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Abstract
We study the existence of weak periodic solutions for certain damped
and forced linear beam equations resting on semi-linear elastic bearings.
Conditions for the periodic forcing term and semi-linear elastic bearings
are derived which ensure either the existence or nonexistence of periodic
solutions of the beam equation. Topological degree arguments are used
to achieve these results.
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1 Introduction

In this note, we consider a periodically forced and damped beam resting on two
different bearings with purely elastic responses. The length of the beam is 7/4.
The equation of vibrations is as follows

Utt + Uggaa + 0ur + h(z,t) =0,

Uz (0, ) = Uz (7/4,-) =0, (1)
UIII(07 ) = _ku(07 ) - f(u(()? )) )

uzwl(ﬂ-/47 ) = TU(W/47 ) + g(u(ﬂ‘/4, )) )

where § > 0, 7 > 0, k > 0 are constants, h € C([0,7/4] x ST), and f,g € C(R)
have at most linear growth at infinity. Here ST is the circle ST = R/{TZ}.
The undamped and unforced case of the form

Utt + Ugggr = Oa

Uz (0, ) = Uge(7/4,-) =0,

s (0,2) = — F(u(0, ) @
uxmaz(ﬂ/47 ) = f(u(ﬂ—/47 ))
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is studied in [7] and [9] by using variational methods, where among others the
following results are proved.

Theorem. ([9]) If the function f(u) satisfies the following assumptions:

(i) f € CY(R), f(—u) = —f(u) for all u € R.
(ii) For any C > 0 there is a K(C') such that f(u) > Cu— K(C) for all u > 0.

(iii) 2 f(u)u — F(u) > c1|f(u)| — ¢z for all u € R, where F(u) = [ f(s)ds and

Ot—r¢

c1,Co are positive constants.

(v) £(0) = £(0) = 0.

Then there is a sufficiently large positive integer M such that equation (2) pos-
sesses at least one nonzero time periodic solution with the period 2w M?2.

Theorem. ([7]) If the continuous function f(u) is odd on R, C*-smooth
near w = 0 with f'(0) > 0 and llim f(u)/u = 0. Then equation (2) possesses

infinitely many odd time periodic solutions with periods densely distributed in
an interval (a1,2a1) for a constant a; > 0.

It is pointed out in [9] that equation (2) is a simple analogue of a more
complicated shaft dynamics model introduced in the works [5] and [6].
When the nonlinearities and parameters are small, i.e. (1) is of the form

Ut + Ugzas + EO0Ur + eph(z, /et) =0,
Upz (0, ) = Uy (w/4,-) =0, (3)
uwww(ov ) = _Ef(u(07 ))v uﬂmw(ﬂ-/47 ) = Ef(u(ﬂ-/4> )) ’

where ¢ > 0 and p are small parameters, § > 0 is a constant, f € C?(R),

h € C?([0,7/4] x R) and h(w,t) is 1-periodic in t. Then by using analytic
methods, the following result is proved in [2] and [3].

Theorem. ([2], [3]) Let the following assumptions hold:

(I) £(0) =0, f(0) <0 and the equation &+ f(x) = 0 has a homoclinic solution
~(t) # 0 that is a non trivial bounded solution such that , liin ~(t) = 0.

(IT) The homoclinic solution v1(t) := @7(2\/20 is non-degenerate, that is

the linear equation
2

N

has no nontrivial bounded solutions.

iJJr%f'( 'yl(t))v:(]

(IIT) 10.5705675493 - | f(0)| < 6.
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If n # 0 can be chosen in such a way that the equation

oo o /4

5/71(5)2ds+%n/ /"yl(s)h(as,s+oz)dxds:0
0

— 00 — 00

has a simple root «, then there exists € > 0 such that for any e € (0,&] and p =
VeEn, equation (3) has a unique bounded solution on R near 7(2\/2(\/& - a))

which is exponentially homoclinic to a unique small periodic solution of (3).
Moreover, the Smale horseshoe (see [12]) can be embedded into the dynamics of

(3)-

Finally, a damped case is studied in [8] of the form

Ut + Uggza + 0ur + h(z,t) =0,
Uz (0, ) = Uz (7/4,-) =0, (@)
uIII(Ov t) = 7f(u(07 )) 5

ummx(ﬁ/47 ) = g(u(ﬂ/4, )) )

where 4 is a positive constant, f and g are analytic, the function h € C([0, 7/4] x
ST is splitted as follows

0y — 20 0, — 6
g2 L ggL b2

hiw,t) = T Tr2

 +p(z,1)

for 6,2 € R and

T pr/4 T pr/4
/ / p(z,t)dedt = / / ap(z,t)dedt =0.
o Jo o Jo

Conditions are found in [8] between the numbers 64 2, the function p(x,t) and
the nonlinearities f, g under which (4) has a T-periodic solution. It is also shown
that under certain assumptions, constants 6 o are functions of p(z,t) in order
to get a T-periodic solution of (4).

