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Attractors for a Class of Doubly
Nonlinear Parabolic Systems*

Hamid El Ouardi & Abderrahmane El Hachimi

Abstract

In this paper, we establish the existence and boundedness of solutions
of a doubly nonlinear parabolic system. We also obtain the existence of a
global attractor and the regularity property for this attractor in [L™ (Q)]2

2
and [[ B 71 (Q).

i=1

1 Introduction

This paper deals with the doubly nonlinear parabolic system of the form

Zi;;a—g;;*AmulJrfl(z,t,uhuz):O %an (0, 00),

=i — Apyus + fa(w, t,ur, uz) =0 in Q x (0, 00),

(S) U =us =0 in 99 x (0, 00),
bi(u1(.,0)) = b1(p1) on Q,
ba(ua(.,0)) = b2(¢)1) on Q.

Where ) is a bounded and open subset in RY, (N > 1) with a smooth
boundary 99, T' > 0. The operator A,u = div(|Vu[P=2Vu) is the p-Laplacian.

Monotone operators, in particular the ones that are subdifferentials of con-
vex functions, like p-Laplacian, appear frequently in equations modeling the
behaviour of viscoelastic materials (see [16] for instance), reaction-diffusion (see
[17], and references therein) and in mathematical glaciology.

Here, we study the existence of solutions for a class of doubly nonlinear sys-
tems including the p-Laplacian as the principal part of the operator, and we
use the general setting of attractors ( see [19]) to prove that all the solutions
converge to a set A, which is called the global attractor. In fact, few papers
consider the question in such situations. For instance, Marion [17] considered
the problem of solutions of reaction-diffusion systems in which b;(s) = s and
p1 = p2 = 2. L.Dung [13,14] treated a system involving the p-Laplacian and
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bi(s) = s, and proved that weak L7 dissipativity implies strong L°° one for solu-
tions of degenerate nonlinear diffusion systems and gives the existence of global
attractors to which all solutions converge in uniform norm. We mention that
to our knowledge, the doubly nonlinear parabolic system for the p-Laplacian
operator has never been studied, not even in the case b;(s) # s. In the classical
setting, i.e with p; = p2 = 2, the system with b; has been previously considered,
for example in [9] and [10]. We follow the approach of [10], generalizing some
results to the case p; > 1 and we extend the results of [11] to nonlinear system
(S). In the first section of this paper, we give some assumptions and prelimi-
naries, in section 2 and section 3, we prove the existence of an absorbing set
and the existence of the attractor, in section 4, we present the regularity of the
attractor and obtain the asymptotic behaviour of the solutions in the framework
of dynamical systems associated to the system (S).

2 Preliminaries, Existence and Uniqueness

2.1 Notations and Assumptions

Let b;, (i = 1,2) be a continuous function with b;(0) = 0. For ¢ € R ,define,
U, (t) = fg bi(s)ds. The Legendre transform U} of ¥, is defined as ¥ (r) =

sup{rs — ¥;(s)}. We shall assume throughout the paper that Q is a regular
seR

open bounded subset of RY and for any T > 0, we set Q7 = Q x (0,7) and
St = 90Q x (0,T), with 09 the boundary of Q. The norm in a space X will be
denoted by : |||, if X = L"(Q) forallr: 1<r < +oo. |||, , if X = W"9(Q)
forall g : 1< ¢ < +oo, ||.[[x otherwise and (.,.)y y, will denote the duality

product between X and its dual X ". We use the standard notation for Sobolev
spaces Wy (2),1 < 7 < +00, and their duals W~ (Q), where ' = r/(r — 1).
The following lemma are useful and frequently used :

Lemma 2.1 ( Ghidaghia lemma, cf [19])
Let y be a positive absolutely continuous function on (0,00) which satisfies

Yyt <A
with ¢ > 1,0 > 0,\ > 0. Then fort >0

y(t) < (%) T g — 1)

Lemma 2.2 ( Uniform Gronwall’s lemma, cf [19]) Lety and h be locally inte-
grable functions such that :
dr>0,a1>0,as>0,7>0,VEt>r71

t+r t+r
/ y(s)ds < aq, / |h(s)|ds < a2, y <h.
t t
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Then “
y(t+r) < —1+a2, YVt > T
r

We start by introducing our assumptions and making precise the meaning of
solution of (S).

