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Abstract

In this paper, we investigate the hyper-exponent of convergence of zeros of f()(z) —
©(z)(j € N), where f is a solution of second or k(> 2) order linear differential equation,
©(z) #£ 0 is an entire function satisfying o(¢) < o(f) or oa2(p) < o2(f). We obtain some
precise results which improve the previous results in [3, 5] and revise the previous results in
[11, 13]. More importantly, these results also provide us a method to investigate the hyper-
exponent of convergence of zeros of f)(z) — p(2)(j € N).
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1. Introduction and results

In this paper, we shall assume that readers are familiar with the fundamental results and the
standard notations of the Nevanlinna’s theory of meromorphic functions (see [7, 10]). In addition,
we use o(f) to denote the order of meromorphic function f(z) and 7(f) to denote the type of an
entire function f(z) with o(f) = o, which is defined to be (see [7])

7(f) = lim 710g M{r, f)

r—00 ro

We use o2(f) to denote the hyper-order of entire function f(z), which is defined to be (see [14])

oa(f) = lim logs M(r, f) _ qrlog2 T(r, /)

r—oo log r r—oo  logr
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where log; r = log;_;(logr)(i € N). It is easy to see that o(f) = oo if oa(f) > 0. Assume that
©(z) is an entire function with o(¢) < o(f) or o2(¢) < o2(f), the hyper-exponent of convergence
of zeros of f(z) — ¢(z) is defined to be

logy N (1, +—
M(f - ) = T 2N )

00 log r ’

especially if p(z) = z, the hyper-exponent of convergence of fixed points of f(z) is defined to be

(see [2])

_logy N(r, +)
No(f — 2) = Tim —o— =27
r—00 log r
The hyper-exponent of convergence of distinct zeros of f(z) — ¢(z) and the hyper-exponent of
convergence of distinct fixed points of f(z) is respectively defined to be

_ logy N (1, +— — logy N (1, +—
Xo(f — ¢) = Tim M7 No(f — 2) = Tim M
T—00 logr T—00 log r
We denote the linear measure of a set £ C [1,00) by mE = [, dt and the logarithmic measure of
E by mE= [ B %.
By the definition of the hyper-order, we can estimate the hyper-order and the hyper-exponent

of convergence of zeros of the solutions of linear differential equation more precisely. For second
order linear differential equation

"+ AR) '+ B(2)f =0, (1.1)

where A(z), B(z) # 0 are entire functions, it is well known that every nonconstant solution f of
(1.1) has infinite order if 0(A) < o(B) or A(z) is a polynomial and B(z) is transcendental.

In 1996, K. H. Kwon investigated the hyper-order of the solutions of (1.1) and obtained the
following result.

Theorem A.[”) If A(z) and B(z) are entire functions such that ¢(4) < ¢(B) or o(B) <
o(A) < 3, then every entire function f # 0 of (1.1) satisfies o(f) > max{c(A),s(B)}.

Up to now, we have known that every nonconstant solution of (1.1) satisfies oo(f) = o(B) if
o(A) < a(B) or o2(f) = 0(A) if o(B) < o(A4) < 3 (see [2]).

In 2000, Chen Z. X. firstly investigated the fixed points of solutions of (1.1) and obtained the
following results.

Theorem B.P! If P(z) is a polynomial with degree n > 1, then every non-trivial solution of
I+ P(2)f =0 (1.2
has infinitely many fixed points and satisfies A(f — 2) = A\(f — z) = o(f) = 2.

Theorem C.Il If A(z) is a transcendental entire function with o(A) = o < +o0, then every
non-trivial solution of

f"+AR)f=0 (1.3)
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has infinitely many fixed points and satisfies Ao (f — 2) = Xo(f — 2) = 02(f) = 0.

Up to now, many authors investigated the fixed points of hyper-exponents of convergence of
zeros of the solutions of (1.2) and (1.3)(see [11,13]). In 2006, Chen Z. X. investigated the solutions
of second order linear differential equation and obtained the following results.

Theorem D.P) Let A;(2) # 0(j = 1,2) be entire functions with o(4;) < 1, suppose that a,b
are complex numbers and satisfy ab # 0 and arga # argbor a=cb (0 <c<1). If p(z) Z0 is
an entire function of finite order, then every non-trivial solution f of

"+ AL(2)e f 4+ Ay(2)e¥ f =0 (1.4)

satisfies A(f — @) = M(f' — ) = Mf" — ¢) =

Theorem E.U! If A;(z) # 0,0(2) # 0,Q(z) are entire functions with o(4;) < 1 and 1 <
0(Q) < oo, then every non-trivial solution f of

"+ A(2)e [+ Q(2)f =0 (1.5)

satisfies A\(f — @) = A(f’ (f" — @) = 0o, where a # 0 is a complex number.