In this note, we are interested in T-periodic vibrations of (1) by using topo-
logical degree arguments. We show the existence of T-periodic vibrations of (1)
for r > 0, £k > 0 and f, g sublinear at infinity. Also a generic result is derived
for this case when in addition f,g € C'(R). If either r = 0 or k = 0, then we
derive Landesman-Lazer type conditions on h, f, g for showing either existence
or nonexistence results of T-periodic vibrations of (1).
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2 Setting of the Problem
By a weak T-periodic solution of (1), we mean any u(x,t) € C([0,7/4] x ST)
satisfying the identity

! [u(z, t){vtt(z, t) 4+ Vpgwa (2, t) — dvi(, t)} + h(z, t)v(x, t)} dx dt

oy
S —No— 3

+ [ { (ku(0.6) + £u(0,1)))0(0,2) (5)
+(Tu(7r/4, £) + g(u(r /4, t)))v(ﬂ/él, t)} dt =0

for any v(z,t) € C([0,7/4] x ST) such that the following boundary value
conditions hold

Ve (0,7) = Vau (1/4, ) = Vawa (0, -) = Vawa(7/4,-) = 0. (6)

The eigenvalue problem

wxmm’(z) = u4w(x) s
Wez(0) = Wer(7/4) =0, Wyze(0) = Waae(m/4) =0

is known [9] to possesses a sequence of eigenvalues py, k = —1,0,1,--- with
p—1=po =0
and
cos(ppm/4) cosh(ppm/4) =1, k=1,2,---. (7)

The corresponding orthonormal in L?(0,7/4) system of eigenvectors is

wor(2) = o wol@) = 2 (r—§) /3

wg(z) = ﬁ4Wk [cosh(,ukx) + cos(prr)

,w(sinh(ukz) + sin(ukz))}

sinh £ —sin &,
where the constants Wy, are given by the formulas

Wi = cosh(&g) + cos &y, — w(sinh&c + singk)

sinh § —sin &
for & = pgm/4. From (7) we get the asymptotic formulas
1<pr=202k+1)+rk) Vk>1

along with .
Ir(k)| < ée™®% VE>1,

where ¢, Gz are positive constants. Moreover, the eigenfunctions {w;}2_; are
uniformly bounded in C([0, 7/4]).
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3 Preliminary Results

Let Hy(z,t) € C([0,7/4] x ST), Ha(t), H3(t) € C(ST) be continuous T-periodic
functions and consider the equation

' {z(m, t){vtt(:n, t) + Vpzax (T, 1) — dv(z, t)} + Hy(z, t)v(, t)} dx dt

oy
O —No— 3

(8)

+ {Hg(t)v((), £) + Hs(t)o(r /4, t)} dt =0

for any v(z,t) € C*([0,7/4] x R) satisfying the boundary conditions (6) along
with

/4 w/4
/ v(z,t)dr = / zv(x,t)de =0 Vte ST, 9)
0 0

Note that conditions (9) correspond to the orthogonality of v(z,t) to w_1(x)
and wo(x), for any t € ST. We look for z(z,t) in the form

z(z,t) = Z zi(t)wi(z) . (10)
i=1
We formally put (10) into (8) to get a system of ordinary differential equations
£i(t) + 02i(t) + pizi(t) = ha(t) (11)
where
/4
ha(t) = ( / Hi (2, (@) do + Ha(H)wi(0) + Hs(wi(r/4)) . (12)
0
Let us put

M; = sup |w;(x)|, M2:4Mlzl/u?<oo Mz =supi?/u? <oco. (13)
i>1

’ i=1

Since p; > 0 for ¢ > 1, equation (11) has a unique T-periodic solution z;(t), for
212 > § given by

t

zi(t) = u‘% / e0t=9)/2gin (&(t — s)) x hi(s)ds, (14)

where @; = \/4ui — 62, for 2u? = § given by
t

zi(t) = / e 0U=3)/2(t — 5) x hy(s)ds, (15)

