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Varieties of affine modules

By B. CSAKANY in Szeged

Let R be a ring with unit element. Any n-ary (n=0) polynomial f=/(x,, ey Xp)
of a unital right R-module A is of the form

(1) T xlgl+“'+xngn

where g;€R (i=1, ..., n). Denote by I the family of all p'olynomials of A satisfying
2 0;=1. We can associate with A the algebra A*=(4; I) which will be called an

affine module over R.

Affine modules were introduced by OSTERMANN and SCHMIDT in [9]; in the
case when R is a field this notion coincides with that of the affine space over R,
treated by Mac LANE and BIRKHOFF in [2]. In [6] GIVANT, characterizing varieties
in which all algebras are free, announced that all affine spaces over a d1v1s1on ring
(defined similarly) form such a variety.

In what follows we show that all affine modules over any ring with unit element
form a variety and we give an abstract characterization (in terms of subalgebras
and congruences) up to (rational) equivalence in MAL’CEV’s sense (see [3], Chapter 9)
for varieties of affine modules. Such varieties over commutative rings as well as
over fields are also characterized. Finally, we show that any variety of affine modules
determines its “‘ring of scalars™ up to isomorphism.

The basic terminology we use is adopted from [1]. Note, however, that we will
denote polynomial symbols and polynomials induced by them in the same way. Some-
times we write (g, ..., @,) instead of the polynomial f given by (1). The base sets
of algebras A, B, ... will be denoted by 4, B, ... . All rings which occur in the follow-
ing are supposed to have a unit element and all modules will be unital right modules.
We shall denote the class of all R-modules by . (R), and the class of all affine mod-
ules over R by &/ (R). For any R-module B the associated aﬂine module will always
be denoted by B*.

Proposition. For any ring R, o (R) is a variety.
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Proof. S(«/(R))S & (R). Let A be an R-module, and suppose that M is a
subalgebra of A*. Choose an s¢ M. We show that M,={m—s|meM} is the base
set of a submodule M; of A, and M=M; €./ (R). Indeed, if a, b€M, o€R, then
a—s)+b—5=01, —1,D(a,s,b)—scM, and (a—s)o=(0, —0, 1)(a, s, s)—sEM,
hold. Further, let mp=m—s for any mcM; then for arbitrary ¢,, ..., 0,€ R (with
sum 1) and my, ..., m,€ M we have

@1 -5 Q)M @, ..., my@) = Zoim— 2 ais = Z0im—S =

= ((e1> > @) (my, .. '(nn))tp,

hence ¢ is an isomorphism of M onto M?.

H(Z R)ES A R). If 0 is a congruence relation (shortly: congruence) on A*,
then @ is a congruence on A, too: a=a;, b=b, (0) (a, a;, b, b€ A) imply a+b=
=, ~1, (a0, )=(1, —1, )(a, 0, b))=a,+5,(#) and ap=(g,1-9)(a, 0)=
=(o, 1 —0)(a,, 0)=a,0(0) for any gc R. Hence A*/0=(A/0)* follows immediately.

P(/ (R))S o/ (R), since IT(A}]jeJ)=(IT(A;|j€J))*. This completes the proof.

Theorem 1. A variety & is equivalent to o/ (R) for some ring R if and only if
in any algebra of & every subalgebra is a block of a unigque
congruence, and every block of any congruence is a subalgebra.

()

Proof. Observe first, that condition (*) means exactly that £ is Hamiltonian
(i.e., subalgebras are blocks of congruences; cf. '[8]), idempotent (all operations
are idempotent) and regular (see, e.g., [S]). Note that subalgebras and congruences
are invariant under equivalence of varieties; hence to prove the necessity of con-
dition (%) it is enough to deal with the variety ./ (R) for an arbitrarily chosen ring R.

Clearly, &/ (R) is idempotent. In order to show regularity we apply the charac- -
terization of regular varieties in [5]. As for the operation (1, —1, 1), the identity
(1, -1, D(x, x, z)=z and the identical implication (1, —1, 1)(x, y, z)=z=x=y are
fulfilled, ./ (R) is regular. Finally, if A is an R-module and M is a subalgebra of A%,
then — as we have seen in the preceding proof — M is a block of a congruence
of A. By the definition of operations, all congruences of A are also congruences
of A*. Thus M is a block of a congruence of A*; hence o/ (R) is Hamiltonian.

The proof of sufficiency needs the following lemma which is analogous to
Lemma 2 in [4]: :

Lemma 1. Let # be a Hamiltonian, idempotent and regular variety. Suppose
AcR; let B, C be subalgebras of A such that BUC generates A and BN C consists
of a single element e. Then A~BXC and there exists an isomorphism ¢: A~BXC
such that for any b€ B and c€C, bo=(b, €) and co={e, c) hold.
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Outline of proof. The Hamiltonian property and regularity of % imply that
B and C determine uniquely the congruences B, resp. y of A, for which they are
blocks. For any a€ A there exist a unique b€ B and a unique c€ C with a=5(y) and
a=c(B). The mapping ¢ defined by ap=(b, ¢) is the desired isomorphism of A
onto BXC. Details — mutatis mutandis — may' be found in [4].

We prove the sufficiency by constructing a suitable ring R for any Hamiltonian,
idempotent and regular variety 4% such that 27 (R) will be equivalent to £. We estab- '
lish the equivalence of these classes with the use of the following fact: varieties
A and & are equivalent if and only if there exists a weak isomorphism (in the sense
of Goerz [7]) between the countably generated free algebras of these classes, which
induces a one-to-one correspondence between free generating sets. To make so, we
need a further lemma.

Lemma 2. Let R be an arbitrary ring. If ¥ is a free algebra over .4 (R) with
the free generating set X, then ¥* is a free algebra over of (R) with the free generatmg
set {0YUX.

Proof. Suppose that in F* the equality
2 (015 s Om) Wigs -5 ¥i) = (015 o5 0) (Vjys -5 93,)
holds, where g, 6,€R, > o,= > 6,=1, and yik,yj‘E{O}UX. We may assume that
k []

the y; as well as the y; are paifwise different. It is enough to prove that (2) holds
Jdentlcally in o (R).Y) If none of i, and Yi, equals 0(¢ F), then we may consider
(2) as an equallty in F, which holds identically in .# (R), and hence in & (R), too.

Suppose now, e.g., y; =0. If none of y; equals O, then Vi@t +y; on=
=y; 61+ +y; 0, in F, and this equality holds identically in any R-module. "Con-
sider R as an.R-module and substitute 1(€R) for each y; and y; in this equality.
Then we get go+-- +90,=0,+--- +0,(=1), whence ¢,=0. Hence it follows that (2)
holds identically in &/ (R).

In the remainder case, let y; =0 for some / (I =/=n). Now the above considera-
tion shows that Vi,@at- Y @m=Y; Oty 00+ Y; Ot ty; 0
holds identically in any R-module and 21=0,. Therefore, ag,+a; g,+--+a; L On=
=a; 61+---+a; 0,_,tao+a; Ma,“-i- “+a; o, for arbitrary elements a, a,k, a;,
(with a; =a; whenever y; = yjl) of any R-module. This means that'(2) holds identically
in o/ (R), completing the proof of Lemma 2.

Let F@ be a free algebra over a Hamiltonian, idempotent and regular variety
# (which will be fixed in the sequel) with the free generating set {x,, x;, x,}. Let
Fy; and Fy, denote the subalgebras of Fy,, generated by {x,, x,} and {x,, x,}, respec-

1) This means: ‘‘if in (2) we replace Yip -+ ¥y, bY polynomial symbo]s Xiys -y X, TESPECtively,
. and polynomials by the associated polynomial symbols, then we get an identity in 2/ (R)”.
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tively. Then F,UF,, generates Fy,. On the other hand, FyNFy,={x,}. Indeed,
let x€F,,NFy; then there exist binary polynomials g and 4 over Fy, such that
x=g(xy, x;)=h(x, X;). The second equality holds identically in 2; hence, by
idempotency, we have x=g(x,, x,)=h(x,, Xo)=X,. Thus, we can apply Lemma 1:
- Fo12=2Fg; X Fgp, and there exists an isomorphism ¢ such that for any binary poly-
nomial k over Fop (k(x, X))@ =(k(xo, x,), Xoy and (k(xo, X2)) @ ={x,, k (X0, X2))-
We can find a ternary polynomial f over Fy;, such that ( f(x,, Xy, X))@ ={x;, Xx5).
Let F, denote the free algebra over # with countable free generating set
{xo» X1, ...}, and for any x, y€F,, let x+y=f(x,, x, ). This binary algebraic func-
tion over F will be called addition. We show that (F,; +) is an Abelian group.
First, <X1 > x2> =(f(xo: X1 xz))‘P =f(Xo0, X1 @, X200) :f((xo, xo>), <x1, x0>, (xo, x2>)=
={ f(xq, X1, Xo)» f(Xo, X9, x2)). Hence f(x, y, x)=f(x, x, y)=y is an identity in Z.
Then for any x€F, we get x+x,=/(x,, X, Xg) =X, and similarly, x,+x=x; i.e., x,
is the zero element for the addition. _
‘Let now F,, be a free algebra over # with free generating set {y,, ..., y,,
Xg» X15 -5 Xp}- Let F,o and Fg, denote the subalgebras of F,, generated by
{xo, X1, ..., X,} and {x,, y4, ..., ¥}, respectively. Lemma 1 applied to algebras F,,,,
F,o and F,, furnishes the following fact: F,,, = F,, X F,, and there exists an isomorph-
ism ¢ such that for any (n+1)-ary polynomial / over F,q, (I(xq, Xy, ..., X)) Y=
=((xg, X1, --.» X,), Xop and (I(xq, Y1, ..y Y)W ={Xo, [(Xp; 1, -.., ¥)) hold. This
implies .
(3) I’(f(xm xl,yl): :f(an xn:'yn)) =:f(x0’ P(xu s xn): p(yl: e yn))
for any n-ary polynomial p over F,,,. Indeed,
P(f(xm X715 y1)9 af(xo’ Xns yn)) =
= (P(f(xow, x1w3 yl‘a[/)’ 1f(x0l//, xn!//a yuw))‘{/—l = .
= (p(f(<x0’ x0>’ <x1, x0>$ <x0’ y1>), sf(<x0’ x0>’ <xna x0>: <x0’ yn))!p_l =
= <p(f(x09 X1, xO), ,f(xm X,,, xO))’P(f('xO’ xo, y1)9 -_--af(xOs X0 yn))>¢—1 =
= <p(x17 seey xn)3p(y‘1; e yn)>lp_1 =
= <f(x0’ p(xl) cees x,,), xo)’f(xo, xo,._p(yly v yn)))'//_l = .
‘= (f(<x0: x0>: <p(x1’ LRER] xn)’ x0>, <x0,P(J’1, LERE] y,,)>))¢“1 = )
= (f(xO lp’ (p(xl, ey xn))lp’ (p(yl, ’yn))lp))lp_l =
=f(x0,p(x1, reey xn)sp(yla seey yn))
Since (3) holds identically in £, for p=f and for any x, y, z€ Fm we get
x+(y+z) :f(f(xo, xO: xo):f(xo, X, xO)}f(xo: Vs Z)) :
=f(x0’f(x0: Xy y)’f(xm Xos Z)) = (x,+y)+z’
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i.e. the addition is associative. Commutativity of addition may be checked analog-
ously. Finally, again by (3),
x+f(x’ Xo» xO) :f(xO:f(xO’ X, xO)’f(x’ Xo05 xO)) =
=f(f(xo, Xo5 X), f(Xo, X, Xo), f(Xo, Xy, xo)) =f(xg X, Xo) = X,
showing that f(x, x,, x,) is the additive inverse of x in F,.
Let us consider the set R of all unary algebraic functions over F, which in-
volve no constants unless x,. For each such function t there exists a binary poly-

nomial ¢ over ¥, such that xt=¢(x,, x) for any xcF,. We define addition and
multiplication on R as follows:

x(1;4+71) = X1, +x75, X(7170) = (x7,)75.

It may be seen immediately that R is closed under these operations; furthermore, addi-
tion is associative, commutative and invertible (namely, x(—17)=£(¢(x,, %), Xo, Xo))s
while multiplication is associative, left distributive and has a unit element (namely,
the identical function). Right distributivity follows from (3):

‘75((714‘72)13) = (X4 +XT9) T3 = te(xo,f(xm 1, (X0, X), (X, x))) =
:f(xo’ t3(xo, 11(xg> X)), 3(xq, 1:(Xg, x))) = (XTl)Ts+(XT2)T3 = x(1173+To Ty).

" Thus, R=(R; +, -) is a ring with unit element. Let R={g|0€ R}, and R=(R; +, )
a ring isomorphic to R under the one-to-one correspondence g<g.

To get the desired equivalence we show the existence of a weak isomorphism
x of the free affine module G over R with countable generating set onto F, which
maps the free generating set of G onto that of F,. By Lemma 2, G may be given-
in the form G=F%*, where F is the free R-module with countable free generating set
{%1, x5, ...}, and the free generators of F* are {0, x,, x;, ...}; then each element
of G can be written in the form X; O+ +X; @n, Where g, ..., g, are. non-zero
elements of R, and this representation is unique (empty sum is allowed).

Define now y by (x; Ot X Q,,,)x le@1+ “FX; Om (at the right hand
side, Xx; are free generators of F,, addition and “scalars” are the above-defined
algebraic functions on F,). Furthermore, let Oy=x,. Then y maps the free gen-
erating set of G onto that of F,. Observe that y is one-to-one; indeed, if

@ Xyl t X, 0m = X010 % -+ X;,0,

holds in F,, then (4) (which is a short form for the equality of two elements of F,,, .
whose full expression involves the polynomials SoFis cors Py 815 ..., 8, and the free
generators Xo, X; , ..., X; , Xj ;5 ...y X; )holds identically in £. Replace allx and x

- except x; by x,; then using 1dempotency of allr, and s, we get r;(x,, X; )= x0 unless
X; =X, for some L But r,(xo, x;)=x, holds also 1dentlcally in 4, whence it follows
’ 91_0 m R, a contradiction. Thus we conclude that x; =x; and rl(xo,xl)—



8 _ B. Csakany

=5(xo, x;)=5,(Xo, X; ), whence ¢,=g0, in R. Now a trivial induction shows that
the two sides of (4) are the same. '

To prove that y is onto we use (3) in the form p((x;+y1), ..., (X, + V)=
=p(Xy, ..., X)+P (Y1, ..., v (i-€., addition in F, commutes with all polynomials).
Any element of F, can be written in the form p(x,, ..., x,); but

p(xgy ooy X)) = p(x0+x0+'--- +Xg, Xo+ Xy +Xg+ -+ Xg, o0 Xo o X+ X,) = ‘
= p(Xg, Xg5 -oes xo)+P(x0’ X1, Xgy ooes Xo)Aooo P (Xos 05 Xg5 X).

For any i (1=i=t) there exists a binary polynomial p; such that
. P(xm-naxmrxi,xm "'9x0) :pi(xo’xi)'
Hence
P(Xg5 o5 X)) = p1(Xo, X))+ P (X X) = Xy Ty A e X, = (X Tt e+ X)L
where the unary algebraic functions =; in R are defined by x7m;=p;(x,, X).

To complete the proof, we need a one-to-one correspondence { between all

polynomials G and F, with the property that for any n-ary polynomial ¢ of G and
for arbitrary y;, ..., ¥,€G the equahty . '

(O (g1 - ,y,.))x = (qC)(ylx,. s VaX)

holds. Since polynomials of G are the same as (fundamental) operations, every
polynomial of G is of the form (@, ...,8,), Where g, ..., 0,€R, Zéi:,l. Let

(@15 - s 8))(Z1, oo 2)=2101F - +2,0,. There is an n-ary algebraic function of
F, on the right side; we show that in fact it is a polynomial. Since £ is Hamiltonian,
- 'the subalgebra H of F,, generated by {x;,..., x,} is a block for some congruence
0 of F,. Then x; 0,4+ +X,0,= X, 01+ - +X; 0,=%,(0), whence x; 0, ++- +x,0,6H.
Thus, there exists an n-ary polynomial r of F,, such that x; g, + - +x, 0, =7 (X1, ..., X,).

Hence z,0,+: - +2,0,=¢(zy, ..., z,) follows for any z,, ..., z,€F,.

To show that { is onto and one-to-one we may proceed similarly as in the case
of x, but we must take into consideration that now the g; may equal 0. Finally we
prove (5) for g=(g,, ..., 8,) and arbitrary elements yi=x Tyt +x,1, (=1, ..., 0)
of G. We have

(@15 - Y = (e + -+ T )+ o+ X (T 0+ - + T @)X =
=X (ot F )+ F X (T F T ) =
= (x1T11+ X Tt Gt F X T)Cn = (@)X s YuX)s
which was needed. '
_Call a variety x4 Abelian if in all algebras of &/ any two operatlons commute
(i.e., for any m-ary g and n-ary A, . _
g(h(Xas s X1a)s oo s B(Xmys v s X)) = R(8(X11, -v s Xma)s € TR Xpi))
. is an identity in /). '
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Theorem 2. A variety R is equivalent to o (R) for some commutative ring R
if and only if & is Abelian and satisfies condition (). =~

Proof. On the base of Theorem 1, necessity is obvious from the description
of operations on affine modules and the definition of Abelian varieties. Let now %
be an Abelian variety satisfying (* ). With notations used in the proof of Theorem 1,
we have to show that the ring R of all unary algebraic functions on F, involving
no other constants than x,, is commutative. Let o,, 0,€R; then for any x€F,,

x(e102) = rz(xo, ry(Xo, x)) = ’2(’1("0, Xy), r1i{Xo, x)) =
= "1("2(-’(0: Xo); P2 (Xg, x)) = rl(xo’ ro(x, x)) = x(0:04),

€., 010:=0201-

Theorem 3. 4 varlety R is equivalent to the variety of all a_[ﬁne modules
( =affine spaces) over a field if and only if # is Abelian, equattonally complete and
satisfies condition (% ).

" Proof. In view of the preceding theorems, necessity is implied by Givant’s
result mentioned in the introduction. Let now £ be an equationally complete Abelian
variety satisfying (). It is enough to show that the function ring R is simple. In other
words, we need the following fact: if a commutative ring with unit element, say P,
has a proper ideal J, then the variety 2 of all affine modules over P has a pfoper
(non-trivial) subvariety. : ‘

We may assume that P/J is not isomorphic to'P. Let # denote that block of”
the congruence determined by J which contains n(€P). With any affine module
over P/J we can associate an affine module over P with the same base set by defining.
the operations as follows: (my, ..., M) (Y1, -0, YO=CF1, ..oy T (P15 -5 Vi) Apply-
ing the closure operators S, H and P, one can easily check that the affine modules.
over P obtained by such a way form a subvariety 2’ of #. Moreover, 2’ is equiv--
alent to the variety of all affine modules over P/J, whence, especially, follows that.
%’ is non-trivial. Finally, P=P implies that the variety of all affine modules over P
is equivalent to the variety of all affine modules over P/J. The following theorem.
shows that this is not the case, and thus 2’ is a proper subvariety of 2, qu.ed.

Theorem 4. If, for any rmgs R, and R,, o4 (R,) and o4 (R,) are equzvalent
then R, and R, are isomorphic.

Proof. For i=1, 2, R; when considered as an R;-module is a free R-module
with the free generator 1. Lemma 2 implies that R} — as an affine module over R, —
is free in o (R,) with the free generating set {0, 1}. As =/ (R,) is equivalent to &/ (R,)
there exists a weak isomorphism y of R} onto R} such that 0y=0, 1y=1, with cor-
respondence of polynomials {. Let, especially, (g, 1 —@){=(g’, 1—¢") for any binary
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polynomial (g, 1 —g) of Rj. Define the mapping ¢: R, ~R, by op=¢’. Since { is
one-to-one and onto, the same is valid for ¢. We show that ¢ is an isomorphism
of R, onto R,; for this aim, it suffices to show that ¢ is homomorphic.

First we prove

(6 . a, —-1,¢ =@, —1,1).

Let (1, —1, 1){=(a, B, y); then using (5) for g=(1, —1, 1) and y; =1, y,=y;=0, we
obtain a=1. Similarly we get f =—1, y=1. :
Now from (5) and (6) it follows

2) = (25 T=CeHp) ) (1, 0) = (3, L= Gx+)(1, 0)x =
= (1, =1, D(G> 1~2)(1, 0), 0, (3, 1-3)(L, 0)x =

= (1, =1, D@ 1-2)(1, O, 0z, (3, 1=, O)x) =

=(1, —1, 1)((x’, 1—x)(1,0),0, (", 1-y)(, 0)) =x"+y.

Finally, for any x, y€R, we have (xy)x=(xy+0(1—»)x=(, 1-y Y(xy, 0)=
=(xy)y’, whence

) = A6y = (lxy)x = (lx)x y = (1pxy =x"y,

completmg the proof. :
Note that the proof of theorem 3 mdlcates also.the fo]lowmg result: A variety
of form .o/ (R) is equationally complete if and only if R is a simple ring.
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Hamiltonian varieties of universal algebras

By L. KLUKOVITS in Szeged

A group is called Hamiltonian if its every subgroup is normal. Generalizing
this notion, T. Evans [4] introduced the Hamiltonian property of loops. He called
a loop A Hamiltonian if its every subloop is a block of certain congruence of A,
and proved that a variety of loops is Hamiltonian (i.e., every loop is Hamiltonian
in the variety) if and only if it is a variety of Abelian groups. In this paper we shall
study a natural generalization of this notion for universal algebras and describe
the Hamiltonian varieties of universal algebras. Our way is independent of that of
Evans and furnishes, among others, a new proof of his result, too.

Definition. A universal algebra (shortly: algebra) (4; Q).is called Hamiltonian
if its every subalgebra is a block of some congruence of {(4; Q). A varlety of algebras
is called Hamiltonian if every algebra is Hamiltonian in it.

This condition was applied in some earlier papers of K. SHODA [6] and B. CsA-
KANY [3].

We shall often use the following lemma Wthh is a special case of a theorem of
MAL’CEV ([S] Theorem 5).

Lemma. Let (A4; Q) be an algebra and B a subset of A. The subset B is a block
of some congruence of {(A; Q) if and only if for any translation © of A either BrCB '
or BtNB=@ (Bt is the image of B under the mapping t).

The Hamiltonian varieties are characterized by the following

~ Theorem 1. A variety of algebras N is Hamiltonian if and only. if for any
n-ary polynomial symbol g there exists a ternary polynomial symbol k, such_that the
identity : )

(*) . g(xl’ X2, ""xn) = kg(x(l’g(an Xg5 wers xn)7 xl)

holds in .
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Proof. Let the variety U be Hamiltonian and consider the free algebra F(¢9)
generated by the set {x,, x,, ..., X,}. For any n-ary polynomial symbol g, the mapping
T: y—+2(y, Xz, ..., X,) (yEF) 1s a translation of F. Consider the subalgebra A of
F generated by the set {x,, g(x,, Xz, ---, X,), X1}. Since x,7€4, by the lemma, we
have x,1€ 4. Thus there exists a ternary polynomial symbol k, such that the equality

X7 = g(X1, Xgy oons Xa) = ky(Xo5 8(Xo, Xas -5 Xi), X1)

holds. Since F is a free algebra of the variety 2 this equality is an identity in .

Now, we suppose that for every n-ary polynomial symbol g of the variety ¥
there exists a ternary polynomial symbol k, of 2 satisfying the identity (). Let
- D(€NA) be any algebra and A a subalgebra of D. Consider a translation t of D such
that atcA for some a€A. This translation can be given by a polynomial symbol
g(x1, x5, ..oy X,): av=g(a, ds, ..., d,) where d,, ..., d,€D. Then, using (%), for any
element b(€ 4) we have

bt = g(b’ d2: -":dn) = kg(a’ g(as d27 “'>dn)’ b)

and therefore bt€ A. By the lemma, the proof is complete.
In theorems 2—5 we establish some basic properties of Hamiltonian algébras

Theorem 2. For any algebra A the following two conditions are equwalent.

(i) A is Hamiltonian, .

(i) any subalgebra of A generated by three elements is a block of some congruence
of A.

Proof. Since (i)=(ii) is obvious it is enough to prove that (ii)=(i). Suppose
that every subalgebra of A generated by three elements is a block of certain con-
gruence of A but A has such subalgebra A, which is not a block of any congruence
of A. Thus, by the lemma, there are elements a,, 4,5, a; in 4 and A has a translation
7 such that @,7=a, and a;7¢ 4,. Now the subalgebra of A generated by the set of
three elements {a,, a,, a5} is not a block of any congruence in view of the lemma and
we have got a contradiction, which completes the proof.

Theorem 3. The Hamiltonian property is local.

Proof. We shall show if an algebra A is not Hamiltonian then it has a ﬁmtely
generated subalgebra which is not Hamiltonian.

Let A be any algebra and A, a subalgebra of A whlch is not a block of any
congruence of A. Now, by the lemma, A has a translation t (at=g(a, 4, ..., a,)
for every aEA) and A; has elements b, ¢, d such that '

bt =c and dr¢A4,.
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Consider the subalgebra A, of A generated by the finite set {b,¢,d, a,, ..., a,}.
The algebra A;NA, is such a subalgebra of A, which is not a block of any con-
gruence of A, (7 is a translation of A,, too). The proof is complete.

The reader can prove in a routine way the next

Theorem 4. Any homomorphic image‘and any subalgebra of a Hamiltonian
algebra is Hamiltonian, too.

In view of Birkhoff’s characterization of varieties, by Theorems 3 and 4 the
following question is raised: does the class of all Hamiltonian algebras of the same
type form a variety? The answer is in the negative. Indeed, the Cartesian square of
the quaternjon group is not Hamiltonian.

Theorem 5. In any category of Hamiltonian algebras the eplmorp/nsms are
surjections.

‘

Proof. Let A and B be Hamiltonian algebras. Suppose that the epimorphism
&: A—~B is not surjective. Then B has a proper subalgebra C which is the image
of A under the epimorphism &. Since B is Hamiltonian, it has a congruence 6, such
that C is a block of 8,. Consider the following homomorphisms «,, «, from B into
B/o,: ' : :

bay = [b]6,, bay = C

for all b€B. Now, it is clear that ex; =cx,. But «;5#a, which is a contradiction.

Theorem 6. (T. Evans [4].) 4 variety A of loops is Hamlltoman if and only
if it is a variety of Abelian groups.

Proof. Let the variety U of loops be Hamiltonian. Then A is (polynomially)
equivalent to a variety R of all unital right R-modules over a ring R with identity
element (see [3], Theorem 4). Every operation of R can be written as a sum of unary
operations [2] and therefore we have the identity

(%) ' xoy = xa+yf

PN L]

where “o0” is the operation of the loop and o, € R. Under this equivalence the
identity element e of the loop corresponds to 'the zero element of R. Substituting
x=e¢ and y=e respectively we have got « = =1 (the identity element of R). Thus the
operation of the loop is associative and commutative. ‘
‘ In an earlier paper [7] we studied the Abelian property of universal algebras.
We called the algebra (4; Q) Abelian, if for any operations u and ¥ (m- and n-ary,
erespctively) and any matrix (a;;),.m over 4 the equality :

(@ - Ayt o @y oo )V = (Gyy ... A V) - Gy -+ Ay VI
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holds. It is easy to verify that for varieties of loops, rings and lattices the Abelian
and the Hamiltonian propérties coincide, i.e., if a variety of loops (rings, lattices)
is Hamiltonian then it is Abelian, and conversely. Therefore, a natural question
can be raised: do the two properties coincide at any variety? The answer is in the
negative. We can find a counter example among the varieties of unital semimodules
over a semiring [2].

o Theorem_‘7. The variety R of all unital right semimodules over a semiring R
with identity element is Hamiltonian if and only if R is a ring.

Proof. Let FE€R be a free algebra with the set of free generators {Xq, Xy, ..., X,}-
Any polynomial symbol g(x;, Xs, ..., x,) of R can be written in the form-

gt o, X) = nyt o+ X7,

-where_ Vis -oos VaER I Ris Hamiltonian we have, by Theorem 1, ternary polynomial’
symbol k,(x, y, z)=xx,+yx,+zx; such that in F the equality

Xy Y1 XgPat o+ X, V0 = Xo¥y+ (XYt Xo Yo+ -+ Xy V) %o + X1 %5

holds. Since F is a free algebra in R this equality is an identity in R and we have
the following set of equations

(*) tnne =0, 3=y, ye=7 (=23 ..,n).

This set of equations has to be valid for any polynomial symbol g with suitable
%1, %o and x,. If y,=1 for i=1, ..., n we have got from (%) that %,=3x;=1 and
%1+ x#,=0, hence it follows »x,=—1, therefore R is a ring.

On the other hand, if R is a ring then the set of ‘equations (*) can be solved at
any y; (i=1, ..., n). Indeed, %,= —y,, %=1 and x,=y, are solations.

Theorem 8. The variety R of all unital right semimodules over a semiring
R with identity element is Abelian if and only if R is a commutative semiring.

Proof. Let the variety R be Abelian and consider the. following operation
g Of m: ’ .
X10Xp = X0+ X3 B,

where o, f€ R. Since the semiring R under its own addition and right multiplication
is a unital R-semimodule in R, by the definition of the Abelian property, we have -

aff=Pa, using the matrix
o d
0 0)°
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Such operations can be constructed by any elements o, B of R and thus we have
proved that the multiplication in R is commutative.

The sufficiency is obvious.

Since the classes of rings and commutative semirings.do not contain each other
there exist Abelian and non Hamiltonian varieties and conversely.

The author expresses his thanks to B. CSAKANY for his valuable suggestions
during the elaboration of this theme. :
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Varieties of idempotent medial quasigroups

By B. CSAKANY and L. MEGYESI in Szeged

Quasigroups are algebras with three binary operations -, /, and \, called
multiplication, right, and left division, respectively, which are connected by the
identities

M xyly = Y\yx = (x[y)y = y(y\x) = x.

A qua51group Q is idempotent if its multiplication is idempotent. Q is called medial if,
for the multiplication, the 1dent1ty

@ () (o) = () (yv)

holds. These two conditions — separately as well as jointly — were studied by several
authors; see, e.g., STEIN [11] and BELousov [2], [3].

In what follows we apply the results of the preceding paper {7] to characterize
varieties of idempotent medial quasigroups, especially the variety of all such quasi-
groups and equationally complete varieties of them as well. The considerations we
made are closely related with the recent investigations of MITSCHKE and WERNER [10];
as a matter of fact, the group01ds involved in [10] are equivalent to special idempotent
medial quasigroups.

We will use the conventions of [7] without further references. We write abc
instead of (ab) c; more generally, the absence of parentheses in any product indicates
that multiplication must be performed from left to right even in the case when ex-
ponents occur; e.g., a(bc?)d denotes (a ((bc) 0)d. Let P denote the ring of all rational

f(x)

(=)
Theorem 1. T he variety P of all idempotent medial quasigroups is equivalent

to the variety of all affine modules over P. Any variety & of idempotent medial quasi-

groups is equivalent to the variety of all affine modules over some homomorphic image
of P.

functions of form ————, where f(x)EZ[x] and k, / are non-negative integers.

2 A
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Proof. To prove that # is equivalent to & (R) for some commutative ring R,
it is enough to show that £ is regular, idempotent, Abelian and Hamiltonian. Indeed,
in this case £ satisfies the conditions of Theorem 2 in [7].

Any variety of quasigroups is regular [6]. As Stein observed [I1], in any quasi-
group the idempotency of multiplication implies the idempotency of both divisions;
hence # is idempotent. Again by [11], from mediality of multiplication follows the
mediality of divisions, and so each fundamental operation in % commutes with itself;
in order to prove that £ is Abelian it remains to show that they commute with each
other. Using (1) and (2) we obtain '

x[y-ulv = (x/y-ulv)(yo)/yv = xufyv,

and similarly we get the other two desired identities. )

Let Qc# and consider an arbitrary subquasigroup A of Q. Then the distinct
sets of form Ag= {aq|a€ A}, where q is a fixed element of Q, furnish a partition of Q.
Indeed, suppose AbNAc= & (b, c€ Q). We have to prove 4b< Ac. There exist a,, a,
A such that ¢, b=a,c. Take an a; from A; then

agh = (azja))b = ((as/ dl) b) (@)= ((113/ al)b) (ay b\az c) : ((a3/ a,) (‘11\‘12)) c;

i.e.,, AbS Ac. Now the mediality implies that this partition is compatible with the
quasigroup operations, showing that 4 is a congruence class in Q. Thus, the Ha-
miltonian property of £ is established.

Thus, Z is equivalent to <7 (R) for some R. We have to prove that R is a homo-
morphic image of P. The set R equipped with the ring addition and right__mulﬁplica-
tions is a free R-module with the free generator 1. By Lemma 2 in [7], the associated
affine module R* is free in <7 (R) with the free generating set {0, 1}. Let F, denote
the free idempotent medial quasigroup with the same free generating set. Then there
exists a weak isomorphism ¢: F,—~R* such that 0p=0, 1p=1. Denote by { the
one-to-one correspondence of the polynomials of F, and R* under this weak iso-
morphism. )

Take (-){=(x,x’). Then 1=1-1=(x, x’)(1, )=x+x", whence- x'=1—x. If
(N, =(u, v’) then 1=(1/0)0=(lu+0u")x+0(I'—x)=1x, and, by idempotency of the
right division, #’=1—u. If (\){=(v, v"), then we get v(1—x)=1, v’=1—v analo-
gously. Observe that for any f(x)€Z[x], and non-negative integers k, /, the ring R
contains the product f(x)u*v’. On the other hand, using the commutativity of R
and the equations ux=v(l —x)=1, an induction (on the number of fundamén_tal
operatibns occuring in the expression of elements of F, over {0,1}) shows that
every element.of (Fy¢=)R may be written in the form f(x)u*v'. Hence there exists

J(x)

Ty - f(x)u*v"), proving the second
x —_—

a homomorphism of P onto R (namely,
part of the theorem.
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°

Now we can assume that & is equivalent to &/ (Ry) for some homomorphic
image R, of P. It is clear from the proof of Theorem 3 in [7] that o/ (R,) is equivalent
to some subvariety of & (P). But & (P) itself is equivalent to some variety of idem-
potent medial quasigroups. Indeed, the polynomials

® R E O ).

considered as multiplication and divisions, satisfy (1); further, an induction (on the
arity) shows that all polynomials of any affine module over P may be expressed as
polynomials over (3). Thus, P is-also a homomorphic image of Ry, whence, using
the fact that P is Noetherian, it follows R, =P, qu.e.d.

Corollary 1. There exist countably many varieties of idempotent medzal quasi-
groups.

Theorem 2. The equationally complete varieties of idempoteni medial quasi-
groups coincide up to equwalence with the varieties of affine modules over finite ﬁelds
except GF(2). o

Proof. In virtue of the remark at the end of [7], the varieties of quasigroups
in question are equivalent to varieties of affine modules over simple quotient rings
of P. Such quotient >rings are fields; we prove that they are finite. Observe that P
is a homomorphic image of the polynomial ring Z[x,, x,, x3], because the last one
is free with the free generating set {Xl, Xz, Xz} in the variety of commutative rings
with unit element. It is known, that any maximal ideal in Z[x,, x,, x;] has a finite
index there (see [4], p. 68.). Hence the same holds for P. Thus, the quotient fields
of P are finite, indeed.

On the other hand, any finite field K consisting of at least three elements, is a
homomorphic image of P, because the correspondence 00, 1 -1, x—« (where
‘o is a multiplicative generator of K) may be extended to a homomorphism of P onto
K. The trivial fact that no polynomials of affine modules over GF(2) may be essen-
tially binary, completes the proof.

Corollary 2. There exist countably many equationally complete varieties of
idempotent medial quasigroups. :

Theorem 2 enables us to axiomatize equationally complete varieties of idem-
potent: medial quasigroups. Let K be an arbitrary finite field consisting of g(=2)
elements. Take a generating element o of the multiplicative group of K. Let &k be
the unique integer between 0 and g—1 for which o*=(1—a)~! holds; let, further-
more, for i=1,...,g—2 the integer ic (0<ioc<g—1) defined by the equétion
a”=a'**—a+1. This definition fails for i=—(k+1) (mod (g—1)) if 2|g and for

_1 . .
i= —[q—2—+k+1] (mod (g—1)) if 2{g, and so the mapping ¢ has a domain con-

2%
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taining ¢—3 numbers; it is one-to-one and its range does not include q—l—k
but (g— 1 —k)o exists always- unless the domain of ¢ is empty.

Theorem 3. The variety A of idempotent medial quasigroups determined by
the further identities

1]

(6) xly = xyi73,

) ' Y\x = x5,

(8) xyix =xp® if 1=i=g—2 and ic is defined,
) xyix=y if 1=i=qg—2 and io is undefined,

is equationally complete and equivalent to o7 (K).

Proof. Any affine module A over K considered as a quasigroup with multi-
plication and divisions
(10) 1w, @ L 1-a™), (-0 1-(—-u)™)
belongs to . Indeed, a routine computation shows that A is idempotent, medial,
and the identities (6)—(9) are satisfied. in it; furthermore, the familiar induction
used in this paper, gives that all polynomials of A may be expressed as poly-
nomials over (10). It remains to prove that £ is equationally complete.

" Observe first that (6) and (7) implies the identities

(6) xyt = x,
(7) : L yxyf = x.

Only (7) needs a verification. Using several times the identity
(n - LX)y =y(xp)

(a consequence of the idempotency and mediality) we get yxy*=y(xy*)=y(y\x)=x.

We establish the equational completeness of 4 by proving that any algebra
A, in 2, with a minimal generating set of » elements, is determined uniquely up to
isomorphism. A, consists of a single element. Let A, be generated by the set {x, y}.
We show that 4, consists exactly of the elements

(12) Vs X, XYy ooey XPITE
For this aimi we show that the product of any two elements from (12) occurs in (12)

(since, in virtue of (6)—(7), divisions in A, can be expressed by multiplication). This
requires some computations which may be surveyed on the following table:

I - ¥y x xy‘2'
v | o+ ay ]|
x * | * | @6

a1 * | % 17
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- Here -asterisk means that pfoduct of the leading members indicating the con-
sidered row and -column obviously occurs in (12); the numbers in brackets refer to.
the computations what follow:

13) ' yx & pxya-1 = pxpkya-1-k O cpa-ik
‘ _Hencé also |

a9 : : Xy x? = xpam ok

follows in the case when to is undefined.

(15) ) Wy & ekt @ ypaoneae

(16) | ¥ (o) & x(xy)xkxa-1-k @
[ xyloxa-t-k=1  py (8) for to defined,

= xPxi~i-k =4y by (9) for to undefined and k = g— 2
xyi~1-kx9-1-k=2 by (14) in the remainder case.

We can iterate, if it is necessary, the last step of (16) until finally we get an expression
of form y or xy". The computation of (xy™) (xy’?) will be divided into three parts
accordmg to’ the cases r1>t2, ty=t,(=1) and t;=<1,.

L x (t,—t)a+1, b 8) fOr t—1.)o deﬁned,
(__17.1,). () () £ xphtaxyts :{ e y ( (t—1)

y : .by (9) for (¢, —1,)0 undefined.
(172) . ' () () = xy"
xy('z"’l) + or
17 i ® a_w{
(17,) (o) L xorsgpn B

Furthermore, the elements (12) are pa1rw1se distinct. Indeed, y=xy* (0<t<g— 1)
1mphes y=yyaii- ‘—xy" '=x by (6'), in contrary to the assumption. From the
regularlty of A, no other pairs of elements in (12) may equal. Thus we showed that
A, consists of the q. dlstmct elements (12) and its multlpllcatlon table is uniquely

: deﬁned :

Suppose, by induction, that A, (n=2) is unique, and let the minimal generating
set' of A,.; be {x4, X1, ..., x,}. Then [xy, x;] and [x,, ..., x,] are isomorphic to A,
and A,, respectively. Clearly, [xy, x,]U[x,, ..., X,] generates A,,,. On the other
hand, [x;, ,1N0[x;, ..., X,]=x,, since if x€[xy, x,JN[x, ..., X,] holds for x5 x,, then
[x, x,] = A, =[xq, x1], whence [x, x,]=[xo, x], 1.€., [xg, X E[x15 ..., X,], denying the
minimality of {x,, x, ..., x,}. Hence we can apply Lemma 1 from [7]: A, =
= {x,, X1 X[xy, ..., x,] =A,XA,, and so A,,; is unique up to isomorphism.
Thus, " is equationally complete, ending the proof of the Theorem.
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Corollary 3. Equationally complete varieties of idempotent medial quasigroups
are equivalent to varieties of groupoids.

Remarks 1. The varieties %(n, k) of groupoids, discussed in [10], are also,
in fact, equivalent to varieties of idempotent medial quasigroups. Indeed, as it is shown
there, 9(n, k) is equivalent to o/ (R(n, k)), where R(n, k)=Z[x)/(x"—1, x*+x—1).
Now, for any natural numbers k<n, R(n, k) is a homombrphic image of P under
the homomorphism %—»f(r)r‘"‘”““”"""’, where r=x+("—1, *+x—1)
in R(n, k). Hence 9(n, k) is equivalent to a subvariety of 2; i.e., it is equivalent to
some variety &, ; of idempotent medial quasigroups. Note that 2, may be axi-
omatized by the identities x/y =xy" "%, y\x=x3" "%,

2. The solution of Plonka’s problem (Corollary 7 in [10]) can be derived from
the above considerations as'well. Let ¢ be the variety of groupoids satisfying the
identities x*=x, x(yx)=y and xyz=zyx. The last identity implies the mediality;
defining x/y by yx and y\x by xp, 4 becomes a variety of quasigroups, which is
clearly equivalent to 4. By Theorem |, % is equivalent to &/ (R) for some ring R,
generated by an element a, such that the operation (o, | —a) of « (R) corresponds
to the multiplication of &. Then Plonka’s second and third identities, rewritten with
the aid of «, give a?=1—« and a(l —a)=1, and this implies that R=GF(4); i.e., 4
is equivalent to o/ (GF(4)).

. 3. The characterization of medial Steiner triple systems (Corollary 8 in [10])
as affine modules over GF(3) is even the special case K=GF(3) of Theorem 3. For
related results, see [1] and [9].

4. Algebras with one ternary operation T which commutes with itself and satlsﬁes

the identity

(18) ) =ty =T(yxx) =y

were discussed by ALIEV [1], who called them S *-algebras. Aliev’s results jointly
with Givant’s characterization of varieties in which all members are free [8] imply
that the variety &* of all S*-algebras is equivalent to & (GF(2)). This fact can be
deduced also from our considerations as follows. Obviously, &* is idempotent and
Abelian; further the defining identities involve that the S *-algebras are essentially
flocks with commutative covering groups ([S], p. 40), whence &* is regular and
Hamiltonian. Then Theorem 2 in [7] shows that &* is equivalent to &/ (R) for some
commutative ring R. Now the routine discussion of the identities (18) furnishes
that R is generated by its unit element, and 1 =—1 in R. Hence R=GF(2).
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. Varieties in 'Which congruenées__ énd:subalg'ebras ar_e amicable

By B. CSAKANY in Szeged

In earlier artlcles (61, [8] we proved If In each algebra of the varlety d any
subalgebra is a block of a unique congruence, and’

every congruence has a-unique block which is a subalgebra
all block of any congruence are subalgebras

then o is equivalént to the variety of all

Junital right modules
affine modules

over some ring with unit element.

These results suggest that it may be fruitful to mvestlﬁate those varieties in
which there exists.a similar but more general connection between congruences and
subalgebras. Such a connection can be introduced in the following .way.

Let M be a non-void set, S a set of its subsets and 2 a set of equivalences of M
We say that © and X are amicable, if every S€® is a block of.some c€2 and every
o€X has a block which belongs to &. Uniquentess of the corresponding equivalences
and blocks is not required. If, especially, M is an algebra, & the set of its subalgebras
and X the set of congruences of M, then in the above case we say shortly that in M
the .congruences and subalgebras are amicable. Finally, if the same is fulfilled in
each algebra of a variety .o/, we Say that"in‘a{ congruéﬁces and subalgebras are
amicable.

Following KuroS§ (2], § 14; see also [11]), we call a variety .« Abelian, if in
all algebras .of ./ any.two operations commute. Our result: consists of a- full de-
scrlptlon of equatlonally complete Abelian varieties- with .the property in the title.

Theorem. A variety o is an equatzonally complete Abelian vartety in whzch
congruences and subalgebras are amicable zf and only 1] A is equwalent to one of the
Jollowing varieties: : : :

(a) varieties of vector spaces over fields,

(b) the variety of pointed sets,

(¢) varieties of affine spaces over. ﬁelds (see [3] Ch. XII, and [8])

(d) :the variety of sets. .

o
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Corollary. An Abelian variety is categorically free (i.e., exhausted by its free
algebras) if and only if it is an equationally complete variety in which congruences and
subalgebras are amicable.

As a preparation of the proof, we formulate several lemmas.

Lemma L. In any Abelian algebra the set of all idempotent elements') forms a
subalgebra.

Indeed, let fand g be n-ary, resp. m-ary polynomials on the Abelian algebra A;
further, let q,, ..., a, be idempotent elements of A. Since f and g.commute, we have

g(flay,..c,a), ... flay, ...,a))=f(glay, ... @), ..., g@,, ..., a))=fla;, ..., @), l.e.,

f(a,, ..., a,) is also idempotent.

Lemma 2. In any algebra a subset closed with respect to endomorphisms gen-
erates a fully invariant congruence.

‘

Let A be an arbitrary algebra, M a subset of 4, and denote by the sign ~ the
congruence of A generated by M (i.e., the smallest congruence of A under which
all elements of M are congruent). Then, for a, b€ A, a~b means that there exist
elements a=a,, a,, ..., a,=b such that for suitable translations (i.e., unary algebraic
functions) 1y, ..., 7, of A and elements my, ..., My, My, ..., My €M the equa-
tions my;;1;=a;_,4; (i=1,...,k; j=0,1) hold. For any x€4 and for i=1,..., k
let the i 1mage of x under 7; deﬁn_ed by t;,(x, cixs ..., c,~,'_), where ¢; is a polynomial of A
and ¢, ..., ¢; €A. Suppose that M is closed with respect to endomorphisms of A. For
any such end'omorphism ¢ denote by t? the translation x—¢; (x, ¢y 0, ..., Cu, P)-
Then for ap=a,0, a,0, ..., a,9=>bg, for 1{, ..., 1¢, and for the elements m;;oc M
we have (m;;0)tf =1,(m;;0, cy, .. =(t:(m;j, ¢y, ..)) 0 =a;_1+ ;@, whence ap=bp,
which was needed.

The following fact is familiar:

Lemma 3. A free algebra in an equationally complete variety has no other fully
invariant congruences than the trivial ones.

Lastly, we recall a useful result of KLukovits [12]:
Lemma 4. A variety o/ (of type t) is Hamiltonian (i.e., in any algebra of o
every subalgebra is a block of some congruence) if and only if for any n-ary polynomial

symbol f (of type t) there exists a ternary polynomial symbol h, (of type 1) such that
in o the identity .

0)) ‘ S (X1, oo x,) = hp(xo, X1, f(Xo, Xas -y X))
holds.