We shall assume that the following hypotheses are satisfied :

(H1) (1,91) € [L*(Q)]

(H2) b; € CY(R), b;(0) = 0, and there exist positive constants v; and M; such
that

2

|bs| < ils|+ M;, Vs €R, i=1,2.
(H3) f; € CL(2 xR xR).

(H4) a) There exists positive constants ¢; > 0, ca > 0, ¢cg > 0 and a3 >
sup(2,p1) such that for any £ € R any N > 0 we have for any us :
|U2| <N

sign(€) f1(w, t, & uz) > er b1 (] 7 — ez,
tli%l+ sup | f1(2,t, &, u2)| < e3 (|§|O‘1_1 + 1)

[f1(z,t,& u9)| < ai(]€]) almost everywhere in Q x RT
where a; : Rt — RT is anincreasing function.

b) There exists positive constants ¢4 > 0, ¢5 > 0, ¢ > 0 and ay >
sup(2,p2) such that for any £ € R any M > 0 we have for any u; :
|U1| <M

sign(&) fa(z, t,u1,€) > cq |b2(§)|a271 s,
tli%a sup | fo(z,t,u1,8)| < ¢ (|£|a2—1 n 1)

|fo(z,t,u1,€)] < az(€]) almost everywhere in  x RT
where as : RT — RT is an increasing function.

(H5) 66]2 (z,t,m,C) exist and for all L > 0, there exists C, > 0 such that : if
|9+ [¢] < L then %fti (x,t,m,¢)| < CL, for almost every (z,t) € Q x RT.

(H6) a) There exist d; > 0 such that for almost every (z,t) € 2 x Rt and for
any N >0 and any us : |us| < N then

& — fi(z,t,§,uz) +61b1(§) is increasing.

b) There exist d> > 0 such that for almost every (x,t) € 2 x RT and for
any M >0 and any u; : |uj| < M then

& — fa(x,t,ur,€) + 02b2(§) is increasing.
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(H7) Je > 0: b(s) > ¢, for all s € R.
Definition 2.1 By a weak solution of (S), we mean an element w = (u1, usg) :
u; € LPH(0,T; W, P1(Q)) N L (Qr) N L (, T; L>(Q)) for all T > 0,
ot
and for all ¢; € LP(0,T; W, P (Q)) N L>®(0,T; L=(2))

/OT<%,¢¢>X“X£ dt+/0T/QE(vui)v¢idzdt/OT/in(wmdxdt

and if 92 € L*(0,T; L% (Q2)),$:(T) =0 then

[ (E5the, == Lo -suton G

where X; = L(Q) N Wy (Q), X[ = L'(Q) + W2(Q) and Fi(€) = [¢[" ¢
for any &£ € RV,

€ LP (0, T; W1 (Q)) + L (Qr),

2.2 Existence
2.2.1 Existence
We have the following.

Theorem 2.1 Let the general assumptions (H1)-(H7) be satisfied, then for any
T > 0, the problem (S) has a weak solution (u1,uz2) such that

w; € LP (0, T; Wy P (Q)) N L= (7, T; Wy P () N L>(Q)),
and bi(u;) € L*(Q7) N L>®(0,T; L*(Q)).

Proof. By the existence of theorem [11,theorem 3.1,p.3], there exists two
functions u{,u solutions of the problem

0
Wilid) — Apyul + e, t,uf,0) = 0 in Qr
(Pl,o) u? =0 on St
b1 (uf(.,0)) = bi(e1) in )
6b261;u2) Ap2u2 + f?('r 07 ug) =0 mn QT
(P2,0) =0 on ST
b2(“3(-a 0)) = ba(th1) in Q
and u) € LP(0,T; Wy (Q)) N1 L (7, T; Wy (Q) N L=(Q)) ,¥7 > 0. By
(u?,uY) we construct two sequences of functions (u?}), (u%) such that
i) Apuf + fi(e touf,uy ™) =0 in Qp, (2.1)
(Prn)q uf =0 in Sp, (2.2)
by (uf (-, 0)) = bi(e1) on Q. (2.3)

EJQTDE, 2006 No. 1, p. 4



And

Palui)  Ap,uf + folz, t,uf L ug) =0 inQp, (24)
) uy =0 in Sp, (2.5)
ba(uz (., 0)) = bz(v1) on Q.  (2.6)

(P,

2,n

The existence of solutions will be shown via some a-priori L>° estimates on
(uf,u¥) and lemma 2.3 and lemma 2.4. In all this paper, we denote by ¢;
different constants independent of n and depending on p;, 2, T. Sometimes we
shall refer to a constant depending on specific parameters : ¢(7), ¢(T), ¢(7,T).