—p)=2A
Theorem F.[” Let A;(2) # 0,0(z) # 0,Q(z) be entire functions with o(4;) < 1, o(Q) > 1
and o(p) < 1, and if a;(2)(j = 0,1, 2) are polynomials which are not all equal to zero, then every
solution f # 0 of (1.5) satisfies )\(g ) = 0o, where g(z) = aaf” + a1 f' + aof.

In the same year, Liu M. S. and Zhang X. M. investigated the fixed points when the coefficients
of the equations are meromorphic functions and obtained the following results.

Theorem G.M' Suppose that k£ > 2 and A(z) be a transcendental meromorphic function

satisfying (00, A) = hm 7;((r A)) =0 >0, 0(A) = 0 < +00. Then every meromorphic solution

f # 0 of the equatlon

P+ AR =0 (1.6)

satisfies that f and f', f”,---, f*) all have infinitely many fixed points and X(fU) — 2) = o(j =
0,1, k).

Theorem H.[1] Suppose that P(z) = ? # 0 be a rational function with n =di(P), where
di(P) =degP; (z)—degPs(z), and k be an integer with k& > 2. Then:

(1) If n # —k, then every meromorphic solution f # 0 of the following equation

FO L P f=0 (1.7)
satisfies that f and f/,f”,---, f*) all have infinitely many fixed points and A(f¢) — 2) =
max {0} (j =0,1,---, k).

(2) If n = —k, then every transcendental meromorphic solution f of (1.7) satisfies that f and
f'of", -, f%=2 all have infinitely many fixed points and A(f*=2) — z) = 0.
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2)(j €
(f) or

In this paper, we investigate the hyper-exponent of convergence of zeros of fU )(z) o(
N), where f is a solution of (1.1) and ¢(z) # 0 is an entire function satisfying o(¢) < o
o2(p) < o2(f), and obtain the following results.

Theorem 1.1. Let A(z) and B(z) be entire functions with finite order. If 0(A) < 0(B) < 00
or 0 < o(A) =0(B) < o0 and 7(A) < 7(B), then for every solution f # 0 of (1.1) and for any
entire function p(z) # 0 satisfying o2(¢) < o(B), we have

(D) Xo(f — @) = X' =) = X" — ) = Ma(f" — ¢) = 02(f) = 0(B);

(i) Ao(fV) — @) = 0a(f) = o(B)(j > 3,5 € N).

Theorem 1.2. Let A(z) be a polynomial, B(z) be a transcendental entire function, then for
every solution f # 0 of (1.1) and for any entire function ¢(z) of finite order, we have

(i) A(f — ) = AMf — ) = o(f) = oo
(i) A(fD =) = A(fD) — ) = o(fV) — ) = 00(j > 1,5 € N).

Theorem 1.3. Let A(z) and B(z) be meromorphic functions satisfying o(A) < o(B) and
(00, B) > 0. Then for every meromorphic solution f # 0 of (1.1) and for any meromorphic
function ¢(z) # 0 satisfying o2(¢) < o(B), we have Xo(fU) — ) = M(fU) — @) > o(B)(j =
0,1,2,---).

Theorem 1.4. Let P(z) be a polynomial with degree n > 1 and k£ > 2 is an integer. Then

for every solution f # 0 of (1.7) and for any entire function ¢(z) % 0 with o(¢) < ", we have
()X — 9) =M~ 0) = X7~ @) = X(f"" ~ ) = o(f) = "
(i) A(f9 — ) = o(f) = 2 (5 > 3,5 € N).

Corollary 1.1. Under the hypotheses of Theorem 1.1, if p(z) = z, for every solution f # 0
of (1.1), we have B B

(1) Ao(f — 2) = Xo(f' = 2) = Xo(f" — 2) = Ma(f" — 2) = 02(f) = 0(B);

(i) Xo(fVU) = 2) = o2(f) = 3(B)(j > 3,5 € N).

Corollary 1.2. Under the hypotheses of Theorem 1.2, if ¢(z) = z, for every solution f # 0
of (1.1), we have

() X(f = 2) = A(f — 2) = o(f) = o0

(i1) NfO = 2) = A(f0) = 2) = 0(f0) = 2) = o0(j = 1,j € N).

Corollary 1.3. Under the hypotheses of Theorem 1.3, if ¢(2) = 2, for every meromorphic
solution f # 0 of (1.1), we have Xo(fU) — 2) = Ao (fU) — 2) > 0(B)(j = 0,1,2,---).

—

Corollary 1.4. Let P(z) = ]P;;Ei be a rational function with di(P(z)) = n > 1. Then for

every meromorphic solution f # 0 of (1.7) and for any meromorphic function ¢(z) # 0 with

o(p) < "+k , we have A(f9) — @) = A\(fU) — ) = o(f) = "TH“(j =0,1,2,--).