1) We call an element of an algebra A idempoten: if it forms a one-element subalgebra of A.
A class of algebras is idempot_ent if its every algebra consists of idempotent elements only.
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Proof of the theorem. Sufficiency is obvious. To prove the necessity, let
us consider an equationally complete Abelian variety </ in which congruences and
subalgebras are amicable. The last condition means exactly that o/ is Hamiltonian
and any algebra in ./ has at least one idempotent element. We shall distinguish
two cases. . '

1. &/ is not idempotent. : :

Let F,, be the o/-free algebra with countable free generating set. The idempotent
elements of F, form a proper subset M in F,. By Lemma 1, M is a subalgebra in
F,. Obviously, M is closed under endomorphisms of F,,. Since .« is Hamiltonian,
M is a block of the congruence generated by itself in F,. Hence this congruence
has at least two blocks. On the other hand, this congruence is fully invariant by
Lemma 2, and, using Lemma 3, we get that our congruence is just the equality.
It follows that F, has a unique idempotent element 0. Then there exist an essentially
nullary polynomial whose value is O in F,,; denote it also by 0. Now we shall distinguish
two subcases.

a) For some n>1, of has an essentially n-ary polynomial.

Suppose that # is the minimal among such natural numbers; we show that n=2.
Denote by F, the o/-free algebra freely generated by the set {x,, ..., x,}.and let f
be an essentially n-ary polynomial. Since n is minimal, f(0, &%, ..., &") — where &
denotes the i-th n-ary projection — is essentially not more than unary and so for
some [ 2=i=n) f(0, x,, ..., x,)€[x;] holds, i.e., for a suitable unary f; we have
f0, x5, ..., x,)=f;(x;). Applying Lemma 4, we get .

f(xla LA | xn) = hf(oa xlaf(os Xas ooes X,,)) = hf(O’ X1 ’.fl(xi))e[xla xi]’

whence f is essentially binary. In what follows we write f multiplicatively.

Let F, be the s/-free algebra with free generators x and y. Define on F; an
equivalence ~ as follows: for a, b€ F,, let a~b if a-0=5b-0. This relation is a
fully invariant congruence on F,. Indeed, for any m-ary operation g and q, ...
s @y by, o, b, EF, from ag;~b; (i=1, ..., m) it follows (using 'thatf and g com-
* mute): '

) glay, ...,a,)-0=g(a, -.., a,,,)-g(_O, e, ) =
‘ =g(a;+0, ...,a,-0) = g(b,-0, ..., b,,-0) = g(by, ..., b,)-0,
whence g(ay, -.., a,,) ~g(by, .-., b,). Further, if a, b€ F, and ¢ is any endomorphism
of F,, then a~ b implies ‘ _
3) ac+0 = ag-00 = (a-0)c = (b-0)6 = bo -0,

i.€., ac ~ bo. .
On the basis of Lemma 3, ~ is trivial. Suppose that it is the complete relation;
then O is a right zero element with respect to f. Let /* denote the polynomial & -¢j.
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Using Lemma 4, we- get ; . : e o

L ay= f*(y,x) =10, yf ©, %) = h,,(o ¥, x-0) = h+{0, 7, 0),

a contradiction since f is essentially binary. Hence it follows that ~ is the equality
relation on F,. This means that the mapping ¢,: F,—~F, defined by ap;=a-0 is
1—1. Moreover, ¢; maps F, onto itself. Indeed, as (2) and (3) show, the image
of F, under ¢, is a fully invariant subalgebra in F,, whence, by Lemma 2 and 3,
this image is either {0} or F,. The first case infer that & is trivial. Thus, F,@,=F,;
ie., p;: F,—F, is a bijection. We can get in an analogous way that the mappmg
@y: Fo—F, defined by ap,=0.4 is also a bijection.

Let f~1(x, y) be the unique element of F, for which f~ 1(x, y)@,;=x holds. Then
S7i(x, ¥)-0=xis an identity in &7, whence f~1(x, 0) - 0=x follows. We get similarly
a binary polynomial ~Yf satisfying 0- ~f(0, x)=x. Now we take the polynomial
Sk, 0)- (0, &3); it will be called addition and denoted additively. We see that
0 is the unit element with respect to addition.

Next we prove that in o/ the direct and the .&/-free products of two algebras
coincide.-As'it was proved in [5] (Theorem 1), this fact jointly with the existence of 0
in' implies that s/ is’equivalent to the variety of ‘all unital right semimodules over
some associative semiring R-with unit ‘element. Let A, B€.#/; then AXB is gen-
erated by'the union (')f its subalgebras (A, 0)= {(a, 0)|@€ A} and (0, B)={(0, b) | b€ B};
furthermore, (A, 0)=A and (0, B)=B. Consider an arbitrary algebra C¢e.« and
homomorphisms ¥ : (4, 0)—~C, y: (0, B)—~C. We have to prove that y and y admit
a common homomorphic extensmn n:AXB—~C. Define n by means (a, b=
=(a, 0)y +(0, b)x. Obviously, y is an extension of Y and 7. On the other hand,
for any m-ary polynomial g and eléments a,; ..., a.€A4, b, ..., b,€B we have

2@, B, oees (@ )T = (s o )y E By ooes BN = (2Cars .. @), O +
+ (0,81, oo b)) = (@1, O - (s )W +8(0, B, -, O, b)) 1=
= g((a1, 0, ... (G, 0B) +8((0, by + -+, b,,.)/)
= g((@1, 0¥ + O, b))z, -, ({h‘..s )Y + (0, b)x) = g(((lnbl)m s (@, bm)ﬂ),

iLe,nisa homomorphlsm

Thus, & is -equivalent to the variety of all unital right semlmodules over a
semiring R. Then the Hamiltonian property of &/ guarantees that R is an associative
ring, and, as semimodules over rings are modules, /" is equivalent to the variety
of unital right modules over the ring R (see [12], Theorem 7). Now, the Abelian
property and the equational completeness of o/ together imply, that R.is a field
and &Z.is equivalent to the variety of all vector spaces over R (see [6], § 2).

b) -For n=1, &/ has no essentially.n-ary polynomials... .. . ..



Varieties in which congruences and subalgebras are amicable 29

Let F, be again the o/-free algebra freely generated by x and y. Define on F,
an equivalence ~ as follows: for a, b€ F,, let a~b if [a]N{x, y}=[b]N{x, y}.
We shall prove that ~ is a fully invariant congruence on F2

Since all operations in & are essentially no moré than unary, the set of trans-
lations of F, is the same as that of its (polynomial) operations. The last ones com-
mute pairwise, whence it follows that all translations of F, are endomorphisms.
Thus, it is enough to prove that ~ is invariant under endomorphisms. v

Let C, lalae F,, [a1N{x, y}} {x}. Define C, similarly; and let C0={a|a€F2, '
[aN{x, y}= Q} Then all the blocks of ~ are C,, C,, C; and none of them may
be void. Indeed, if [a]N {x, y}={x, y}, then let, e.g., a=¢(x), where ¢ is a polynomial.
For suitable polynomial r we have r(a)=y, whence r(¢(x))=y, showing that & is
trivial, a contradiction. On the other hand, x¢€C,, y€C, and 0€C,. Remark that
C.Slx] and C,S[].

In the following, I, k, q, r, 5, t, u denote (unary) polynomials. Consider an
arbitrary endomorphism ¢ of F,. First we show that ¢ maps C, into itself. Let
I(x)€C, and suppose /(x)@€C,. Then for a suitable k we have k(/(x)¢)=x, whence
k(I(xp))=x. If xp=q(x), then, by the Abelian property, k(g((x))=k(I(g(x)))=x
holds showing that /(x)€C,, a contradiction; and if xp=g(y), then k(/(g(y)))=x
and & is trivial, in contrast to the assumption. Supposing that'/(x)p€C, we get a
.contradiction analogously. ’

Let now /(x)€C, and suppose {(x)p€C,. Consider an arbitrary element r(x)
from C,; we must prove that r(x)@€C,. For suitable s, # we have s(/(x¢))=x and
t(r(x))=x. Hence s(I(t(r(x)@)))=s(x@)))=t(r(s((x¢))))=x, and thus
r(x)@€C,. Suppose that /(x)¢€C, and u(/(x)¢)=y. Let r and ¢ be as above; then
u(l(t(r(x)@))=t(r@((x)9))=t(r(»))=y, whence r(x)@€C,. These considerations
show also that /(x) @ € C, implies r(x)p€C,. _

We got.that ~ is a fully invariant congruence in F, with three blocks. By virtue
of Lemma 3, ~ is the equality, and so F,={x, y, 0}, i.e., o/ has no other operatxons
than 0. Hence o is the variety of pomted sets.

II. & is idempotent. :

Let us consider for a moment the case in which, for some n>1, &/ has an essen-
tially n-ary (polynomial) operation. Suppose that # is minimal; it can be shown
that n=3. For this aim it suffices to repeat the consideration we made at the beginning
of section a) with the only deviation that we must write x, instead of 0.

Hence we shall distinguish three subcases.

o) & hasan essentially binary polynomial. L *

Let f be such a polynomial; we shall write it multiplicatively. Again F, denotes
the 7-free algebra with free generators x and y. Introduce a relation ~ on F;: for
a, be F,, let a~b if there exist elements u, a,, b, € F, such that a=wua,;, b=ub, hold.
Obviously, ~ is reflexive and symmetric; we show that it is also transitive. It suffices
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to prove that if ab=cd (a, b, ¢, d¢ Fz) then for any p€ F, the equation
@ ' _ ap = cz
has a solution for z in F,. From Lemma 4 we get

rs = hp(s,r,58) = he(s,r,s)
and :

(rs)t = hy(r,rs, rt) = he(rr, rs, rt) = he(r, r, r)l-h,(r, 5,8) =r-he(r,s, 1)

Using these equalities as well as idempotency and permutability of operations in &
one can compute ap as follows:

ap = h;(b, a, bp) = hy(b, a, hy(p, b, p)) =
= h;(h; (b, b, b), hy(a, a,a), hy(p, b, p)) =
= h,(h; (b, a,p), h;(b, a, b), h;(b, a, p)) = (ab)-h,(b, a,p) =
= (cd)-hy(b,a,p) = c-hy(c, d, h; (b, a, p)). -

Thus, z=h.(c, d, h;(b,a,p)) is a “solution of (4). Hence ~ is an equivalence.
Moreover, ~ is a fully invariant congruence on F,; indeed, for any m-ary
polynomial g and elements a;, b;, #;€ F, (i=1, ..., m) we have gy ay, ..., U,a,)=
=gy, ..., Uy)-glar, .. @y) ~gUys .., Uy 8(by, ..., b)=800 by, ..., u,b,), and
for arbitrary endomorphism ¢ of F, from a~ b it follows ap =ugp - a, @ ~u@ « b, o =be.

By Lemma 3, the congruence ~ is trivial, and, since f is essentially binary, ~
is the complete relation. Hence x~y in F,. This means that, for a suitable binary
polynomial /, in F, the equality x - /(x, y)=y holds. Furthermore, /(x, xy)=/(xx, xy)=
=I(x, x)+I{x, y)=x-1(x, y)=y is also fulfilled. An analogous consideration shows
that, for some binary polynomial r, the equalities »(x, y)-y=x, r(xy, y)=x hold.’

Since these equalities may be considered as identities in =/, we see that the
algebras in & are quasigroups with respect to polynomials f, /, r as multiplication,
left and right division, respectively. Hence &/ is a regular variety [7]. Now Theorem 3
in [8] gives that &/ is equivalent to the variety of affine spaces over some field.

B) &/ has no essentially binary polynomials, but it has an essentially ternary
polynomial. : '

Let f be essentially ternary and consider the polynomial t=#h, (e}, ¢, e1). We
show that in «/ the identity #,(x, y, x)=h,(x, x, y)=y holds (i.e., &/ is a normal
variety). Take the o/-free algebra F, with free generators x, y and z. By the assump-
tion, A, (g3, &, €3) is essentially at most unary, and by the idempotency; it is a projec-
tion. But f(x, y, 2)=h(x, x, f(x, y, z)) shows that h (e}, &, e5)=¢; is impossible.
Hence /4, (¢}, &1, €3) =¢3, and &, (x, y, x)=h,(x, y, t(x, x, X)) =1(y, x, X)=h(x, x, y) =.

On the other hand, 7 is also essentially ternary. Indeed, in the opposite case /1,
were a projection, which is impossible because of (1). Repeating the consideration
made for /i, before, we get 4,(x, x, y); y.
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Introducing now the binary algebraic operation a#—b:lt,(xo, a,b) on the
countably generated /-free algebra F,(=(x, x;,...)), we can process similarly
_ as in the proof of Theorem 1 in [8] to prove that o/ is equivalent to the \}ariety of affine
modules over some ring R. Note that ‘the main identity marked with (3) in {8] is an
immediate consequence of the Abelian property of .o/ here. Moreover, &'is.equiv-
alent tothe variety of affine spaces over the field R, because &/ is equationally
complete and Abelian (see Theorem 4 in [8]).

y) For n=1, & has no essentially n-ary polynomials.

Then, evidently, & is equivalent to the variety of sets. The proof is complete

Corollary follows directly from GIVANT’s characterization of categorically free
varieties [10] and our theorem.

" Remarks 1. As we have seen, in varieties of modules as well as of affine.

modules the congruences and subalgebras are amicable. This is the case also in
varieties of modules over semigroups (see [1], p.”55) with unit and zero element.
Groups, rings and lattices furnish no other varieties with the considered property
(abelian groups and zero rings are equivalent to modules).

- 2. Section fB) together with Remark 4 in [9] enables us to give another char-
acterization for ALIEV’s variety of S *-algebras [4]. Namely, if an equationally complete
Abelian variety &%, in which congruences and subalgebras are amicable, has no
binary polynomials, but has an essentially at least ternary polynomial, then & is
equivalent to the variety of S *-algebras.
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On aﬂine spaces over prlme fields

By B. CSAKANY in Szeged

The aim of this note to prove a result for affine spaces over arbitrary prime
- fields like the Gfﬁtzer_——Padmanabha'n characterization theorem of affine spaces
over GF(3). Our terminology and notation are the standard ones (see [1]) excepting
that the identical mapping of any set will be considered as an essentially unary
operation which permits to give a more concise form for the succeeding proposi-
tions. Under this agreement, p, (A) — the number of essentlally unary polynomlals —_
equals 1 for any idempotent algebra.

Following PLonNkA [6], for any group G= {G; +> the algebra (G; I), where
I denotes the set of all. idempotent polynomials of G, is called the idempotent reduct
of G. Concerning this notion we shall need the fact that idempotent reducts of abelian
groups of exponent p are exactly the affine spaces over GF(p); furthermore, the
free affine space over GF(p) with an n-element free generating set.is the same as
the idempotent reduct of Z" , where Z,, is the group of order p.

The characterization theorem we mentloned above (i.e., the join of Theorems 2.
and 3 in [5]) may be formulated as follows:

A groupoid A is equivalent to an affine ‘space over GF (3) if and only if

G,k S mm=gw44ﬁ
holds for k=1, 2, 3, 4. In this-case (3, k) remains valid for all non-negative integers k.

Our result is the following.

Theorem. Let p be an arbitrary prime. An algebra A= (4;f), where f is at
most quaternary, is equivalent to an affine space over GF(p) if and only if - _

(7, k) AW = —M—W%4W

holds for k=1, 2 3 4, and .
(p*) there exists no subalgebra B in A with 1<|B|<p. In this case (p, k) remains
valid for all non-negative integers k.
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Proof. Let ¥ be the variety generated by A and, for any natural k, denote
by F, the free. algebra over ¥ with the free generating set {xo5 --.» Xx~1}- Suppose
~that A is equivalent to an affine space over GF(p). The variety of all affine spaces
- over GF(p) is equationally complete; hence it is equivalent to ¥, Thus, for every
natural k, F, is equivalent to the idempotent reduct of Z%7%, implying |F,|=p*"".
The formula . '

v ' k (k
(@) . . R = ,-Z;) L-]Pi(A)
(see [4], p. 38.) gives ' o
k - . - .
i = 3[4 coiE = 2o -,
which was needed. Further, any subalgebra of A is also equivalent to an affine space
over GF (p) which clearly cannot have g elements for 1<gq=<p.

To prove the sufficiency, first we remark that (p, 1) and (p, 3) Jomtly imply
that fis at least binary and A is idempotent. Now, if p=2, using URBANIK’S de-
scription of idempotent algebras ([7], Theorem 4) we get that A is equ1va1ent to an
aﬂine space over GF(2), moreover, f is essentially ternary.

Suppose p=2. By (%), (p, 1) and (p, 2) we have |F,|=p. Let B a minimal sub-
algebra of A having at least two elements. By (p*), we have |B|=p. Since B is gen-
erated by two elements, it is a homomorphic image of F,, whence |B|=p and B=F,.
Thus, the proper subalgebras of F, are exactly the one-element ones.

Next we show that F2(=F,XF,) is generated by the set S={{x;, xo), (X¢, X0
(X0, X)) Let (g;(xo, X1), 82(Xo, X1)) be an arbitrary‘elcmeht of FZ. Consider an
' essentlally binary polynomial / of ¥,. Then ' '

(xo, h(xo, X)) (= h({Xo, X0), {Xo, X1))) E[S],
</1(x1, Xo)s h(xm x1)> (— h({xy5 X0 {Xo> x1>))é [S].

Now, lz(xl, xo);éxo, hence [(h(x;, xo) h(xq, x1)> (xq, M (x,, x1)>]( C[S]) contains p
elements, all elements of F; with second component A(x,, x;), and thus
(f(x0, x1)s h(x()a x)€lS]) AnalOgOUSIYa (&1(xq5 X1), X0)€[S], whence <g1(x0’ X1,
82(xo, x1))E[S] follows. .

Let ¢: F;—~F2 that homomorphism for which x,¢0={x,, x0> xlzp (X1, X,
X, =(x,, X;) holds. Then ¢ is onto. Hence there exists an essentially ternary poly-
nomial m of F; satisfying (m(x,, X1, X))@ ={x;, x,). But _

_ ' (m(xo, X1, xz))‘P = (Mm(Xo: X1, Xo), M(Xq, Xo, X)),
whence we get that the identity

() ' o m(xg, X, x_o) = m(xg, Xg, X1) = X,
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holds in ¥ This implies -
(va) . ("1(x0a.f1(x0= Xy, fo(Xo, xz)))‘/’ = <f1(xo, x1), f2(xo, x1)>

for any binary polynomials f, f;.

Observe that |Fy|=p*=|F;|. Thus ¢ is an isomorphism; i.e., F;== F;. We show
that F,= F} is valid too. Since |Fy|=|F2|(=p®), it is enough to show that the homo-
morphism : F,—~F? for which

X = (Xo, X, Xoy, X1¥ = (X1, Xo, Xo), XoW = (Xg, X1, Xo), Xath = {Xg, Xo, X1)
holds, is surjective. Applying (B), we get ' '
() (1o Mo, Fy (o, X2), fo(or X9). o (Ko, X)) =

| = (il 30, oo, ), Sk X))

for any binary polynomials f;, f,, f;. Hence { is onto, indeed.

Now, let 0 be an arbitrary element of A. Introduce the binary algebraic func-
tion + on A, called addition and defined by a+b=m(0, a, b) for all a, bc 4. We
claim that (4; +) is'an abelian group of exponent p. Using (f) as well as the iso-
morphisms ¢ and ¢ it follows

m(xo, Xy, m(Xy, Xz, x3)) = (Xp, Xy, Xyt = m(xo, m(xy, Xy, Xo), xs) _

in F; and
1

m(xy, X1, X3) = {Xy, Xy, X))@t = m(xy, X2, X;)

in F;, implying associativity, resp. commutativity of the addition. From (f) we get
a+0=0+a=a for any a€ A. Further, '

m(xo, Xy, m(xg, Xq, xo)) = <X1, m(xy, X, xo)>‘l’_1 = m(xz, Xy, Xp)

holds in F,, whence for any a€ 4 we have a+m(a, 0, 0)=m(d, a,0)=0;i.e., m(a, 0, 0)
is the additive inverse for a. Finally, let a€ A, a=0. Then every element of the sub-
group by a in (4; +) is contained in the subalgebra C of A generated by {a, 0}.
Since {C; +) is also a subgroup of (4; +) and |[C|=p, the order of a equals p in
{4; +), proving our claim.

For arbitrary a, b, c€A,

©) ’ m(a,b,c) = —a+b+c

holds. Indeed, let 0: F;—~A the homomorphism for which x,0=0, x,0=a, x,0=5,
x;0=c. Then, using (y,), we get

m(a: b7 C) = (m(xla X2, xs))g = <m(x19 Xo0> xo), X1, xl>l/,_10 =
= (’n(xl), m(xO: m(x1> Xo> xo)s x2)2 x3))6 = '_a+.b+c'

In view of (6) and Lemma 1 in [6], (4; m) is equivalent to an affine space over GF(p).

kid
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The completing step is to prove that (A4;f) is equivalent to (4; m). For this
aim, it suffices to show that f'is a polynomial of (4 ; m). Assume first that f'is binary.
The binary polynomials gy, ..., g,-; of A, defined by g,=¢j (i.c., the second binary
projection) and g,=m(e}, g1, €}) for k>0, are, by definition, polynomials of
(4; m), too. Moreover, they are pairwise different, since, by (6), for any a, b€ A4
and k=0, ..., p—1 the equality g,(a, b)=—ka+(k+1)b holds. But A has exactly
p binary polynomials, whence f=g¢; follows for some i (0=i<p). Thus, fis a poly-
nomial of (4; m). Finally, let f be n-ary with 2<n=4. Then (y,) shows that fis gén-
erated by m and some binary polynomials of A. Just we saw, however, that binary
polynomials of A are generated by m. Hence, f is a polynomial of {4;m), q.e.d.

Remarks. 1. Our théorem is not a generalization of the Gritzer—Pad-
manabhan theorem, because the last one contains no assumption on the power of
subalgebras in A. In fact, groupoids satisfying (3,1)—(3,4) cannot have two-element
subgroupoids, as the identity (15) in [5] shows. In other words, (3,1)—(3,4) together
imply (3%) for any groupoid A. It is an open problem whether (p*) follows from
(p, D—(p, 4) for some (possibly for all) primes p=3.

2. The method we used allows some minor generalizations of our theorem.
Thus, we can take any algebra (4; F) instead of (A4;f) where the arities of opera-
tions from F do not exceed 4. Moreover, if we require (p, k) for k=0, ..., n then it
suffices to assume that all operations from F are at most n-ary. Hence it follows
" that an arbitrary algebra A satisfying (p*) and (p, k) for every non- negatnve integer
k, is equivalent to an affine space over GF( p)
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Equational classes which cover the class
of distributive lattices

By E. FRIED in Budapest

Introduction. It is well-known that there are exactly two equational classes of
lattices which cover the class of all distributive lattices. These are the classes
generated by M, and by M, (see Fig. 1) and one of them is always contained in any
equational class of lattices containing properly the class of all distributive lattices.

M, N

Fig. 1

The class of weakly associative lattices (in short: WALSs) contains two other
equational classes which also cover the class of all distributive lattices.

It has been a conjecture since the introduction of WALSs in ‘1970, that there
are no other equational classes of WALs which cover the class of all distributive
lattices. The aim of this paper is to prove the existence of an equational class of
WAL:s different from the class of all distributive lattices which does not contain the
four equational classes in question.

Preliminaries. An algebra A=(4;V, A)is a WAL if the two binary operations
are idempotent and commutative and over the two absorption identities the two
. weak associativities hold: :

» {(xV)AOV Iz = {(xA2)V (YA z = 2.

The relations x=xAy and y=xVy are equivalent and will be denoted by x=y
(x<y means x=y and x>y). The relation = is reflexive and antisymmetrical and
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xVy and xAy are the least upper bound and the greatest lower bound of x and y,
respectively. In such a way one can define WALs just as lattices in the transitive
case. We shall denote a<& by an arrow which goes from a to 4.

Fig. 2 shows two WALs both of which are subdirectly irreducible. They are
typical, for they show the two possibilities when a<b<c¢ does not imply a<c. It is
not to hard to prove that both of the equational classes generated by them cover
the class of all distributive lattices.

1

c A\
A W

Q T
T

?

Fig. 2

A WAL U=(4;V,A) has the unique bound property (further on UBP)
if, for different a, b€ A4, a=c and b=c imply c=aVb, and d=a and d=b imply
d=alb. It was proven in [2] that A has the UBP if and only if it is subdirectly
irreducible and it satisfies the congruence extension property if and only if each
subalgebra of 2 is a simple one.

‘The construction of the desired class. For the construction we need two prop-
ositions.

Proposition 1. T here exists a WAL haumg the UBP and containing none of
M, N5, T and S.

Proof. Let Q be the field of rationals and let « be a zero of the irreducible
polynomial f(x)=x3+3x+1. Let us denote by ax?+bx+c the element (g, b, ¢) of
the two-dimensional projective plane over Q (a, b, c€Q). Let, for 8, ycQ(a), f=>7v
mean the existence of a linear polynomlal r(x) over Q such that f=y-r(a). It
was proven in [3] that in this manner we arrive at a WAL U satisfying UBP. Thus,
9[ cannot contain a three-element chain, i.e., % does not contain any of M, N;,
and €. f'(x)=3x24+3=0 implies that x>+3x+p has for no rational p two, hence
three, rational roots. Let, now, f<y<d<e in Q(a), ie., e=f-r (a)-r.(a)-rs(a),
where the r(x)-s are linear polynomials over Q. As x3+3x-p is never a product. of
three linear -factors over Q the element ry(2)-ry(a)« ry(e) does not belong to Q.
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_ Hence, B and ¢ are d1ﬁ‘erent elements of the prolectwe plane ie., Q[ does not con-
tam T, either.

Remark This method does not work more for finite ﬁelds Let a, b, and ¢
‘be elements of the finite field K. The polynomial f(x)=x3+ax2+bx+c orders to
each element » of K the element f(w) of K.If f(u) runs over K then f (x)+v is for no
v in K irreducible. When the method gives us a- ‘WAL then f (x) must be irreducible.
" Hence, in this case there must exist different u, , u, in K such that f(u;)=/(u;)=v. Thus,
the polynomial f(x)—v is the product of three linear polynomials,.say r;(x), ry(x), -
ry(x), i.e., for the zero o of f(x) we have 1<r (@) <ry (@)« ry(@)<ry (@) « ro () + rg (@) =0.
Since 1 and v are the same points of the projective plane this WAL must contain T.
Let o be & WAL sa_tiéfying UBP and not containing any subalgebra iso-
morphic to X. These two properties mean that for the elements a<b<c in U the
" elements @ and ¢ are incomparable, i.e., ne1ther a=c nor c=g are valid. Such a WAL
we shall call a scattering WAL: ‘ : -

Proposition 2. Homomorphlc images, subalgebras and pl imeproducts of scat-
tering WALs are scattering, too.

Proof. The first statement is implied by the simpleness of 'scét‘tering WALs.
The second statement is obvious. Since the class of scattering WALs is a first order
class, the third statement is also valid.

Theorem. The equational class genelated by the scattering WALs does not
" contain any of the gmen four classes. :

‘ Proof. It was proven in [1] that the congruence-lattice of any WAL is a dis-
tributive one. The homomorphic images of subalgebras of primeproducts of scat- .
tering WALs are, by Proposition 2, scattering WALs. Thus, applying the well-
known result of JONSsON (Theorem 3.3 in [5]) we have that the equational class in
question does not contain other subdirectly irreducible WALs. Since M, 9%, T
and © are subdirectly 1rredu01ble the theorem is proven. 1) ' : -

Problems. The theorem of course, does not mean the existence of a new equa--
tional class covering the class of distributive lattices. It is possible that this class is
not covered by any equational subclass of the constructed above. We state some
problems concerning th1s question.?)

1) This proof was shortened by W. A. Lamee-in Honolulu: :

%) In the meantime, Problem 1 was solved by R. Freese in Honolulu. The lattice of the equa-
tional classes of WALSs is dual to an algebraic lattice. Since the class of distributive lattices is finitely
based this class is a compact element of the lattice of classes. Thus, each maximal chain between
the class of all distributive lattices and of all scattering WALSs contains an element which covers
the class of all distributive lattices. Hence, the existence of a fifth covering class is proven.
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1. Is there any scattering WAL U having no nontrivial subalgebra which
is not isomorphic to A?

2. Are there any finite scattering WALs? (The existence of such a WAL would
imply that the answer of problem 1 is affirmative.)

3. Is there any equational class of WALs different from the class of all dis-
tributive lattices which does not contain either scattermo WALs or any of the glven‘
four WALs?
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PesyanailTHaa MaTpuna H ee 00001IeHHs .
I. Pe3yabTaHTHLIH OnepaTop MATPHYHBIX MOJTHHOMOB

. . I, TOXBEPI" u T, XAUHUT (Kuumues, CCCP)

Ilycts a(D)=ay+a A+ - +a, A" u b(A)=by+by 2+ -+ +b,A" — IBa mOJMHO-
‘Ma ¢ xodpduumentamu u3 C'. Pe3yipTaHTOM 3THX NOJMHOMOB Ha3bIBA€TCA Ofl-
penenuTenb Clenyroleii MaT PHLbL:

a, a, ... a,

a, a; ... a, "
_ ay 4y a,
R@by=V, b . 5 )
bO bl bnl n
bO bl bm J

Kax H3BecTHO,
det R(a, b) = aib? [T JT (%(@)— 4(®)),
o J=1 k=1

rae A;(a) (j=1,2,...,n) — NOJHBIM HAbop KopHEH nonuHoMa a(ld). B yHactHOCTH,
noJiHoMs! a(4) u b(1) MMeroT X0Ta Ol OANH OOIIMH KOPEHb B TOM H TOJBKO TOM
ciyvae, korna pesynsTaHT det R(a, b)) obpaiuaerca B Hyap (cMm., Hanpumep, [1]).
H3Becten creaylowimii 6onee nonubii pesymsTar (cM., nanpumep, {2, 3]): uucno
obumx Kopneifr MHorouneHoB a(d) u b(J) (¢ y4€TOM UX KPAaTHOCTH) PaBHO HHCIY
m+n—rang R(a, b). DTa cBA3b HEMOCPEACTBEHHO BBHITCKAET U3 CIEAYIOLIErO Ipe-
JIOXKEeHH.

Teopema 0. 1. ITyemo A, (1=1,2, ..., 1) — sce pa3ﬁu;lubze obwue kopuu no- -
aumorios a(ly u b(A) u k, — xpammnocmv obwezo0 Kopua A,.
Toz0a cucmema 8exmopos

: : m+n—-1 . A
Hy(4) = ((ﬁ) z,v-")m (€C™* ™ =12, s lys k=0,1, s k= 1)
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o6paszyem basuc nodnpocmparncmea Kér R(a, b), 6 wacmuocmu,
Iy -
0.1) : 2 k, = dimKer R(a, b).
=0

B HacTosei cTathe YCTaHaBAMBAIOTCS pas3iinyHbie 0000LLEHNS 3TOH TeOpeMBI.
B meproit YacTH 3TOH CTAaThH UccneayeTcss pe3yNbTAHTHRIM oHepaTrop AN
' MAaTPHYHBIX TONMHOMOB. B OT/IMUME OT CKANAPHOTO Cilyyas OKa3ajoCh, YTO ITOT .
onepaTop Kak HPaBUJIO ONPEIENACTCS MPAMOYTONbHOM MaTpULEit. '

OTa vyacTe cocrour M3 mAtu maparpados. [lepBele nBa HOCHT BCTIOMOTATENb-
HBIM XapakTep. B TpeTheM NOKa3bIBAETCSA OCHOBHAA TEOpPeMa, U3 KOTOPOH, B 4acT-
HOCTH, BBITeKaeT Teopema 0.1. B uersepToM u msToMm maparpadax NPUBOIASTCS
TPUMepPHl TPHIIOKEHHH OCHOBHOM TEOopeMbl, v

Bo BTOpOI#i HacTH CTaThb¥ GYAYT U3NOKEHBI KOHTHHYaJIbHBIE aHanom pe3yib-
TaTOB 3TON CTaThH.

ABTOpHBI HaYajM 3TH MCCIEJOBAHMS noA BiausHuem Gecen ¢ M. I I(penHOM
M. I'. Kpeiin nro6esno o6paTuil BHMMAHME ABTOPOB Ha CBA3H, CYILECTBYIQLIME
MEXKAY KPYyroM 3THMX BOTPOCOB M pe3ynbTaTaMH 00 oOpauleHWH KOHEYHBIX TEIJIU-
HEBBIX MATPHI M HX KOHTHHYaJbHBIX aHajioros [4, 5]. ‘

" Astopsl npuHociat M. I'. KpeilHy uckpenHioro O1arogapHoctb.

§ 1. Jlemma o xpaTHbIX pacmupennnx CHCTeM BEKTOPOB

1. TIycts L 0603Haqaer HeKOTopoe JMHeiHOe MPOCTPAaHCTBO U L'"—-Jmneuﬂoe'
(POCTPAaHCTBO BCEX BEKTOPOB BUAa f=(f; "‘01 C KOMIIOHEHTAMH fJEL Ilycts
F={ou: k=01, ..., k;—1;j=1;2, ..., jy} — cuctema BeKTOpOB u3 L Ay —
HEKOTOpOe KOMILIeKCHoe 4uciio. CHCTeMy BEKTOPOB :

gw%y=@ﬂ%yk:QL“;@—uj:Lz“”A}m}nrm

ay - ﬂw-melk%w=§m$%M

HAa30BEM M-KPaTHBIM PAaCLIHPEHHEM CHCTEMB! & OTHOCHTENBHO A,. Jlerko BuIeTb,
YTO JJist BEKTOPOB dijk‘(lo) UMEIOT MECTO  PaBEHCTBA

» . ar ' t*
(1.2) Ph(4) = P el [¢jk+1—!¢j,k—1_+ +H <Pjo]_t'=
VIMeeT Takxke MecTo cnenyrowas pekyppentHas (opmyna:

(1.3) (Pfkﬂ(lo) = lo¢fk(lo)+¢5k-1(/10) k=01, .., k,-—1; J=12,..,7)
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B KoTopoii nonaraerca ¢f _,(4)=0. B-camom zene, u3 pasenctsa (1.1) BuiTexaer,.
YTO ' :

+1 ‘ P p+1 | ~s+1 : p —'s+1>
ORI o)~ Ao 9hho) = 2 (P50t~ () 1674107000
pt1 ' | A

= (S"_D_l] B0 s (Ao)

B s=0
Taxum oGpazom,

. ’ ) p
05100~ 100tk = 3 (P) 167701000 = 034200,

~ W3 dopmyant (1.3)'6e3 Tpyna anonn'rcg'cn'eny}omaﬂ Gonee obmas dopmyna:

1.4 ox 00 = 3 ()it =120,

B camom mexe, gns r=1 popmyna (1.4) cananaeT c (1.3). Oycrs paBeHCTBo (1.4
BepHO Torna
ORI () = )ofp +r()o)+‘/’p?cr 1(;0) =

;

= 3([)ronino- (Do) w2 grneaii

U, CIEIOBATEIHO,
r+1
Cogito = 2 (1) arenae.on.

2. B panbheiinieM CyIHECTBEHHYIO posis HrpaeT cneayromee npeunomeﬂue

Jemma 1.1. Iycms A= {)1,/9, } — cucmema paszaudHbLlX KOMANAEKC-
Horx uuces u & (1=1,2, ..., 1)) — cucmemor sexmopos u3 L:

%I = {(pjk,l: k = 0, 1", vany kﬂ_ 1 . J = 1, 2, ’jl}‘
Ecau npu kamcoom 1=1,2, ..., I, cucmema eexmopos ¢;o, (j=1,2,...,j) au-
HeliHO He3agucuMa U uuca0 m yO08aAemeopAem YCAOGUIO - ' '

I

(1.5) S om= Yy max k;

=1/=L2,..,j; Jt
mo Cuc_meMa BEKMOPOE8

) = O 8ren Y

ACAAEMICA MAKICE AUHEUHO HEe3ABUCUMOIL:

To N )
1) 3nece m B manbHeimem Mel vepes | &r(4,) oGosnauum cucremy (1)
: =1

(Bt (R): k=0,1, o, ky=1; j=1,2 .,js 1=1,2..,1}
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HNoxa3zarenbcTBo. OYEBHAHO, B NOKA3ATENBCTBE AOCTATOYHO OFPAHHYATHLCH
cllydaeM, Korja -

Beenem B paccMoTpeHue OnepaTopHEIe MaTPULIEL

H())—‘”n;xlnsr 1 (r=0’]""3m_])
rne .
O (s=nr

r
Tst

_[s—r
.(——))‘ t(,f—r], (s=1r
u ] — eIMHUYHBIA onepaTop B MpocTpaHcTBe L. BHIACHMM Teneps, Kak omepaTop
I1,(2) nedicsyer .Ha BexTopel @4 (A)=(9% (A))rzy CHCTEMBI &"(4). B mepsyio
ouepeb OTMETHM, 4TO omepatop I1,(1) He MeHseT nepBble r+ 1 KOMIOHEHTHI
BekTopa @, (4).

PaccMOTpHM CHCTEMEI BEKTOPOB .

(1'6) (5;'.(}‘9 )‘l) = {PrHr('i)¢jk,l()“l): k = 05 19 o 7kjl—1;j: la 2a "'7jl}

roe

0..0 I 0
Po=ti i }m—',
0..0 0 1
N, pr——

l=12"1nr:01 m—1.

Hokaxem, 410 Kamnaa U3 3THX CHCTEM BCKTOpOB ApAeTCA (m—r) — KpaTHBIM
‘ pacumpeHHeM OTHOCHTENIBHO A, — A COOTBBTCTBy}OHlePI CHCTEMBI BEKTOPOB

®r('1[) '— {‘Rik,l('h)' k - O> 1: ceey kjl_ 1:] - 192_’ "':.]l}'

. Tonoxum

(‘p,k DpZe™" = P IL(A)Dy 1 (4).
Torna

vii= 3 o2 oo = S e () ositon
B cnny (L. 4) V

B R R i -)qa,,k e

_CJIEIOBATEIBHO,

-

X p p-u ) . .
o= 3 5o ) 05 e

u=0 s=
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VyureiBas, 4TO

- TIONYYNM

2 p=s - - -3 ' .
W= 3 5 oo (277) () e
Taxum obpazom, )
V= 3 027 2) @3 cn .
. §=0
[Mocnenuee u o3uavaer, 4To cucteMa BekTopoB G ()L, 2;) sBusietca (m— r)-KpaT-

HBIM pacCILHpeHHeM CHCTeMbl G7'(2, ) OTHOCHTENBHO A—A.

PaccMotpuM cuctemMy FP(4) BekTOpOB

QD) = Mo(D) @y, (h) h=0,1,..,k;—1;j=1,2,..,j).

W3 mpenbiaymiux paccyXIEHHI BbITEKAeT, 4YTO CUCTEMa 3(",1)(/".,) TIPEeACTABARET
cobol m-kpaTHoe pacunipedue cuctembl &, (=1, 2, ..., [;) oTHocHTEeIbHO A —A4,.
B 4acTHOCTH, BEKTODEL 455.1,‘)(/11).14M6}0T BUI '

Pjk, 1]

PSP = ‘(’;f"’l k=01, k=15 = 1,2, 0, ).

0

OGpésyéM Teneps cucremy” F&(4) BEKTOPOB PR =11, (Pa—2) Q) (k=

=0,1,....k;—1;j=1,2, ..., L)), the 2,= max k.
=12, s

P, 9Q(2) npeacTaBiserT coboit (m —y)- KpaTHOC pacumpe}me BEKTOPOB
Ok (4= 4;) OTHOCHTENBHO Ay — 24 —(le—Ay) = ),—} B JacTHocTtH, P <D(2)()1) 0,
a Bextopel P, ®Q (%) mmeroT Bua

Toraa CHCTCMA BCKTOPOB

. *
P, ‘pﬁ) (L) = {(Ae— "{1)_”1(ij,-2 ~k
(I

0
T 3BE3HOYKON 3aMEHEHBI BEKTODHI, KOTOPble B AANbHENUIEM He UrparT POJH.

Tlpononxum 3TOT mpolecc TaK, Jajee: Mo CHcTeMe 90D BEKTOPOB P9 (%)
(k=0,1,...,k;=1; j=1, ..., j}) noctpoum cuctemy §5+(4,) Bexropos &G D(2)=

m
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=11, (A1~ 2) 9%, Toe 2= Z’ max kj. Jus BeKTOpoB P, é‘?“’(}.,): rae
: < CI=1j=1,2...,J,

1=1,2, ..., 5, KMEIOT MECTO paseHCTBa P, #50(4)=0, a BEKTOPHI P, @D““’(/sﬂ)
WMEIOT BUJ

*
(;'s+1_ is)xsq)jk',ﬂvl (k 0,1, k; s+17T 157 = 1,2, ---,js+1)~
0 ,
0
HaxkoHel, TOCTPOMM CHCTEMBbI 0(’0)(/,) (l—l 2, ..., 1. Jinst BeKTOpoB ITOM

‘cuctemsl Py _, U9 (2)=0 npu /+],, a BexTOpHI leo_lcﬁ“*’)() ) BMEIOT BUA
o *
a7 (hag = iy =10 P 1o} — &
- . A 0o

0 : i
JokaxeM Tenepb, 4To CUCTEMa BEKTOPOB

F(4) = U“Wm‘

nuueiino nesaBucuma. [lycrs

‘o Ji k-1
> md%m-o
=1 j=1 k=0
Torna _
. . -"o kj—1
‘;x %me, ~1¢( °)()~1) = 21 kZ % ke, P x1g=1 S'll?)(ito) = 0.
s J = .

| Tax xak Bexropm P,,, 1 @90 (4, ) nmeror Bua (1.7) 1 BeXTOPH @0, (j=1,2, ..., /)
JIMHEHHO HE3aBHCUMBI, TO

Jklo — 0 (k 0 ] k]’o_l;] = 1, 2, ""jlo)‘

Taxnm 06pa30M,
ly—1 .Iz ,x -1

2> 2 Z & jki ‘ka (’Ll) =

=1 j= lk
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- [TpuMensis K 3TOMy paBEHCTBY OHEpaToOp le —a» nonyun 9TO Qg ~1=0

(k 0,1,....k; 1= 1;j=1, ..., i, - Hponomxaﬂ 3TOT MPOHECC AHATOTHIHBIM 06-
.pa30M HONYYHM, UTO Oy —0 (k 0,1, .., k;—1;j=1,2,...,j) mma s=l—
lh— , 1. 13 nuueiinoit He3anuch0cm CHCTEMSI . i“;(’o)(A) BHITEKAET JIMHEHHAN

He3aBHCHMOCTL cucreMmbl " (A).
JlemMa IoKasaHa.
Be3 Tpyoa MoOXHO y6e,rmn>c;1 B TOM, 4TO JiaXe B cnyqae L=C ycnomde (1.5)
cyuiecTBeHHO B (opMYJIHpoBKe jemMbl 1.1. o
3. U3 snemmset 1.1 BeIBOgMTCH cneayromas

Jemma 1.2: Iyems A={ly, la; .., 1y} — MHOXNCECINEO KOMNAEKCHBIX HU-
cen u §, (I=1,2, ..., 1)) — cucmema sexmopos uz L:

F={omi k=01, ..., ky—1;i=12,..,j}
Ecau uucao m ydossemsopsem ycioguro (1.5) u
: : Iy, J; kpy—¥ B .
1.6) _ zg ‘-§ 2 Hjpa Pip, i (M) = 0 (a4 €CY,
mo _
&, (A) = 2 t Py () =0 (k=0,1, ..., max ky— 15 1=1,2, ..., ),

" 20e CyMMUPOBAHUE DACNPOCMPAHAEMCA Ha 6cCe UHOEKCobl f, 048 KOmopwix kﬂ_

Hoka3zaTtennbcTBo. 06pa3yeM cucTemMy _ '
{(p;‘l—z F k1 Pik,1- (PoJ#O k= 0 1, ..., mjax'kj,—l} (1: 1,2,...., IQ)

1%} npennonoxguM, uTo oHa nenycta. Toraa, ouyeBuaHo, cuctema G = {®, (1) k=

=0,1, ,maxk ,—1} sBAsieTcs m-KpaTHBIM paciiupenuem cuctemsl &;. TIpu-
IO

" MeHsis K CPlCTeMe 6= ®, nemmy 1.1, monyuum, 4TO CHCTEMa BEKTOPOB Dy (A)
1=1

_ nuHeiiHo He3asucuma. TTocneanee npoTuBopednt paseHcTsy (1.7). TaKPIM 06pasoM
®,=0, uyTo o3HayaeT ¢@,,;=0 (I=1,2,...,1).
Teneps 06pasyemM CHCTEMEL

Gy = {0 = Gronii @1, %0, k=0,1, .., maxky—2} (I=1,2, ..., 1)
j : )

‘Kax nerko BUIETh, m-KPaTHOE PacLIMpeHHe CHUCTeMBI (&, ; COCTOMT M3 BEKTOPOB
Py, ,(2,)= Py, 1 () (@4, ,#.0' k=0, ..., max kj—2). Cneuoaarem:no TIpUMEHSAS

cHoBa JeMmy 1.1, HOJIY‘IHM ®, ,=90, ‘iTO oanaqaer @1,=0 (I=1,2, ..., I).
Ilpomoykada 3ToT npouecc patee, mnoiaysum ¢, ,=0 (I=1, 2, ws ly) nns
r=2,3,...,maxk;— ' : '
. AL

Jlemma noxa3zana.
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" § 2. BenoMoraresabhbie Npe/IoKenas

1. Hycte d — naTypansuoe uucino u A(A)=A4y+71A4,+---+ 1" A, MaTpudnsLit
Wyd40K c Ko3hdHIHEHTaMH AL€L(CY. %) Bcrony B AaJIbHERLIEM ‘GyneM npenmo-
naraTth, 4To Marpuua A4, oGpaTHMa. . '

Uncno 2,€C' HaspiBaeTcsl XapaKTEPUCTAYECKHM uucIoM Inyuka A(A) ecnu
det A(}0)=0. FEcau nas HEKOTOPOTo BekTopa ‘@€ C? (p,70) umeer Mecro pa-
BeHCTBO A{y)py=0, TO BEXTOP ¢y Ha3bIBae€TCi COOCTBEHHBIM BEKTOPOM Ty4Ka
A(}), oTBevarommM 4ncay A,. Llemouka BEKTOPOB @, @y, -.., ¢, HA3LIBAETCS Lie-
. novxo# (et r+1) u3 COGCTBCHHOI‘O M [IPHCOS/IMHCHHEIX BEKTOPOB, €CIIi HMEIOT
MeCTO paBeHCTBA

..
K

2.1 A(zlo)<pk+1,[a,/1 ](ﬂo)qok 1t 1 [j;k ](%)%-0 (k 0,1, ..., 7).

Iycts 1y — XapakTepucTHiecKoe yncao nytuca A(4). bez Tpyna noxa3bpIBacTCs,
YTO B SIApE ManHHLI A(ly) MOXKHO TOCTPOUTH GA3UC P1g, Pag, --- > Pro CO CIEAYEO-
IIHM CBOMCTBOM: _

JList XaXJ0TO BEKTOPA @, CYLIECTBYET LEMOYKA HpI/ICOC,lIVIHCHHLIX BeKTOp0B

@j1s P2 o> Pk -1 THE ki=k,=...=k, n wncno k;+k,+---+k, paBHO KpaTHOCTI/I
HYJIS QyHKUAU detA()) B TOYKE Zg.

