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Periodic solutions of a porous medium equation
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Abstract

In this paper, we study with a periodic porous medium equation with nonlinear
convection terms and weakly nonlinear sources under Dirichlet boundary conditions.
Based on the theory of Leray-Shauder fixed point theorem, we establish the existence
of periodic solutions.

Key words: Existence, Periodic solutions, Leray-Schauder fixed point theorem.

2000 AMS Subject Classification: 35B10, 35K55, 35K65.

1 Introduction

In this paper, we consider the following periodic porous medium equation with nonlinear
convection terms and weakly nonlinear sources

% — A(Ju|™ ) + b(u) - Vu = B(x,t,u) + h(x,t), (x,t) € Qu, (1.1)
u(z,t) =0, (x,t) € 002 x [0, w], (1.2)
u(x,0) = u(z,w), x € ), (1.3)
where m > 1, Q is a bounded domain in RY with smooth boundary 92, Q, = Q x (0,w)

and we assume that

(A1) b(u) = (by(u),by(u), ..., bx(u)) is a RN-valued function on R with b;(u) € C(R)N
C(R — {0}), and there exist 3,k > 0 such that |b(u)| < k|ul|®.

(A2) B(z,t,u) is Holder continuous in Q x R x R, periodic in ¢ with period w and
satisfies B(z,t,u)u < bo|u|*™ with constants by > 0 and 0 < o < m.

(A3) h(z,t) € C.(Q,) N L=(0,w; Wy (), h(x,t) > 0 for Q x R, where C,(Q,)
denotes the set of functions which are continuous in Q x R and w-periodic with respect
to t.

In recent years, periodic problems for degenerate parabolic equations have been the
subject of extensive study, see [2, 5, 7, 9, 11, 12, 13] and references therein. Among the
earliest works of this aspect, we refer to Nakao [9], in which one can find the related result
for the special case of the equation (1.1), that is

g_? — AB(u) = B(a,t,u) + h(z, 1),

with Dirichlet boundary value conditions, where B, h are periodic in ¢ with period w > 0,
B(u) satisfies 3'(u) > 0 except for u = 0 and B(u) is fulfilled by |u|™'u if m > 1.
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Under the assumption that B(x,t, u)u < by|u|, Nakao established the existence of periodic
solutions by Leray-Shauder fixed point theorem. In [12], Wang et al. considered the
following porous medium equation with weakly nonlinear sources
Ju — A(Ju|™ ') = B(x,t,u) + h(z,t).
ot
By Moser’s technique and the Leray-Schauder fixed point theorem [6, Th2.1, pp.140], the
authors established the existence of periodic solutions when the assumption (A2) holds .
The work of this paper is an extension of [9, 12], that is, we consider the porous
medium equation (1.1) with weakly nonlinear sources and nonlinear convection terms.
The convection term b(u) - Vu describes an effect of convection with a velocity field b(u).
Our aim is to establish the existence of periodic solutions of the equation (1.1) under
Dirichlet boundary value conditions.
This paper is organized as follows: In Section 2, we state some necessary preliminaries
including the definition of the generalized solution, some useful lemmas and the statement
of the main results. In Section 3, we show the proof of the main results of this paper.

2 Preliminaries

Due to the degeneracy of the equation considered, the problem (1.1)—(1.3) admits no
classical solutions in general, so we consider generalized solutions in the following sense.

Definition 2.1. A function u is said to be a generalized solution of the problem (1.1)-
(1.3), if u € L*(0,w; H}(Q)) N C,(Q,,) and for any ¢ € CY(Q,) with ¢(z,0) = ¢(z,w)
and ¢|pax(ow) = 0, we have

// ( u— + V(Ju[™ W)V — B(u) - Vi — B(xz,t,u)p — h(z, t)go) dzdt =0, (2.1)

where 3(u) = (B1(u), Bo(u), - - -, Bn(u) and B;(u) = [ bi(s)ds, i =1,---  N.

For convenience, we let ||-||, and ||+ ||, denote LP(Q) and W’”*”(Q) norms, respectively.
In the following, we introduce some useful lemmas which play an important role in the
proof of the main results of this paper.

Lemma 2.1. /3] (Gagliardo-Nirenberg) Let 3 >0, N >p>1,4+1<¢q, and1 <r <
q < (B+1)Np/(N —p), then for u such that |u|’u € WP(Q),

1— GH‘ ‘,8 HG/(BH

lully < €75 |Jull; : (2.2)

with = (B+1)(rt—q¢ )/{AN"—p '+ (B+1)r~'}, where C is a constant independent
ofq, v, B and 6.