— 00
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and for 2u? < § given by

t
1 } ]
(t) = / L (eost@ounz _ o(-5-a00=012) (o) ds,  (16)

0%}
— 00

where ©; = /0% — 4u?}. Let || - || denote the maximum norm on [0, 7).
From (14) for 3u} > 6% we get

2illoe < Zi5l1Ralloe < 725 l1hilloo (a7)
IZilloe < Fllilloc

and for 3u} < 6% < 4p} from (14) we get

t
Izilloe < llhilloe [ e?C2)/2(t = 5) ds = llhill

5 18
< Szl < slhile 1

I2illoo < FllRilloo

where we use in derivation of (18) the inequality |sinz| < |z| V2 € R. From
(15) for 2u? = & we get

t
Izilloe < llhillse [ e7C=2(t — 5) ds = Fllhillo

>° 19
= Fslhilloe < H5llhillo, (19)
l2illoe < $lilloo -
From (16) for 2u? < & we get
Izl < il o0
zilloe < Frlibilloe < Sllhilloo -
From (12) we get
s
hilloo < My (F1Hulloo + | Holloo + | Hsllos) (21)

We consider the Banach space C([0,7/4] x ST) with the usual maximum norm
Il - [loo- We need the following result.

Proposition 1. A sequence {z"(x,t)}2°, C C([0,7/4] x ST) is precompact
if there is a constant M > 0 such that

sup |27 [loci® < M,  sup [|Z]']ee < M, (22)
i>1,n>1 i>1,n>1

=1
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Proof. From (22) we get
P2 < M, |t <M Ve ST

By the Arzela-Ascoli theorem, there is a subsequence {z]*}72, of {z]'}52,
such that 2]*(t) — 2?(t) uniformly on ST. Similarly we have a subsequence
{29732, of {z3%}2° | such that 25" (t) — 29(¢) uniformly on ST. Then we
follow this construction. By using the Cantor diagonal procedure, we find an
increasing sequence {m}?2, C N such that z;"*(t) — 22(t) uniformly on ST
for any ¢ > 1. Clearly we have

sup || 22| o0 < M .
i>1

Hence 20(x,t) = 3 2)(t)w;(x) € C([0,7/4] x ST). Let ¢ > 0 be given. Then
i=1

we choose i1 € N so large that 2M1M Y i72 < /2. We estimate

=1

o0
[z = 20 < My 32 |12 = 200
=1

00 i1 i1
S2MiM 3 i+ My Y (12 = 2o < 5+ My Y (|5 — 2 loo -
i=i1 i=1 i=1
For 1 < i < iy, we have

mp

127 = 20llo0 — 0

as k — oo. Hence [|2™* — 29| < /2 for k large . This implies 2"+ — 29 in
C([0,7/4] x ST). The proof is finished.

Now if h;(t), ¢ > 1 is given by (12) and T-periodic z;(t) are defined by
(11), then z(x,t) given by (10) satisfies z(z,t) € C([0,7/4] x ST). Indeed, from
S p;? < oo and (17) - (20) we have that the series (10) is uniformly convergent.
i=1
Hence z(z,t) € C([0,7/4] x ST) and (17) - (20) also imply

Izlloe <M1 35 rllhilles + M1 3 35llhilloo
Iz u;o
20, <8 " 226 "

<M1 3 (G + i) Il

< Ms(F+4) (31 Hilow + 1 Ealloo + | Halloo )

Moreover, we derive

. 4 T
sup [1zilloci® < My (5 + 1) (FIHilloo + |1 Hzlloo + [ Hslloc)  (23)
i>1 (5 4
and
. 4 T
sup [2illoe < (5 +8) (I Hlloo + [ Halloe + 1 Hsllc ) - (24)
i>1 ) 4
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We also know from [3] that such z(x,t) satisfies (8). On the other hand, if
2(z,t) € C([0,7/4] x ST) satisfies (8), then z(z,t) = 3 z;(t)w;(x) in L*(0,7/4)

i=1
for a.e. t € ST. By inserting v(z,t) = ¢(t)w;(x) in (8) with ¢ € C°(ST), we
get (11) with (12). So z(z,t) has the above properties.