~—

Corollary 1.5. Under the hypotheses of Theorem 1.1, let L(f) = apf® +ap_1fFD +... +
aof, where a; are entire functions which are not all equal to zero and satisfy o(a;) < o(B)(i =
0,1,---,k), then for every solution f # 0 of (1.1), we have o2(L(f)) = o2(f) = o(B).
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Remark 1.1. Theorem 1.1 is an improvement of Theorem C. In Theorem D, if ab # 0 and
a=cb(0 < ¢ < 1), it is easy to see that o(A1e??) = 0(A1e??) = 1 and 7(A1e%) = a < 7(A1e?) =
b. By Theorem 1.1, for every solution f # 0 of (1.1) and for any entire function ¢(z) # 0 with
o2(p) < 1, we have Xo(f — ) = A2(f' — ) = Aa(f" — ¢) = 1. Therefore, Theorem 1.1 is also a
partial extension of Theorem D. Theorem 1.3 and Theorem 1.4 are the improvements of Theorem
G and Theorem H respectively.

Remark 1.2. Theorem 1.1 and Theorem 1.2 also provide us a method to investigate the
hyper-exponent convergence of zeros of fU) — p(j =0,1,2,---). If we can find an equation (1.1)
with coefficients A(z), B(z) satisfying the hypotheses of Theorem 1.1 or Theorem 1.2 such that f
is an entire function of (1.1), then we have Xo(fU) — ) = o(B) or A(f¥) —¢) = 00(j = 0,1,2,--).
For example, set f(z) = e*?), a(z) is a transcendental entire function, then f(z) is a solution
of f" — (a”" 4+ a’*)f = 0, then by Theorem 1.1 and by Lemma 2.8 (ii), for any entire function
©(2) # 0 with 09(p) < o(a) if o(a) > 0 or o(p) < oo if o(a) = 0, we have Xo(fU) — ) = o(a)(j =
0,1,2,-).

2. Lemmas for the proofs of theorems

Lemma 2.1.1 Let G(r) : (0,400) — R, H(r) : (0,400) — R be monotone increasing
functions such that G(r) < H(r) outside of an exceptional set Ey of finite linear measure, then
for any given a > 1, there exists a r > rg such that G(r) < H(ar) for all r > ry.

Lemma 2.2.17 Let f(2) be an entire function with o9(f) = o, and v;(r) denote the central
index of f(z). Then
logy v¢(r)

lim -~ =o.
r—oo logr

Lemma 2.3. Let f(z) be a transcendental entire function with o(f) = o > 0, then there
exists a set By C [1,+00) with infinite logarithmic measure such that for all r € E;, we have

o 1ogT(r, f)

=0, rek.
r—oo  logr

Proof.By o(f) = o, there exists a sequence {r,}>° ; tending to oo satisfying (1+%)7‘n < Tpat
and
logT
11m Og (Trw f)
r—oo  logmry,

=o(f),

there exists a nq such that for all n > ny and for any r € [, (1 4+ )r,], we have

logT(ry. f) _ logT(rf) _ losT((1+ H)ro f)
log(1 + %)rn - logr — log ry, ’
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oo
Set By = U [ry, (1 + L)r,], we have

n=ni

po 0BT ) o log T(ra, f)

r—oo  logr r—oo  logry,

:O'(f), ’I“EEl

[e.°] 1 [e.°]
and myEy = > fr(f_ﬁ)r" % = > log(1+ 1) = oo, thus we complete the proof of this lemma.
n=ni n=ni
By the same reasoning in Lemma 2.3, we have the following result.

Lemma 2.4. Let f(z) be a transcendental entire function with o2(f) = ¢ > 0, then there
exists a set Ep C [1,+00) with infinite logarithmic measure such that for all r € Es, we have

lim log, ( / )

=0, rek,.
r—00 log r

Lemma 2.5. Let Ay, Ay, - -Ax_1, F #Z 0 be meromorphic functions, if f is a meromorphic
solution of the equation

FO + A fS Y 4y Af = F, (2.1)
then we have the following statements: _
(i) if max{o(F),0(A;);5=0,1,---,k =1} <o(f) =0 < oo, then o(f) = A(f) = A(f);
(1) if max{oa(F),02(A4;);7 =0,1,---,k — 1} < 02(f) = o, then o2(f) = Xa(f) = Xa(f).
Proof. Since the proof of (i) and (i7) is the same, then we only prove (i7) here. By (2.1), w
have
1 1 [ f® flk=1)
= |1 A o+ Ap |- 2.2
FTF < 7 + Ag—1 7 + -+ A (2.2)
By (2.2), we get
11 1, =
By the theorem on logarithmic derivative and (2.2), we have that
k-1
1 1
m(r, ?) <m(r, ) + ) m(r,Aj) + O{log(rT(r, f))}, 7 ¢ Es (2.4)
=0

holds for |z| = r outside a set E3 C (0,00) of finite linear measure. By (2.3) and (2.4), we have

k—1

T(r. ) = T(r, 5) + (1) < KN (r, 5) + Tlr, ) + 3 Tl 4y) + O{log(rT(r, )}
j=0
k—1
= kN (r, ?) +T(r, F)+ Y _T(r,Aj) + O{log(rT(r, )}, r ¢ Es. (2.5)
7=0

EJQTDE, 2011 No. 23, p. 6



By (2.5), we have o3(f) < max{Xa2(f),02(4;),02(F)}. Since max{oa(F),02(A4;);5 = 0,1,k —
1} < oo(f) , we get oa(f) < Xa(f). Therefore Aa(f) = Xa(f) = o2(f).