Lemma 2.2. [10] Let y(t) € C*(R') be a nonnegative w periodic function satisfying the
differential inequality

y'(t) + Ay* T (t) < By(t) + C, tER,
with some a, A > 0,B >0 and C > 0, then

y(t) < max{1, (A (B + C))a}.
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Our results will be proved by means of parabolic generalization, that is we consider
the following regularized problem

6528 — A(\ue\m’1u€ +eu.) + b(ue) - Vue. = B(x, t,u.) + h(z, t), (z,t) € Qu, (2.3)
us(x,t) =0, (x,t) € 0Q x [0,w], .
ue(z,0) = u.(z,w), x € €, (2.5)

where ¢ is some positive constant. We will apply the Leray-Schauder fixed point theorem
to establish the existence of the solution u. of the problem (2.3)-(2.5). The desired
solution of the problem (1.1)—(1.3) will be obtained as a limit point of w..

Our main results is the following theorem.

Theorem 2.1. If (A1), (A2) and (A3) hold, then the problem (1.1)-(1.3) admits at least

one periodic solution u.

3 Proof of the Main Results

First, we establish the following a priori estimate.

Lemma 3.1. Let u. be a solution of

8;; — A(|u5|m_1u8 + eue) + b(ue) - Vue = o B(z,t,u.) + oh(z,t), (x,t) € Qu, (3.1)
ue(z,t) =0, (x,t) € 00 x [0, w], (3.2)
us(x,0) = ue(z,w), x €Q,

with o € [0, 1], then
[us()]loo < R, (3.4)

where us(t) = u.(-,t) and R is a positive constant independent of € and o.

Proof. Suppose u. is a solution of the problem (3.1)—(3.3). Multiplying the equation (3.1)
by |uc|Pu. (p > 0) and integrating the resulting relation over 2, noticing that

/Q b(ue) - Vit e [Pu da
[Ermrasa$ [ ([ vonr) o
_ Z /a ) ( / |psds) cos(n, ;)da = 0,

where n is the outer normal to 9€), we have
p+2 m—1 p
i O [ A ) + )P s
gbo/ |u€(t)\p+a+1dx+/ [ue () [Puc(t)hdw.
Q Q

Notice that the second term on the left hand can be written by

/QA [ue(8)" e (t) + sus(t)] Jue(t) [Pua(t)de

(3.5)
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- / V [lue (B e (8)] - ¥ [Jue(B)Pua(B)] + eVaat) - ¥ [lue(8) P (t)] da
:/Q e ()" Ve (8)] - [(p -+ Dlue(t) PV ue(8)] di + e(p + 1)lus(6) |V () Pz
Smip+1) / e () Ve (8) P

B 4mp+1 /)V e m+p 1 (t)]

p—l—m—irl

2
dx,

and 1

/Q lu (t)|Puc(t)hdr < ( /Q |u€(t)‘p+2dl’)gi; ( /Q hp”d:c)m,

from (3.5) we have

L d P2 | m(p+1) mip-1 2
I+ 9 0 w0l

1 1
<bolluc(t)[[Frats + luclBiallhllpro-
Then we have

+p—1

d e .
153 + ClIV (@)= ue@)IE < Cop +2) (luOIFEe5 + luelfiz) . (3.7)

where C, Cy are positive constants independent of u.(t), p.
First, we consider the case of 1 < a <m. If N > 2, by Holder’s inequality, we have

i = / T e

m—a a—1

(P+2)(m @) m-—1 m—1 (a D(p+m+1) m—1 -1
|'LL5 m—1 m— adl‘ |u6 m—1 a— ldaj

< ( / |u€<t>|p+2dx) (f \u€<t>|p+m“d:c)
<(/ |u5<t>|p+2dx)%

o (a—1)(N=2)
(p+2)(m—a) (a=1)(m+p+1) 2(a— )

1 </| (p+ +1 )N ) N(m-T1) |Q|1\27((a_11))
ue(t m—
=llue@)llps™™" Muc®llg ™ QN

with ¢ = %. By Sobolev’s imbeding theorem in [1, Th5.4, pp.114]

[un

3

+p—1

luc()ll7 4 < OV (Jue ()] 72 ua(8)) 113

and Young’s inequality, we have

1
e ()15 a
(p+2)(m—a) pt 2(a—1)

<Clluc(t)|™" IV (uc(®)] 2 ult))]ly" (3.9)

11—«
2m(p + 1)

mtp- ) 2m(p+1) |m-= 42
< 2 19 a1 ) + € [ L oz
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Combining (3.6) with (3.9), we have