Finally, let us define the following Banach space

/4

Co([0,7/4] x ST) := {z(m,t) e C([0,m/4 x ST) | [ z(z,t)dx =
/4 0
[ z(z,t)xde =0 Vie ST}
0
with the maximum norm || - ||« on [0, 7/4] x ST. Summarizing, we arrive at the

following result.

Proposition 2. For any given functions Hy(z,t) € C([0,7/4] x ST),
Hs(t), H3(t) € C(ST), equation (8) has a unique solution z(x,t) € Co([0,m/4] x
ST of the form

z(z,t) = Zzz(t)wl(:n) .

i=1

Such a solution satisfies the condition (9) along with:

(a) z(z,t) € X for the Banach space
X = {a(e,1) € C(0,m/4) x §7) | 2(a,1) = izi(t)wi(ac),

sup ||2il|o0i? < oo} .
i>1

(b) llzlloo < Ma(} + 1) (FIHalloo + | Hallow + | Holloo).

(c) The mapping L : C([0,7/4] x ST) x C(ST) x C(ST) — Co([0,7/4] x ST)
defined by L(Hy, Ha, H3) := z(x,t) is compact.

Proof. Properties (a) and (b) are proved above. Property (c) follows from
Lemma 1 and inequalities (23) and (24). The proof is finished.

4 Nonhomogeneous Linear Problems

In this section, we consider the linear problem

Utt + Uggaa + Our + h(z,t) =0,
Uz (0, ) = Uz (7/4,-) =0,

U (0, ) = —ku(0,-) — f1(¢) (25)
Ugar ()4, +) = ru(u(r/4,-) + fa(t),
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where h(z,t) € C([0,7/4] x ST), f1(t), f2(t) € C(ST). Of course, we consider
(25) in the sense of (5). Now we split u(z,t) as follows

u(z,t) = yr (w1 (z) + ya(H)wo(z) + 2(2, 1)
with z(x,t) € Cy([0,7/4] x ST). Then (25) is equivalent to the system

/4
(0) 400 () + 2 [ hla,t)de
3 (26)
(k) (6) + B2~ k)ya(r)
+7= (k2(0,) + rz(m/4,1) + f1(t) + f2(t)) = 0,
/4
Bo(t) + 09 ;6\/7f h(z,t) (m—%)dm
+%§< B0 + 20 @7
+20/2 (ra(n/4,1) = k=(0,8) + falt) = f2(8)) = 0,
T /4
i) [ {vtt(z,t) + Vpgaa(z, 1) — 5vt(z,t)} + h(x,t)v(x,t)} dx dt
00
[ - z 1 v (28)
(0 (om0 — 2200 +20.) + 210)) w0,
+(r(Zun 0+ 2/Z02(0) + 2(/4,0) + o) Ju(r/4, 1)} dt = 0
where v(z,t) € C*([0, Z] x ST') satisfies the conditions (6), (9). Let us define
1:C(ST) x C(ST) — Co([0,7/4] x ST,
L2 Co([0,7/4] x 8T) — Cy([0,7/4] x ST),
Hy e Co([o 7T/4] X ST)
by
Li(y,ve) = L0,k (200 = 2/ 20} r (Zn(0) + 202029 )
La(2) == L(0, kz((),t),rz(ﬂ/él,t)) ,
Hi(1) = L(h(a.). i (0. (1))
Then according to Proposition 2, equation (28) has the form
z=Lo(z) + L1(y1,y2) + Hy . (29)

Moreover, operators L1 and Lo are compact. Furthermore, since for » > 0,

k > 0 the matrix A ( ) \/_( )
k+r 3(r—k
A:E( V3(r—k) 3(r+k) )

is invertible, the system

i+ 6y + Ay = h(t) = (hi(t), hao(t)) € C(ST)? (30)
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has a unique T-periodic solution y = (y1,y2) := L3(h1, ha). Let us define
Ly : Co([0,7/4] x ST) — ¢(ST)?, Hs e C(ST)
given by
La(z) = Lg(% (k2(0,t) + r2(m/4, 1)) ,2\/§ (rz(m/4,t) — kz((),t))) ,
/4
Ha(0) 1= Lo(F [ et do+ Z2(1(0)+ f2(0)