Uncna k; (j=1,2,...,r) Ha3BIBAKOTCA YaCTHBIMH KpaTHOCTAMH XapaKTepHC-
THYECKOTO HuCHa /o, a CHCTeMa Pjos Pirs s Pik,—1 (j=12,...,r) — xaHouu-.

YeCKOH CHCTeMOIl COOCTBEHHBIX K TIPHCOEIMHEHHBIX BEKTOPOB nyqKa A()), oTBe-
YAIOLIMX XAPAaKTEPUCTHYECKOMY UHMCHY Zo.

JTemma 2.1. Iyems A= {31, 29y -oos 4} — noaueni nabop ecex pasauunsix
xapaxmepucmuuecxu\ yuces nyuka A(/) A0+/A1+ -+4A"4, ¢ KoagﬁﬁuuueHmamu
A €L(CY u nycms

Fi= e k=01, o ky=15 j=1,2, ... j} (1:1 2, ...,‘q)

— KaHOHUuecKas cucmemd CO5CI?16€HHbl\T u npucoebuHeHHbm eercmopos nyuka A(2), -
. omeeuanuwux ,\apakmepucmuuecmmy yueay 7.
- Tozda npu awbom wamypassHom m cucmema )

e ="
1o

U Fr(A) = { ik, ;(11) = ((Pfk,;(iz))';;éi Jj=1 -;~,.jl; k=0,..,kj— 1}

) Yepes L(C") 0603Ha4aeTCa MPOCTPAHCTBO KBANPATHBIX MATPHIL nop;uncai d.
3) HammoMuuM, 4TO cHcTeMa ™ 1"(4,) smisetcs (m+n)-KPATHBIM DACIMPEHUEM cnc-remm
& otHocutenbHO 4; (cM. onpenenrue B § 1). :
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Asaaemca baszucom A0pa onepamopa

Ay Ay.iA, ... 0
. -ﬂm — AO""' An—l..An . m
0 ... Ay .. A, A,

deucmeylou;eeo uz Comtmi g C™,

HoxasarenLCTBo ,I[oxameM CHa‘-IaJ'Ia 410 paBCHCTBO

2.2) . v Z' Ay @5 (M) =0 U=1,2:.,j)
- op=r .

BepHo s k=0 u nroboro r. B camom fene, Tak kax ¢f ,(4)=4{¢,, ,;, TO
ntr

Z A, r(p](l,l(ll) = 2 )‘l p— r()o_[() 1= 'IIA('II)(PJO 1= 0.

TlpennonoxumM, 4TO PaBEHCTBO (2.2) BepHO U1 06GOro F W k:k(,. Torpma
oHO BepHO U 111 k=k,+ 1 u ar060r0 r. B caMoM nene, o NMPEATONOXKEHUI) UMeEM

ntr ntr p ' ’
0= S Ay otoi =4 = 3 (0) 74,0000
p+r pP=r s=
. n+r p
:P=‘ s;(') (S——]] AIP—SAP—’(pj’ko+1—S,I'
Orciona BBITEKAET, YTO ' )
S \ nEr £ p ~5 p s .
2 Ap 05 ag11(Ao) = er 2,0 VO P 1) ip- Ap~r¢j,k.,+1_5,1)
p=r = s= . . .
’ ntr p—1 —1). ' )
P —s .
=2 (s-—-l) AP Ap v @ 141251
p=r s=1 . g
n+r—1-
= Ap—(r-1yP %1 (A1) = 0.
p=r~1 .

Taxum obpaszom, mokazawo, uro s moboro k=0, 1,...,k;—1 u 060ro r=

=0, 1, ..., m—1 uMeeT Mecro paBeHcTso (2.2). OTCIONa BELITEKAET, uTo D5 (4)€
€Ker o, . ) C

CucreMa F™T"(A) cocTouT u3 nd BekTopoB. CornacHo Jemme 1.1 3Ta cucteMa
nuueino HesaBucuMa. C JpYroil CTOPOHBI, OYEBHIHO,

dim Ker &/,,'= (m+n)d— md = nd.

Takum 06pazom,. Kerd =lin ‘&’”"(A) 4)
Jlemma nokasaHa.

%) Yepes lin §§ obo3nayaercs ymueliHas 06010YKa CHCTEMB! BEKTOPOB &.,
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2. Jlemma 2.2. Ilycms -
‘ & = {ep1r =01, k'—l"j=1 2, njiy (=12, ...,9)
— cucmema eexmopos uz npocmpancmsa C* u A={y, 25, ..., A} — Koneurioe mro-

ocecmeo xomnaexcuvix uuces. Iycmp daree Fr"(1;) (m +n)-}cpamHoe pacuiupenue
cucmembl §; omHocumenvHo A, u 8eKmop

4 Ji ku— A
- 12; 2 2 %a D, (A)  (€CT+MY),
g e

20e 0;,€C' npunadsexcum sdpy onepamopa . Ecau uucao m ydossemsopsem
yerO8UID

.19
m= 2 max k
Mo 6Ce 6eKmopbl

(23) ) Q,‘JZZOtjkﬂDj,;,,(l,) (k=0, 1, ...,maxkﬂ—l; I:].,q)

20e cymmuposanue pacnpocmpamzemcn Ha éce uHOeKcyl j, 044 Komopblx k 1,__k npu-
Hadaexcam A0py onepamopa ,,. :

I[oxaz.aTenLCTBo.’ TMomoxum

4 Vi1 = 2 A, 0%, (4),
@,‘Z{l//jk’lijzl,z, ...,j[;k:O,l,. _]l__l} (]—l 2 q)

"
cf
Pt = W, Doos S S @y ()
JokaxeM, uTO cucTeMa G,Z{!I/J“'k—O 1, k —1;1=1,2,...,q} upeacras-

nseT coboit m-xpaTHOE PacIiHpeHHe OTHOCTHTENLHO 4 CHCTeMEL &, T.e. F' ()=
=G, o
" ViMeeT MecTO DaBEHCTBO

Y = 2, A, 0% (A) = ZAp(P ls(ll)'
B cuny (1.4)

‘ n s S
o= 3 32 i oticnii.
p=0 u=0 .
CaenosareabHo, '

n

3 Ky ’ ) s Ky .
Vi = 2(; 2‘; (u) A A,0% i (A) = Zo(u) A g
p=0 4= us
Orciona BrTeKaeT, 4ro ¢ =y 5 () 1 ¥y =¥ ,(4).

8) OTMeTHM, YTO 3TO YCIIOBME 3ABEAOMO BBLIIOMHAETCHA, €CNIM M= nd.
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- Hycrp
q Jr ki~
Q = 2 2 Jk I(AI)EKCI'M .
I=1 j=1 k=0
Torna
q  J kjy—1 -
AnQ =2 3 2 P
=1 j=1 k=0

B cuny. memmMel 1.2 orcioia BbITEKaeT
Zotjk,f’jk,,=0 (k:(),],...,kj,-—l;1=],2,...,q),
J

rie, CYMMHpPOBaHHE NPOMCXOIUT TO BCEM j, HJIA KOTOPBIX kj =k,
JlemMa noxasana.
OTtMeTuM, YTO B YCHOBHAX JNEMMBI 2.2 MOXET 0Ka3aThCsi, YTO BCE BEKTOPHI
®;.,1(4) He TMpuHALIExAT AApY omeparopa &, Ang moGoro m. B aToM MoxHO
ybennTbes Ha cienyrolwleM NpuMepe.
PaccmoTpum 1ipn d=2 myuok A= A0+M rae

-1 0
=1 o

Monoxum A={1, —1}, 6’1—{‘/’10} Fo=1{p2}, TRE 010=(0;1) u 90202(1' 1).
IlycTs m — TPON3BOJILHOE HATYPAJIBHOE YHCIIO. Toraa, OYeBH/HO, CHCTEMA § (1)

COCTOMT M3 €AMHCTBEHHOro BeKTOpa @Py,(1)=(0,1,0,1,...,0,1), a cucrema
m(—1) — n3 Bextopa Pp(—D=(—1,1, -1,1,..., ~1,1). Onepatop Jf B
2m
paccMaTpHBaEMOM Ciyyae OHpellCJIﬂeTCﬂ PABEHCTBOM
A I ... 0O
oL, = Ao .I m
o .. Ay, T

Jlerko BupeTh, uTO &7, (4)10,1.(])4— P2y ,(—1))=0, B 70 Bpems Kak o, Py, (1)#20
1 sy, Bygo(— 1) 0. .

3. Jlemma 2.3. Hycme F={¢,:k=0,1,...,k,}¥) — cucmema eexmopos u3
C'u = {2 Qo)=(0f (A)sZe} — ee m-xpamnoe pacuupenue omuocumeasho
Ao(€CY. Ecau m=>k, u eexmop diko(io) npunadaexcum aopy onepamopa sf,,, mo A,
AsaAemcA xXapakmepucmuyeckum uucaom nyuka A1), a @q, @4, ..., @, npedcmas-
asgem cobol Yenouky u3 CoBCMEEHHOZ0 U NPUCOEOUHEHHBIX B8EeKMOpos.

%) 3mech MHACKC kK COOTBETCTBYET BTOPOMY MHIEKCY BEKTOPOB M3 ONPEHE/ICHMS NI-KPAaTHOTO
pacLLBIpEeHHs. )

4*
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) n
Hoxaszatensctso: Iycte Y= > A,¢f. [loBTOPAA COOTBETCTBYIOLIEE MECTO
p=0 '

U3 [OKa3aTenbCTBA JieMMBI 2.2, NokaxeMm, uto cuctema & ={of, D,(Lo): k=
=0, 1, ..., ko} sBISIETCA M-KpATHBIM paciuipendem cuctembl ® = {1 k=0, 1, ..., k¢}-.
CirenoratenibHo, coraacHo (1.3) MMeeT MeCTO pPaBEHCTBO

’;;+1 = lolﬂ"i‘wf-n
rae A, P (o) =7 jrs
Tlockonbky ka:O (p=0,1,...,m=1) u m=>k,, TO OICIOJA BBITEKAET, 4TO
Y,=0 o k=0,1, ..., k,. [Tocrenuee o3HauaeT, uTO

p=0 p=0 r=0
Takx kak
i > (7)
Al () = r! APT4
[aw ]( )= 2 A
TO .
0= 5 ! dr A k=0,1 k,
“‘ré;—rT d}r (0)(Pk - ( - ’v,_“.’ 0)'
OTo o3HaYaeT, 4YTO @y, @y, ..., @y, ABIACTCA LIEOYKOW M3 COOCTBEHHOrO M IpH-
COCJAMHEHHBIX BEKTOPOB My9YKa A(1), COOTBETCTBYIOILEH XapaKTEPUCTHIECKOMY
yucay A,. ’

JlemMa poxa3zaHa.

§ 3. Ocuosnas Teopema
1. ITycts

A(A) = Ag+Ad,+ - +A"4, u B()) = By+AB,+---+i"B,

 OBa MaTpMMHBIX mnyuka C Kosdoummentamu A4;, B,€C! (j=0, 1, ...,n; k=
=0,1,...,m). Ilycts @, — oblLiee XapaKTCPACTHYECKOE YUCIO NYIKOB A(A) u
B(A) m '

& = Ker 4(J) N Ker B(y).

Nycte @y, @y, ..., ¢, — LENOYKa CODCTBEHHOTO M MPUCOEAMHEHHBIX BEKTOPOB
ONHOBpPEMeHHO 1isl yuykoB A(4) m B(A), cooTBeTCTBYIOLIAA xapamépncmqecmMy
uuCcny A,. Uucno r-+1 Ha3bIBaeTCA NIIMHON 3TOH ILENOYKH. 'HaH6onbma§[’)mHHa

TAKOW IIENOYKM, HAYHUHAIOLLEHCS BEKTOPOM (4, HA30BEM pPaHroM oOInero coGCT-
BEHHOI'O0 BEKTOpa @, W 0DO3HAaYuM uepe3 rang (1,, @)

. B noampoctpaHcTBe K Bb1§epeM 6a3uc @qq, Pap, --+» @j 0> PAHIM BEKTOPOB
KOTOPOro 06JaJaloT CNEAYOLIMMU cnoﬁcmaMu- k, aBnsieTcs MaKCHMAaJIbHbIM U3
uucen rang (29, ) (PER), a k; (j=2,3, ..., jo) ABISAETCS MAKCUMAJBHBIM M3 4MCEN
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rang (1,, ¢) ANsS BCEX BEKTOPOB nmpaMoro nonojxenus x lin {10, @50, ..., ®i-10)
B R, colepxamero ¢ ,.

-Jlerko BHAETB, YTO YUCHIO rang (4y, ¢,) s NoOOr0 BEKTOPa @o€R PaBHO
onHoMy W3 umcen k; (j=1,2, ..., ]0) CnenosatenbHo, wnena k; ( ]_1 2, ..y jo)
ONpeneNnsroTCd OAHO3HAUHO TYYKaAMH A() v B(A).

O6o3nauuM  4Yepes qojl,(pjz,...,(pj’,cj_1 COOTBETCTBYIOULYIO  ObuIyI0 1
A(A) n B(1) uenouky HPUCOEAMHEHHBIX BEKTOPOB K COOCTBEHHOMY BEKTOPY
Djo (.]=l,25,.]0) . '

Cucremy

Pios Pj1s ---> q’j‘kj.——l (G=12,...,j0)

HAa30BEM KAHOHMYECKOH CHUCTeMOM OO1MX COBCTBEHHBIX M TIPUCOENUHEHHBIX BEK-
TopoB AyukoB A (1) 1 B(/), OTBEHaIOILKX XapaKTEPUCTHUECKOMY YMCHY Ay, a4 YMCIO
def Jo
v(4, B, }y) = 2 k;
Ha30BeM OOLIEH KPATHOCTHIO XapaKTEPHCTHUYECKOTO wHucna Ay nyuxoB A (1) u B(A).
2. Tlyukam A (1) u B(A) n uenoMy umciy w>max {n, m} COMOCTaBuM ornepa-
TOP

Ay Ay ... A, ... o}
Ay ... Ay A, |
0 ... Ay ... Aj_; Al
Rw(AaB) = B B BO ! 0 3
o B, ... B,
B, .. B,_, B, |
0 .. B, B,_,B.

JelicTRylolmii M3 npoctpanctsa C*¢ g CEW=m—md,

VYcnosumesi R, (A, B) Ha3blBaThb pe3yJbTaHTHBIM onepaTopOM UM pesyiib-
TAHTHOMW MaTpuueit nyukoB A(4) u B(4).

Teopema 3.1. IIycms
3.1 AR = Ag+AA;+ -+ "4, w B(l) = By+AB,+--- +A"B,,

— 06a mampuynblx nyuxa (A j,BkEC") ¢ obpamumeimu cmapuumu  Kod3gpduyuen-
mamu A, u B,; A=1{ky, 2s, ..., 4} — MHOOdICECME0 BCeX . (pazAuuHbIX) 06WUX Xa--
pakmepucmuyueckux uucea nyukos A(A) u B() u

%l = {qojk,l: k= 0: 15 "‘7kjl_ l;j: 1>2’ "')jl} (I: 1,2, ’q)

~—  KOHOHUMECKAA CUCMmeMa oOWux CoOCMEEHHbIX U NPUCOEOUHEHHBIX 8eKMOpO8
nyuxoe A(A) u B(2), omeeuatowux xapaxmepucmuyeckomy qucay 2.
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Ecau svinoansenmcs ycaogue
3.2 ' w = min {n+md, m+nd}7),

mo cucmema
q
< (o
() = U &)
=1
saeasemca basucom -noonpocmpancmea Ker R, (A, B).
B uacmuocmu, npu ycaosuu (3.1) umeem mecmo pasencmso

. q
v(d, B) = dimKer R,,(4,B) 20e v(d4,B) = 2> v(4,B.1).
=1

Jloka3aTenbcTBo. Be3 orpaHnueHys OBLIHOCTH MOXHO MPEANONAraTh, UTO
m=n. : ‘ _
Y3 nemmbr 2.1 BoiTexkaet, yto FY(A)cKer A, , u F'(A)cKer B,,_,, cie-
nosatenbio, F¥(A)cKer R, (4, B)=Ker o, _,,ﬂKer @w —m-

Mycts Tenepe QEKer R, (A4, B). Torna Q¢Ker of,,_ ',, M B cuiy JemMmbl 2.1
©Q MOXHO MPeACTaBUTbL B BUIE

bt

Ji kjy-1

q
= Z Ot Dy (A1),

. : I=1 j=1 k=0
rae FA) ={Pj (A):j=1,2, ...,j,; k=01, .. k;—1}.
Otciona B cuny Jiemmsbl 2.2 BBITEKAeT, 4TO
() = > i Pir, (4) €EKer B, _,
J
npu k=0,1,...,k;~1,/=1,2, ..., q, ric CYMMUDPOBaHHE MPOUCXOIUT MO BCEM j,
AN KOTOPBIX kl,__k CornacHo nemme 2.3 BEKTOpPHI
» Oph) = Zajkl(pjr(/ll) r=0,1,...,k; k=0,1, s k—1; k= nljax kjl)
J
06pa3yloT IENOYKY M3 COGCTBEHHOrO M TPMCOEAMHEHHBIX BEKTOPOB myuyka B(A).
Tak xak, XpoMe TOro, BeKTopsl w,,(4) (r=0,1, ..., k) Takxke npeacTasisioT coboit

LENMOYKY M3 COOCTBEHHOTO W TIPHUCOEOMHEHHBIX BEKTOPOB mydka A (1) Mbl NpUILIK
K BBIBOY, 4TO BeXTOpbl 2, (1) MOXKHO ApeACTaBUTHL B BUJE JIMHEHHOI KOMOUHAUMHU
- -

7) JIerko BUIETH, YTO NMPHUBOOMMOE [0Ka3aTENLCTBO TEOPEMbI OCTAETCA B CHIIE, €CITH YCHOBHE
(3.1) 3aMeHHUTDH CNEOYIOLIMM MEHEE CTECHUTENIbHBIM YCJIOBHEM

3.2 ) w= min{n+ f mzjixkj,(B); h1+lf maxkj,(A)}
1=1 =1 Jj

rae {k;(O):j=1, ..., i (C)}-nabop HacTHbIX KpaTHocTeil myuka C(1).
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BekTOopoB U3 §Y(A). CremoBaTenbHO, BeKTOp 2 siBNsfeTcs JIHHEHHOM KoMOMHa-
Ae BexkTOpoB u3 F*(A).
Teopema noxa3zana.

Caenctsue 3.1. ITyuxu A(X) u B(L) uz (3.1) umerom obwee xapaxmepuc-
mudeckoe 4ucao g t obwutl cobemeentslii ekmop, orneeudiowuﬁ /g 8 MOM U MOALKO
mom cayuae, Koz2da pame pesyavmanmuoii mampuysl R, (A, B) npu w=min {md+n;
nd—+m} menvuie MAKCUMATBHOZ0.

3. Teopema 0.1, chopMysupoBaHHas BO BBEOCHWH, Oe3 Tpyda BBLIBOOHTCH M3
Teopemsl 3.1. Knaccuueckas pesynbTanTHas maTtpuna R(a, b), mpuseneHHAs BO
BBEJIEHUU, O9EBUAHO, coBNanaer ¢ R, ,(a, b). B aTom ciyyae (npu d=1), oueBUIHO,
ycaosue (3.2) Buimosmsietcs. CnenosatenbHo, Ker R(a, b) cocTOUT W3 JMHEHHOMR
000104KH BEKTOPOB

£ (p
B0) = (RGO tae o2Go = 3 (0) 3

s=0

Tak xak

D(4) = ;(;Hs(}'l) u  H(4) = &(4) — D _1(4),

TO OTCIOAA HEMOCPENCTBEHHO BHITEKAET CMpPaBeAjNBOCTh TeopeMbr 0.].
B cnyuyae d=1 pnd KjnacCHHeCKOl pPe3yJbTAHTHOW MAaTpHIbI, T.e. JJIg
R, .,(A, B), MOXHO N{lIb YTBEPXKAAThb CleHyIOLIEE:

Ker R, (4, B) = Ker«Z,, N Ker 8,
v(4, B) = dimKer R, ,,(4, B).

ITH COOTHOLUEHUS HEMOCPENCTBEHHO BBITEKAOT M3 Jemmbi 2.1.

ITpuBeneM eie OAHO yTBEpXKAEHHE N7 KJACCHMYECKOH pe3yibTaHTHOH MaT-
puubl npu d>=1.

Mycts F(4,4) (F 0y, B)) — xaHOHHM4YeCKas CHUCTEMa COGCTBEHHBIX M IIPH-
COCIMHEHHBIX BEKTOpoB myuyka A(4) (B().)), OTBEYAIOHIMX XaPAKTEPUCTUUYECKOMY
uueny 4, (u;). Torma uucno dim Ker R, 4,(4, B) paBHO KOpasmepHOCTH MOANPOCT-
paHCTBa '
lin " "(AUF""(B), roe F"*"(4) = UF""(4y, A), F"*"(B) =UF"*"(u, B):
. 1 : : 1
B uyacTHOCTH; omepatop R, .,(4, B) oGpatuM B TOM M TOJABKO TOM Cily4ae, Koraa
cucrema F"T(A)UF""(B) nonua B CmHm9,

Jlerko Buaets, uto Wi w=m-+n upu d=1 ycnosue (3.2") BHINOIHAETCA TOJIBLKO
B HEKOTODBIX YaCTHLIX ciydasx. Ycaosue (3.2) (I/I COOTBETCTBYIOLLEE YCIIOBHE
(3.2’)) TeopeMs 3.1 ABJIAETCA CYLIECTBEHHBIM, IJIsi KJIACCHYECKOW pe3yabTaHTHOM
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MaTpHubl Teopema 3.1, BooOlue ToBOps, He MMeEeT MecTa. B 3TOM MOXHO yOe-
 IMTbCS Ha CJIEAYIOWIEM IPHUMEDE. o :
Iycte ‘ :
1+4 1+4 1 ]

0
A(A):[—l —1+,1] " B()"):[ 1 142

Torna Aapo pe3yNbTaHTHOM MaTPHUBL. R,(A, B) COCTOMT u3 MHOXECTBA BEKTOPOB
(—1,1,1,0)¢ (t¢CY. C npyroii croponsl, my4ok 4 (1) UMeeT XapaKTepHCTHYECKHE
yucaa +1, a ny4ox B(4) umeer xapaxrtepuctudeckue uucna 0, —2. Takum obpa-
30M, v(4, B)=0, a dim Ker R,(4, B)=1.

§ 4. Ilpunoxenns

IMpusenem nBa TIpUJIOKEHUS PE3yIbTATOB U3 - § 3.

1. Haunem c¢ o0oOiueHHs MeTOAA "HMCKJIIOYEHUS HEU3BECTHOIO U3 CHCTEMBI
- ABYX ypaBHEHMH ¢ IByMs HEW3BECTHHIMM (cM., Hampumep, [1], roo. 11, § 54).
Hycte A(4, 4) v B(A, g) — MaTPUYHBIC MYYKH IBYX MEPEMEHHBIX

s

A4 p) =

.7

Mk Ay
=0

i
=)

K : .
(/1, pECH; A, BjkEL(Cd))'

q P
B, =2 Z’U.ukBjk
j=0 k=0
PaccMoTpuM cliényrouyro cncreMy YpaBHCHUM:

@n - AG, e =0, B(lpe =0

C HeM3BECTHBIMH YMCAaMH A W §1 ¥ HEM3BECTHBIM BeKTOpoM pEC? (¢ =0). CnenaeM
CIIENYIOLINWE TIPeANTONIOKEHUS: '
a) W HeKoToporo p=p,cC' cncteMa (4.1) HE MMeET pELLCHNS;

m ) 4
6) onpenenutenn det > p*A,, u det > u"qu HE PaBHBI TOXIECTBEHHO HYJIFO;
k=0 k=0

L P
B)_ onpenenuten det Z; A A, ndet Z(') /'B;, HE paBHbI TOXKIECTBEHHO HYJIO.
i= i= :

ITycte BhIOAHEHBI ycnoBus a) U 6). 3amuutem nyukn A(A, p) u B(4, u) mo
CTENICHAM TNEPEMEHHONH A: ‘

Bl 1) = Bo() + 2By () + -+ +21B,(k)
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m . P )
rae A;(p) = k;; wAp w Bi(p) = k;('),u"Bjk,- 1 TI0JI0KUM

[4) Ay o 0

Ao() - Aua () An(p).
o AW e 4w 4w
Re® =15y By o Bu) O

By(w) o B, () Bﬁ(!‘).

0 e Be(W) o Buoa(W) Bu()

Mycts M, (KOHEYHOE) MHOXECTBO HyJeil (yHkimu det A 2 (B, (). Ecnu w 06-

jlafaeT CBOHCTBOM
w = min {nd+gq; gd+n},

TO Ist Beex p ¢ M, MOXHO MpUMeHNTL cnenctsue 3.1. CnenoBaTenbHO, MHOXECTBO

TOYeKX M, JJISI KOTOPBIX CYLIECTBYET pelieHue cHcTeMbl (4.1), COCTOMT M3 TOUYEK
MHOXeCTBa M, uucen u,¢ M,, ans 'KOTOPBIX

(4 2) _ rang R, (o) < w

U, OBHITb MOXeET, HEKOTOpBbIX TOYEK M3 MHOXecTBa My.

Honcraenss B (4.1) BMecTO nepeMeHHOR p. TOYKW p, MHOxecTBa M,UM,,
NOJLYYNM A
A4, 1) =0
B(4, o) = 0

OTHUM NyTeM pa3LiCKaHue peleHHit cucTemsl (4.1) CBeAGHO K pa3BICKaAHHIO PellieHuit
CHCTEMBI C OJHMM HEH3BECTHBIM YHMCJIOM M OJHMM HEM3BECTHHIM BEKTODOM.

[MpeamnonokumM Tenepb, YTO KPOME YCNOBHIl a) U 0), BLINOJIHAETCS €lle ycilo-
BHE: B). Torna ONMMCAHHBIH MPOLECC MOXHO MOBTOPHTH, MOMEHSB MECTaMH TNepe-
MeHHbie g u A. [lycts Ay— MHOXECTBO Bcex Hysel QyHkouu

4.3) } (o€ My U My).

det [ > w4 ,m] [ > /IfB,-,,J :
J j=0

i—0

MHOXeCTBO uuceN 4, IJis KOTOPEIX cucreMa (4.1) wWMeer peLueHMe COCTONT H3
MHOXeCTBa A, BCEX TOYEK }go, IUIsE KOTOPBIX |

@4 rang Ru(ia) < w )

¥, OBITE MOXET, HEKOTOPHIX TOYEK M3 MHOXecTBa Ag.

8) R (%) onpenemsiercs nonobro R, (u).
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Takum o06pa3zom, OCTaJIoCh PEIHTb CHCTEMBI YPABHEHMI
| Ay, 1) :_0}
B(o, o) = 0
raoe A, npoberaer mMuoxectBo A,U A, a y, npoGeraet MHoxkectso MyUM,.
2. PaccMOTpuUM oOAHOpoaHble OuddepeHinaibibie ypaBHEHUS

(4.5)

“6) [;f, ](t)+ +Al[" ](t)+(A0<p)(t)—0

@ B, [j;w] O+ +B [" w] O+EH(O = 0.

rae A; , B.€L(C% n maTpuupt 4, u B, obpaTtumsl. 3THM YPaBHEHHUAM OTBEYAIOT

m
MaTpUuHble TydkH A ()= Z’)"Ak u B())— 5’)"Bk
k=
UnMeeTcs TecHAsA CBA3L MEXAY pEILEHHAMH ypaBHCHI/lﬂ (4.6) ¢ cobcTBEHHBIMU W
. IPHUCOEAMHEHHBIMM BeKTOpaMH nydka A(1). Oblueec pelicHye YPABHEHUS SBJIAETCS
JMHERHON KoMOuHauWel BeKTop-pyHKLUWHA BuAa '

' s ot
(4.3) o(t) = en' [F PoF -+ +F(pk—1‘_i—(pk]
v roe cp;,, D1y - Pg nboGera}oT BCC'HG}IO‘H\’M “3 COOCTBEHHOTO M MPHCOEANHEHHBIX

BekTopoB my4ka A(1). Takum o6pazom, u3 Teopembl 3.1 HEMOCPENCTBEHHO BBITE-
KaeT Cleayloulds Teopema. o

Teopema 4.1. fIyecms | — noonpocmpancmeo obwux pewlenuii ypasHeHuit
(4.6) u (4.7). Ecau uucao w yoogaemeopaem YCAO8UIO

w = min {nd+m, md+n},
Mo UMeem Mecmo paseHcmeo
dim & = dim Ker R, (4, B).
C nmoMolpk0 3TOH TeopeMbl M METOAA W3 M. | MOXHO yKa3aTh CIOCOO i

peLeHnst CHCTeMbl ANGGhEPEHIMANbHBIX YDABHEHUH, 3aBHUCALMX OT MapameTpa
J13:V2p:t

n \ d .
A.(1) [% w] O+ + A1) [E ¢] D+ A4(we() =0

‘s
m

80 0] 0 8,00 (&) 0+ B0 =0

roe Ai(@) v B, (1) — MaTpUUHBIC MYYKH. _
PaccMoTpuM elle oany 3amavy. IlycTh HaHLL m+n BexTopoB x (k=0, 1, ...,
m+n—1) u3 npocrpanctsa C’. Bynem uckate Bce napsi yHkumit (@ (), (1)), rme
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@(t) — peuwienue ypasHenus (4.6), a y/(t) — pewenue ypasaeuus (4.7), KOTOphie
YAOBJIETBOPSIIOT HAYaNbHBIM YCHOBHSM

(49) OO Ohco =1 =01, men—).

Drta 3agava uMmeeT ans. moGoro Habopa sekTopoB i, (k=0,1,...,m+n—1)
€[MHCTBEHHOE pellieHHe B TOM M TOJNbKO TOM Cjy4ae, KOraa Kiaccuyeckas pe3yiib-
TauTHas MmaTpuua R, ,,(4, B) obpaTiMma.

B camoM nesie, MOCTPOUM NI KaXAOro peweHus ¢ (t) ypasuenus (4.6) (¥ (1)
ypaBueuus (4.7)) Bexrop-dyHKHUIO

o= (Gl - (o))

Tlonaras X=(y);y ™", BUAUM, HMTO HayajbHble ycnosmi (4.9) npuHUMaOT BUAI

&(0)+¥(0) = '
Ecnu BektTop-pyHKLUS ¢ (f) npoberaeT Bee peleHns ypasuenus (4.6) (a//(t) — BCe
pelueHus (4.7)), TO M3 paBeHCTBa (1.2) HEMOCPENCTBEHHO BBITEKAET, YTO BEKTODPBI
®(0) (¥(0)) mpoberatoT CHCTEMy BEKTOPOB (11+n)-KpaTHOrO pacuiupeHus Fm+!
(G™*Y) cucrem M3 COBCTBEHHBIX M MPHCOEAMHEHHBIX BEKTOPOB my4ka A (1) (myuxa
B(})). CnenoBatensho, 3ana4a umeeT ans jnroboro XeC™ ™ peienue B Tom
¥ TOJILKO TOM Cilyuae, Korjaa obbeaunenue cucteM §F™ ' G™+! gsnsercs nonusimM
B C™+m4 Kak 0TMeqanoch B § 3, mocnennee WMeeT MECTO TorJa M TOJNLKO TOF/a,
korga mMatpuua R, . ,(4, B) obpatuma. Jlerko BHIETH, YTO B 3TOM Cly4ae pelieHue
SIBJISIETCS €AMHCTBEHHDBIM.

§ 5. dAnpo 6e3ymanfm

1. B xavecTBe eule OAHOTO MpHJOXeHUs Teopembl 0.1 maaum onucanue sapa
Oe3yTHaHThl IBYX NOJMHOMOB B ciy4ae, korga d=1.

Oycre a(M)=ap+a,2+---+a, " w b(A)=by+bi+---+b, A" (m=n) — nBa
nonuHoMa (ay, b€ C'; a,0). PaccmoTpum nonm{om ABYX TIEPEMEHHBIX

a)b)—a(wb(y) _ " .
T—x —p’qz;obpql ul.
Be3yTnaHT0171 nosuuoMoB a(2) u b(2) HasbiBaeTCs KBaapaTHasd MaTpuna #(a, b)=

= {bpall5 q o- Kax usBecTHO (cM., Harnpumep, [2, 3]), nedekT Ge3yTHAHTH paBeH CTe-

_TieHW HanboJbllero obuiero aenuTens mNojinHoMoB a(l) u b(A). DTo yTBepx-
JeHHe JIOTIYCKaeT Clellylollee YTOUYHEHHE.

B, p) =

Teopema 5.1. Adpo Gesymuanmor %B(a, b) noaurnomos a(l) u b(%) cocmoum
U3 AUHEUHOU 060A0UKU 6eKmMOpOg :

n—-1 . .
gajkz((k)/l"] ,(k;O,l,...,vj—l;j=1,2, )
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20e /; (j=1,2,...,1) — ece obwue nyau noaurnomos a(i) u b(%), a v; — obwas
Kpamnocmo Hyas 2;.

Noxa3zatenpcTBo. Jnsa OesytuauTol %(a, b) uHMeEET MECTO PpaBEHCTBO

(em. [3)):

5.1 B(a,b) =
ay ... y_y Gy [Po by ... by_y by...b,.1 B [a, a ...a,_4
_|az - an ) : by...b,_s by...b, . . . ay ... a,_,
a, .. OJlo .. b, b, .. o]lo .. d,
O6pa3yeM MaTpHUBI -
a, ... 0 ay, ... 4, 4
- a,_, a, . ay.... a,_ .
A, = 1. ! .o A, =1 ¢ L. ’ 4= [5j,n—k—-1]j,k1=0
a, 'ag o 0 aq

M COOTBETCTBEHHO MaTpwubl B, u B,. Toraa paseHcTBo (5.1) TIpUMeT BH[
G2 . B@b) = A(4,B,~B,4,).
CneAOBéTeJleo, ypaBHeHHe 2B(a, b) p=0 3KBUBAJNIEHTHO ypéBHeHn}o
(53) | (4,B,— B,4,)p = 0.
B mpuBeneHHBIX 0003HAYEHHMAX, OUEBHAHO,

. B,
A, /’fn]'
Jlerko ybenuTscs B cnpaneﬁnnsocm paBeHCTBa

B, B1 [I B,A;[B,—B,A7'4, O1[ I. ©

[,A” A’J - [0 I H 0 Zn] [/T;‘An 1]'

~

OueBuaHO, Matpuusl B, n A, TepecTAaHOBOYHBI, CNENOBATENBLHO,
— B,

R(b,a) = [

(54) Bn ~n_1An = gn_l(‘ann_EnAn)_'
IIycts o -

B, B,[f
S

Toraa u3 pasencts (5.2)—(5.4) cnenyet #(a, b) f=0. HaobopoT, ecnu %(a, b) =0,
TO HMMeeT MecTo paBeHcTBO (5.5) mpu g:Zn‘ 14,7/ Ocraiocs BOCHOJNB30BaThHC
Teopemoit 0.1. ' :

TeopemMa noxa3zana.

2. Ilyctp 3apanbl nBa NOJMHOMA BHIA

(5:6)  x(A) =X+ X A4+ X4 m YD) = yo+y AN kA"
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(%,%0 mwnu y_,0). Be3syTHauToil MHOTOUJIEHOB X (1) H (%) HasbiBaeTCs KBagpar-

nas mMatpuua B(x, y)= b,/ ,, T
) n—1 1 n -1
S b, 1 = XAy H -G X(u‘ )y(/l)
P.qg=0 ' 1—Ap
HenocpencreenHoit mposepkoit ybexnaemMcss B TOM, YTO
B(x,y) =

S R Yo Vien Xp_q e X
— X1 yl n )/ no .. Xo
Xp-1 Xp-2- Y1 Y-2.-.-V_n Xn

Hns 663yTIAaHTLI J(x y) MMEET MECTO TEOPeMa,. aHANOTHUHAS Teopeme 5.1.
s TONHOTH MpuBeneM ee (OPMyJIHPOBKY.
Teopema 5.2. Adpo besymuarmer mHo20uaeH08 X (2) u y(l)‘ 6uda (5.6) cocmoum
n—1
U3 AUHEIHOH 000A0UKYU BEKIMOPO8 jk:[)u;’ (Z)) (k=0,1, ..., k;—1) 20e 2; (j=
p=0 . .
-=1,2,...,1) — ece obwue nyau gynxyuii x(2) u y(2), a k; — obwaa xpamrnocme
HyAa Aj. '
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Wiener-Hopf operators induced by multipliers - |

By G. A. HIVELY in Lexington (Kentucky, USA)Y)

1. Introduction. Let R denote the real line (— <o, =) and let M(R) denote the
commutative Banach algebra of complex valued Borel measures on R equipped
with total variation norm and with multiplication defined by convolution of measures.
Let R* =0, =) and R™=(~ o, 0]. For each 1=p=oo, let L?(R) (resp. L’(R?}),
L"(R‘)) denote the usual Lebesgue space of complex valued Borel measurable
functions on R (resp. R*, R™). To avoid unnecessary repetition, it will be assumed
henceforth that the index p of any LP-space under consideration satisfies the constraint
1 =p=occ. The subspace of M(R) consisting of those measures whose support is
contained in R* (resp. R™) will be denoted by M(R*)(resp. M(R™)). We shall
frequently identify L?(R*) and L?(R™) as subspaces of L?(R). We write I (resp. [, I_) '
for the identity operator on LP(R) (resp. L"(R*), L*(R-)) and P (resp. Q) for the
natural projection of L”(R) onto L?(R*) (resp. LP(R7)). If 1 =p<-co (resp. p=co),
we write B(L?(R)). for the space. of continuous (resp. weak*-continuous) linear
operators on LP(R) equipped with the usual operator norm. -

If ue M(R) and f€ L?(R); then the convolution .

[nxf1x) = [F(x—1)dp(r)

deﬁnés a.c. an element p*f€LP(R) with H‘p *fl,=lnl || S, For each pEM (R) the
-operator S(u, p)EB(L”(R)) is defined by

S(uw, p)f = uxf, f E L"(R)

and ||S(y, p)ll=|lull. We say that S(u, p) is the convolutlon operator on LP(R) in-
duced by pu.
If T is any operator on L?(R), the operator pr (T ) on LP(R*) is defined by

pr(T)f = PIf, feLP(RY).

1) This paper is based on the author’s doctoral dissertation at the University of California,
written under the-supervision of Professor Donald Sarason.
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If T€ B(LP(R)), then pr(T)€B(L?(R*)) and |pr (T)|=||T|. For each pueM(R),
the Wiener—Hopf operator W(u, p) on LP(R*) induced by u is defined by W(u p)=
=pr (S(u, p)).

Several authors have considered the Wiener—Hopf operators induced by var-
ious classes of measures (cf. [8], [12]), particularly with regard to their inversion.
R. G. DoucLAs and J. L. TAYLoR [4] have recently provided inversion criteria of
great generality. We summanze their results in the followmg

Theorem 1.1. If u& M(R), Wi(u, 1) is invertible if and only if u€exp (M (R)).
If u is invertible in M (R), W (u, p) is invertible if and only if p€exp (M(R)).

An important consequence of this result is that the invertibility of W (y, p)
is independent of the index p provided that p is invertible in M(R). Douglas and
Taylor also show that this need not be the case if y is not invertible. Specifically,
they exhibit a noninvertible measure vé M(R*) for which W(v,?2) is invertible.
This example motivates our consideration of the more general class of Wiener—Hopf
operators induced by multipliers. As we shall subsequently show, the invertibility
of W(v,2) implies the invertibility of S(v,2). Since v is not invertible in M(R),
S(v,2) lis a multlpller (cf. Sectlon 2) which is not a convolution operator and,
moreover, W(v,2)~! is pr S(v,2)"%.

In the next section we provide a summary of some 1mportant facts concern-
ing Fourier transforms, multipliers and pseudomeasures  which we will need later.
In § 3 we define the class of Wiener—Hopf operators induced by multipliers and
prove theorems analogous to results such as those of Hartman—Winter, Coburn and
Brown—Halmos in the theory of Toeplitz operators. In § 4 we examine the Wiener—
Hopf factorization technique for the inversion of .a ‘Wiener—Hopf operator. In
contrast to the results of previoﬁs authors, we give an ‘example' of an invertible Wie-
ner—Hopf operator on L2?(R*) whose inverse cannot be expressed in the form
W, W_ where W, and W_ are analytlc and coanalytic (cf. Sectlon 2) Wlener—Hopf
operators respectively.

In §5 we conclude by considering the problem of mterpolatmg the inverse
of a Wiener—Hopf operator suggested by the example of Douglas and Taylor. The
Wiener—Pitt measure is used to provide an example of a Wiener—Hopf operator’
W{w, p) which is invertible for 1 <p< <o yet not invertible for p=1, . Although we
are unable to show that mterpolatlon of the inverse occurs in the general case, we
show that 1nterpolat10n does occur when the Wiener—Hopf operator 1s elther analytic
or coanalytic.

2. Fourier transforms, multipliers and pseudomeasures If feI'(R), we .define
: the Fourler transform of Sy o

| Je = [ef@d, xeR.



Wiener-Hopf operators induced by multipliers 65

If p” denotes the conjugate exponent of p and 1=p=2, then the Fourier transform
defines a bounded linear mapping of L'(R)NL?(R) (equipped with the norm from
L*(R)) into L*'(R). The unique continuous extension of this mapping from L?(R)
into LP(R) will also. be called the Fourier transform and the result of applying
this mapping to an element € LP(R) will be denoted by /. In the case p =2 the Fourier
transform is an invertible operator on L2(R) and we shall denote by U the. Fourier—
Plancheral transform on L2(R) defined by Uf=(2n)~V2f. The operator Uisa umtary
operator on L*(R).

We shall eventually have need of relations between the Fourier transform and
the Hardy spaces H?(R). The definitions and basic facts concerning these spaces
may be found in [6] and [10]. The following result does not seem to be explicitly
-stated 'in the standard references. Since we will make crucial use of it, we sketch
the proof. '

Theorem 2.1. If 1=p=2 and fcLP(R*), then fcHP? (R). Moreover,
U(L*(R))=H*(R).

Proof. Let = be the upper half-plane {z|Im z>0} and’ define the Laplace

transform of f by :
Lf(z) = [e=f(pydr, zem*. _

The function Lf is analytic in n*. Consider the family of functions f,, y=0, defined

by f,(t)=e""f(¢) and note that sup Il M, =1l fll, and that 11m I f,—f1l,=0. Since

Lf(x+iy)= fy(x), it follows that Lf€H P(z+) and that fis the boundary function for
Lf. This proves the first assertion. The second assertion is then just a form of the
Paley—Wiener theorem [15, Theorem 19.2, p. 368]. ' Q.E.D.

The space M(R) and the spaces LP(R) admit natural involutions defined by
setting u*(E)=pu(—E) for u¢ M(R) and E a Borel set in R and by setting f*(x)=
=f(—x) a.e. for f€ L*(R). If the Fourier—Stieltjes transform of u€M(R) is defined
by A(x)= f e™du(t), then these involutions have the followmg propertles

£ =p, peM(R),
and . 4
f*=/ feP(R), 1=p=2.
For each a€ R, let §,-denote the measure with positive unit mass at the poirit a.
Just as the ambiguity of space for the projections P and Q causes no problems, so
we shall frequently write S, in place of S(,, p) and W, in place of W(5,, p). We
- define a multiplier on LP(R) to be an operator S€B(LP(R)) such that S commutes
- with S, for each a€ R. The set of multipliers on L?(R) will be denoted by .#°.
It is clear that .#4°” is an inverse-closed algebra -of operators on L?(R) and that
- MP contains. the convolution operators on-L?(R). If p=1 or p=-oo, then 4P is

5 A
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precisely the set of convolution operators on LF(R) [13, Theorem 3:1.1 and Tﬁeorem
3.4.1). If the adjoint operator on L? (R) of an operator on L?(R), | =p~< o, is defined
by means of the pairing

(f,8) = [fedx, feL?(R), g€ L¥ (R),
then a simple application of Fubini’s theorem shows that S, py*=S@u*, p’) for
HEM(R) and 1=p<oo. Setting u=5, we see that S*=S_, and that A" =47
if 1=p<eco.

Let A(R)={f]|f€L*(R)} and let A(R) be given the induced norm from L1 (R).
The algebra A(R) is then a Banach algebra and is isometrically isomorphic to L!(R).
The Banach space dual of A (R) will be denoted by P(R) and the elements of this
dual space will be calied pseudomeasures. The natural isomorphism mapping o —é&
of P(R) onto L= (R) will be called the Fourier transform on P(R). If aEP(R), the
element &€ L=(R) is uniquely determined by the relation

o(f) = [ofdx, feIMR).

The space P(R) is a commutative C*-algebra via the induced operations from L=(R).
If M(R) is identified as a subalgebra of P(R) by means of the relation

u(f) = [fdu, peM(R), feLM(R),

" then the multiplication, involution and Fourier transform defined on P(R) are con-
sistent with those previously defined on M(R). In particular, we may denote by *
the multiplication on P(R).

Theorem 2.2. [13, Theorem 4.3.1] The relation
()" =8f, feL*(R), :
between elements S€ M and o€ P(R) determznes an isometric algebratc isomorphism.
between 2 and P(R).

For 1=p=o, let ,l(p):l(p-—’2)/p|. The value of i(p) m»ayAbe-regarded as a
measure- of the distance of p from 2 and the function A(-) is symmetric with respect
to conjugate indices. The next result is essentially contained in [13,. pp. 95—97].

Theorem 2.3. If S€.#? and A(r)=1(p), then S maps LY(RYNL=(R) into
LP(R)NL?'(R) and hence into L"(R). Moreover, the restriction of S to L*(R)\L™(R)
has a unique extension to an element of #". The resulting mapping of M" into M"
is an injective norm-decreasing algebra homomorphism and is an isometric isomorphism

if A(r)=2(p).

Combining theorems 2.2 and 2.3 we see that 4 may be identified with a sub-
algebra of .4 and hence with a subalgebra of P(R) (containing M (R)). In particular,
to each multiplier on L?(R) there is associated a unique pseudomeasure. The nota-
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-tion S(o, p) will be used to denote the multiplier on L?(R), if it exists, having ¢ as
its associated pseudomeasure. With this notation, the natural mapping of .#? into
A7 for A(r)=A(p) is given by S(c,p)—S(a,r).

As an easy consequence of theorems 2.2 and 2.3 we have

Theorem 2.4. If 1=p=2 and S=S(o,p), then
(Sf) =8f, feLP(R).

If € P(R), we say that o is analytic if 6€ H”(R) and that ¢ is coanalytic if
6€H=(R). If the support of a pseudomeasure is defined as in [7], then a pseudo-
measure is analytic (resp. coanalytic) if and only if its support is contained in R*
(resp. R™). If S€.#?, we say that S is analytic (resp. coanalytic) if -S leaves LP(R")
(resp. LP(R7)) invariant. Theorems 2.1, 2.2 and 2.3 imply the following

Theorem 2.5. If S=S(o, p), then S is analyttc (resp. coanalytic) if and only
if o is analytic (resp. coanalytic).

_ 3. The.class %7, If WeB(L? (R™)), we say that Wis a Wiener—Hopf operator
if W=pr (S) for some S€.#”. The class of Wiener—Hopf operators on L?(R*)
- will be denoted by #*. If S=S(o,p), the Wiener—Hopf operator pr (S) induced
by S may be denoted by W(a, p). Since the mapping T—pr(T) of B(L?(R)) into
B(L?(R¥)) is linear, pr (/)=/, and pr (T)*=pr (T*) if 1=p<c, it follows that
#77 is a linear subspace of B(LP(R*)); I, €#7P and WP =#" if | =p<-co.