Lemma 2.6.3 Let f(2) be an entire function of order o(f) = o < 4+0c0. Then for any given
e > 0, there is a set F4 C [1,00) that has finite linear measure and finite logarithmic measure
such that for all z satisfying |z| = ¢ [0,1] U E4, we have

exp{ 1"} < [f(2)] < exp{r®*e}.

Lemma 2.7. Let f(z) be an entire function with oo(f) = o > 0, and let L(f) = aof”"+ a1 f'+
aof, where ag, a1, as are entire functions which are not all equal to zero and satisfy max{o(a;),j =
0,1,2} = b < «, then o2(L(f)) = 02(f) = o

Proof. L(f) can be written as

2 !

L(f) = f(a2f7 o+ ap). (2.6)

By Wiman-Valiron Lemma (see [7,10]), for all z satisfying |z| = r and |f(2)| = M(r, f), we have
fI) <Vf(7")
f(z) z

where Fj is a set of finite logarithmic measure. From the (1.4.5) in [8,pp.26] , for any given ¢ > 0,
we have that

)J(1+0(1)), jEN, r¢FEs, (2.7)

ve(r) < [log Mf(r)]1+€ (2.8)

holds outside a set Eg with finite logarithmic measure, where j¢(r) is the maximum term of f.
By Cauchy ’s inequality, we have pf(r) < M(r, f). Substituting it into (2.8), we have

vi(r) < llog M(r, /)]'*°, r ¢ Ee. (2.9)

By Lemma 2.4, there exists a set E9 having infinite logarithmic measure such that for all |z| =
r € Ey and for all sufficiently large r, we have

1
oo(f) = tim 2822 g (2.10)
r—oo  logr

By (2.10) and Lemma 2.6, for any given 0 < € < o — b, we have
exp{—rb+€} <la;(z)| < exp{erre} <exp{r®°} <wvs(r) < exp{r®te},
6
j=0,1,2,--- reB-|]JE. (2.11)
=4
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Substituting (2.11) into (2.9), we have

6
expo{r® >} < M(r, f), re B —|JE, (2.12)
=4

where expy{r} = exp{exp{r}}. By (2.6), we have

" /

L) = 1] ozl + ar L 1 ao ol + ali' _ |ao|} | (2.13)

(ZQf—
f f f f
Substituting (2.7), (2.11), (2.12) into (2.13), for all z satisfying |f(z)| = M (r, f) and |z| =1 €
6
E; — |J E;, we have
=4

zlfl[

21211 272 (027 )| = o
> 111|222 | |oo 22 < el | - o

> expy{r® %} [exp{ro‘_a} - exp{rb+€}] . (2.14)

By (2.14), we have oo(L(f)) > o2(f).
On the other hand, it is easy to get o2(L(f)) < o2(f). Hence a2(L(f)) = o2(f).

By the similar proof in Lemma 2.7, we can easily get the following result.

Lemma 2.8. (i) Let f(z) be an entire function with oo(f) = o > 0, and let L(f) = asf*) +
a1 f5 D 4. 4 aof, where ag,aq, - - -, ai are entire functions which are not all equal zero and
satisfy b = max{a;(z),j =0,1,---,k} < a, then o2(L(f)) = o2(f) = a

(i3) Let f(2) be an entire function with o(f) = o < oo, and let L(f) = apf® + ap_1 f*E1 +
-+ + aof?, where ag,aq,---,a; are entire functions which are not all equal zero and satisfy
b=max{a;(z),j =0,1,---,k} < o, then o(L(f)) = o(f) = .

Remark 2.1. The assumption o(a;) < o2(f)(j = 0,1,2) in Lemma 2.7 is necessary. For
example, f(z) = e satisfies oo(f) = 1 and f” — f' — ¥ f = 0, where as = 1,a; = 1,a9 = —e%,
and ag satisfies o(ag) = o2(f) = 1, however, we have o3(L(f)) =0 < 1.

Lemma 2.9.'] Let f(2) be an entire function with o(f) = o,7(f) = 7,0 < ¢ < 00,0 <
T < 00, then for any given 3 < 7, there exists a set E7y C [1,400) that has infinite logarithmic
measure such that for all r € E7, we have

log M(r, f) > pre.
Remark 2.2. Lemma 2.9 also holds if 7(f) = oco.
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Lemma 2.10.1'% Let A(2), B(z) be entire functions satisfying 0 < o(A) = o(B) < 0o, 7(A) <
7(B), then every solution f # 0 of (1.1) satisfies o2(f) = o(B).