7r/4

NE)  ha.) (2 - 2) do+2y/2(f00) - (1)
Then (26) and (27) are equivalent to

y = La(2) + Hs(t) (31)

and Ly is compact. Consequently, in order to solve uniquely equations (29) and
(31), we must show that if

2= Lo(2) + Li(y1,y2), z€ Co([0,7/4] x ST)

32
y=Liz), y=(np) € C(STP, 52
then z = 0 and y = 0. Equation (32) is equivalent to the system
£i(t) +02;(t) + 1)
+ 5 (hea®ywa 00w (0) + r2(O)ws (n/ Ay (/1)) =0 5
s=—1

for z; € C*(ST), j > —1 with sup 12i]lo0 (2 + 1) < co. Let us expand
j>—

Zj(t) _ Z ezQTrmt/Tcmj
mEZ

-2

Note that ¢;; ~ 777 as j — oo uniformly for m € Z. Then by (33) we derive

4_ 4 26
Cmj (Mj W m +1 T”m)

S 34
+ ;1 (kcmsws(())wj(()) + TCmsws(W/4)wj(7r/4)) —0. (34)

By taking ¢, = amj + b, from (34) we derive

Amj (M? - 47TT2;n2) - Q%memj
+ 2 (ks (0)uw; (0) + ru, (m/4)w; (7/4) ) ams =0,
s=—1

20 4 _ 4Ar’m?
Amg Twm + (“J T )bmj

+ 5 (Fu()ws(0) + ru,(e/4)uw; (x/4) )bs = 0.

s=—1
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-2

Since Gy, bmj ~ 77 as j — 00, we get

S (ay + ) =0,

j=—1

hence a,,; = by,; = 0 for any m # 0 and j. For m = 0 we get

aojpt + S (ks (0)ws(0) + rwg(r /W (x/4) Jan, =0, (35)

s=—1

bojut + > (kws(())wj(()) +rws(7r/4)wj(7r/4))bos ~0. (36)

s=—1
We put ag;(1j + 1) = e; and from (35) we get

&2 lﬁ o0 . 2 00 . 2
S i k(2 weOgts) +r( E wr/)) =0 @)

j=—1 s=—1 s=—1

From (37) for r > 0, k > 0 we immediately get e; =0 for j > 1 and

2 3 2 3
—e_1—24/—€eg =0, ——e_ 24/ —eg =0
Jre \/;60 o me T \/;60 ’

which imply also e_; = eg = 0. Similar results hold for (36). Hence, (32) has
the only solution z = 0 and y = 0. Consequently, (29) and (31) are uniquely
solvable in z,y for r > 0, k£ > 0. Summarizing, we arrive at the following result.

Proposition 3. If r > 0, k > 0 then for any given functions h(zx,t) €
C([0,7/4] x ST) and fi(t), f2(t) € C(ST), equation (25) has a unique solution
u(z,t) € C([0,m/4] x ST) of the form

oo

u(x,t) = Z zi(t)w; () .

i=—1
Such a solution satisfies:
(a) u(z,t) €Y for the Banach space
o]

v = {ule,t) € C(10,7/4] x 8T) | u(w,t) = 3 z(t)wi(x),

1=—1
Julli= sup Jlzillo (il 4+ 1)2 < 00}
i>—1

(®) [lull; [[ulloo < ¢ ((IPlloc + [ f1lloo + I f2lloc) for a constant ¢ > 0.
(c) The mapping L: C([0,7/4] x 8T) x C(ST) x C(ST) — C([0,7/4] x ST)

defined by L(h, f1, f2) := u(z,t) is compact.
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We also define a compact mapping L : C(ST) x C(ST) — C([0,7/4] x ST)
by L(f1, f2) := L(0, f1, f2). We denote by ||L|| the norm of L.