In the case p=1 we know that .#" consists precisely of the convolution operators
S(u, 1) for measures u€M(R). Thus % consists precisely of the Wiener—Hopf
operators W(u, 1) induced by measures g€ M(R). By duality, a similar statement
- holds for # =. If, for the moment, we assume that each Wew™® is induced by a
unique S€.#” (a fact that will be established later), then it follows from Theorem 2.3
that we may- identify %7 as a subspace of #™" whenever A(r)=A(p). In particular,
we may think of # as being contained in #%, depending symmetrically on the
index p and growing larger as p approaches 2.

If o€ L=(R), define the operator M€ B(L*(R)) by settmg M, f=¢f for each
JEL?(R). Let P, be the orthogonal projection of L?(R) onto H%(R). The Toephtz'
operator T,€B(H?(R)) induced by @€L”(R) is defined by setting T, /=P, M,f
for each f€ H*(R). We now assert that the class W * is unitarily equwalent to tlze
class of Toeplitz operators on H*(R). For suppose that 6€ P(R) and fCL?*(R*) and
let U, be the restriction of the Fourier—Plancherel transform to L2(R*). Applying.
Theorems 2.1 and 2.2 we have :

UW(o,2)f = UPS(0,2)f = P, US(0,2)f = P M; Uy f = T3 U, f.
Thus UgW (o, 2)U; =T, and the assertion follows by observing that & ranges over
L”(R) as o ranges over P(R).

5.
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The following result gives a simple characterization of the Wiener—Hopf
operators on LP(R*) analogous to a well known characterization of Toeplitz operators
[1, Theorem 6).

Theorem 3.1. If WeB(LP(RY)), then a necessary and sufficient condition in
order that WeW'™ is that W_,WW =W for a=0.

Proof. For each acR, let P, denote the natural projection of L?(R) onto
L*([a, «)). If WeWP, so that W=pr (S) for some S€.#P, then for each a=0 and
SfE€LP(RT) we have

W_WW,f = P(S_oP)S(PS,)f = P(P_4S-0)S(SaP_o)f = PSf = Wf.

This establishes the necessity of the condition.

Since the assertion in the case p=< follows by duality from the case p=1,
" it follows that we need only prove the sufficiency of the condition in the case 1 =p < oo.
So suppose that W€ B(LP(R*)) where 1 =p <o and that W_,WW,= W for each a=0.
Regard R as a directed set with its natural order and consider the net {S_,WPS, },,ER
in B(L*(R)). If a=b and feLP([—a, <)), then

P_aS_bW.PSbf: P—aS—aS(a—b)WPS(b—a)Saf:
= S—z;PS(a—b)WPS(b—a)Safz S—aI’V(a—b)WI’V(b-a)Saf: S—aWPSaf-

Since the net {S_‘,WPS,,'},,E r is bounded in norm and 1=p <, it follows that this
net is strongly convergent on the set |J LP(—a, «)). Since the latter set is dense in
a€R

LP(R), it follows that the net is strongly convergent on L?(R) to some S¢€ B(L? (R).
For each bER, '

SbS S—llm (SbS—aWPSa) = S—llm (S(b a)WPS(a b)Sb) = SS,,
Thus S€.#P. If feLP(R*), then
' PSf = llm (PS_,WPS,f) = hm (W_aWWf) .

Thus W=pr(S) and WE"/V”. .

Theorem 3.2. [If 1=p<oo, SEMP and W='pr (S), then S=s—1im S_,WPS,.

Proof. Since 1=p<eo, s—lim P_,=1. The desired conclusion follows from
the fact that, for each a€R, - ' A

s_,wpS,=S_,PSPS,=P_,S_,SS,P_,=P_,SP_,. Q.E.D.

An important consequence of this result is that each Wiener—Hopf operator
on LP(R¥), 1=p<oo,.is induced by a unique multiplier on L?(R).and that pr is
isometric on .#”. By duality, the same is true in the case p=-oo . :
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Corollary 3.3. For each WEW'™ there is a unique S€.#P such that W=pr (S)
and, moreover, |W|=|S|.

Corollary 3.4. If 1§p<oo Se.HP and W:pr(S), then

Jednt. Wl = inf ISel,.
Ifll,=1 Ilg[l =1
Proof. Let g€L?(R) and | g|l,=1. Since 1=p-<oo, hm [PS,gll,=1 so that, by
Theorem 3.2, .

IS¢, = lim |S_.WPSagl, = llm HWPSang = 17t -

ELP(R )
ILA,=1

The assertion now follows immediately. ' Q.E.D.

The next result is an analogue for Wiener—Hopf operators of the spectral
inclusion theorem of HARTMAN and WINTNER [9] for Toeplitz operators.

Theorem 3.5. If Se.#?, S=S(o,p) and W=pr (S), then

ess range & S sp (S) & sp (W).

Proof. By Theorem 2.3, sp(S(c,2))Ssp(S(s,p)) and, by Theorem 2.2,
S(s,2)=U"2M,U so that sp (S(s, 2))=ess range ¢. Thus ess range ¢ Esp (S).

To prove the second inclusion, it will suffice to show that § is invertible whenever
W 1is invertible. So suppose that W is invertible. If p=1, then o€ M(R) and, by
Theorem 1.1, o€exp (M(R)). This implies that ¢ is invertible in M(R) and that S
is invertible. If p=, the same conclusion follows by duality. Finally, if 1 <p< oo,
then the invertibility of S follows from Corollary 3.4 and the fact [5, Lemma 3 on
p. 488] that an operator on a Banach space is invertible if and only if both the operator
and its adjoint are bounded from below. ‘ Q.E.D.

If We#'P, we know from Corollary 3.3 that W is induced by a unique multiplier
Se#P. We may therefore make the following definition: if W¢#'?, we say that
W is analytic (resp. cognalytic) if its inducing multiplier is analytic (resp. coanalytic).
If W=W¢(g, p), it follows from Theorem 2.5 that W is analytic or coanalytic accord-
ing as o is analytic or coanalytic. Theorem 2.5 also implies that a multiplier or
Wiener—Hopf operator which is both analytic and coanalytic is a scalar multiple
of I or I, respectively. A

We now turn to a consideration of the multiplicative properties of the class
WP If W, Wee WP and either W, is analytic or W, is coanalytic, then W, W,c %P,
For if §; is the multiplier inducing W;, i=1, 2, it is easily seen that

) pr (Sp pr (Sz) = pr (51 Ss),
so that under these conditions W, W, is the Wiener—Hopf operator induced by S, S,.

Conversely, the stated conditions are necessary in order that the product W; W, be
a Wiener—Hopf operator. '
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Theorem 3.6. Let S;€4° and W;=pr (S),i=1, 2, 3. Inorder that W, W,=W,
it is necessary and sufficient that S,S,=S; and that either W, be analytic or W, be
coanalytic.

This result is the analogue for Wiener—Hopf operators of a well known theo-
rem of BRowN and HarLmos [1, Theorem 8] for Toeplitz operators. Although the
 proof of Theorem 3.6 can be achieved by first reducing to the class #* and then
applying the theorem of Brown and Halmos to the corresponding Toeplitz operators,
we prefer to give an independent proof. (The proof in [1] uses the existence of an
orthonormal basis in Hilbert space to reduce to a matrix computatxon) We require
the following

Lemma 3.7. Let 1 =p <o, K be aright translation invariant subspace of L¥ (R™)
and let K be the smallest closed left translation invariant subspace of L? (R ) contain-
ing Ky. Then either Ky={0} or K=LP(R™).

Proof. The hypothesis: that K, is right translation invariant means that K
is invariant under the operators QS, for a=0. It is clear, then, that y;_, o /€K
whenever f€K, and a=0. Also, if f€K,, then almost every x¢ R~ is a p-th order
Lebesgue point for f so that the condition '

h . 1/p
G0 - lgn[,i J If(x—t)—f(x)l"dt] =0

holds for almost every x€ R~ _

Suppose, now, that Ky {0}. From the hypothesis on K it follows that we
can choose some f€ K, such that f(0)=1 and (3.1) holds for x=0. In order to show
that K=LP(R™) it suffices to show that K contains the function y_, ¢ for each
a=0. So let a=0 and consider the sequence of functions {g.}>., in L?(R™), where

n—1
&n = Z S—ka_z/n(X[—a/n,O]f)'

It is easy to see that the sequence {g,};~, is in K and that lim [/ g,— -, oll, =0.
Since K is closed, it follows that y_, €K s Q.E.D.

Proof of Theorem 3.6. The remarks preceding the statement of the theo-
rem show the sufficiency of the conditions and it remains to show that they are
necessary. Moreover, the necessity of the conditions in the case p= follows from
their necessity when p=1 so that we need only consider the case 1=p<co.

Suppose that 1 =p< o and that W, W,=W,. Since :

(S_WiPS)(S_W;PS) = S_WiW,PS,, acR,

it follows from Theorem 3.2 that S;S,=S;. Let K, be the range of Q9S,P and
K={f¢LP(R™)|PS, f=0}.1t is clear that K, is a right translation invariant subspace

r
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of LP(R™) and that K is a closed left translation invariant subspace of L?(R™).
Since S8, S,=S;, the hypothesis that W, W,=W; implies that PS, PS,P=PS, S, P.
1t follows that PS,0S,P=0 so that K contains K,. By Lemma 3.7, either K,= {0}
or K=LP(R™). Thus, either S, is analytic or S, is coanalytic. ' Q.E.D.

Corollary 3.8. A4 necessary and sufficient condition in order that an operator
WeB(LP(RY)) be an analytic (resp. coanalytic) Wiener— Hopf operator is that W
commute with W, (resp. W_,) for a=0.

~ Proof. By symmetry it is enough to prove the assertion in the analytic case. The
necessity of the condition is immediate. So suppose, conversely, that W¢ B(L?(RY))
~and that W, W=WW, for each a=0. Then W=W_ W ,W=W_,WW, for a=0
so that, by Theorem 3.1, We#P. Since W, is analytic but not coanalytic if a=0,
Theorem 3.6 and the equality W, W=WW, imply that W is analytic. Q.E.D.

Corollary 3.9. Let Sc#?, W=pr(S) and S be analytic (resp. coanalytic).
Then a necessary and sufficient condition in order that W be invertible is that S have
an analytic (resp. coanalytic) inverse. If the condition is satisfied, W 1=pr (S~1Y).

Proof. It is enough to consider the analytic case. Moreover, the sufficiency
of the condition and the last assertion follow immediately from Theorem 3.6. So
suppose, conversely, that S is analytic and that W is invertible. By. Theorem 3.5,
Sis invertible. Since S(LP(R*))=W(LP(R*))=L?(R"), it follows that S —! is analytic.

’ Q.E.D.

If T, is a non-zero Toeplitz operator on H?(R), CoBURN [2] has shown that
T, either has trivial kernel or dense range. The existence of an analogous result
-for Wiener—Hopf operators (induced by measures) was conjectured by DouUGLAS
and TAYLOR [4]. The following theorem establishes such an analogue for Wiener—
Hopf operators.

"Theorem 3.10. If WEW'® and W0, Ihen W either has trivial kernel or dense
range (w *-dense range if p=oo).

Proof. By duality, it.is enough to prove the assertion in the case 1=p=2.So
suppose that 1=p=2, Wc¥? and that W has non-trivial kernel and non-dense
range. We will show that W=0.

Let W=pr(S) where S=S(o, p). Since W has non-trivial kernel, we may
choose f€ L?(R*) such that f>0 and Sf€L?(R™). Since W has non-dense range,
W*=pr (S*) has non-trivial kernel. Thus we may choose g€L”(R*) such that
g#0 and S*g€LP(R-). Since Sf, f*€LP(R) and S*g, g€ L”(R), the convolutions
Sf*g*and f* ¥ S *g are well defined continuous functions on R. Moreover, a straight-
forward computation shows that Sfxg*=(f*%S*g)*. Since both Sfxg* and
f**% S*g vanish on R*, it follows that Sfg*=0. Since g*=0 in L?(R™), we may
apply Titchmarsh’s convolution theorem [16, Theorem 153] to conclude that Sf=0
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in L?(R). (We are grateful to Professor Donald Sarason for suggesting this use
of the Titchmarsh convolution theorem to us.) By Theorem 2.4, §f=0 in L”(R)
and, by Theorem 2.1, f€¢ H”(R). Since f#0 in L?(R*), f#0 in HZ(R) [11, p.142]
and therefore £ is non-zero a.e. [10, p. 133). It follows that =0 in L=(R). Thus ¢=0
in P(R) and W=0. ] . Q.E.D.

4. The failure of factorization. The problem of finding conditions under which
a Wiener—Hopf operator W will be invertible and, when the inverse exists, of
providing an analytical representation for W 1, has been of central importance in
the theory of Wiener—Hopf operators. The principal tool for inverting a Wiener—
Hopf operator has been the so-called Wiener—Hopf technique, first developed by
N. WienNER and E. Hopr [17] in a somewhat different setting and applied by several
subsequent authors to the Wiener—Hopf operators induced by various classes of
measures [4], [8], [12]. In this section we will first describe the Wiener—Hopf technique
in its general form and then provide an example showing its inadequacy — at least
in the case p=2. )

Let S€.#* and suppose that S can be factored in the form S=S_ S, where
Sy, S_€4P, S, is analytic and S_ is coanalytic. Then by Theorem 3.6, pr (S)=
=pr (S_) pr (S,). If, moreover, S, has an analytic inverse and S_ has a coana-
litic inverse, then Corollary 3.9 implies that pr(S,) and pr (S.) are invertible
and that ' ’

4.1) : pr(S)~! = pr(SyH)pr(S*).
Formula (4.1) is called the Wiener—Hopf formula and suggests the following defini-
tion: if We#w'? and W is invertible, we say that W1 is factorable if there exist
W, W_e#? with W, analytic and W_ coanalytic such that W—1l=W, W_.

The case of Wiener—Hopf operators induced by measures is of particular
interest. If pcexp (M(R)), then pu=exp (v) for some vEM(R) and we can write
v=v_+v, where v, €M(R*). (This decomposition need not be unique.) Thus
p=exp (v_)*exp (v,), exp (v,)€ M(R*) and exp (v, ) l=exp (—v,)EM(R*). We
therefore have : ‘ '

W(w, p)~t = W(exp (—=v.), p)W (exp (—v_), p):

Thus an exponential measure induces an invertible Wiener—Hopf operator whose
inverse is factorable. The following’ result is of interest in relation to Theorem L.1.

Theorem 4.1. If u¢ M(R) and W (y, p) is inbertible, then a necessary and suffi-
cient condition in order that W(u, p)~! be factorable with factors induced by measures
is that p€exp (M(R)).

Proof. The sufficiency of the condition has already been shown (see also [4]).
Conversely, suppose that W (g, p)~*=W(v., p) W(v_, p) for some v € M(RY). Then

W(n, )W, pW(v_,p) = I, = W(b,, p)-



Wiener-Hopf operators induced by multipliers 73

By Theorem 3.6, we conclude that

Wp*v,, p)W(_, p) = W(d,, p).

Applying Theorem 3.6 yet again, we conclude that g% v, €M(R™), px v, % v_=0d,
and that p is invertible in M (R). Since u is invertible in M (R), Theorem 1.1 implies
that pcexp (M(R)). " Q.ED.

In view of the above, it is somewhat surprising that factorization should fail-
in the case p=2. For if S€.#% and W=pr (S) is invertible, then we know that S
must be invertible. Since .2 is isometrically and algebraically isomorphic to P(R)
and hence to L™(R), it follows that the invertible elements in M*® are the same as
the exponentials in A2 Thus S has a logarithm" S(o, 2) in /2 What goes wrong
is that, in contrast to the case of measures, it may not be possible to write o as the
sum of an analytlc and a coanalytic pseudomeasure [10, p. 151]. We shall not, how-
ever, base our example upon this fact, since logarithms in .# 2 are highly non-unique.

One further remark is in order. Factorization can be restored in the case p=2
" ‘provided that we do not require that the factors be induced by multipliers. If S¢.#2
and W=pr (S) is invertible, then S is invertible and a theorem of DEVINATZ and
SHINBROT [3, Theorem S5} implies that-there exist invertible operators A, and A_
on L%(R) such that S=A_A,, A,(L*(R*))=L*(R*), A_(L*(R™))=L?*(R™) and
W=t=pr (47" pr (477).

If f€ L7 (R), then in order that f have the same modulus as some nonzero element
of H?(R) it is necessary and sufficient [10, p. 133] that

floglfl A -
1412

In constructing our example showing the failure of factorization in the case p=2
we shall make use of the fact that the argument of a nonzero element of H”(R) is,
‘likewise, not arbitrary. To simplify matters, we introduce an auxiliary mapping.
Let Z(R) denote the multiplicative group of measurable functions on R which are
nonzero a.e. and define the mapping u of Z(R) into itself by setting u(f)=f/|f|
for each f€Z(R). For each, f,g€Z(R) we have ‘ :

0) u(fg) = u(f)u(g),
() u(f~Y = u()* = u(f) = u(f).
(iif) | uu(f) = u(f).

Note that Z (R) contains H?(R)— {0}.

Lemma 4.2. If fe H™(R)— {0}, then u(f‘l) u(g)for some g€ H?(R)— {0} if
and only if 1€ H?(R).
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Proof. Suppose that fe H=(R)—{0} and -that u(fY)=u(g) for some
gEHP(R)—{0}. Then u(fe)=u(f)u(g)=u(f)u(f)~t=1. Since fgc H?(R), it fol-
lows that fg=c for some positive constant ¢. Thus f~'=c'g€ H"(R). Q.E.D.

Our example may now be constructed as follows: Let f be the cbntinubus branch
of (x+i)"® on R with O<arg (f)<n/3. Then f¢ H=(R) and f~*€ H™(R) so that,
by Lemma 4.2,

@.2)  u(f) #u(g) foreach geH=(R)—1{0}.

Since O<arg u(f)<m/3, the closed convex hull of the essential range of u(f) does
not contain 0. From this it follows [1, p. 99] that the Toeplitz operator T, is in-
vertible on H2(R). Let ¢ be the pseudomeasure with 6=u(f) and let W=W(a, 2).
Since W is unitarily equivalent to T,,, W is invertible on L*(R*).

Suppose, now, that W1 is factorable. Then W 1=W(o,, 2) W(o ., 2) for some
04, 0_€P(R) with ¢, analytic and o_ coanalytic. The equations

WW(o,, DW(e_,2) =1, = W(S,,2), W(o,, )W(e, )W =1, = W(5,,2)

imply, as in the proof of Theorem 4.1, that s %0, %xc_=4,, that 6_ ¢ is an ana-
Iytic inverse for ¢, and that o %o, is a coanalytic inverse for ¢_. From this it fol-
lows that u(f)=f, f, for some f,, L€ H=(R) with f, f;7*¢ H(R). Then u(f)=
=u(u( f))=u(Ru(f)=u(RDu(fTH=u(/L ). Smceflf;_lEH“(R) {0}, this con-
tradicts (4.2) and we conclude that W~ is not factorable.

Before turning to the next section we comment on the example of Douglas and
Taylor [4] mentioned in § 1. In this example, a noninvertible measure v is constructed
with the property that $ and 9~ are in H=(R). It follows that v has an analytic in-
verse 6€P(R) and that S(v,2) '=S(o, 2). Thus, by Corollary 3.9, W (v,2) 1=
=W(o,2) so that W(y,2)~! is (trivially) factorable.

5. Interpolation of the inverse. We begin this section by exhibiting a measure
o such that W(w, p) is invertible for 1 <p< <o yet not invertible for p=1, «. It is a
consequence of the work of KrREIN [12] and of GOHBERG and FELDMAN [8] that such
a measure must necessarily have a nonzero singular continuous part. Our example
is based on the fact [14, p. 107] that there exists a continuous positive measure
vE M (R) such that ||v=1, v*=v and £i€sp (v). Let v be such a measure and let
w=0+v*. The measure @ has the remarkable property that O=1+192=1 yet ©
is not invertible-in M (R). WieNER and PitT [18, Theorem 3] were the first to show
the existence of measures exhibiting such spectral misbehavior and we shall therefore
call & the Wiener—Pitt measure. ‘

Since w is not invertible in M(R), Theorem 1.1 implies that W(w, 1) is not
~ inivertible. Since w*=w, it follows that W(w, =) is not invertible.
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To show that W(w, p) is invertible for 1 <p~< =, it suffices to show that W(w, p)
is invertible for 1 <p=2. So let 1 <p=2 and set A=A1(p) so that %-—-1%4—(1 —ﬂu).-;—_.
Since @ =1 we may choose O<g=<1 so that |1 —e®|_. <1. By the Riesz interpolation
theorem [5, p. 525] and the Hélder inequality we have

I, —eW(w, p)il = IW (S0 — 0, )| = [W(89— s, 1|3 [W(69— s, D)1+ =

= AW (S — o, D)l +(1 = D)W (S — ew, 2)]].
By Corollary 3.3 and [13, Cor. 0 1.1] we have

W (86 — e, ]| = S~ e, D]} = 8, — 0]
and, by Corollary 3.3 and Theorem 2.2, we have

W (6 —ew, 2)]| = [S(6g—ew, 2)|| = |1 —ed|-
It follows that -

14 — e (@, p)l < 2118, —ewl| +(1—2) = A)(1 — )8y —av?| +(1—2) =
= ,1((1—.5)+e)+(1— =1,
so that W(w, p) is invertible.

By a considerable refinement of the argument just given we can prove the
following.

Theorem 5.1. If ué M(R) and K is the closed convex hull of the range of
a, then

sp (W(, p)) € {zldist (z, K) = A(p) K11},
where 1’ denotes the measure ;1 — #({0}) 8, .-

Proof. Since (u—z9,) =f—z and (p—2z38,) =y, it is enough to prove that
W(u, p) is invertible for those p such that 1(p)[p’ || <dist (0, K). If 0€K there is
nothing to prove, so suppose that dist (0, K)=0 and that AP || <dist (0, K).
By Parseval’s formula we see that

WO = fim [ i) = Jim o [ e

so that £({0})€K and hence ,u({O})#O. Wlthout loss of generality we may assume.
that u({0})=1€K. Since K is a compact convex set, it follows that (for a suitable -
branch of arg(z)) arg (K)=[6,, 0] where 6;=0=0, and 6,—0,<n and that there
exists a complex number z, with |zg|=1 such that ’

kiél}(‘ Re (Z,k) = dist (0, K).
Since arg (K)=[0,, 02]; it is evident that z,=exp (if,) for some 6,€[0,, 6,] satisfying
—7[/2 =< 01—00 = 02—00 =< 77./2.
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Since u({0})=1, u=8,+x" and for each =0 we have
Izo6o—epll = l(zo—&)0p—&p’l| = lZo—ﬁl+8II# -
It follows from elementary calculus that
.1  izo8o—eul = 1+ ¢’ — & Cos by+ 0(e)-
Now let »,=inf Re (Z,k) and r,=sup Re(zyk). Since arg (K)=[8,, 0,], it follows
-keK keK
from the usual equation for a line in polar coordinates that’
sup |zo — k] = sup [l —eZykl
= sup sup |l —ee %rSec(f— Qo)e"’{ = sup |l —ertierm|,
rErsr, 0,=0=0, N=rEr
where m=max {Tan (8,--0;), Tan (6,—8,)}. By elementary calculus it follows that
for ¢=0 sufficiently small
sup zg—¢ek| = |1 —er, +19r1m|

from which it follows that ,
(5.2) Hzo—sﬁl[‘_,, =1—er,+0(e).

By the same reasoning as in our example using the Wiener—Pitt measure we
conclude from (5.1) and (5.2) that

lzoZ+ — W (1, Pl = A(p){1 + ]| — & Cos O} + (1 — A(p)){1 —8r1}+0(8)
Since 1¢K it follows that r;=Cos 0, and that

2o, —eW(u, p) = 1+e(A(P) I —r1) +0(2). -

Since Z(p)|lu | <dist (0, K)=r,, it follows that ||z,/, —eW (u, p)]|<1 for some &¢=>0
and hence that W(u, p) is invertible. _ Q.E.D.

In view of Theorem 2.3, it seems natural to conjecture that if a Wiener—Hopf
operator W (g, p) is invertible on L?(R*), then the Wiener—Hopf operators W (o, r)
for A(r)=A(p) are also invertible. If €M (R) and ¢ has no singular continuous
part then the conjecture is true even without the restriction on r (cf. [8]). If p=1
or p= <o, then the conjecture is also true and is a consequence of Theorem 1.1. Our
example employing the Wiener-—Pitt ‘measure gives further support for this con-
jecture. We have been unable to prove this conjecture — even in the case of meas-
" ures. However, it is quite easy to prove in the case of an ahalytic; or coanalytic
Wiener—Hopf operator. In a sense, therefore, the behavior exhibited in the example
of Douglas and Taylor is typical of at least these two classes of Wiener—Hopf
operators. '

Theorem 5.2. If W(o, p) is an analytic or coanalytic Wiener—Hopf operator
and W (o, p) is invertible, then W (o, r) is invertible for A(r)=i(p).
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Proof. It suffices to give the proof in the analytic case. If W(a, p) is an in-
vertible analytic Wiener—Hopf operator, then Corollary 3.9 implies that S{o, p)
has an analytic inverse and we see that S(o, p)"*=S(¢"1, p) where ¢~1 is the ana-
lytic inverse of ¢ in P(R). If A(r)=A(p), then, by Theorem 2.3, S(o, r) is invertible
and S{o,r)"'=S("% r). Since S(o~%, r) is analytic, Corollary 3.9 implies that
W (e, r) is invertible. ‘ ~ Q.E.D.
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Modular lattices of locally finite length

By J. JAKUBIK in Kosice (CSSR)

A lattice L is said to be of locally finite length if each bounded chain in L is
finite. A sublattice S of L will be called a c-sublattice if, whenever s,, szeS and s
covers s, in S, then s, covers s, in L. 4

It is well-known that a lattice is modular if and only if it does not contain a
. sublattice isomorphic to the lattice 4 on Fig: 1 (this result goes back to DEDEKIND
[3]; cf. also [1], [4], [6]). A relatively complemented lattice with the greafest element
1 and the least element O is modular if and only if it does not contain a sublattice S
isomorphic to the lattice on Fig. 1 such that 0€¢S and 1€S (SzAsz [7]). A finite
lattice is nonmodular if and only if it contains a lattice on Fig. 1 as a sublattice such
that a covers b (cf. GRATZER [4], p. 151). Other conditions for a lattice to be modular
were established by Croisot [2].

The following result on finite modular lamces is known (cf. GRATZER [4], p.
151): :
(%) Let L be a finite modular lattice. Then L is nondistributive if and only
if it contains the lattice on Fig. 4 as a sublattice such that q, b, and ¢ cover u and v
covers a, b, and c. :

Thus distributive lattices in the class of finite modular lattices can be charac-
terized by means of c¢-sublattices.

The purpose of this note is to characterize modular lattices in the class of lattices
of locally finite length by means of their c-sublattices. A nonmodular lattice of
locally finite length need not contain a c-sublattice isomorphic to the lattice 4 on
Fig. 1. Let B be the lattice on Fig. 2 and let B’ be the lattice dual to B. We denote
by L(m, n) the lattice on Fig. 3 (m=3, n=4). Further let C be the lattice on Fig. 4.
The following theorems will be proved:

Theorem 1. Let L be a lattice of locally finite length. Then L is modular if
and only if L does not contain a sublattice isomorphic to some of the following lattices:
B, B, L(m,n) (m=3, n=4)..

Corollary. (S [5].) 4 lattice of locally finite length fulfilling the.upper cov-
ering condition is modular if and only if it does not contain a sublattice isomorphic
to B.
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_ Theorem 2. Let L be a lattice of locally finite length. Then L is distributive if
and only if it does not contain a c-sublattice isomorphic with some of the following
lattices: B, B, L(m,n)(m=3, n=4), C.

The standard terminology of the lattice theory will be used (cf. [1], [4], [6]).
The lattice operations will be denoted by A, V. Let L be a lattice, a, b€L, a=b.
The interval [a, b] is the set {x€L: a=x=b}. If a<b and [a, b]={a, b}, then [a, b]
is called a prime interval; in this case b covers a (and a is covered by b).

X,-y, :
Fig. 3 Fig. 4
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If two elements x, y of a lattice are uncomparable, we write x|y. Let 151, n be
positive integers, m =3, n=4. We denote by L(m, n) a lattice with elements x;, x,, ...
ey Xm> Vi Yoy ooy ¥y SUCh that xy=py, X, =y, x;<x;1 (=1, ..., m—1), y;<y;4y
(=L...,n=1), x|y; (=2,3,...,m—1; j=2,3,...,n~1) (cf. Fig.3).

. Let L be a lattice of locally finite length. We denote by M, the set of all inter-
vals [u,v] of L such that there are elements a, beu,vl, alb fulﬁllmg the condi-
tions: :

(i) both a and b are covered by v;"
(ii) u=aAb and either-a or b does not cover u.

- Let M, be defined dually and put M=M,UM,. The set M is partially orde-
red by the inclusion. Since L is of locally finite length, M satisfies the descending
chain condition. If L is nonmodular, then we have M@ and hence the set My of
all minimal elements of M is nonempty.

Let us recall that if K is a bounded lattice of locally finite length and if L is
modular, then any two maximal chams in K have the same number of elements

- (cf. [1])

Proof of Theorem 1. , : _

The lattices B, B’, L(m, n) (n=3, n=4) being nonmodular, it suffices to verify
the assertion “only if”". ' '

Assume that L is nonmodular. Then M,=0. Let [u,v] be a fixed element of
M,. We may suppose that [u, v]€ M, (in the case [u, v]€ M, we would apply a dual
method). Let a, b be as in (i) and (ii).

Let u=xy<...<X,_1=a, u=y,<...<y,_,=b be two maximal chains in [u, a],
[u, b], respectively. In case x,Vy,=wv the set Ny={u, v, X5, ..., Xpym1> Vs -oes Vu-1}
is a c-sublattice isomorphic to L(m, n), m=3, n=3 and by (ii), either m or n is =4.
Therefore N, is isomorphic to one of the lattices listed in the Theorem.

Suppose that x,Vy,=v,<v. Then [4, v;] is a proper subset of [u, v], both x,
and y, cover u, thus with respect to the minimality of [u, v] in M it follows, that
v, covers both x, and y,, as well. Obviously x,|b and y,|a. Therefore

) nVa=uvVb=ry, @ vl/\a =Xy, UNb =), (B) XxVb =yVa=nu.

: From (1)—(3) it follows that the set Ny={a, b, u, v, x5, ys, vl} is a sublattice of L
isomorphic to B.
From the minimality of [u, v] it follows that the lattices [x,, v] and [ys, v] are
modular. Let #€[v,, v] such that & covers v;. Let a= tAa, b=oAb.
Because of the modularlty of [x,, v] and [y,, v] both @ and b are covered by 7,
furthermore alb, aAb=u and neither & nor b covers u. Hence [u, 7]€ M and [u, 7]
Slu, 0], ie., [u, v]=[u, v]; 1=0. ' - :

6 A

.
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Thus we proved that v covers v,; therefore a covers x, and b covers y, which
proves that N,isac- sublatt1ce Q.ed.

Lemma. Let L be a non-distributive modular lattice fulﬁllmg the descendmg
chain condition. Then L contains a c-sublattice isomorphic to C.

Remark. Since a distributive lattice can not contain any sublattice isomorphic
. to C, this Lemma generalizes the statement (%) to modular lattices fulfilling the
descending chain condition.

Proof of the Lemma In fact, C={u, a, b, c, v} (u a, b, ¢c=v) 1sasublatt1ce
of L. Let a€[u, a] such that @ covers u. Set

b= (@vbhn@ve), b =>bA(@ve), ¢ ='cA@vbd).

Clearly b=uAb and ¢=0Ac. Using the projectivity it follows easily that all intervals
[a, ©], [b, 7], [E 8], [u, E] [z, E]' are prime. From this we obtain that the set
C={u,a,b,c, 0} is a c-sublattice of L isomorphic to C. The proof of Theorem 2
follows immediatély from Lemma and Theorem 1. :

Added in proof. Theorem 1 can be deduced also from Thm. 2.2 of
V. VILHELM, JIBolicTBenHoe cebe simpo ycnosuii Bupkroda B CcTpykTypax ¢ KO-
HeuHbIMH Hensmu, Czech. Math. J., 5 (1955), 439—450. :
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Equational classes of rings generated by zero rings
and Galois fields

By LEE SIN-MIN in Winnipeg (Canada)

H. WernER and R. WILLE [6] gave some characterization of those equational
classes of rings in which the lattice of congruences of every ring is distributive. They
showed that these are precisely the equational classes of rings generated by a finite
set of Galois fields, and they also gave a set of identities characterizing these equa-
tional classes. :

We give in this note a characterization of the equational class of rings generated
by all zero rings and a finite number of Galois fields. A ring in such an equational
class is a directed sum of its Jacobson radical J(R), which is a zero ring, and its semi-
simple part, R/J(R). We also consider the lattice of equational subclasses of this
equational class and show that it is distributive.

1. Characterization of %,(P, N)V%,.

Let = be the set of all primes, 4+ the set of positive integers, and & (A" *) the
set of all non-emptly finite subsets of A4"+.

Let P be a fixed, non-empty, finite subset of n and consider a mapping
N: PP (A7), i.e.,, N associates with every peP an N(p)€ #(A *+). Denote by
Z,(P, N) the equational class of rings generated by the set {GF(p*)|p€ P, k€N (p)}
of Galois fields.

For S€P (AN '+) write II S=ny...n, if S={ny, ..., n}, and define II@=1 for the
emptly set .

With every element x of a ring we associate the element

xt= 3 (

n(p) n(p)
)p lxp ,
pPEP geP—{p}

where n(p)=IIN(p).

Let o3 and 27, be two equational classes of algebras of the same type, #; and
A, are independent if there exists a binary polynomial symbol p(x, ¥)=x is an
identity in 7 and p(x,y)=y is an identity in ;.

6*
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G. GrArzer, 11, Laksir and J. PLonka [1] showed that if .#; and .7, arc in-
dependent, then cvery algebra in 4,V A, (the smallest equational class of algebras
containing &, and J}) is the dircct product of an algebra in .#; and another in .%,,.
If, in addition, each algebra & ol A,V .#, has a modular congruence latticc then
cach €AV A, has, up to isomorphism, a unique representation o - o X ./,
where o, € 4] and &/,C.H;.

Let %, denote the class of all zero rings, i.e. %, consists of all rings satislying
xy=0.

Theorem 1. #,(P, N) and 6, are independent equational classes of rings.

Proof. #,(P, N) is defined by the identities x*=xand x [] [ (x*"—x)=0
peEP ncN(p)

(see [6]). In Z,(P, N), (I1P)x=0 for all x€¢ REZ,(P, N). Then consider the binary
polynomial p(x, y)=x*+y+{IIP—1)p*
The object of this note is to prove the following result:

Theorem 2. The following statements are equivalent:
(1) Reﬂg(P, N)V(g0>
(2 R=BXC, BER,(P,N), Cc%, and this representation is unique,

(3) R satisfies the identities:
@ xy=yx, () (IP)xy) =0, () M*'=xy, (d) (x—x)*=0,
e x[I [ «"=x)=0, (& 2( [[ gF"® " x*®=0 (il 2¢P).

PEP ncN(p) peP—{(2}

Proof. The equivalence of (1) and (2) follows immediately from Theorem 1
and the result of GRATZER, LAKSER and PLoNKkA [1] mentioned above, and also the
fact that the congruence lattices of rings are modular.

(2) =(3) is a routine calculation.

(3)=(2). Let B={x€R|x*=x}, C={x€R|x*>=0}. Claim: B and C are ideals
of R.

Let x, y€B, then

oy ., e —1 pn(p) oy i i .

(x+y)* s Zv( ]]' q)p ) 1[xp (p)+ Z' [ . ]xp ) Ly;_l_yp»(p)] -

i=1

PEP g€ P~{p} !

) PP —1 1)11(11)
=x 203 (1 are|”
pEP l

1=1 g€ P—{p}

]x”""’"iy"er*-

n(p)

Since ITP divides (] q)""(")“1 (p l.l ), using (b) we have immediately (x +y*)=
qer—{p}

=x*+y*=x+yp and hence x+y€B. If 2€P, then (—x)*=—x follows from ().

If 2¢ P, then (—x)*"” =(—1)x?"" and so (—x)*=—x. Therefore —x¢cB for any
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x€B. Now by condition (c) it is obvious that rx€ B for any x€ B and r€R. Thus B
is an ideal of R.

C is an ideal, For, if x, y€C and r€R then

(xX+p)P = x2+2xy+32 = 2(xy)*=2.0=0,
o= (X = ([ g P xe =0,
pEP qeP~{p}

thus C is an ideal of R and it is also a zero ring.

Now for each x€R we have

(X*)* - ( Z( Z' q)p'1(ﬂ)—1xp"(1'))>l’

pCP q€P—{p}
o (x Z( Z q)p"(P)—~1xp"(P)—-1)*

peP gcpP—{p}
X 2( ]] q)p"(P)-—lxp"(P)—l by (C)
pEP qcP—{p}

= x*

Therefore v*¢€ B and by condition (d) x —x*€C. Since BNC={0} and x=x*+x—x*
we have R=B® C.

Remark. Let n=2. Let P:{p6n|p"—1 |n—1 for some r=1} and N(p)=
={re A *|p"~1|n—1} for each pcP. The equational class of rings %,(P, N) is
. defined by the identity x"=x. (See L. Lesirur [5] Théoréme 6.)

We have shown in [4], the equational class %,(P, N)V %, is defined by the iden-
tities (x+p)"=x"+)", (xp)' =xy=x"y".

2. Lattice of equational subclasses of Z,(P, N)V%,.

It is an easy consequence of a result in [1] that if 2] and £, are two independent
equational classes of algebras of the same type, then the lattice Z(#;V 3) of equa-
tional subclasses of 2,V A is isomorphic to the direct product of £ (7)) and & (A53).

Thus Z(2,(P, NV %,) == L (X, (P, N))X Z(%,).

. Now all rings in ,(P, N) have distributive congruence lattices (see [4]). A well-
known result of B. Jonsson [2], Corollary 4.2, states that if /" is an equational class
of algebras such that each algebra in it has distributive congruence lattice, then
L(A) is distributive. We conclude that (%, (P, N)) is distributive.
& (%,) is obviously distributive. The above results are summarized in

Theorem 3. & (.%g (P, N)V %) is distributive and isomorphic to the direct product
of L(R,(P,N)) and £(%,).

Finally the author wishes to thank Professor G. Gritzer for his encouragement
during the preparation of this note.
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- On the strong approximation of orthogonal series

By L. LEINDLER in Szeged

Dedicated to Professor Kdroly Tandorion his 50th birthday

Introduction

Let {¢,(x)} be an orthogonal system on the interval (a, b) We consnder the
. orthogonal series : :

() , g'c 0.(x) with ch < oo,

1t is well known that the series (1) converges in L2 to a square-integrable function
S(x). Let us denote the partial sums and the (C, «)-means of the serles 1) by 5. (%)
and o3 (x), respectively. :

In [2] we proved that if

2 : i’cﬁn27<m and 0 <7y <1,
n=1

then
f (x) o1(x) = 0,(n77)

~almost everywhere in (a, b).
G. SUNOUCHI [4] generalized this result provmg that lf (2) is sat:sﬁed tlzen

1/k
3 . { = ZA:‘tlf(x) s(x)|*} = 0,(n™)

) n'"+a'
B . n )
This result was generalized in [3] in such a way that we replaced the partial

sums in (3) by (C, 6)-means, where & can also be negative. (See Theorem I of [3].)

holds almost everywhere in (q, b) Sfor any a>0 and O<k<y~1, where Aﬁ:(

In [3] (Theorem 2) we also proved that if Z c2n**< oo with any positive -y, then

. .. 1/k
@ | {; > —‘f(X)I*} = o,(n™)

holds almost. everywhere in (a, b) for-any 0<k=2.



88 L. Leindler

The aim of the preseﬁt paper is to generalize further these results.
We consider a regular summation method 7, determined by a triangular matrix

ot ARll [ o, =0 and A4,= Z’ank] ie. if 5, tends to s, then
. ] n
T, = — 2 0usSy — 5.
An kg(') Kk
Theorem 1. Suppose that 0‘<y<1 and 0<k<y~?,
5) | 5 cnt < o,
. . n=1
Jurthermore that there exists a number p=1 such that
. P _
) » -1 — k=2
and with this p for any 0<8<1 and 2"<p=2"*1
m {mir; (2'*'1, n)

1/p n 1
™ AP a}.’»(vurl)”“_&)'l'} = K[ 2 a,.v] o
1=0 | v=2/-1 ve=0

Then for arbitrary

. . ) p . 1
@ PR
we have .

1/k

® { b el 10— ol 1(x)1k} = 0,(n77)

almost everywhere in (a, b).

It is easy to verify that in the special case a,,=A42~) (x>0) condition (7) is
satisfied, thus with S=1 Theorem I contains the result of SUNoucHL. It can be shown
that Theorem I includes our result in connection with (C, 3)-means of negative -
order, too. Furthermore we have some corollaries:

Corollary 1. Suppose that O0<y=<l1, 0<k<y‘1, and that (5) is satisfied. Then
we have

1 2n 1/k
{; z lf(x)—o{?"‘(X)l"} = 0,(n”")
for anj) B=1—min (1/2, 1/k) almost everywhere in (a, b).
Corollary 2. Under the hypothesis of Theorem I we have

IIV—

Nk
{ 2' Oy | (X) — 057 ({11i}5 x)l"} = 0x(n77)

1) K, Ky, K., ... will denote positive constants not necessarily- the same at each occurrence.

7
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almost everywhere in (a, b) for any B> 1 —(p—1)/pk and for any increasing sequence
~{w}; where

) X) = — 3 Az, (3).

nv—

From. Cordllary 2 in the special case =1 we obtain 1mmediately .

Cérollary 3. Under the conditions of Theorem 1 we have

’ . 1/k
(10 - el .0 = 0,071

nv—

almost everywhere in (a, b) for any increasing sequence {u.}.

In the special case «,,=A4%"1 (°F>0) Corollary 3 reduces to Theorem 3 of [3].
Under the restrictions 0<k=2 and f=1, but for arbitrary positive y, Corol-~
lary 1 can be generalized to very strong approximation. In fact we have

Theorem II. Suppose thavt 0<k=2 and y=0; and that (5).holds. Then

. 1 2n - . 1/k .
an - {‘; pATRE) —f(x)l,"} = 0,(n)
- almost everywhere in (a, b) for any increasing sequence {u.}.

It is clear that (11) is a generalized form of (4).-
_Finally we show that under certain restrictions on y, and {c,} an estimate similar
to (10) can be given with any not necessarily monotonic sequence {/,} of distinct.
non-negative integers. Namely we have

Theorem II1. Suppose that 0<y<1/2, 0<k=2 and

(12) . S’ cin®(loglog n)* < oo,

. n=4 .
Surthermore that

,, (2-k)/2 n . 2)

(13) {2 (anv)w-“} = K[ Zanv] nHe,

. : v=0 v=0
Then we have o

' 1 n ' 1/k

(14 . {'— 2 Apy Isly(x) '_f(x)lk} = 0,(n77)

almost everywhere in (a b) for any (not necessarily monotonic). sequence {i.} of distinct
non-negative integers. :
Theorem IIT glves immediately

n
) If k=2 then (13) means that max a,, = K[ 3 a,,v)n“
O=vsn =0
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Corollary 4. If 0<y<1/2, O0<k=2 and cx>k/2 furthermore (12) is satis-
fied, then

Cm - 1/k
e VZ A5, OS] = 0s0)

almost everywhere in (a, b) for any (not necessarily monotonic) sequence {l,} of distinct
non-negative integers.

§ 1. Lemmas

We require the following lemmas.

Lemma 1 (1}, p. 359). Let r=l=>1, >0, a=y—1 and B=&+I1"'—r~1. Then
w r . 7
{Z(n+l)'y 1IT,.(x)l} §K{Z’(n+l)”_1|fﬁ(X)|'} ,

n=0 n=0 . .

where 1%(x) =>ac(a‘;,‘1(x)— 0%(x)).
Lemma 2 ([4], Lemmal). If

(WL

An¥ <o with 0<y <1,

]
-

n

then
b

f{f(n+1)27~1|aﬁfl(x);a:(x)|2} de = K 5 cin
n=0 . - n=1

a

Jor any a=1/2. ,
Lemma 3 ([3], Theorem 4). If 0<y=1/2, 0<k=2, ky<1 and

i’ cﬁnzy(log log n)? < oo,
n=4 - '

then
(1.1) {— Z' 181, (x) —f (x)l"} = 0x(n7))
almost everywhere in (a, b) for any ( not necessarily monotonic ) sequence {1} of distinct
non-negative integers. »
Lemma 4. Under the conditions of Theorem I we have the inequality

) : 1/k)2
a2 {sup ;,—Zamlaﬂ 2(x) — aﬂ(x)\k] } <1<2c2 o,

O=p<oo
Proof of Lemma 4. Set g=p/(p—1), then V
1

(1.3) 4 gk =2 and ﬁ;l»—ﬁ.
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Applying Holder’s inequality, by (7) and O<yk<1 we obtain that
. Cn . ’ - ' /p
2 Uy () = {Z af,(v+ 1)‘*””"”‘"} X
v=0 v=0 .
T " /g .
(4 ><{ S+ lykq-llre(x)\qk} =
A v - o - .

' n n 1/q
= & Zon) o[ B oo vymerntcomd
v=0 v=0
By (1.3) we can choose a* such that

A 1o ., 1
(s . /3—5+E€‘>°‘ =5
By (1.5), 0<y<1 and qk>2 the conditions of Lemma | are fulfilled with r= qk
=2, %=y, 0= oc and B=4. Using Lemmal we get
172

g
(1.6) {Z'(VH)”‘“ llf”(x)l“"} = K, {2(v+1)2v 1\T"*(JC)F}

v=0

‘Thus by (1.4), (1.5),.(1.6) and Lemma 2 we have

b

b vk 1K) 2 - S ' ‘
/ [ sup [’; %, Ir"(x)l‘] }dx =K [ { _220~(v+1)2v-1|r;*(x>t2}dx =

1=p<oo n v—-

= K; Z’ 2n¥ < oo,

. L n=1
which gives statement (1.2).
§ 2. Proof of the theorems and corollaries

Proof of Theorem I. First we.show that (7) implies

Q.10 - S S, (v+1)"% = Kd,n°
. =0 '
for any 0<d<1. Indeed, '
. n m mn(2“’1 n)
Z IIV(V + 1)— 2 ) nv(v + 1)_6 =
v=0 1=o v=2l—1

m fmin 2+, n) . i/p .
= Z' _Z oz,‘,’v(v+l)“5p} -2”" = KA,n~?

By conditions (6) and (8) 8 >1/2 50 we have (see e.g. inequality (3) with k—l)
08 (x) ~f(x) = 0,(n™"). '
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Hence and from (2.1) it follows

ey 1 2 tmlot G~/ = 0.,

which implies

ey o Zalot - f(x)l"<—— S anlet109 -0l +o,677.

ll v=0 n
Now for any fixed positive ¢ we choose N such that

oo

(2.4) . > e2n® < g5

Let us define two new series

} . ‘ - Cp .for n E N:
2.5 ‘ . n;Z’ (Pn(x) with a, = 0 for n>N,
and |

. - h b= 0 for n=N,
(2.6) 2 bagn(x) wit “le, for n=N.