Lemma 2.3 Under the hypothesis (H1)-(H7), there exist ¢; > 0 such that for
any n € N and any 7 > 0, the following estimate holds

||U?HL°°(T,T;L°°(Q)) <or(r,T). (2.7)

Proof. The casen = 0 has been observed. Assume that (2.7) is valid for (n—1)

and let us derive the estimate for n. Now multiplying (2.1) by |by (u?)[* b1 (u1) and
using the growth condition on by, and (H4) a) we deduce for all 7 > 0

1 d k+2 / k+o
—_—— by (ul d by (ul Ydx <
s LDl e e [ e <

09/ by (u)|* T da. (2.8)
Q

Setting yrn(t) = [[b1(uf)| zr+e(q) and using Hélder inequality on both sides,
there exists two constants A\g > 0 and pg > 0 such that

dypen (t o
Wen®) | oy 1) < o, (2.9)

which implies from a lemma 2.1 that

y(t) < (%) aT - _12)15]ﬁ —cio(t)  Vi>0. (2.10)

As k — 400, and for any all ¢ > 7 > 0, we have by (2.10) and (H2)
[uy ()]l oo () < c11(7). (2.11)

The same holds for uy
[uz ()]l oo () < c12(7). (2.12)

Lemma 2.4 Under the hypothesis (H1)-(H7), for all 7 > 0, there exists con-
stants cj, c; such that the following estimates hold

HU?HLP'L(O,T;WULP‘L () < 013(T), (213)
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HU?HLoo(T T.Wl’Pi(Q)) < C14(7_7 T)7 (214)

/ / V2dwds < c15(r, T), (2.15)

t+1
and / / bl (ul) V2dxds < c16(7), for anyt > 1 > 0. (2.16)

Proof. Taking the scalar product of equation (2.1) by u} and (2.4) by u3,
integrating on € and using hypothesis (H4), we get

%li{/ﬂ\lff(bi(u?))dm} +§;/Q|vu?|pi i

i=1

2
+c1 Z / |u'|* dz < co. (2.17)
i=1 /&
But (1] 2 () Ht1 2y < ¢ = fo (¥F (b1(1)) +\1/* (ba(101))) dz < ¢, where
U¥ is the Legendre transform of ¥;, U;( fo s)ds. So, integrating (2.17)

from 0 to T" we obtain

2 T 2 T
Z( I/ |wmm> dods + e1ry ( I/ |u?|“i>dmdsscn<T>. (218)
—1 \Jo Ja = \Jo Ja

Hence (2.13) follows.

Taking the scalar product of equation (2.1) by % 6“1 and (2.4) by 5= “2 integrating
on §, it follows by (H2),(H7) and lemma 2.1 that for any all ¢ 2 7' >0,

g/ﬂbxu?)(a di;[ [ 1w ) =

fiz, t,ul, uh™h) atldx— folz, t,u ™t ul) aidm
<5 [+ ast) (2.19)
=9 L, i\ gy ) G ST '

Then, we have

i/ﬁbé(%‘)(aa 2d gi[i/ﬁum“ dx} < c19(7). (2.20)

Integrating (2.20) on (¢,t + 7), then yields

2

i/HT/b;(u?)(%)deJrZ {2 |Vl (t + 1) dz] =
i—1 Ut Q ot pi
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22:[ /|VU I”idw}JrcT- (2.21)

i=1

Integrating (2.17) on (¢,t + 7) and using lemma 2.3, we get

2 t+7 1
Z/ [—/ |Vui (s)” dxds} <cp, VE>T>0. (2.22)
im1 7/t Pi Ja

By the uniform Gronwall’s lemma 2.1, we obtain

2

Z [/ [V (t)]” d:c] <ecy, Vt>7>0,Vn € N*,
Q

i=1

Integrating now (2.20) on (¢,¢ + 7), we have

Z/ /b’ Ydads < ca0(7),

which gives by (H2)

2 ptT n

ob;ul
g /t /Q(a—?)Qd:Eds < ea1(7).
i=1

Passage to the limit in in the process (P1,) and (P3,)

