PP

ACTA UNIVERSITATIS SZEGEDIENSIS

 ACTA
 SCIENTIARUM
MATHEMATICARUM

ADIUVANTIBUS
" B. CSAKANY L. LEINDLER  G. POLLAK
- G. FODOR I. PEAK L. REDEI . °
L. KALMAR L. PINTER J. SZENTHE
I. KOVACS K. TANDORI
REDIGIT
B. SZ.-NAGY
TOMUS 31
FASC. 1—2

SZEGED, 1970
" NSTITUTUM BOLYAIANUM UNIVERSITATIS SZEGEDIENSIS



A JOZSEF ATTILA TUDOMANYEGYETEM KOZLEMENYEI

 ACTA
'SCIENTIARUM
MATHEMATICARUM

CSAKANY BELA LEINDLER LASZLO POLLAK GYORGY

FODOR GEZA PEAK ISTVAN REDEI LASZLO
KALMAR LASZLO PINTER LAJOS SZENTHE JANOS

KOVACS ISTVAN TANDORI KAROLY

KOZREMUKODESEVEL SZERKESZTI

SZOKEFALVI-NAGY BELA

31. KOTET
1—2. FUZET

SZEGED, 1970. JUNIUS

JOZSEF ATTILA TUDOMANYEGYETEM BOLYAI INTEZETE




Characterization of clasSés of functions
by polynomial approximation

By GEORGE ALEXITS in Budapest (Hungary) |
and GEN-ICHIRO SUNOUC_HI in Sendai (Japan)

' 1. Intrqduction

Let f{x) be. a 2n-periodic, continuous futlction with the Fourier setie_s
S(f) = + Z (@, cos kx + b, sin kx) 2’ A, (%),
=0 .
and let f(x) be the trlgonometrlc conjugate of f(x). Set

: R,,(r;f) Zo 1—[n—+l] ]Ak.

The following theorems hold:

n

(A) feLlipl if and only tf A f-R,(1; f)”c_ [l],

(B) f€Lipl if and only if If-R, (2‘;f)||c = 0[71.]‘

(A) was proved long ago by ALEXITS [1] and ZAMANSKY [5], (B) by ZAMANSKY [5].

More. generally, if f(x) has r—1 continuous derivatives (r>1), we have
- (C) fU-YeLip1ifandonlyif '

=Rl = 0[,%] for r even, 17~ Ry(i e = 0[ ] for 1 odd.

This was also proved by ZAMANSKY [5], but the “i f ” part was given earher by
ZYGMUND [6]. '

The fact that for odd r we have to consider the approx1mat10n of the conjugate
function f(x) instead of f(x), is inconvenient both from theoretical and practical
point of view. Hence, it is natural to raise the following
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2 ' » " G. Alexits—G. Sunouchi

‘Problem. Does there exist a sequence of linear operators {7,} such that T,f
is a trigonometric polynomial or order » and, in the’ space LP(l =p=co), the approxr-
mation property

M o 'nf—T;fn,,;o [-‘—]

is necessary and sufficient for f¢ -1 €L1p 1I,p)?Y :

The answer is yes. This was.proved by TRIGUB [8] who 1ntroduced to this
aim, a special summation process of the Fourier series, somewhat similar to the
Rogosinski means. Recently, his result was generalized by Zuk [9].

Now, we shall indicaté a general method to form polynomial operators for -
solving similar problems. Our way, has the advantage that the results can be localized
easily; this fact seems to have some interest, because it offers access to the characteriza-
tion by algebraic polynomials of non-periodical functions belonging to.the class
Lip 1 in the interior of an arbitrary interval (g, b).

2. Trigonometric operators which characterize the classes Lip a,p)

We call T, L a trigonometric operator of order n if T,.f is a trigonometric poly-
nomial of order n. By Z, we denote the LP-Zygmund class, i.e. the class of func-
tions satrsfymg the condmon :

1/ (x+)+f(x— h) 2f()l, = O(Ihl)
We have the followmg general

Theorem 1. Let U,, S and V,f be trigonometric operators of order n such }hthat

Q) | o W= US l,=0 [ni]
Jor fC=1¢ Z, and that the relation
®» 0TI, = 0@

is equivalent to f*—V ¢ Lip (1, p), where V" f denotes the r th derivative of V,f. Settirig
. ' 1

O] - TSf=UJS+ P vy,

condition (1) is both necessary and sufficient for f*=V ¢ Lip (1, p).

) Of course, we assume that Lip (1, «) is the ordinary L1p 1-class and the ee-norm is the C
norm for continuous f(x). Also Sf€Lip(1, Dis equrvalent to fEBV
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Proof. Suppose f*~V¢Lip (1, p). Then (2) and (3) follow by assumptron
and hence (1) is an immediate consequence of definition (4).

Inversely, suppose (1) satisfied. Then by the well-known Bernstein—Zygmund
theorem (generalized to LP) it follows that f*~ ¢ Z,; hence (2) holds good. So we

get by (1), (2) and (4)
: 1 1
— WS, =0 [—]
' therefore (3) is valid, too. But this is equivalent by assumptlon to f" Delip(, p)
and so our theorem is proved

Corollary. Setting
- 1
Tnf= 202n—I(D_on—l(/)+';1761(lr)(f)a

- where o,,(f )'denotes the mth Fejér mean of the Fourier series S(f), we get a trigono--
metric operator of order 2n—1 for which (1) is equivalent to f*~V cLip (1, p).
Indeed, U, f = 20,5, ; () —0,-,(f) is the nth de ld Vallée Poussin mean which

satisfies (2), furthermore, as well known (cf. ZyGMuND [7], chapter 1V), condition
(3) is equivalent for V,f=0,(f) to f*~V¢Lip (1, p). _

By this corollary our problem could be considered as essentially solved, the
only lack is that-the operator T, defined in the corollary is not a trrgonometrrc
polinomial of order », but of order 2n — 1. We can easily help there.

Theorem 2. By choosing ,
© - rr=r[ G 20D 2[1——’°—]k'3k,

k=1 +1

where B, (x) = a, sin kx — b, cos kx, condition (1) is both necessary and suﬂ?crent Jor
Cfe=DeLip (1, p), where 1 =p=-eo. :

If r is even, then T,f= R,(r;f) and our statement is already proved by theorem '
(C). Hence we have to consider only the case of r odd. But then

© T/ = R4+ S [1 ——k—] KB,

Setting U,f = R,(r+1;f), it is easily seen that U, f satisfies condltron Q@ iffr-Yez,
_(cf. ZyoMuND [6] and ALIANCIC [2]).. Now

VOf = Z [1—_-] k" B,
=1

is, for odd r, the r times differentiated nth Fejer.mean, therefore (cf. ZYGMUNb [7],‘
‘chapter IV), condition (3) is equivalent to f*~ ¢Lip (1, p). All the conditions of
Theorem 1 being satisfied, our statement is a consequence of thlfs‘theorem.

1*
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3. Localization and approximation by. hlgebraic polynomials

We say that the function f(x) satisfies the Lipschitz condition in the open interval
{a, b), if fe Lip 1 in every closed interval [a +¢, b —¢&] C (a, b), the Lipschitz constant
. being dependent of the choice of ¢ =0. We suppose (a, b) < (—7, 7) and set f(x) =0
for x¢(—mn, n)—(a, b). By S(f) we understand the Fourier series of the function
f(x) extended in such a way to (—x, ) and then periodically to the whole stralght line.

For the study of local approximation we introduce the Riesz means of type
r and order r of the series S(f )

- G-l

Put
- 1—(=1y =1y 24,
. T f= R* Ll S S B ek Sl ,
(50) nf Rn [r+ 2 :f]+ ’ »2}’[’ 'k‘=Z(; Ar k Bk’
wehre 4., = [m—l—l].
m _ ' _
Theorem 3. By choosing T, as in (5a), we have ¢~V ¢ Lip 1 in (a, b) if and only if
N If~ Tn_f”C(a+e,b—e) =0 (_n-’)

for every >0, where the constant in the O-sign may depend on e.

Proof. Suppose first f*~V¢cLip1 in (a, b). Then, for r even, ffeduces to
R} (r;f) and (7) follows.by the train of thoughts of SuNoucHi [4b]. If r is odd, T, f
has a similar form as in (6). We get then

® _ IIf—R*(r+l f)“C(a+eb —e) = 0[?];

further we also have (SUNOUCHI [4a])

©) 2 ","k' | = o(1),
k=1 A . Clate,b—g) = .

and then (7) follows from (6), (8) and (9).
Suppose now . (7) is satisfied. 7,f being a trlgonometrxc polynomial of' order .

n, it follows by the localized Bérnstein—Zygmund theorem that f¢= 1)(x) exists

and.belongs to the Zygmund class in [a+2¢,'b — 2¢). Therefore

If— Rr("’!- 1 ;f)”C(a+3e,b—3e) =0 [“] ,

nr



Characterization of classes of functions’ . 5

and so we have also

1

nl‘

k o[

Cla+ 3¢, b~ 3¢) h
From the last evaluation it follows by the above mentioned result of SUNOUCHT [4a]
that f*~2 ¢Lip 1 in [a+ 3¢, b — 3¢]. Since £¢=>0 is arbitrary, this means /*=¢Lip1
in the open interval (a, b), as we have stated. -

" We are now able also to characterize non-perlodncal functions satisfying the
Lipschitz condition by their approximation with algebraic po]ynomlals Denote to
this aim by 7,(x) and u,(x) the nth normed Chebyshev polynomials of the first and
~ second kind. Set '

"nk,-
S5

k=1

1
; dx
= f(x In(x Ty
_'[ ) () Y1—x2
where f(x)=0 outside some interval (a,b) with —1 <a < b < 1.

A Theorem 4. Set :
n k 2 .
10y - T.f= 2 [1_[‘—] ] Al + — Z[ ]kakuk
k=0 n+1
. The function f(x) belongs to Lip 1 in (a, b) if and only-if we have for every =0 . '.
1
an If =TS llcarep-e) = O {;]

Proof. Introducing the variable § =arc cos x, the function f(x) is transformed
in f*(0) = f(cos 0), the operator T,fin

T.[* = 2[1—[}1+1]] a, cos kO + — Z[l—L}k"Si’nkH

M x=1 +1 sinf °’
and the open interval (g, b) in (a’, &’ )C(O n) The first sum on the right hand side
a,,(f*) ForOE[a +34, b’éé]wuh ’

of (11)i is R¥(2;f*), while the second equals

5>0 we have 0 <a=sinf =1, therefore the last expression and n‘1 0,(f*, 0) are
=0(n"') at the same time, i.e. (11) is equivalent to

‘ r
. . i1
(12) V B ”f*—T:f*”c(a'M,b'—a) = 0[[;] )
where 8>0is arbitrary and T*/* is defined by

Tif* = RG34 o).
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But, by Theorem 3, (12) is equivalent to the statement that f*(0) =f(cos 6) satisfies
the Lipschitz condition in the open interval (a’, b"). Returning to the variable x =cos 6
and taking into account that f*(6) in (a’, #") and f(x) in (a, b) satisfy the Lipschitz
condition at the same time, our theorem is entirely proved.

Remarks. 1. It could be proved that, using the operator T, f deﬁned in (5a),
the condition :

- ' . 1
' ”f— Tnf”p(a,b) =0 [;;-]

is necessary and sufficient for £~ ¢ Lip (1, p) in the open interval (a, b)  (—m=, 7).
Hereby the L” norm has to be taken over every interval [a+¢, b—¢] < (a, b).

2. Let {p,(x)} be the system of orthonormal polynomials belonging to a weight
function w(x) =0 having the property 0<m = w(x)=M for x€la,b] < [—1, 11
Denoting by o,(x) the #th Fejér mean of the expansion

S&x)~ k;(; i (X),

one can prove by a theorem of G.FrEUD [3] that the Lebesgue constants of the de
la Vallée Poussin delayed means 20,,_, —0,-, are bounded in every subinterval
[a+e, b—¢] of (a,b). Then, setting T,f = 26,,_,—06,-,+n"' 0, one can prove
.easily that f€Lip (1, p) in the open interval (a, b) if and only if

If— Tnf:l]p(a,b) =0 [%] C(I=p=e),

- where the L? norm has to be taken over every closed subinterval of (a, b).

3. We were concerned with the case Lip (1, p), because only the case a=1
of Lipschitz classes Lip (e, p) is critical. But it can be seen easily that, in the theorems 2
and 3, we may substitute Lip («, p) for Lip (1, p), if we substitute in the statements
. O(n‘”'1 %) for O(n~"). Thus defined as in (5), then f¢*~¢Lip (a, p) is equivalent
to |f=T,fl, = O "*+*- ) for every posmve a=1 and r=1,2,.
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On |N, p,| summability factors

By N. KISHORE and G. C. HOTTA in Berhampur (Orissa, India)

1. Introduction

1. Introduction. Let Za, be an infinite series with the partial sums S,. Let
{p,} be a sequence of constants, real or complex, with partial sums {P,} and
P_;=p_,=0. The sequence-to-sequence transformation

| o |
(1. 1) th= = 2 ps  (P,70)
P, 5 .

defines the (N, p,) means of the sequence {S,}, or of the series Za,, generated by
the sequence of" constants {p.}- If lim 7, exists, we say that the series Xa, is sum-

n—»co

mable (N, p,) [1], and if the sequence {t,,} is of bounded variation, that is

)y ; [t = tams| < =,

then the series Za, is said to be absolutely summable (N, p,), or 51mp1y summable
IN, Dul-

The conditions of regularity of the method of summablllty (N, p,) defined by
(1. 1) are

(1.3) - lim {P,| =
and . ’
RN =ZO lp,| = O(IP,)).

If {p,} is real andvnon-negative, (1. 4) is automatically satisfied, and then (l.b s
“a necessary and sufficient condition for the regularity of the method. It is known
that |N, p,| is equivalent to |R, P,, 1[*, where IR, P,, 1|* is a discrete Riesz mean of

order one and type P,.
In the partlcular case when p,=1, the (N, p,) mean teduces to the famlllar

(C, 1) mean. Also when p,=e¢", |N, p,| is equivalent to |C,0|.
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2. The sequence {g,} is said to be a summability factor of the series Za, for a
summability method @, if Xa,¢, is summable by the method Q whereas, in general,
Za, need not be summable. The summability factors for absolute Cesaro methods of
summation were obtained by KOGBETLIANTZ [2]. He proved the following theorem.

Theorem. If Za, is |C, 5|, then . ry=9d, y, 6=>0.

MonanTy [3] has shown that whenever Za, is IR, log n, 1|, the series > fog

is IC 1] (see also TATCHELL [4]).
‘The object of this paper is to establish the following theorem, which is an ana-
logue of the theorem of KOGBETLIANTZ and includes, amongst others, the above
result of MOHANTY. :

Theorem. If Za, is |N,p,| summable, then Zi;"—‘ﬁQ—” is .|N, q,| summable
nt n

provided {p,} and {g,} are positive sequences such that the sequences {A (%)}, {———%s "}

and {Q"“ 4p "} are bounded.

dny1  Pn
Proof. Let ¢, denote the (N, p,) mean of Xa,. Then

n

—va v— _O(P"_P\’f'l)a\"
If. t_,, denotes the (N, g,) mean of > GnPren O

, we similarly have
qn Py Y

vpva — S avpv‘Qv _i S avpvQ'v—le
nv—Zo(Q" G- g b, _‘v=Zo Pg, Zo Py,
and :

T ) — 2’ avPva_ n+lavpva le
ntl v=0 'quv Qn+1V 0 qu

Hence

an+1pn+1Qn+1+[_l__ 1 ] S avPva—le__an+1pn+1QnQn+1 —
Pn+1qn+1 Qn_ Qn+1 v=0 quv 'Pn+1qn+1Qn+1

an+1pn+1+[ In+1 ] S avpva—in — In+1 n+1avpva—1Qv =
Pn+1 QnQn’+1 v=0 quv . Qn‘Qn+1 v=0 quv

. In+1 [Qv Ivav] Gn+1 QnQn+-lpn+1sn+1
= —— s + . _
QnQn+1 % P q QnQn+1 Pn+1qn+1

Gn+1 . S [Qv IQvPv
G+ _A| 21 vhy
QnQn+1 VZO by ’ quv

Tnt1 Ty

A4P,t,

n+1

]APV itv—l_
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t, AP, + Poiy At _

. . n 1 - Dy ) N
='_"ijl—2_d[gv—LQ'L] {tv—IAPv—l'l'PvAtv—l}— P... )
: n+1

: QnQn+1 v=0 Py quv
= Ins1 'va»A[&_lepv']t - Gns1 Z [Q‘ IQPV]At i+

QnQn+ 1 v=0 quv QnQn+1 v= 0 Dy P\qv
AL Y
‘ fntd
Further,
Z’A [Qv IQ P‘] oy = 2‘ Q Qv+1pv+1 At ' QnQn+1pn+'1tn—‘l
Pq\ =0 P\+1qv+1 Pn+1qn+l
Consequently, ‘ o
] In+1 Q Qv+1pw+1 'P,,+1At,,__1
Tye =Ty = At~ Pre1lln=1
!t B QnQn+1 v= 0 P\+1qv+1 an+1
§ . qn+1 ‘ [Qv lepv]
— YA At,_, —At,.
. QnQn+1 VZ(; pv qu\ .
Or, : . .
’ 1,—1 In+1 5’ o, Qv+1pv+1 Atv 1_1_

+1 =
" QnQn+1 voo Pui14ui

4odntl In+ 1 2 [Qv lepv] At‘ 1+At L

Q,0n+1 v=0 Dy Py,
Hence,
S l qn'+1 Qva+1pv+1 '
n— Tn = - A4t _
n;; +1| ; nQn+1 v=0 4Pv+1qv+1
45 $n A[—Q—”#]Atv 1+Zlmn{—2 FED Gay).
) n=0 nQn+1 v=0 Py vy
Now, :
) <7 qn+i Q Qv+1pv+1
X A4z, _
! 0 @nQns1 =0 Pv+1‘1v+1 )
0,0, 41Pv11 [ ] OvirP +1 . o
e V[ * ’ v < oo,
Z Pv+1qv+1 | l 2 O, Qn+1 Z Pv+1qv+1 ‘ 11 :

' by hypothesis, and also X3<< by hypothesis. Now,

t S Pv Qv—.lAvav]
Ty g ==l gy =
'v=Zopv [ P,q, !

o Z"'{A[Qv—lgv]'i' Qv+l-Qv '[1._£'VPV+1]}‘At“_l =

v=0 qy gyv+1 v+1Py




12 ' N. Kishore—G. C.‘ Hotta: On |N, p,! summability factors

:' < {A »Qv—le + Qv+‘1Qv [pvPv+1"'Pvpv+1>]} Atv—l ’:
v=0 qv qv+1 Pv+1pv

_ "{A 0.-10), 0.0y [pv(Pm v)+P_Apv]}A,v I
v=0 qv qv+1 Pv+ 1Dv

s {A 01 0|, 0QuiiPrsr  00uir Py Apv}m
v=0 qyv P19yt 4+ Py by

: Q] 0.0,..:P.4p,
L= tyor+ A[ At,_ 4 Q) Z2Zx LT VEIY gy 4
. Q ! Z Q q ! v;'O qv+1Pv+1pv !

Z v+1pv-+-1 4t,_
v=0 qv+1Pv+1

ZQ,lAtv i+ ZQv e, +

2 Qva+1pv+1 IAt Apv [Atv 1[ P Qva+1 .

- v=0" Gvi1iv41 Pv+1qv+1

Hence, .

. qn+1 S [Qv—lepv‘] )
X, = A, =
> Z Qn+1 % pv 'quv !
= Z q”+11 {ZQV!Atv XI+ZQV [ ] v— 1[+
nxn4 v=0
Ap,

2 0, Qv+lpv+1 IAtv |+ Z’ 0,0v01 B

Pv+1qv+1 v=0 Pv+1q\+1

> lAtv-ll+,Z” 2(2)

+ 5’ qQJrv:Il)P+1 IiPVl |4t,_| = o($|4tv_1|) = o).

Hence, X|1,~17,,,| < . This establishes the theorem.

|Atv 11}

|+ Z QvsiPurs g 14

Dy

I

v=0 v+lqv+1

3. Itis easy to see that, by taking p,=

1 - .
— and g, =1, the result of MOHANTY
follows from our theorem v
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On embedding of classes H

" By L. LEINDLER in Szeged*)

.Introduction
Let w() bé a nondecreasing continuous _function on the interval (0, i) having,
the properties: _
w(0) =0, w(@, +d,) = w(&l)}a)(éz) for 0=0,=50,=6,+6, =1
: Such‘ a function will be called a “modulus of continuity”. ‘

If f/(x)€ L7(0, 1) (1 =p < <), the “modulus ofcontmulty off(x) in L”(O 1)” is
defined by

. we
w,,(&,f):"ossligé{f ]f(x+h)—-f(x)|”dx} - 0=o=).

If givena number p =1 and a modulus of continuity w(3), then Hy= Hp® will
denote the collection of the functions f(x) satisfying the condition 'cop(é, H=0(w(5)).

Let ¢ (x) be a nonnegative nondecreasing function on [0, ). The collection of
the functions f(x) having the property ’

[ 1/@re(f))ds <

will be denoted by L o (L).
Recently P. L. UL’JaNOv has investigated in several papers (see for mstance
[4], [3] and [6]) the following problems:
1) Find a sufficient condition that
feLro(L).

2) Find necessary and sufficient conditions in order that

Hy®cLo(L).

) *) This research was made while th., author worked in the Steklov Instnute Moscow as a
visiting scientist. .
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Among others he proved the following theorems:

Theorem A. ([5], Theorem 1) Suppose that f(x)GL”(O 1) for some p>1
If p-l then

a) ,;1’,[¢(n+1)—<p(n)]w1<(%,f]<°° implies  fe Lo(L),

o =1 (. (1 |
b) Z.F(p [36na)1 [;’f]J < o implies . f€p(L),
n=1
while if vzp=1 then | ' ‘
c) n? [;l—,f < oo implies fecL¥. .
. n=1

Theorem B. ([6], Theorem 3) Suppose that 1 =p<v << and 0=f <o, Then
a necessary and sufficient condition for :

H“’“’) cL'(ln* L)”
is that

an’ : ”[ }lnﬂ(n+1)<oo

Theorem C. ([5], Theorem 2 and 4) Let p—l orp= 2 Then a necessary and
sufficient condition Jor
He® LPIn*L
is that .
Z wP(1/n) -
n=1 N .
We remark that the method of oroof of Theorem C for p=1 is different from
what is given for p =2; furthermore, for p =1, UL’JANOV proved the following more
general theorem:

Theorem D. (3], Theorem 2) If ¢(t) is an even and nonnegative function
such that ,
and ‘ . T
(1) =@(t) forany 0=t<-oo,
then, for a given modulus of continuity w(5),
HP®cLe(L)
if and only if

S ot n—p@)o (L <
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In connection with Theorem C; P. L. UL’JANOV raised in a conversation the
- problem: Is Theorem C valid for any p=1?

In the present paper we are going to give an affirmative answer to this ques- -
tion;-that is, we prove that Theorem C can be extended to any p=1, moreover
we generalize all the above mentioned theorems. We would like to point out that
the most important parts of our theorems are the cases p=v=>1.

Our method of proof is partly similar to that of UL’JANOV’s but in the case
p=v=>1itis quite different from his. In this case (p =v=>1) the kernel of our proof
can be found in Lemma 7 and Lemmag8 - .

Theorem 1. Let {p,} be a nonnegative monotonic sequence of numbers, v=1
and f(x)€ LP(0, 1) for some p=1. Define : :

®(x) = Z P
Then
o feL”'?+‘¢(L)-
Sfollows from _ - .
. ' : e 1
in the following cases:
a) if v=p=1;
'b) if v=p=>1and
SR Pm
(3) o k=Zr’n kl-,:-z = K—n? 2)
Jor certain ¢ =g(p) =03);
¢) ifv=p=1and
“) o - ‘ Pr=Pxt1> _mkz—K(Pm

This theorem has the following coro]]ary which was proved only for p-—l tlll '
now (see Theorem A).

1) Xt where a and b are not integers, means a sum over all integers between a and b.

) K and K; denote either absolute constants or constants depending on certain functions
and numbers which are not necessary to explain in detail, not necessari]y the same at each occur-
rence.