Denote af(a;x)-and af(b; x), respectively, the n-th Cesarosmeans of order f of
the series (2.5) and (2.6). :
It is clear that . ’
af(x) = of(a; x)+ 6b(b; x).
Applying Lemma 4 w1th the series (2. 5) and " satlsfymg the conditions y<7y <1
and ky’<1, we obtain that -
nV"

Q7). - 2 S |08 (a; M—of@ W}~ 0

almost everywhere in (a, b).
" On the other hand using Lemma 4 and (2.4) we obtain

Osp<co

b nky n . . . 1/ky2 '

f{ sup [—A— > ayylo8=1(b; x)—ab(b; x)]"] } dx = Ke®.

; ! v : N ¢
Hence '

, 1k
meas {xlhm sup[ Z'a,w a" 1(b x)— a"’(b x)["] > a} = Ke.

HV=

This and (2.7) imply-

| 7 - 3 o) - o“(x)l" ~0

almost everywhere in (a, ).
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Collecting our results we obtain statement (9).
Proof of Cofollary 1. 1t is easy to verify that if
0 for v=mn/2
=11 for v nf2,

then (7) holds for arbitrary p>1. Thus, if f>1—min (1/2, 1/k), (6) and (8) can be
satisfied with a suitably chosen p, and the statement of Corollary 1 follows from (9)
immediately. ’

Proof of Corollary 2. We define

) : b M2
' C,,:[ > c?]

i=py _y+1
and
ull
Gt 2 aelx) for C,#=0,
o=y
(Iln—#n-l)_llz . Z (P,'(x) fo Cn =0.
N i=p,_1+1

It is clear that the system {&,(x)} is also. an orthonormal one and

> Cip?t < oo
n=1
obviously. Since

$u0) = 3 Cu(x) = 5,, (%),

applying Theorem I to the series > C, ®,(x), we' obtain the statement of Corol-
lary 2. ' =t :

Proof of Theorem II. Applying inequality (4) to the series S’C,,d),,(x)
defined above, we get (11). n=t

‘Proof of Theorem IIL If k=2, then for any v (=n)

ayy _ K

A, n

whence, by (1.1), the estimate (13) follows obviously.
- If k<2, then we can choose p=2/k. Using Holder’s inequality with this p and
q=2/(2—k) we obtain that T

n - n g , 1/p
v;(; (Z,,VISIV(X) _f(x)lk = {vg(; <x?w} {v;; IS,V(X) _f(x)lkp} -
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Hence, by (13) and (1.1),

_ 1k | » ' 1/2
{A— Z’ %y 52, (X) —f (X)l"} =K {; ,_Z; s, (¥)—f (X)IZ} = 0,(n77)
which is the required estimate. '
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On locally regular Rees matrix semigroups

By LASZLO MARKI in Budapest

The aim of this paper is to investigale the behaviour of locally regular Rees
matrix semigroups over a semigroup with zero and identily with respect 1o certain
properties. This class of semigroups was defined by STEINFELD [3] in the following way.

Let H be a semigroup with zero 0 and identity e. Let M°=M°(H; I, A; P)
denote the Rees matrix semigroup over H with sandwich matrix P=(p,;) (A€4;
icl; p,;€H). Denote the elements of M° by (a);; with @ in H, i in I, and A in A.
The product of the matrices (a);;, (b);, is defined by

(@)i,0(B); = (apyib)y, (a,bEH; i,jEI; A, p€A).

We say that M°(H; I, A; P) is locally regular if P=(p,;) has the following prop-
erties:
1) in every row A of P there exists an element p, ;. (/(A)€7) which has a right
inverse pj ., in H, that is,
Pnj().)l’:xj(z) =€,

2) in every column i of P there exists an element p,,; (1(7)€ 4) which has a
eft inverse py, ,, in H, that is,

PZ(i)fPu(i)i =e;

3) there exists at least one element p,; in P which has a right and lefi inverse
in H.

One can see immediately that a Rees matrix semigroup over a group with
zero is locally regular if and only if it is regular, hence, by the Rees representation
theorem, if and only if it is completely 0-simple, which means that an abstract char-
acterization of the class of locally regular Rees matrix semigroups yields a generaliza-
tion of the Rees theorem. This characterization was given by STEINFELD [3] by means
of the notion of similarity of one-sided ideals of a semigroup, introduced in the
same paper of his.

The left ideals L, and L, of a semigroup S are said o be left similar if there
exists a one-to-one mapping ¢ of L, onto L, such thatl (sx)p=s(x¢) for all s€S
and x€L,. If, in addition, we have xp€xS and yp~t€yS for all x€L, and y€L,,
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then we say that L, and L, arc strongly left similar (this notion proved to be useful
in [1], where it was also shown that left similarity and strong left similarity of the
left idcals L, and L, are equivalent in the casc when L, and L, both can be gen-
erated by regular elements). Dually onc defines right similarity and strong right
similarity of right ideals of a semigroup S. Let .S be a scmigroup with 0 such that

S=USe,=UeS (E=c;et=c;INA#%D)
A€A ler

where Se, (A€ A) [e;S (i€I)] are {strongly) left [right] similar left [right] idcals of S
with Se, N Se,=0 (u, vEA; pv) and e;SNe, S=0 (j, kel; j=k). We call a semi-
group with these properties similarly decomposable.

Now Theorem 4.1 of STEINFELD [3] asserts thai a semigroup issimilarly decomp-
osable if and only if it is isomorphic 1o a locally regular Rees matrix semigroup
over a scmigroup with zero and identity.

As far as we know, regularity and simplicity properties of similarly decomposable
semigroups have not been studied yet. We are going to show that a similarly de-
composable semigroup can have, but need not have such properties. To be more
precise, we shall see that several properties (regularity, O-simplicity, O-bisimplicity,
complete O-simplicity) of a locally regular Rees matrix semigroup M°=
=M°(H; I, A; P) depend solely upon the underlying semigroup H, while other
properties (like inversily, semi-simplicily, left- or right- or intra-regularity) depend
also upon the sandwich matrix P of M°. However, of the latter properties we shall
investigate inversily only, for the other ones we bul mentioned that the fact that
MP° has any of them depends on H and P (and I and A) either.

In the sequel, A will always denote a scmigroup with zero 0 and identity e and
M°=M°(H; I, A; P) a locally regular Rees matrix semigroup over H.

From the multiplication law o of M° il follows immediately that for any i€/
and A€ 4, the set {(a);;|a€ H} endowed with the multiplication o forms a subsemi-
group M, of M°, It is well-known from the theory of completely 0-simple semi-
groups, that if H is a group with zero, then each M}, is either a zero-semigroup
or is isomorphic to H. The following two lemmas (the first of which includes the
above mentioned result) will show that this is far from being true in general.

Lemma 1. M} is isomorphic to H if and only if the entry p,; of the sandwich
matrix P has a (two-sided) inverse (in H).

Proof. Suppose that ¢: H~M3: a—(¢’(a)); is an isomorphism, then we have
(@)= (ea)=0(e) o p(a); putting a=¢@1((e);;), herefrom we obtain that ¢’ (e)p,;=e.
Similarly, ¢ (a)= ¢ (a)o @ (e) implies p,;p’(e)=e, thus ¢’(e) is an inverse of p,;.

Suppose now that p,; has an inverse pj;. We shall show that

@:H —~ Mj:a —~ (api)n
is an isomorphism.
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In fact,
1) ¢ is a homomorphism since for any a, b€  we have
@(ab) = (abpi)iz = (@WupxbPWn = @i o P = @(@)o @ (D),

2) ¢ is one-to-one as apy,=bp), implies a=ap,p,;=bp;p2;=Db,

3) ¢ is onto since for any a€ H we have (@)= (apup:)in=¢ (apa), q.e.d.

Corollary. If the entry p,; of the sandwich matrix P has a one-sided inverse
which is not a two-sided inverse then M is neither isomorphic to H nor is it a zero
semigroup.

Note that for 1) and 2) we used only that p); is a left inverse of p,;, thus
¢ is a monomorphism in this case already. Similarly, if pj, is a right inverse of

pﬂl" theIl
Gra > (Phudn

is a monomorphism of A into M,;. This remark constitutes our

Lemma 2. If p,; has a one-sided inverse, M} contains a subsemigroup which
is isomorphic to H.

Theorem 1. M°=M°(H; I, A; P) is O-simple if and only if H is O-simple.

Proof. Suppose that M° is O-simple and let ¢ and b be arbitrary non-zero
elements of A, we have to show the existence of elements x, y€ H with xay=b.

Now choose arbitrarily 7, j¢I and A, u€ A, then, by the O-simplicity of A/°, there
exist indices k€I, ve A and elements x’, y’€ H such that

(x’)jv o (a)i/l o (y/)ky, = (b)ju 9

3 s
X'pyapyy’ = b.

thal is,

Thus we have xay=>b with x=x"p,; and y=p,, ).

Suppose now that K is O-simple and let (a);, and (b),, be arbitrary non-zero
elements of M°. Since H is O-simple, there exist elements x’, '€ H with x’ay’=b.
Now let v(7)€ 4 and k(%)€I be indices for which p,,; has a left inverse pj,, and
Py has a right inverse pj.,s, and pul x=x"py,;, y=pyu»"s Then we have

®)jvary © @120 Miayn = Py acy Vi = &' @) = Oy
q.e.d.
Theorem 2. M°=M°(H; I, A; P) is completely O-simple if and only if H is
completely 0-simple.
Proof. 1If H is completely 0-simple, it is a group with zero (since by REgs [2],

a completely 0-simple semigroup with identity is a group with zero). Then local

7 A
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regularity of M° is cquivalent to regularity by one of our first remarks, thus M°
is completely O-simple by the Rees representation theorem (s. [2]).

Suppose now that M° is completely 0-simple, then / is 0-simple by Theorem 1.
On the other hand, by the Corollary of Lemma I, H is isomorphic to a subsemi-
group of M°, thus all idempotents of /1 are primitive, Hence H is completely O-simple.

Theorem 3. M°=M°(II; I, A; P) is O-bisimple if and only if H is O-bisimple.
Proof. We shall see that the #-classes of M° arc of the form

{(@)idla€ R, A€ A}

where i is an element of / and R'is an Z-class of F. Since the same proof gives a
similar form for the %-classes of M°, this implies that the 9D-classes of M° arc
exactly the sets of the form

{(@lacD,icl, Ae A}

where D is a @-class of H, which proves our assertion.

Let a, be H with aZb, icI and A, u€ A, we are going to show that (a);; Z(b);,
in M°. From a#b it follows that there exist elements x’, y'€¢ H with a=bx" and
b=ay’. Now let j(A)€I and k (p)€/ be indices for which p, ;) and p,,, have right
inverses p; ;) and py,,» respectively, and put x=p X", y=pj;; ), then we have

(b)iuo(x)lc(u)l = (bl)uk(u)x)il = (bx")iy = (@)

and similarly (@);; 0 (3);ay= ). Thus (@) Z (),
We still have to show that (a);; Z(b);, in M° implies i=j and aZb in H. In fact,
if (@);32 (b),, then there exist elements (x),, and (y),, with

(@20 Xy = (b)j[t and (b)qu(J’)zn = (D,

(@puX)iy = (b)ju and (b_l’,uJ’)jn = (@i

that is,

which imply, among others, i=j, a(px)=>b and b(p,,y)=a. The last two equations
give aZZb in H, which completes the proof of our theorem.

Theorem 4. M°=M°(H; I, A; P) is regular if and only if H is regular.

Proof. Let H be regular, (a);; be an arbitrary element of M° and j(2)€l,
p(i)€ A be indices for which p,ji, has a right inverse p;,, and p,q; has a left
inverse p/ ;. By the regularity of H we have a=aya with some y€ H, thus we also
have

(@) = (aplj(l)pjlj(l)yp;:(i)ipn(i)ia)il = (a)m0(P:u(;.)J’PZ(i)i)j(A)u(i)O(a)m

which proves the regularity of M°.
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On the other hand, suppose that M° is regular, let a be an arbitrary element
of H and choose any indices i€ and A€ A. Then we have

@0 (x)ju0 (@ = (@
for some xc H, jel and u€ A, hence
a = a(p;;xpu)d.
Thus H is also regular.

Remark., Combining the first part of this proof with the fact that if a=axa
then xax is a generalized inverse of @, we obtain that each element of M} in a regular
M? has a generalized inverse in M7, -

The only if parts of Theorems 1 and 4, in the proofs of which not even local
regularity of M° was made use of, were already given in the most general, case by
VENKATESAN [4]. Corollary 1 to Proposition I and Corollary 1 to Theorem 1 of
VENKATESAN [4], together with our Theorem 4, give the following result for locally
regular Rees matrix semigroups:

Theorem 5. M°=M°(H; I, A; P) is a union of its completely O-simple ideals
if and only if the same is true for H.

In connection with the Corollary to Lemma 2, we should like to mention that
the behaviour of the subsemigroups M, of M° is, in general, far from being so nice
as that of H with respect to the above treated properties. As an illustration, let us
see the following example:

Let A be the bicyclic semigroup #(g, ») with zero adjoined, I=4={0, 1, 2, ...}
and the sandwich matrix P be

g L 2 &=

e 0 0 0..0.

0 I q ,.3'_. f

0 ¢ 0..0.
P=[0 ¢ 0 0..0 ..},

0 g0 0 0

and consider the Rees matrix semigroup M°(H; I, A; P). Since for all n=0, r" has
a left inverse and ¢” has a right inverse, M° is a locally regular Rees matrix semi-
group. It is well-known that this H is 0-bisimple, thus the same is irue for M°.
If n=3, by Lemma 2, M, conlains a subsemigroup which is isomorphic to H,
however, M3, is not even regular. In fact, let k<n and consider the element (+*¢"),,
with some /=0, then for any element (*¢®),; of M we have

(rkq’)nlo (rbqt)nl ° (”kql)nl = (’,k(]lansqtqn "kql)nl = (I‘k([H‘” f‘sqt ! n—k+7)"1 # (rkql)nl

7)=
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since multiplication by r*¢''"r* from the left cannot reduce the cxponent f--n-
—k+1=1of q.

At last we give a necessary and sufficient condition that MO(II; I, A; P) be an
inverse semigroup.

Theorem 6. The locally regular Rees matrix semigroup MC=M°(H; I, A; P)
is an inverse semigroup if and only if the following conditions are satisfied: Il is an
inverse semigroup, in each row and each column of the sandwich matrix P there exists
exactly one element which has a two-sided inverse (clearly, this implies |I|=|A|), and
all the other entries of P are zero.

Proof. Suppose first that M°(H; I, A; P) satisfies all these conditions, and,
for any A€ 4 and i€, let j(A)€1 and p(7)€ A denote the indices for which p,;,, and
Py iyi have two-sided inverses.

Let (a);;, and ();, be generalized inverses of each other, a0, then we have
a=ap;;bpya 0,

whence j=j(A) and p=pu (/). Suppose further that (c);;).q is also a generalized
inverse of (@);,. Then we have

(%) a= aplj().)bpu(i)ia = aPia) P uiinds
(% %) b= bpu(i)iap).j(l)ba C = CPu)i9Pay)C-

Multiplying the equations () and (* *) from the right by p,;,, and p,q):, respec-
tively, we obtain that bp,; and c¢p,q,; are both generalized inverses of ap,;;, in H.
In view of the inversity of H, this implies

bp;t(i)i = CPuwi»

and multiplication from the right by the inverse of p,g); gives now b=c. Hence
each element of M° may have at most onc generalized inverse, but it does have one,
since by Theorem 4 the regularity of H implies that M° is also a regular semigroup.
Thus M° is an inverse semigroup.

Conversely, suppose that M° is an inverse semigroup. By Theorem 4, H is
regular, and as H is isomorphic to a subsemigroup of M° by the Corollary of
Lemma 1, no element of H can have more than one generalized inverse element.
Thus H is an inverse semigroup.

Let (a);; be an arbitrary non-zero element of M°, and suppose that (b)
generalized inverse of (a);; .

We have seen in the Remark after Theorem 4 that each (a);;, has a generalized
inverse in M7, ), hence we must have, by the unicity of the generalized inverse
element, j=j(4) and p=p (/). On the other hand, (b);,=(b);uyu has (a);, as its
generalized inverse, but it also has a generalized inverse in M7} a)uiiay, Whence

i 18 the
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jj= (u()) and A=p(j(%)). Herefrom we can conclude that the elements p;;(;, and
pm(l) have (two-sided) inverses in H. Suppose now that the element p,, has a right
inverse p;,, in H for some m€l. Then we have

(a)ll = (a)i/l o (b)ju o (a)i/l = (Uplmplm plj bpul a)il = (a)lll o (l):lmplj b)nm o (a)iﬂ
and
b= b])l,,'[lpr = bp;u a/)/lmp:hnp/ljb:

multiplying here by p;,,p,; from the left we obtain that

(p:hn])).ib)mﬂ = (p;m])/.f b)mu o (a)il 2 (p:lmp/lj b)mu ’

that is, (p},,Pa;0)m, 18 also a generalized inverse of (a);,. Since (a);;, may have but
one generalized inverse, this implies m=;=;(1). In other words, in each row of
P there exists exactly one element which has a right inverse in H, and we have seen
that this element must have a two-sided inverse. Dually we obtain the analogous
result for columns.

We still have to show that all the other entries of P are zero. Suppose that, on
the contrary, there exists an entry p,,0 in P, which does not have an’inverse of
either sides in /1. As H is an inverse semigroup, p,; has a generalized inverse a in H:

apya =a and  pyap,; = py.
Then we also have a4 = apya = apap,a
and @iz = (apuap @)y, = (@)ir 0 (@)ir0 (@i
thus (a)l,l is a generalized inverse of itself, which contradicts the fact that M° is
an inverse semigroup, since we have seen that in such a semigroup each element

(@); has its generalized inverse in My, ., and now i3/(4) for p,; does not have
a right inverse. This completes the proof of Theorem 6.

Remark. For the notions occurring in the following Corollary we refer to
[3]. As it is easy to show that a O-cancellative regular semigroup with identity is
a group with zero adjoined, our Theorem 6 and Theorem 5.1 in [3] imply the fol-
lowing result:

Corollary. For a special similarly decomposable semigroup S the following
conditions are equivalent:
(i) S is regular,
(i) S is an inverse semigroup,
(iif) S is completely O-simple,
(iv) S is a Brandt semigroup.

Thanks are due to Prof. O. STEINFELD for his attention during the preparation
of the present work. ’



102 Laszlo Marki: On locally regular Rees matrix semigroups

References

[1] L. MArk1—O. STRINFELD, A generalization of Green’s relations in semigroups, Sénigroup
Forum, 7 (1974), 74—385.

[2] D. Reis, On semi-groups, Proc. Cambridge Phil. Soc., 36 (1940), 387-—400.

[3] O. SreinFCLD, On a generalization of completely O-simple semigroups, Acta Sci. Math., 28
(1967), 135—145.

[4] P. S. ViNKATESAN, Matrix semigroups over a semigroup with zero, Math. Ann., 181 (1969),
60—64.

MATIIEMATICAL INSTITUTE OF THE
IIUNGARIAN ACADEMY OFF SCIENCES
REALTANODA U. 13—15

11—1053 BUDAPEST

( Received January 16, 1974)



On a paper of Blum, Eisenberg, and Hahn concerning ergodie
theory and the distribution of sequences in the Bohr group

By H. NIEDERREITER in Princeton (New Jersey, USA)

Let Z be the additive group of integers in the discrete topology, and let Z be
its Bohr compactification. In a recent paper, BLUM, EISENBERG, and HanN [1] have
pointed out a remarkable connection between the validity of the mean ergodic

1 ~ : ,
theorem for sums of the type ~ > T f, where (a,), n=1,2,..., is a given se-
. n=1

quence of integers, and the distribution of the sequence (g,) in Z. In fact, it is noted
in that paper that the mean ergodic theorem holds for the above sums-if and only
-if the sequence (a,) is uniformly distributed in Z in the sense of Definition 1 below.
Therefore, it becomes an interesting problem to exhibit classes of sequences (a,)
that satisfy the required type of uniform distribution property. BLuM, EISENBERG,
and HauN have already made a contribution to this problem by providing a sufficient
condition that can be checked fairly easily (see condition (i)-in {I, p. 23] or condi-
tion (1) below). The authors state that they do not know of any sequence in Z that
is uniformly distributed in Z but does not satisfy the condition (1). It is the main
purpose of this note to show that the condition (1) of BLUM, EISENBERG, and HAHN
is certainly not necessary for uniform distribution in Z, and that one may in fact
construct sequences in Z that are uniformly distributed in Z but for which (1) fails
drastically. At the same time, we exhibit large classes of sequences (g,) in Z that are
uniformly distributed in Z and that can therefore be ‘used to obtaln generahzed
mean ergodic theorems. :
We recall some well-known notions of uniform distribution in topological groups.
For a detailed discussion of this topic, see KUIPERS and NIEDERREITER [2, Ch. 4].
Since all the groups we shall con51der in the sequel will be abelian, we restrxct our
attentlon to th1s case. ' o

This research was carried out while the author ‘was supported by NSF grant GP 36418Xi‘.
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Definition t. The sequence (x,), n=1, 2, ..., in the locally compact abelian
group G is called Hartman-uniformly distributed in G if

.1 X
Jim ﬁg 2(x) =0
holds for all nontrivial characters y of G.

Definition 2. The.sequence (x,), n=1, 2, ..., in the locally compact abelian
group G is called uniformly distributed in G if for any subgroup H of G of compact
index (i.e., for any closed subgroup H of G for which G/H is compact), the sequence
(x, +H) n=1,2; ..., is Hartman-uniformly distributed in G/H.

A Hartman- umformly distributed sequence in G is also uniformly dlstnbuted
in G, but the converse is not true in general. For compact groups the two kinds of
uniform distribution are the same. Moreover, the sequence (x,) is Hartman-uniformly
distributed in G if and only if (x,) is uniformly distributed in the Bohr compactifica-
tion G of G. For these results and for an exposition of the theory of uniform dis-
tribution in locally compact groups, see KuipERs and NIEDERREITER [2, Ch. 4, Sect. 5}.

For the special cases G=Z and G=R, the additive group of real numbers in
the usual topology, one arrives at the following equivalent characterizations by
using the WEYL criterion for uniform distribution mod 1 (for details, see [2, Ch. 4,
Sect. 5]). . -

Lemma 1. The sequence‘ (x,), n=1,2, ..., in R is uniformly distributed in R
if and only if the sequence (x,a), n=1,2, ..., is uniformly distributed mod 1 for all
nonzero real numbers .

Lemma 2. The sequence (a,), n=1,2, ... , in Z is Hartman-uniformly distributed
‘in Z if and only if (a,) is uniformly distributed in Z and (a,0), n=1, 2, ... , is uniformly
distributed mod 1 for all irrational numbers o. . :

We remark that the notion of uniform distribution in Z according to Defini-
tion 2 is identical with the notion introduced by Niven [3].

In the language of the present paper, the basic result mentioned in [1] concerning
the mean ergodlc theorem reads as follows: The mean ergodic theorem holds for

sums of the type — Z Ten f if and only if the sequence (a,), n=1, 2, ..., is Hartman-

uniformly dlstrlbuted in Z. The sufficient condition for Hartman-umform distribu-
tion in Z given by BLUM, EISENBERG, and HAHN is as follows. Let (a,), n=1, 2, ...,
be a sequence in Z, let Ey be the set consisting of the first N terms of (a,), and let
Ex+k be the set Ey, shifted by the integer k. Then, if

' 1
[0 Jim —-card (EyN(Ey+K) =1 forall keZ,
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the sequence (a,) is Hartman-uniformly distributed in Z (see [1, Theorem 1]). Ob-
viously, it suffices to consider only positive integers k in (1).

The following theorem provides many examples of Hartman-uniformly dlstn-
buted sequences in Z, most of which do not satisfy condition (1).

Theorem 1. If (x,), n=1,2, ..., is uniformly distributed in R, then the sequence
(Ix.)), n=1,2, ..., of integral parts is Hartman-uniformly distributed in Z.

Proof. We proceed by Lemma 2. In order to prove that ([x,]) is uniformly
distributed in Z, we note that by Lemma 1 the sequence (x,/m), n=1,2, ..., is
- uniformly distributed mod 1 for any integer m=2. Therefore, ([x,]) is uniformly

distributed in Z by a well-known theorem (see NIvEN [4] and KuIpERs and NIEDER-
REITER [2, Ch. 5, Theorem 1.4]). :
Now let « be an irrational number. For any (hl, hy)€Z2 with (hl, hy) (0, 0),
. the number hya+h, is nonzero; therefore, the sequence ((hya+hy)x,), n=1,2, ...,
is uniformly distributed mod 1 by Lemma 1. Hence, by [2, Ch. 1, Theorem 6.3],
the sequence ((x a0, x,)), n=1,2, ..., in R? is uniformly distributed mod 1 in R2.
Now, for any'sequence ((y,, z,,)) n=1,2, ..., in R? which is uniformly distributed
mod 1 in R" we have

. N 11
® Jim }V";lf({yf,}, th = [ [ 10 dvae

for any complex-valued continuous function f on.[0, 1]2 (see [2, Ch. 1, Theorem 6.1]),
where {7} denotes the fractional part of 1€R. _

For typographic convenience, we write exp (t)=e*""" for 1¢R. We choose a
nonzero integer /. Then

exp (hx,]a) = exp (hx,a — ho{x,}) = exp (h{x,a} — ha{x,})

for all n=1. Hence, if we apply (2) to the sequence ((x o, X, )) and to the function
Sy, 2)=exp (hy—haz), we obtam

hm = Zexp (hlx,]a) = lim - Zexp (h{x, o} — hoz{x )

:ffexp(hy—_haz)dydz::o.
0 0

This means that the sequence ([x,]a) (=1, 2, ...) is uniformly distributed mod I.
Since « was an arbitrary irrational number, the proof of the theorem is complete by
Lemma 2.

Theorem 1 contains a variety of interesting special cases. We list a few of them
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‘Corollary 1. Let P(x)=a,x*+---+a, be a polynomial over R of degree at
least 2. If the system {o, a,_y, ..., o} has rank at least 2 over the rationals, then
the sequence ([P(n)]) (n=1,2,...) is Hartman-uniformly distributed in Z.

Proof. This follows from [2, Ch. 4, Example 5.4] and Theorem 1.

We remark that VEECH [5] has even shown a somewhat stronger property of
the sequence ([P(n)]). Obviously, the sequence (a,) =([P(n)]) is eventually increasing
or eventually decreasing with lim |a,.,—a,|=<, and therefore

lim —l-card (EN.ﬂ (Ex+k) =0 forall k=1,

so that (1) fails drasncally
For positive integers r, we define the action of the difference operator 4" on
sequences (x,) in R recursively: we set A x,=x, ., —x, forn=1 and 4" x,=4""'(4"x,)

for r=2 and n=1. ,

Corollary 2. Let (x,) be a sequence in R such that for some positive integer
r the following properties are satisfied: A'x, tends monotonically to -0 as n—o- and
lim n[4"x,|= . Then the sequence ([x,]) is Hartman-uniformly distributed in Z.
Proof. We note that for any nonzero «a¢R the sequence (x,«) satisfies the
same properties as (x,). Therefore, by [2, Ch.1, Theorem 3.4], the sequence (x,a)
s unlformly distributed mod 1. The desired result follows from Lemma 1 and Theo-
rem 1. :
~ The following condition is usually easier to check.

Corollary 3. Suppose the function f(t) is defined for t=1 and r times dif-
JSerentiable for sufficiently large t and for some positive integer r. Furthermore, assume
that f®(t) tends monotonically to 0 as t—e> and that lim t|f@ (t)|=co. T} hen the

t—oo

sequence ([f(MW]), n=1,2, ..., is Hartman-uniformly distributed in Z.

Proof. One uses [2, ‘Ch. 1, Theorem 3.5] and proceeds as in-the proof of
Corollary 2.
- If we choose =1, 6 ¢ Z, then the sequence (a,)=([n"]),n=1, 2, ... , is Hartman-
uniformly distributed in Z by Corollary 3. On the other hand, the sequence (a,,)
is increasing with lim (@,41—a,)=co, so that we have again

n-—oco

1 '
Jim Ncard (ExN(Ex+k) =0 forall k=1.
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In the following theorem, we go beyond the examples constructed above and
show that for a Hartman-uniformly distributed sequence in Z the limits in (1) may
have any prescribed value.

Theorem 2. For a given positive integer k and a real number o with 0=a=1,

there exists a Hartman-uniformly distributed sequence in L with

(3) ' lim l card (ExN(Ey+ k) =

Proof We have already constructed examples for a=0. If a=1, we may
take the sequence of positive mtegers as an example. Now suppose 0<a<1 and let

m=1 be an integer with a=

" T By choosing a sequence (a)=(r"]) (n=1,2,..)
with a sufficiently large 64 Z, we get a Hartman-uniformly distributed sequence
in Z with @,,,~a,>k(n+1) for all n=1. We set f=———m, so that f=1. Further-
more, we 'put s( j)é[ﬁj] for j=0, 1, ... . Consider thg following sequence:
Ay, oy ooy gy, A1+, a2k, oo ay+mk, gy 41, G5y ezs R
Agy, Aot k, A+ 2k, .., as+mk, ..., Qg 1y15 A1y +25 -5
v as(j),aj4—k,dj+2k,'...,aj+mk,

Let us denote this sequence by (b,). We show first that (b,) is Hartman-uniformly
distributed in Z. Let y be a nontrivial character of Z. For N>s(1)+m, there exists
a unique j=1 such that s(j)+jm<N=s(j+1)+(j+1)m. Then

")l = | +5G+1)—s(j)+m,
so that |
1 & 1 s()+jm St —s( )+ m
[ x| =y & v LG
Therefore, it suffices to show that
. | s(G)+jm
@ }l‘&m 3w =o0.

For j=1 we have -

's(7) ¥ jm

‘m j R
2 )= Z’x(a) 21 2 2(@g+pk),
=1 g==
and therefore )
1 s()+Jjm

©) SO) 2

1 J
+‘f 2 xa)].
J a=1

. 1 s
1ba)| = ‘3@ 2 1)
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- But since (a,) is Hartman-uniformly distributed in Z, the nght-hand side of (5) tends
to 0 as j—oo, and so (4) is established.

It remains to prove that (b,) satisfies (3). For N=>s(1)+m, there is a unique
j=1 with s(HN+jm<N=s(j+D+(j+1)m. Then

S(_]) +]m card ( s(j)+Jjm m (ES(J)+Jm + k)) Card (EN n (EN + k))

sGFD+(G+Dm s(f)+jm N =
= Card( s(1+1)+(1+1)mm(Es(1+1)+(1+1)m+k)) S(]+1)+(]+l))n
- s+D+0+Dm . _S(j)+jm
nd since * _ .
lim SUA D+ Dm

_ joe s(J)+jm
it suffices to show that. .
(6) Hm card (ES(J) +jm N (ESU) +.jm + k))
S s(j) +jm

Using a,,.,—a,>k(m+1) for all n=1, it follows easily that for every j=1 we have

. j .
Es(j)+jmm (Es(j)+jm+k) = LJ1 {aq+k5 aq+2ks vees aq+mk}—
9= :

We conclude that ) . e
lim card (Es(j).;jm'n (l.':s(j) +jm + k)) = lim Im —_—= m = o,
i s(j)+jm = s()bjm - pam

and so (6) is shown. This'completes the proof of Theorem 2.
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Dissipative J-self-adjoint operators and associated
J-isometries

By C. R. PUTNAM in West Lafayette (Indiana, USA)

1. Introduction, Only bounded operators on a Hilbert space £ will be considered
in this paper. Let J be self-adjoint. If 4 is any operator satisfying

1.1 JA4 = A*J,
then A will be called J-self-adjoint; similarly, if V satisfies
(1.2) ' ' VJv =J,

V will be called J-isometric or a J-isométry. This terminology corresponds to that
in -the literature dealing with géometry of spaces having indefinite metrics. Thus,
if (x, y) is the usual inner product on $ and if one introduces the modified inner
product (x,3),=(Jx, y) then 4 is J-self-adjoint if (Ax, y);=(x, Ay), for all x, y
in 9. This is the same as (JAx, y)=(Jx, Ay), that is, (1.1). Similarly, V is J-isometric
Af (Vx, Vy);=(x, y), for all x, y in H, which is equivalent to (1.2). See, in particular,
the surveys by KREIN [5] and NAIMARK and ISMAGILOV [6] where, for the most part,
it is assumed that J%=/. Another kind of indefinite scalar product is considered by
Bergzin [1]. In the present paper, the aforementioned restriction J2=J will be con-
siderably relaxed (see(1.5) below) but additional conditions ((1.3), (1.4)) will be
imposed on the operators 4 and ¥ of (1.1) and (1.2).

Throughout it will be supposed that 1f A satisfies (1.1) then Im (A) (4—A4 )/21
satisfies

(1.3) cither Im (A) =0 or Im(4) = 0.
An operator 4 will be called dissipative if the first part of (1.3) holds; thus, condi-

tion (1.3) is that either 4 or — A be dissipative. (This definition coincides with that
of Sz.-NAGY and Foias [9], p. 167. It should be noted, however, that sometimes 4

This work was supported by a National Science Foundation research grant.
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is said-to be dissipative if Re (4)=0; see, e.g., KaTO [4] p. 279). Further, it will be
supposed that if V satisfies (1.2) then

(1.9 1¢sp (V) and either VV*=1T or VV* =1L

The first inequality of (1.4) is of course equivalent to ||V]||=1, that is, that V is a
contraction. Incidentally, if (l 2) holds then ||J ||<[|J V)% so that, unless J=0,
necessarily | V]=1.

It will be convenient to recall the notion of the absolutely contmuous part of
a self-adjoint operator J. If J has the spectral resolution J= f tdE,, then the set,
9,1, of vectors x in § for which || £, x|}? is an absolutely continuous function of ¢
is a subspace of § invariant under J. If $,(J)>0, the restriction J,=J|9,(J) is called
the absolutely continuous part of J; in particular, J is said to be absolutely con-
tinuous if J=J,. (See, e.g., HALmoOS [3], p. 104, KaTO [5] p. 516.) For later use, let
Py(J))={x: Jx=0}; clearly, $,(/) L Py(J).

Theorem 1. Let J be self-adjoint and suppose that J and A are bounded operators
on a Hilbert space 9 satisfying (1.1), (1.3) and

(1.5) J #= J,60, that.is, 5.(YBP(J) is a proper subspace of 9.
Then there exists a subspace M satisfying
(1.6) M O (H,(V)BP(J))* =0,

reducing both A and J and for which
(1.7) o AIM  is self-adjoint.

It is understood that either term in the direct sum on the right side of the in-
equality (1.5) may be absent, that is, that either $,(J) or Py(J) may be the 0 space.
In particular, if J has no absolutely continuous part and if 0 is not in the point
spectrum of J then I of (1.6) i1s H and so, by (1.7), 4 is self-adjoint.

Theorem 2. Let J be self-adjoint and suppose that J and V.are bounded operators
on a Hilbert space $ satisfying (1.2), (1.4) and (1.5). Then there exists a subspace M
satisfying (1.6), reducing both V and J and for which ’

(1.8) V|9 s unitary.

The proof of Theorem 1 will be given in section 2 and will depend on a genéra[
result on commutators in PUTNAM [7], p. 20. The proof of Theorem 2 will be derived
in section 3 as a corollary of Theorem | via the Cayley transform. Some remarks
on the Theorems as well as some applications will be given in section 4.
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2. Proof of Theorem 1. In view of (1.1),

2.1 . AJ—JA = (A—A4%J,
therefore, .
(2.2) ' (JA)J— J(JA) iC, where C = 2J(Im (4))J.

Let 9 denote the least subspace of $ reducing both self-adjoint operators J4 and
J and containing the range of the self-adjoint operator C. By (1.3), either C=0
or C=0, and so, by the Theorem of [7], p. 20, ﬂtc(sf)a(l)ﬂﬁ,,(JA))'cﬁa (/), hence
N+ O(H,(J))*. In addition, it is clear that RN+ reduces both J and JA4 (and C) and
that C|9+=0. Thus, if x€RN, 0=(Cx, x)=2(Im (4)Jx, Jx), hence, since Im (4) is
semi-definite, '

(2.3) ' Im(4A)Jx =0 for xeN*t.

Next, note that Py(J)(H(/))t <R+ and that N+ P(J)D (ba(J )b Po(J))* =0,
the last inequality by (1.5). Let

2.4 M= N-OP,(J) (=0).

It is clear that M reduces J. Also, if x€IM and y€ Py(J) then (JAx, y)=(4x, Jy)=0,
so that, since M reduces JA, so also does M. Thus, '

(2.5) M reduces J and JA.
Further, ‘
(2.6) J(OM) is dense in IMN.

In fact, otherwise, there would exist a vector y€I, y=0, such that 0=(Jx, y)=
=(x, Jy) for all x€M. Hence y€ Py(J) and hence ye M Py(J), so y=0, a contra-
diction.

It now follows from (2.1), (2.3) and (2.6) that

2.7 . AJx = JAx for xcIM.

In view of (2.5) and (2.6), this implies that 9t is invariant under 4. Finally, relations
(1.1), (2.5) and (2.6) imply that M is also invariant under A*. Thus, M reduces 4
and relations (2.1), (2.6) and (2.7) imply (1.7).

3. Proof of Theorem 2. Since 1¢sp (V), the operator A=i(I+ VY([I—V)"! is
bounded. Further it is easily verified that —i¢ sp (4) and that V is the Cayley trans-
form of A, that is

(3.1) V=(UA—i(A+iD)" and A= il+V)I-V)
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A straightforward calculation shows that A satisfies (1.1) if and only if V satisfies
(1.2). Furthermore, (I—¥)(Im (A))(I—V*)=I-VV*, so that Im (4)=0 or =0
according as I—VV*=0 or =0; in this connection, see [9], p. 357.

In order to prove Theorem 2 one need only define 4 as in (3.1) and then apply
Theorem 1 to A. Then the space M of Theorem 1 clearly reduces ¥ while (1.7)
implies (1.8) by the well-known properties of the Cayley transform. '

4. Remarks. It may be noted that the first part of (1.4), namely, that 1 not be
in the spectrum of ¥, is essential in Theorem 2 for the validity of assertion (1.8).
In fact, if J=1 and if ¥ denotes the unilateral shift, then, although 1¢sp (V) (in
fact, sp (V) is the unit disk {z: |z|=1}), nevertheless, V is a contraction, ¥ and J .
satisfy (1.2) and (1.5), and V is irreducible, so that, in particular;, ¥ has no unitary
part; cf. (3], p. 73. ’ :

It is clear that if (1.1) holds and if J is non-singular, then 4* is similar to 4
and hence 4 and A™ have identical spectra. Further, condition (1.3) implies that
the spectrum of A lies either in the upper half-plane or in the lower half-plane. Thus,
if J is non-singular then (1.1) and (1.3) imply that the spectrum of 4 is real. Hence,
for instance, if 4 is also normal it is necessarily self-adjoint. On the other hand,
there exist non-singular seif-adjoint operators J and dissipative operators 4 for
which (1.1) holds and for which A4 is completely non-self-adjoint, that is, 4 has no
reducing space on which it is self-adjoint. It follows from Theorem 1 that such an
operatar J is necessarily absolutely continuous.

To obtain such a pair J and 4, let A4 be the operator on $H=L%(0, 1) defined by

(Ax)(t) = t x(1)+i jx(s)ds.

Then A is dissipative (see [9], p. 365). In addition, A is completely non-self-adjoint
and is similar to the seif-adjoint multiplication operator 4,=r on L2(0, 1). (This
result is due to SAHNOVIC; see [9], pp. 368, 372.) Let T denote any non-singular
operator T for which A=T4,T1. If T has the polar factorization T=PU where
P is positive and U is unitary, then A=PUA,U*P~! and A*=P1UA4,U*P=
=P 24P2, so that (1.1) holds with J=P~2 It follows from Theorem 1 that P2,
hence also P, must be absolutely continuous.

- It is clear from the above argument that if 7 is non- smgular with the polar
factorization 7=2PU and if B is any self-adjoint operator then (1.1) holds with
A=TBT 'and J=P"2

Concerning not necessarily bounded dissipative operators and, in particular,
ones similar to self-adjoint operators, sée Sz.-NAGY and Foiag [9], Chapt. IX, §§ 4, 5,
as well as their paper [8].
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. An identity for Laguerre polynomials

By L. B. REDEI in Umea (Sweden)

Dedicated to my loved father, Professor Ldszlé Rédei,
on the occasion of his seventy-fifth birthday .

We shall prove the following representation for Laguerre polynomials:

X dZ p n
) L(x)=(CD" ¢ [XW-I-E\T] e ™.

n!

(We use the same convention for L,(x) as in reference [1].) This representation
for L,(x) is an analogue of the well known representation for Hermite polynomials:

H,(x) = (—1)re* [d—‘i]ne-ﬂ.

In spite of its simple and potentially useful form, we have not been able to find
formula (1) in any of the standard texts.

Proof. Using the standard representation

4 oy
@ L(x) = e [K] (x"e™)

1!

we can put equation (1) into the equivalent form

3 A,(x) = (= 1) [d%]"(x"e-*),
A,(x) being defined by
A, (x) = [x —g; + d;i]"e"‘.

g
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We proceed by induction. Equation (3) is obviously true for #=0 and for n=1.
We assume it to be true for n. It then follows that

o= ) e[ e -

n+4-2 . n+1l

d d
= (— 1)" [XW (x"e°") +W (x"e"")] .
We use, for the first term in the right hand side of this equation, the identity
d n dn—l dn
[;,;] (S ) = 1 Zomr ) +x 75/ ()

valid for any smooth function f(x), to obtain that

" —x dn+1 s
n+1(x) = (_1) [dxn+2 (x +le ) (n+1) dxn+1 (x e )]
Since

d +1,—x "o X +1,-x

E;(x" e™™) = (n+1)x"e *—x"tle

it follows that
d

n+1
Ap1(x) = (D)t [71;] (x"tle=). Q.E.D.
Reference

(1] Bateman Manuscript Project, Higher Transcendental Functions, vol. II (New York, 1953).
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Subnormal limits of nilpotent operators

By NORBERTO SALINAS in Ann Arbor (Michigan, USA)

1. Introduction. Let $ be a fixed separable, infinite dimensional complex Hilbe;rt'
space and let #($) denote the algebra of all (bounded, linear) operators on $.
In [3, Problem 7] HaLMmos has asked for a characterization of the set of all operators.
in #(9) which are uniform limits of nilpotent operators. In what follows we shall
denote by N(9) the set of all nilpotent operators on 9. In the recent paper [S] HERRERO
made a remarkable contribution to Halmos’ problem by showing that a normal
operator is in the uniform closure N(G) of N(9) if and only if its spectrum is con-
nected and contains the origin [S, Theorem 7]. In his paper Herrero asked whether
the direct sum of a unilateral shift in £ ($) and a normal operator on $ whose
spectrum - coincides with the closed unit disk is in N($@® $). In the present note
we answer this question in the affirmative. Actually, we prove a more general result
making a further progress in the solution of Halmos’ question.

Our main theorem can be stated as follows:

Theorem 1.1. If T is a subnormal operator on ¥ (9) whose approximate point
spectrum is simply connected and contains the origin, then T is the uniform limit of
nilpotent operators.

The proof of the above theorem requires some auxiliary results and will be
given in Section 2. In the final section of this paper we introduce a subclass of N(9)
which we call the class of pseudonilpotent operators and we study some of its prop-
erties. The main characteristic of these operators is that its nilpotent approximants
are easy to determine. From this point of view, pseudonilpotent operators are perhaps
more tractable than an arbitrary operator in N($).

2. Proof of Theorem 1.1. Throughout, for a given operator T in Z($) we
shall denote by ¢(7) the spectrum of T and by o,(T) the left spectrum of T (or
approximate point spectrum of 7'). Furthermore, we denote by E(T") the essential
spectrum of T and by E,(T) the left essential spectrum of 7. (We recall that E(T)
and E,(T) are the spectrum and the left spectrum, respectively of the image of T
in the Calkin algebra.) Also, in what follows D will denote the closed unit disk of
the complex plane. '
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Theorem 2.1. Let T be a subnormal operator in £ (9) such that e(T)c D
and let M be a normal operator in £ (9) such that 6(M)=D. Then T& MEN(HD H).

Proof. If T is a normal operator, then T@& M is a normal operator whose
spectrum is connected and contains the origin and hence the theorem follows from
[5, Theorem 7]. Therefore, we may assume that 7 is not normal. Let & be a complex
Hilbert space and let N be a normal operator in £ () such that ¥ is a minimal
normal extension of the subnormal operator 7, i.e. § is an invariant subspace of N
such that N|$=7T and the smaller reducing subspace of N containing $ coincides
with & [2]. Since T is not normal it is easy to see that K& $ is infinite dimensional.
Thus, after an identification via a suitable unitary transformation, we can assume
that R=H@ $ and that N can be represented by the 2X2 operator matrix

s 0,
N:[R T}’

where R and S are in Z(9) and Og is the zero operator on §. It also follows that
o(N)ca(T) and hence o(N)Co(M). Now we observe that for every n=1,2, ...

D =a(M) = a{[g"ea

An easy exercise in spectral theory shows that for every £=0 and every n=1, 2, ...
3n+1

2
there exists a unitary transformation U, ,: 9~ > @9 such that
1

=1

n

— 3
p” (MEBN)]@M}.

.

Therefore, since McN(H) (cf. [5, Theorem 7)), it follows that in order to prove

that T MeN(H@ H) it suffices to establish the following assertion: For every
3n+1

n=2, 3, ... there exists and operator in N [ 2 EB.\:)] whose distance to the operator

. 1

n n—rj
4, = TEB[ZEB——] (MeBN)]
=t R
is less that —. To prove this fact, for n=2,3, ..., let
. n

n—1
n

n—1 7 1
=1

n 1 1
Since A,—B, = [Z’ GB——(TEBO,E,GBO,:,)]GBOQ we deduce that |4,~B,|=—, n=
=1 n - n

=2,3,.... Now we show that the operator B, is the uniform limit of nilpotent
operators. In fact, the operator B, can be represented as the direct sum of a lower

n—i
triangular n X n matrix whose j-th diagonal term is ) (Te M@ S) and the operator
k . n
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0. Thus, in order to complete the proof of theorem (cf. [5, Theorem 5]) it remains
to show that T@ M@ SEN(HD HD H). To see this let’s observe first that

S 0O s O S 05 lg
SGBT:LI—I—%LR T] 151—13%[05 elg

In view of the last remark, the fact that N($ &b H D D) is invariant under similarities
and since

vou=[} %o

is in N(ODPHDH) we conclude that SHTHM and hence T M@ S is in
NOSHD D), as desired.

Corollary 2.2. Let U be a unilateral shift in £ (9) and let M be a normal
operator in L(9) such that c(M)=D. Then UG MEN(HD D).

The following lemma generalizes a result in [5].

Lemma 2.3. Let TEN(D) and let S be an operator in the uniformly closed,
inverse closed algebra generated by T. Then TSEN(9).