Lemma 2.11.19 Let f(2) be a transcendental meromorphic function and o > 1 be a given
constant, for any given £ > 0, there exists a set Eg C [1,00) that has finite logarithmic measure
and a constant B > 0 that depends only on « and (m,n)(m,n € {0,---,k} with m < n) such
that for all z satisfying |z| = r & [0, 1] U Eg, we have

()
0 (z)

<B (Maoga r) log T(ar, f)>n_m.

Lemma 2.12.16 Let f(2) be a transcendental meromorphic function with o(f) = ¢ < oo,
' = (ki,71), -, (km,Jm)} be a finite set of distinct pairs of integers which satisfy k; > j; > 0
fori=1,---,m. And let £ > 0 be a given constant, then there exists a set Fg C (1,00) that has
finite logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Eg and (k,j) € T, we
have

< ‘z’(kfj)(071+€).

()
()

Lemma 2.13. Let U(z), V(z) be meromorphic functions of finite order. If lim

r—00

logm(r,U) _
lOgT‘ - ﬁla

and there exists a set E1¢ with infinite logarithmic measure such that lim % = P2 >0
r—00

holds for all r € Fyp, then every meromorphic solution of
ffHUf + V=0 (2.15)

satisfies oo (f) > (s.

Proof. Assume that f(z) is a meromorphic solution of (2.15), by (2.15), we have

m(r, V) < m(r, fTH) + m(r, f7,) + m(r,U). (2.16)

By the theorem on logarithmic derivative and (2.16), we have
m(r,V) < O{logrT(r, )} + m(r,U), r ¢ Ej, (2.17)

where E3 C [1,400) is a set having finite logarithmic measure. By the hypotheses of Lemma 2.13,
there exists a set F1g having infinite logarithmic measure such that for all |z| = r € Eyg — E3, we
have

275 < O{log rT'(r, f)} + 40172, (2.18)

where 0 < 22 < (39 — 3. By (2.18), we have oa(f) > [s.
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Lemma 2.14. Let U(z), V (z) be meromorphic functions of finite order. If there exist positive
constants o, 83, 54(0 < B3 < 4) and a set Ey; with infinite logarithmic measure such that

U(2)] < exp{Bar7}, [V (2)] > exp{far?}

hold for all |z| = r € Ei1, then every meromorphic solution of (2.15) satisfies oa(f) > o.

Proof. Assume that f(z) is a meromorphic solution of (2.15), by (2.15), we have

"

f

By Lemma 2.11, there exists a set Fg having finite logarithmic measure such that for all |z| =

r &€ Eg, we have
f// f/
y

V(2) < . (2.19)

+|U<z>|\f7

< BT (2r, f)]?,

< B[T(2r, f)]. (2.20)

where B > 0 is a constant. By (2.19)-(2.20) and the hypotheses in Lemma 2.14, for all |z| = r €
FEq1 — Eg, we have

exp{B4r°} < 2B[T(2r, f)]? exp{Bsr7}. (2.21)
Since 0 < 3 < f34, by (2.21), we have o3(f) > o.

Lemma 2.15. Let A(z), B(z) be meromorphic functions with o(A) < o(B) and 6(c0, B) =
m(r,B)

B 0. Then every meromorphic solution f of (1.1) satisfies o2(f) > o(B).

lim
™ — 00

Proof. Let f be a meromorphic solution of (1.1), by (1.1), we have
" f/
m(’l“, B) < m(r, _) + m(r, ?) + m(r, A)
< O{log TT(Ta f)} + T(Ta A)? r ¢ E3’ (222)

where E3 C [1,+00) is a set having finite linear measure. By Lemma 2.3, there exists a set Ej
having infinite logarithmic measure such that for all |z| = r € Ey, we have

logT(r, B
lim 8T B) gy e Ry (2.23)

r—oo log r

Since §(o0, B) > 0, then for any given £(0 < 2¢ < 0(B) — 0(A)) and for all r € Eq, by (2.23), we
have
m(r, B) > roB)=¢, (2.24)

From (2.22) and (2.24), we have
r? B2 < OflogrT(r, f)} + "M re B — By, (2.25)

by (2.25), we have o3(f) > o(B).
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Remark 2.3. We have to note that we can only obtain o2(f) > o(B) if A(z), B(z) in (1.1)
are transcendental meromorphic functions and satisfy the hypotheses of Lemma 2.15. Since
if f is a meromorphic solution of (1.1), we can only obtain )\(%) < max{\(%), (%)} instead of
)\(%) < max{A(%),\(%)}, we can not use the Wiman-Valiron Lemma on meromorphic function to
obtain o2(f) < o(B). Thus, the conclusion of Lemma 2.2 in [11, pp, 194] that every meromorphic

solution f # 0 of (1.6) satisfies o2(f) = 0(A) remains open.