.3) See more on the meaning of £(p) in the proof of Lemma 8.
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Corollary 1. If p=1, 8 > —=1 and .
A : 1 - ,
n;z';(lnn)”wg[;,f] -z oo,.

_ then ‘
SeL?(In* L)f+1;

if, furthermore, v > —1 and

o i v
(Inln n) wz[l

_"sf - oo,
s hlnn n :

then
: fEL”(ln+lnL)V+1

Let ¥ (x) be a nonnegative increasing function having the properties:

M and ﬂx_) 'for some ﬁ>1 as Xtoo.

(5)."

MULHOLLAND [3] investigated such functions and proved: If |//(x) samﬁes 5),
y=1and ,=0, rhen

® St i) =K S e

holds, where K = K W, ).
Uslng (6) and an estimate of UL’aNov (Lemma 4) we can prove
Theorem 2. Ifl//(x) satisfies (5), p—l and

R o |

then’ _. :
- JEY(L).

This is an analogue of the part b) of Theorem A for any p>1

Finally we prove the following

Theorem 3. Let 1 Sp=v<c. Let w(5) be a given modulus of contmutty and
 {p.)} be a nonnegative monotonic sequence of numbers satisfying @2 =Kq, for any

k, and if v=>p, then moreover let ¢, =@, . Then a necessary and sufficient condi-
tion that : : ' ' :

®. -~ HeOL T o
is that . . : :
© 2n " g0 [%] ==

n=1

where ®(x) means the same as in Theorem 1. .
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We remark that in the case v>p and ¢,=(Ink)? (/3 =0) Theorem 3 in-
cludes Theorem B. ' '

"Corollary 2. Let p=1 and > —1. Then a necessary and sufficient condi-
tion for
He®c LP (In* L)”+ !

Z” lnn)” [1]<;°

n

is that

This corollary is a generalization of Theorem C for any p=1 and gives an |
answer to the problem of UL’ JANOV.mentioned above. However, for p =1 this corol-
lary and also the following Corollary 3 were proved by UL’sanNov ([5], Corollary 4).

Corollary 3. Let p=1 and y > —1. Then a necessary and sufficient condi-
tion for ; ,
He@CLP(In* In* Lyr+1

5 (ninny wv[l] e
\n

=10 nlnn

is that

My grateful acknowledgement is due to Professor P. L. Uy JANOV for having

- called my attention to this problem.

§ 1. Lemmas
We require the following lemmas.

Lemma 1. ([2], Lemma 3) Let {o,} and {B,} be sequences of | nonnegatwe numbers
such that

T}Ien for any y=1 .
oo k ¥ oo
SalZ8) =k Sumar
Lemma 2. ([5], Lemma 4) If f(x)¢ L?(0, 1), 1<p<oo and |

(k+1)/n
b =n [ fOd for xe[k k;rl

kin

] (k=0,1,..,(n—1),

then

1 p . g ‘ '
{flf(x)—lll,,(x)j”dx} = 4w,,[ni,f] (n=12,..).
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Lemma 3. ([5], Lemma 13) Let A(u) be a nonnegative nondecreasing function
on [0, =) such that A(*)=KA(u) for any uc[0, <) and let B(u) be a nonnega-
tive function on (0, 1]. Then

1
(1. 1) [ B AB@)du <
" implies .0 '
(1.2) , 0f B(w)A [5] du < oo

" Lemma4. Let p=1 and f(x)€ L? (0, 1). Let F(2) be a nonnegative nonincreasing
Junction such that :

mes {x: x€[0, 1}, {f(x)| >y} = mes {z: z€[0, 1], F(z) > y}.

Then
. 1/n 1
(1.3) Of F(z)dz = Ko, (;,f]
and for p>1
(1.4) FQ-" 1= K[l + ZZ""’w,(Z"‘,f)J (n=12,.)
k=1 .
hold. : :

This lemma can be found in the pfoof of Theorem A ([5], Theorem 1) impli-
citly.

Lemma 5. ([S], Lemma 7) If f(x)€ L(0, 1) and O=a =1, then

sup, f |f(x)|dx_ jF(z)dz

IEl a
where F (z) has the same meaning as in Lemma 4.

Lemma 6. (11, p- 78) If w(3) is a modulus of conttnmty, then there exists a
concave function @, (6) such that

' w(é)éwl(a)_;z(;)(a) if 0=6=1.
Lemma 7. Ifp=1 andf(x)EL”(O,‘ 1),vthe_n'
i 1/2n 1/n
(1.5) [ F(z)”dz<K(p)[ S F(z)”dz+co”[1 f]]
0 1/2n

Jor any n =1, where K(p) depends only on p, and F(z) means the same as in Lemma 4.
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Proof. Let us choose M(=>1) such that

o ' . 1Y
Set ’ '

By = {x: x€[0,1], ] f(x)’)>> F[E%]} and E;* = {x: x€[0, 1], (¥ =F [zi]}

If mes_E,T<% , then let us define y such that
-mes (E;*N(0, y)) = 51’; —mes E*

and let o
A E, = (EF* N0, mUE.
i :
If mes Ef =3, then we set E,=E,.

First we estimate [f(x)|P on E,. Let P, (x) be the same function as in Lemma 2.
Since the estimate '

)P = 2°(] /() =¥ (P + W ()P

in not fine enough for our aim we split the set E, into the parts -

E = {x: X€E, MIf(x) ¥ () = (Il
and ‘ : ' )
E; = {x: X€E,, M|f(x)=y,() = W, (0}

Then we have by |f()] = 1/(0) =, (9] -+ W, ()]

”

Juerax = f [Xlﬂr 1] lw,,_(;olpdxé_ 4 S ds
and B ‘

C[Ifelrds = [ (MA@ Y dr = (M1 [ )~ (Il dx.
E, E; ) o . .

-Hence we get by Lemma 2 and Lemma 5

1/2n

L7 [ Ferd= [|f@PFd=q [ ltb..(X)l“dele(p)w,';[%,f] =
.0 En En . .

= g(max ltﬁn(x)l)"-;;&L K, (p)w} [%f]
Since .

i 1/ tp 1-p 1/n YV
max |¢,()| = n [ F(z)dzgn{f F(z)”dz} n? = {n f,F(z)vdz} ,
' 0

0 0

2%
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we obtain by (1. 7)
1/2n . q 1/n 1
f F(z)yPdz = = _/ F(2)?dz+ K (p)w? [ f].
0

Hence, by (1. 6), .

1/2n 1/n . 1
[1-——]f F(z)"dzs.— fF(z)”dz—l—Kl(p)w”[ f]

1/2n

which gives the conclusion (1. 5).

Lemma 8. If p=1and f(x)€ L?(0, 1), rhen there exist constants K(p) and ¢(p) >0
depending only on p such that

1/n
(1.8) Of/ F(z)Pdz = ’;(({,’,)[Zkem 1wv[ ] f F(z)"dz]

for any n=1.

Proof. By Lemma 7 there exists an integer N=N(p) such that for any n=1

2-n
(1.9) - f

Let us define for every nz=1

gn
F(z)rdz §_N[ f F(z)"dz-i-w’,f(z"",f)]-

2-n-1

2—"
a, = f F(z)pdz, b, = w82°"f)
2-R-1
and
nN nN )
o, = Z A, ﬂn = 2 bk'
k=(=DN+1 k=(—T)N+1

Considering (1. 9) we have

Zak = N(an+bn)
k=n

and hence an easy computation gives that for any m=1

2 o] = am+ﬁm-

i=m+1

Indeed, we have for any nonnegative integer j

1 - .
2 o = Z a, = Z _ak—S~N(ath—l—j+blm\'+1—j)'_
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Taking j=1, 2, ...,.N and summing we obtain,

mN

N oSN 2 (@+b) = Ny +Br),

k=(m—1)N+1

and hence we get the required inequality. Multiplying this inequality by max (2"~2, i)
for all m, 1 =m=n, summing and cancelling we obtain

(1. 10) 2-1 D) o= a4 B+ D 262B,.
. i=n+1 k=2
Inserting the definition of o; and f;, (1. 10) 1mpl|es
2-(N+1) . X .
(1.11) [ Feydzs2tr {f Fz)yP dz+ szmg@-(“)”,f)} =
. 0 k=1

- K1 (P) {f F() dz + Z 2kwr(2—k1v’f)}
1

If 2°N+1 < < 20+ DN+1 ) then from (1.11) it follows with & = ¥ that

2
i/m

(112 f F( )P dz <-2—@{/F( )”dz+€§m2"w’p’(2”‘”,f)}-

From this point on the proof is an easy computation. Indeed, we have

2
elogm clog

k 28N g \ B
’%'2"w;;(2""v,f)§2” -22,‘—,, > wg[i,f]g

k=1 i=2k-DN |

PRt

elogm 2kN ia 1 m -
=4 — w? .,'f 54"21""1@” =[5
Pl

k=1 j=20-DNyg 1
inserting this mto (1. 12) we obtain (1. 8) in accordance with our statement.
The following two lemmas are slight improvements of Lemmas 11 and 12 of
ur’ JANOV [51.
Lemma9. Let p=>0, a > 1 —p and let w(8) be a concave modulus ofcontmutty
If the sequence {(pk} is monotonic,

(1.13) =0, k = K

and

L4y fwkmﬁﬂsw’
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then there exists a sequence of numbers {B,} such that

. 1 i |
(1. 15) Bkio, Bk = w[-l—c-]_ ka—lB,f = Kml’a)l’[i]
. k=1 m
and _
(1. 16) : 2 ¢k Bf = o
: : k=1

Proof. In view of the conditions,
, 1 :
(1.17) no | — fee as n— oo,

By (1. 17) we can easily define a sequence of integers {} such that

(1.18) . nkHw[ ]> 2n,‘w[‘—1—]' for k=1
Mgy ny
and _ ‘
IR 1 .
(1.19) - nol—|=2no|—| f ny=n<mn,,.
. n . " :

Indeed, let n,=0 and n, =1. Suppose that n, <n, <..- <nm, are defined so that
they satisfy (1. 18) and (1. 19), and let n,,, be the smallest integer u having the
1 1 . . o
property uw (;) =2mw (;1—] . Thus, by induction, we get the required sequence {r,}.
. . k .

Now we define the sequence {B,}. Put

(1.20) B,,:w[ni] for ‘m_,<n=n (k=12 ..).
k

It is clear that B, | 0 and B,=w (%) . To prove the estimation (1. 15) We choose

"y such that n,<m=n,,,. Then, by (1. 18) and (1.20), we have

m . r. ng . m
D nP B = > mTiB4+ D piBr s
n=1 k=1n=me-1+1 n=n.+1 :

B

= K(p) [kZ B,’,’kn,5’+mPB,',',] = K, (p)m? w? [nlzJ

in accordance with our statement.
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Finally we prove (1. 16). Since nk+1>2nk and @,; =K, ¢; follow from (l. 13),
we have

(1.21) . Zn-“wnBP—Z > wpB=

1 n=ne-1+1
. - ne o ’ .

- 1-
= ZB'II,k : Z PuH t= KZ Z’B'Il)k(p‘ﬂkn" *

On the othe’r.hand by (1. 13) and (1. 19), '

' : mes1—1 meei—1 . .p
(1.22) ' Z (p,,n‘“a)"[l];— Z’ Qun~"" P(nw[;]] =

n=ny n=ng

. pl v N
= 2p [nka)[ ]] Z (- n—a—p = K3[ [ ! ]] (pm‘n’% = K3ng¢nkn’£ -
Hy n)) : o

n=ng

In view of (1. 14), (1. 21) and (1. 22) we obtain (1. 16).
The proof is thus completed. -

. Lemma 10. Let .v%l; 1;-v <a < 1 and let w(d) be a concave modulus of

' continuity. If the positive sequence {@;} is increasing,

(1.23) . 2 @ = Kppmt T

n=m

and
T S O

then there exist a sequence of numbers {B,} and a sequence of integers {n,} such that

(1.25) B,\0 and B,,éw[%],f
(.20 my,>2m and By, = ;B' k=1,

. ] 1 ,
(1.27) Zn" 1By = K(p)m"co"[ ] for any p >0,
.28 Zgo,, By = o and Z(p,,k By =
and

(1.29) » 2 022" "D (Byn = Bypet) = o0,
n=1 :
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Proof. Smce w(d)’ is concave, by (1. 23) we have nw ( ) t+ eo. Using this we

can define the sequence {m}. Let no=0 and n,=1. Suppose that n, <n, <---<mn,
are defined so that n;,, >2n; (i=0, 1, ..., k—1). Then denote by m,,, the smallest

o . . {1 1 ..
integer u having the property uw (;) =>2n,w (;1—) . By the definition of m, . , we have
: ‘ ‘ k ,

(1.30) nw[l]gz'nkw[i] i ome=n<mg,,,
n n,

(1.31) ' m w[ ! ]>2'wi

' B My e ny,

and '
(1.32) My 1> 21,

' , . = . 1 1 1
o) = Lol
(. ) My 4y 2 M)

1 (1 o |
] —.w(—), then let n,,, be the
hy

then set m4 =mk+1 Conversely, if co( )

mk+1

smallest integer pt satlsfymgw (1 ]é% al ( L ) In this case
1 1 1 .
(1.34). ol |= 50 o »for nmEN<m,,
and ’ :
: 1 1 1

W e[ =tefl)

( ) Mg 2\

Set o :
(1. 36) - B . =w [—nl—] for n}‘ﬁl <n=un k=12.)
: An v ,

The statements (1. 25) and (1. 26) obviously follow from the deﬁnltlons and
(1. 27) can be proved as in Lemma 9. .
Now we prove (1. 28). As 1n‘Lemma 9 we have

(1.37) : 2 n 0B =K 2, B¢, nt="
: . k=1 . o

n=1

If ., , =my, ;, then by (1. 23) and (1. 30) we get

nki1—1 : o ongg1—1 . ) v
" (1.38) = 2 @t [1] 2 (p,,n"“"’[nw[%]] =

n=ng n=ng

e Sl roe e
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If n,,, >my,, then by (1. 34) we obtain

ney1—1

(1.39) ak§wv[%] 2>

n=ny

(P"n—a = Kl(v)wv (;_1__

1—a
) __1](pnk+1nk+l =
+1

| 1 o
é KZ(v)wv(n )‘Pnk+1nl}-i_-1'

k+1
(1.38) and (1: 39) imply, by (1.36), that
or = Ky () (@015 " By, + 0y i 71 Br, )

-Hence and from (1. 37), on account of (1. 24), the statements (1. 28) follow.
In order to prove (1.29) we set J;=[2/,2/+!) (j=0,1,...). If n,€J,, then for
any |/, l#k ‘we have 1,4 J, , indeed n,., >2n,. Therefore, if m €J,, then

g

Bzik - Bzik+ 1 =B

ny

— B,

Me+1"

" Using this and B, =1 B, we have

"k+l = 2

2¢2 2"(1 D(Byn— Byns1)’ = K1 2902”‘2"‘(1 cZ)(B By, =

= K, Z"Pz'kzl"(lhm)Bv = K, Z @ntk "By, .

Hence, by (1. 28), the statement (1. 29) follows, and this completes the proof.

-§ 2. Proof of the theorems .

Proof of Theorem 1. Let F(x) be the same function as in Lemma 4. It is
well known that for any nonnegative nondecreasing function y(#) on [0, <)

1 1
[r(reNdx = [ 2(F(x))dx
R 0 :
(see [7], p. 54). Therefore it is sufficient to prove our statements for F(x).

Put _
' E, = {z: z¢[0,1], n = F(2) < n_+l} n=0,1,..).

It is clear that E,E, =0 (n=m), ZE =[0;1] and E,={tt;+1> %), where a, 4 O
-asn—>oo, Set

A, = fF"(z)dz.- ’
: 0
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Then 4, -0 as n —oo and for n=n,
1= 4,= [ F()dz = ma,
0

that is |
2.1 o, =1/n for nz=ng.

If v=p then we have to prove that
.‘ 1
1= [Fr@)@(F(@)dz < .
O .
Using Abel transformation we obtain
@2 I=s > [Prd Dok = Dokt S [Frayd: = 2 Pk~ A,
. n=0 E, k=1 k=1 n=k E, k=1

~ Hence for p=v _=A1, by (2), (1. 3) and (2. 1), the statement (1) obviously follows.
If v=p=>1, using (2), (3), (2. 1), _(2. 2) and Lemma 8, we get with ¢ =¢(p) that

=K 3 gk e[zne tog(L.g)+1) =
éKl{’é;'n“lw"[ J '2<pk 1~ ‘+1}<K2{2n‘1¢ w”[l f]-i—l}

thus (1) is verified for v=p> L.
If v>p, then A

1 oo 2-n+1
@3 L=/ F(z)v- o (F(2) dz = 21 f Fo)~ 7+ &(F(2)) dz =
. 0 n=1,2
= S ey T e(Fe) = 3,
: n=1 ’ .
By (4) , '
Pnm=K(N)o,,; m=1,2, ...,
and by (1. 4) o

F(24") = Kon.
According to these we have ‘
: ¢(F(2 M) = Klqoz..F(Z ")P
"~ Hence

I =K _Z1 27", F(27"Y".
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Using this and (1. 4) we obtain_

@9 =K, 2 épznz-"{l + 2> 2“"wp(2"‘,f>} =
n=1 k=1 '

n

oo ' v
= K, +K4 2 <Pz‘~2"’{2 2"’”wp(2“".f)} =
: n=1 k=1

| = K;+Ks Zq’m [Z”’ [l,f]J = K5+ 2,.

Using (2), (4) and Lemma 1 (ak=<pk , 11,,_Kn, =v) we get

5 1 v v .
o 1 y_ 1 v
2.5) 2, = Ky 2, onm™>m [m" ‘o, [;,f]] =K, Z onm? @} [—,f] < oo,
Collectmg the estimates (2 3), (2.4) and (2. 5) we -obtain that J, <o, that is,
(1) is proved.
We have completed our proof _ _
Proof of Theorem 2. An application of Lemma 4, (5) and (6) now yield

o . 2-"

f‘//(lf(x)|)dx = ftp(F_(x))dx = ;{; fl Y(F)dx =

—n_

oo

= 22-"-'1./;(F(2-"-1))% 22 n= 1¢[ {1+k§2"/1’w,,(2"‘,f)}] =

n=0 - =0

<K122"t//[1+§1'1’ [—f]]é

oo

s S S0l < Sl
"Hence, by (7), we obtam the statement of Theorem 2. ' .

. Proof of Theorem 3. The sufficiency of (9) has been proved by Theorem 1.
. The necessity of (9) will be proved 1nd1rect1y Suppose that
(2. 6) S g0 [l] = =,
. : ’ C n=1 - h
yet, (8) holds. According to Lemma 6 we can assume that w(5) iS'corrcave_. Now
" we can construct a function f,(x) leading to contradiction.

_ If v=p, then all the requirements of Lemma 9 are satisfied, thus we have a
. sequence {B,} such that it satisfies (1. 15) and (1. 16) with a=1.
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If v=>p, using Lemma 10 with o= '2—pl, we have sequences {B,} and {n}

satisfying (1. 25)—(1. 29) with o = 2—%.

Now define f;(x) as follows:
0,, If x=23.2"""2

fo¥) =40, if x=0, xe[1/2,1], x =277,
linear on [27"1,3.27"=2] [3.2-"-2 2=
1

. . n y— 2
(n=1,2,..), where g, = 2" 7 (B~ B )? and

First we show that f, (x) € o,
Let . :
@27
Then .
N f |f0(t+h)—fo([)|pdt = [_[ + / ]!fo(t‘*“h)‘fo(t)lpdt =1 +1,.
0 ) . 0 :

3h

he(27%=3,27k2], k=2

By (1. 15) and (1. 25) we have

1, = K(p) / |fo<x)|de =K f [fo)Pdx = K Z f o

n=k 3._n-1

x)Pdx =

=K, ngz—" 1=K, Z(an—B,m) = K, By = Ky (h).

To estimate J2 we use the mequahtles

o+ —fo(0)] = h2*2(g,+0,-y), if 27" ' =t=2"(Q=n=k-1)
and (1. 15). In fagt
' 2-1 k=1 2-n
L= [ fetD—f@Pd =2 [ 1ft+h-fi@)PFd =
2-k n= 2-n-1

. k k ok
= K(p)h? _ZO 2-Dop = K, h? Zé 2"P(BE,— Blusi) = K, hP =20 2P B, =

2k . .
= K,h» 2 i?"1 B? = K3 P2 0P (27%) = K, 07 (h).

i=1
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Summing up we get

(2.8) : So(x)EHP.
Next we prove that '
@9 fo@EL 7 o).

First we demonstrate (2. 9) if v=p. In this case, by (2. 6) and (1. 16), we have ‘ .
(2. 10) Z«qonn-lBg —~o as N — co.
n=1 . . .
By (1. 13) there exists a number K, such that ¢,,=K, ¢, for all n, and since B, | 0

. . : 1 .o
for any N there exists an integer N, such that By, <— By. Using these facts and

2
(2. 10), an easy computation gives that '
"
.11) o 2 BQMQI2™" ~ o as  p - oo,
. - n=1 :

Indeed, if 2* =N, we have
248

Zm IB"szzm -1(Bp— B;sl)szank' k=1(Bp—B%) =

n
gz[z o (pkk'lBk—¢(2“)B§#]+K2 =

u 2"
= 2[235’"_1 qokk'I—QS(Z“)B'Z’“] =
n=1 k=2"-141 _
“4 27!-1 ) .
= K3 [ZB‘Z,H—I (Pkk_l—¢(2u)Blz,u]+K2 =
n=1 k=2"-241
p—1
= K, [ 2 Bu(@(2)—o2i~1)) - 45(2")35,‘]+K4 =

b
=Ky 2 O(20(Bon—Bu)+ Ky = K3 2, #(2)0E27 "1 + Ky,
n=1 n=1 !

which proves (2. 11) by (2. 10).
It is clear that

z;ﬁ

f lfo(xw[%]dx: 2 [ Ifo(X)l”d’[ ]dx>
0 . n=05._n

2-n

= Z0@) [ 1hIrds=Ks 3 o@)er2,
n= 2 n=

-
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and thué, by (2. 11), we have _
L L _
Q. 12) . f }fo(x)lptﬁ[jl;]dx = oo,

Since ¢,2 = K, ¢, we have
' ¢>(u2)§K¢(u), ,

thus by . 12) applying Lemma 3, we obtain

f oGP (Ifo(]) dx = =,
that is, ,
@ LWL
Hefeby (2.9) is proved for p=v. ,
Next let us suppose that v>p. By @2 =K, ¢, we have

ud 2oy
() = 2, g = ka O = Ki@pgx?
Using this we get

V=41

1 . o - |
@19 10T e (@) dx = K, [ 1f@Pe(fot))dr,

4] (4]
where ' . ~

0, if x¢[0,1),
(X)) =3 P> if. x=mn,
' " |linear between n and n+1

(n=1, 2, ...). Furthermore, an application of Lemma 10 with & = 2——%, especially
(1. 29), gives that

_Zm 2( )(an—Bz.m)_oo

and this implies

@15 J= fffo<x)1<p[ ]dx—oo

Indeed, we have

o 2-n+1

=2 f lfo(x)lw[ ]dx>K12<pzngnz">

n—12 n

v

= K Zm'(pZ"zh( )(Bp" Bg"H)p = Kz Z(Pzn (F-I)(an—ann)v.

n=

Applying Lemma 3, by (2. 15) and (2 14), we obtam 2.9 also for v=p.
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The statements (2. 8) and (2.9), however, cor_)tradict (2. 6) and hereby the
- necessity of (9) is proved. _
The proof of Theorem 3 is thus completed.
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On the convergence of Fourier series in every arrangement
- of the terms

By FERENC MORICZ in Szeged

1. In our 'e>ar1>ier paper {2] the following theorem was p;oved:
‘Theorem A. If {o(n)} is any sequence of positive ‘numbers for which
| | o(n)=o(log log n), ")
then there exists a square mtegrable function .on (0, 27) whose Founer serzes'
O o Zl' (a, cos nx +'b,, sin 7x)
is such that " ) v
3@ +bet) < =,

and which can be rearranged into an everywhere divergent series

Z (@ugzy €08 n(k) X + by sin n (k) x).