Now we study the case when » = 0 and k > 0 in (25). Then equation (29)
remains, but the matrix A is no more invertible. Equation (30) has a T-periodic
solution if and only if

/(\/§h1(t) + ha(t))dt =0
0

and the linear equation

J+oy+Ay=0
has the only T-periodic solutions y(t) = ¢(v/3,1), ¢ € R. Consequently, we
are still working with Fredholm operators of index 0 possessing forms of com-
pact perturbations of identity operators [11]. Hence, in order to study (25) we
consider like in (33) the equations

£5(t) +02;(t) + 1jz(t) + kD za(ws(0)w;(0) =0 (38)

s=—1

Ei() +062(t) + 1)z (t) + kY za(H)ws(0)w;(0) + hy(t) =0 (39)

s=—1

for h; € C(ST), z; € C*(ST), j > —1 with sup ||zjl(j% + 1) < co. Like for
j=-1

(33), we get that z_1(t) = cv3, 2(t) = ¢, c € R, z;(t) =0, 5 > 1 for (38).
According to the above comments, the set of all {h;(¢)};>—1 for which (39) is
solvable must have a codimension 1. For this reason, we consider an adjoint
equation to (38) of the form

() — 60;(t) + pjvs(8) + kY va(B)ws(0)w; (0) =0 (40)

s=—1
for v; € C?(ST), j > —1 with sup [|vj]|ec(j? + 1) < co. Like above we get
j=-1
v_1(t) = ev3, vo(t) = ¢, c € R, vj(t) =0, j > 1 for (40). By multiplying (39)
with v;(t) and using integration by parts, we get

T

[ 20 (35(8) = 005(8) + iy (1)) .
i e T 41
+k0f (82221 zs(H)ws (0)w; (0)v; (t)) dt + thj(t)vj (t)dt=0.

Inserting (40) to (41) we obtain
kjofs—ioé (Zs(t)wé(o)wj (0);(t) = z;(H)ws (0)w; (O)US(t)) dt
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Since vj(t) ~ 772, zj(t) ~ j~2 uniformly on ST, (42) implies

T T

0= Z /hJ (t)vj (t) dt = /(\/gh_l(t) + ho(t)) dt . (43)

s=—17% 0

We recall that the set of all {h;(¢)},;>_1 for which (39) is solvable has a codi-
mension 1. Then condition (43) is necessary and also sufficient for solvability of
(39). We note

x/4
b)) = | hat)de + & (0 + al0).
w/4

Then condition (43) has the form

/4 T

/h(x,t)o:da:dtJr/fz(t) dt =0. (44)
0

0

SHNS
o\ﬂ

Finally, the corresponding kernel to (38) is spanned by the function

1
_ 16 éx (45)

zo1(t)w_1(x) + zo(t)wo(x) Vi

Summarizing we get the next result.
Proposition 4. Ifr = 0, k > 0 then for any given functions h(z,t) €

C([0,7/4] x ST) and f1(t), f2(t) € C(ST), equation (25) has a solution u(z,t) €
C([0,7/4] x ST if and only if condition (44) holds. Such a solution is unique if

T 7/4
//u(z,t)md:z:dt =0. (46)
0 0

Moreover, the mapping K : C7 — Cs is compact where

Cr = {(h, f1, f2) € C([0,7/4] x ST) x C(ST)? |  condition (44) holds},
Co:=3u € C([0,7/4] x ST)|  condition (46) holds}

are Banach spaces endowed with the maximum norms and the mapping K is
defined by K (h, f1, f2) := u(z,t).

Similarly we derive the next results.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 9, p. 13



Proposition 5. Ifr > 0, k = 0 then for any given functions h(z,t) €
C([0,7/4] x ST) and f1(t), f2(t) € C(ST), equation (25) has a solution u(z,t) €
C([0,7/4] x ST) if and only if

%/T/h(z,t)(gz) dasdtJr/fl(t)dt:O. (47)
0 O

Such a solution is unique if

3

/4

/T/u(x,t)(g—m) dzdt = 0. (48)

Moreover, the mapping K:C —Cyis compact where

Cr = {(h, f1, f2) € C(10,7/4] x ST) x C(ST)?|  condition (47) holds},
Cy:={ueC(0,7/4 x ST) |  condition (48) holds}

are Banach spaces endowed with the maximum norms and the mapping K is

defined by K (h, f1, f2) = u(z,t).

Proposition 6. If r = k = 0 then for any given functions h(xz,t) €
C([0,7/4] x ST) and fi1(t), f2(t) € C(ST), equation (25) has a solution u(z,t) €
C([0,7/4] x ST) if and only if the both conditions (44) and (47) hold. Such a
solution is unique if the both conditions (46) and (48) hold.

Moreover, the mapping K : C1 — Cy is compact where

Cr = {(h, f1, f2) € C([0,7/4] x ST) x C(ST)? | conditions (44), (47) hold} ,
u € C([0,m/4] x ST) |  conditions (46), (48) hold}

52
i

are Banach spaces endowed with the mazimum norms and the mapping K is

defined by K (h, f, f2) == u(z,1).