By lemma 2.3 and lemma 2.4, there exist a subsequence (denoted again by u,
i = 1,2) such that as n — +o0: u — u; weak in LPi(0,T; Wy "' (Q)) and
in LO‘I(QT) ul — ul' weak star in L°°(T T; Wlp’( ),V 7 >0, bi(ul’) — n; in
L2(Qr), 2 ( ) is bounded in L2(r, T; W=1#(Q)) for any 7 > 0, divF;(Vul)
— x; in weak LP7~ 0, T; W~ p(Q)) Moreover standard monotonicity argument
gives x; = divF;(Vu), n; = b;i(u;). To conclude that w = (u1,u2) is a weak
solution of (S) it is enough to observe that fi(z,t,uf,u)™ ") converges to
fi(x,t,ur,ug) and fo(z, t,ul "t ul) converges to fa(x,t,ui, uz) strongly in
LY(Qr) and in L*(7,T; L*(Q)) for all 7 > 0; and for all s > 1, thanks to Vitali’s
theorem. Whence w = (u1,u2) is a solution of (S).

2.2.2 Uniqueness

Proposition 2.1 The solution of (S) is unique. Moreover, if (ui,u2) and
(v1,v2) are two solutions, corresponding respectively to initial data (p1,v1) and
(p2,12) such that p1 < 11 and pa < 1hy then u; < v;.

Proof. Suppose that (u1,us) and (v1,v2) are two solutions, corresponding re-
spectively to initial data (¢1,11) and (@2, 12) such that ¢1 <11 and o < 1.
Following Diaz [5, p.269], we consider the following test function : w; = Hp, (u; —
v;),n>1,(i=1,2) by
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H,(s) = 2
() 277/57”25 71 %<S§%,
1 s> %
It is easy to see that
0 < (H,)(s) < 1ir_£1 s(Hy,)' (s) = 0.

Ha(s)| <1, T Hy(s) = sign.(s)

0 s<0

and nETmS(H")(S) =5y = { e .20

Considering the systems (S) verified by u = (uy, u2) and v=(v1,v2) , we get

Z/ / i(ui) = bi(v;)], Hn(ui —v;) +
; /0 /Q [|vui|m—2 Vu; — [V [P ~? wz} (Vg — Vi) (Hy)' (ui — vi)+

Z/ / i, un, un) — filw, vr,v9)] H (s — v3). (2.23)

Since (Hy,)'(s) > 0, we deduce that

nEIfooZ / | [row

By (H7) and (2.24), (2.23) becomes

Z// (i) — bi(w)], sign.s (u —vz<klz// (il 5)) = bi(wi (9],

(2.25)

pi— Vuz |V,

pi= sz} (Vs — Vo) (Hp ) (s — ;) > 0.

(2.24)

by Gronwall’s lemma, we get

Z// i 1)) = bilui( kltZ/ i(pi) = bi(i)], Vit € [0,T].

(2.26)
Since the second term vanishes and recalling that ¢; < ¥; and ¢s < 19, this
means that b;(u;) < b;(v;), and by monotonicity of b;, we obtain u; < v;.
Uniqueness is now an obvious consequence.

Remark. i) Our calculations above are formal. We may assume that the
solutions are smooth enough to have all estimates we need. Such assumptions
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can be justified by working with regularized problem

Py

6bz(ul) i 2 5
e Ta div [{|Vul| + 5} Vu;

+ fi(z,u) =0

whose solutions are smooth so that the following argument can be carried out
rigorously. One can see that the estimates obtained are independent of the
parameter €, so that, by taking the limit, they also hold for (S).

ii) Assume that hypothesis (H1) to (H7) are satisfied and f; does not depend
ont: fi(x,t,ur,us) = fi(x,u1,us2), then theorem 2.1 establishes the existence

of dynamical system {S(t)},., which maps [LQ(Q)]2into [LQ(Q)]2 such that
S(t)(p1,¥2) = (ua(t), ua(t)).

3 Global attractor

Proposition 3.1 Assume that (H1)-(H7) hold and f; does not depend on t,
the semi-group S(t) associated with problem (S) is such that

(i) There exist absorbing sets in L7 (Q)), for 1 < g; < 400.

(it) There exist absorbing sets in Wy'P* (Q) x W, P?(Q).