In this paper we are going to sharpen this result sllghtly by makmg use of an
observation of TANDORI [1]. Our theorem reads as follows: :

Theorem 1. Let r[(< 1) be a poszttve number There exists a sequence of numbers
as by, ...,a,, by, ... such that

@ (a2 +b2) log log n (log log log 7)! =" < e,

and ‘the Fourier series (1) can be rearranged into an almost everywhere divergent
series.

1) In this paper log means logarithm with base 4 but, of course, this is not essential in our
considerations.’ :

3 A
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As to the partlal sums of rearranged Fourler series we have the following
estimate:

Theorem 2. If n(<1) is a positive number then there exlsts a square inte-
grable functzon whose Fourier series

Z (A, cos nx+ B, sin nx)

n=1

. can be rearranged in such a way that the partial sums S,(x) of the rearranged series

oo

> (A cos n (k)x‘ + B, sin n(k)x)

k=

-

satisfy the relation

Tm 1S, ()]
i~ Vlog log [(log log log 1)* ="

almost everywhere.

We remark that in the assertions of Theorem 1 and Theorem 2 the words
““almost everywhere” can be replaced by “‘everywhere”. This refinement needs the
same technique as can be found in [2]. (See there Lemma 4.)

It seems to be. very probable that the analogous results hold in the case of
‘Walsh’s orthogonal system, but we do not treat it here.

In the sequel we shall use the following notation as an abbreviation: A(n)=
=log log n(log log log n)!~"if n=17, and i(n)—l if 1<n<16 where n(<lisa
given positive number.

2. The proof of Theorem 1 is based on the same idea as was worked out in
our citéd paper [2] to prove Theorem A, except for that paper’s Lemma 3, which
will be improved in a simple way. Let us recall here this lemma: '

Lemma 1.2) Let o be a natural number, and let e(<mn/2) be a positive number.
Then there exist mutually disjoint®) trigonometric polynomials R (x) -and-simple sets
EP (k=1,2,...,3i=1,2,...) with the following properties:

: 2)AHere we give the original lemma with a little modification with respect to the frequencies
occurring in R{(x) (k=1, 2, ..., 3%). Originally, we stated that they were contained between f_;
and f; (=1, 2, ...). Our new assertion concerning the occurring frequencies is essentially included
in the proof of the lemma in question. ‘

%) For a function g, cos nx+b, sin nx (z0) we call n its frequency. Two trigonometric poly-
nomials are said to be disjoint if they have no terms of the same frequency.
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| (i) the frequencies occurring in'R,E")(x) (k=1,2,...,3") are contained between
Jevi-1 and fou; W/7e"ef:i:(cl/3)j44j UG=12,..09

n( 3t . 2
(i) f[ZR,g")(x)] dx=C, for i=12,..;
% =1 :
(iii) the sets EQ) (k'=1,2, ..., 3) corresponding to the same value of i are disjoint.,
the set . '
Tom N
= -, —]| — (i)
Fl [ 4 ’ 4] kL=Jl Ek

consists of at most f,,; disjoint intervals, the lengths of which are at least 1/f, . ;, and

' - 1
) - mes(F) §-8[1—§i]35)
(iv) for any natural number i, the trigonometric polynomials RY (x) with
k=1,2,...,3;j=1,2, ..., i can be arranged into a sequence :

U®(x), UP (), .-, (')(x) where J; = 3+3%4 ... +37;

I

such that
) Z’ UD(x) = é for every x€EWM
S i=1

with " (=J;) not depending on the particular point x in EP (k=1, 92, ..., 3.

"The ‘only new observation — but an essential one — is ‘the fact that the trigono-
metric polynomials RY (x) corresponding to the different values of j have to be
considered with different “weights”. More precisely, we give the following stronger
form of Lemma 1:

Lemma 2. Let i(Z4) and o be natural numbers, 1 <a=Vi, and let & be a real
number, 4'4“<'e<rc/2 Furthermore, let R (x) (k=1,2,...,3; j=1,2,...,i) and

E® (k=1,2, ..., 3" be, respectively, the disjoint trzgonometrzc polynomlals and the
disjoint simple sets in the sense of Lenmwma 1; and let
. aloga ==

— '_OC<'§I'.
Jlogj yoe=J

4) In the following C,, C,, ... will denote positive constants,
5} mes (F) denotes the Lebesgue measure of the set F.,

3
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~ Then the coefficients a,=a\?, b, =b" defined by

~

RS ¥

2 DRD(x) = D (aycosnx+b,sinnx)  (j=1,2,...,1)
k=1 . n=fyij-1+1 .
. fulfil the inequality _
fa+i
7 . . . 2
© L2 @B = (o

Denoting by . _ .
VO, V3 (x), oy V()

the arrangement- of the trigonometric polynomials D RO(x) (k=1,2,...,3;
j=1,2,...,1) made in the same way as in Lemma 1, we have

(u
(8) 2 VO(x) = C, log 1"5’
for every xc E® (k=1,2, ..., 3).
# Lemma?2 can be proved by nearly the same argument as Lemma 1. For this
reason we give only a sketch of the proof.

First of all, on the basis of the condition on ¢, we - find
. A(fy) = Csaloga)t ™ if 1=j=a,
. 2(Jfarj) = ,I(fzj) = Csjlog ™" if a<j=i.

From (u) and (6), by a simple calculation, we obtain

Sast T

2 (@ +b)in) = ZA(fH,)DZ J [Z R,Sﬂ(x)] dx =

"=f¢+ 1

1 d 1 C,
= CZ{Z + -% }A(’Z‘*')DZ*C’CS{(loga)“" 2 j(logj)1+"}§ (log oy’ )

which is the assertion (7).

6) The last estimate follows from
i 1 Fooodx Cs

— = C =
j=§1 jllog )t s;[ x(logx)**" . (loga)"

(7= 0).

We shall also make use of another inequality that says

i

2‘ - - = 7f = (C; (loglog i —log log o).
jear1/log] : xlogx
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As to (8), by applying (5) and (6), we get in the same wéy as in the proof of
Lemma 1 that .

) i i ,
$ 1 111 1 _ log i @)
PACE 8 =1 Pi=3 {1030‘+;‘=§1 jlogj} = Clog loga (<€ £,

which concludes the proof of Lemma 2.

3. Proof of Theorem 1. Set ¢,=1/m (m=1,2,...), and define the
increasing sequences of natural numbers {«,} and {/,} by recurrance with. respect
to m as follows: for m=1 put o, =2 and i; =4, furthermore, the numbers a,,,,
and i,,,, are chosen so large that the following conditions are satisfied form=1, 2, ...:

fam+im — (Clm)am+i,,,44z,,.+i... - (Cl(m'*' 1))um+|44¢m+1 — fa,,.“a
® '
1 - 1
(log tpyy)! — (m+1)?

. 2
and Imi1 = QLmgy-

It is clear that these choices are possible. _
Then apply subsequently Lemma 2 with e=¢,, a=a, and i=i,(m=1,2,...).
We obtain the trigonometric polynomials ¥ (x) (/=1,2,...,J; ; m=1,2,..)

satisfying (7) and (8), and denote by T,,(x) the sum of all J¢m (x - lnz_n) correspond-

ing to the same value of i, It is obvious that

fﬂm‘l"lm
T,(x)= 2 (aycosnx+b, sm nx) (m=12..).
n=fa,+1 »

Now consider the series

(10 mg; T (%)

By virtue of (9) the trigonometric polynomials 7,,(x) and T, (x) do not overlap for
m=m’. Therefore, writing every 7,,(x) in (10) in extenso, we represent (10) in the
form of trigonometric series

oo

(11) 2 (a,cos nx+ b, sin nx),

n=1 -

where the coefficients a, and b, not occurring in any T,,(x) equal 0.
Taking into consideration (7) and (9) we obtain that the inequality (2) holds.
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Now write down the mutually disjoint trigonometric polynomials.V,'("m) (x - %)

(I=12,...,J;;

i1 T it om i T
Vl( )[x—fl, 2()[x—'i],...,.V:](h)[x—i‘];...
. i (im) mn R 7 ol P
[ 2] O B FRRPR /4 i ol B

- and label the occurrmg frequencies, in this order, by the subscript n(k) (k =12 ...
It is clear that the series'

m=1, 2, ...) in this order:

(12) : > (@nqry cOs N(KY X 4- b1 sin n(K) x)
k=1

is a well determined arrangement of the non-vanishing terms of (11).
On account of (8).and (9), for every m(=1) we find that

. ! : '
_ max { 2 (@uqry cOs (k) x + by sin n(k)} =C,log2
fflm<I§fdm+im k=f(lm+1

. [(mn m mn
holds in [T_Z’ 5
We can easily see that almost every point of (—x; ) is not contained in infinitely
many F,.7) Thus the series (12) is divergent almost everywhere and the proof
of Theorem 1 is complete.

- .
+Z) except on a set F, of measure less than 1/m.

4, Proof of Theorem 2. Starting with Theorem 1 it is possible to deduce
Theorem 2. For this purpose we define the sequences {e,,}, {%,} and {i,} of numbers
exactly as in the proof of Theorem 1, i.e. so that the conditions (9) are satisfied.
We consider the trigonometric polynomials D; R (x) (k =1,2,...,3;j=1,2, .., i,
defined by Lemma 2 for m=1, 2, .. Denote by - '

Wi (x), Wz"'m) () s W ()

the arrangement of the trigonometric polynomials VA(f,, + ) D;RP(x) (k=1,2, ...,3/;
Jj=1,2,...,i,) made in the same way as previously descrlbed in Lemma 1 concermng
R"’(x) It is clear that

"lm fam‘Hm
U (x) = > Wi { ";”] = D (A,cossx+ B,sinnx),
l=. . n :fam+1

7) We consider the sets F on the whole line of real numbers modulo 27,
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- where A, = V(1) @ and B,=VI(fy s ) ba it forijor <1 Zfo ;G =12 s
m=1,2,..), and the coefficients a,, b, are defined in Theorem 1. v

Now we form the series .
(13) . - > Un().

m=

o

Since two polynomials Um(x)'with different subscript are disjoint owing to (9), we
obtain the trigonometric series

(144) : ’ Z(Ancosrrx+aninnx)
. . n=1

by writing out the terms of each trigonometric polynomial in (13). The series (14)
" is the Fourier series of a square integrable function. Indeed, by (2), we have

f<A3+Bs> = > [urmax=
n=1 m=1 _%

n

= 2”2 W) 23 f [2 R“‘>[x—~—]]2dxs-

HA

s fam+1m
Z 2 (@ +b2)/1(n) < .
m=1p=fo.+1

Finally, let us rearrange the terms of the series (14) as we did in (11). In this
way we obtain :

Z (An(k) COS n(k)x+ n(k) sin I’I(k) X)

Denote by S;(x) the /th partial sum of this series. We are goirrg to show that
S =S,, )
fon= I Furcsin Vl(ﬁm+,m)

does not tend to zero almost everywhere (although o, o). To achieve this aim,
.let us consider the trigonometric polynomials V% (x) (I=1,2,...,J; ) and the
simple sets E{ (k=1,2,...,3) in the sense of Lemma 2. For every x¢E{~
(k=1,2,. 3'm) we have : '

‘u(lm) .

(im) () _
Z v (x) Z(Z D;R; m) J_Zw(fw

where the sum Z* is extended over every integer value of k (1 =k=3/) for which

( Z DV (jam+,)R"’<x))

the trrgonometrrc polynomial D;R(x) is equal to some V,im ’(x) occurring on
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the left-hand side sum of this mequahty (j=1,2,...,i,). Performing an Abel transform
we find that

ﬂls‘m)

2 K =

o im—1 1 9 .
15 = [ *DVA(f, - )R () +
= 2 Vufamm Vi) > (&7 DAL R0

S — *D ] o] R(J)
Vﬂ(ﬁm+.m) JZ (2" DYAfsr RO ).

We notlce that the last term on the right-hand 31de of (15) equals

P

V)"(f;zm+lm =1

We assert that the series on. the right-hand side of (15) converges to zero almost
everywhere (as.m-—<c). By a 51mp]e calculation we obtain

W ).

2 (2 D; me,)R,s“(x))

dx =

im—1 . 1 l
I=Zl7 [Vl(famﬂ) V/l(famﬂﬂ)]—'n/

im—1 1 . ) ) }1/2
=)2 D} A(fo, ) RY d =
V2 2 [w(fw) Vzmm+,+l>]{2 (f'" ) f 2 () as

c amE——l[ 1 1 }{ famz-’i—im ( b1 )}1/2
B DU N 2esam)
i Vi Vi) et @

where we took into consideration that the trigonometric polynomials R (x) .
(k=1,2,...,3;j=1,2,...,i,) are mutually disjoint. On account of (2), by Beppo
Levi’s theorem this implies our above assertion. Denote by H the set of measure zero,
on which the series on the right-hand side of (15) does not tend to zero.

~ By virtue of (8) and (9) we get that

ulim)

- Sy(x)— St (x) 1 "Zv ;i) [x_ml] = C,log2
<lsf,m+‘m V)(ﬁ.m+.m) 2V/1(ﬁm+;m) =t 2 2
holds in (?—% ln2—n+ n] prov1ded x¢ F,UH and m is ]arge enough, where

3lm G )
Fm = U Eklmy R
k=1~
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and thus mes(F,)<e, =1/m. It is obvious that almost every point of (—, 7:)'
is not contained in infinitely many F,,U H. Taking into account the elementary fact

that
S0=8,0_ s

PRy NiGurs)  SenS15 famrin VAD)

we can see that

Ill\

lsx(x)l C4 log 2
’“‘” Vi) 4

holds almost everywhere. ThlS proves our statement (3) and finishes the proof of

Theorem 2.
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The central limit theorem for multiplicaﬁve systems

By FERENC MORICZ in Szeged

1. ALexiTs introduced the following definitions (see [1], p. 186): The‘_s,equence
of real measurable functions ¢, (t), ¢,(¢), ... defined in the interval [0, 1] is called
a multiplicative system if all its finite products are Lebesgue integrable with

. : 1 : ' ’
o fqo,,l(t)...(p,,k(t)dt =0 ny<-=<nm; k=12,..)
0 A

The sequence {¢,(¢)} is called an equinormed strongly multiplicative system (in
abbreviation: ESMS) if the system {@.,(8).. %k(t)} (n, <--<n; k=1,2,..)is ortho-
normal, i.e. '

1 : . 1 o
Q) - Je.)dr=0, [eiydt=1 (n=1,2,..);
p g | > .

. 1 1
Jonwopd = [op@dr... [or @,
0 0 0

where r|, ..., r, can be equal to 1 or 2.

2. These notions proved to be tractable and useful ones, because the behaviour
of the series arising from the functions of an ESMS resembles, in many respects,
that of series of independent functions. This is. not suprising, as a sequence of
-independent functions with mean value 0 and disp'ersion 1 is an ESMS. Another
example for ESMS, also having a lot of properties in common with the indepen-
dent functions, is a strongly lacunary sequence of trigonometric functions, i.e.
{V2sin 2nmy x}, wheee my . /m, =3 (k=1,2, ...).

A number of authors have generalized the central limit theorem for lacunary
trigonometric series. The most general result is due to SALEM and ZyGMUNnD [l11],
who state the following '

" Theorem A. Let Sy(t) denote the Nth partial sum of the lacunary trigono-

metric series 2, (a, cos myt+by sinm t), my, Jmyz=qg=>1 (k=1,2,...), and let
k=1 N . .
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a,,a,,..;by,b,, ... be arbitrary sequences of real numbers for which

& 172
Com {5 Z@rod) = and (a0 = o)
K=1
Then for any set ECI0, 2r] of positive measure the distribution functions

mes ({t: € E: Sy(t)/Cy < }) 1

Fy(y; E) = mes (E)

tend pointwise to the Gaussian distribution. with mean value 0 and dispersion 1.

The present author (see [6]) managed to generalize the above theorem almost
word by word to ESMS. Before saying it in an explicit form we introduc the
notations

&®=§qmmcm:§¢

where {c,} is an arbitrary sequence of real numbers.
Theorem B. Let {¢,(t)} be a uniformly bounded ESMS. If
€) (@) Cy—e and (i) cy=0(Cy),

then the distribution functions

Fy(y) = mes [{tE[O 1]: ng:) y}]

tend pointwise to the Gaussian distribution function

y 12

1 =
G(y)=72: fe 2 gy,

-— 00

Another generalization of .the central limit theorem'is due to REvEsz [10], whose
theorem reads as follows:

Theorem C. Let {¢,(2)} be a uniformly bounded multiplicative system such that

: 1 . 1
@ [ o2 ()dt = [@2()dr =1 (m==n).
0 0 '
If .
Cy—c and Z log2N<oo '
then for every y, Fy(y) tends to the Gaussian distribution function.

- 3. In this paper we propose to give a complete solution of the problem of the
central limit theorem concerning uniformly bounded ESMS or only multiplicative

1) mes (E) denotes the Lebesgue measure of a set E.
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systems satisfying (4). We shall prove an even more general result, namely, that in
the case of ESMS the distribution function of Sy(t)/Cy on every fixed set of positive
measure tends to the Gaussian distribution functlon

Theorem 1. Let {¢,(t)} be a uniformly bounded ESMS, and let E be a subset
of [0, 1] with mes (E)=0. If (3) holds then

mes {(t€E: Sy(1)/Cy < y)}
mes (£)

FN(y;E)

tends pointwise to the Gaussian distribution function.

We should like to point out that in case £=[0, 1] the central limit theorem is
valid under apparently weaker conditions than those of Theorem 1.

Theorem 2. Let {¢,(¢)} be a uniformly bounded multiplicative system satisfy-
ng (4). If (3) holds then Fy(y) tends pointwise to the Gaussian distribution function.

Evidently this theorem contains, as particular cases, both Theorem B and
Theorem C. ‘ -

The theorem which follows indicates that if Cy -~ then the second condi-
tion (3) is indispensable for the validity of Theorem 1. We note that by a distribu-
tion function we mean any non-decreasing function F(y), continuous to the left,
with lim F(y)=0and lim F(y)=1. '

Y-+ —co y—++oo

Theorem 3. Let {¢,(t)} be a umformly bounded ESMS and let EcC]0, 1]
be a set of positive measure. Suppose that Cy — <= and that Fy(y; E) tends to a distribu-
tion function F(y) (at the points of continuity of the latter) such that either F(y)=0
or F(y)<1 for all finite y. Then (3) (ii) must hold. '

Theorem 1 and Theorem 3 generalize the results of SALEM and ZYGMUND [11] :
from lacunary trigonometric series to ESMS.

4. Suppose now that

(5) ;’ ca@n(t)

is of the class L2, i.e. > ¢? <oo. It is known that in this case the series (5) converges

n=1

almost everywhere in [0, 1]. (See ALEXrTs [2], or ALExiTs and TANDORI [3]). The
remainder S‘ ¢, 0,(t) of (5) represents then a certain function Ry(¢). By Gy(y; E)
we shall men:rl: the distribution function of Ry (¢)/Dy over the set E [0, 1] of positive
measure, where D} = S‘ ¢2. The proofs of the following two results are repetitions

. n=N
of those of Theorem 1 and Theorem 3.
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Theorem 4. Let {¢,(2)} be a uniformly bounded ESMS, and let E be a set with
mes (E)=0. Suppose that (5) is of the class L?, and that cy/Dy—0. Then Gy(y; E)
tends to the Gaussian distribution function. )

Theorem 5. Let {¢,(t)} be a uniformly bounded ESMS, and let E be a set
of positive measure. If (5) is of the class L* and if Gy(y; E) tends to a distribution
Sfurction F(y) which is not constant outside a finite interval then cy/Dy—0.

Instead of the partial sums of (5) we may consider linear means of the partial
sums. Analogous theorems are valid for ESMS just as much as for lacunary trigono-
metric series, and ‘we refer again to the cited paper of SALEM and ZyGMUND [11].
To make the analogy complete, let us mention the following fact, which plays an
important role in the considerations of the above authors: If the series (5) is summ-
able by a linear summation process, regular in the sense of Toeplitz, in a set of
positive measure then (5) must converge almost-everywhere. (See in [8] of the present
author.)

5. Finally we remark that the notion of multiplicativity can be much more
generally defined as follows (as for this terminology, see, in detail, REvEsz [9]):
Let {Q, &, P} be a probability space, and let &, &,, ... be a sequence of random
variables on Q with E(£,)=0, E(¢?)=1(n=1, 2, ...), where E(¢) means the expecta-
tion of £.2) The sequence &, &,, ... is then called, for example, an ESMS if

E@E .8 =EE) .. EEGE)  (y<-=<m; k=23,..),

where r,, ..., r, can be equal to 1 or 2.

In this paper we consider only the particular case, when Q=[0, 1], & is the
class of Lebesgue measurable subsets of [0, 1], and P is the common Lebesgue
measure on it. Our results hold in the general case as well, without changing the
proofs, but terms must be replaced by suitable ones in the probability theory.

6. To prove Theorem 1 and Theorem 2 our point of departure is the following
lemma which is of interest in itself.

Lemma 1. Let {¢,(t)} be a uniformly bounded sttem of real functions satisfy-
ing (4). If (3) holds then » o
‘ . ‘ 1 < 22
EI%- n;: Cn @n (t )
converges in measure to 1. .

- ) le E@ = [é@ap.
‘0
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We note. that this is an earlier result of the present author (see [7]), but there
was given an unnecessarily complicated proof. That is why we give another proof,
much simpler than the former one.

B Pfoof of Lemma 1. We begin with

o 200 = 14+ 2 S A@0-1) = 1450

N n=1

We observe that owing to (4) the system {p2(1)—1} is orthogonal 3), on the other -
hand, it is not difficult to see that (3) is equivalent to

© o (,max_[c,[)/Cy ~ 0.

Hence the measure of the set of points where ]§N(t)l§s >0 is less than .

1 1 N 1
/ Gd= ;& _21 {f <p:<t)dt—1}
_and so tends to 0 on account of (6) and the uniform boundedness of {(p,,(t)} Thus

the proof of Lemma 1 is complete.

7. Proofs of Theorem 1 and Theorem 2. The main idea used throughout -
the proof is due to SALEM and ZyGMUND (see . _

We make use of the classical method of characteristic functions. In view of
Paul LEvy’s theorem it is enough to show that over any finite range of x the charac-
teristic function of Fy(y; E) tends to that of the Gaussian distribution with mean
value 0 and dispersion 1, i.e. to e~** The characteristic function of ‘Fy(y; E) is

+ oo
Ox(x) = [ e ™ dFy(y; E).
From the definition of the Lebesgue integral we find that

. | ixSy () ixc, @, (t)
M ot =2 (E)/ { on }"“mesw)fﬂ p{ Cy }

Hence, using the fact that

expz = (1 +z)exp {$z>+ O(]z|3)} =(1+2) expv{-}z‘2 +o(jz]?)}

3) P. REvEsz called our attention to the fact that this can make proofs of theorems concern-
ing ESMS simpler. .
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for z —~0, we can write (7) in the form

1 o ixcnco"(t)] ) xcntp..(t)
mes(E)f e(”g{[“ oM R 7o ]}d"

where the term o(1) in e"(” tends to O uniformly in t as N—»oo, prov1ded x=0(1),
which we assume from now on. :
Observe now (since 1 +u = ¢*) that

ﬁ[l ,.xcc(pn(t)]‘ - {]][l+7x CnKZ ]} ée%le(z,
N .

n=1 n=1 CN

®

‘where K denotes a common bound of the system {¢,(#)}. Hence, by virtue of Lemma 1,
it follows that, with an error tending uniformly to 0 as N —os, the integral (8) is

ixc <p"(t) |
mes(E) f | [ ]"’

Denote the last integral by I. It is enough to show that I tends to mes (E)'.
By (1) this is immediate if E=[0, 1] and thus the proof of Theorem 2 is complete.
Continuing the proof of Theorem 1, expand the integrand of (9) in the form

{521 Zorvo
N

n=1 v=1

- ©

where the numbers a® depending also on x and the product system {,(@) are
defined as follows: Let

vEMg e g (0=n, < <n; kz=1)
denote the dyadic representation of the index v=1. Set

: ix)* ) '.f {= N
- a(N)‘= —'—CTN Cn1+1...c,,k+-1 I ,‘ ‘='V< N
v

‘ 0 if v = 2N;
!p (t) = ¢n1+1(t)“‘.(pnk+l(t)'4)

and

By (2) it is obvious that the system {x//v(t)} is orthonormal In partxcular, we

obtain
Iy = mes(E)+ 2 y,0(,
vzl

" 4) {w(1)} is called the W-system generated by {p.(f)}. (See in -detail ALextts [1], p. 187.)
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where the y, are the Fourier coefficients of the characteristic function of E with -
respect to the system {i,(+)}. In view of (6) each aM tends toQas N-o(v=1,2,..).
Hence, if v, is fixed, ,

(10) Z el = Z + Z = o()+( Z92)12( 3 )2,

vEvy v=>vy v>vg v>vg

" The first factor in the last product is arbitrarily small if v, is large enough - -
(since Zy2 <eo), and we are going to show that the second factor is bounded. To
estimate it we remove the restriction that v=v,. This adds only non-negative terms
to it, and the expression obtained in this way then collapses back into

~ Taking into account again that 1 +# = €", we can see that this product is not
greater than e*’. Collecting results we deduce that the second factor in the last product
of (10) is bounded. Hence Iy —~mes (E), and this concludes the proof of Theorem 1.