5 Nonlinear Problems

In this section, we present the main results concerning equation (1).

Theorem 1. Ifr > 0,k > 0 and there are positive constants c11, c12, €21, C22
along with
c12 + ca2 < 1/||L]|
and such that
If(w)| < e1 +ciglul, YueR
lg(uw)| < o1 + caslul, VueR,
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then for any given function h(x,t) € C([0,7/4] x ST), equation (1) possesses a
weak T-periodic solution u(z,t) € C([0,m/4] x ST).

Proof. By using the above results, the proof is standard. According to Propo-
sition 3, equation (1) is equivalent to

w=F(u) = L(h,0,0) + L(f(u(0,), g(u(x/4,))) . (49)
Proposition 3 also implies the compactness of the mapping
F:C([0,7/4] x ST) — C([0, /4] x ST).

From the assumptions of Theorem 1 and (b) of Proposition 3, we get

1F(w)lloo < ellblloo + I (10, Dl + g/ 4,) o)

_ (50)
< |lhlle + || L] (011 + co1 + (c12 + 022)||U||oo) .

Since || L||(c12 4 c22) < 1, there is a unique 7 > 0 such that
7 = c||hlloo + || L] (c11 + €21 + (c12 + c22)7) .

Consequently, (50) implies that the ball
B, ={uec(0,x/4x5T)| |ul <7}

is mapped to itself by the mapping F'. The Schauder fixed point theorem ensures
the existence of a fixed point u € B, of F'. This gives a weak T-periodic solution
of (1). The proof is finished.

Of course, when f, g have sublinear growth at infinity:

‘ llim fw)/u=0, | l‘im g(u)/u=0
and r > 0, K > 0, then the assumptions of Theorem 1 hold and equation
(1) possesses a weak T-periodic solution u(z,t) € C([0,7/4] x ST) for any
h(z,t) € C([0,7/4] x ST).
The implicit function theorem together with Proposition 3 gives the next
result.

Theorem 2. Ifr > 0, k > 0, f(0) = f'(0) = ¢g(0) = ¢’(0) = 0 and
f,g € CH(ST), then there are positive constants K1,e¢ such that for any given
function h(z,t) € C([0,7/4] x ST) with |h|l~ < €0, equation (1) possesses
a unique small weak T-periodic solution u(x,t) € C([0,7/4] x ST) satisfying
[tfloo < K[| oo
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Now we suppose that » = 0 and k£ > 0 in equation (1). Let
P:C([0,7/4] x ST) x C(ST)? — C,
be a continuous projection and let
Cy @ Rz = C([0,7/4] x ST)

be a continuous splitting u(z,t) = v(z,t) + c2z with v(z,t) € C> and ¢ € R.
Then according to Proposition 4, equation (1) is equivalent to the system

v =AK (P (b, F(0(0,)), glc + v(n/4,))) ) (51)
T m/4 T
%O/O/hxto:da:dt+0/g(c+)\v(7r/4,t))dt0 (52)

for A = 1. Now we can prove the next result.
Theorem 3. Let r =0 and k > 0. Ifsup, . |f(u)| < oo, finite limits

lim g(u) == g+

u—+o0

exist and it holds
A T w/4
T—ﬂ//hxta:da:dte( 9o—gs). (53)
0 0

Then equation (1) possesses a weak T-periodic solution u(xz,t) € C([0,7/4] x
ST). On the other hand, if

A T m/4
T_// (x,t)zdxdt] > sup |g(u)] (54)
0 0 ueR
then equation (1) has no weak T -periodic solutions.
Proof. This is a Landesman-Lazer type result [4], [10]. We consider (51) and
(52) for 0 < A <1 on Cy @ R. Since h, f, g are bounded, Proposition 4 implies
that any solution of (51) must satisfy ||v]|ec < K1, for a constant K1 > 0. We
take the set
B= {(v,c) EC, R vl < K141, |d < KQ}

for a fixed large Ko > 0. If (v,¢) € OB then either ||v||c = K1 4+ 1 and then
(51) does not hold, or ||v]e < K; + 1 and ¢ = £K>, and then (52) does not
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hold according to (53). Hence we can apply Leray-Schauder degree to (51) and
(52) on B [4], [10]. For A = 0 we get a function

T 7/4

4
CHT—ﬂ_//h(z,t)zdzdt+g(c),

0 0

which according to (53) changes the sign on [— K3, K3]. Consequently, (51) and
(52) are solvable on B. On the other hand, if (52) holds then clearly (54) can
not be satisfied. The proof is finished.