Proof. By hypothesis there exists a sequence {f,} of rational functions with
poles off ¢(T) such that lim | S—f,(7)||=0. Also, there exists a sequence {Q,} in

n—roco

N(®) such that lim |T—Q,]=0. Now let k, be the first positive integer such that

koo

||]‘1(.T)—j"1(le)]|<1; having defined k,, n=1 let k,,, be the first positive integer

. 1
greater than k, such that || f, 1(T)—f,+1(0O: )]]<—+-T. Letting R,=0,
n

n+1

(n=1,2,...) it readily follows that lim |7S—R, f,(R,)| =0. Since R, ﬁ,(R,,)EN(ﬁ)

n-—-oco

(n=1, 2, ...) we conclude that TSEN(S).

Proof of theorem 1.1. Let T be a subnormal operator in % ($) such that
a,(T) is simply connected and contains the origin. It follows that ¢(7T)=0,(T)—
—E(T)=E/(T). From [6] we deduce that, up to a small norm perturbation, T is
unitarily equivalent to an operator of the form T 7" where T” is any normal operator
in Z(9) such that o(7")=E(T")=a(T). Since, up to a small norm perturbation
and a unitary equivalence, 7’ can be replaced in the above direct sum by a normal
operator N in % (9) whose spectrum o(N) is “closed” to ¢(T) in the Hausdorff
metric topology, and such that ¢(N) is simply connected, has smooth boundary
and contains ¢(7) in its interior, in order to complete the proof of the theorem it
suffices to prove that T NEN(HD H), for any normal operator N in  satisfying
the properties described previously. Let ¢ be a homeomorphism from o(N) onto
D such that ¢ (0)=0, ¢ is analytic in the interior of 'o(N) and ¢ maps the boundary
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of 6(N) onto the boundary of D. (The existence of this function ¢ can be deduced
from standard facts in the theory of conformal mappings.) Since o (N) is simply
connected and ¢ is analytic on (7)) it follows that ¢ (7) is subnormal and oo (T)]=
=¢[o(T)] is contained in the interior of D. Employing the fact that ¢ (V) is normal
and o[p(N)]=D, from Theorem 2.1 we deduce that ¢(T)De(N)EN(HDH). Let
y: D—o(N) be the inverse function of ¢. Since Y (0)=0, there exists a continuous
complex valued function # on D which is analytic on the interior of D and satisfies
Y (D)=2n(2), for every Z€D. Observing that nle (T)]®n[e(N)] is in the uniformly
closed, inverse closed algebra generated by @ (7)® @ (&) and using Lemma 2.3 we
conclude that ’

T&N(= yle(MNeyle(N)] = o(T)nle(D]® e N)nlep(N)] =
= [p(T)y® o (M{ile(D]®nle(N)1})
isin N 9H), as asserted. '

Remark 2.4. Since the subset of eclements with connected spectrum in any
complex Banach algebras with identity is closed in the norm topology (cf. [8, Theo-
rem 3]) and the spectrum is an uppersemicontinuous function, it follows that every
operator. T in N($) must satisfy

@) o(T) and E(T) are connected and E(T) contains the origin.

Let Q(T)={A€o(T): T—4 is not a Fredholm operator of index zero}. From the.
continuity properties of the index function on the set of semi-Fredholm operators
in Z(9) we see that every operator 7 in N($) must also satisfy

** - Q(T) = E(T)N E(T).

(Recall that E,(T) is the conjugate set of E;(T*)). Conversely, we conjecture that
if an operator T'in % ($) satisfies conditions (*) and (**), then 7€ N($). The validity
of this conjecture would imply of course that every quasinilpotent operator on $
is in N(9), answering in the affirmative Problem 7 of [3].

Let QT(9) be the set of all quasitriangular operators on §, i.e. T€QT($) if
and only if there exists an increasing sequence {P,} in % (9) of finite rank projec-
tions tending strongly to the identity such that JLH; |\TP,— P, TP, =0 (cf. [3, Problem

‘4]). From the spectral characterization of quasitriangular operators given in [1]
it readily follows that QT(H)NQT(H)* ={T€ L (H): Q(T)=E,(T)NE,(T)}. Follow-
ing the same circle of ideas of the above comments, we conjecture that
OT(H)NQT(H)* is the uniform closure of the set of all algebraic operators on $.
(We recall that an operator 7'in £ (9) is called an algebraic operator if there exists
a polynomial p such that p(7)=0.) The results of [4], [5] and those of the present
paper give partial affirmative answers to the above conjectures.
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It may also be worth noting that if the first conjecture were true, it would follow
from the above mentioned theorem of [1] that every operator in % ($) which is not
in N($) has a non-trivial invariant subspace, thereby reducing the invariant sub-
space problem to operators in N(9).

3. Pseudonilpotent operators. In the rest of the paper it will be convenient
to adopt the following terminology. Let 9, ..., $, be an orthogonal family of -»n

subspaces of $ such that H= Zn“eaﬁ ;. Then every T in £($) can be represented,
R = |

n N
on the decomposition H$= > @ H;, by an nXn matrix of the form
. j=1

Ty Ty ... T
. T = 7:'21 T22 ].1211
Tnl . Tn2 Tnn

where T;; is a bounded, linear transformation from $; into 9;, 1=, j=n. The
operator in £ (9) represented by the lower triangular matrix

Tll 0 »es 0
Ty Toy 0...0
0

Tnl T”2 aen T""

will be called the lower triangular part of T with respect to the decomposition

H= > &9H;. Similarly, the upper triangular part of T’ with respect to the decomposi-
=1 ~

n .
tion H= > @ H; is the operator in £ (H) represented by the upper triangular matrix
ji=1 .

Ty Tis... Ty,
0 T...To
0 0 ..T,

Definition 3.1. Let T€.£(H). We say that T is a pseudonilpotent operator
if for every £=0 there exists a decomposition of § into the direct sum of a finite
orthogonal family of subspaces 9y, ..., 9, such that the norm of the lower triangular

part of T with respect to the decomposition H= > @ 9; is less than ¢. The set of all
j=1

pseudonilpotent operators in & () will be denoted by P(9H).

Remark 3.2. a) By interchanging the subspaces $,, ..., 9, in deﬁnition 3.1
it is easy to see that an operator 7 is in P(9) if and only if for every ¢>0 there exists
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a dccomposition of § into the direct sum of a finite orthogonal family of subspaces
such that the norm of the upper triangular part of 7" with respect to this decomposi-
tion is less than e,

b) From a) it readily follows that P($)=P(H)*.

¢) From definition 3.1 and the fact that if T€ N(9), then there always exisis a

n
decomposition H= 3 @ H; with respect to which the lower triangular part of T has
Jj=1

norm zero, we see that the following inclusion formula holds:

N(H)cP(H)CN(H)-
In the following two theorems we shall see that these inclusions are actually proper.

Theorem 3.3. Let A be a non-zero positive operator in L () such that o (A)
is connected. Then A¢ N(9), but A¢ P($).

Proof. From [5, Theorem 7] we deduce that A€ N($), thus it remains to show
that A¢ P(9). Let 94, ..., 9, be an orthogonal family of subspaces of § such that

H= ﬁ'@ﬁj and let 4 be represented by
j=1

All A12 Aln
A = A'21 A22 . 1'4211
Anl An‘..’. Aml

on the decomposition = Z",' ®9;. Let B and C be the operators in £ () defined by
j=1

A11 0 0 A]_]_ 0 cee 0
g |4n 4w 0.0 [0 Ay 0..0
Anl Anz i, Ann 0 0 Sioi Ann

It follows that 4+ C=B+B*. Since C is a positive operator we infer that
4] = sup (4x, %) = sup (A+Clx, x) = |4 +C| = |B+5| = 21B],
2D xXcD

x
lixil=1 lxlt=1

and hence ||B|=|4|l/2. Observing that B is the lower triangular part of 4 with
respect to the decomposition H= é’@ $;, and since the family $;, ..., $, is arbitrary
we conclude that 4 ¢ P(). =

Theorem 3.4. If K is a quasinilpotent compact operator on $, then KeP(9).

Proof. Let K be any quasinilpotent compact operator in £ ($). Then there
exists an increasing sequence {P,} in Z () of finite rank projections tending strongly
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to the identity such that lim |K—P,KP,|=0. From the upper semicontinuily of

f1—> 00

the spectrum, given &=0 {there exists a positive integer n, such that if
n>ny, then ¢(P,KP,) is contained in the disk of center zero and radius & Let
m=>n, so that |[K—P,K|[<¢. Since P,$ is finite dimensional there exists a basis
e, ..., e of P, on which the representing matrix of the operator P,K|P,$ is
in the upper triangular form. Observe that the diagonal elements of this matrix are
in absolute value less than e. Letting $; be the span of the vector e;, 1=j=k and

defining ., =HO P, H, we deduce that the lower triangular partl of K with respect

k+1
to the decomposition $H= 23 @ $; has norm less than 3e. Since ¢ is arbitrary we
i=1

conclude that K€ P($).
As a consequence of the next theorem we shall see that there are operators in

P($) which are not quasinilpotent.

In the remainder of the paper {e, (n=1,2,...)} will be a fixed orthonormal
basis of $. A weighted shift S with positive weights o, (#=1, 2, ...) on the basis
{e,} is defined by Se,=wa,e,.; (n=1,2,...).

Theorem 3.5. Let S be a weighted shift on the basis {e,} with positive weights
a, m=1,2,...) such that for every ¢=0 there exists a positive integer k satisfying
=<8, for n=1,2,.... Then S€P(®).

Proof. Let ¢=>0 and let k& be a positive integer greater than 1 such that o,,<e,
for n=1, 2, ... . Furthermore, let §; be the span of the vectors e;,, (=0, 1,2, ...).
Then $; is infinite dimensional, 1=j=k, and the representing matrix of S' on the

K
decomposition H= 2 @ $; has the form
=1

0 0 .o 5

Sy 0 e, 0
S=10 Sy.erern. of,

0 0..5.,0

where, for 1=j=k—1, the bounded, linear transformation S;: $,~$;., is unitarily
equivalent to a diagonal operator in Z($) whose diagonal terms are o
(i=0,1,2,...) and Sj: 9,9, is a bounded linear transformation unitarily equiv-
alenl 19 a weighted shift with weights a,,. Thus [|:S,]|<¢ and hence S* € P(9). There-
fore S€P(9) and our assertion is established.

Corollary 3.6. There exists an operator in P($) whose spectrum coincides
with D and hence is not quasinilpotent.

Proof. Let S be the Kakutani shift ou the basis {e,}, i.e. S is the weighted
shift whose sequence of weights is described as follows: every other weight is one;
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every other weight of the remaining weights is 1/2; every other weight of these weights
is 1/4; etc. For the sake of clarity we list the first few terms of the sequence of weights:

1,1/2,1, 1/4,1, 1/2,1,1/8, 1, 1/2, 1, 1/4, ... .

From Theorem 3.5 it follows that S€P($). On the other hand, as is well known,
KakuTtant proved that ¢(S)=D [7, p. 282].

In view of the results of this section and the comment made at the end of
Section 2 it is natural to pose the folloving two questions.

Problem 1. Is every quasinilpotent operator on § in P(9)?

Problem 2. Does every operator in P(9) have a non-trivial invariant sub-
space? : ’

Addendum: The results proved in the present note were obtained in the Spring
of 1973 and were communicated to several mathematicians interested in the subject
during the Wabash International Conference on Banach spaces held in June 1973.
After this paper was written C. Apostol, C. Foiag and D. Voiculescu announced
that they established the validity of the conjectures stated at the end of section 2.
This announcement was recently communicated to the author by C. Apostol via a
personal letter. :

Added in proof (May 5, 1975). The results referred to in Addendum appeared in
C. ApostoL, C. Folag and D. VoicuLescu, On the norm closure of nilpotents. II,
Rev. Roum. Math. Pures et Appl., 19 (1974), 549—577, and D. VoicuLescu, Norm-
limits of algebraic operators, Rev. Roum. Math. Pures et Appl., 19 (1974) 371—378.

-
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Eme Kennzeichnung der endlichen einfachen Gruppe der
Ordmmg 604 800

Von VOLKER STINGL in Mainz (BRD)

§ 1. Einleitung

Im Jahre 1967 entdeckte Z. JANKO eine neue sporadische einfache Gruppe der
Ordnung 604 800. Diese Gruppe, die wir mit J, bezeichnen wollen, enthilt genau
zwei Konjugiertenklassen von Involutionen. Der Zentralisator einer Involution, die
nicht im Zentrum einer Sylow-2-Untergruppe von J, vorkommt, ist dabei isomorph
zum direkten Produkt einer Vierergruppe mit PSL (2, 5).

Das Ziel der vorliegenden Arbeit ist es, die Gruppe J, durch den Zentralisator
einer nicht 2-zentralen Involution zu kennzeichnen.

Fiir die Problemstellung und zahlreiche wertvolle Hinweise und Ratschlige
mochte ich Herrn Prof. Dr. D. HeLp hiermit noch einmal herzlichst danken.

Wir beweisen nun das folgende Resultat:

Satz. Sei G eine endliche einfache Gruppe und t eine Involution in G, so daff
Cs(1)/O(Cg (1)) isomorph ist zum direkten Produkt einer Vierergruppe mit PSL(2, q),
die Primzahlpotenz q sei kongruent drei oder fiinf modulo acht. Dann ist G isomorph
zu J,.

Mit J, sei stets die in [6] beschriebe_né endliche einfache Gruppe der Ordnung
604 800 gemeint.

Im weiteren bezeichne G immer eine Gruppe, d1e die Voraussetzungen des
Satzes erfiillt, und 7 sei eine festgewihlte Involution in G, deren Zentralisator die
oben angegebene Struktur besitzt.

Die Bezeichnungsweise folgt im wesentlichen [1] und [5]. Ferner werden folgende
Symbole benutzt: '

|X |y (bzw. | X |2,) 2—Antexl {bzw. 2’-Anteil) der Ordnung von X

D, Diedergruppe
Q, verallg. Quatemlonengruppe :
Z, . - zyklische Gruppe der Ordnung #

‘E, . elementar abelsche Gruppe
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Syl (X) Menge der Sylow-p-Untergruppen von X
X (mod N)y volles Urbild der Untergruppe X von Y/Nin Y

Es sei N(X)=Ng(X) bzw. C(X)=C4z(X) fir Teilmengen X von G und C=C(¢).
Wir setzen C/O(C)=EXP mit E=FE, und P=PSL(2,q), q sei kongruent drei
oder fiinf modulo acht.

§ 2. Die Berechnung von' N (A4)/C(A)

Lemma 2.1. Es sei A eine Sylow-2-Untergruppe von C. Es kann A geschrieben
werden als direktes Produkt zweier Vierergruppen V und W mit V¢ Syl,(E(mod O (C)e)
und W¢Syly(P(mod O(C))c). Die Involution t liegt in V. Wir setzen V=_t,u)y und
W={i, z). Es gilt: |N(A)/C(A)|=6n,1=n=6. Es existiert ein Element g der Ordnung
drei, unter dessen Operation die 15 Involutionen aus A in folgende Konjugiertenklassen
zerfallen: :

{i, z, iz}, {t}, {ti, ez, tiz}, {u}, {wi,uz,uiz}, f{ur), {uti,utz, utiz}.

Beweis. Aufgrund eines Ergebnisses von WALTER [9] kann A keine Sylow-2-
Untergruppe von G sein, und damit teilt zwei die Ordnung von N(A4)/C(A4). Aus
der Voraussetzung des Satzes erhalten wir: [Ncjo i (A0(C)/O(C))|=3. Mit Hilfe
des Frattini-Argumentes folgt, daB auch drei ein Teiler der Ordnung von N(4)/C(A)
. ist. AuBerdem kann in N(A)NC/C(A4) ein Element o1 gewdhlt werden mit #=¢,
ul=u, i°=z, z°=iz. '

Da A echt in ¢iner Sylow-2-Untergruppe 7 von G enthalten ist, muB3 Z(7") echt
in A enthalten sein. Folglich sind nicht alle Involutionen aus 4 in G konjugiert. Die
Anzahl der Konjugierten von ¢ unter N{4) wird durch |N(A4)/C(4): N(A)NC/C(A)|
geliefert. Also ist die Ordnung von N(A4)/C(A) kleiner als 45. Nach dem oben be-
wiesenen Teil erhalten wir insgesamt |N(A4)/C(A4)|=6n, wobei n zwischen eins und
sicben liegt. Da die Gruppe GL(4, 2) keine Untergruppe der Ordnung 42 enthalt
scheidet der Fall n=7 aus. Das Lemma 1st bewiesen.

Lemma 2.2. Fir jede Involution o aus N(A4)/C(A) gilt 2¢ W.

Beweis. Wir nehmen an, die Behauptung sei falsch. Es gibt also eine Involu-
tion « in N(4)/C(A4), die t in W abbildet. Da ¢ in W* liegt und die Elemente aus
We in G konjugiert sind, ist WNW=*=(1), folglich muBl 4 direktes Produkt von
W und W* sein. Es ist ¢ im Durchschnitt von ¥ und W2 enthalten. Da die Involution
« in A mindestens eine Vierergruppe zentralisiert, rechnet man leicht nach, da sogar
We=V¥ und V*=W gilt. :

Unter der Operation von o und g zerfillt 4 in zwei Konjugiertenklassen von
Involutionen mit den Vertretern ¢ und ¢, die Lange der Klassen betrdgt 6 bzw. 9.
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Das erzwingt |N(4)/C(4)|=18. Eine Sylow-2-Untergruppe S von N(A) hat die
Ordnung 2°, die Operation von o auf 4 bewirkt |Z(S)|=4. Also ist 4 charakteristisch
in S, dies bedeutet, daB S schon Sylow-2-Untergruppe von G ist. Mit Hilfe von
[3, Lemma 2, Seite 389] sieht man, daB G nicht einfach ist. Dies widerspricht der
Voraussetzung des Satzes. Die Annahme zu Beginn des Lemmas ist falsch, die Be-
hauptung daher richtig.

Lemma 2.3. Wir unterscheiden zwei Mdglichkeiten der Operation von Involu-
tionen aus N(A)/C(A) auf A, nimlich:

@) t* liegt in V fiir jede Involution o aus N(A)/C(4),

(i) es existiert eine Involution in N(A)/C(A), die t in ANVUW) abbildet.
Im ersten Falle gilt |N(A)/C(A)|=6 oder 24, im zweiten Falle enthilt N(A)/C(A)
eine zu A, isomorphe Untergruppe.

Beweis. Liegt Fall (i) vor, so besitzt eine Sylow-2-Untergruppe von N(A)/C(4)
genau eine Involution. Diese normalisiert ¥, ohne ¢ zu zentralisieren. Mit Hilfe
von Lemma 2.1 sehen wir, daB die Anzahl a, der zu ¢ unter N(A) konjugierten
Involutionen zwischen 2 und 12 liegt. AuBerdem ist @, kongruent null modulo
zwei und kongruent zwei modulo drei. Es folgt, daB ¢ unter N(4) zwei oder acht
Konjugierte besitzt. Die Behauptungen fiir den Fall (i) sind damit bewiesen.

Sei M :{{ti, iz, tiz}, {ui, uz, uiz}, {uti, utz, utiz}} und M, ein [Element aus M.
Gibt es eine Involution o in N(4)/C(A4) mit *c M, und m*e M, fiir ein von # ver-
schiedenes Element m aus M;, so operiert die von o und ¢ erzeugte Gruppe der
Ordnung zwolf als Permutationsgruppe auf der Ziffernmenge {¢}UAM;, und die
Behauptung ist bewiesen.

Wir konnen also annehmen: ¢t*€ My, m*¢ M, fir ein von * verschiedenes Ele-
ment m aus M. Setze U={g, &y und a,=Anzahl der Konjugierten von ¢ unter U.
Offensichtlich ist @, gréBer als vier. Hat g, den Wert sechs, so sind gerade die In-
volutionen aus ¥ und M; zu ¢ Konjugiert, insbesondere ist (V#)*=M,. Das liefert
einen Widerspruch, da ¥ Gruppe ist MU {1} jedoch nicht.

Sei a,=8, dies bedeutet, daB U die Ordnung 24 besitzt. Daraus ergibt sich
o(+0)=4 und U=, oder o(xx:0)=6 und U=A4,XZ,.

Ist a,=10, so hat U die Ordnung 30 und besitzt eine normale Sylow-3-Unter-
gruppe. Dies widerspricht jedoch der Tatsache, daB U von einer Involution und
einem Element der Ordnung drei erzeugt wird.

Sei schlieBlich a,=12. Bis auf i, z, iz sind nun alle Involutionen aus 4 zu ¢ kon-
jugiert, Fiir ein von #* verschiedenes Element m aus My gill mm®*¢ {i, z, iz}, aber
o€ C(mm®). Dies liefert einen Widerspruch.

Wit haben gesehen, dafl a, nur den Wert acht annehmen kann, in diesem Falle
ist aber die Behauptung des Lemmas richtig,
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Lemma 2.4. Liegt der Fall () aus Lemma 2.3 vor, so haben wir:

(i), NA)/C(A)=Zy oder (1) N(A)/C(A)==zSL2,3).

Im Falle (i) aus Lemma 2.3 sei U eine zu A, isomorphe Untergruppe und
S, €Syly(U(mod C(A))y (4y). Dann gilt:

(i), Z(S)=Cut), N(A)/C(A)zt Ay, Sy oder AyXZs,

(i), Z(SY=W, N(A)|C(A) S Ay, Sy oder AyXZy,

(i) Z(Sp=C(ut)XW, N(AD|C(A) = A,, S, oder AyXZ,.

Bewecis. Bs liege zunichst der Fall (i) vor mit |[N(A)/C(A)|=6. Wir setzen
N(A4)/C(4)={e, @), wobci « eine Involution sei und ¢ den Automorphismus der
Ordnung drei aus Lemma 2.1 bezeichne, Wir kénnen o. B. d. A. annehmen, daf3
t*=y gilt. Die Tnvolution « zentralisierl in 4 mindestens eine Gruppe der Ordnung
acht, da andernfalls wie in Lemma 2.2 ein Widerspruch zur Einfachheit von G folgt.
Ist W*=W, so gill WE{{ti, tz, tiz}, {ui, uz,uiz}, {uti, utz, utiz}}, was aber einen
Widerspruch liefert, da W Gruppe ist. Es wird also 7 von o normalisiert, insbe-
sondere erhalten wir C4(¢)=(ut)X W. Die Elemente a und ¢ sind auf den vier
Erzeugenden ¢, u, i, z von A vertauschbar, die Behauptung (i) ist richtig.

Sei nun im Fall (i) von Lemma 2,3 die Ordnung von N(A)/C(4) gleich 24.
Dann sind die Sylow-2-Untergruppen von N(4)/C(A) isomorph zu Qg. Eine Sylow-
3-Untergruppe von N(4)/C(A) liegt nicht normal, da es in GL(4, 2) keine Elemente
der Ordnung zwolf gibt. Man rechnet nun nach, daf} die Sylow-2-Untergruppe
von N(A4)/C(4) normal liegt und daher die Behauptung N(4)/C(4) = SL(2, 3) folgt.

In Lemma 2.3 haben wir bewiesen, daf} es im Falle (ii) eine zu 4, isomorphe
Untergruppe in N(4)/C(4) gibt. Es ist |[N(4)/C(4)|=12, 24 oder 36. Gilt
|N(4)/C(4)|=24, so kénnen die Sylow-2-Untergruppen von N(A4)/C(4) nur iso-
morph zu Dy oder Eg sein. Im ersten Falle ergibt sich N(4)/C(4)=S,, im zweiten
Falle folgt N(A)/C(A)=A,XZ,. Gilt |[N(4)/C(4)|=36, so liegt die Vierergruppe
aus der zu A4, isomorphen Untergruppe normal in N(A4)/C(A), mithin folgern wir
N(A)/|C(A) =2 A X Zg.

Sei U die zu 4, isomorphe Untergruppe von N(4)/C(A4), die den Automorphis-
mus ¢ von A aus Lemma 2.1 enthélt. Wir wihlen uns S;€Syl,(U(mod C(4))y (4))-
Das Zentrum von .S ist echt in 4 enthalten. Unter der Annahme Z(Sy) =2 Ey erhal-
ten wir Z(Sy)NV#(1). Ohne Beschrankung der Allgemeinheit sei Z(Sy)NV=(ut).
Mit Hilfe des Frattini-Argumentes sehen wir, daBl Z(S,) das direkte Produkt von
(ut) und W ist. Die Involution ¢ kann in 4 maximal acht Konjugierte besitzen, es
schneidet der Fall N(A)/C(A) = Ay X Z; aus.

Ist Z(Sy = E,, so schlieBt man leicht, daB Z(S;) gleich W ist. Jede Involution
aus U zentralisiert in 4 genau die Gruppe W. Unter U haben ¢, u und ut jeweils
vier Konjugierte in 4. Die Konjugiertenklassen sind: {z, #i, tz, tiz}, {u, ui, uz, uiz},
{uti, utz, utiz, ut}. Es gibt eine Involution « in U mit t*=#i, tz*=tiz, ¥*=uz und
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wi®*=uiz. Man rechnet nun leicht nach, daf} es keine mit ¢ vertauschbare Involution
B gibt, die ¢ auf v abbildet und W zentralisiert. Eine solche Involution miiBte aber
im Falle N(A4)/C(A4)=:A4,XZ, exislieren, also tritl dieser Fall nicht auf, wenn Z(.S})
die Ordnung vier hat,

Ist Z(S,) isomorph zu Z,, so liegt Z(S;) in ¥. Ohne Beschriinkung der All-
gemeinheit sei {ut)=Z(Sy). Es ist klar, daB eine Involution aus U nur eine Vierer-
gruppe in A zentralisiert. AuBerdem wird W von keiner Involution aus U normalisiert.
Damit ergibt sich, dal eine Involution aus W unter U genau sechs Konjugierte
hat und von einem 2-Element aus U zentralisiert wird. Also hat ¢ in 4 nicht mehr
als acht Konjugierte, der Fall N(4)/C(A) = A,X Z, ist nicht mdglich.

§ 3. Der Fall (i), aus Lemma 2.4

Lemma 3.1, Sei S eine Sylow-2-Untergruppe von N(A) und N(A)/C(A) sei
isomorph zu Zg. Dann ist S isomorph zum direkten Produkt einer Diedergruppe der
Ordnung acht und einer Vierergruppe.

Beweis. Wir wissen schon, daB S die Ordnung 2° hat und Z(S) in 4 ent-
halten ist, weiterhin ist Z(S) von der Ordnung acht. Gibt es in S\ A keine Involu-
tionen, so liegt A4 charakteristisch in S und S ist schon Sylow-2-Untergruppe von G.
Es sei x ein Element aus S\ 4. Die Anwendung von [8, Lemma 5.38, Seite 411,
Thompson Transfer Lemma] auf die maximale Untergruppe {x, Z(S)) von S und
die Involution ¢ liefert einen Widerspruch zur Einfachheit von G.

Es gibt nun Involutionen in S\ 4, und die Behauptung des Lemmas folgt.

Lemma 3.2. Im Falle N(A)]C(A)=Zg ist eine Sylow-2-Untergruppe von G
isomorph zum direkten Produkt einer Diedergruppe und einer Vierergruppe.

Beweis. Ist eine Sylow-2-Untergruppe S von N(4)/C(A4) schon Sylow-2-Unter-
gruppe von G, so folgt die Behauptung mit Hilfe von Lemma 3.1,

Es sei nun T eine Sylow-2-Untergruppe von G, die S enthéll, und T, maximal
in T beziiglich folgender Eigenschaften:

OSET,, (i) Ty=T,XT, mit T;2Dym—3=m, und T,

Wir nehmen nun an, daB T, echt in T enthalten sei. Es enthalt T, genau zwei
Konjugiertenklassen von elementar abelschen Untergruppen der Ordnung 16.
Wir finden ein Element x in N;(T)\Tp, dessen Quadrat in T; liegt. Sind in der
Nebenklasse x7T, keine Involutionen vorhanden, so ergibt sich (x, T;)€Syl,(G). Es
sei T, die maximale zyklische Untergruppe von Ty. Die Gruppe <(x, T;XTy)
ist maximal in (x, T;) und enthdlt ¢ nicht. Mit Hilfe des Thompson Transfer
Lemmas erhalten wir einen Widerspruch zur’ Einfachheit von G.

9 A
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Es gibt Involutionen in xTg, 0. B. d. A. sci x2==1. Wir wéhlen in T, zwei Involu-
tionen « und b, die in T, nicht konjugiert sind und folgende Eigenschafien besitzen:
a*=b, {a,b)=:Dym, Das Erzeugnis von x und a ist dann isomorph zu Dym--1.
Man stellt fest, daB8 x zentralisicrend auf Z (7)) X T, operiert. Die Gruppe (x, Ty)
ist demnach isomorph zum direkten Produkt einer Diedergruppe mit einer Vierer-
gruppe, was der maximalen Wahl von T, widerspricht. Folglich gilt Ty,=T, die
Behauptung ist bewiesen.

Lemma 3.3, Der Fall N(A)/C(A)=:Z, tritt nicht auf.

Beweis. Da nach Lemma 3.2 eine Sylow-2-Untergruppe 7 von G isomorph
zum direkien Produki ciner Diedergruppe mit einer Vicrergruppe ist und G' min-
destens zwei Konjugierienklassen von Involutionen besitzt, folgt mit Hilfe des
Thompson Transfer Lemmas ein Widerspruch zur Einfachheit von G.

§ 4. Der Fall (i), aus Lemma 2.4

Lemma 4.1. Es sei N(A)/C(A) isomorph zu SL(2, 3) und o die zentrale Involy-
tion in N(A)/C(A4). Mit B bezeichnen wir das volle Urbild von {0y in N(A). Es sei S,
eine Sylow-2-Untergruppe von B und S eine Sylow-2-Untergruppe von N(A), die S,
enthdlt. Dann gilt: N(A)[B=: Ay, S|S;=2E,, S; = Dy X Ey, Z(Sy) = (ut ) X W. Es operiert
N(A)/B treu auf Z(S,), aber trivial auf {ut).

Beweis. Es ist SL(2,3)/Z(SL(2,3))=PSL(2,3=¢4, und die beiden ersten
Behauptungen folgen. Da A ein maximaler elementar abelscher Normalteiler von
S ist, gibt es eine Gruppe 4, der Ordnung acht in 4, die ebenfalls normal in S liegt.
Die Involution o aus N(A)/C(A4) operiert trivial auf A4,. Wir wissen, daB ¢* in V
ist, 0. B. d. A. sei #*=u. Unter N(4) hat ¢ auBer sich selbst und # noch genau sechs
weitere Konjugierte. Es folgt A= (ut, i, z). Gibt es in S;\4 keine Involutionen,
so liegt A charakteristisch in S, es ist .S’ eine Sylow-2-Untergruppe von G. Seien
y; und y, aus SN\ S; so gewihlt, daBl S von 4, y; und y, erzeugt wird. Die maximale
Untergruppe {;, ya, Agy von S enthélt ¢ nicht ,wir erhalten einen Widerspruch
zur Einfachheit von G. Ist nun x eine Involution in S\ A4, so ergibt sich: ;==
=(X, t)yX W= DgXE,.

Da der Automorphismus ¢ aus N(4)/C(4) nichttrivial auf Z(S;), aber trivial
auf (ut) operiert, geniigt es zu zeigen, daB ein Element f§ der Ordnung vier aus
N(4)/C(4) nichttrivial auf Z(S;), aber trivial auf (ut) wirkt, um die letzte Behaup-
tung von Lemma 4.1 zu beweisen. Dies ist aber richtig, da 7¢f in 4, liegt und von
(¢¢%)? verschieden ist. AuBerdem liegt (ur) charakteristisch in S;. Damit haben wir
alle Behauptungen bewiesen. )
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Lemma 4.2. Es sei wieder N(A)/C(A) isomorph zu SL(2, 3). Mit T bezeichnen
wir eine Sylow-2-Untergruppe von G, die S¢€Syl, (N (A)) enthéilt. Die Untergruppe
S; von S sei wie in Lemma 4.1 definiert. Es gilt: Cy (Z (Sy)) ist isomorph zum direkten
Produkt einer Diedergruppe mit einer Vierergruppe:.

Beweis. Wir wissen schon, daB Cg(Z(Sy))==S; isomorph zu DgXE, ist. Im
Falle C(Z(Sy)=Cs(Z(Sy) ist die Behauptung richtig. Sei nun S & Cr(Z(Sy)),
mit T, sei eine Untergruppe maximaler Ordnung von Cyp(Z (Sy)) bezeichnet, die
S; enthéll und isomorph zum direkten Produkt einer Diedergruppe mit einer Vierer-
gruppe ist. Wir nehmen an, daB T, echt in Cr(Z(Sy)) ist. Es existiert ein Element
x in Cp(Z(SY)\Tp mit Ty=T, und x2€T,. Aufgrund der maximalen Wahl von
T, gibt es in xT, keine Involutionen. Alle elementar abelschen Untergruppen der
Ordnung 16 von (x, Ty) liegen daher schon in T, und sind unter (x, T) konjugiert.
Es folgt (x, Toy=Cr(Z(Sy)). Wir wihlen Elemente p, und p, in S\.Sy, so daB
(Y15 Vo, S1y=S wird. Dann gilt (x, Ty, y;, yo)=T€Syl,(G). Es sei D eine maximale
Diedergruppe in T, und D, der zyklische Normalteiler vom Index zwei in D. Die
Gruppe (DzXW, y1, ¥, xy hat den Index zwei in T und enthélt ¢ nicht. In
(DX W, y1, ye, X) gibt es keine elementar abelschen Untergruppen der Ordnung
16, aber der Zentralisator einer jeden Involution in dieser Gruppe ist mindestens
von der Ordnung 16. Dies zeigt, da ein Widerspruch zur Einfachheit von G folgt.
Also gilt T0:CT(Z (Sy)), und die Behauptung ist bewiesen.

Lemma 4.3. Wir tbernehmen die Voraussetzungen und Bezeichnungen ats
Lemma 4.2. Wir setzen To=Cr(Z(Sy)) und Ty=(Ty, y1, ys), wobei y; und y, FEle-
mente aus SN\ sind mit (Sy, yy, yoy=3S. Es gibt nun-eine echte Untergruppe T,
von T€Syly(G), die die folgenden Eigenschaften besitzt: () |Ty:Ty|=2, (i) T, ist
normal in T, und Ty/T, ist isomorph zu Dg, (iii) es gibt eine Involution x in Ty\Ty
und eine Involution a in T,, so dafi (x,a) isomorph zu einer Diedergruppe ist und
To={(x,a, W, 1, Yoy gilt, (iV) jede Vierergruppe aus {x, ay liegt in genau einer ele-
mentar abelschen Untergruppe der Ordnung 16 von T,.

Beweis. Mit Hilfe der Techniken im Beweis von Lemma 4.2 berechnen wir,
daB3 T, noch keine Sylow-2-Untergruppe von G sein kann. Es sei x ein Element
aus 7\ T}, das T; normalisiert und dessen Quadrat in T; liegt. Die beiden Konjugier-
tenklassen von elementar abelschen Untergruppen der Ordnung 16 in T werden
durch x verbunden, also normalisiert x die Gruppe Z(S;), aber zentralisiert sie nicht.
Es folgt. {x, Ty)=Ny(Z(Sy)) und {x, T\)/Ty=Ds. Wir setzen Tp={x, Ty).

Wir nehmen an, daB es in xT; keine Involutionen gibt. Es ergibt sich nun leicht:
T,=T€Syl,(G). In T, gibt es einen maximalen Normalteiler D, X W, der ¢ nicht
enthilt. Die Involution ¢ kann nicht in die maximale Untergruppe (D, X W, yy, Vs, X)
von T, konjugiert werden, was der Einfachheit von G widerspricht.

91=
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Es gibt Involutionen in x77, 0. B. d. A, sei x2=1. Da x die beiden Konjugiericn-
klassen von elementar abelschen Untergruppen der Ordnung 16 von 77 mitcinander
verbinden muB, gibt cs Involutionen a und b in 7, dic unter T, nicht konjugicrt
sind, dic in 7 cine Diedergruppe maximaler Ordnung erzeugen und durch x auf-
einander abgebildet werden. Es wird dann (x, a) isomorph zu einer Diedergruppe,
in der (@, b) vom Index zwei enthalien ist. Die Behauptung (iii) von Lemma 4.3 {olgt.

Wic oben siecht man, daB ¢ nicht in die maximale Untergruppe {ax, W, yy, ¥5)
von T, konjugiert werden kann, also liegt 7, echt in 7. Ein Element y aus N, (T9)\ Ty
mitl y2¢ T, cxistiert und bewirkt, daB 7, mindestens doppell so viele clementar abel-
sche Untergruppen der Ordnung 16 besitzt wic 77. Das ist aber nur méglich, wenn
jede Vicrergruppe aus (x, ) in mindestens einer clementar abelschen Gruppe der
Ordnung 16 von T liegt. Da ¢ zu jeder nichizentralen Involution von (x, a) kon-
jugiert ist, folgt auch die Behauptung (iv) von Lemma 4.3.

Lcmma 4.4. Der Fall N(A)/C(A4) = SL(2, 3) tritt nicht auf.

Beweis. Wir iibernehmen die Voraussetzungen und Bezeichnungen von Lemma
4.3, Es sei y ein Element von T\ T, mit Ty =T, und y*>€T,. Der Durchschnitt aller
elementar abelschen Untergruppen der Ordnung 16 von T, hat diec Ordnung vier.
Das Erzeignis Ty aller elementar abelschen Untergruppen der Ordnung 16 von T,
hat in T, den Index zwei. Die einzigen Involutionen, die ein Element aus yT, in
T zentralisieren kann, liegen schon in Z(7). Es folgt, daB die Gruppe (y, T,) genau
so viele elementiar abelsche Untergruppen der Ordnung 16 besitzt wie T,. Alle
diese Gruppen sind aber in (p, T,) konjugiert. Wir schlieBen daher, daB T'=(y, T,€)
€Syly(G) gilt.

Um einen endgiiltigen Widerspruch zu erlangen, konstruiert man wie in den
vorausgegangenen Lemmata eine maximale Untergruppe T, von T, in die die In-
volution ¢ nicht durch Elemente aus G' hineinkonjugiert werden kann.

§ 5. Der Fall (if); aus Lemma 2.4

Lemma 5.1. Eine Sylow-2-Untergruppe von N(A) hat im Falle (ii), von Lemma
2.4 die Ordnung 2.

Beweis. Wir nechmen an, die Behauptung sei falsch. Dann besitzt eine Sylow-
2-Untergruppe S von N(A) die Ordnung 2% es gilt: N(A)/C(4)=4,. Das
Zentrum von S liegt in 4 und hat die Ordnung zwei. Daraus folgert man, daBl 4
die einzige elementar abelsche Untergruppe der Ordnung 16 von S ist. Mithin gilt
S€8yly (G).

Wir wihlen Elemente p; und y, aus S\ 4, die mit 4 zusammen bereits ganz
S erzeugen. Die drei Nebenklassen y; 4, y, 4 und y,y,4 von 4 in S enthalten jeweils
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maximal vier Involutionen, der Zentralisator einer Involution aus S\ A hat in S°
mindestens die Ordnung 16 und ist nicht elemcntar abelsch. Sei A4, ein in 4 ent-
haltener Normalteiler der Ordnung acht in S. Die Gruppe (4,, y;, y,) enthilt ¢
nicht und ist maximal in .S, Das Thompson Transfer Lemma liefert nun einen Wider-
spruch,

Lemma 5.2, Gilt N(4)/C(A) =2 S,, so enthdilt eine Sylow-2-Untergruppe S von
N(A) genau zwei elementar abelsche Untergruppen der Ordnung 16. Ist T eine Sylow-
2-Untergruppe von G, die S enthdilt, so haben wir SE T.

Beweis. Es sei U eine zu 4, isomorphe Untergruppe von N(4)/C(4) und S;
eine Sylow-2-Untergruppe des vollen Urbildes von U in N(4). Ferner sei die Sylow-
2-Uniergruppe S von N(A) so gewdhlt, daB S; in S enthalten ist. Wie in Lemma 5.1
ist 4 die einzige elementar abelsche Untergruppe der Ordnung 16 in S;. Ist 4 auch
in S charakteristisch, so folgt dhnlich wie im vorhergehenden Lemma ein Wider-
spruch.

Es gibt nun auler 4 noch genau eine weitere elementar abelsche Untergruppe
der Ordnung 16 in S. Mit x bezeichnen wir ein Element aus dieser Gruppe, das nicht
in §; liegt. Die beiden Involutionen x und ¢ erzeugen eine Diedergruppe der Ordnung
acht, so daBB S=(x, 1, W, y;, y,y wird, wobei y, und p, Elemente aus S;\4 sind,
die zusammen mit A ganz S; erzeugen. Da ¢ in G nicht in die maximale Untergruppe
(xt, W, 31, yoy von S konjugiert werden kann, darf S noch keine Sylow-2-Unter-
gruppe von G sein.

Lemma 5.3. Es sei N(A)/C(A) isomorph zu Ay X Zy und « die zentrale Involu-
tion in N(A)/C(A). Mit B bezeichnen wir das volle Urbild von (o) in N(A). Es sei S,
eine Sylow-2-Untergruppe von B und S eine Sylow-2-Untergruppe von N(A), die S,
enthdlt. Wir erhalten: N(A)[B=2A,, S|Sy=2E,, Sys2DgXE,, Z(Sy)=(ut)yXW. Es
operiert N(A)/B treu auf Z(Sy) und trivial auf (ut).

Beweis, Die beiden ersten Bahauptungen sind trivial. Da 4 ein maximalesr
elementar abelscher Normalteiler von S ist, gibt es einen in 4 enthaltenen Normal-
teiler Ay der Ordnung acht in 5. Wie in Lemma 4.1 sieht man, daBl 4, das Erzeugnis
von uf, i und z sein muB. Es sei U die zu 4, isomorphe Untergruppe vou A4XZ,
und S; eine Sylow-2-Untergruppe des vollen Urbildes von U in N(4). Da Z(S;)=
=(ut) ist, ergibt sich, daB U treu auf 4, wirkt. Dic Automorphismengruppe von
A, ist isomorph zu GL(3, 2), also operiert  trivial auf 4. Es folgl Z(Sy)=(ut) X W,
auBerdem sind die beiden letzten Behauptungen von Lemma 5.3 bewiesen. Die Be-
hauptung Sy 2:Dg X E, {olgl wie in Lemma 4.1.

Lemma 5.4. Der Fall (i), aus Lemma 2.4 tritt nicht ayf.
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Beweis. Mit Hilfe der Lemmata 5.1 bis 5.3 sehen wir, da im IFalle (ii); von
Lemma 2.4 die Faktorgruppe N(A)/C(A) isomorph zu S; oder A4 X Z, ist. Nehmen
wir an, dal N(4)/C(A) isomorph zu S, ist, so besilzt eine Sylow-2-Untergruppe
S von N(A4) genau zwei elcmentar abelsche Untergruppen der Ordnung 16 und
hat den Index zwei in einer Sylow-2-Untergruppe 7" von G. Wir erseizen im Beweis
von Lemma 4.4 die Symbole T, bzw. a durch S bzw. ¢ und erziclen wie in Lemma 4.4
einen Widerspruch zur Einfachheit von G. Ist N(A)/C(A) isomorph zu A,;XZ,,
so haben wir in Lemma 5.3 die gleichen Behauptungen bewiesen wie in Lemma 4.1.
Da die Lemmaia 4.2 bis 4.4 nur auf Lemma4.1 aufbaucn, kénnen die Beweise
von dort wértlich libcrnommen werden. Daraus folgt dann sofort die Behauptung
des Lemimas.

§ 6. Der Fall (ii), aus Lemma 2.4

Lemma 6.1. Eine Sylow-2-Untergruppe von N(A) hat im Falle (ii), von Lemma
2.4 die Ordnung 2°.

Beweis. Wir nehmen an, die Behauptung sei falsch. Eine Sylow-2-Unter-
gruppe S von N(A) hat dann die Ordnung 27 und S/4 ist isomorph zu Dg. Mit U
sei die zu A, isomorphe Untergruppe von N(A)/C(A) bezeichnet und mitl S; eine
Sylow-2-Untergruppe des vollen Urbildes von U in N(4), die in S enthalten ist.
Das Zentrum von S; ist W, ein Element aus S\ S; operiert nicht trivial auf W.
In S;\A liegen héchstens zwdlf Involutionen, in SN\,S; hochstens acht. Der Zen-
tralisator einer jeden Involution aus S\ A4 besitzt eine andere 2-Struktur als der
Zentralisator von ¢. Wir konnen daher ¢ nicht aus 4 in S\ A4 herauskonjugieren,
insbesondere ist S schon Sylow-2-Untergruppe von G. Es sei wieder 4, ein in 4
enthaltener Normalieiler der Ordnung acht von S. Die Elemente x und y aus S\ 4
seien so bestimmt, daBl S von 4, x und y erzeugt wird. Es ist (4,, X, y) eine maximale
Untergruppe von S, in die # nicht durch Elemente aus G hineinkonjugiert werden
kann. Wir erhalten einen Widerspruch zur Einfachheit von G.

Lemma 6.2. Die Faktorgruppe N(A)/C(4) ist im Falle (ii), von Lemma 24
isomorph zu Ay X Z, die Gruppe G ist isomorph zu J,.

Beweis. Eine Sylow-2-Untergruppe S von N(4) hat die Ordnung 2%, das
Zentrum von S ist elementar abelsch der Ordnung vier. Wir nehmen zunéchst an,
daB3 S schon eine Sylow-2-Untergruppe von G ist. Aus der Liste aller endlichen
einfachen Gruppen in [4], deren Sylow-2-Untergruppen die Ordnung 2° haben, ent-
nimmt man, daB8 G isomorph zu U;(4) oder L;(4) sein muB. Da eine Sylow-2-Unter-
gruppe von U,(4) keinen elementar abelschen Normalteiler der Ordnung 16 besitzt
und in einer zu L;(4) isomorphen Gruppe nur eine Konjugiertenklasse von Involu-
tionen existiert, folgt jedoch ein Widerspruch.
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Es sei nun T eine S enthaltenden Sylow-2-Untergruppe von G und x ein Element
aus Np(S)\S, dessen Quadratl in S liegt. Wir erhalten fiir S die folgende Struktur:
S=(4, By mit A=B=E;,, W=ANB=Z(S) und 4*=B. Die Gruppe (x, S ist
sicher eine Sylow-2-Untergruppe von G, da (x, S genauso viele elementar abelsche
Untergruppen der Ordnung 16 enthélt wie S. Wir setzen T=(x, S'), die Gruppe
T hat die folgenden Eigenschaften: (i) |T'|=2% (2) T enthill keinen elementar abel-
schen Normalteiler der Ordnung acht, (3) T besitzt einen elemeniar abelschen
Normalteiler der Ordnung vier, dessen drei Involutionen in G konjugiert sind, (4) T
ist Sylow-2-Untergruppe einer endlichen einfachen Gruppe. Aus den Hauptsdtzen
in [7] ergibt sich, da T isomorph zu einer Sylow-2-Untergruppe von J, sein muB.
Aufgrund einer Arbeit von GORENSTEIN und HARADA [2] und der Tatsache, dal G
mindestens zwei Konjugiertenklassen von Involutionen besitzt, folgt G'=2J,. Mit
Hilfe von [6, Lemma 3.3 (2), Seite 35] erhalten wir schlieBlich N(A4)/C(A4) =2 A, X Z;.