8. Proof of Theorem 3. We note that the proof does not require the full’
“power of a uniformly bounded ESMS but only a much weacker assumption on
{¢,(t)}, namely, that it is a uniformly bounded system, say with K.

The following argument follows closely that of a similar theorem.in the paper
of SALEM and ZyGMUND [11]. For the sake of completeness we give the proof in.
detail here too.

Let us assume for example F(y)<1 for all finite y, and that (3) (ii) is false.
Then there is an & >0 such that ¢,/Cy = ¢ for-infinitely many k; consider only such k.
Let Ey(y) denote the subset of E where Sy (¢)/Cy <y Obv10usly, Cy—,/Cy<(1 —g2)t/2
and the formula

Sy(t) _‘SN—I(t) .CN—_1+ ey on(t)

Cy Gy Gy Gy

shows that at every point ¢ of Ey_,(») with y=0 we have

A 6]

_e2\t/2 4 R
C. < y(l—-e)V* 4+ K

1t follows that Ey_(y) is included in Ey(y(1 —¢?)'/2 +K), and so
Fyo1(p; E) = Fy(y(1—e)'* +K; E).
Let y be a point of continuity of F(y). Letting N — < gives

(an F(y) = F(y(1=e?)V2 4+ K). -

4 A
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However, from the assumption that F(y) is always-less than 1 and from the
fact that F(y)—1 as y — o it follows that there are points of continuity y >0 such that

F(y) = F(y(1 )2 +K).
This contradicts (11) and completes the proof of Theorem 3.

9. Finally, we produce an application which shows that the central limit theorems
can be used to obtain exact estimates on the asymptotic behaviour of Sy(¢) in L?
norm (p=0). In [6] the present author has already proved that the mean of degree
p of Sy(z) and the Cy are equal to within a factor. To be more precise, our cited
theorem reads as follows:

Theorem D. Let {¢,(1)} be a uniformly bounded ESMS. Then, for every positive
real number p, we have

‘ ) 1 . 1/p
az. KiPCy = { J lSN(t)I"dt} = K{PCy,
| . p |

where K{P and K are positive constants depending only on p.

Now we are able to improve these inequalities not only in case [0, 1] but for an
arbitrary fixed set Ec(0, 1] of positive measure when (3) is fulfilled. Namely, we
show the following holds:

Theorem 6. Let {9,(t)} be a uniformly bounded ESMS, let EC[0, 1] be a set
of positive measure, and let p 'be a positive number. If (3) holds then

g[S

. This theorem makes the relation (12) much more exact in case (3). As to its
proof we refer to a known result concerning the convergence of distribution functions
and that of their moments. :

Lemma 2. Let p and & be positive numbers, and let F(y), F (), F2(p), ...
be the distribution functions of the LP*? integrable functions F@), [1@), f2(1), ... with

1

[ 150+ dr = K (n=1,2.)
o
where K means a positive constant. If F,,('y) converges to F(y) at the points bf continuity

of the latter. then '
1 1

[f@pdi— 17w
0 . 0
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This lemma can be found, for example, in the book of LokvE ([4], pp. 178—185)
or, in the special case p=1, it is proved in our paper [7]. The proof given in the latter
can be extended to this more general case word for word, but Schwarz’s inequality
" must be replaced by Hélder’s inequality in it.

To prove Theorem 6, after having Lemma 2, it suffices to remark that

, e
[0l dt = mes(E) [ |yl?dF(y; E),

where F(y; E) denotes the distribution function of f(¢) relative to the set E.

As to the integral on the right-hand side of (13), with the factor 1/Y2x, can
be easx]y calculated in many cases, for example, it is equal to 1.3... (p—1) if p
is an even number, :

It would be interesting to know whether Theorém'6 remains valid also in
case the integrand on the left-hand side of (13), or only the integrand of (12),
is substituted by max |S,(¢)|. The analogous result for independent functions

1=n=N
“is true (see [5]). Such a result, if' valid, would considerably contribute to the -
investigation of the divergence features of the series. arlsmg from the functions of

_an ESMS.
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On Haar anﬁ Schauder series

By L. G. PAL and F. SCHIPP in Budapest

1. Consider the Haar functions (1]
W) =1 (x€[0, 1),

_ k 2k+1))
y2m \6{7,,—2%]]
_ %k+1 k+1
1O =1 -72" |xe _,..;-T’*t— ’
| 2 2m
o k 2k+1) (241 k+1
0 . XE[O, 1]\{[—2_”_,’ 2m+1 )U(2m+1 ’ m ]}]’
(m=0,1,2, ..., ; k = 0,1,2,..,2"—1) and arrange them in a Seq“ence abio

by setting yo-—/‘o) and y, —x,ﬂ" for n=2"4+k.
The system of the functions

(M @ulx) = fxn(t)dt O=x=1;n=01,2..)
p - ,

will be called the Schauder—Ciesielski system (cf. [2], [3]).
’ We associate with every function f(x) on the interval [0, 1] the numerical sequence
{cn(f)}ro defined by

@ colh) = 1D-10),
Q== [ ey o =7 o (2t} s ) (5

(n=2"4hk; m=0,1,2,...; k=0,1,2,...,2"—1)
and call '

&) | SN =10+ 2 6o ()

the Schauder—Ciesielski series of the function f(x).
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If f(x) is continuous on the interval [0, 1] then it is known that the series (3)
converges uniformly to f(x) ([2], [3]).

Theorem 1. For an arbitrary function S(x) on [0, 1] the series (3) converges
_ 10 f(x) at every dyadic rational point x, and at every point x where f(x) is continuous. .

Proof. For thé partial sums _ .
@ 800 =S5,060 =/O+ 2 a(Ne)

we have evidently that
Su(0) = S5u(x) o S(¥) = Spuei(x) if 2 =mn< 2l

Thus it is enough to study the convergence behaviour of the partial sums
Sy (x). ‘ ‘

Let x be an arbitrary but fixed point in the interval {0, 1]. For every v we define
the pair of dyadic rationals «,(x), §,(x) by the inequalities:

® ww=g=x<tl=pe  ©=i<ron
From (2) and (4) we deduce
©) Szv[f;?]zf[?] (v=012..;1=0,1,..,2"=-1).

Since S5(x) is linear on the interval («,(x), §,(x)), (2) and (4) imply that

U S (%) = flan () +27(x — o, ) {/ (B, (%) —f (. (D))

For dyadic irrational x our assertion follows from (7) if we take into account
the inequalities 0 < (x —«,(x))2* < 1. For dyadic rational x the assertion is trivial. '

2. A funct.ion J(x) (x€[0, 1]) will be called D-differentiable at x if

2L (B x) =/ (2 ()]

tends to a finite limit f5(x) as v —+oo,

Theorem 2. Let f(x) be an arbitrary function defined on [0, 1]. Then the Haar
series ' ' :

® S = D (Nl

n=0

wit‘h the coefficients defined by (2) is convergent at a'dyadic irrational point x if and
only if fy(x) exists, and in this case its sum is equal to fp(x).
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Proof. From (1) and (6) we deduce that

2v—1 2v—1 ) _ .
&) - osp(x) = Z C_t(f)%t(x) = ,;(: a(Ner(x) = §2:(x) =
= 2'[S,.(f; By (%) — S (f3 0, ()] = 2 [/ (8. (%) —f (&, (9))]-
Since ‘
(10) 5,(x) = 5p(¥) or 5,(x) = spei(x) for 2V =n < 2%,

our assertion is an immediate consequence of (9).

Theorem 3. The series
(1) ‘ 2 @)

is the Haar— Fourier expansion of a Lebesgue-integrable function If and only if there
exists.an absolutely continuous function F(x) for which a,=c,(F), i..

a S'(F) = 2 1o
Proof. Suppose (11) is the Haar—Fourier expansion of a function f(x) € L[0, 1],
i.e. that -
(13) a,= [f®ux)dx  (1=0,1,2..).
]

Let F(x)= f 1(t) dt. Integration by parts gives
b

a9 a,= [ F®p(x)dx = — [ Fx)dp,(x) = c,(F)
0 . 0

for n=1,2,3, ..., while for n=0 the equality ag=cy(F) is ‘trivial.
Conversely, if F(x) is absolutely continuous, then we can consider the series
(11), where

1 ‘ 1
4, =~ [FO)dp,() = [ F @) ax,
] 1]

-i.e. S’(F) is the Haar—Fourier expansion of the integrable function F'(x).

.Theorem 4. All the partial sums of a Haar series (11) are non-negative every-
where if and only if there exists an increasing function f(x) on [0, 1] for which
S'(F)=Za, x”(x).

Proof. If f(x) is an increasing function in [0, 1], then by the equation (9) the
partial sums of the Haar series S’(f) are non-negative everywhere.
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Conversely, if for all x€[0, 1] and for every n the inequalities

n—1
500 = > an@) =0
hold, then the functions ‘

(15) 5,0 = [s@0d  @=12.)
0
are absolutely continuous and increasing for every n, and the equalities

S,0=0 S,()=a,

hold. Applying the theorem of Helly we can ple out a subsequence {S, (x)}i=, of
the sequence (15) such that the limit

(16) _ Jim S, (x) = F(x)

exists for every x [4]. The function F(x) is evidently increasing on [0, 1] and we have
F(0)=0and F(l)=a,.

Since the functions S, (x) satisfy the inequalities 0= S, (x) =a, we have by the
dominated convergence theorem of Lebesgue that

an im [ 5,00 dt() = [ F) du().
0 o]

Since by the orthonormality of the Haar System the equalities

1 1 -1 ’
[ S0 () = = [ 1n() dS,, (x) = = [ s ()5, (x) dx = —
0 0 0
are true for n, =m, it follows from (17) that

. . ,
aw=— [ Fdfm, i€ ay=c,(F) (m=0,1,2.).
0 : ' Q.E.D.

The following assertion can be proved in a quite similar way. (We have only
to use the decomposition of a'function f(x) into its positive and negative parts.)

n—1 .
Theorem 5. For the partial sums s5,(x)= > a;y,(x) of a Haar series (i1) .
=0 . :

we have
- 1
L= [ls,ldx = 0(1)
4]
if and only if there exists a function F(x) of bounded variation on [0, 1] for which

'S,(F)——- 1=§; agy(x).
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3. In this section we mention some corollaries to the above theorems.

Theorem 6. A Haar series with non-negative partial sums converges almost
euerywhere to 0 if and only if there exists an increasing smgular Sfunction f(x) for which
the Haar series is identically equal to S(f )

The theorem is an immediate consequence of Theorems 2 and 4.

Theorem 7. There exists a Haar 'se'riejs with non-negative partial sums, whiclr
is not the Haar—Fourier expansion of some function f(x)€ L[0; 1].

"This follows from Theorem 6 if we apply it to an increasing singular function.
Thus the fact, conjectured by STEINHAUS for trigonometric series, and proved in [5],
does not hold for Haar series. )

Finally it is possible to give a class of continuous functions which are not differen-
tiable almost everywhere; more precisely the following assertion is true:

Theorem 8. If in a Schauder—Ciesielski series

(18) | | 2 a,0,0)

the coefficients a, tend monotonically to 0 then the series tends uniformly to a continuous
function f(x) and if at the same time

(19) Z ay = oo,
then f(x) is not differentiable almost everywhere.

Proof. The series (18) is equiconvergent with the series

o (2M—1 o <

Z LZ Aym ik @ am 1 (X) Em%;gpr}u(x)s“

and since |®,(x)|=a,2 2, the series (18) converges uniformly, and hence it is the
Schauder—Ciesielski -expansion of its continuous sum f(x).

If the function f(x) were differentiable on a set EC[O, 1] of pos1t1ve measure,
then by Theorem 2 the Haar series

-Mﬁ=£%“@

would be convergent on E. But this is impossible, because, by [6], a Haar series
is almost everywhere divergent if its coefficients are monotonic and satisfy condi-
tion (19).
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ﬁber einseitige Approximatibl_l 'duvrch Polynome. II

" Von G. FREUD und J. SZABADOS in Budapest

§ 1. Einfiihrung

Vorliegende Arbeit setzt die Arbeit G. FReuD [1] fort und behandelt ebenfalls
die einseitige L,-Approximation beziiglich der reellen Zahigeraden. In diesem Fall
scheint die Funktion e~** die natiirliche Gewichtsfunktion zu sein.

Wir bezeichnen mit V(r, s) (r, s natiirliche Zahlen) die Klasse der Funktionen
F(x) in (— <=, + ), diec die folgenden Bedingungen a), b) befriedigen:

a) F(x) is (r—1)-mal stetig differenzierbar und F*~V(x) ist di¢ Integral-
funktion einer Funktion F"1(x), die iiber jedes endliche Intervall eine beschrinkte
Schwankung hat und

. . + 00 - '
) M(F)= [ e dF(x)| <+
genﬁgt. .
b) Es gilt mit passenden (von F abhidngenden) nichtnegativen Zahlen A, B s

) |F(x)| = A+ Bx* (—o<x=< +o).
Satz. Sei FeV(r,s). Zu jedem n(=s,s+1, ...)‘ gibt es Polynome hdchtens

(2n—1)-ten Grades p,(x) und P,(x), die die folgenden Bedingungen (3), (4) befrie--
digen: ' '

©) | P)SFX)ZP,(x)  (—eo<x=<+oo)
und . _
@ [ 1 -p@le=dx = 0ln 7).

~In §2 beweisen wir den Satz fiir die speziellen Funktionen I',(x, &) ﬁnd in
§ 3 betrachten wir einige Hilfssitze. Der Beweis fiir den allgemeinen Fall erfolgt
in §4. _ ‘ . : .
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§ 2. Einseitige Approximation von I',(x, &)

Firr jede ganze Zahl v =0 setzen wir

fir x=¢.

(5), Fy(x:é):{(x_.é)" fir x=¢&;

als Funktion von x gehort I',(x, &) offenbar zu V(v,[%] +1)'.

Hilfssatz.. Fiir jede feste natiirliche Zahl v, jede ganze Zahl n = v+1, und

' t ~ 1~
Jjede reelle Zahl 56[——2-]/11, —2—Vl1], gibt es Polynome von x héchtens (2n —2)-ten
Grades p, ,(x, &) und P, ,(x, &) mit den Eigenschaften

(6) PO =T, O =P, (x,8) (—=<Xx<+e)
und ’

. + oo _v+l
Q) [ 1Par )= pp(x, eV dx = en” 2 e

w

Dabei hingen die Zahlen ¢, weder von n noch von ¢ ab, ferner sind p, ,(x, &) und
P, (x, &) fiir festes x stiickweise stetige beschrinkie Funktionen des Parameters &.

Beweis.-Da wir mit Hilfe der Wahl eines gréBeren' ¢, >0 die ersten Glieder
der Folge {P, , (x, &)} durch (x —&)?l*/21+2 und die ersten Glieder der Folge {p, ,(x, &)}
durch O ersetzen kénnen, reicht es den Satz fiir hinreichend groBe Werte von »n zu
beweisen.

Wir bezeichnen mit

: xl,n<x2,lr<"'<xh,n
die Nulistellen des Hermiteschen Orthogonalpolynoms H,(x). Wegen Xy . =
— 1 - . L )
=X, ~ V2n+1 (vgl. G. SzEG6 [2], S. 131) und K=+ Vn gibt es ein p=pu(n, &)

derart, dal3

(8) : x/;(,n = é = xu+_1',n'

Es sei jetzt ‘ o
v+1

©) n—[ : ]

und es sei ng 50 groB, daB fiir jedes n=n, und Iéléél/ﬁ

(10) —'Vn - xu—n,n < xft_+t1+ 1,n = Vl’l

gilt ¥), und im Weiteren sei n=n,.

*) Die Existenz eines solchen Wertes r, folgt z. B. aus (16)..
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Im Laufe der weiteren Konstruktlon unterschelden wir die Fille von geraden
und ungeraden Werten von v.

Fall: v eine gerade Zahl. Es seien ¢, (x, &), bzw. @,(x, &) d1e Polynome hoéchtens
2(n —n —1)-ten Grades mit :

Ourm ) = = s &) = O 0y (urmazm &) == Gy ) = 1,
e O == 00K ©) = nKusna 2 €)= 0 = On(Xa s ©) = 0
bzw. mit

By ) = = By ) = 0 B30 8) = = By E) = I,
DXy ) == Byt ©) = Py 1,0 &) = o = B(X,0, O) = O.

Aus der Dlskussmn des Verlaufes dieser Polynome ergibt sich (T I STIELTJES [3];
vgl. G. FrReuD [4]) »

(ll) (P,,(X, f),éro(x: f)éd)n(xy 6) (_°°<X< +°°)
und v o o
(12) . » Oétpn('xa é)él ‘ '(xu+1 n=x xu+r]+2,n)’
, 0=0,(6, =1 (X, o1 SX=X,,).
Wir setzen ’

Pun(x,8) = (x—&0,(x,&) und P, (x,8) = (x—&) &,(x, &);

diese Polynome sind wegen (9) hochstens vom Grade 2n-—2 und aus (11) folgt
das Erfiilitsein von (6). Fiir jedes Polynom hochtens 27— 1-ten Grades I1,,_,(x)
gilt die GauB—Jacobische Quadraturformel

(]3) ) } / nZn l(x)e_x dx = 2/”2:1 l(xlxn)']kru
wbbe_i die ,,Christoffelschen Zahlen” A,‘,,, =0 die Ungleichung

s S = agn~V2en (x| < Vn)
mit einer ab_soluten Konstanten a, befriedigen (vgl. G. Freup [3)).

Indem wir in (13) I1,,_,(x) = P, ,(x, &) —p, ,(x, &) setzen, erhalten wir unter
Beachtung von (14) :

(15) / [P (5, &) Py (v, )™ dx =

u+n+1

3 o 010, = 0uti Dl =

k=p—n

pt+n+1

= (xu+n+1.n u nn) 01”-1/2"2 e_x" ..
n—n
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Wir bedienen uns endlich der Ungleichung

a —_ ’ —
(16) xk+1,n—xk,n<‘ﬁ (*V”<Xk,n<xk+1,n<Vﬂ)
(vgl. etwa G. FreuD [5]). Fiir u—n = k = p+n+1 ist also unter Beachtung von
e =x |

: V;'”2”+2
(A7) ehn = e tuam D2 R <ay(e VT e < ay(p)eT,

wo a,(n), a;(n), ... nur von n abhdngen. Aus (15), (16) und (17) folgt wegen (9)
die Giiltigkeit von (7) Es ist aus der Konstruktlon selbst klar, daB P, ,(x, &) und

Pny(x, &) in Jedem offenen Intervall (x,, m Xert, W) C [ —Vn, — Vn] Polynome

von ¢ sind, da ¢,(x, ¢) und @,(x, &) in einem solchen Intervall von ¢ unabhingig
sind. Dies zeigt die Giiltigkeit des Hilfssatzes fiir gerade v.

Fall: v eine ungerade Zahl. Unter @,(x, &) bzw. &,(x, &) verstehen wir die
Polynome hochtens (2(n—n) —1)-ten Grades (vgl. (9)) mit

Bo61r ©) == Folipm ) = 0, Guliyanar o O == Bl O = 1,
Foirm &) = o = Bolums ) = Folsns1ms O =+ = Fy(igms &) = 0;
bzw.
By &) == By ) = 0, By ©) = = By &) = 1,
B, (51 ) = = o100 D) = BoCprns 10 D) = oo = By ) = O,

und es sei ferner fiir ungerade v
pn,v(x’ 6) = (x—f)”(ﬁ"()g, 6): P:,v(x: é) = (x_é)va—)n(xa é)

Es gilt fir xé [xu,m xu+n,n]
@2) 0=,k =1 028,k =1

(vgl. G. FreuD [4]) und weiter unter Beachtung von (16)
(23) 1Pay(x, O = ag(n™"2, [Py (x, Ol = ag(Dn™?  (x,,

Es gilt auch (vgl. G. FrReup [1})

HA

x= xu+n,n)-

Py, ) =T,(x,8) (o <x<+o),

29 Lo &) = PEy6, 8) (X€ [y Xeynal):
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. H,(x) . . . o
Es seien [, ,(X) = — < die Grundpolynome der Lagrangeschen Inter-
k ) Hn(xk,n)(x—xk,n) p y ’ g g '
polation iiber die Knotenpunkte x, , (k=1,2, ..., n), und wir setzen
. utn—1 .
(29) 2,09 = 2 len()+hsr @ = 0.
=u

Der Grad von ©,(x) ist hochtens gleich 27—2 und aus einer Bemerkung von P.
ErDGs—P. TurAN [6] folgt : '

(26) Qn (x) zl (x/,l n= =x= xn+n,n)'
Es sei
(27 . P9 = P,f‘(x, é)+Br,Qn(x)~
mit : ‘ ‘
' (28) ) Bn = 2(xu+r1,n -xun =a 0('7)” v/2
(vgl. (16)). Dann ist infolge (5), (24), (23), (27) und (28)
29) P, =P8 (—w < x <+

Aus der Quadraturforinel (13) erhalten. wir

+oo
f [P,,".(X, 5)—p,,,v(x, é)]ef*z'dx =

= foo[P v (x, &) — pnv(x é)]e_xzdx +B / Q(X)e—xzdx<

utn rtn

2 [PF (i ) — p,,v<xk",é)u“+23 sz"

k=p+1

IIA

und unter Beachtung von (23), (28), (14) und (17) schlieBen wir auf die Giiltigkeit
von (7). Die beiden letzten Behauptungen von Hilfssatz 1 zeigt man genau so, wie
im Falle von geraden v.

§ 3. Weitere Hilfssiitze

" Hilfssatz 2. Fiir x>0 und k=0, 1,2, ... gilt
. ’ + oo k!
@30y L) = f (f—x)"e‘fzdé- i
Beweis. Esist ' N
. I ‘_ Ve ;zd 1 e _gzd 1 —x2
.O(X) - f e é -x" f 5 = ﬂxe )

X
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und fiir & >'1

1) = kf e ‘Io(é)d€<kf =2 g =8 dE < Ay (3).

6
Hieraus erhalten wir durch Induktion die Beziehung (30).

Hilfssatz 3. Aus den Bedingungen b) und c) fiir die Klasse V(r, s) Jfolgt, a'a/J'
die Funktionen

31 CFO(e~®xk  (k=0,1,...,r—1)
und .
(32) F(x)e~*

_auf der ganzen reellen Achse beschrinkt sind.
Beweis. Aus der Ungleichung

le=*[FU(x) = F(0)]| =

x ’ + 0 .
= *fﬂdﬂ*l(é)!l = [ PO = M(F) <+ (= <x<+)
0 —c

folgt die Beschrinktheit des Ausdrucks (32). Man zeigt leicht, daBB die k-te Deri-
vierte der Funktion a(x)=x""e** gleich

W (x) = X7 ke By (x)

ist, wo f,,(x) ein Polynom genau 2k-ten Grades mit positivem Leitkoeffizienten
bedeutet. Falls wir also x, >0 hinreichend grof3 wihlen, gilt

(33) 0 < a®(x) < a,(r)x~ ke’ (x=xq; k=0,1,...,r),

und sogar .