Lemma 2.16.1' Let P(z) be a rational function with di(P)=n > 1, then every meromorphic
solution f # 0 of (1.7) satisfies o(f) = "TM

Remark 2.4. Especially if P(z) is a polynomial, then every solution f # 0 of (1.7) satisfies
o(f) = k.
By the similar proof in Lemma 2.16, we can easily obtain the following result.

Lemma 2.17. Let A;(2)(j =0,1,---,k — 1) be rational functions satisfying di(4g) = ng > 1
and di(4;) =n; <0(j =1,2,---,k — 1), then every meromorphic solution f of

f(/f) 4+ Ak—lf(k_l) + A f +Agf =0 (2.26)

satisfies o(f) = "ot

3. Proof of Theorem 1.1

Now we divide the proof of Theorem 1.1 into two cases. Case (i): 0(A) < o(B) < o0;
Case (i1): 0 < 0(A) = 0(B) < o0, and 7(A) < 7(B) .

Case (i): (1)Now we prove that Aa(f — ) = go(f). Assume that f # 0 is a solution of (1.1),
then oo(f) = 0(B) (see [2]). Let g = f — ¢, since o2(p) < o(B), then o3(g) = o2(f) = o(B),
Xa(g) = Xa(f — ). Substituting f =g+, f =g +¢, " =g¢" +¢" into (1.1), we have

9"+ Ag' + Bg = —(¢" + A" + By). (3.1)
If " + Ay’ + By = 0, we have 02(p) = o(B) (see [2]), this is a contradiction. By Lemma 2.5
(1) and ¢” + AY' + By # 0, we have \a(g) = Aa(g) = 02(g9) = o(B), therefore \o(f — ¢) =

Xo(f — @) = 02(f) = o(B)._
(2) Now we prove that Aa(f' — @) = o2(f). Let g1 = f' — ¢, then o9(g1) = o2(f) = o(B) and

ff=a+e.f =g+ f"=g+¢" (3.2)
By (1.1), we get
f= (" AF). (33)
The derivation of (1.1) is
"+ Af"+ (A +B)f+Bf=0. (3.4)

Substituting (3.2),(3.3) into (3.4), we obtain

B’ AB' B’ AB'
gi’+<A—§>g’1+<A’+B— 5 >91:—<30"+<A—§>30'+<A’+B— = )gp).

(3.5)
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Set V1 = A"+ B — AB / ,Up = A — £ then Uy, V4 are meromorphic functions of finite order. By
the theorem on the logarlthmlc derlvatlve and Lemma 2.3, it is easy to see that there exists a set

E; having infinite logarithmic measure such that lim % =o(B) > lim W =o(A)
holds for all 7 € Fy. Let Fy = ¢" + U@’ + Vi, we affirm that Fy # 0. If F; = 0, by Lemma 2.13,
we have ga(p) > o(B), this is a contradiction with o2(¢) < o(B), therefore F; # 0. By Lemma
2.5 (ii), we get Aa(f' — ) = Xa(f' — @) = oa(f).

(3) Now we prove that Aa(f” — ) = o2(f). Let go = " — ¢, then o9(g2) = 02(f) = 0(B) and

=gp+o f"=g+¢, fY =g+ (3.6)

Substituting (3.3) and V; = A"+ B — AB/ U =A— % into (3.4), we have

f/// + Ulfl/ + Vlfl — 0 (37)
The derivation of (3.7) is
1% ViU
F 4 <U1 — 71) "+ (U{ +V - 1) " =0. (3.8)
1
v/ U1

Set Uy = Uy — % Vo =U + V1 — , then Us, V5 are meromorphic functions of finite or-
der. It is easy to see that there ex1sts a set F4 having infinite logarithmic measure such that

logm(r.V) _ o(B) > h Tim cemnla) o(A) holds for all » € Ey. Then by (3.8), we get

lim logr logr

O L Uy f" + Vaf" = 0. (3.9)
Substituting (3.6) into (3.9), we have
9o + Uzgy + Vaga = — (¢" + U + Vap) . (3.10)

Let i = "+ Uz’ +Vay, if F, = 0, by Lemma 2.13, we have 03(¢) > o(B), this is a contradiction
with o2(p) < o(B), therefore F» # 0. By Lemma 2.5 (i7), we get Ao(f” —¢) = Ao (" —¢) = oa(f).