§ 7. Der Fall (ii); aus Lemma 2.4

. Lemma 7.1. Es sei zundchst N(A)/C(A) isomorph zu A,. Dann besiizt eine
Sylow-2-Untergruppe S von N(A) eine zu Z,;XZ,XZy isomorphe maximale Unter-
gruppe Sy. In SNSy liegen nur Involutionen. Wir haben 3=|N(S)/SC(S)|y. In
N(S)/SC(S) existiert ein Element, das die drei von A verschiedenen elementar abel-
schen Untergruppen der Ordnung 16 in S verbindet und treu auf W bzw. trivial auf
(ut) operiert.

Beweis. Es kann angenommen werden, dafl in S\ 4 Involutionen existieren,
da andernfalls A charakteristisch in S ist und dann dhnlich wie frither ein Wider-
spruch zur Einfachheit von G folgt. Mit Hilfe von [3, Lemma 2, Seite 389] sehen
wir, daB es in S keine elementar abelsche Untergruppe der Ordnung 25 gibt.

Es seien x und y Involutionen in S\4 mit S={(4, x, y), weiterhin gelte t*=1¢i
und #”=1¢z. Man rechnet nach, daB ¢x und ¢y die Ordnung vier haben und miteinander
vertauschbar sind. Wir setzen Sy = (tx) X (ty) X {(ut). Da S genau 39 Involutionen
enthilt, S,, jedoch nur sieben Involutionen besitzt, kénnen in SN\S,, nur Involu-
tionen liegen. .

i Die Faktorgruppe N(A4)/C(A) ist isomorph zu 4, und es existiert ein Element
der Ordnung drei in N(4)/C(4), das treu auf ¥ bzw. trivial auf (ut) operiert, daher
folgen mit Hilfe des Frattini-Argumentes die restlichen Behauptungen von Lemma 7.1.

Lemma 7.2, Es sei T eine S enthaltende Sylow-2-Untergruppe von G und T,
Zentralisator von {ut)X W in T. Es hat T folgende Eigenschaften: (i) Ty besitzt eine
maximale Untergruppe Ty mit Ty2 ZynXZonX Zy—2=n, (ii) in T\T, liegen nur
Involutionen, (iii) es gibt in T, vier Komjugiertenklassen von elementar abelschen
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Untergruppen der Ordnung 16. In N(19)/1,C(T) existiert ein Element, das die drei
A nicht enthaltenden Konjugiertenlclassen von elementar abelschen Untergruppen der
Ordnung 16 in T verbindet und treu auf' W bzw. trivial auf {ut) operiert. Schlieflich
ist 3=|N(T)/TLC(TD|x-

Beweis. Es sei Ty, eine S enthaltende Untergruppc von 7; mil maximaler
Ordnung, so daB T,, alle in der Behauptung des Lemmas fiir 7; geforderien Eigen-
schaften habe. Es liege T), vom Index zwei in Ty, mil Tyy=ZymXZymXZ,. Wir
nehmen an, die Gruppe 17, sei echt in T, enthalten. Wir wihlen nun ein Element y,,
das in er(Tu)\Tu liegt und dessen Quadrat in 73, cnthalien ist, Diescs Element
bewirkt auf den vier Konjugiertenklassen von elementar abelschen Untergruppen
der Ordnung 16 in Tj; eine Permutation der Ordnung zwei. Es sei r cin Element
aus N(Ty) mit {(#Tyy C(Tyy))=2Zg, dann ist (p;Ty; C(Tyy), #Ty; C(T44)) isomorph zu
A4,. Eine Sylow-2-Untergruppe T des vollen Urbildes dieser zu 4, isomorphen
Gruppe in N(Ty,) liegt in 77 und enthélt T3; mit dem Index vier. Wir wiihlen zu
y, noch ein Element y, in T\ T3, so daB T, von T3,, y; und y, erzeugt wird.

Sind in Ty\T}; keine Involutionen vorhanden, so ist T}, schon Sylow-2-Unter-
gruppe von G und wir erhalten leicht einen Widerspruch zur Einfachheit von G.
Sei x eine Involution in Ty\Ty;. Gibt es in xTy; weniger als |Ty4|/2 Involutionen, so
liegt jede Involution aus Ty\ 7y, in einer elementar abelschen Untergruppe der
Ordnung 16 von T,, deren Normalisator in 7, mindesiens die Ordnung 27 besilzt
und wie oben folgt ein Widerspruch.

In xT,, existiercn genau |Ty|/2 Involutionen. Da x zwei Konjugiertenklassen
von elementar abelschen Untergruppen der Ordnung 16 aus 73; konjugiert, gibt
es zwei Involutionen a und b in T, die unter 77, nicht konjugiert sind, deren Produkt
ein Element maximaler Ordnung in T, ist und die durch x verbunden werden. Die
Gruppe (Ty,, xay enthdll T;, mit dem Index zwei und ist maximal in (x, 73;). Man
rechnet nach, daB in (x, Ty,)\(T}2, xa) nur Involutionen liegen und (T, xa)
isomorph ist zu Zym+1XZymXZ,.

Sei y eine Involution aus To\(x, Ty;), dann gilt To={(x, y, Ty;). Da T, keine
elementar abelschen Untergruppen der Ordnung 32 enthélt sind x und y nicht
miteinander vertauschbar. Das Element ya besitzt die Ordnung 2”*!, die Gruppe
(Tys, xa, yay enthélt (Ty,, xa) mit dem Index zwei und ist maximal in T,. Wiederum
stellt man durch Abzdhlen fest, daB8 es in Ty \(T2, xa, ya) nur Involutionen gibt.
Dann folgt sofort: (T},, xa, yay={(xay X (yay X (ut) =Zym+1XZym+1XZ,.

Die Gruppe T, hat alle fiir Ty; geforderten Eigenschaften und enthilt T3, echt.
Die Annahme Ty, & T, ist falsch, die Behauptung des Lemmas richtig.

Lemma 7.3. Die Gruppe WX {ut) ist in einer Sylow-2-Untergruppe T von G,
die S€Syl,(N(A)) enthdlt, normal. Auferdem gilt T|T, = E,, wobei T, der Zentralisator
von WX {ut) in T sein soll.
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Beweis. Aus der Struktur von 7, ergibt sich, daB 7; noch nicht Sylow-2-
Untergruppe von G ist. Es sei x ein Element aus N;(T)\T;, dessen Quadrat in
T, liegt, und r sei ein Element aus N(77), so daB3 (+T,C(T}), xT; C(T3)) isomorph
zu A, ist. Es enthdlt T damit eine Untergruppe T, mit To/T,=E,. Alle elementar
abelschen Untergruppen der Ordnung 16 von 7; sind unter 7, konjugiert. Falls es
in T)\T; Involutionen gibt, hat der Zentralisator einer Involution aus T,\7; min-
destens die Ordnung 16. Fiir eine beliebige Involution ¢ in der Menge T\ T; ist
jedoch ¢?#¢ fiir alle g€G. Daraus schlieBen wir, daBl T, gleich T ist, und simtliche
Behauptungen des Lemmas sind bewiesen.

Lemma 7.4. Der Fall N(A)/C(A)=A, aus (ii); von Lemma?2.4 ist nicht
moglich. '

Beweis. Es sei T eine Sylow-2-Untergruppe von G, die A enthilt, und T,=
=Cr({utyX W). Wir wihlen zwei Elemente x und y in T\ T3, so daBB T=(x, y, Ty)
ist. Es sei T, die abelsche Untergruppe vom Index zwei in 7;. Eine Anwendung des.
Thompson Transfer Lemmas auf die Involution # und die maximale Untergruppe
(Ts, x,y) von T liefert den gesuchten Widerspruch.

Lemma 7.5. Es sei N(A)/C(A) isomorph zu S,. Mit U bezeichnen wir die
zu A, isomorphe Untergruppe von N(A)/C(A) und mit S, eine Sylow-2-Untergruppe
des vollen Urbildes von U in N(A). Die Sylow-2-Untergruppe S von N(A) enthalte
S,. Dann gilt: S, besitzt eine zu Ey, isomorphe Untergruppe, in S liegt auferhalb
von S; noch genau eine weitere elementar abelsche Untergruppe der Ordnung 16.

Beweis. Gibt es.in S;\ A keine Involutionen, so ist A4 offensichtlich charak-
teristisch in S;. Da N(A4)/C(A4) isomorph zu S, ist, folgt sogar 4 char S, und die:
Gruppe S ist schon Sylow-2-Untergruppe von G. Die Involution 7 kann nicht aus A
in S\ 4 konjugiert werden. Man erhilt einen Widerspruch zur Einfachheit von G.
Es existieren also in S;\ 4 Involutionen.

Wir nehmen an, dal3 S, keine elementar abelsche Untergruppe der Ordnung
2° besitzt. Dann folgt wie in Lemma 7.1 die Existenz einer zu Z, X Z, X Z, isomorphen
"Untergruppe von S;. Es kann ¢ wiederum nicht aus S; in S\ §; herauskonjugiert:
werden. Es sei x ein Element in S\_S;. Unter Zuhilfenahme der Beweise von Lemma.
7.2 und 7.3 folgt, daBl eine Sylow-2-Untergruppe 7 von G eine Untergruppe T
vom Index zwei besitzt, die die gleiche Struktur wie die in Lemma 7.3 mit T bezeich-
nete Gruppe aufweist und fiir die gilt: {x, Try=T. Es enthilt T} eine maximale
Untergruppe Ty, in die ¢ nicht durch Elemente aus G konjugiert werden kann.
Dann 148t sich ¢ aber auch nicht in die maximale Untergruppe {x, T),) von T kon-
jugieren.

Die Gruppe S, besitzt also einen elementar abelschen Normalteiler Sp der
Ordnung 2°. Da G nach Voraussetzung einfach sein soll, erzwingt das Thompson.
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Transfer Lemma die Existenz von Involutionen in S\$,. AuBerdem finden wir
in S noch genau eine zu E;4 isomorphe Untergruppe, die mit .S; den Schnitt acht hat.

Lemma 7.6. Wir verwenden die Bezeichnungen von Lemma1.5. Es sei T eine
S enthaltende Sylow-2-Untergruppe von G. Dann ist der elementar abelsche Normal-
teiler Sy der Ordnung 2° von S, auch normal in T und es gilt: T|Sp==Dyr mit 2=r.

Beweis. Mit Hilfe von Lemma 7.5 ergibt sich, daB Sy normal in S liegt und die
Faktorgruppe S/Sj isomorph zu D, ist. '

Wir nehmen an, die Behauptung in Lemma 7.6 sei falsch und wihlen eine
Untergruppe 7, von 7, die maximal in T ist beziiglich folgender Eigenschaften:
(i) SS T, (ii) Sgliegt normal in T;, (iii) T;/Sg ist isomorph zu einer Diedergruppe.
Es sei T, das volle Urbild von Z(7y/S) in T;. Dann gilt T,={Sg, xt), wobei x
eine Involution aus S\ S, ist. Ist v ein Element aus N (T)\ Ty, dessen Quadrat
in Ty liegt, so sind alle Involutionen aus 77\ T, unter (v, ;) konjugiert. Wir sehen
nun, daBl die Gruppe Sy normal in (v, T;) liegt. Wie friiher folgt die Existenz von
Involutionen in v7;, o. B. d. A. sei v selbst eine Involution. Nun gilt (vSg, t.Sg)=
=(v, T})/Sg, und diese Gruppe ist isomorph zu einer Diedergruppe. Da T; echt in
(v, T) liegt, ergibt sich ein Widersoruch zur maximalen Wahl von T;. Die Behauptung
in Lemma 7.6 ist richtig.

Lemma 7.7. Der Fall N(A)/C(A)= S, unter Punkt (ii); von Lemma2.4 ist
nicht méglich.

Beweis. Die Behauptung folgt unter Verwendung der Aussage von Lemma 7.6
unmittelbar aus der Struktur einer Sylow-2-Untergruppe 7 von G und der Voraus-
setzung, daB G einfach sein soll.

Lemma 7.8. Es sei N(A)/C(A) isomorph zu A;XZ,. Mit U bezeichnen wir
die zu Ay isomorphe Untergruppe von N(A)/C(A) und mit S; eine Sylow-2-Unter-
gruppe von U (mod C(A))N(A). Schlieflich sei S eine S; enthaltende Sylow-2-Unter-
gruppe von N(A). Dann haben die maximalen elementar abelschen Untergruppen von
S alle die Ordnung 16.

Beweis. Wir haben Z(S)=Z(S)=(ut)XW. Der Zentralisator einer jeden
Involution enthilt daher eine elementar abelsche Untergruppe der Ordnung 16.
Es geniigt also zu zeigen, daB S keine zu Ey, oder Eg, isomorphe Untergruppen be-
sitzt. Gibt es in S eine elementar abelsche Gruppe Sgz der Ordnung 25, so liefert
[3, Lemma 2, S. 389} einen Widerspruch.

Es sei nun Sg; eine elementar abelsche Untergruppe der Ordnung 2° in S.
Falls Sg; nicht in S; enthalten ist, hat der Zentralisator einer jeden Involution
aus S\ A in G eine Untergruppe der Ordnung 2°. Es ist S dann schon Sylow-2-Unter-
gruppe von G. Man ermittelt wieder eine maximale Untergruppe in S, in die die
Involution ¢ nicht durch Elemente aus G konjugiert werden kann.
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Wir haben bewiesen, daBl S schon in S; gelegen ist. Offensichtlich wird Sy
von ganz S normalisiert, es folgt S/Sz;=F,. Unter Verwendung der Beweise von
Lemma 7.6 und 7.7 folgt erneut ein Widerspruch zur Einfachheit.von G. Insgesamt
-ist die Behauptung in Lemma 7.8 richtig.

Lemma 7.9. Wirverwenden die Voraussetzungen und Bezeichnungen des letzten
‘Lemmas. Die Sylow-2-Untergruppe S von N(A) besitzt eine zu Zy X Z, X Z, isomorphe
Untergruppe Sz, so daf in S\S, nur Involutionen liegen.

Beweis. Es seien a, b und ¢ Elemente in S\ 4, die zusammen mit 4 ganz
S erzeugen. Die Gruppe (Z(S), a, b, ¢) enthilt ¢ nicht und ist maximal in S. Da
G nach Voraussetzung einfach ist, kann S noch keine Sylow-2-Untergruppe von
G sein.

In jeder nichttrivialen Nebenklasse von 4 in S liegen héchstens acht Involu-
tionen, daher gibt es in S hochstens acht elementar abelsche Untergruppen der
Ordnung 16. Wir erhalten: 2={N(S)/SC(S)|s=23. Liegen in S genau acht elementar
abelsche Untcrgruppen der Ordnung 16, dann zeigt eine dhnlich wie in Lemma 7.1
verlaufende Rechnung sofort, daB S die in der Aussage von Lemma 7.9 angegebene
Struktur besitzt.

Wir nehmen nun an, S habe weniger als acht zu E.4 isomorphe Untergruppen.
Dann gilt [N(S)/SC(S)|s=4. Es sei zunichst |[N(S)/SC(S)|,=4. Mit S, bezeichnen
wir wieder eine in S enthaltene Sylow-2-Untergruppe des vollen Urbildes der zu
A, isomorphen Untergruppe von N(4)/C(A) in N(A4). Es gibt eine Sylow-2-Unter-
gruppe T; von N(S), die die maximale Untergruppe S; von S normalisiert. Damit
erhalten wir: Es gibt in S; eine zu Z,XZ, X Z, isomorphe Untergruppe, auflerhalb

~dieser Untergruppe liegen in S, nur Involutionen. Von den vier elementar abelschen
Ulntergruppen der Ordnung 16 in S, sind die drei von 4 verschiedenen durch ein
Eement der Ordnung drei aus N (S)/SC(S) konjugiert. Ein Element der Ordnung
zwei von N(S)/SC(S) operiert ebenfalls nichttrivial auf den vier elementar abel-
schen Untergruppen der Ordnung 16 in S;. Daher wird N(S)/SC(S) isomorph
zu A4,. Die Anzahl der nicht in S, liegenden elementar abelschen Untergruppen
der Ordnung 16 von S ist eins oder drei. Im letzteren Falle sind die drei Gruppen
durch ein Element aus G konjugiert.. Es folgt, daB3 die Ordnung des Normalisators
einer zu E,; isomorphen Untergruppe von S, die nicht in S; liegt, mindestens von
16 geteilt wird. Die Involution ¢ kann also nicht aus S; in SN\S; herauskonjugiert
werden. Wie im zweiten Absatz des Beweises von Lemma 7.5 ergibt sich dann,
daB eine Sylow-2-Untergruppe T von G eine maximale Untergruppe besitzt, in die
man die Involution ¢ aus T nicht durch Elemente von G hineinkonjugieren kann,
Dies widerspricht der Einfachheit der Gruppe G.
Es sei nun |N(S)/SC(S)|;=2. In diesem Falle ist S; in einer Sylow 2-Unter-
. gruppe Ty von N(S) nicht normal. Fiir ein Element y aus T,\S wird (S, S?)=S.
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Ist B=A’, so wird {4, B)=D isomorph zu DyX E,. Wir wihlen zwei Elemente a
und b in S\ 4, die zusammen mit 4 bereits S; erzeugen. Dann wird S von D, a
und b erzeugt. AuBerhalb von D liegen in S drei elementar abelsche Untergruppen
der Ordnung 16, die alle in G konjugiert sind, oder aber es gibt keine zu E,; iso-
morphen Untergruppen auBlerhalb von D in S. Wiederum erhalten wir, dafl die
Ordnung des Normalisators einer zu E,q isomorphen Untergruppe von S, die nicht
in D liegt, mindestens von 16 geteilt wird. Die Involution ¢ kann in G nicht aus D
in S\\.D herauskonjugiert werden. Von der Gruppe D ausgehend kann man unter
Zuhilfenahme der Beweisverfahren von Paragraph drei wieder mittels Induktion nach-
weisen, daB eine Sylow-2-Untergruppe T von G eine maximale Untergruppe ent-
hilt, in die sich die Involution 7 nicht durch Elemente aus G konjugieren 1453t. Mit
Hilfe des Thompson Transfer Lemmas ergibt sich ein Widerspruch zur Einfachheit
von G. ) : ' : '

Die Annahme, S habe weniger als acht elementar abelsche Untergruppen der
Ordnung 16, hat sich als falsch erwiesen. Mit den Ergebnissen zu Beginn des Beweises
folgt die Behauptung des Lemmas. V

Lemma 7.10. Es sei T eine Sylow-2-Untergruppe von G. Es liege auferdem
wieder der Fall N(A)/C(A)= Ay X Z, vor. Dann hat T folgende Struktur: (i) T besitzt.
eine maximale Untergruppe, die isomorph zum direkten Produkt dreier zyklischer
Gruppen ist, (ii) auferhalb dieser maximalen Untergruppe liegen in T nur Involu-
tionen.

Beweis. Es sei T so gewihlt, daB die Sylow-2-Untergruppe S von N(4)/C(4)
in T liegt. Mit T, bezeichnen wir eine S enthaltende Untergruppe maximaler Ordnung
von T, so daB T, eine zum direkten Produkt dreier zyklischer Gruppen isomorphe
Untergruppe T, vom Index zwei hat und in T,\T,; nur Involutionen liegen. Die
Gruppe T, besitzt genau acht Konjugiertenklassen von elementar abelschen Unter-
gruppen der Ordnung 16, daher gilt |N;(T7): T,|=8:

Wir nehmen nun an, 7, liege echt in 7. Da T, maximal in T gewidhlt wurde,
gibt es in N;(T,) auBler T, selbst keine weitere zu T, isomorphe Untergruppe. Es
liegt somit 7}, normal mit dem Index zwei, vier oder acht in 7.

Es sei zuerst |T: Ty|=2. Gibt es in T\ T, keine Involution, so wihlen wir uns
ein Element x aus 7\ 7, und sehen, daB ¢ nicht in die maximale Untergruppe (7, x)
von T konjugiert werden kann. Existiert in 7\ T, eine Involution y, dann kann ¢
nicht in die maximale Untergruppe (7, t) von T konjugiert werden. In beiden
Fallen folgt mit Hilfe des Thompson Transfer Lemmas ein Widerspruch zur Ein-
fachheit von G. ‘

Es sei nun |T: T,|=4. Ist T/T, isomorph zu Z,, dann wihlen wir uns ein Ele-
ment @, das in T modulo T, die Ordnung vier hat. Es kann ¢ wiederum nicht in die
maximale Untergruppe (T, @) von T konjugiert werden. Im Falle T/T, = E, kénnen
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wir nach d=m bisher bewiesenen annehmen, dall es Involutionen x und y in T\ T,
gibt, so daBl T von T, x und y erzeugt wird. Es kann # nicht durch Elemente aus G
in die maximale Untergruppe (7z, xt, yt) von T konjugiert werden, wieder ergibt
sich ein Widerspruch zur Einfachheit von G.

SchlieBlich gelte |T: T,|=8. Ist T/T, isomorph zu Z,, Qs, Dy oder Z4><22,
so folgt aufgrund der bisherigen Ergebnisse. dieses Lemmas erneut die Fxistenz
einer maximalen Untergruppe von T, in die die Involution ¢ nicht durch Elemente
aus G hineinkonjugiert werden kann. Im Falle 7/7, = E; kénnen wir annehmen, daB}
Involutionen x, y und w in T\ T, existieren, die zusammen mit T}, ganz T erzeugen.
Auch in diesem Falle ist ¢ n1cht in die maximale Untergruppe (Tyz, xt, yt, wt) von
T konjuglerbar

'Die Annahme, daf To echt in 7 liegt, hat sich als falsch erwiesen, die Behauptung
des Lemmas ist richtig.

Lemma 7.11. Der Fall N(A)/C(A) = A, X Z, tritt nicht auf.

Beweis. Essei S eine Sylow-2-Untergruppe von N(4) und T eine S enthaltende
Sylow-2-Untergruppe von G. Mit Hilfe von Lemma 7.10 sehen wir, dal T eine
maximale Untergruppe enthilt, in die ¢ nicht durch Elemente aus G hineinkonju-
giert werden kann. Wir erhalten einen endgiiltigen Widerspruch zur Einfachheit
von G.
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Characterization of some related semigroups
of universal algebras

By L. SZABO in Szeged

§ 1. Introduction’

In [3], B. JONssoN gave a necessary and sufficient condition for a group of
permutations of a set 4 to be the automorphism group of an (universal) algebra
whose base set is 4. In [2], G. GRATZER charactlerized those abstract semigroups
that are isomorphic to the endomorphism semigroup of some simple aigebra. These
results are often referred to as the solution of the concrete characterization problem
of automorphism groups of algebras and that of the abstract characterization problem
of endomorphism semigroups of simple algebras.

In this note we are going to solve the concrete characterization problems of

a) inverse semigroups of partial automorphisms of algebras (Theorem 1), and

b) semigroups of endomorphisms of simple algebras (Theorem 2)
in the above sense®).

Let us consider a set A4(|4]|=2), which will be fixed in the sequel. By a 1—1
partial transformation of 4 we mean a 1—1 mapping from a subset of A4 into 4. The
semigroup of all 1—1 partial transformations of A4, called in [1] the symmetric
inverse semigroup of A, will be denoted by I,. For any @€, let D(¢) be the domain
of ¢, and ¢ | B the restriction of ¢ to B, where BE A.

By the equalizer of any ¢, Y €I, we mean the set E(¢, }) defined by

E(p, V) = {ala€D(p)ND()) and ap = ay).
For any M& 1, and BE A, put
I'y(B) =N{E(p,¥)|p, Y eM and B S E(p, ¥)).

*) (Added May 23, 1974) The originally submitted version of the article contained also a
solution for the concrete characterization problem of semigroups of 1-—1 endomorphisms of al-
gebras. It was omitted as in the meantime the solution of this problem was published by J. JeZEx
in Coll. Math., 29 (1974), 61—69 (Theorem 2).

B. M. ScuHEIN kindly informed us that our Theorem 1 was obtained independently also by
D. A. BrepoiN in Saratov,
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Then Iy, is a closure operator and we may speak of a I',,-closed subset of 4. Note
that D(p) is a I'y-closed set for any @¢M, (indeed, E(p, p)=D(¢)), and thus
BZ D(¢) implies I'y;(B)E D(¢). Furthermore, if the identity transformation of A
belongs to M then a€l' () if and only if a€ D(¢) and a=ae for all pc M.

By a partial automorphism of an algebra (4, F) we mean an isomorphism of
a subalgebra of (4, F) into (4, F). The empty transformation 0: § ~8 is considered
to be partial automorphism if and only if (4, F) has no nullary operation. Aut,(4, F)
denotes the set of all partial automorphisms of (4, F).

We shall often write x instead of (x,, ..., x,) and, similarly, x¢ instead of
(%39, ..., x,¢) for any mapping ¢. Then, x7 stands for the set.of all components
of any xE A". Finally, v(f) denotes the arity of the operation f (i.e., f maps A”m
into A).

§ 2. Resuits

We start with two simple lemmias. ‘ ‘

Lemma 1. For any algebra (A, F ), the semigroup Aut,(A4, F) is an inverse sub-
semigroup of 1,. Furthermore, (B, F) (BES A) is a subalgebra of (A, F) if and-only if
Bisaly, p)-closed set.

Proof. The first statement is trivial. Suppose that (B, F) is a subalgebra of
(A, F). If B0 then let ¢ be the identity automorphism of (B, F). Clearly,
g€Aut,(4, F) and E(e, &)=B. Thus FAutp(A,F)(B):B‘ If B=0 then (4, F) has no
nullary operation, and thus the empty transformation O belongs to Aut,(4, F).
Then E(0,0)=9, which implies I’ Avt, (4, ,(®)=0. The converse follows from the
fact that (E(p, §), F) is a subalgebra "of (4, F) for any o, Y€ Aut,(4, F).

Lemma 2. Let M be an inverse subsemigroup of 1,; o€ M and BS D(¢p). Then
Iy (Be)=TI'y(B)g.

Proof. From the definition of I'y it follows that u€I', (B) (BS4) if and
only if for any ¢, 1€ M, BS D(6)(N\D(r) and ¢|B=1|B implies u¢ D(s)D(t) and
UG =ur. . ' ’

If o{Bp=t|Bg (s,7€M; BpSD(@)ND(x)) then @o|B=¢t|B, and thus
@0 | Ty (B)y=01|I'y(B), whence ¢ |I'y(B)p=1|I'y(B)¢. Hence, Iy (B)p STy (Bo).
Write Bp and ¢! instead of B and ¢, respectively. Then we get I'y (Bp)p~1CS
' gFM((Bq))qa‘l):FM(B), which implies Iy (Bp)S T, (B)o, Q.E.D.

For any MCI,, we say that ¢(€1,) belongs to M locally if for any finite set
BC D(¢p) there is a € M such that ¢ |B=4y|B.
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~ Theorem 1. Let M be an inverse subsemigroup of 1,, which contains the identity
transformation of A. The following two statements are equivalent:
I. There is an algebra (A, F) such that M=Aut,(4, F).
II. () I'y is an algebraic closure gperation,
(B) if for €14, D(p) is a I yy-closed set and ¢ belongs to M locally, then p € M,
(y) all 1—1 partial transformations ¢: {a} ~{b}, for which {a} and {b} are I'y-
closed sets, belong to M.

Proof. I=II. According to Lemma | we get («) and (y) immediately. Suppose
that @€l 4 satisfies the condition of (). Since D(p) is a I' Aut, (4, F) -closed set, by
Lemma 1, we have that (D((p), F) is a subalgebra of (4, F). If D(qo)?fﬂ (i.e., @=0),
then let f€F and x€A4"Y)(x7 S D(¢)). Then there exists a Y €Aut,(4, F) which
agrees with @ on x'U{f(x)}. Thus f(x)=f(xy)=f(x)y=f(x)p, whence
p€Aut,(4, F). If D(p)=0 (i.e., ¢=0), then by Lemma 1 (9, F) is a subalgebra of
(4, F). Therefore, (4, F) has no nullary operation, and thus OEAut (4, F).

II=I. We shall construct the desired algebra (4, F). For any x=(x4, ..., X,)€A"
(n=1,2,...) and u€l(x"), let £, ,: A"~A be defined by »

Joux@) = ug, for all ¢eM,

Feoul =01, i ¥ =, e, Y)EANXM.

From u€I',(x") it-follows that the definition of f, , is correct. Put F={f, ,|x€4";
n=1,2, ... and u€Ty(x )} UT ) (8). (The elements of I'y(8) are exactly the nullary
operatlons of (4, F)) We prove that M=Aut,(4, F).

Let peM, ¢#0. First we show that (D(y), F) is subalgebra of (4, F). It is
clear that [, (B) S D(e). Let f, ,€F and y€4*Ux), y1S D(g). If y=xi for some
YEM, then £ ,(¥)=f. ,(x¢)=uy. By Lemma 2, ucT'),(x") implies uf €I, (x "¢)=
=Ty (»"): But y'SD(p), and thus wel (y)ET(D(@)=D(p). If
y€4*Y=I\xM, then f, ,(»)=y,€D(¢). Hence, D(p) is closed under f,,. To
prove that ¢ is an isomorphism let f, ,€F and y€A4* Y=, 7S D(¢p). If y can be
written in the form xy (V€M) then £, ,(y0)=fx,.((V) 9)=F u(x(Y0)) =u (W)=
=) o=f. .00 o=f: . (MNe. If yeAY=I\xM, then ypcd’Y=\xM, and
thus f, ,(ye)= }ilqb—fx «(¥)@. It is evident that all elements of I’} (#) remain fixed
under ¢. If the empty transformation belongs to M, then I (0) 0, ie., (4, F)
has no nullary operation. Thus 0¢Aut,(4, F). .

Suppose that ¢€l,, @0, but ¢ ¢ M. If D(p) is not a I'y,-closed set, then
(D(g), F) is not a subalgebra of (4, F). To show this statement let €I, (D(¢))
and u¢ D(¢). Since Iy is an algebraic closure operator thus there is a finite set
BE D(¢) such that uérl, (B). Arrange the elements of B into a one-to-one sequence
x. Then f, ,(x)=u showing that D(¢) is not closed under fx .

10 A
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If D(y) is a I'y,~closed set then, by (f), there exists a finite set BE D(¢) such
that no element of M agrees with ¢ on B. If [D(p)!=2, then we can assume that
|B|=2. Arrange the elements of B into a one-to-one sequence x. Then fx,,z(x<p)=
=X, 07X 9 =fs,»,(X) 0. If |D(9)|=1, ie., ¢: {a} ~{b} for some a, b€ 4, then by
(), {b} is not a I'y,-closed set. Thus there is a u€I', ({b}) such that u=b. Further-
more, a cannot be written in the form a=by (Y €M) as, by Lemma 2, from a=>by
we get I, ({bp)=Tp({a}yY = ({a})y~r={a}y 2= {b}, which is a contradic-
tion. Thus f, ,(ap)=/f, ,(b)=u#b=ap=f, ,(a)o.

If 0¢M then, by (f), I',,®)=0, i.e., (4, F) has nullary operation. Thus
04 Aut,(4, F). . " " Q.ED.

For any M C1,, the inverse subsemigroup of I, generated by M is denoted
by M. Further, for any transformation semigroup S of A, the images of the
constant transformations of S will be referred to as the constants of S.

Theorem 2. For any transformation monoid S of A, the following two state-
ments are equivalent:
1. There exists a simple algebra (A, F) such that S=End (4, F).
11 (0) S=MUC, where M contains only 1—1 and C contains only constant trans-
Sformations, o
(B) if a 1—1 transformation @ of A belongs to M locally, then €M,
(y) the set of all constants of S is closed under any @€ M,
(6) all a€ A such that {a} is a I'y-closed set arc constants of S.

Proof. I=1l. (x) is trivial, (f) follows from Theorem 1, (y) is valid because
the product of homomorphisms is also a homomorphism, and (§) follows from
the fact that ({a}, F) is a subalgebra of (4, F) whenever {a} is a I'j -closed sub-
set in 4. ’

II=1. We construct the desired algebra (4, F). For any x=(x, ..., x,)€A"
(n=2,3,..) let f,: A"~ A be defined by

f.(x9) = x,0, for all @€,
Fe =y, i Y= e, Y EA™\XM.

Furthermore, for any a€ A4 such that g is not a constant of S and ucrl’ ];,({a}); let
hau: A~A be defined by

h,, . (ap) = up, for all pc M
by (x) = x, if x€AN\aM.

Let F be the set of all operations of form f, as wéll as h, ,. We shall prove that
S=End (4, F) and (4, F) is a simple algebra. ‘
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Let @€ S. If p€M, then to prove that ¢ commutes with all operations of F
* we may proceed similarly as we put it in the proof of Theorem 1. If @€C, i.e.,
¢: A—~{d} (dc€A), then ¢ commutes with any f, €F because f, is an idempotent
operation. Let A, ,€ F and x€A4. Then dc¢ A\aM because from ay=d(ecM) we
get a=diy~1and, by (y), this implies that a is a constant of .S, which is a contradiction.
Thus h,,,(x@)=h,,,(d)=d=h,,,(x)9.

Let ¢ be a transformation of 4 and ¢ ¢ S. If ¢ is one-to-one then, by (f), for
some n(=2) there exists an x€A" such that xpcA™\xM. Thus f.(xQ)=x,
#x,0=f(x)@. If ¢ is a constant transformation, ie., ¢: A—~{d} (d€A), then d
is not a constant of S, and thus, by (), we have I' ; ({d})# {d}. Therefore, for a
suitable uel' - ({d}) we get u=d. Then h, ,(dp)=h, (d)=uzd=h, (D)o. If ¢ is
neither 1—1 nor a constant transformation, then there are x;, x,, x; and x, in 4
with x57<x, such that x;0=x,¢ and xz3p=x,0. Put x=(x, X5, X3, Xx,). It is clear
that xp€A*\xM, and thus f,(xQ)=x,0 %= x,0 =f.(X)@.

Now we have to prove only that (4, F) is simple algebra. Let & be a congruence
relation of (4, F), and suppose that a=b(@) for some a, b€ A4, a¢b. We claim
that ¢=d(®) for all ¢,dcA. Put x=(¢,d, a,a) and y=(c, d, a, b). Since a and b
are distinct thus, y€ A*\xM, whence d=f,(x)=f.(y)=c(@) follows. Q.E.D. .

Remark. It can be shown without any difficulty that none of the conditions
(@), (B) and (y) in Theorem 1 is implied by the two others; a similar statement is
valid for the conditions (B), (y) and () in Theorem 3.
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Derivations of lattices

By G. SZASZ in Budapest

1. Introduction. A mapping a—a’ of a ring R into itself is called a derivation
of R if the equations

(a+bY =a +b, {(aby = a'b+ab’

hold for any pair a, b of R. As a generalization of this definition it offers itself the
following one: A mapping a—a’ of an algebra 4 with two (arbitrary) binary opera-
tions +, - into itself is called a derivation of A4 if (1) and (2) are true for any ele-
ments a, b of A.

In this note we investigate the derivations of lattices with the aid of our earlier
results in [2) concerning translations of lattices. For the concepts not defined here
see [1] or [3]. ' a

2. Preliminaries. According to what have been said in the introduction we
introduce the following

Definition 1. A single-valued mapping ¢ of a lattice L into itself is called
a derivation of L if

1) ey = 0M)—0() and @x~Y) = (@(X)~y)—(x~0())

for every pair of elements x, y of L.

Examples: _ :

1. In every lattice L, the identity mapping : defined by i1(x)=x for each x¢€L
is a derivation of L.

2. Let L be a lattice with least element 0. Then the mapping w defined by w(x)=0
for each x¢ L is a derivation of L.

3. To every neutral element # of a lattice L there corresponds a derivation gen-
erated by n, namely the mapping ¢, defined by ¢,(x)=n~x for each xcL.

In [2] we defined the translations of a lattice and established their basic prop-
erties. In studying the derivations we shall need the dual concept. Therefore we
distinguish now join-translations and meet-translations as follows:
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Definition 2. A single-valued mapping 2 of a lattice L into itself is called a
Jjoin-translation if

@) Alx—y) = Ax)—y
and a meet-translation if
3 A(x~p) = Mx)~y

for each pair of elements x, y of L.

1t was shown in [2] that the only mapping of L into itself which is a Jom-transla-
tion as well as a meet-translation is the identity mapping of L.

For sake of completeness of this note we formulate all those results of [2] that
will be applied here.

Proposition 1. Every meet-translation of a lattice L is an idempotent meet-
endomorphism (that is, a meet-endomorphism 2 for which 1(/(x))=4(x) identically).

Proposition 2. The fixed elements of a meet-translation 1 of a lattice L
form an ideal I, of L and, for any two meet-translations A, i of L, 2,52, implies
I, =1, .

~1 2

Proposition 3. Any two meet-translations of a lattice are permutable

Proposition 4. A4 lattice L is distributive if and only if every meet-translatton
of L is (not only a meet-endomorphism, but) an endomorphism of L.

3. Relations between the class of derivations and other classes of lattice mappings.
Every derivation of a lattice L is a join-endomorphism of L, by definition; we show
that it is a meet-endomorphism, too, by proving the

Theorem 1. Every derivation of a lattice L is a meet-transiation of L.

Corollary 1. Every derivation of a lattice L is an idempotent endomorphism
‘of L. '

Corollary 2. The fixed elements of a derivation of a lattice L form an ideal
of L and the ideal of fixed elements determines uniquely the derivation in question.

We reach to Theorem 1 by proving the following lemmas concerning any deriva-
tion ¢ of a lattice L:

Lemma 1. o(x)=x for any element x of L.
Lemma 2. x=y implies o(x)=¢(y) (x, ycL).
Lemma 3. x=y implies ¢ (x)=x~¢(») (x,y€L).
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Proof. We have by (1)
0() = 9(xAX) = (P()~X)—(x~0(x)),

ie. ¢(x)=¢(x) ~x for any element x of L which is equivalent to the assertion of
Lemma I. '
If x=y, then (1) implies
?(y) = e(x=y) = @(X)~0(»),

i.e. @(x)=¢@(y), as asserted in Lemma 2,
Let x=y again. Then ¢(x)=x=y by Lemma 1. Consequently

9(x) = e(x~y) = (PF)~V)—(x~p () = e(X)—(x~0 (),
ie. x~@(»)=¢(x). On the other hand, p(x)=x by Lemma 1 and p(x)=p(y) by
Lemma 2. Therefore
B X~ () = ¢(x),
too, completing the proof of Lemma 3.
Applying Lemma 3 to the case x=u.~v, y=u we get

O U~V) = Umv~0(1) = @)~V

for any elements u, v of L (since u~¢(u)=¢(u) by Lemma 1). Thus every deriva-
tion of L identically satisfies (3) and therefore it is a meet-translation of L, indeed.

Corollary 1 follows from Definition 1 and Proposition 1. Corollary 2 follows
from Proposition 2. Thus Theorem 1 and the corollaries following it have been
proved. -

As a simple consequence of Lemma 3 we have also the
Corollary 3 Every derivation ¢ of a lattice L is of the form
@ : P(x) = cmx
with a suitably chosen c€L if and only if L has a greatest elementl_

Proof. If i is the greatest element of L, then ¢ (x)=x~¢(i) for each x¢L,
by Lemma 3. If, however, L has no greatest element, then the. identity mapping of
L cannot be represented in the form (4), because ¢c~x=x for x=>c.

It is easy to see that the class of all derivations of a lattice L at least of two ele-
ments is a proper subclass of all endomorphisms of L. In fact, given an clement ¢
different from the least element (eventually existing) of L, the mapping y(x) de-
fine by '

y(x) = ¢ for each x€L

is an endomorphism of L which is no- derivation because there exists at least one -

7
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element d in L such that ¢>d and thus y(d)>d Hence Lemma 1 does not hold for
this mapping y. ’

Now we are going to give a fuller characterization of the derivations among
the meet-translations and the endomorphisms.

Theorem 2. Let D, T, J, E denote the set of all derivations, meet-translations,
Jjoin-endomorphisms and endomorphisms, respectively, of a lattice L. Then

D =TNJ = TNE.

In other words, a meet-translation of a lattice is a derivation if and only if it is a join-
endomorphism (or equivalently, an endomorphism) of that lattice. :

"Corollary 4. Let I be an ideal of the lattice L and ¢ an. endomorphism of L
onto I such that ¢ (x)=x for each x€l. Then ¢ is a derivation of L.

Corollary 5. A lattice is distributive if and only if D=T.

Proof. DS T by Theorem 1 and D J by Definition 1. Therefore DS TN J.
On the other hand, the second equation (1) is identically satisfied by any meet-
translation of a lattice. For; if ¢ is a meet-translation of the lattice L, then

p(x~y) = p(x)~y and @(x~y) = P(Y~X) = () ~X = X~ ()

for any elements x, y of L whence the second equation (1) trivially follows. This
means that any mapping ¢ €T J satisfies (1). Consequently, TﬂJ € D. Thus the
equation D=T1J has been verified.

Let M denote the set of all meet-endomorphisms of L. Then, by Proposition 1,
T=TNM. Hence TNJ=TNMNE=TNE, completing the proof of Theorem 2.

Now, let ¢ be an endomorphism of L that satisfies the conditions in Corollary 4.
Since I is, a fortiori, an ideal of the meet-semilattice L™ of L, the mapping ¢ is a
translation of L™ by Theorem 2 of [3]. Hence, ¢ is (not only an endomorphism but)
a meet-translation .of- L. :

Corollary 5 is an immediate consequence of Theorem 2 and. Proposition 4.

Remark. One can derive also immediately from Lemma 3 that every deriva-
tion is idempotent (by taking x=¢(r) and y=¢) and that the ﬁxed elements form
an ideal (by taking x=y=¢(})).

4. Basic properties of the muitiplication of derivations. By the product go
of two mappings ¢ and ¢ of a set S into itself we mean, as usual, the mappmg .4
defined by n(x)=¢(c(x)) (x€S).

Theorem 3. The set of all derivations of a given lattice forms a commutative
sermigoup with respect to the multiplication of mappings.
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Proof. It is well-known that the multipli_catioh'of' mappings is associative.
Furthermore, any two derivations of a lattice are permutab]e by Theorem 1 and
Proposition 3. Thus we have only to show that the product of any two derivations
of a lattice is again a derivation of that lattice.

Let ¢ and y be arbitrary derlvatlons x and y arbltrary elements of a lattice L.
Then, by the first equation (1) we have

oY (x—p) = oW (=Y () = oY () (),
that is, @y is a join-endomorphism of L. Moreover, by both equations (1) we get
PY(x~y) = o((¥ (X)‘f;y)v(x%l/!(y))) = (Y (D) ~y)—p(x~¥ (1)),
whence,.by the second equation (1),
5 P~ = (PP~ AY D~ (D)@ () ~Y D)) (x~ ¥ (7).

In order to prove the theorem we have to show that the right-hand side of (5) re-
duces to

(0¥ (X} ~)— (x~ PV ().
We shall achieve this purpose by verifying the inequalities '
© T Y@Ae0) = Xl (),
() P)~Y () = oY (xX)~y.

B'y' Corollary 1, ¢ and Y are endomorphismé of L. Therefore
PP (x~p) = oY ()@Y (3).

Combinihg this equation with (5) we see that -

(8) Y(X)~e () = oY (X)~p¥ ().

Since @y (x)=y(x)=x by Lemma 1, (8) implies (6). Inequality (7) can be derived.
similarly.

5. On the fixed ideal and the kernel of a derivation. By Theorem 1 and Proposi-
tion 2, the fixed elements of a derivation ¢ (that is, the elements x such that ¢ (x)=x)
of a lattice L form an ideal of L. This ideal will be called the fixed ideal of ¢ and
denoted by Fix ¢.

Let L be a lattice with least element o. Then, by the kernel of ¢ we mean the
set of all elements x of L such that @ (x)=o0. The kernel of ¢ w1ll be denoted by
Ker o.

We make some comments on the relations between the fixed ideal and the kernel
of a derivation ¢ of a lattice L with least element o.

Remark 1. Fix (pﬂKer o={o}.
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Remark 2. Fix ¢={o} implies Kerp=L.
Remark 3. If L has at least two elements, then Ker ¢ = {0} implies Fix ¢ > {0}

Remark 4. There exist lattices L with least element o such that Ker o> {o}
and Fix ¢ D {o}.

Proof.

1. If xeFix o NKer ¢, then x=¢(x)=0.

2. By Corollary 1, (p(x)Ele ¢ for each x€L. Thus, Fix o= {o} implies that

¢ (x)=o for each x€ L.

3. If L has at least two elements, then there exists an element c€ L such that
c#0. Suppose Ker ¢ ={0}. Then ¢(c)>0 and ¢(c)€Fix ¢, by Corollary 1.

4. Consider the lattice of the diagram below where the arrow directed upward
denotes an arbitrary chain (with or without a greatest element). Then the mapping

o

defined by ¢(x)=a~x is a denvatlon of the lattice tor which Fix ¢ =(a] and
Kerop= (b]
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An applicatioh of dilation theory to hyponormal operators

By BELA SZ.-NAGY in Szeged and CIPRIAN FOIAS in Bucharest

. Dedicated to our friend Professor K. Tandori on his 50th anniversary

Among the classes of operators extending the class of normal operators one
of the most interesting is the class of Ayponormal operators, i.e. operators H such that

1 , H*H = HH*

(see [1], § 160). The aim of this Note is to exhibit a connection between these two
classes, by applying the theory of isometric dilations of contractions (see [2], Chap-
ter 1I). We shall prove namely the following

Theorem. For every hyponormal operator H on a Hilbert space § there exist
a normal operator N and a unitary operator U on some Hilbert space ®, and a contrac-
tion X of § into ®, such that

(@) H=X*NX,

b INI=IHI,

(¢) NU=UN=N*,

@ IxX*Ugl=lXx*g| for all g6,

(e) themanifolds £,=U"X$H (n=0,1, ..‘.) Jform a non-decreasing sequence and span ®,
() for any complex scalars a, B,

o(@N+PFN*YCo,(aH+BH*) (0,: “left spectrum™).

Remark. This theorem has a rather trivial converse. Indeed, suppose H is
any operator on $ which derives from operators N, U on a space ® and from a
contraction X: $—G in such a way that conditions (a), (c) and (d) hold. Then H is
hyponormal. Indeed, we have for 2€9H

|H* | = | X* N* Xh| = | X* UNXh| = | X*NXh| = ||HA,

and the inequality ||H*h||=|Hh| for all h¢$ is equivalent to (1).
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1. From the assumption that H is a hyponormal operator on $ it immediately
follows that there exists a contraction T on § such that

@ | H*=TH;

T is uniquely determined by A if we require that it be 0 on the orthogonal comple-
ment of the range of H.
From (2) we deduce H=(TH)*=H*T*=THT?*, and hence,

3) H=THT" (n=0,1,..).