BG4 ap(r) =aXe ™ =a;,(r) und |FX)| ='a;;3()a®(x) (x = Xo)-

Durch r—k—maliges Integrieren zwischen den Grenzen x, und x folgt hieraus
FOW), = aa®m+1,4()  (x=x),

wo [T,_,(x) ein Polynom hochstens r — k-ten Grades 1st und weiter unter Beachtung
von (33) gilt:

(35) JFO )| = aya(r)x—"+rer (x=x0; k=0,1,...,r—1).
Die gleiche Abschitzung fir F(—x) anstelle von F(x) ergibt; zusammen mit (35),
(36) [FO@)| = a,()|x]7 e (%] = xo3 k=0,1,...,r—1).

‘Durch eine VergroBerung des Wertes von a,(r) (falls notlg) bleiben diese Un-
gleichungen auch fiir x| <x, giiltig, w. z. b. w.
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§ 4. Beweis des Satzes

Ohne Einschrinkung der Allgemeinheit kann man annehmen, dafl 2s=>r.
Es reicht auch offenbar Funktionen F(x) zu betrachten, welche fiir x <0 verschwin-
den, da man eine beliebige Funktlon F(x)e V(r,s) in der Form

- r—1
FO0) , FY0)+F(-0)
-F(x)-zzzo N 2

X'+ Fy(x)+ F5(—x)

darstellen kann, mit fiir x <O verschwindenden F,, F, E.V(r,&). (Dabei sind in .
jedem Intervall, dessen Endpunkte von O verschieden sind die Schwankungen von
Fi)(x) und F¥(x) kleiner als die Schwankung von FI)(x). Demzufolge gilt auch
M,(F\)=M,(F), M,(F,)=M,(F).)

Es sei wne[% Va, —;—Vﬁ] eine Stetigkeitsstelle von FIl(x), und wir zerlegen

F(x) in
r—-1 v ,.]
@) Fe= 3 O oy O oy E,

so daB F* und F** zu V(r,s) geh('jren, F*(x) fir x=zw, und F*(x) fir x <o,
verschwindet, und die Schwankungen von F*I"}(x) und F**"1(x) in keinem Intervall
groBer als die Schwankung von FI)(x) sind. Die Approx1mat10n von F*(x) und-
F**(x) behandeln wir einzeln.

a) Einseitige Approximation von F*(x).
Aus F**(0,)=0 (v =0, 1, ..., r—1) folgt

co i

(38) F*(x) = % f(x-—é)’ dF*r(E) = [ 1" (—x, —¢&) dF*[r](z;‘)

1)yt 1 On
e L L GEE f I (—x, — O dF0I-(9),
wo F*U1+(¢) bzw. F*ri-(¢) die positive, bzw. die negative Schwankung von F*Ir)(¢)
in (0, £) bedeuten. Wir setzen

o npeo={rl s m2e0= {100 G i -
und - ‘

i =S f i ,—é)dﬁ*w+(é)+( Iy "’"nm x, — &) dF*- (),
(40)

P = T [ e ’5)dF*[’”(é)+( 2 f "m}z ~0dr- (o)

0
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Infolge des letzten Teiles von Hilfssatz 1 sind alle hier auftretenden Integrale sinn-
voll und es sind p}(x) und P}(x) Polynome niedriger als 2n — 1-ten -Grades. Aus
(38) und (39) bzw. aus (38) und (40) schlieBen wir mit Hilfe von (6)

“n P =EF ()= Pi(x) - (—o < x <+oo).
Aus (7), (39), (40) und (2) folgt weiter

. ,
f [PF(x)—pi(x)le~**dx =

= ) " {_ J 1Purls == pr 5, = e a’x} [dF*¥1* (&) + dF*FI- (@)

Unter Beachtung. von (7) und (2) folgt
=+ oo

@) [ P -p @l dx =

— oo

1 r+1 wn _:z 0] c, _r_—;—_l
=-pen f e~ |dF*ri()| = P M. (F).
. (41) und (42) zeigen die Gﬁ]tigkelt unseres Satzes fiir den Summanden F*(x) von F(x).
b) Einseitige Approximation von F**(x).
Aus (37) und (1) erhalten wir fiir x = o,

IF**(X)[ = A+22s—Ale'::s+22s—lB(x_wn)2s+ . .
—1
. FM Flrl
N COTNR il S PR
) - v=0. Vi r!
Da F**(x) fiir x=w, verschwindet, folgt weiter

@)  |FPE| = [A +—f— ns].FO(x, ®)+2%71B. r25(x, )+

+ Z ]F(V)(CO”)I ) |F (CO )IF ( wn)d_efT (x wn) (——oe =X = +°°)9

so daB fiir n>2s das Po]ynom hochtens 2n — 1-ten Grades o

(449 P = [A+§n‘] Py o(x, w,)+2%7 1B P, 5, (x, w,) +

r—1 W)
+ZIF—‘;M nv() n)+

v=0

LECRY e
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die Beziehung

(45) =P = FHO) = PP(R) (e <X <to)
befriedigt. Es gilt dann wegen (43), (44), (6) und (7)

. 4oo A .

_ 4oo oo
f P (x)e *dx = f [Pr*(x)— T.(x, o] e~ dx+ f T.(x,w)e *dx =

—o0

= F(“)(wn)l vt

= e—UJn [[A+ 2 ]n—1/2+225-13;n-3—1/2+ 2 ‘ .- +

B s +°° —-x2 2s—1 +°° 25 ,—~x2
‘+[‘A+5n]-f e dx+2 B. f (x—w,)*e > dx+

wWn wn

L ['](wn)l
r!

2 'F(V)(wn), /' (x w )v -x2 d‘C+,F ](wn), .-/F'm(x__w;')ré_xz dx.

Wn

Aus den Hilfssidtzen 2 und 3 erhalten wir en_dlich
o _ret
f P (x)e *dx = O[n 2 ) _

_ Dies zeigt die Gilltigkeit des Satzes fiir den Teil F**(x) von F(x), u.zw. mit der
Wahl pi*(x) = — PF*(x). Den Satz selbst erhalten wir endlich indem wir

’ r—1 [r]
p = ZW( ..)+ﬂ<x O + () + 55 )

und ) =0 :
r—1 ,.] f
P (x) ZO F—v—(—i( n)“ ( £ — e (x— w,,)’+P (%) + PF*(x)
. setzen.
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Operator conjugation with respect to symmetric
and skew-symmetric forms

By J. BOGNAR in Budapest

‘Let K be the real or complex number field, E the n- d1men51onal (1<n<oo)
vector space over K, and B the set of all linear mappings of E into itself. The elernents
of B will be termed operators.

We recall that a sesquilinear form on E is a function ¢(x, y) of two variables
x, y € E with values in K such that '

O X+ 03X5, ¥) = 00(X1,Y)+ 2,0(X3,Y)
and -
.qp(yadlxl +O!2X2) = &190(y;x1)+&2‘!’(J’:x2)

for every a4, o, € K; Xy, X5, y € E. The sesquilinear form ¢ is said to be non-degenerate
if @(x, y)=0 for every y implies x=0, and ¢(x, y)=0 for every x implies y=0.
" The sesquilinear form ¢ is said to be symmetric if o(x, )= ¢(y, x), and skew-
symmetric if ¢(x, y) = — o(y, x) for every x, y in E.

Let @(x,y) be a symmetric or skew-symmetric non-degenerate sesqu;lmear
form on E. It is well-known (see e.g. [1], section 99) that to every T€ B there is a.
uniquely deﬁned T* € B such that

(1) - o(Tx, y)= <p(x,T*y)' (x, y€ E; T€B).

The operator T* is called the adjoint of T with respect to ¢. The mapping' T~ T *
(T € B) has the following properties: .

(2) @ Tyt Tp)* = &, TT + 8,75 (2, €K Ty, T,€B),
3) (T T)* = TiTf (Ty, T,€B),
@ ' T** =T (T€B).

In the present note it will be shown that any mapping of B into itself satisfying
the conditions (2)—(4) can be obtained in this way..

_The idea was suggested us by E. FRIED’s paper [2] where the case of a symmetrxc
@(x, y) with definite o(x, x) (i.e. ¢(x,x)=0 only if x=0) is treated.
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The “existence” part of our result is implicitly contained in the concluding
remarks of [2]. However, the question of uniqueness and the separate characteriza-
tion of the symmetric and skew-symmetric case do not appear there. Our proof
of existence seems to be not quite different from FRIED’s one, but we need neither
an g priori given inner product nor the characterization of operators commuting

" with every element of B.

Theorem. Let T—T* (T¢ B) be a mapping of B into itself with the properties
(2), 3), (4). If K=C, the field of complex numbers, then there exist both a symmetric
. and a skew-symmetric non-degenerate sesquilinear form @ on E satisfying the relation
(1). If K=R, the field of real numbers, then there exists either a symmetric or a skew-
symmetric non-degenerate sesquilinear form ¢ on E satisfying (1); the form ¢ will
be symmetric if and only if there is an operator To€ B such that

(5) rank Tp=1, T§T,#0.
In each of the above cases @ is, up to a real non-zero factor, uniquely determined.

Proof. If there is an operator T with properties (5), we choose a baSlS €1y vers €y
of E such that

(6) : Toee=0 (k=2 ...,n).

“In the opposite case let ey, ..., e, be any basis of E.
We define n? operators P;, setting

(7) ije,=(5k,ej (j, k, r=1, cevy n)-
Turning our attention to the mapping T—~T* (T'€¢ B) we observe that
® T*=0 if and only if T=0. |

Indeed, according to- (2), 0¥*=(2.0)*=2.0* ie. 0*=0. Moréover, in view of 4),
T*=0 implies T'=T**=(T*)*=0"=0.
Since by the definition (7)

(9) ij¢0, ijPrszékers (], k, r,s =1, ceny n), "
from (8) and (3) we infer
(10) - - PE#0, PEPL=06,PL (L k.rs=1,..,n).

We will construct and study the required sesquilinear form ¢ by the aid of
" the basisey, ..., e, and a new basis f}, ..., f,. In order to define the latter, we need
the operators P kand an operator S (resp. W)ofrank 1suchthat S*=S§ (W*=—W).

Let the relations (5) be satisfied by some T, € B. We may assume that (6) holds,
too. Setting S=T§T, we have

(1) S*=S, S=0, Se=0 (k=2,...,n).
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1f .(5)-'ca_nnot be satll;sﬁed then in pafticular
P} P,=0, and PfP,,=0, (P +P)'(P,+P,)=0 (k=2 ...,n).
Hence, in view of 2, |
PHPu+PEPy =0 (k=2,..n).

But for some k> 1 the operator W= P} P, is different from zero. In fact, other-
-wise it would follow that

Piie= Pl Prie=0 k=1,...,n)

ie. P%,=0. Thus we have

(12) ' W*=—~W, W=0, We~=0 k=2, ..., n).

Let - '
'13 Se, if (5) can be fulfilled,
(13 ! We, otherwise,
and let )
(1% . fi=PU i k=2,..,n."
~ The validity of (14) can be extended to k=1. Really, if f;= Se,, then Pf1f1=
=P¥,Se,= P}, S*e,=(SP,,)*e;= S*e,= Se,=f;; in the case f;= We, a similar ar-
gument holds. Making use of this fact and of formula (10) we obtain: '
(15) P_;(kf;zéjrk (j,k,r=l,...,n).

Assume that Z, o f,=0 for some ay,..,x,€K. Then P} 2> «f,=0, so

- r=1 r=1
that by (15) o;f;=0(j=1, ..., n). On account of (11)—(13) f,#0. Hence a;=ua,=
=...=q,=0. Consequently, fl,. ,f, constitute a basis of E.
Now let ¢(x, y) be a non-degenerate sesqullmear form on E which satlsﬁes the
relation (1). Then necessarily

(p( ﬁc) e (0( 1el’ﬁc) - (p(eh ;klﬁc) = éjk(p(ehfl) (.]5 k= l’ “rey n),

and

. <p[g 1e ;vkﬂ] = 'él_ﬂj‘-}k o (e, fi) =

= kg;ﬂk‘-’k(p(elyfl) (x> €K k=1, ~--,4’1),_
where '
ole,, f1)#=0.
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Therefore if ¢,, ¢, are two non-degenerate sesquilinear forms with the property

o(Tx, p)=oulx, T*y)  (x,y€E; T€B; k=1,2),
then ¢, =Z¢,, where

_ @i(ey, /1)
(1) A= e )

is a non-zero (till now possibly complex) number. _

Since a real multiple of a symmetric (skew-symmetric) form is symmetric (skew-
symmetric), and a non-degenerate form cannot be symmetric and skew-symmetric
at the same time, for K= R we additionally find that the cases where ¢ can be chosen.
symmetric or skew-symmetric, respectively, must be mutually disjoint.

If K=C and both of the forms ¢,, ¢, are required to be symmetric (resp.
skew-symmetric), then the value of A in (16) must be real. As a matter of fact, the
relations

(pk(elsfl):s(pk(fbel) (8=i1; k:192)
imply A=/,

Conversely, it is easy to see that for any fixed real non-zero number v the |
formula '

an w[_Zlﬂjej,kaﬁ‘]=vk21um (e, v€K; k=1,...,n)
= -

defines a non-degenerate sesquilinear form on E. Moreover, in view of (7) and (15)
we have

(p(ijersfs) = 5kr (p( f) 6kr )sy3
(p(eH Pj*kf:s) = 5'S¢(er9.f;f) = 5j35kry )
(P( kerﬁf.s)'—(p(enpkfs) .(jaka r,s = 15...,}1),

so that making use of the hnearlty of P and the sequilinearity of ¢ we obtain

o(Ppx, y) = o(x, Piy) (x5, ¥€E; jk=1,...,n).
Taking into account that any T€B is a linear combination of the operators P,

the relation (1) follows.
If fy=Se, (cf. (13)), then the relations M), dn, amn, (15), (4) and @) yle]d

o(f1,e1) = ¢(Se;. e;) = gley, Sey) = @le, f1) = 7,
(p(ﬁu 1) - (p(P kfl’ J) - (p(fls Plke) - 5k1§0(f1’ el) - 5k1’y’

n

4 [kZ; ViJfis Z;”jej] = ka vkﬁj(p(ﬁn eg;) = kZl Vil V-
= Jj= =

Jok=1

Thus, in view of (17), ¢ is symmetric.
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If f,= We, (cf. (13)) then, by virtue of (12), ¢ turns out to be skew-symmetric.

Finally, let K=C, and let ¢ be a symmetric (skew-symmetric) non-degenerate
sesquilinear form satisfying the relation (1). Then ¢,=ip is a skew-symmetric
(resp. symmetric) non-degenerate sesquilinear form satisfying (1).

- Added in proof. Professor KLAUS VALA kindly called my attention to the fact"
that FRIED’s result referred to in the introduction is a special case of a theorem of
Mackey and Kakutani (cf. C. E. RICKART, General theory of Banach algebras,
Princeton—Toronto—London—New York, 1960; p. 265), where operators on a
Banach space of arbitrary dimension are considered. The two proofs, however,
seem to have nothing in common. '
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J-unitary dilation of a general operator

By CHANDLER DAVIS in Toronto (Canada) )

According to a well-known theorem of Sz.-NagGy [13], [14, Thm. L 4. 2], every
contraction on Hilbert space has a unitary dilation on a larger space (and also
has an extension on a larger space which is the adjoint of an isometry [14, Thm.
L. 4. 1.). In this paper, by a modification of familiar methods, the corresponding

_result is obtained for an arbitrary closed densely-defined operator. The conclusion
is different in that the dilation is only J-unitary (and the extension is only the adjoint
of a J-isometry, or the J-adjoint of a J-isometry).

It is a pleasure to thank B. Sz.-NAGY and E. DURszT for conversations whxch
inspired this investigation, and C. Foias for suggestions which led to substantial
improvements' upon the first version. :

1. Definitions

The subject wilt be a closed operator T whose domain D(T) is a dense linear
set in a Hilbert space §. The inner product of § will be denoted by (,). [ will construct
later a Hilbert space & of which $ is a linear subspace; the inner product of & will
be an extension of that of §, and will also be denoted by (,). The orthoprojector
on K onto $ will be denoted by Pg. 1 will also construct an operator U, closed
and densely defined in &, which is a “dilation” of T'; this means that

(1. 1) T" = PyU"y and T* =PgU™"g (=12 ..).

In addition & will be a “J-space”. This means [7] that the Hilbert space !
‘will have associated with it a canonical symmetry J, i.e., a fixed unitary hermitian
operator J. In any J-space one considers along with J the complementary ortho-
projectors J* and J~. (I will use the notations A* and A~ for the positive part
and the negative part of an arbitrary self-adjoint operator 4 {11, § 108].) 1t is often
assumed that the ranges R(J*) and R(J™) are both non-zero, but here that is not

1) This research was done while the author was in Szeged on a Senior Research Fellowship
of the National Research Council of Canada.
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assumea. In terms of J, a new continuous hermitian sesquilinear form is defined by
5, K=k, k) - (k, k’eR).

Unlike the inner product (, ), the “J-product” [, ] need not be definite; in particular,
[, k]=0 for non-zero k€ R(J*), while [k, k]<O for non-zero k¢R(J™). For this
reason J-spaces are also called Hilbert spaces with indefinite metric; but do not
be misled. The norm is defined in terms of the definite inner product, not the J-product,
and topological notions are defined in terms of the norm. The “J-adjoint” of any
A is JA*J. :

A “J-isometric” operator U 1s a closed, densely defined operator which preserves
the J-product: .
1.2 [Uk, Uk'|=[k, k'] (k, k' € D(U)).

A J-isometry U is called ““J-unitary” in case it has a densely defined inverse, which
then is necessarily J-isometric as well. The terminology and notation of unbounded
operators are used because the operator U which appears below really. can be un-
bounded. This has obliged me to depart from the usual terminology [7), in which
J-unitary operators are by definition bounded. (Ionvipov [5], (6] studies unboundéd
J-isometries, but in quite different context.) '

2. The main lemma

Let [T|.denote (T*T)'/2, a self-adjoint operator with D(|T)=D(T), R(IT|) =
=R(T*); similarly |T*|=(TT*)!/2. Let W denote the > the unique partial isometry such
that T=W|T|=|T*|W, R(W)=R(T), R(W*)=R(T%) [10].

It will be useful to have special notation and terminology for some operators
and subspaces derived from these, which w111 figure prominently in the construc-

tion. Let |T|= fidE(/l) be the spectral resolution of [T|; |T*|= f/l dF(A), that

of [T*|. Deﬁne .
Jr=sgn(1-T*T) = sgn(1—12) dE(),
0

Or = (1-T*T)V? = [V[1=22[dE®),
0
Dy = ((1=T*T)*)12 = [Y1-22dE),

Xr=(A-T*D)7)2 = [V2Z-TdE®,
: 1



J-unitary dilation of a general operator ' 77

which are self-adjoint operators. Clearly J; and D are bounded and everywhere
defined. As for the possibly unbounded operators |T|, Qr, and Xy, they differ
by operators which are bounded, and so they have the same domain (which is D (T)).

In case 7 is-a contraction, J; and X; are O, while Q is equal to Dy, the same
operator denoted by that symbol in [14]. »

Tn spite of the choice of letter, J; is not quite suitable for deﬁnmg a J-product
on $, since it can have a null-space. Its role in the eventual construction of the
J-space & will be less direct.

It is obvious that J;0% = Q%J, = 1 —T*T. It is less immediate, but worth
noting, that"

@.1) (JrOrh, Orl) = (h, l)—.(le, Tl (h, 1€ D(T)).
To see this;- we may introduce IIi Il, the “graph norm for T, defined by
1AlIZ = 14>+ ThI> (k€ D(T)).

It makes D(T) into a (complete) Hilbert space, in which it is easy to prove that
D(T*T) is dense. But with respect to this norm, both sides of (2. 1) are continuous
functions of 4 and /; and (2. 1) does hold for /2 and / belonging to D(T* T); therefore
it must hold in general.

Interchanging 7 with T* and E( ) with F( ), we get operators Jrey Qr+,
Dy, Xr+, with properties corresponding.

Lemrﬁa. Let rhé symbol § srandfbr either J, Q, D, or X. We have TRy =Q«T.

In the case TD,= D4 T, this relation has been crucial in unitary dilation
theory since its beginnings [5], and it continues its role here.

Proof. Each relation to be proved has the form

@.2) w f S dEQ) = [ f F0) dm.)] W
. 0 0

* for some piecewise-continuous function f vanishing at 0: for example, in the case ‘
of the equation TXr=X7+T, take f(A) = y1;,«j(A)-AVA2—1. Now the fact that
 WI|T|=|T*|W, with which we began, implies that WE(4)= F(A)W for all 1 if E( )

and F( ) are normalized in the same way. Using the criterion f S d(E(Dh, h) <
0

for a vector h to belong to the domain of f f(4) dE(Z) and using the properties
0 : '
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of W, we see easily that the two sides of (2. 2) have the same domain, and agree
on the domain.

This proves the Lemma as stated, but it is worth noting the somewhat more
delicate fact that (with the same notation)

@.3) M, T*))=(Th pel)  (hED(T), 1€D(T).

For J; and Dy this does follow from the Lemma. For the other two cases, we may
either use approximation in the graph norm as for (2. 1), or else use the fact that
Qr resp. Xp differs’ from [T| by a bounded operator, which reduces (2. 3) rather
quickly to the Lemma.

The operators Jr, J+, Qr, Qp+ are all that are needed to prove the main

theorem; the others will be used only for the discussion of the geometry of the dila-
tion space, which will follow in §4. ' :

3. The dilation

, Theorem. Given any closed, densely defined operator T.in 9, there exists a
Hilbert space 2 9 and there exists a closed, densely defined operator U in K, with the
Sfollowing properties:

. (@) & is a J-space, with HSJH(K) (ie., [h, N1=(h 1) for h,I1€H);
(b) U is J-unitary, that is, (1.2) holds and U~ is densely defined;
(¢) U is a dilation of T, that is, (1. 1) holds; '

(d) \/{U"s55 n=0,+1, +£2, ...} = &

(In stating (d) and occasionally below, I use an express1on like U$-as short-hand
for U(HND(V).) .

The construction follows quite closely that of SCHAFFER, as-sharpened sub-
sequently [14, 1. 5]. I begin (as Schiffer did) with a space K9, somewhat larger than
desired but easy to describe: it is the direct sum of countably many isometric copies
of $ (with the usual inner product). One of these copies I will identify at once with
9. The unitary application of each copy onto the next one in order will be denoted
by S; thus I write

(3. 1) RO= . 5 2HBS 'HBHOSHOS?HD -

S will have a role as an operator (a bilateral shift of multiplicity dim $ acting on &)
and as a device for indexing the component subspaces of K2 in (3. 1). For any k € K9,
~ k; will mean the component of k in S'§. (Thus, for instance, (Sk),= Sk;_,.)
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Now to define J, I take the diagonal operator-matrix

-

I | .
3.2) , ' 1
Jr
That is, for an element S"h (h€H) I define
S*(Jr+h) (n <0,
J(S"h) =h (n=10),
S*(Jrh) (n=0).

This extends to a self-adjoint operator J on R° such that the space is spanned by its

eigenspaces belonging to (at most) the three eigenvalues 0, + 1. Define 8 =R(J)S K°

and [k, k’}=(Jk, k). Obviously conclusion (a) of the Theorem holds. '
The operator U will be, essentially, an extension of

1 "0
1 0 :
(3 V= ~ O | T
—JrT*| Q| O
1 0

The simplest interpreta_t'ion of (3. 3) is that it defines an operator .in_ K° for which
) : Sn+1h
V(S"h) =1 QrhD—SIrT*h € HOSH
| TheSQOrh€ H$OSH

(l’l#—l,O),
(n=0; heD(T)),

and which is then to be extended by linearity to the finite linear combinations of the
vectors S"h. ‘

So defined, ¥V takes D(V)(N K into K. To verify this, we treat (Vk),, the only
component about which there is any possible doubt. By definition, (Vk), =
= 8Qrko— ST T* Sk_,. This is'in S(R(Jy)) as desired because Qr and Jr, being
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by their definition self-adjoint operators with the same null-space, have R(Qr)=

= R(J;) (=R(Jy)). Therefore we are free to treat (3. 3) as representing an operator
with domain in §. :

Next it must be proved that the operator V' possesses a closure [10]. Suppose
not; then there exists a sequence (k) in D (V') such that k‘” -0 but V&™ approaches
a non-zero limit. It is easy to see that either (Vk™), or (Vk™), approaches a non-
zero limit; the argument goes the same in either case, I will write it for the first
alternative. We have (Vk™), = Tk{” 4+ QSk™ by definition, where (k§) is a
sequence of vectors in D(T), tending to 0 as n — o, and (A'™) =(Sk™),) is a sequence
of vectors in D(T*), tending to 0 as n—oo; but where the sequence ((V4™),) ap-
proaches a non-zero limit. We can write Tk{" = |T*|h™, where (A)y=(Wk§") is a
sequence of elements of D(T*) approaching 0 as n . Now

(V) = [T+ Qe = [T (K +H ) + Qs — T,

and because Qr.— |T*| is bounded, the last term tends to O as n — oo, Therefore
| T*| (W +#’™) tends to a non-zero limit. But this contradicts the fact that |T*|
is a closed operator.