Proof. Let u; be solution of (S) and ] solution of (P; ) such that u — w; .
Then for fixed ¢ > 7 > 0, lemma 2.3, lemma 2.4 and Sobolev’s injection theorem

imply
(t <
||uz ( )HL%‘(Q) = Cry
and Hu?(t)Hwol,pi(m) <es, Vix>T.

As n — 400, we get
[ui(t) || Lo () < e,

and ||u1(t)HW01’Pz(Q)) < ¢, Vi>rT.

Remark. By proposition 3.1 we deduce that the assumptions (1.1),(1.4) and

(1.12) in theorem 1.1 [19] p23 are satisfied with U = [L2(Q)}2. So, by means
of the uniform compactness lemma in [7, p. 111], we get the following result.

Theorem 3.1 Assume that (H1)-(H7) are satisfied and that f; does not depend
on time. Then the semi-group S(t) associated with the boundary value problem

(S) possesses a mazimal attractor A which is bounded in [Wol’pl (Q) x WP (Q)|N

[L>=(Q)]?, compact and connected in [L? (Q)]2 . Its domain of attraction is the

whole space [LQ(Q)}Q.
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4 A regularity property of the attractor

In this section we shall show supplementary regularity estimates on the solu-
tion of problem (S) and by use of them, we shall obtain more regularity on
the attractor obtained in section 3. We shall assume that there exist positive
constants §; > 0 and a function H from RY*2 to R such that :

filw,u) = gi(u) — hi(z) = 6; 5%
(H8) < f; satisfy (H3),(H4),(H5) and (HG6),
and h; € L>(Q)

(H9) b; € C?(R) and Jv;, M; > 0 such that v; < bli(s) < M;, Vs € R. We shall
denote : F;(€) = |€|Pi=2)/2¢ for all € € RN, The following lemmas are used in
the proof of the main results of this section.

Lemma 4.1 Assume that (H1)-(H9) are satisfied, there exist constants C' =
C(e1,11), such that for any T > 0

Hui||Loc(07T7W01’pi (Q)) S C < OO, (41)
Ouy;

and H Y <C < oo. (4.2)
ot L%(Qr)

Proof. Multiplying the equation ‘%%—(;“) div [|Vul|pl_2 Vuz} +6;2

+ (u;), and we obtain

z/b'

Zau _Oby

ddt—i-z

/ |Vu, (., T)|" dz = (4.3)

pzz

/Q[fHo,ul(T),uz(T)HH( wl,wdzf—/ Vel 1dx+—/ IV P? da.

H is continuous and (u1,usg) is bounded, we then obtain

Z%/ 5“% V2 dxdt + Zp /|Vul

hence (4.1) and (4.2). W

;D1 dx < C((pl,wl) (44)

Lemma 4.2 Let p; €]1,2[, then we have the following estimate

Z/|Vu [P dx < CQQZ/'VUAPICZ‘T —I—Z /‘ (V) ‘ dx,
4.5)

with a constant cog > 0.
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Proof. Straigthforward calculations see [9] give

[ wwy wutte = -1 (2 [ @wr o

As E;(Vw;) = |Vw1| le , we get |Vw;| = |E;(Vw;) 7 and Vw; = |E; (le| > E(Vw;)

Hence

(sz')’— IE(sz)I n (Bd(Vw))
which yields

Ei(Vwy) [P [(Bi(Vw))'[”

2

: 2
Vi = ()
p

So that, the Holder inequality can be applied to give

/ |V’wglpZ dx S 023/ |E1(le)|27p1 (El(le))' b dx
Q Q

<o / BV da + 22— 1) [ (5w
then yields (4.5). For stating the next theorem we introduce the hypothesis
(H10) N=1 and 1<p;<2 or N>2 and ﬁ—%gpi<2.
Theorem 4.1 Let f;,b; and p; satisfies hypothesis (H1) to (H10).

A2
Let r(t) =0, [o bi(us) (ul) dxz. Then
r(t) <eos(r), Vt>7>0. (4.6)

where co5 18 a positive constant depending on T.

