—bﬁal(l +(b—1)eb) + 002b%)
thus we have

C1C3 —C? .
= b*e™?07 (2b(2 + b%)Boo102 + 2(B%0% — 2bBo102 + b%03) cosh b—
- (2+b%)B%0? — b?(2 + b%0%)03).

b2k

Consequently, using that coshb =377 GRy > 14 923 and that

B2o? — 2bBooy0s + bP0F = (Boy — beoz)? + b*(1 — 0%)o3 > 0,

we have

C,Cs — C?
> b'4e"2bof (4b,890102 + 2b%Booi09 + 2ﬂ20f + b2520f — 4bBoo105—
— 26380102 + 20703 + bloh — 28%0% — b*BP0% — 26203 — b4 p%0})
=b"%e 252 (b*(1 — 0?)02) > 0.

With this our proof is finished. -

So far we have obtained the limit distribution of the CLSE of the transformed
parameters (¢, d,,d). A natural estimator of (a, b, @, ) can be obtained from (3.2)
using relation (3.3) detailed as follows. Calculating the integrals in (3.3) in the
subcritical case, let us introduce the function g: RZ | x R2 — Ry x (0,1) x R?,

ab (1 -e7?) c
e_b d 2 2
g(aab7aaﬂ) T a—aﬁb_z(e_b—1+b) - v ’ (aab7aa/3) EIR+-+— x R (315)
—Bb71(1 —e?) )

Note that g is bijective having inverse
logd

—c12q

—logd

-1
g (C, d’7a 6) = d—1l—logd | =
Y — b -4 )§

logd
J 1-d

, (c,d,y,8) € Ryy x (0,1) x R%. (3.16)

™ Rk o8
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Indeed, for all (c,d,~,d) € Ry x (0,1) x R%, we have

logd logd(
1—d

a=v+afb 2 (et —1+b) =7+ (-c ) logd)™%(d — 1 — log d)

d—1-1logd

Under the conditions of Theorem 3.2 the CLSE (ESLSE,&ELSE,ASLSE,ESLSE) of
(¢, d,, 6) is strongly consistent, hence (¢CLSE, JCLSE 3CLSE §CLSE) in the subcrit-
ical case falls into the set Ry x (0,1) x R? for sufficiently large n € N with
probability one. Hence, in the subcritical case, one can introduce a natural estima-
tor of (a,b, @, B) based on discrete time observations (Y;, X;);c(1,..,n} by applying

the inverse of g to the CLSE of (c,d,~,6), ie.,

(@n, b, @n, Ba) 1= g1 (651SP, dGUSB, FTLSE, GULSE) (3.17)

n
for sufficiently large n € N with probability one.

Remark 3.3. We would like to stress the point that the estimator of (a,b, @, 5)
introduced in (3.17) exists only for sufficiently large n € N with probability of 1.
However, as all our results are asymptotic, this will not cause a problem. From the
considerations before this remark, we obtain

(@ns b, @n, Bn)
i 3.18
= argmin Y [(Yi—dYio — o+ (Xi — Xio1 — 7 — 6Yim1)?] (3.18)
(a,b,,B)ERZ | xR2 ;77 _

for sufficiently large n € N with probability one. We call attention to the fact
that (@n, by, 8n,Bn) does not necessarily provide a CLSE of (a,b, @, ), since in
(3.18) one takes the infimum only on the set R}, x R? instead of R*. Formula
(3.18) serves as a motivation for calling (an, bn, Cin, 5n) essentially conditional least

squares estimator in the Abstract.

Theorem 3.4. Under the conditions of Theorem 3.2 the sequence (Zin,’l;n, On, Bn),
n € N, is strongly consistent and asymptotically normal, i.e.,

(an7bn7an,,3n) (0: b a, ﬁ) as n — oo,
and
an —a
b, = b

Jn SN (0,JBTT)  as n— oo,

O —

,En_l@



Parameter estimation for the subcritical Heston model 337

where E € R?%? is a symmetric, positive definite matriz given in (3.14) and
logd logd—1+d™*!
— T ‘C'%_u-d‘P— 0 0
0 -1 0 0
logd+1-d 2logd—d+d~! logd+1—d
e (IR (=
log d—1+d"~ log d
0 Emyr— 0 T

J =

with ¢, d and § given in (3.3).

Proof. The strong consistency of (Zin,gn, Qn, En), n € N, follows from the strong
consistency of the CLSE of (c,d,~,d) proved in Theorem 3.2 using also that the
inverse function g~! given in (3.16) is continuous on Ry, x (0,1) x R2. For the
second part of the theorem we use Theorem 3.2, and the so-called delta method
(see, e.g., Theorem 11.2.14 in Lehmann and Romano [13]). Indeed, one can extend
the function g~! to be defined on R* not only on Ry, x (0,1) x R? (e.g., let it
be zero on the complement of Ry, x (0,1) x R?), (an,Zn,an,Bn) takes the form
given in (3.17) with this extension of g=! as well, and the Jacobian of g~! at

(¢c,d,v,0) € Ryq x (0,1) x R? is clearly J. -
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that have led to an improvement of the manuscript.
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