We may, therefore, extend ¥ to a minimal closed linear operator U; its domain
_is clearly dense. It is also clear that US98 HSHD SH.

As to the first equation in (1. 1), clearly 7" is an extension of P U"|$H. It is
also easy to see that D(UNH=D(T".

The other half of (L. 1) is less apparent, and will be. deferred.

The main formal idea in the construction comes out in verifying that U is
J-isometric, that is, in verifying (1. 2).

In doing this, we may restrict attention to vectors in D (V) — thus to k£ such
that ko€ D(T) and k_, € S™Y(D(T*)). This is by an argument already invoked
in § 2: namely, if D(U) is considered in the graph norm for U, then D (V) is dense
in it and both sides of (1. 2) are continuous in k£ and k’. Also, by the usual polariza-
tion argument, it is_enough to prove (1. 2) for k=k’. Define / by

k ='k_1®k0691;

this decomposition is both orthogonal and J-orthogonal. It is obvious that the
transformation /—U/=SI preserves both the inner product and the J-product.
It is also obvious that U(k_,®k)EH@ SH is both orthogonal and J-orthogonal
to Ul. Therefore it is enough to prove (1. 2) for /=0. The right-hand member is then

[k, k] = (J(k—, Do), k_y @ko) = (JrsSk_y, Sk_ 1)+ (ko» ko).

The left-hand member of (1. 2) is
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G WUk UM = (UK @ UK, (UK (UK),)

= (UKo, (UKYo) + (IS~ (Uk)y, 5™ (UR),)
= (Op+Sk_1+ Ty, QpeSk_ |+ Tho) +
+(JIr (= JTT*Sk 1+ Qrko), _JT-T*Sk 1 +QTkO) '
The terms (Tko, Tko)—l—(JT Orko, Qrko) add to (kq, ko) by (2. 1). The terms
2 Re (QT*Sk 1 s Tko) +2 Re ("‘JT T*Sk 13 QTkO)
L= 2Re{(Qr+Sk_ 1, Tko)—(T*Sk_j, Qqu)}
add to zero eséentially by the Lemma — strictly, by (2. 3). The remaining terms - A
in (3. 4) are equal to : ‘
(Qr+Sk_,, , QreSk_ 1)+(T*Sk 15 JTT*Sk 1)
Lapply (2. 1) (with T and T* interchanged) to thlS expression, takmg as the vectors
hlin (2. 1) the vectors Jr.Sk_q, Sk_ 1ED(T") It becomes
(QT*JT*II, QT*I)‘I"(T*JT*h JTT*I) = (JT*QT*h QT*I)‘["‘(JTT*}I JTT*I) = (h l) :
by use also of the Lemma. That is,
[Uk, Uk} = (ko:ko)+(h h= (ko,ko)+(Jr*Sk_-1, Sk_y) = [k k].
(1, 2) is established. .
It is also easy to prove the “forward half” of (d). Define
G5 . R =50SK©)OS(H)e -
Since UH2 SO H, which is dense in ST H=SHNK, and since for n=>1 we have
U"H=S""1U$, it is clear (remembering (3.2)) that V{U"$H: n=0,1,2, ... } =K.
The remaining arguments concern the inverse of U. We know U is ong-one
by (1. 2); because if Uk=0 then (1. 2) shows that Jk is orthogonal to the dense
set D(U), and, J havmg zero null-space, this forces k= 0 Therefore U~1! exists;
we have to consider D(U~1)=R(U). :
Now it is evident that R(U) 2 @ {S"9: n=0,1}, and that when we. consider
restrictions to this subspace, U~! agrees with S—! Take k= kOEBk1 , with ko € D(T*)
and k, €S(D(T)) Define :
(3 6) l-f-l_1®l_0 (Sl—l ="JT*QT1k0—JT*TS_VIk1, ‘lo = T*k0+QTJTS_1k1).
I will shpw that Ul=k. Circumspection is needed with this / because it need not
be in D(V). As in earlier arguments, let us approximate by elements from the
- appropriate domains. Let (k) be a sequence of elements of & such that (i) k™ =
= kP @ k{™; (i) (k§) is a sequence approaching k, in D(T*) considered with the
graph norm for T*, while each k§” lies in the dense set D(TT*); (iii) similarly, in
‘ _D(T) w1ththegraphnormforT Sk~ §—1k, and S~k € D(T*T). In particular,

6 A
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- k™ —k in R°, Now define /™ in terms of k™ by putting superscripts on equations
(3. 6). By the definition of the graph norm we have also /® -/ in R°. Furthermore
I™cQ, €K by the definition of &. But UI® = Vl‘") can be computed from (3. 3)..
One obtains, using the Lemma, :

(VI®)g = Qs Qs k9 — T TS {P) + T(T* K + 01 TS k) = k),
and similarly (V1¢?), =k{". Now because U is a closed extension of ¥, Ul=k.
The most immediate consequence is ‘that R(U) is dense; this was all that was

~ lacking to complete the proof of (b)..
' But we have showed in addition that U~! is an extens1on of the operator

o I ,
. t » 0 JT*QT* - JT*T ‘
(3--'7) . ' l T ’QTJT s
o0

which is interpreted similarly to (3. 3). By the same reasoning used in connection
with (3.5), we see that V{U"H: n=0,1,2,...}=-- B S 2 nHDS UnHDH,
and this completes the proof of (d). We also see at once that PgU~"|$ is an
extension of T* (n=1,2,..).

To complete the proof of (1. 1), it remains to show that D(U"")ﬂsj D(T*")
It suffices, just as before, to check -that when k, =0, we have keD(U- 1) if and
only if ko € D(T*). Let, then, k€ R(U), k, =0. It is easy to see that we may assume
k€9 (i.e., k = ko) without loss of generality. Because U is the minimal closed extension
of ¥, we may take k = Ul, with sequences (/™), (k™) having the properties k™ = U/,
1™ ] k™ ok, SI® eD(T*), I9eD(T). Now S~k = —J,T*SI® + QI
approaches S~'k,=0. From this we want to prove that

ko = Hm k) = lim(Qrs SI®, + TIE)

isin D(T*) Take any h€ D(T); it will be sufficient to prove that (ko, T h) (lo, h),
and for this it will be enough to prove that

3.8) ' (k§, Thy—(I$>, B) ~ 0.
Substituting the expression for k§”, and using (2. 1) and (2. 3)
' (k((;"), Th) = (Q7+ S, Th)+ (TIY, Th)
= (Qn_SI(_"l-, Th)— (Jr @1, Qrh)+ (I, h)
= (T*SI%,, Qrh)— (s Qrl, Qrh)+ (S, h).
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Hence the left-hand member of (3.8) is equal bto '
(TSI, ~ I 0710, 0r k) = —(Jr STk, Qph) ~ ~ (IS~ ky, Orh) =

as requrred This completes the proof of the dilation property, and thereby that of
the Theorem.

Corollary. Under the hypothéses of the Theorem, there exists a Hilbert space
29 and there exlsts a closed densely deﬁned operator U, in R+, with the follow-'
zng properttes :
(a) 8, is a J-space, with 5CJ+(Q+)
(b) U, is J-isometric, that is, (1. 2) holds;
~Ac) T*is the restriction of U% 1o D(T*);
() V{ULS: n=0,1,2,..}=8,."

* Namely, use the construction of the Theorem, and the space K, defined there
(3.5). It inherits the J-space structure of &, because J|, is still a unitary hermitian
operator; the same symbol may be used for this restriction. As U, we must of - .
course take UIRK,. All the assertions of the Corollary follow at once from what
has already been proved, except (c). But (c) follows from the definition of adjoint.
Indeed, let k¢ D(T*) and k¢ D(U,) be given. As observed 1n the proof of (c) of
.the Theorem, k€ D(T). Therefore

U,k h) = (TA0,11)+(SQTk0,h)+(S(k ko), ) = (Tko, ) = (ko T*h)

which is what is needed to prove that T*E U*. The. Corollary is established.

The Corollary does say, as promised in the Introduction, that every operator
~ has an extension which is the adjoint (or the J-ad_lomt) of a J-isometry, but the
operator about which it says so is 7. Indeed, the exten51on in question is U,
its ordinary adjoint U, is a J-isometry by (b); but then so s its J-adjoint JU, J
because for all k, K’ ¢ D(JU,J) we have Jk, JK' ¢ D(U,) and

WU, Jk, JU Ik Y =[U, Tk, U, Jk'1=[Jk, JK'] =Tk, kK']. .

4. Geometry of the dilation space

_The construction of §3 carries over more than the algebraic manipulations
. from the ‘contraction’ czis'e' I will now exhibit the generalization of the geometrfc
_considerations related to the ‘defect spaces [18, I. 3—4]. The geometry here must
of course be richer, but it stays in close analogy.

Consrder the followmg subspaces of :

D, =R(Dy) = R((1-T*T)*), the “defect’ spac.e"’ for T;
“4.n Or = N(1 —T*T), the “isometric-like space” for 7 -
’ Xy =R(Xp)=R((1-T*T)"), the “exceéé 'space” for T.

6*
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Defect, isometric-like, and excess spaces for T* are defined the sarne way It is.
clear that

“.2) , H'= bT@DT@xT = D ® O+ ® Xpe; |
- and that the defect and isometric-like spaces have simple eharacterizations:

4.3) heOre heD(T) and [Tlh="h; heDr < he)D(T]) and [T} — .

1t is also clear from definitions that Dy =J; (§), X, =J7 (9), and Dy & X; = J,(H):
and then from (3. 2) and (3 3), we see that K, (deﬁned by (3. 5)) has the following
subspaces invariant for U:

@{S"iDT: n=0,1;2, ...} S JH(R)ND ), @{S"xT: n=12..})CSJ (8.
Symmetrically, we construct a positive and a ne'gative.subs'pace '
OS"D: 1 =0,1,2,...}, S "¥p:n=1,2..}
invariant for U1, . : S .
The complications occur for =0, +1. To describe the action of U there,
note first that :
o W(®r) & D, W' (D) & D,
@.4) W(Or) S Op,  WH(Or) € O,
| C W(ED) S X, WH(ER) S ¥

Indeed, the assertions regarding defect and isometric-like spaces are easﬂy proved
using the characterizations (4 3); then the .assertions regardmg the excess spaces -
follow using (4. 2). _

. Now the action of U within $ — that is, the action of T'= W|T| — may be
very complicated indeed, but one portion of the complication is brought into view
by (4.2) and (4. 4): We have two orthogonal decompositions of the space, and a
palr of partial isometries relating the two.

The action of U “mixes” J*(R) with J=(K) only at two places: U - takes

STIE)NDU)ST(R) into Xr«® S(Xy), although X SJH(R).. Secondly, U
takes X;ND(U)SJ*(K) into X;.d S(Xy), although S(%T)CJ ().

_One especially simple reducing subspace of T has been studied by APOSTOL
1] and Durszt [2], extending [14, Thm. L 3. 2]. In terms of the present paper, one’ '
may put the central idea as follows. Among subspaces 1l of $ such that T|1I is -
unitary, there is a maximal one 1, given by

= N7 @20 N T (©r (197

The part T[1I°° is called the “unitary part” of T, TISBGL[” the “completely non-
" unitary part '



J-unitary dilation of a general operatbr . ) 85

‘This is easily proved using the Theorem of § 3, even if T is unbounded; along
with the formula :
' U= = ) U(OrNOm).
n-——eo
To be sure, the dilation is of interest only as regards the comb]etely non-unitary

" part. None of the considerations of § 3 would have been affected if I had constructed
K° from copies of O U~ rather than copies of H.

5_. Further remarks

1. In case T is a contraction (|7 =1), the construction given in § 3 leads to
the same dilation as that of [14, 1. 5], with J the identity operator and with U unitary.
To see this, one need only compare the two step-by-step.

2. Unlike the case of Sz.-Nagy, the construction given here is not determmed
. essentially uniquely by the conditions .of the Theorem. Indeed, assuming that T
is neither a contraction nor doubly-expansive (|lThll>]|h]l and ||T*W| >]|h"|] for
all &, b’ in the respective domains), I will show how it can always be modified in a
non-trivial way.

For we know, once those two cases are excluded, that either D; and X, are
both non-zero, or D« and X« are both non-zero. This enables us to find operators
Z™ on § such that

ZO =1; ZOJ, = J;Z0 (n1=1,2,..); ZOJp=JIpZ® (n=~1,-2,..);

1ZO s M, (ZD) =M (m==£1,%2,..);
for some n,
ZWD, = Dy (f n=>0), or. Z("):‘DT* # Dy (if 1< 0).

Then define Z= > S"Z™ S~ a continuous, continuously invertible operator on

— o

R°, and consider it restricted to K. Evidently all the properties asserted in the Theorem
for U hold also for ZU, as does also the desirable property of having 8,89 in
its domain. Yet the geometry can be quite different. The conditions of the Theorem
‘determine the structure of & only with respect to [, ], leaving a great deal of freedom
as to the inner product (, ).

In order to get a uniqueness assertion we must assume more.

Proposition. Given $ and T, let & and U be constructed as in the proof of
the Theorem. Let & be a J-space. (with canonical symmetry still denoted by J) and
U’ a J-unitary in it, which also satisfy conditions (a)—(d) of the Theorem. Assume
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Jurther that (for n=1,2,..) U"(D)SJ*®), U"(ZNDT) S J- (&),
U= (D) SIHR), U"(X.ND(T*)) S J~(K"). Then there exists a unitary and
J-unitary map Z' of R onto K& such that U'=Z'UZ""1.

" The proof exploits property (d) in the same way as in the case of contractions.
There is no need to go into details. '

3. Naturally the construction was motivated in large part by the hope of find-
ing a geometric approach to characteristic functions for arbitrary operators. Just
as Sz.-NAGY and Foias [14, VI exhibit a natural geometrlc genesis of the characteristic
function of a contraction, it is hoped to do the same for more general operators.
The role of contractive analytic operator-valued function [14, V—VI] might be
played by J-contractive ones [3] (further refetrences in [12]). In fact, since the construc-
tion described here was found, this program has made  some progress, leading to
a geometric treatment of the characteristic functions studied earlier by SAHNOVIC
[12] and KuZer’ [9]. This will be described in future papers.
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On the unitary part of an operator on Hilbert space

By E. DURSZT in Szeged

Let T be a bounded (linear) operator on-a Hilbert space H. If a subspace K
of H reduces T and T|K is a unitary operator, then T|K:is called a unitary part -
‘of T. A unitary part of T is-maximal if it is an extension of every other umtary part
of T. : '
A special case of Theorem 4 in [1] states the existence of the maximal unitary
part T[Ho for an arbitrary bounded operator 7, -and characterizes HO as the set of
vectors ¢ of H satlsfymg :

M | T*TAdp=Ap=TT*Ag
for every finite product A of factors equal to T, T*, and for 4=1.

In case T is a contraction (i.e. |7} =1), H, can be characterized -as the set of
. vectors ¢ in H for which

@ IT"0ll = llo] = IT*0| - (="1,2,...),

“cf. [2] [3]. For a contraction 7, conditions (2) are obwously equ1valent to the follow-
ing ones:

2) : LT =@ = T"T"‘_"qo =12 ..)

In this paper we give a new proof of the existence of H, for an arbitrary bounded
T, and characterize Hy in a way which is simpler than (1) and very similar to the
characterization (2) in the case of contractions. Also, we give a characterization of
the orthogonal complement HS H,. Finally, by giving a counterexample we show
that the characterization of H, by (2) does not hold true in genéral if T is not a
contraction, not even if T is power-bounded.

Consider an arbitrary bounded operator 7T on the Hllbert space H. We denote
by HP° the set of vectors ¢ of H for Wthh

©)] - NT* T ol =T ol = ol =l T*"-(Pll =|TT*¢ll (=12, ..)
and by H! the subspace spanned by the ranges of the operators
(@) _ T"(I-TT* and T*([-T*T)  (n=0,1,2,..).
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Theorem. ‘
‘() H® is a subspace of H reducing T.

(ii) T|H® is the maximal unitary part of T.
(i) H* = HE H". _ |
Proof. Let @€ HO Then
' Il(I--T*T)T”é.JII2 = [T ol> 2T o>+ |T*T"* ' o> =0 (n=0,1,...),
ie.t. o o A .
' T*T "+ lp = Tro n=0,1,2,..).
'Repeating this cdmputation with T™* iﬁ place of T we get: .

, CTT*+le=T*¢  (n=0,1,2,..).
Resuming: p . ’ ‘
. ) ) T*IT'H'I(P — T"(p, TT*"+1(P = T*¢ n=0,1,2 ..). _
So we have: (3) implies (5). _ -

On the other hand, if (5) holds for a vector ¢, then

IT*T"* 10| = |T"¢|* = (T*"T"¢, ¢) = (T*T"¢, T" ' ¢) =
L =@rie g = 1T 1ol = = Joll?,

and analogously o
ITT** 1o = [T*¢ll = ol (1=0,1,2,...).
So we have: (3) is equzvalent to (5). ' _

From (5) it is obvious that H %jsa subspace of H. In the special case n=0

we get from (%)
(6 T*T¢=¢=TT*¢ (peH).

- This fact and (3) show that H 0 is invariant both for Tand T*, i.e., H® reduces 7.
So (i) is proved. '
Clearly (6) implies that 7'|H® is unitary on H°. Suppose that K(CH) reduces

T and T|K is unitary, and let ¢ € K. In this case (3) holds for ¢ and consequently,

‘@€ H°. Thus K< H, i.e. our statement (ii) is proved.

‘As regards (iii), (5) shows that the vector ¢ € H belongs to H° if and only if

HL(-T'DT"¢ and HL(I-TINT"¢ (=01, .),
or equlvalently . .
T*(I—T*T)H1¢ and’ T"(I—'— TTH1e (n=01,..)

Thus we have: @ € HO if ¢ is orthogonal to the ranges of the operators @, ie if
@ L H!. This gives H! = Ho H°.
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So we finished the proof of the theorem.
As regards the counterexample, let {l/ll, ¥,} be an orthonormal basis in a
two-dimensional Hilbert space H and define 7' by the matrix

(5 9

We prove that there exists a non-zero vector satisfying (2) and such that the corre-

V3

sponding H, is {0}. Indeed, let ¢ = % Y1+ ¥2. An easy computation shows that

lol =1, T¢'=y, =T*g, T~=(—_1)"-1T (n=12,.),

and consequently - ' : _ ‘
1770l = lloll = IT*0l  (n=1,2,..),

ie. (2) is fulfilled.

Next observe that 7T is not a unitary operator. In order to prove that H, = {0}
it suffices therefore to prove that T is not reduced by any non-trivial subspace.
If H had a non-trivial subspace reducing 7, then this subspace should be one-dimen-
sional, i.e. spanned by an eigenvector of 7. An easy computation shows that the

' | V3

two possible linearly independent eigenvéctors of T are y, and %n/xl—T Vs,

but none of them spans an invariant subspace of T*.
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Modéie de Jordan pour une classe d’opéfateurs
"~ de Pespace de Hilbert :

Par BELA SZ.-NAGY & Szeged et CIPRIAN FOIAS 4 Bucarest

- Introdﬁction

_ Cette Note fait suite de la Note [2]. La on a étudié les opérateurs 7 d’un espace
- de Hilbert (séparable, complexe) qui appartiennent 3 une des classes Co(N)?) et
sont ,,sans multiplicité” dans un sens qu’on a précisé par une série de conditions
équivalentes, 'une de ces conditions étant I’existence d'un vecteur cyclique pour 7.
On a démontré en particulier qu’un opérateur T de classe Co(N) admet un vecteur
cyclique s1 T est quasi- snmxlalre a un operateur de classe Cy(1) et dans ce cas’
seulement :

Orla classe Co(l ) est c'onstituée des opérateurs quiv sont unitairemént équivalents
aux opérateurs S(m) attachés a des fonctions intérieures non- -constantes m (pour
le dlsque umte) S(m) est défini dans I'espace

) S(m) —HzemH2
par

S(nyu = Pogm(-u@)s o Sy = %,[aa)—,z«(oj].

Py desxgnant la pro_|ect10n orthogonale de l’espace de Hardy H 2 dans son sous-
espace 9 (m).
‘Dans cette Note on envisagera des opérateurs appartenant a la classe plus
' generale C, et de multiplicité finie quelconque, au seas de la définition suivante:
Pour un opérateur borné quelconque T dans espace §, la multiplicité py est

le nombre cardinal minimum d’un sous-ensemble © de $ tel que V TG = 5 2y

n=0

' (Notons que pr=1 veut dire’ que T admet un vecteur cycllque)

) Pour les définitions voir les Préliminaires.
2) Dans la Note [3] on a employé la notation dim.$ pour pp.
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Le résultat principal dans la partie I de cette Note est que tout opérateur T
de classe Cp aux multiplicités ur et pr« finies, est quasi-similaire a4 un operateur
- de la forme

(*) C Sm)@Sm)@ - SEmy)

ol my,m,, ..., mg sont des fonctions intérieures non-constantes dont chacune est
un diviseur de la précédente; de plus cet opérateur est determme par T d’une maniére
univoque et on a K= pg= iy« (theoreme 2).

Tel opérateur (%) sera appelé un opérateur de Jordan et des1gne aussi par
S(ml, My oeey Mg ).

Comme une application du théoréme 2 on démontre dans la partle II que
pour tout opérateur T de type envisagé le bicommutant (T) est constitué des fonc-
tions de 7T (au sens du chap. IV de [1]). Ce résultat (théoréme 3) généralise le fait
bien connu dans Palgébre linéaire que le bicommutant d’une matrxce carrée est

constitué-des polynoémes de cette matrice. o
Notre théoréme 2 présente certaines intersections avec un théoréme de Kisi-
' LEVSKY [5), maisil y a-une grande différence dans les sujets et les méthodes des deux -
recherches. L3, il s°agit des opérateurs bornés 4 dont la partie imaginaire (4 — A4*)/(2i)
"est non-négative et de trace finie, et dont le spectre est constitué du seul ponit 0.
Cela correspond par la transformation de Cayley 4 une contraction faible (au sens
du chap. VIII de [1]) de classe C,, dont le spectre est constitué du seul point 1. Par
contre, notre recherche concerne les opérateurs de classe Cy de multiplicité finie
(en particulier les opérateurs des classes Co(N)), mais sans aucune restriction pour
le spectre. 11 y a aussi la différence que notre méthode est fondée sur les notions
de ,,quasi-affinité” et de ,,quasi-similitude”, tandis que M. Kisilevsky utilise une
décomposition en ,,somme approximative” des espaces en question. Nous dis-
cuterons les relations entre ces notions, dans le cas qui nous intéresse, dans le n° 7.

Prellmmalres

: Rappelons la définition de la classe CO d’opérateurs (cf. [1] chap. III). C, est
. constituée des contractions complétement non-unitaires T d’un espace de Hilbert
9, pour lesquelles il existe une fonction u € H=?) telle que u#0 et u(T)=0. Parmi

- ces fonctions il y a alors une fonction intérieure qui divise dans H= toutes les autres;

cette fonction intéricure est déterminée par T 2 un facteur constant de module 1
pres et s’appelle Ia fonction. minimum de T'; on la désigne par m,. Sauf pour I'opéra- -
teur O de P’espace banal {0}, la fonction m; n’est pas constante. Inversement,

) Les classes de Hardy epyisagées sont celles pour le disque |1 <1,
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pour toute fonction intérieure non-constante m il existe un opérateur T de classe
C, telle que my=mj; tel est en particulier 'opérateur S(m) envisagé dans I'Intro-
duction.