Proof. Differentiating equation 617%(;“) div [ Vuz} +gi(z,u) = hi(z)

with respect to t, we get
2
/ " " / —
Vi (wi)uf + b (u;)(uf)? — div (F;(Vu,))') + g Wjuj =0. (4.7)

Now multiplying (4.7) by u;, and integrating over € gives

2 2

2 2
1 1" "3 / ’ ’ / agi(u) ’ ’
z ) (4, F , / N Wde =
+3 Z'E—l/sz (ui)(u}) d:z:—l—;:l Q( (V) Vuide+ A igﬂ jél au, uj | ujde =0,
(4.8)
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the L™ estimate and hypothesis (H9) imply successively

2
/ Zzagzuj u; uyde < M Z_Zl/ﬂ(u;)de

i=1 j=1

(4.9)

(4.10)

VZ/ d<r(t

On the other hand, by Gagliardo-Nirenberg’s inequality, Young’s inquality and

(4.5), we obtain

f—Z/b” 3das<c25Z||uz||2 1) JchSZHVm
Q

=1 =1

P1+

2

Alp; — 1
> # (E:i(Vu))'| da, (4.11)
i—1 i Q

where q; = 8P __
i 3Np;+6p;,—9N *
By (4.9),(4.10),(4.11), (4.7) becomes

2
(pi (p ) / ‘ vul ’ dx < 0272 ||U ||3(1+QZ

i=1
2 2
: 2
s S IVl 5+ 20 S (112)
i=1 '
Now (4.11) and estimate (2.13) give
1 2. 2(p 2
57"’(15) + Z > ‘ (V)| de < e (r(t))” + c30 for any t > 7 > 0.
(4.13)

Using estimate (2.14) now gives

2
1 ,

Z [—/ [Vl d:c] < cs1(r) Vt > T for any 7 > 0,
Pi Jo 2

i=1

integrating (2.20) on [¢,¢+ %], then yields

4+
Z/ / bl (u;) ? ddt < c32(T), for any ¢ > % > 0. (4.14)

That is
(4.15)

t+3 -
/ r(s)ds < c33(7), for any ¢ > 3> 0.
t
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Coming back to (4.13) and using the uniform Gronwall’s lemma 2.2 gives
T T
r(t+ 5) < c34(7), for any t > 5> 0.
Hence

r(t) <e¢;, for any t>7>0.

By use of theorem 4.1, we shall now arrive to the aim result of this section.

Theorem 4.2 Let f;,b; and p; satisfies hypothesis (H1) to (H10). Then, for
any T > 0, the solution of system (S) satisfies the following reqularity estimates

5 C L3(7, +o0; L*(2)), (4.16)
and w; € L™ (7, +00; BL7:Pi (Q)). (4.17)

Moreover, there exists a constant c; > 0 such that

72)/2 8Vuz
ot

 dim [ Vuq|® 2t ,t41522(0)) < (7). (4.18)

Proof. By theorem 4.1 and hypothesis (H2), we get :
2 Abi(u;)\* .
Z T de < Mr(t) <c¢(r) for any ¢>7 > 0,then yields (4.16).
i=1 Q
Integrating (4.13) on [t,t + 1], for any ¢ > 7 and using theorem 4.1 then yields:

2 t+1
Z/ ’(E'z(Vm))I’2 dxds < ¢(1), for any 7 >0, (4.19)
= Ji 0

whence the estimate (4.18). On the other hand by (H10) there is some o}, 0 <
ol < 1, such that : L2(Q) € W02 (Q) where p/, is the conjugate of p; : that is
, i + % =1 Simon’s regularity results [18], concerning the problem

— Aty = — fi( 1) = bi(ug)s € L (7, +00; B P (Q)).
Then give for any t > 7,

i (5 DN rvameppammozom o) < €ss 1filw) = bilu) (|l _or sy A cao(7).

) Q)

Hence estimate (4.17) follows.
For a solution (u1,uz2) of (S), we define the w — limit set by : w(p1,91) =

w = (w1, ws) € (Wol’pl (Q) x LOO(Q)) N (Wol’pz (Q) x LOO(Q))
ui (., ty) — wy in LP1(Q)

Jtn — +o00 ua(.,t,) — wao in LP2(Q)
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Corollary 4.1 Under the assumptions (H1) to (H10), we have w(p1,¢1) #
0 and any (wi,ws2) € w(pi,v1) is a bounded weak solution of the stationary
problem
—Apw; + filz,w) =0 in Q
{ w; =0 on 0f)

Proof. From (4.19) we obtain w(yp1,v1) # 0, letting w; = lirJIrl w;(., tn) and

w = (w1, ws) € w(pr, ), we get that w is a solution of the Dirichlet problem
for elliptic system. The proof is analogous to DIAZ and DE THELIN [4] and
is omitted.
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