+p

d m+p—1
53 + CullV (e ue(@)]3

a—1
<G ((p+ D53 + o+ D= ua(0I1253)

(3.10)

where C', Cy are positive constants independent of wu, p.
If N <2, by Holder’s inequality, we have

/ |u ‘p+a+1dx _ / ‘UE (p+§r)L p+2)(m-a) a) ‘u€<t)| (afl)rgpjlerl) du
a—1

< ([or=eeamtan) ™ ([ o ate)
Q Q

(P+2)(m—a) (p+m+1)(a 1)
—1

::Hue()”p+2 ”ua()Hp+nH4

Then also by Sobolev’s imbeding theorem for |uc(t)||m+p+1, We can also get (3.9) and
(3.10).
Now we consider the case of 0 < o < 1. By Holder’s inequality and Young’s inequality,

we have
ptatl

P2 —a
[ ucriar < ( / |ue<t>\p+2dx) o)

1 o

<max{1, Q)2 }u(t) 215 (3.11)
1 2o 1

= max{1, | Q]2 H|u(t) | 557 uc ()| 2500

<[l ()25 + Clluc(t) 253

Combining (3.11) with (3.6), we can also obtain (3.10).
By Young’s inequality, from (3.10) that we have

d m+p—1 o
Ellus(t)llﬁig+01HV(\us(t)\ Fuc(t)]3 < Col(p+ D)7 [luc(B) 1515 + 1), (3.12)
where (4, Cy are various positive constants independent of p.
Set
k: 1]%:2/{?2,,2: y i — .
1=m+d b 0; >0 2k + Nk; + 2N(m — 1)
By Gagliardo-Nirenberg inequality, we have
lue(®)lls, < Cllua(BIE NV (fue ()2 et ))Ilm“ - (3.13)

ki—1

Set p+2 = k; in (3.12), by (3.13) we have

d ki By (thy 1) methy—1 .
gl + Cllwe@ e, ™ el ™ < Cal(+ D7 e + 1),
that is
d _mkiml W o
gl @l + GO0 e, el < O+ 1) a8 + 1)
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Let x; = sup||ues(t)||x,, by Lemma 2.2, we obtain
t

(1-6)(mtki—1)\ & N
i < max\ 1, (CXz1 % ) =B 5.

We set without loss of generality that B; > 1, which implies x; < Bi1 /o Tt s easy to
verify that {a;} is bounded (see [9]), and

sup||ue(t)]| o < limy; < C < o0.
¢ i—00

The proof is completed. 0

Now, we show the proof of the main results.
Proof of Theorem 2.1 First, we introduce a map by considering the following prob-
lem

855: — A(Ju™ ' + eu) + blu.) - Vue = g(,t), (z,t) € Qu, (3.14)
us(x,t) =0, (x,t) € 0Q x [0,w], (3.15)
us(z,0) = u.(z,w), x € €, (3.16)

where g € C,(Q,,). With a similar method of [9], we conclude that for any g € C,,(@,,), the
problem (3.14)—(3.16) admits a unique solution u. € L*(0,w; H}(€2)) and %= € LY(Q.,).
Define a map T : C,(Q,) — C,(Q,) by u. = Tg. Then we can infer that the map
us. = T'g is compact and continuous.

In fact, by [4] and the periodicity of u., we have

(@1, tr) = e (w2, 02)| < (|21 — w2 + [tr — 2] /2)7,

for every pair of points (z1,t1), (z2,t2) € @Q,, where the constants v,3 € (0,1) are in-
dependent of €. By Ascoli-Arezela theorem, we can see that T maps any bounded set

of C,(Q,) into a compact set of C,(Q,). Suppose that gr — g as k — oo and denote

ug = T'gy, then there exist a subsequence of u; and a function u. € C,(@Q,) such that
ug(x,t) — ue(z,t), uniformly in Q,.

Noticing that
/ b(u.) - Vuuedr = 0.
Q

So we can prove that u. = T'g is compact and continuous by using the argument similar
to [13].

Let ®(u.) = B(x,t,u:) + h(x,t), by (A2)-(A3) and the estimates above, we can see
that T'(o®) is also the complete continuous map for o € [0, 1]. By Lemma 3.1, we can see
that any fixed point u. of the map T'(c®) satisfies

uelloo < C,

where C' is a constant independent of £, 0. So we conclude that the generalized problem
(2.3)—(2.5) admits a periodic solution u. by Leray-Schauder fixed point theorem [6, Th2.1,
pp.140]. Then by using a similar argument as that in [8, 14], we can obtain a periodic
solution u of the problem (1.1)—(1.3) as a limit point of u.. The proof is completed.
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