La classe C, est contenue dans la classe Cy,,, composée des contractions T’
telles T"—0 et T*' =0 pour n —co, Inversement, tout opérateur T€ Cyo dont les
indices de défaut : -

bp =dim(I—T*T)$H, b =dim(I—TT*E$H

sont égaux 4 un nombre fini N, appartient 4 la classe Cy; la sous-classe de C, formée
par ces opérateurs s’appelle classe Cy(N) (¢f- [1], n° IX. 3).
La classe C,(0) comprend le seul opérateur O de l'espace banal {0}. La classe
Co (1) est constituée des opérateurs qui sont unitairement équivalents aux opérateurs
S(m) attachés aux fonctions intérieures m non-constantes. Ce fait se généralise
pour tout N=1: la classe Co(N) est constituée des opérateurs qui sont unitai-
rement équivalents aux opérateurs S(@) attachés aux fonctions intérieures matri-
cielles @ (A1) d’ordre N, contractives pures*). L’opérateur S(O) est défini notam-
ment dans l'espace ’
$(0) = H*(EM)© OH*(E") ?)
par

S5()ii = Pye(A u(h), ou S©O)u = %(u(/l)—u(O)).

Pour Popérateur S(@), la fonction minimum se calcule comme le quotient du
déterminant de la matrice © (1) par le plus grand diviseur intérieur commun des
déterminants mineurs d’ordre N —1 de cette matrice. Cf. [1], chap. VI, en particulier
le théoréme VI. 5. 2, ' _ V '

Pour T€C, on a T*cCy et mu=my, et pour T unitairement équivalent
4 S(@)€Cy(N), T* est unitairement équivalent & S(@7)EC,(N); ) ¢f [1], chap.
VI, théoréme 3. 1 et formule (1. 6).7) Pour T€ Cy(N) la restriction de T a un sous-
espace invariant quelconque appartient a une classe Cy(N’) avec N’ = N; ¢f. le lemme
IX. 3. 1de[l1].

4) Cest-a-dire que la fonction @ (1) est-définie et holomorphe dans le disque |A]<1, ses
valeurs sont des contractions dans espace euclidien complexe E¥, la limite radiale @(¢*) est un
" opérateur isométrique (donc aussi unitaire) dans EV pour presque tous les points e du cercle unité,
et de plus |@(0)x!l < x| pour tout vecteur non-nul x de EV. _

5y H?(E") est-I'espace hilbertien de Hardy des fonctions u=u(/l) a valeurs vecteurs dans EV,
Pour N=1 il s’agit donc de ’espace H? ordinaire,

¢) Pour une fonction &(4) a valeurs opérateurs on deﬁmt O~ (A)=0})*; pour une fonction
scalaire cette définition se réduit a m™ (1)= m(X)

7) Une transformation unitaire « — v=¥u de I’espace H(O) sur I’espace H(O™) par Iaquelle
’opérateur S(@)* est transformé en I'opérateur S(@~), est définie par v(z) = 7- @~ (2 u(Z) (z=¢€");
¢f. [4], n° 4. On a notamment ¥S(0)* =S(O™)¥. '
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Pour tout opérateur TE Coo ON a pr =0y et uT*_bT; ¢f. le n°1 de [3]. En
partlculler pour T E Cy(N)on a donc. ~

(*) . .ﬂT, Hrx = N.

Proposition A. (Proposition 1 dans [2].) Si Popérateur T€ Cy(N) admet
" un vecteur cyclique; il en est de meme de T* ainsi que de toute restriction de T a un sous-
espace invariant.

" Proposition B. (Théoreme 1 dans [2].) Pour tout opérateur T€ C, (N ) il existe
un sous-espace invariant £ tel que la restrlctlon T’ =TI admette un vecteur cycligue
dans L et qu’on ait my=my. ;

Un opérateur borné X d’un espace $, 4 un espace H, _'eét appelé une quasf—
affinité s’il admet un inverse & domaine dense dans $,. Un opérateur borné T,
dans. Y, s’appelle-une transformée quasi-affine d’un opérateur borné T, dans 9,,
s’il existe une quasi-affinité X de $, a 9, telle que T, X = XT,. Nous voulons indiquer
cette relation aussi par la notation

T,<T, ou T2>T1

Cette relation d’ordre partiel est transitif et T1<T2 entrame T1 >T5%. Sl de plus
T,,T,¢Co, On a my, =my,. . :

Deux opérateurs dont chacun est une transformee quasi-affine de r autre sont
dits quasi-similaires.

Proposition. C. La multiplicité ur est invariante par rapport 4 une quasi-
similitude. De plus, T, <T, entraine py = /,4T2

En effet, si &, est un ensemble de vecteurs dans I'espace 55,, de cardinalité

ur et tel que \/ T71€,=9,, et si X est une quasi-affinité de $, a 552 telle que
n=0

T,X= XT“ on a TzX XT" (n=0, 1 ) et par conséquent

VT2X<51— VXTI XV Ti'61=X$31=532:

n=0 . n=0
d’ou on dedult que fir, est au plus égale a la cardmahte de l’ensemb]e G,=XG,,
donc a pr,.

Proposition D. (Proposition 1 dans [3].) Tout opérateur. T€ C, admét comme
transformee quasi-affine un opérateur T, € C,, dont les mdtces de défaut sont égaux d py.
Si ;tT<oo on a donc T, €Co(N) avec N=py.

Terminons par remarquer que pour tout opérateur T dans l’espace EV, de
norme [T} <1, on.a T€ Cy(N). 11 s’ensuit que les résultats de cette Note s’appliquent
en particulier aux matrices carrées finies, donc présentent des generahsatlons de
certains faits appartenant a I'algebre linéaire.
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PARTIE I
1. Trois propositions et deux théorémes

1. Il 's’agit des propositions suivantes:

Proposxtlon 1. Pour tout operaleur T dans espace ©, appartenant @ une
classe Co(N). (N=1), il existe une. décomposition de $ en somme LHM de deux
sous-espaces orthogonaux dont I est invariant pour T, telle que dans la matrice cor-
o
Ton ,
la méme fonction minimum que T: mr, = my. Dans ce cas on a de plus

T > S(mr)® Tgm.

: [T . : : .
-respondante T= L’ ] Popérateur Ty (de 2) admette un vecteur cycligue et ait .

Proposition 2. Soient my, ..., my des Jonctions intérieures ayant pour diviseur
commun une fonction intérieure ‘non-constante m. - Supposons que [opérateur
Sm)S - & S(my) est la Iransformee quasi-affine d’l/n opérateur T de classe Cy(N).
On a alors K=N.

_ Proposition 3. Soient S(m,, ..., my) et S(my, ..., my) deux opérateurs de
- Jordan dont le premier est une transformée quasi-affine du second. On a alors K'=K
et mi=m; (i=1, ..., K), donc les deux opérateurs coincident.

On démontrera ces propositions dans les n°s 2—4.

2, Ic1 nous en deduxsons d’abord le suivant

Theoreme 1. Pour tout operateur T€C,, de nmltzpllczte ,uT ﬁme il existe un
operaieur de Jordan S(my, ..., myg) tel que

.1y o T > S@my, ..., mg).

Démonstration. En vertu de la proposition D il existe un opérateur T., €Co(NL)
tel que Ny =puy et : . :
12 T>T,.

D’aprés la proposition 1.il existe une restriction T, de T, 3 un sous-espace

inyariant 9, telle qu’on ait
o T1>-S(n11)EBT2

ou m; =mg, (=mq). Etant une restnctlon de T, loperateur Tz appartlent une
classe Co(NV,) et mr, est un diviseur de m;. Si N, =1, on peut appliquer le méme
raisonnement a T, au lieu de T, et on obtlent alors que :

Y S(ml)EBS(mz)eaT3»
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ol m, =my,, T est une restriction de 7,2 un sous-espace invariant et par conséquent
appartient a une classe Co(N3), et my, est un diviseur de m,. Ce procédé ne peut
étre continué¢ indéfiniment. En effet, si 'on a obtenu que '

Ty > S0m)@ -+ ® SIS Ty

pour certaines fonctions intérieures non-constantes m,, , my (dont chacune est
un diviseur de la précédente) et pour un opérateur Ty, ,, alors S(m,)&--- @ S(m,)
est la transformée quasi-affine de-Ia restriction de T, 4 un certain sous-espace
invariant®); comme cette restriction 'appartient a une classe Cy(N’) avec N'=N,,
il s’ensuit de la proposition 2 que k=N’ (=N,). Or le procédé ne s’arréte a I'étape:
k-iéme que si T, est Popérateur dans P’espace banal {0}. On conclut qulil existe
un opérateur de Jordan S(m,, ..., my) tel que

(1.3) _ _ Ty > S(my, ..., mg).
Les relations (1. 2) et (1. 3) entrainent la relation (1. 1).

Il manifeste que la fonction minimum d’un opérateur de Jordan S(m,, ..., mg)
est égale a m,. 1l s’ensuit .que pour tout operateur de Jordan vérifiant la relation
(1.1) on a m; =m;.

Le résultat principal de cette partie est contenu dans le

Théoréme 2. Pour un opérateur T de classe C, et aux multiplicités pr, frs
finies, il existe un opérateur de Jordan et un seul qui vérifie la relation (1. 1). Cet
opérateur est méme quasi-similaire a T et ona :

1.4 - . K= #r—ur*,'
on lappellera le modele de Jordan de T.

Remarque. Grice aux inégalités. ({) dans les Préliminaires, ‘le théoréme 2
s’applique en particulier aux opérateurs des classes Co(N), N=1.

"Démonstration. En vertu de la proposition D il existe: un opéfateﬁr
T+ €Co(Nyx) tel que Npe=pp« et T*>Tx. On a alors aussi 7€ Co(N+) et

(1.5) TH > T.

Envisageons deux opérateurs de Jordan, S = (m, ..., mg) et S’ =S(mj, ..., mg),
tels que 7> S, T*> §” et d’ailleurs quelconques; I'existence de tels opérateurs est

8) En effet, soient A et B deux opérateurs tels que B> 4, et soit £ un sous-espace invariant
pour A4. Si X est une quasi-affinité telle que BX=XA, alors M= X est un sous-espace invariant
pour B, X’=X|8 est une quasi-affinité de £ a M, et on a (BIIX'=X"(4|0).



Modéle de Jordan pour une ‘clasée d’opérateurs 97

assuré par le théoréme 1. On a alors
(1. 6) o S*>T>S8.

Or S™* est unltalrement équivalent a lopérateur de Jordan $'~ =S(m.", ..., mg),
donc il dérive de (1. 6) par la proposition 3 que S’ =S. Vu que S et S’~ étaient choisis
1ndependamment I'un de lautre, une des conséquences de cette egahte est que
S est déterminé par T d’une maniére univoque. En vertu de (1. 6), une autre consé-
quence est que 7 est quasi-similaire & S. : v

Reste & démontrer (1. 4). En vertu de la proposition C on a py=yug. D’autre
part on a pug =K parce que S¢€ Cy(K).%) Finalement, comme (1.5) et (1. 6) entrainent
TS et que TF € Co(uym), il sensuit par la proposition 2 que K=+, Ainsi,

nous avons
[lT =K= Hrx.

Vu la symétrie des hypothéses faites en T et 7%, on doit avoir au éf)té de I'inégalité

Ur=pp aussi celle opposée pr«=py. Donc py=pp=K. Cela achéve la dé-

monstration. : '
"En vertu de la proposmon 3, le théoréme 2 admet le suivant:

Corollaire 1. Soient T et T’ des opérateurs de type envisagé dans le théoréme 2.
Si T>T', alors T et T’ ont le méme modéle de Jordan. Inversement, si T et T’ ont
le méme modéle de Jordan, alors T et T’ sont quasi-similaires.

Remarque 1. Dans [2], n°8, on a construit un opérateur de classe Cy(2)
. et un opérateur de classe Cy(1), qui sont quasi-similaires sans étre similaires. Ainsi -
il n’est pas possible de remplacer, dans le corollaire ci-dessus, quasi- s1rn111tude par
similitude..

Remarque 2. Nous savons que pour tout opérateur de Jordan vérifiant la
relation (1.1) on a m; =my. Pour T unitairement équivalent a un opérateur
S(@)€ Cy(N), la fonction m, se calcule donc comme le déterminant de la matrice @
- divisé par le plus grand diviseur intérieur commun des déterminants mineurs d’ordre
N —1. 1l est fort probable que les autres fonctions dans la suite m,, ..., my peuvent .

€tre calculés d’'une maniére analogue.
~ Tout de méme, il y a une relation utile'que nous pouvons établir pour ce cas,
notamment la suivante: :

) C détO(A) = m, (A)--mg(A).

'9) En effet, on a $=S5(@) pour la fonction ‘matricielle @(1) d’ordre K, de type diagonal,
dont les éléments a la diagonale sont les fonctions scalaires m,,-..., my. Cette fonction est évidem-
ment intérieure et contractive pure. '

7 A
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Démonstration. Comme la fonction @ (1) coincide avec la fonction carac-
téristique. @1 (4), son déterminant coincide avec le déterminant dy(1) de la fonction
caractéristique de 7. On fera I'induction sur K. Lorsque K(=p;)=1, on a dp=m;
en vertu du théoréme 2 de [2], ce qui prouve (1. 7) dans ce cas. Supposons que (1. 7)
soit vérifiée pour K =k —1 et montrons qu’elle est alors vérifiée pour K=k aussi.
Soit donc T€ Cy(N) tel que K( = puy) = k. D’apres la proposition 1 il existe une décom-
position de P’espace de T en somme vectorielle de deux sous-espaces ‘orthogonaux, soit
et M, telle que M soit invariant pour 7 et que, en posant Ty =T |M et T, = (T*|2)*,
T ait un vecteur cyclique et vérifie la relation mr, =mr. En vertu du lemme IX. 3. 1
de [1] on a alors pour les déterminants des fonctions caractéristiques correspondantes:
dr=dr,dr,. En vertu de la proposition 1 on a aussi: T > S(mp)® Ty. Soit
S(mi,..., mx.) le modéle de Jordan de Tyy; m{,(=mT(_m) est alors un diviseur de
mi (=my). Il s’ensuit que T> S(m,, my, ..., mg), d’ou il dérive grace a 'unicité
du modéle que K’ = K—~1 = k—1.et m§= m;y, (i = 1, ..., k—1). Par 'hypothése
d’induction oh a dTm—mi v My_ =m, ... my; dautre part on a a’Tﬂ—mTﬂ
(=myp=m,) parce que T, admet un vecteur cychque On conclut que

dr = drﬂdTm = mymy.--my

ce qﬁi achéve la démonstration. -
Notons la conséquence suivante de la relation (1. 7):

Corollaire 2. Un opérateur T d’une classe Co(N) (N=1) et sa restriction
T’ a un sous-espace invariant propre ne peuvent avoir le méme modéle de Jordan.
T/ * .
0 T”] est la triangulation de T par rapport au
sous-espace.invaria.nt en question et son complément orthogonal, on a dy=dyp.dy
ol la fonction d;» n’est pas constante (de module 1) parce que dr.(T")=0. Si T
et T avaient le méme modéle de Jordan, on aurait dy =dp en vertu de (1. 7)

contradiction.

Démonstration. Si T=[

2. Démonstration de la proposition 1

Soit T un opérateur dans 'espace $, de classe Cy(N), N=1. Comme T* est
alors de méme type, on obtient par la proposition B qu’il existe un sous-espace
2 invariant pour T* tel que 7*|€ admette un vecteur cyclique dans £ et qu’on ait

(2. 1) ’ 'mT*[g ='mT*. .

Comme iUZ HOL est alors invariant pour 7, la décomposition -

53 ﬁ@im'
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engendre pour T et ‘pour la pI'OjeCtIOIl orthogonale P2 de H 2 £ les formes matri-

cielles .
[Te O I, 0]
o R I o

d’ou 'on obtient pour n'=0,'1, 2, ...

) n. IQO " n
on [ Y

Comme on a T, =(T*|2)* il s’ensuit de la proposition A que T, admet aussi un
vecteur cyclique, soit f, doncon a ..

L= yoTsf.
Posons
£ = YOT"f,'

de (2.2) il résulte aussit6t que
2. 3) ‘ @ ="P,2,.
De plus, commefeﬁ ﬂﬁl, ona

u(To)f = Peu(T)f Pou(T|2))f

pour toute fonction u € H=. On a. donc en particulier
mrm(Tﬂ)f: 0.
Puisque f est cyclique pour T, cela entraine

2.9 mre,(Te) = O
Or (2. 1) entraine

(2.5 Mry = Mri|eyx = (mr*ln) (mT*)~ = mr.

. Ainsi on déduit de (2. 4) que my dont étre un diviseur de my)q, . Comme T |531 est la
restriction de 7' 4 un sous-espace invariant, on conclut que

(2 6) . ] : n1T|Ql = Mr.

Comme T'|€, appartient 4 une classe Cy(N;), N; =N, et admet le vecteur cycli- -
que £, on déduit de la proposition D et de (2. 6) que T|2,> S(my); donc il existe
une quasi-affinité

X Sj(mr) -2
telle que ,
Q7n _ C XSmp)=T|1L)X=TX.

7%
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D’autre part, (2. 5) entraine
miy = (mrny =(mr) = ("”S(mr))~ = Ms(mpyr = Ms(m-)»

et il s’ensuit de nouveau de la proposition D que T¥> S(m7)( >S(h1,-)*) et que
par conséquent Ty < S(my). Donc il existe une quasi-affinité .

‘ Y: £~ Hmy)
~telle que -
@. 8) S(mp)Y = YTy

Ecrivons, pour simplifier, m au lieu de my et définissons
S =9moeM et T =SS Ty;

T’ est une contraction dans $’.
Nous voulons montrer que T"<T. A cet effet, envisageons I'opérateur

: XY -9,
défini par la formule

2.9) X(g®h) = Xg+h pour geH(m) et heIR.
X’ est évidemment linéaire et borné, et (2. 7) entraine que
TX'(g@h) = T(Xg+h) = XS(m)g+Toh =
= X(S(m)g® Tuh) = X' T'(g®H),
d’ou ' : _
(2.10) TX'=X'T".

Reste & montrer que X’ est une quasi-affinité de $’ a4 9, c’est-a-dire que

@.11) XS =9
et que ’ o
2. 12) X'(g®dh) = 0 entraine g®h = 0.

Or, la relation (2. 11) dérive d’une maniére simple des relations (2. 9) et 2.3)
et de ce que X est une quasi-affinité de H(m) & £;. On a notamment

XS = XS+ M=2, +M =P+ M=+ M = LM = §.

Quant a (2. 12), cela veut dire que Xg = —/h pour un g€H(m) et un LM
entraine g =0, c’est-a-dire que I'opérateur P, X est inversible, ou, ¢e qui revient au

méme, que 1'opérateur
W=YP,X: H(m) — H(m)

est inversible.
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Observons d’abord que .pair (2. 3) et puiéque X et Y sont des quési-afﬁnités, ona
@13) WH(m) = YP, XD (m) = TP, €, = Y2 = $(m).

D’autre part, on déduit de (2.2), (2.7) et'(2. ) que

- S(m) W=S(m)Y Po X= YT, Po X=YP,TX = YP, XS(m)= W S(m).

Faisons usage d’un théoréme de SARASON [6] suivant lequel tout opérateur borné
permutable 3 S(m) est de la forme ¢(S(m)) avec ¢ € H=. Donc on a

(.14 ; : W=w(S(m)) ot wecH".

Puisque (2. 13) entraine W0, on a certainement w0.
Soit g€ H(m) tel que Wg=0; par (2.14) cela veut dire que

Ps(m)Wg=0; ~donc wgimH?%, - wg=mu,

.avec un u € H?, Supposons que g 0. On a alors aussi u# 0 et par conséquent nous
- pouvons prendre les factorisations canoniques

W= WW,, g=gi8e U=Ul,

des fonctions w¢ H= et g, u€ H?, en produit de leurs facteurs intérieurs et extérieurs.
La relation wg=mu entraine w;g; =mu; et par conséquent '

= 4 g— 2
gw=mw avec w=uyw,cH?
d'ou ‘

&(Sm)w(Sm)=m(Sm)w(S(m))=0

parce que m(S(m)) 0 Grice a la relatlon 2. 13) on en déduit que g,(S(m)) 0,
ce qui veut dire que ,
Pgimy (8i0) =0, dox}_c &V € mH?

pour toute fonction v€H(m). Choisissons en particﬁlier v = 1—m(0)m: nous
obtenons ainsi que g€ mH?2, donc g;=mh, avec un h€¢ H2. Comme g; et m sont
" des fonctions intérieures, il en est de méme de A. On a donc g=mhg, ¢ mH?. Comme
g€H(m), on conclut que g=0: contradiction. Donc Wg=0 entraine g=0: W est
inversible, et la démonstration est terminée. ‘

- 3. Démonstration de la proposition 2

1. Nous commengons par un lemme qui nous sera utile aussi dans le n°s.

Lemme 1. Soient m et m’ deux fonctzons mrerleures non-constantes, dom‘ m est
un diviseur.de m’, donc
31n m’ =mq
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avec une fonction q intérieure. Envisageons les espaces
=$(m) (= H*omH?), §'=9(m) (= H*om H?)
et leurs opérateurs S=S(m) et S'=S(m"). Dans ces conditions,
$° =qH*OmH '
est un sous-espace de &' invariant pour S’ et I'opérateur S° = S’'|H° est unitairement
équivalent a S. Notamment, R: u —~ qu (u€$9) est une transformation unitaire de

aHletona
G2 . S°R=RS.

D’autre part, l'opérateur q(S’) applique & sur $° et I'opérateur

(3.3 Q = R™'¢q(S")
applique 9’ sur H: :

(3.4 - ' 09 =9
De plus on a ]

3.5) SQ=0S".

Démonstration. Le fait que R est unitaire, de $ a \30 decoule immédiatement
de (3..1) et de ce que g est une fonction intérieure.
Observons ensuite que pour vEHetu=qv (9% ona

q Su =gq- st(,lu) = q(/’»v +mo) = Aut+m'w,
et _ S'u = Py (Au) = Ju+m'w,
ol wy, w, € H2. Il s’ensuit que
’ S'u—q-Svem H?,

Drautre part, S"u€ 9’ et ¢- SvKﬁ'):S:)OCSﬁ;, donc- §S'u—gq- SvESﬁ’."Ainsi ona
nécessairement S'u—gq- Sv =0, donc . '

.S(qv) = g- Sv (UE")).

Cela montre que H° (=¢9) est invariant pour S’ 6t que S°=5’|H° vérifie la rela-
tion (3.2).
Observons ensuite que

98)Y = Py (6155)—~P5 q(H29171H2)— .
= Py lq(H>*OmHY)@m (H2©gH?)]| = Pg(q9H) = Py H® = §°

pafce que $°c$’. En appliquant R‘1 on en déduit la relatlon (3. 4). Finalement,
(3. 1) et (3. 2) entrainent

SQ=SR™'q(§)=R"'S°q(S)=R"' §'q(S)=R"1q($)S'=0QS",

cest-a-dire la relation (3. 5). Le lemme est démontré.



‘ Modéle de Jordan poﬁr une classe d’opérateurs . 103

2. Pour démontrer la proposition 2, envisageons des fonctions intérieures
my, ..., mg ayant pour diviseur intérieur commun une fonction intérieure non-
constante m, et supposons que l'opérateur S(m,)®--- @ S(mg) est la transformée
quasi-affine d’un opérateur T de classe Cy(N). D’aprés le lemme 1 Popérateur
S(m) est, pour k=1, ..., K, unitairement équivalent 2 la restriction de S(m,) 4 un
sous-espace invariant; par conséquent ’opérateur ' '

S®m) = S(my@--&S(m) (K termes).

est unitairement équivalent 2 la restriction de S(m )@ - D S(mg) & un sousQespace
invariant. Mais alors S®(m) est la transformée quasi-affine d’une restriction T’
de T 4 un sous-espace invariant (voir 8)), donc d’un opérateur de classe C,(N") avec
N’=N. Si ’on montre que cela entraine K= N’, on aura démontré a fortiori K=N.
Il est manifeste que T peut étre remplacé dans nos considérations par son
. modele fonctionnel, c’est-a-dire par un opérateur S(@) ou O est une fonction matri-
cielle d’ordre N’, contractive pure et intérieure. D’autre part, S(K)(m) est év1demment
égal a S(m I) ou Iy désigne l'opérateur unité dans EX. '
Par hypothése faite, il existe une quasi-affinité "

X2 $0n L) ~ H(0)

pour laquelle
(3.6  S@)X=X S(mly).