(4) Now we prove that A\o(f"” — ¢) = o2(f). Let g3 = f”" — ¢, then o3(g3) = o2(f) = o(B)
and

gy=fY -, g5 = - " (3.11)
The derivation of (3.9) is
FO 4+ U f@ + (U + Vo) " + Vi f" =0. (3.12)
By (3.9), we have
"n_ _i (4) mn
=% <f +Usf ) (3.13)
Substituting (3.13) into (3.12), we have
VyU:
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Set Us = Uy — " ,V3 =U)+Vy — V3 are meromorphic functions of finite order,
and it is easy to see that there ex1sts a set Fq having infinite logarithmic measure such that

lim leemlnVs) — 5By > lim Tim 28705 — 5(A) holds for all r € Ey. By (3.14), we have
— 00

v Yoy Tog 7
O 4+ Us @+ va " = 0. (3.15)
Substituting (3.11) into (3.15), we have
95 + Usgs + Vags = — (¢ + Us + V3) . (3.16)

Let F3 = ¢" 4+ Us¢' + V3. By Lemma 2.13, we have F3(z) # 0. And by Lemma 2.5 (ii), we get

Ao (f" =) = Xa(f" — ) = oa(f). , ,
(5) Now we prove that )\g(f(] — ) = o2(f)(j > 3,7 € N). Let ) = g + ¢ fFUHD =

g+ ¢ fUTD = g +¢"(j > 3,j € N), then az(gj) = 03(f9) = o(B)(j > 3,j € N). By

successive derivation on (3.15) and set U; = U;j_; — V._i Vi=Ul + Vi — Vj;,ff_l, we have
9 +Ujg; +Vigi = — (¢ + Uj' + Vo), (3.17)

where Uj;, V; are meromorphic functions of finite order, and it is easy to see that there exists a set

E; having infinite logarithmic measure such that hm % =o(B) > 11 % =o0(A)
— 00

holds for all r € E1(j > 3,5 € N). Let Fj(z) = <p"—|—chp +Vjp . By Lemma? 13, we have F; # 0.
Then by Lemma 2.5 (ii), we get XQ(fU) — ) =X (fY) —p) =0o(f) = a(B)(j > 3,j € N).

Case (i7): (1)Now we prove that Aa(f — ) = oo(f). Assume that f # 0 is a solution of (1.1),
by Lemma 2.10, we know that o9(f) = o(B) > 0. Let g = f — ¢, ¢ # 0 is an entire function
with a2(p) < o(B), then we have o3(g) = aa(f) = o(B), A2(g9) = Xa(f — ¢). Substituting
f=g+e,f'=d+¢, f"=¢"+¢" into (1.1), we have

9"+ Ag + Bg=—(¢" + AY + Bo). (3.18)

We affirm that " + Ay’ + B # 0. If ¢ + A¢' + By = 0, by Lemma 2.10, we have o3(yp) = o(B),
this is a contradiction with o2(p) < o(B). By Lemma 2.5 (ii), we have A2(g) = A2(g) = 02(g9) =
o(B), therefore \ao(f — ) = Xao(f — ) = 02(f) = o(B).

(2) Now we prove that Aa(f' — @) = oo(f). Let g1 = f' — ¢, then o9(g1) = o2(f) = o(B) and

"

ff=a+o " =g+, =gl +¢" (3.19)

From (3.3)-(3.5) in case (i), we set Fy = ¢" + Ur¢' + Vi, where Uy = A — %, Vi=A+B- Ag/
are moromorphic functions of finite order. By Lemma 2.9 and Lemma 2.12, it is easy to obtain
that for all |z| =r € E; — Ey and for any given £(0 < 2e < 7(B) — 7(A4)), we have

UL(2)] < exp{(r(A) +e)r"®}, [Vi(2)] = exp{(r(B) — e)r” P} (3.20)

where E7 is a set having infinite logarithmic measure, Fy is a set having finite logarithmic measure.
If F; =0, by Lemma 2.14, we have o2(¢) > o(B), this is a contradiction with o2(p) < o(B).
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Therefore F # 0. By (3.5) and Lemma 2.5 (i4) , we have Xao(f'— @) = Xo(f'— ) = 0a2(f) = o(B).
The following cases Xa(fU) — ) = Mo (fU) — @) = 0o(f) = 0(B)(j > 2,j € N) can be obtained
by the above similar proof.

4. Proofs of Theorems 1.2-1.3

Using the similar proof in Theorem 1.1 and Lemma 2.5 (), we can obtain Theorem 1.2. Using
the similar proof in Theorem 1.1 and Lemma 2.15, we can easily obtain Theorem 1.3.

5. Proof of Theorem 1.4

(1) Now we prove that A\(f — @) = Mf — ) = o(f) = "zk Assume that f # 0 is a
solution of (1.7), by Lemma 2.16, we have o(f) = "*k Let g = f — ¢, since o(p) < ”T““, then
o(g) =o(f) = ”}:k, Ag) = A(f — ¢). Substituting f =g+ ¢, f) = glk) 4 go(k) into (1.7), we

have

g™ + Pg = —(™ + Py).

—~

5.1)

If o) + Py = 0, by Lemma 2.16, we have o(¢) = "%, this is a contradiction with o(p) < 2F£.