Let ¥ be the minimal isometric dilation of the contraction 7, acting on a Hilbert
space K (2 9). Then we have :

(4) T"P§:P$V" (n=0!]7 )s

where P, denotes orthogonal projection from £ onto $. The minimality property
means that : '

(5) K= \Z/0 12485

, It is well-known that the subspace

©6) 6'=V8K

reduces V to its unitary part o

@) ' ' U= V|03 ‘
Denote by Pg the orthogonal projection R—»(ﬁ Smce P commutes with V'
we infer from (5) and (7) that

) 6= PR = V Pob"$ = V UXS,
nz0
where we set

® X = Pgl9.
Now the following representatlon is valid for X (see [2] Chapter H):

(10) = lim V" T*,
whence , T
{an : : VXt =X (m=0,1,..).
This implies that the linear manifolds
(12 L =V"X9=UX9 (n=0,1,..)
form a non-decreasing sequence; their union

g=U¢e,

n=0

is, on account of (8), dense in 6.
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2. Next we prove that the (strong) limit
(13) XH = lim V*HT*"

n—-oo
also exists. Indeed, from (3) and (4) we deduce, for n=m=0 and /h€$H:
(V"HT*"h, VP HT*"h) = (V" "HT*"h, HT*"h) = (T"~"HT*"h, HT*"h) =

— (Tn—mHTihi—n'l T*mh, HT*mh) — (H.T*mh, HT*mh),
and hence, v
[VPHT*"h— V" HT*"hj® = |HT**h?*— |[HT*™h|j%;

the assertion follows if we observe that the sequence ||HT *"h|| (n=0, 1, ...) is con-
vergent. This sequence is namely bounded by [|H| - |lA|l, and non-decreésing by the
above relation.

In analogy to (11) we obtain from (13)

(14) VeXyT™ =Xy (m=0,1,..).
Note that (14) implies, in parficu]ar, A
Xy STV XyS V"R (m=0,1,...)
and therefore, . _ : ’
(15) : Xy HCO.

3. Now we are ready to define the operator N. Let U™ X#h; (i=1, ..., s) be ele-
ments of the linear manifold € and form the sums ,
= _’_Z'U”iXh,- and @y = ;’ UnXyh; (€6, by (15).

Use (10) and (14) to obtaih
.o = lim Z’ Yy TR N = Jlim V’Z T ="h;

and
Qg = lim > Vupyr—n HT*’ "h, = lim V’HZ T*’ " k.

"—*00 i r—+oo

/

ucpHn = |H|l-lel.

Because £ is dense in & we conclude that there is an operator Non 6, umquely
determined by the condmons

Hence we infer

(16) N: U"Xh - U"Xyh . (11655, n= 0 1, ...),
and we have : _
an IINH [

As NU U"Xh = NU"Xh = U1 Xyh = U-NU"Xh, ‘we have
a1s) : . NU =UN.
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Moreover, using (3) we obtain for 4, #’'€$9; s=0,1, ..., and n=0, 1, ...:
(Hh, T* ) = (T"HT*"h, T*K) = (HT*h, T**")) =
— (VSVRHT*"h, VstnThs+njry.
letting n — <o this implies
19 (TSHh, K'Y = (U Xyh, XK' (h, W€$H; 5s=0,1,...). -

Consider any two elements of £; we may assume that both are in the same
manifold &,, thus can be written as

g=U'Xh, g = UXW,
Using (2), (16) and (19) (for s=1, s=0) we get
(NUg, &) = (NU"*Xh, U"XK) = (U™ Xyh, U'XH') = (UXyh, XI¥) = (THh, i) =
(H*h h) = (h, HY') = (Xh, Xy b)) = (U"Xh, U"Xyk') = (g, Ng)
This proves that
(20) N* = NUJ

Relations (18) and (20) imply in particular that N is normal.
Agam from (16), (19) (s=0) we deduce '

(Hh, ') = (Xyh, XK) = (NXh, XK') = (X* NXh, h)

whence,

1) H = X*NX.
From the definition (9) of X we readily obtain that
2) X* = Pg|6.

As both X and X* are contractions, a comparison of (17) with (21) yields:
(23) NI = IH].

Next observe that (4) implies | Pg Vel =| TP gl =] Pygl for all g€R, and in.
particular for g€ ®, so we have by (22)
@9 IX*Ugl = |x*g| for g€6.

4. On account of the definitions (16) and (13) we have
NXh = lim V"HT*"h (hég)

n-—»oo

Hence, using (18), (20), and (2), we deduce
N*Xh = UNXh = lim V"*'HT*"h = hm VAU H*TY)T*h =

n—co

= lim Vr+r H* T+,

n—+co
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If we also rgcali (10) we conclude that for any complex scalars a, 8, A:

(5 @N+BN*—AXh= lim V"(H+ BH )T h.

Hence, setting N,;=aN+BN* and H,z;=aH-+BH*, we have
) I(Nop = AD XA = lim |[(H5— A T* .

Suppose 4 is a point of “regular type” for H,,, i.e. that the inequality
@7 " |(Hap—ADR| = elih]
holds for some ¢=>0 and for all héﬁ. Then by (26) and (10) we have
I(Nap— A XB| = & lim | T*"h]| = &- | XAl
and as U cémmutes with N and N* we have .
(Nug —ADU"Xh| = e|U"XR|| (he$H; n=0,1,..)
as well. As the manifolds £, are nested and span (ﬁ we conclude that
(28) I(Neg—AD)gl = ¢ligll for all g€6.

This implies that 1 is in the resolvent set of the (normal) operator N,
Passing to the complement of the set of the above points A we conclude that

6(N) T O't(Haﬂ)-

The proof of the Theorem is complete.

References

[11 P. R, HAwMoOs, 4 Hilbert Space Problem Book, Yan Nostrand (Princeton—Toronto—Londop,
1967).

[2] B. Sz.-NAGY—C. FoiAs, Harmonic Analysis of Operators on Hilbert Space, Akadémiai Ki-
adé — North Holland (Budapest—Amsterdam, 1970).

( Received October 1, 1974)






A generalization of Gaschiitz’s theorem of sylowizers

By G. ZAPPA in Florence and J. SZEP in Budapest

Let G be a finite group and R a p-subgroup of G. The subgroup S of G is a
sylowizer of R if R is a Sylow p-group in S and S is maximal with this property
(in G) [1). GascHUTZ has given two sufficient conditions such that all sylowizers
of R in G are conjugate. IsAACs has given an example where the sylowizers of a
p-group R in a finite group G are not conjugate, that is, the conjugacy of the sylowizers
of R is not true in general. In the first result GascHUTZ proves that if G is a solvable
(finite) group, P is a Sylow p-group of G and R<aP, then all sylowizers of R in G
are conjugate. As it is well known if G is a finite solvable group then the sylowizer
of R has the factorization RC where (JR|, |C|)=1, that is, C is a complement of R
in the sylowizer. In this note we give a generalization of the theory of GASCHUTZ.

1. Let G be a finite group. I7 the set of all prime divisors of |G|, nC I, n’ =11\ .
We say that G satisfies the condition D, of HALL if G has a Hall n’-subgroup H
and every n’-subgroup of G is contained in a conjugate of H.

A relation ¢ defined on the set of the subgroups of G is said to be a T-relation
if 1) RoC implies that R is a n-subgroup and C is a n’-subgroup; 2) Re {1} for every
n-subgroup R; 3) if (C;, C,) is a n’-subgroup then RoG, RgC, imply Rg (Cl, Cyo);
4) RoC and a€G imply (a1 Ra)o(a~? Ca). '

Furthermore, let ¢ be a T-relation defined in G, and R a #-subgroup in G.
A subgroup C of G is an absolute g-complement of R if: 1) RoC holds; 2) C is'maximal
with respect to 1), that is, there does not exist a n’-subgroup such that Cc D and
RoD. ' : o

Let H be a Hall n’-subgroup of G. The subgroup C of G is a relative g-comple-
ment 6f Rin Hif: 1) CS H; 2) RoC holds; 3) C is maximal with respect to 1) and 2).

Remark 1. If R is a n-subgroup of G, C is an absolute g-complement of R,

'H is a Hall n’-subgroup of G and CE H, then C is at the same time a relative g-com-
plement of R. Lol

' Remark 2. If R is a n-subgroup and- H is a Hall n’-subgroup of G theri" there
éxists exactly one relative g-complement of R in H. . Lo

I A
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To show this, consider the set X of subgroups X of H for which RoX. Then
for X, X,€Z we have (by the definition of the T-relations) (X;, X,)€ZX and so there
exists only one relative g-complement of R in H.

Examples for T-relations:

R, C if Cis permutable with R, -

Ry, C if C is permutable with all elements of R,

R, C if all elements of C are permutable with R,

Rg, C if all elements of C are permutable with all elements of R,

Theorem 3. Let G be a finite group with property D,., P a Hall n-subgroup
of G and R a subgroup of P. Let g be a T-relation between the n-subgroups and n’-sub-
group: of G and C an absolute p-complement of R of maximal order. The relative
o-complements of R (in various Hall n’-subgroups of G) are all conjugates of C with
respect to P and so are all absolute g-complements of C if and only if a=* RagC for
every a€P.

Proof. It is easy to see that the condition is necessary. Indeed, consider an
element a€ P. By hypothesis it is true that RpaCa—* whence a~* RapoC.

The condition is sufficient. By hypothesis a~!RagC for every a€P. First of
all we prove that aCa™? is a relative g-complement for every a€ P (in a convenient
Hall =n’-subgroup of G). Because a~!RagC and ¢ is a T-relation, RgaCa~! holds.
Since D, is true, there exists a Hall n’-subgroup H in G which contains the subgroup
C, that is, aCa—* S aHa™! where aHa™! is a Hall n’-subgroup of G. By Remark 2
there is only one relative g-complement C of R in aHa~!. The subgroup C is con-
tained in an absolute g-complement C of R. Thus we get aCa‘lgCgé and
CZa'CaCa~1Ca. But Cis an absolute g-complement of R from which C=a~'Ca
follows. So we have aCa~1=C. The subgroup aCa™! is a conjugate of C with respect
to P and so every conjugate of C with respect to P is an absolute g-complement of
R. Finally (by Remark 1) aCa~1 s a relative g-complement in every Hall n’-subgroup
of G which contains it.

It remains to prove that, conversely, if C is a relative g-complement of R con-
tained in a Hall n’-subgroup H of G then C is a conjugate of C with respect to P.
D,. holds in G, so we have CS d~'Hd (d€G). The subgroup H=d 1 Hd is a Hall
n’-subgroup of G and we have the factorisation G=PH (PN H=1). Hence d=ab
(a€P, be H) from which H=dHd'=abHb 'a '=aHa™?, that is, H=a"'Ha (ac P).
Since CS H=a"1Ha one gets aCa~'< H. Because a¢ P and by hypothesis a—* RapC
therefore (g being a 7-relation) RgaCa~'. Because aCa— 'S H and since C is the
only relative g-complement of R in H (by Remark 2) we get aCa—1 < C. The subgroup
C is contained in an absolute g-complement C of R and therefore CSa~!CaSa~'Ca.
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But then C=a~1Ca because C is supposed 'to be an absolute g-complement of R.

So we get aCa~'=C=_C, and Theorem 3 is proved.

Corollary 4. Let G be a finite group with property D,., P a Hall n-subgroup
of G and R a normal subgroup of P. Let ¢ be a T-relation between n- and n’-subgroups.
Then the relative g-complements of R (in the various Hall n’-subgroups of G) are
conjugate with respect to P (and so are absolute o-complements, too).

Proof. Let C be an absolute g-complement of R. Then RgoC and a~'RapC
for every a€ P (a *Ra=R). By Theorém 3 all relative g-complements of R (in the
various Hall n’-subgroups of G) are conjugates of C with respect to P and thus
they are absolute g-complements of R, too. '

2. Consider now the T-relation g,. Let G be a finite group and R a n-subgroup
of G. We say that the subgroup S of G is a n-sylowizer of R if 1) R is a Hall n-sub-
group of S, 2) S is maximal with respect to 1). If 7 contains only one prime num-
ber p then the m-sylowizer coincides with the sylowizer concept of Gascaiitz [1].

Theorem 5. Let G be a finite group such that every subgroup of G has the
property D_.. Let R be a n-subgroup of G. Then S is a n-sylowizer of R if and only if
S=RC where C is an absolute g,-complement of R.

Proof. Let C be an absolute p,-complement of R, that is, C and R are permut-
able and RC is a subgroup of G. R is a n-subgroup, C is a n’-subgroup which means
that R is a Hall n-subgroup in RC. We prove now that RC is a sylowizer of R. Other-
wise there would be a subgroup S of G such that RCc S and R is a Hall n-subgroup
of S. But by hypothesis S satisfies D,., that is, C is contained in a Hall #’-subgroup
Cin S with S=RC. Hence Rg, C, and because of C5 C we have a contradiction since
C is an absolute g,-complement of R.

Conversely, suppose that S is a n-sylowizer of R. Since every subgroup has
property D,., so does a Hall n’-subgroup C. By hypothesis R is a Hall n-subgroup
of S from which we have S=RC, that is, Ro,C. We prove that C is an absolute
0,-complement of R. Otherwise C would be contained in an absolute g,-complement
C of R. Because of Ry, C the subgroup C is permutable with R and in the same time
S=RCcRC where R is a Hall n-subgroup of RC. This is a contradiction because
by hypothesis S is a sylowxzer of R. It follows that C is an absolute g,-comple-
ment of R.

Theorem 6. Let G be a finite group such that every subgroup of G has the
property D,.. Let P be a Hall n-subgroup of P. Then the n-sylowizers of R are con-
Jugate with respect to P.

Proof. Let S; and S, be two 7-sylowizers of R. By Theorem 5 we have S,=
=RCy, S,=RC, where C, and C, are absolute g, -complements of R. By Corollary 4

11*
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there exists an element a€ P such that a1 C,a=C,. It follows a=1S,a=a"1RC,a=
=(@*Ra)(a1Cia)=RC,=S,, that is, S; and S, are conjugate with respect to P.

In particular, the conditions of Theorem 6 are satisfied for solvable groups.
If = contains only one prime number then we get Theorem 1 of GascuiiTz [1].

Theorem 7. Let G be a finite group such that every subgroup of G has the
property D.. Let P be a Hall n-subgroup of G and R a subgroup of P. Suppose that
G =PH where H is a Hall n’-subgroup of G. Then the n-sylowizers of R are conjugate if
one of the following condmons is satisfied:

a) G=Ng(R):Ng(H),
b) GzNG(CI)'NG(H)9
©) G=Ng(R)-Ns(C) - Ng(H),

where C, is a relative g,-complement of R in a sylowizer of R.

Proof. a)Let S, and S, be two sylowizers of R. By Theorem 5 we have S, =RC,,
S,=RC,. We may suppose that C; S H (property D,.). Again by property D, the
subgroup C, is contained in a conjugate a~!Ha where a€N;(R) in virtue of a).
However then C, and C, as the only relative g,-complements in H and
in a~'Ha, respectively, are also conjugate: C,=a 1C,a, that is, S;=RC,=
=Ra 'Cia=a"'Raa'Cia=a'S;a.

b) In this case we prove that S,=RC, is the only sylowizer of R in G. Suppose
that R has two sylowizers S; =RC;, S,=RC, (C, & H). By hypothesis C, is contained
in b~ Hb where beNgz(C,). 1t follows C;S HNbtHb. But RC, and RC, are
sylowizers of R and C,, C, are contained in b~1Hb. So we have C,=C,.

¢) Again let S,(=RC)) and S,(=RC,) be two sylowizers of R in G and C, & H.
By hypothesis (property D,) there are two elements .a€N;(R), bEN(Cp such
that C,SabHb 1a! from which we get Co,=ab Cyb~la~' with C,S H. Hence
a~l'Ra=R is permutable with 5C;51. But bC3;6~1 S bHb ™Y, that is, C; and bC,b1
are relative o,-complements of R in bHb™%, that is, C;=C,;. Thereby we get C;=
aCia™.

Reference
{1] W. GascHUTz, Sﬂdwizatoren, Math. Z.; 122 (1971), 319—320.
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J. L. Bauer—G. Goos, Infor.matik, Teil 1—I1I (Heidelberger Taschenbiicher, Sammlung Infor-
matik, Bd. 80—91), XiI+213, XII+200 Seiten, Berlin—Heidelberg—New York, Springer Ver-
128 1971, )

Die stiirmische Entwicklung der elektronischen Rechenanlagen in den letzten 15 Jahren hat
an vielen Universititen und Hochschulen die neue Studienrichtung Informatik (oder ,,computer
_science*) zum Leben gerufen. Das vorliegende Buch ist aus den an der TU Miinchen gehaltenen.
Vorlesungen der Verfasser und anderer prominenter’ Personlichkeiten der Informatik entstanden. .
Sein Ziel ist, wie auch der Untertitel betont, ,.eine einfithrende Ubersicht* tiber diesen neuen Wis-
senschaftszweig, und seine Querverbindungen zu anderen Disziplinen zu schaffen.

Die Darstellung geht vom Allgemeinen zum Speziellen, primir ist die Programmierung und
sekundir die Maschine. Diese ,,top-down* Aufbau mdchte ungewdhnlich sein fiir diejenigen, die
ihre Kenntnisse parallel mit der Entwicklung der Computerwissenschaft erworben haben, man
muB aber bedenken, dall das Buch fiir eine andere Generation geschrieben wurde. GroBer Vorteil
des Buches ist, daB die Verfasser die mit der Darstellung formaler Sprachen oft verbundene Schwer-
falligkeit vermeiden konnten, ohne die Exaktheit zu beeintrichtigen. Um auBer einer éinfiihrenden
Ubersicht eine wirkliche Einfiihrung in die Informatik zu bekommen, soll der Anfanger auch viele
Ubungsaufgaben 1osen, selbststindig Programme schreiben. In das Buch sind keine Aufgaben
aufgenommen, jedoch wird es in Aussicht gestellt, daB das entsprechende Ubungmaterial in einem
separaten Band derselben Reihe herausgegeben wird. )

Die Ausstattung des Buches ist iibersichtlich, die vielen Abbildungen und Programmbeispicle
erhohen wesentlich die Verstindlichkeit.

Die Kapiteltitel sind: 1. Information und Nachricht; 2. Begriffliche Grundlagen der Program-
mierung; 3. Maschinenorientierte algorithmische Sprachen; 4. Schaltnetze und Schaltwerke; 5. Dy-
namische Speicherverteilung; 6. Hintergrundspeicher und Verkehr mit der AuBenwelt, Grund-
programme; 7. Automaten und formale Sprachen; 8. Syntaktische und semantische Definition
algorithmischer Sprachen. Anhiinge iiber Datenendgerite und Geschichte der Informatik vervoll-
stindigen das Buch.

D. Vermes (Szeged)

StérlingvK. Berberian, Lectures in Functional Analysis and Operator Theory (Graduate Texts
in Mathematics, Vol. 15), 1X+345 pages, Springer-Verlag, Berlin—Heidelberg—New York, 1974.

This book is a useful introduction to several chapters of Functional Analysis and Operator
Theory, in which the author’s personal style blends with the styles of such masters of exposition
as Halmos, Kaplansky, and Bourbaki. It begins with an “apéritif”’: Gelfand’s functional analytic
proof of Wiener’s theorem on the reciprocal of an absolutely convergent Fourier series. Chapters:
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1. Topological Groups; 2. Topological Vector Spaces, 3. Convexity; 4. Normed Spaces, Banach
Spaces, Hilbert Spaces; 5. Category; 6. Banach Algebras; 7. C*-Algebras; 8. Miscellaneous Applica-
tions. Among these applications we find e.g. a formulation of the spectral theorem for normal opera-
tors, introduction to von Neumann algebras, group representations, the character group of an
LCA group. (Spectral measure and spectral integral representation are nowhere mentioned.) There
are many ‘exercises’ listed. A 10 page ‘Hints, Notes, and References’ and a Bibliography of 150
titles conclude the book.
Béla Sz.-Nagy (Szeged)

Janos Bognar, Indefinite Inner Product Spaces (Ergebnisse der Mathematik und ihrer Grenz-
gebiete, Band 78), IX+223 pages, Berlin—Heidelberg—New York, Springer-Verlag, 1974. —
DM. 48 —.

This book is an excellent foundation of the theory of indefinite inner product spaces, and
gives a good starting point for studying special topics and applications of this area. Results of a
number of authors are discussed in a clear, elegant manner. :

The book consists of nine chapters preceeded by a short “Preface”. In Chapter I the basic
notions are introduced and analysed. In Chapter II linear operators are discussed in an indefinite

. inner product space without topology (among others: isometric and symmetric operators, plus-
operators and Cayley transformations). In Chapter I1I and IV several topologies are introduced,
their connections to each other and to the inner product are explained. Relations are studied between
the topologies and the orthogonal companion, the existence of projections, etc. Chapter V deals
with the geometry of Krein spaces (non-degenerate, decomposable, complete spaces). The main
topic of Chapter VI is unitary and selfadjoint operators in Krein spaces, especially their continuity
and the location of their spectra. In Chapter VII positive operators (especially plus-operators)
are discussed in Krein spaces. Chapter IX is devoted to Pontrjagin spaces and their operators.

At the end of each chapter there are given Notes which contain partly historical and other
comments related to the main text, partly a survey of the literature of advanced topics and applica-
tions not detailed in this book. A carefully prepared list of references is included.

The book is a complete introduction, contains all of the necessary definitions and gives full
proofs. However, it is advantageous for the reader to be familiar with the basic facts of linear algebra,
topology, and Hilbert and Banach space theory. i

The material of the book is lucidly arranged and the exposition is clear. A great number of
illustrating examples makes the understanding easier. ) )

E. Durszt (Szeged)

5th Conference on Optimization Techniques, Part [—I{ (Lecture Notes in Computer Science
3—4), Edited by R. Conti and A. Ruberti, XIII+ 565, X111+ 389 pages, Berlin—Heidelberg— New
York, Springer-Verlag, 1973.

These Proceedings contain the papers presented at the Conference of the International Federa-
tion of Information Processing (IFIP) held in Rome, May 7—I1, 1973. The authors’ manuscripts
are reproduced photographically. '

The first part contains the papers of more theoretical nature from the following fields: System
modelling and identification, distributed systems, game theory, pattern recognition, optimal control,
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stochastic control, mathematical programming, numerical methods. The second part is devoted to
application areas as urban and society systems, computer and communication networks, environ-
mental systems, economic models, biological systems.

The nearly 100 papers of authors from all parts of the globe cover most part of optimiza-
tion theory and related areas, and give a good insight into the fields of recent research.

D. Vermes (Szeged)

John B. Conway, Functions of one complex variable (Graduate Text in Mathematics, Band 11),
XTI+ 313 pages, New York—Heidelberg—Berlin, Springer-Verlag, 1973.

This book is a good introduction to the theory of functions of one complex variable. It is
intended as a textbook for students, familiar with elementary real analysis. In fact, the actual prerequi-
sites for reading the book are quite minimal: mathematical maturity to understand and execute
£ — 6 arguments.

The text consists of twelve chapters. The first three chapters summarize the basic definitions
and facts on the complex number system, metric spaces and the topology of the field of complex
numbers, and elementary properties of analytic functions. Chapter 4 is devoted to complex integra-
tion, which is fundamental in the study of analytic functions. Chapter 5 contains the classification
of singularities of functions that are analytic in a punctured disk. The next chapter starts with the
maximum modulus theorem and presents various extensions and applications such as Hadamard’s
three circles theorem and the Phragmén-Lindelof theorem. In Chapter 7 a metric is put on the
set of all analytic functions on a fixed region, and compactness and convergence properties are
discussed. Proofs of the Riemann mapping theorem and the Weierstrass factorization theorem are
obtained as applications. Chapters 1 through 7 are basic and used repeatedly in the rest of the
book. _ _

The remaining chapters are independent topics and may be studied in any desired order.
Chapter 8 presents Runge’s theorem and, as a consequence, a more general form of Cauchy’s theo-
rem. A theorem of Mittag-Leffler on the existence of meromorphic functions with prescribed
poles and singular parts is also proved. Chapter 9 studies the problem of analytic continuation and
introduces the reader to the theory of analytic manifolds and covering spaces. Chapter 10 is devoted
to the questions of harmonic f unctions, including a solution of the Dirichlet problem and the introduc-
tion of Green’s functions. The subject of the last two chapters is a short outline of the theory of entire
functions. Chapter 11 gives a complete proof of Hadamard’s factorization theorem, while in Chapter
12 the great theorem of Picard is proved.

The author’s guiding principle is that all definitions, theorems, etc. should be clearly and
precisely stated. The proofs are given in detail, the connections are pointed out perfectly. Each
section is followed by exercises, which help the reader understand the ideas presented, extend the
theory or give applications to other parts of mathematics. The book is supplemented by an appendix_
on the calculus of complex valued functions defined on an interval.

F. Moricz (Szeged)



168 Bibliographie

D. H. Fremlin, Topological Riesz Spaces and Measure Theory, X1V 4-266 pages, Cambridge
University. Press, 1974.

_ The development of the theory of Riesz spaces (vector lattices) was extremely fast (because of
its connections with functional analysis), however a relatively long time passed until the publica-
tion of the first monographs on the theory. Both in theory and applications Luxemburg’s and Zaanen’s
book can be regarded as the first monograph on the subject; in the field of further applications
this was followed by Fremlin’s book reviewed here. In the preface the author writes: “My aim ...
is to identify those concepts in measure theory which have most affected functional analysis and
to integrate them into the latter subject in a way consistent with its own structure and habits of
thought’’. Since the principal Banach spaces which measure theory has contributed to functional
analysis are all Riesz spaces in a natural way, and since many of their special properties can be
derived from their (topological) Riesz space structure, the author presents the material w1thm
the framework of ‘an abstract theory dealing with topological Riesz spaces.

" Chapters I and 2 elaborate the basic concepts and results of the theory of topological Riesz
spaces, in particular, of L- and M-spaces.

Chapters 3 to 5 are devoted to the study of dual spaces, Riesz spaces over Boolean rings and
measure algebras, respectively. By using the results of the previous chapters, the last three chapters
deal with measure theory and, among others, include the Radon—Nikodym theorem and the Riesz
theorem concerning the integral representability of lmear functionasl on spaces of continuous func-
tions.

The elaboration of the book is rigorously exact.

’ ' A. P. Huhn (Szeged)

H. G. Garnir—M. de Wilde—F. Schmets, Analyse fonctionnelle. Théorie constructive des espaces
linéaires 2 semi-normes. Tome I: Theorie générale, X 4- 562 pages, 1968. Tome II: Mesure et intégration
dans Pespace euclidien, 287 pages, 1972. (Lehrbiicher und Monographien aus dem Gebiete der
Exakten Wissenschaften, Mathematische Reihe, Bd. 36—37.) Basel—Stuttgart, Birkhduser Verlag.

Le tome I expose la théorie générale des espaces linéaires & semi-normes ou espaces vectoriels
topologiques localement convexes. L’intention des auteurs est ce que la lecture de I’ouvrage exige
seulement une connaissance d’analyse élémentaire et ils réussissent & la réaliser par I'utilisation
systématique des semi-normes et en évitant les moyens topologiques tant que possible. Les raisonne-
ments sont constructifs, ils suivent I’épigraphe de ’Introduction: ,,Il faut attacher une bien autre
importance aux exemples qui n’utilisent pas I’axiome de Zermelo qu’a ceux qui P'utilisent.* D’autre
part, I’ouvrage renferme tous les résultats importants de la théorie; quelques titres nous en con-
vainquent: Limite inductive, produit, quotient; Prolongement des fonctionnelles linéaires bornées;
Ensembles équibornés; Duaux particuliers; Espaces nucléaires; Fonctionnelles bilinéaires et produits
tensoriels; Espaces d’opérateurs bornés; Théorie spectrale des opérateurs bornés.

Cependent, on peut douter que I'exclusion de la topologie soit justifiée. La topologie n’est
pas une théorie étrange de nos jours. Beaucoup de notions et relations introduites dans le livre
seraient simplement liées entre elles justement par la théorie de la topologie. D’autre part, il est
déplorable que la définition des applications linéaires bornées resp. continues n’est pas celle qu’on
emploit usuellement. Aussi, beaucoup de notanons ne sont pas celles familiéres et on peut reprocher
le manque d’un tableau de notations.

11 n’y a aucun exemple dans le tome I. Le tome III — & paraitre — est prédestiné a servir
des exemples, traitant de la théorie des espaces linéaires 4 semi-normes particuliéres et des espaces
Hilbertiens.
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Le tome 1I sert de base a Pétude des espaces de suites, de fonctions, de distributions, qui feront
P’objet du tome 11I. La pluspart de ce volume est indépendente du tome 1. Les mesures sont définies
4 priori sur les semi-intervalles dans un ouvert d’un espace euclidien et sont & valeurs complexes.
Partant des fonctions étagées sur les semi-intervalles, on définit les fonctions intégrables et on
démontre leurs propriétés essentielles par la méthode des suites de Cauchy. On passe ensuite 3 un
traitement des fonctions et des ensembles boréliens. Un chapitre est consacré aux relations entre
mesures et on considére aussi 'intégration de fonctions a valeurs dans un espace linéaire a semi-
normes et des mesures a valeurs dans un espace linéaire a semi-normes.

T. Matolcsi (Szeged)

K. P. Hadeler, Mathematik fiir Biologen (Heidelberger Taschenbiicher, Bd. 129), IX+232
Seiten, Berlin—Heidelberg—New York, Springer-Verlag, 1974.

Die heutigen biologischen Wissenschaften brauchen immer mehr mathematische Hilfsmittel,
dementsprechend enthiilt dieses kleine Buch auch eine ausgebreitete mathematische Einfiihrung.
Neben dem systematischen Aufbau der Differential- und Integralrechnung und der linearen Algebra
findet man mehrere Paragraphen iiber Dlﬁerentlalglelchungen und einige tiiber Wahrscheinlichkeits-
rechnung und mathematische Statistik.

Das Buch folgt eine moderne und exakte Terminologie; Sétze, deren Beweise tiefliegender sind,
werden natiirlich ohne Beweis mitgeteilt. Die interessantesten Teile sind aber die biologischen
Anwendungen der mathematischen Hilfsmittel: Rauber—Beute-Modelle, Selektionsmodelle, ein
Nervenmodell, die Entwicklung der Populationen, die Gleichgewichtszustinde und ihre Stabilitits-
fragen werden ausfiihrlich diskutiert.

K. Tandori (Szeged)

P. R. Halmos,
Finite-Dimensional Vector Spaces (Undergraduate Texts in Mathematics), VIII+200 pages.
Naive Set Theory (Undergraduate Texts in Mathematics), VII+ 104 pages.
Lectures on Boolean Algebras, V114 147 pages.
Measure Theory (Graduate Texts in Mathematics, Vol. 18), X1+ 304 pages.
A Hilbert Space Problem Book (Graduate Texts in Mathematics, Vol. 19), XVIL+ 365 pages.
New York—Heidelberg—Berlin, Springer-Verlag, 1974.

The books are new editions of the well-known earlier ones. Seven eleven, sixteen, and twenty
four years after their first editions the books kept to be modern, interesting and brilliant.

From a preface of the author: “The only way to learn mathematics is to do mathematics.”
“The right way to read mathematics is first to read the definitions of the concepts and the state-
ments of the theorems and then, putting the book aside, to try discover the appropriate proofs.’
We can add that the right way to teach mathematics is to give such lectures and to write such books
that the listeners or readers be able to understand easily the motivation of definitions and to grasp
the core of the statements. The high popularity of Halmos® books proves that the author succeeded
in teaching mathematics to his readers in the right way. .

One of the greatest merits of Halmos’ texts lies in their clear structure, sxmple draft, con-
sequent and suggestive notations which set them up as a model for modern texts and monographs
in mathematics.

T. Matolcsi (Szeged)
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Ronald Larsen, An Introduction to the Theory of Multipliers (Die Grundlehren der mathemati-
schen Wissenschaften in Einzeldarstellungen, Bd. 175), XX 4-282 pages, Springer-Verlag, Berlin—
Heidelberg—New York, 1971.

The concept of a multiplier first appears in attempts to describe those sequences {c,.} for which
Zecqa,e™ is a Fourier series whenever X a,e™ is such. Multipliers enjoy much past and recent
attention. There are now several definitions of a multiplier and one can be meaningful while the
other is not; however, in many important cases they are all meaningful and equivalent. It is not
generally known if any two of them are equivalent, provided that they are meaningful. One possible
definition (in the commutative case) is the following: Let G be a locally compact Abelian group
and X, Y topological linear spaces of (equivalence classes of) functions or measures defined on G.
Then a multiplier for the pair (X, Y) is any continuous linear mapping of X into Y which commutes
with the operators that the group translations induce in X and Y. In many cases the functions or
measures f considered have Fourier transforms f (on the dual group G). In these cases, by another
customany definition, a multiplier is a linear transformation T from X to Y such that (Tf) = of
for each f€ X and some function ¢ on G. Still another definition determines a multiplier for a com-
mutative Banach algebra as a mapping 7 of the algebra under consideration into itself for which
T(xy)=x(Ty) holds for any elements x, y of the algebra. This definition is not as a rule meaningful
or valid in all cases mentioned above; however, it can often be established for certain subsets of
Xand Y. .

The book concentrates on the characterization problem of multipliers from the functional
analytic point of view. Only the commutative version of the theory is presented; however, some
non-commutative results are also treated and there are references to such results. The first chapter
is a prologue, in which the multipliers for the pair (L,(G), L,(G)) are studied. Two subsequent
chapters discuss multipliers of Banach algebras and commutative H*-algebras. After this the book
studies in five chapters the multipliers for the pairs (X, Y) where X and Y are the spaces L,(G)
(1=p=-<), the space Cy(G) of all complex valued continuous functions which vanish at infinity,
the dual space of Cy(G) with the weak-star topology, the space of bounded regular complex valued
Borel measures on G, the Banach algebras 4, (G) of elements in L;(G) whose Fourier transforms
belong to L,(G), and the Hardy spaces of compact connected Abelian groups with ordered duals.
At the end of each chapter the author indicates some sources of the material developed in the
chapter in question. Some applications of the theory of multipliers are also presented. A number of
appendices facilitates the reading of the book.

’ J. Sziies (Szeged)

Fonctions analytiques de plusieurs variables et analyse complexe (Série ,,Agora Mathematica‘
dirigée par P. Lelong, vol. 1), VI11+272 pages, Gauthier-Villars, Paris, 1974.

Ce volume contient les exposés des communications faites au Colloque International du
C.N.R. S., organisé sur Pinitiative de P. Lelong a Paris, 14—20 juin 1972. Les 29 exposés, écrits
par des spécialistes, recouvrent une grande partie des recherches actuelles dans le domaine d’Analyse
- complexe. Ils se dirigent en particulier vers les sujets suivants: a) Fonctions analytiques de » variables
complexes; géométrie analytique; singularités. b) Analyse complexe, fonctions plurisousharmoniques
et functions analytiques dans les espaces vectoriels topologiques. ¢) Problémes de cohomologie a
croissance et solutions constructives. ’

Béla Sz.-Nagy (Szeged)
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J. and R, Nevanlinna, Absolute Analysis (Die Grundlehren der mathematischen Wissenschaften
in Einzeldarstellungen mit besonderer Beriicksichtigung der Anwendungsgebiete, Band 102), 114270
pages, Springer-Verlag, Berlin—Heidelberg—New York, 1973.

This second edition is a translation of the authors’ monograph which appeared in 1959 in

German. .
It presénts a systematic account of an absolute, coordinate and dimension free infinitesimal
vector calculus. The elimination of coordinates signifies a gain not only in a formal sense. It leads
to a greater unity and simplicity in the theory of functions of arbitrarily many variables; the algebraic
structure of analysis is clarified, the geometric aspects of linear algebra become more prominent,
and these promote the formation of new ideas and methods.

The presentation is in general restricted to the finite dimensional case, i.e., to the theory of
finitely many variables. At the same time it lies in the nature of the methods that they can be applied,
either directly or with certain simple modifications, to the case of Hilbert or Banach spaces of infinitely
many dimensions.

The book consists of six chapters, an index, and a short but effective bibliography. Chapter I
contains the fundamentals of linear algebra and analytic geometry of finite dimensional spaces.
The central problems of differential calculus are developed in Chapter IT. Because of the great
significance of the theory of implicit functions, two different methods for the inversion problem -
are presented. Chapter 111 is devoted to integral calculus and Chapter IV to the theory of differential
equations. As an application of the preceding chapters, the basic féatures of the classical curve
theory and of the Gaussian surface theory are presented in Chapter V. In this new edition, a survey
of the elements of Riemannian geometry has been added in Chapter VI. This edition also differs
at several other points from the first one. In particular, the theory of implicit functions in Chapters
IT and IV on differential equations have been substantially reworked and extended.

The presentation of the book is concise but always clear and well-readable. It can be recom-
mended to everybody familiar with the usual, coordinate-based, structure of the elements of infinites-
imal calculus. It seems that the absolute infinitesimal calculus can be advantageously used not only
in mathematics, but also in theoretical physics.

F. Moricz (Szeged)

J. C. Oxtoby, Mafl und Kategorie (Hochschultext), VI[+ 111 Seiten, Berlin—Heidelberg—
New York, Springer-Verlag, 1971.

Der Bairesche Kategorie-Satz erlaubt uns mathematische Objekte, die sonst schwer zu sehen
wiren, sichtbar zu machen, und er kann bei der Formulierung von Existenzsitzen besonders niitz-
lich sein. Das Kategorie-Studium dient jedoch auch noch einem anderen Zweck, namentlich fiigt es
der Mafitheorie neue Perspektiven hinzu.

Das Buch behandelt hauptsichlich zwei Themenkreise: den Baireschen Kategorie-Satz als

" Hilfsmittel fiir Existenzbeweise, sowie die ,,Dualitit* zwischen MaB und Kategorie. Es gibt auch
eine kurze Einfiihrung in die Grundlagen der Baireschen Kategorie-Theorie und in die grundlegenden
Eigenschaften des Lebesgueschen MaBes. AuBerdem werden einige Begriffe aus der metrischen und
der allgemeinen Topologie eingefiihrt, um viele Beispiele fiir die Anwendung der Baireschen Kate-
.gorie-Methoden geben zu kdnnen.

Vom Leser werden lediglich grundlegende Kenntnisse aus der Analysis und eine gewisse
Vertrautheit mit der Mengenlehre vorausgesetzt.

’ T. Matolcsi (Szeged)
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G. Preuss, Allgemeine Topologie (Hochschultext), VIII+488 pages, Springer-Verlag, Berlin—
Heidelberg—New York, 1972.

This book is based on lectures held by the author at the University of Berlin during the sum-
mers 1970—71. It is intended as an introduction into set theoretical topology, without special pre-
requisites. Thus it is offered to anyone interested in topology and mature enough to understand
abstract mathematical thinking.

The book consists of 11 Chapters. Chapter 0 presents the set theoretical background needed
for the rest of the book. Chapter I introduces the -notion of topological spaces (it gives several dif-
ferent mutually equivalent definitions), and then defines continuity. This chapter also deals with
the category theoretical foundations of topology. Chapter 2 brings to the reader the modern theory
of limit: it presents the fundamentals of filter convergence and ultrafilters. Chapter 3 deals with
weakest and finest topologies and their category theoretical aspects. Chapter 4 is devoted to the
systematic study of separation axioms. Chapter 5 studies the classical concept of connectedness
and its generalizations. Chapter 6 is devoted to the study of the interplay between separation and.
connectedness. After this, in Chapter 7, an account is given of several concepts of compactness,
and quasicompact and locally compact spaces are studied. This chapter ends with a quite detailed
study of compactifications. Chapter 8 is devoted to some modern aspects of set theoretical topology.
The reader can skip this chapter for the first reading of the book without disturbing the study of’
the remaining chapters. Chapter 9 summarizes the basic notions and results concerning uniform
spaces. It also treats the problem of uniformibility and metrizability. The concluding chapter 10 is
devoted to the study of proximity spaces. .

The book ends with a rich collection of exercises, which help the reader understand the main text.

Ldszlo Gehér (Szeged)

H. Rademacher, Topics in Analytic Number Theory (Die Grundiehren der mathematischen
Wissenschaften in Einzeldarstellungen mit besonderer Beriicksichtigung der Anwendungsgebiete,
Band 169), IX+ 320 pages, Springer-Verlag, Berlin—Heidelberg—New York, 1973.

At the time of Professor Rademacher’s death in 1969, the manuscript of the present work was
already completed. The editors had only to supply a few bnbllographlcal references and to correct
a few misprints and errors.

The text consists of four parts, d1v1ded into ﬁfteen chapters. The book is supplemented with
the editors’ notes, a short but effective bibliography, and an index.

The first five chapters constitute Part I, which is devoted to the basic analytic tools employed,
such as the Bernoulli polynomials and numbers, the Euler—MacLaurin sum formula, the I'func-
tion and Mellin’s theory, the Phragmén—Lindeldf theorem, the Poisson sum formula, and various
applications of these topics. .

Part [1 deals with the special funcnons that are of fundamental importance in analytic number
theory. Particular attention is paid to the Riemann {-function and to the connection between the
prime-number theorem and the zeros of the {-function. The proof of the prime number theorem
and the role that the location of the zeros of {(z) in the “critical strip’> 0<Re (z)<1 plays in the
whole theory of the distribution of prime numbers are treated in Chapters 6—7. The error term in
the prime-number theorem is obtained with the aid of Dirichlet series. In Chapter 8 Eisenstein
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series and modular forms are considered. Chapter 9 introduces the notion of the Dedekind func-
tion #(t) and the Dedekind sums, and proves the formula of reciprocity of the Dedekind sums.
‘The close connection between the reciprocity formula for Dedekind sums and the Jacobi residue
symbol is also indicated. In Chapter 10 the theory of 3-functions is developed, while Chapter 11
contains the main properties of elliptic functions and their applications to number theory.

The results of Part I1I are mainly based on the method of formal power series. This method
compares the coefficients of two different expansions of the same function and interpretes them in
an arithmetical way, where the question of convergence plays no role, since the arguments are
purely formal and concern only formal power series. The formal power series themselves form a
commutative ring with unit and without zero divisors, provided the coefficients are taken from a
ring of the same type. In Chapter 12 the connection between formal power series and the theory
of partitions is described. Chapter 13 is a detailed account of Ramanujan’s congruences and identities.
The proofs, following Ramanujan, are given by means of formal power series. Independently,
Schur had rediscovered these identities and employed the important “Gaussian polynomials’® in
his proof. Schur’s proof gives some deeper arithmetical insight into the structure of these formulae.

If one replaces the indeterminate by a complex variable z, the formal power series becomes
a power series in the usual sense to which the concept of convergence applies. Convergent power
series represent analytic functions and the formal identities become equations for analytic func-
tions. This step opens the whole store of analytic tools for the treatment of arithmetical problems
in additive number theory. Part IV contains the description of the analytic theory of partitions
(Chapter 14) as well as the application of the circle method to modular forms of positive dimension
(Chapter 15).

The book has been carefully and accurately written. The style is tight, with hardly a word
wasted. There is a lack of motivation at some places, and some of the theorems are stated without
background explanations.

The work contains a wealth of information in a concise and polished form, accurate from
the viewpoint of rigorous analysis.: It ¢an be used as a textbook for students of graduate courses,
but it is a useful reading also for mature mathematicians interested in analytic number theory.

F. Moricz (Szeged)

Leopold Schmetterer, Introduction to Mathematical Statistics (Die Grundiehren der mathemati-
schen Wissenschaften in Einzeldarstellungen, Bd. 202), VII+ 502 pages, Springer-Verlag, Berlin—
Heidelberg—New York, 1974,

This is an English translation of the second German edition of the author’s book “Einfiihfung
in die mathematische Statistik’* published also by Springer-Verlag. Some changes had been made
during the preparation of the translation: misprints hade been corrected, proofs had been altered,
new results had been included and the bibliography had been supplemented with new references.
The book, as it is now presented, is a very accurate and systematic introduction into the modern
theory of mathematical statistics. It can be recommended especially to those who have already
acquired sufficient knowledge from real function theory and linear algebra and want to put their
knowledge of mathematical statistics on a wider and more solid base.

K. Tandori (Szeged)
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D. R. Smart, Fixed point theorems (Cambridge Tracts in Mathematics, Volume 66), VIII+93
pages, Syndics of the Cambridge University Press, Cambridge, 1974.

The book is an introduction, from the point of view of the functional analyst, to fixed point
theorems and their applications. The only prerequisite it requires is a minimal knowledge of func-
tional analysis, so it will be very useful for graduate students. For its small size the book deals with
a considerably wide range of results. It presents several fixed point theorems for individual (one-
and many-valued) mappings of different kinds, commuting and non-commuting families of mappings
and also for mappings obtained by continuous deformation. Among others, fixed points of con-
tractions of several kinds; Brouwer’s fixed point theorem and its generalizations: the theorems
of Schauder, Tychonoff and Rothe; furthermore, the fixed point theorems of Browder—Potter,
Krasnoselskii, Leray—Schauder, Schaefer, Kakutani—Markov, and Ryll—Nardzewski are dis-
cussed. Fixed point theorems are applied to differential equations, the theory of games and are used
to prove the existence of some invariant means such as the Haar measure on compact groups, the
invariant mean on almost periodic functions, and the Banach limit.

In the book algebraic topology is used only in Chapter 10 where the discussion is only intuitive
with references to rigorous arguments. Proofs are mostly complete and always easy to understand.
However, there are a few incomplete proofs (for example, the first proof of Brouwer’s theorem
relies on the fact that the n-sphere is non-contractible, which is not proved in the book). In such
cases references to complete proofs are always provided.

The book consists of 11 chapter, most of them also contain exercises. An index and a bibliog-
raphy are included.

J. Sziics (Szeged)

B. L. van der Waerden, Group Theory and Quantum Mechanics (Die Grundlehren der mathe-
matischen Wissenschaften in Einzeldarstellungen, Bd. 214), VIII+211 pages, Springer-Verlag,
Berlin—Heidelberg—New York, 1974.

The original, German edition of this book appeared in 1932, in the same series. It is with
nostalgy that the reviewer recalls how he was influenced, as a young student, by reading this book.
Not only did he learn from it this — at that time so novel — method, the role of group representa-
tions in the theory of atomic and molecular spectra, but he was also fascinated by the clear and
concise way of exposition.

The present English edition is not a mere translation. Indeed, the whole volume was rewritten
so that it has become longer by a third, and a large amount of newer development is taken into
consideration. (Curiously enough, Chapter 6, on Molecule Spectra, which *“‘was too much con-
densed in the German edition”’, has become shorter by a third.)

: Béla Sz.-Nagy (Szeged)
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E. S. Wentzel—L. A. Owtscharow, Aufgabensammlung zur Wahrscheinlichkeitsrechnung,
353 Seiten, Berlin, Akademie Verlag, 1973.

Das vorliegende Buch ist eine stark iiberarbeitete Ubersetzung des russischen Originals. Es
besteht aus zehn Kapiteln, die aufer des Standard-Stoffes der Wahrscheinlichkeitsrechnung auch
die Gebiete der stationdren und Markowschen Prozesse umfassen. Neben den wohlbekannten
Wiirfel- und Urnenproblemen behandeln viele Aufgaben auch reale Anwendungen z. B. aus dem
Militirwesen, Technik und Bedienungstheorie, jedoch kann man nicht sagen, daB durch'Lijsung
dieser Aufgaben der Leser einen Uberblick iiber alle Anwendungsgebiete der Wahrscheinlich-
rechnung erhdlt.

Am Anfang jedes Kapitels werden die wichtigsten theoretischen Grundlagen zusammengefaB3t.
Zu jeder Aufgabe wird das Ergebnis, bei komplizierteren Problemen auch die ganze Losung an-
gegeben. Damit eignet sich die Aufgabensammlung gut zam Selbststudium. Auswahl und Schwierig-
keit der Aufgaben sind an die Erfordernisse der Ingenieur-Ausbildung abgestimmt. Tabellen der
Poisson- und Normalverteilung vervollstindigen das Buch. )

D. Vermes (Szeged)
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