Similarly we get the next result.

Theorem 4. Let r =0 and k > 0. If sup, g |f(u)| < oo, finite limits

lim g(u):= g+

u—+too

exist and g is monotonic on R. Then equation (1) possesses a weak T-periodic
solution if (53) holds and it has no weak T -periodic solutions if

T
4
Tw
0

If in addition, g is strictly monotonic on R, then equation (1) possesses a weak
T-periodic solution if and only if (53) holds.

4

h(z,t)xdxdt ¢ [—g—,—g+].

O\..i

By using Proposition 5, similar arguments hold for the case r > 0 and k = 0.
We state this result for the reader convenience.

Theorem 5. Let r >0 and k = 0. Ifsup, . [9(u)| < oo, finite limits
lim f(u) == fs+

u—+o0

exist and it holds

T
4
Tm
0

Then equation (1) possesses a weak T-periodic solution u(z,t) € C([0,7/4] x
ST). On the other hand, if

4

h(z —fz) dedt € (—f-,—f,). (55)

O\..i

4

h(x,t)(g - Jc) dx dt’ > sup | f(u)] (56)

‘ 4
T7T uER

St~
o3

then equation (1) has no weak T-periodic solutions.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 9, p. 17



Theorem 4 can be also modified for the case r > 0 and k£ = 0. Now we study
the case that » = k = 0 in equation (1). This is a codimension two problem.
The above approach to Theorem 3 can be used with the following modifications.
Let

P:C([0,7/4] x ST) x C(ST)? — C4

be a continuous projection and let
_ 4 T
Oy @ R(l - ;:c) @Rz = O([0, /4] x ST)

be a continuous splitting u(x,t) = v(z,t)+c1 (1 - %x) +co 2z with v(z,t) € Cs
and c¢1,ca € R. Then according to Proposition 6, equation (1) is equivalent to
the system

0= AR (P(h, fler +0(0,)), glez + v(x/4,)) ) (57)
/4

T
4 T
- O/h(x,t)(4 dxdt—i—o/fcl—i—)\vo 1)) dt =0 (58)

St~

477hxtxdxdt+/ (co + Mv(m/4,t))dt =0 (59)

™

for A = 1. By repeating the proof of Theorem 3 to (57)-(59), we get the next
result.

Theorem 6. Let r =k = 0. If finite limits

uEIjI:loof( ) - fi, uEI:Itloog(u) 9
exist and the both conditions (53) and (55) hold, then equation (1) possesses
a weak T-periodic solution u(z,t) € C([0,7/4] x ST). On the other hand, if
one of the conditions (54) and (56) is satisfied, then equation (1) has no weak
T -periodic solutions.

Now let us suppose that f,g € C1(R). If we consider equation (8) for
any v(z,t) € C*°(]0,7/4] x R) satisfying the boundary conditions (6) and also
orthogonal to each w;(z), i = —1,0,- -+, 4y for i; € N large and fixed, like in (9).
Then we look for z(z,t) in the form

o0

z(z,t) = Z zi(H)w;(x),

i=11+1

and we get a result similar to Proposition 2 with an estimate as (b) for M2 — 0 as
11 — o00. Consequently, we can locally reduce by means of the Ljapunov-Schmidt
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method the solvability of (1) to finite-dimensional mappings. In this way, we
can repeat the proof of the Sard-Smale theorem [4], [11] for (1). Moreover, by
following a method of [11], we can prove the next result.

Theorem 7. Let the assumptions of Theorem 1 hold along with that f,g €
CY(R). Then there is an open and dense subset Cs C C([0,7/4] x ST) such that
for any given h(x,t) € Cs, equation (1) possesses a finite nonzero number of
weak T-periodic solutions u(x,t) € C([0,m/4] x ST). This number of solutions
s constant on each connected components of Cs.

Finally, we note that the question on the existence of a global bounded weak
solution of (1) remains open when h(z,t) is only bounded on [0,7/4] x ST. A
combination of methods of [1] and this paper would be hopeful.
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