By Lemma 2.5 (i) and o) 4+ Py # 0, we have A(g) = A(g) = o(g) = "+k , therefore A(f — ) =
Mf—¢)=olf) =2

(2) Now we prove that A(f' —¢) = A(f' —¢) = o(f) = . Let g1 = f' — ¢, by Lemma 2.16
and o(p) < n?:k we have o(g1) = o(f') =o(f) = "zk and

Fr=g1+ @, fED = k) o k) ) = B (k1) (5.2)
By (1.7), we get
f(k)
r=-I (5.3)

The derivation of (1.7) is
FED L plr L Pf =0 (5.4)

Substituting (5.2), (5.3) into (5.4), we obtain

K Pk P
gt = =gV 4 Py = — (o — oD 4 Py (5.5)
P P
Let Fi = — <go(k) — %gp(k_l) +Pgo). We affirm that F; # 0. If F; = 0, by Lemma 2.17,

we have o(p) = "T‘H“, this is a contradiction, therefore F; # 0. By Lemma 2.5 (i), we get
Xf = ¢) = A(f' = ¢) = o(f) = =&,

(3) Now we prove that A(f” — ) = AM(f" — @) = o(f) = "+k Let go = f” — ¢, by Lemma
2.16 and o () < ™%, we have o(g2) = o(f) = %~ and

£ = gy + o, fEFD ) L o0) 1) g (b=1) o (E-1) (5.6)
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Substituting (5.3) into (5.4), we have
(1) _ P ) | ppr
f Pf +Pf'=0. (5.7)
The derivation of (5.7) is

Flk2) _ Q_Plf(k-i-l) n

(k) " o_
> F® 4 prr=o. (5.8)

p P! 2
49—
72 ()

Substituting (5.6) into (5.8), we have

i 2P/ b1 P// Pl 2 b
gé)_ Pgé )+ —F+2 Nz gé 2)+P92
2P P PN\ e
= — {tp(k) - ?‘P(k D4 -7 +2 (F) =2 4+ P@} : (5.9)

/ 1" ! 2
If Fr(z) = k) — %go(k’l) + [—P? +2 (%) ] o2 4+ Py = 0, by Lemma 2.17, we have

o(p) = £ this is a contradiction. Therefore F; # 0. By Lemma 2.5 (i), we get A(f” — ¢) =
k
NP =) = o) = 25
(4) Now we prove that A(f” — @) = A(f" — ¢) = o(f) = Z£. Let g3 = " — ¢, by Lemma
2.16 and o () < £, we have o(g3) = o(f) = 2 and

I = g5+, fED = g 4 o) pE2) = gE7D) 4 6D, (5.10)

(-5)=(5)

The derivation of (5.8) is

f(k) + f(k+1) —i—Plf” —{—Pf”/ = 0. (5‘11)

By (5.8), we have

oL {f(k+2) _ Q_P/f(k-i—l) n

p P! 2
49—
P P Pt (P)

f("“)} . (5.12)

Substituting (5.12) into (5.11), we have

3P’ 3pP" P\?
(k+3) _ 2% p(k+2) 2 s
/ sy |2 o ()

7 ! DI /N 3
! pesny | BT OPPT (5) F® 4 ppr g

P—i_P2 P

(5.13)
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Substituting (5.10) into (5.13), we have

i 3P e 3P P 2 o p" 6P' P P 3 k3
gé)—?gé 1)+ ~p +6 P gg 2)—|— —?—F?—G P g:g )+P93
3P 3P P 2 pm 6P' P P 3
- _ (k) _ 22 (k=1) _ al (k—2) 42 al (k—3)
{<p T4 + P+6<P> ® + >t 6<P> ® +Py ;.
(5.14)

/ 11 / 2 111 ! 11 / 3
Lot Fy(z) = pF) =3 pk=1) ¢ [_% +6(%) } P2+ [‘% + O -6 () ] 5D 4 Py,

If F3(z) =0, by Lemma 2.17, we have o(p) = "T‘HC, this is a contradiction. Therefore F3(z) # 0.
By Lemma 2.5 (i), we get}(f’f’ —p) = )\(f’A” — ) =o(f) = 1~ A
(5) Now we prove that () —p) = A(fU) —¢) = o(f) = ZE(j > 3,5 € N). Let fV) = g+,

FOHI) = g o) pltim1) = gD 4 o1 (j > 3, j € N). By derivation on (5.13), we can

also get the following equation which have similar form with (5.14),

/ 17" N\ 2
k k— MpP P k-2
ol | e () | o e p
MP' MP" P2
= - {w(’“) - Ttp(k_l) tl-—p t2M (ﬁ) 2 P@} : (5.15)

/ 11 / 2
Let I} = k) — %go(k_l) + [—% +2M (%) ] k=2 ... 4 Pp . If F; = 0, by Lemma

2.17, we have o(p) = "T‘HC this is a contradiction. Therefore F; # 0. By Lemma 2.5 (i), we get

MfD =) =A(fY) — @) = 0(f) = (i > 3,5 € N).

6. Proof of Corollary 1.5
By the similar proof in Theorem 1.1 and Lemma 2.8 (i), we can easily obtain the Corollary 1.5.
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