Cela entraine, en vertu de la généralisation du théoréme de Sarason donnée par
les auteurs dans [4], qu'il existe une fonction analytique bornee {EX, EV A(A)}
telle que -

3.7 ' X = Py, A|H(m Io.

D’autre part, on déduit de (3.6) que I'opérateur S(@) a la méme fonction
minimum que l'opérateur S(m Ix), donc m. Par conséquent il existe une fonction
matricielle analytique bornée 2(4), d’ordre N, telle que

(3.9) QNOD)=0(N)QA)=m() Iy.'°)
Envisageons alors la fonbtion analytique bornée {EX, E¥', B(A)} définie par

B()=QMWNA%)
et soit - ) ‘ ‘
' u€H*(EX) tel que BuemHZ*(EY).

m) 52()) est ’adjointe algébrique de la matrice @(1), dmsée par le plus grand diviseur mteneur
de ses éléments (fonctions dans H=).
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On déduit de (3. 8) que-
o mAu=0QAu=0BucOmH?*(EN)=mOH?*(E"Y),
d’ou :

‘ Auc OH(EM).
Posons v—Ps(,,,,K)u On a alors u—vemH?(EX), d’ol, par (3. 8),
' A(u—v)€ AmH*(EX) = mAH?(EX) = OQAH?(EX) OH*(E™).
Ainsi on a

Av = Au—A(u—v)EOHZ(EN)'

et par conséquent Xv= Py Av=0. Puisque X est inversible, cela entraine v=0,
donc ul H(m Iy), ue¢ mH?(EX). Résumons:

3.9 u€ H*(EX) et BucmH?(E™) entrainent u&mH?(EX).

Soient b;;(4) (i=1,...,N’; j=1, ...; K) les éléments de la matrice B(1); les
fonctions b;;(4) appartiennent 2 H=. 1l est impossible que toutes ces fonctions soient
divisibles par m(4) parce que, autrement, (3.9) entrainerait u€mH?2(EX) pour
toute fonction u¢c H*(EX) et par conséquent m(1) serait constante: contradiction.

Il existe donc un mineur de la matrice [b;;(4)] dont le déterminant 4(4) (€ H =)
n’est pas divisible par m(2) et dont I'ordre est maximal. Il ne réstreint pas la généralité
de supposer que c’est le mineur

1B, =1, j=1,.,7).

On a évidemment 1=r=min {K, N'}:
* Supposons que K> N’ et montrons que cela nous conduit 2 une contradiction.
Envisageons a cet effet le déterminant

1. blr bl,r+1
) ' = X:U:
brl’ "'brr br,r+1 2 4
xl e xr xr+1

que nous avons développé suivant sa dermere ligne. On a alors

ijYi

';,lb _ Opour i=1, A
=1 i {le determmant d’un mineur d’ordre -+ 1 de B(A) pouri =r+1,...,N".

Par conséquent, en posant
u=[ug, ..., 454y, 0,...,0] (K composantes)

on aura uéHz(Ek)_tel que (Bu); est divisible par m pour i=1,..., N, donc
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BuemH?(EY"). En vertu de (3.9) cela entraine que u € m H2(EX), ce quiestimpossible

© puisque u,,; (=4) n’est pas divisible par m.

On a donc nécessairement K= N’, ce qui achéve la démonstration de la proposi-
tion 2. ' '

4. Démonstration de la proposition 3

1. Posons S= S(m,, ..., my) et 8’=S(mj, ..., m}(r). 11 suffit de démontrer que
K=K’ et que m; est un diviseur de m); pour j=1, ..., K, car les relations de sens
opposé sensulvent de celles-ci en les apphquant au couple {S’*, $*} au lieu du
couple {S, S’}.

L’inégalité K=K’ découle 1mmed1atement de la proposmon 2 parce qu ’il est'
évident que S € Cy(K").

Par hypothése il existé une quasi-affinité

X: 9 =95(m)D0H(my) ~ HmNS - @Hmk) = 9

telle que S'X = XS, |
- Fixons un k, 1=k =K, et posons

M, =m(S)H et M =mS)y.
Puisque ’ '

XMWy = Xm () = m(SHXS = m(S)H = M,

on voit que X, =X |M, est une quasi-éfﬁnité de M, A M. 11 est manifeste que N,
est invariant pour S, et M; pour S’, et que de plus les restrictions

4 Z, = slsnzk, Z, = S’
vérifient la relation
- g Zk Xk XiZy;
Z, est donc une transformée quasi-affine de Z;.
Introduisons les notations suivantes:

$i=9(m), S;=Sm), Su=m(S)S Su=SI%  (=1...K),
S:)_; = ‘S(m;)a S; = S(m_’[)5 Sj_,k - mk(Sj)g_/y S,;k = S_;]g);k (] = 19 [ERN] K/);
il est évident que S
Zy =Sy ®Sk et Zk S1® - © Sk
Chacun des termes aux seconds membres est un opérateur ‘de classe C,(N) avec
N=1o0u0,etdaprés le lemme 2 qu’on va établir tout de suite, les fonctlons minimum
correspondantes sont

’

(l=1,,K) et ng _*—rnlj—7 (j=1;---,K’),

m.
4.1 o= : =
( ) 7nS,k ik mj/\mk A

m; Amy,
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ou le signe” A indique le plus grand d1v1seur intérieur des fonctions mteneures en
question. :
Désignons les fonctions (4. 1) plus s1mplement par my, et mj, selon les cas.
Sy est unitairement équivalent a S(m,) et S7, est unitairement équivalent a S(mj),
donc leurs sommes orthogonales Z; et Z; sont unitairement équivalentes-a
Ug=8Sm )@ ®Sng) et Up=Smy)e - B S (i),
selon les cas. Il s’ensuit que U, est une transformée quasi- affine de Uj. De plus
ona U, € Cy(N,) et U € Co(N;) ot N, est le nombre des fonctions my (i=1,...,K)
non-constantes, et de méme pour Nk Or, en vertu du lemme 2, m; 4 estun lelseur
de my,, et m;, , est un diviseur de m),. Puisque my, =1, on a donc N, = k—1.
Supposons que m, n’est pas un diviseur de m;. Dans ce cas mAn; ne coincide
pas avec my,, donc my, n'est pas constante et par Consequent Nk>k Comme on
peut écarter de la somme orthogonale Uk les termes égaux a O (donc correspon-
dant aux fonctions my, constantes), on obtient en appliquant la proposition 2 que

k=N =N =k-1.

Cette contradiction prouve que m est un d1v1seur de my. .
Comme k était arbitraire, la démonstration de la proposition est compléte.

2. Nous avons fait usage du suivant

Lemme 2. a) Soit T une contractzon de classe CO dans I’ espace 33 et soit p une
Jonction scalaire intérieure quelconque. Le sous-espace 9, =p(T)S est invariant
pour T et la restriction T,=T|9, a sa fonction minimum mT égale a my[(mrA\p).

b) Si m, m’, p sont des Sfonctions scalaires intérieures et m est un diviseur de
m’, alors m{(mAp) est un diviseur de m’[(m’\p). . '

Démonstration. a) L’invariance de $, pour T est évidente. Pour une fonc-
tion scalaire intérieure quelconque v on a :
u(T,)H,=u(T)p(1)S =u(Dp(1)$.

Pour qu’on ait u(7,) =0 il faut donc et il suffit que u(T)p(T)= 0 < est-a dire - que
up soit un multiple de my. Or, si up=myv pour une fonction intérieure v, on a

» . 4 . ’ L p . ’ mT
. =m = tom=——
4.2) up v pour p’ = . /\p _e» m mohp

comme p /\m =1,o0n deduxt de 4. 2) que u est.divisible par m’. D’autre part, u=m’
vérifie (4.2) avec v=p’. On conclut que my, =m’.
b) Une partie ‘du raisonnement m-dessus fournit que pour des fonctlons
intérieures m, p quelconques ona
m

= Uy
mAp uéA/(\m,m
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ot A(m, p). désigne I'ensemble des fonctions intérieures u pour lesquelles up est
divisible par m. Or, si m est un diviseur de m’, on a A(m, p) > A(m’, p) et par conséL

quent A u est un diviseur de A w.
u€ AGm,p) . © u€A(m', p)

PARTIE IT
5. Le théoréme sur le bicommutant et sa démonstration

Pour une contraction complétement non-unitaire 7 dans l’espace $ on désigne
u(4)
v(A)
. lnverse a domaine dense dans 9. Pour telle fonction ¢ on définit o (T) =v(T)™ u(T);
@(T) est un opérateur non nécessairement borné, mais fermé et de domaine dense
dans S') (Cf. le chap. IV de I'édition anglaise de [1].)

Tout opérateur borné B dans $, qui permute & T, permute aussi & ¢ (7):

© par Ny la classe des fonctions (p(l)- telles que u, v€ H” et que v(T) a un

¢(T)BS Bo(T).

- Nous allons montrer que cette propriété est caractéristique des fonctions ¢ (7)),
du moins pour T de type envisagé dans le theoreme 2et pour q)(T) borne Notam-
ment, on a le sSuivant

. Théore¢me: 3, Pour un opérateur T dans 9, de type envisagé dans le t/1eoreme 2,
tout opérateur A €(T) est de la forme A= (p(T) oit 9E€Ny. -

Démonstration. D’apres le théoréme 2, T est quasi- snmllalre a un operateur
de Jordan

. S = Sm)@ - D S(mg) dans 6 = 53("71)@"'@5("71()-
Soient
X:6-9 et Y:H5-6
des quasi-affinités pour lesquelles ,
6.1y - ' I TX=XS et SY=YT.

D’a_prés le lemme 1 du n°3 il existe, pour k=1, ...,.K, un sohs-'espa(':e 'H¢ de
H(m,), invariant pour-S(m,) et tel que '

SP = S(m)|9y .
'soi‘t unitairement équivalent & S(m,):

(5.2) - SCR,=R,S(m,) avec R, HS(m) — H7 unitaire.
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Notons qué 61 H(m,) et S° S(m,). De plus il existe un opérateur borné 9, de
H(my) a 55(mk) tel que

6.3y SmIQ, =0, S(my) et OH(my)=H(my.
Aupres de 'opérateur S-dans ®, envisageons aussi les operateurs

SO =S ---dSe dans 6° = $%@ - O HY
et : :
- $=Sm)®-®S(m,) dans & = H(m)S--®H(M,) (K termes).

Posons
R=R & ®RK et 0=0,0- @Qx,

il s ensult de (5 2) et (5.3) que R est umtalre

(3. 4) ' RG = G° S°R = RS,
et
(5.5 - 06 =6, SQ0=20S.

De (5.1) et (5.4) on obtient S°RY=RYT: comme. SO est évidemment la
restriction de S a 6°, cette relation peut s’écrire aussi sous la forme

(5. 6) | SRY=RYT.

Soit W un opérateur borné quelconque dans 6 permutant 3 S. Grace a (5. 1)
(5.5) et (5.6) on a :

TXQWRY =XSQWRY=XQSWRY =XQWSRY=XQWRSY = XQWRYT,
donc XQWRY bermute a T.1] permute alors a tout opérateur A dans (7')”, donc ona

: AXQ-W-RY = XQ:-W-RYA.
En posant : .

A B=RYAXQ ¢t C=RYXQ
il en dérive la relation ‘ :
(5.7 ' o BWC=CWRB.

Observons que B et C permutent 3 S; en effet on a
$B = SRYAXQ 2 RYTAXQ = RYATXQ &2 RYAXSQ &2 RYAXQS = BS

et dé méme pour C (cas A=1).
Par leur définition, les opérateurs B et C apphquent I’espace 6 dans lespace
6°. Comme 6°c G, on peut les considérer aussi comme des opérateurs dans 6.
Soient _
W=[VVij], B=[Bij]’ [ 1] (I,]:l, sres K)
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. les matrices de ces opérateurs correspondant 4 la décomposition ® = H(m)S -
- @ H(m,). Les éléments de ces matrices sont des opérateurs bornés dans H(m,)
permutant a S(m).
Comme W peut étre une matrice quelconque [W;;] dont les éléments permutent
a S(m,), on peut choisir en particulier W;;=1 pour (i, j)=(k, 1) et W,;=0 pour
(i, j) #(k, 1). On obtient alors de (5. 7) :

(5.8) . . Bikclj:CikBlj (i k_j:l e K).

Observons que C ( RYXQ) applique ® sur une variété dense dans ®°. Cela
s’ensuit de (5. 4), (5. 5) et de ce que X et Y sont des quasi-affinités. Les composantes '
de rang 1 des vecteurs dans C® font alors une variété dense dans la composante -
de rang 1 de 6:°, c’est-a-dire dans $H(m,). Cela veut dire que les éléments de la forme

; Cljgj ‘(ng 55(’”1))

sont denses dans $(m,), donc pour tout gESj(ml) il ex1ste des gi" € H(my)
(=1,..,K; n=1,2,..) tels que

= lim ZC“g()

n—+oo

d’ou en vertu de (5. 8) on déduit que

.9) ' ,kg_llmc,k231,g<">' '(i,k=1,.,.,K).

Comme By et C;, permutent & S(m,), il s’ensuit par le theoreme déja cité de
SARASON [6] qu ’il existe des fonctions by, ¢; € H= pour. lesquelles

B, = b,k(S(ml)) et Cy —.c,,,(S(ml))
Les relations (5. 8) impliquent
(G.10) - byey—cyby€mH2 (b k,j=1,..,K)
et (5.. 9) entraine, en I'appliquant au cas g = 1—mm1 ('65‘(’”1))’ que
G.11) | by = lim e, hfp +my )

ol A, IS € H? et la convergence est dans la.métrique hilbertienne de H2. De (5.11)
on déduit que tout diviseur intérieur commun de c;, et m, est un diviseur de by
aussi. ' :
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Envisageons en -particulier le plus grernd diviseur intérieur commun de ¢,
et m;, que nous désignons. par p; (lorsque ¢,;=0 on a p;=m,). Posons

by = bylp;, ¢ =cylp; et m;=mp; G=1,..,K);
en vertu de (5.10) on a .
- (5.12) o buci—ey b = miuy;, uy;€ H2
Notons que b}, ¢ et m] appértiennent H=, m] ‘est méme une fonctxon intérieure,
et ¢j et m; n’ont pas de diviseur intérieur non-constant.

Pu1sque chaque mj est un diviseur de m;, M=m; V...V mg (le plus petit
multiple intérieur commun de my, ..., mg) est aussi un diviseur de m,. Observons
aussi que o ‘
| =M
est un diviseur de. nﬂ/m} =p; pourj=1, ..., K. Par conséquent ¢ est un diviseur
de ¢, , donc ¢,;=qd; ot d;€ H” (j=1, ..., K). Comme on a alors’

K K K
2 Cug; = Z 1, (Stm)g; = a(Stny) 2 d)(Stn)g;

pour g;€$9H(m,) et que ces €éléments sont denses dans $(m,), on conclut que, a
fortiori,

Q(S(ml))i')(m_ﬂ = 55(””1)

D’apres le lemme 2 (n°4) cela entraine que m, [(gAm,) =m,, q/\m1 =1, donc (q étant
un diviseur de m,) g=1. Ainsi on a

m; = myV...Vmg.

En appliquant un lemme sur I’arithmétique des fonctions intérieures, démontré
dans [2], on conclut qu’il existe des fonctions intérieures ny, (k=1, ..., K) telles que

a) mij, est un diviseur de my, ‘

b) mi Amy=1pour ksh,

¢) m=mi{ V..Nmj (=m] - m).

Nous déduisons de (5. 12) que

(5. 13) . C bikv_cikw =m,z
ou
K . K
” E 4 I/ oo
Z: J 1C1mj+1.‘-.mK, _' =. Zl’ J 1b m1+1 mKEH
et
. o . . K ml
_ v v o J 2
——Zm J lm u,kjmj+1...-mK— Zwu"‘jEH .

my j=1 . j=1Mm;



°

Modéle de Jordan pour une classe d’opérateurs B T

801t r un diviseur intérieur commun de v et m, (dans H °°) Pu1sque la factorlsa-
tion m, =mj---mx est en facteurs premlers deux- a-deux, on a pour r une factorlsa-
tion correspondante r="r;---r; olt chaque r, est un diviseur -de m;. Comme my
figure dans tous les termes de la somme définissant v sauf dans celui de rang j=k,
r, est un diviseur de tous ces termes. Comme d’autre part r; est un diviseur de v,
il doit étre un diviseur aussi du terme de rang j=k. Or on a my Am; =1 et a fortiori
reAml =1 pouri=k, d’oit il s’ensuit que r, doit étre un diviseur de ¢;. Mais ¢;, et m;
n’ont pas de diviseur commun non-constant, donc r,=1. Cela étant valable pour
k=1,..,K, on a aussi r=1. o

Ainsi, nous venons de démontrer que les fonctions v et m, n’ont pas de diviseur
mterleur commun non-constant. On en fera usage tout a ’heure. '

De (5. 13) il derlve que :

| Byo(S(my)) - C,kw(S(ml)) = G, k=1,..,K),
d’ou .

Bo(S) - Cw(S) 0, RY[AXQu(S);XQw(Sj]=

et par consequent

G149 . _ AXQv(S) Xow(S) =

Or (5. 5) entraine Q- v(S)—v(S)Q et (5.1) entraine Xv(S)—v(T)X ‘donc on a
XQv(S)=v(T)XQ et la méme chose pour w; par (5.14) il en résulte que -

(oD —w(D)XQ =
Puanuc, }é(_ﬁ X6 =9, cf (5.5), cela entrame
 Au(D)—w(T) =

Finalement, le fait que v et m, (=my) n’ont pas de diviseur intérieur commun
_non-constant, entraine que la fonction v appartient a la classe K, c’est-a-dire que
v(T) admet un inverse & domaine dense dans $.!!). Vu aussi que, évidemment,
A permute 4 »(T), on conclut que ¢ =w/v appartient a la classe N; et qu'on a

A= (P(T)

1) Comme my n’est pas constante, le fait'que v et »ip n’ont pas de diviseur commun intérieur
" non- -constant exc]ue la possxbzhte v=0. Soit v=uv, v; la factorisation canonique de » en ses facteurs
extérieur v, et ifitérieur v;. On a v(T)=1,(T)v;(T), et v,(T) est inversible (¢f. n° IIL. 3 de [1])..Puis-
que m(T)h=0 pour tout A€H, il s’ensuit du lemme I11.4.5 de [1] que v,(T)h=0 pour un b .
entraine (v; Amy)(T)h=0. Comme dans notre cas v,Amp=1, cela veut dire que £=0; donc v,(T)
* est aussi inversible. Ainsi v(7) est inversible. — En appliquant le méme raisonnement 2 v~, my;
et T*, on obtient que v(T)* (=v™ (T*)) est aussi inversible. Cela prouve que v(T)~!a domaine dense
dans 55 :
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Cela achéve la démonstration du théoréme 3. -

~ Corollaire. Soit T€¢ Cy(N). Pour que T soit sans multiplicité (dans le sens de
[2]) il faut et il suffit que I'algébre (T, formee par les opérateurs bornes permutables
a T, soit commutative. :

- En effet, 'une des propriétés caractérisant les opérateurs sans multiplicité T
de classe Co(N) est que tout B (T) est de la forme B=¢(T) avec ¢ € Ny. Donc,
si T est sans multiplicité, (T)" est commutatif. Inversement, si (T) ‘est commutatif,
on a (T) =(T)", et par conséquent, en vertu du théoréme 3, tout opérateur dans
(T est de la forme ¢(T).

6. Le role de la classe Ny des fonctions

Les opérateurs 4 qu’on a envisagés dans le théoreme 3 étaient bornés, mais
les fonctions ¢ (1) par lesquelles on les a représentés sous la forme 4 = @ (T) étaient
non nécessairement bornées dans le disque unité || <1. La question se pose s'il
existe méme une représentation 4 =w(T) par une fonction bornée dans ce disque,
c’est-a-dire par we H™, '

"Nous allons montrer par un contre-exemple que cela n’est pas le cas. En effet,
nous construisons un opérateur T€ Cy(2) et un opérateur borné B tels que B peut étre
représenté sous la forme B=@(T) avec ¢ € Ny, mais ne peut pas étre represente sous
la forme B=w(T) avec we H~,

Pour commencer nous choisissons deux fonctions 1nter1eures scalaxres non-
constantes u(1) et v(4) telles que

(o. 1) .  upv=1;
‘on les précisera plus tard On définit alors la fonctlon {E 2 g2 @(A)} par la matrlce

(6.2) o) = [”(A) zo

: . V2 lo@ —o@)’
c’est évidemment une fonction intérieure, contractive pure, donc I'opérateur T'= S(©)
qu'elle engendre dans 'espace $(®) est de classe Co(2). La condition (6. 1) entraine
que la fonction minimum de T est égale au déterminant de la matrice @(4). En
vertu du- théoréme 2 de [2], T est alors sans multiplicité et par suite tout operateur
Bc(T) est de la forme B=¢(T) avec ¢ € Ny.

Envisageons en particulier Popérateur B défini dans $(@) par

' 10
Bh= Ps(e)Jh ot J = [ o 1]
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B est évidemment borné, et comme on a

0 -1
6.3) . JO=0J" ou J = [_1 0},
B permute a T(cf theoreme 2 de [4]). Ainsiona B= (p(T) pour une fonction pE Nr.
Supposons qu on a aussi

6.4y B=w(T)

pour une fonction we H=. Or; pour notre T=S(0), I'opérateur w(T) 's’obtient'
par la formule . ’ : :
w(TYh = Pgey(wh) (he H(0)),

-ainsi (6. 4) veut dire que Py gy(wh—Jh) = 0, donc
(6. 5) wh—Jh ¢ OH?(E?)

et cela pour tout 1€ H(@). Comme tout élément de la forme i1 = -([2 —@(l)@ 0)*)x,
ou x€ E2, appartient 4 $(@), on obtient de (6. 5), en faisant usage aussi de (6. 3),
que pour tout x€ E? il existe un y€ H2(E?) tel que .

(6. 6) , - (wh~J)x = Oy;

vu que @(e") est unitaire p. p. sur le cercle unité et que we H=, il s’ensuit méme
que y€ H=(E?). Soient y,=[y,;, V2] et y2=[y,2,¥2,] les éléments de H=(E?)
" qui correspondent de cette fagon aux veeteurs x, =[l, 0] et xz—[O 1] de E?; on
déduit de (6. 2) et (6. 6) que

oo 1 A
W+1 =V—§”(J’11+}’21), w—1 =ﬁv(ynz—YZ2),

d’ou

' L, 1 .
(6.7) 1 =ua+vb, avec a=-——=(y +y2)€H", b=———=(=yia+y)eH"

2)2 212
Or il est possible de choisir u et v de fagon que telle équation soit impossible; c’est

“le cas par exemple si u(l) = exp (l—i_—%] et v(2) est un produit de Blaschke dont

A
les zéros sont réels et tendent vers 1 (¢f. le n°8.2 de [2]). Tel choix de uet v rend donc
‘I’équation €6. 4) impossible pour we¢ H=,
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1. Décomposition approximative pour un opérateur de classe Co(N)

D’aprés une définition due é_KlSlLEvSKY [5] (¢f. aussi [7]) I'espace de Hilbert
R est appelé somme approximative de ses sous-espaces K; (j€I') si I'on a

(7.1 S 8=Vs

. . : jer

et - : -
(7.2) - - (V Rj)ﬂ( V K, = {0}

pour toute partition de I’ensemble des mdxces I' en partles dls]omtes non v1des
I'etr”, :

Theoreme 4. Pour un opérateur T dans espace R, de classe Cy(N) (N = 1) les
propriétés suivantes sont équivalentes:

(() T est quasi-similaire & I'opérateur de Jordan S= S(m,, ...', my) défini dans
Pespace § = $(m))® - H(my); -

(i) 1l existe une décomposition de X en somme approximative de sous-espaces
R, -.., 8¢ invariants pour T, telle que (:haque T;=T|8; est sans h&ulﬁp_liqité et m;
(=my)) est un diviseur de m;_, (pour j=1).

Démonstration. (ii) ~(i). Comme T; est sans multiplicité, il existe une quasi-
affinité X;: H(m;)~K; telle que TX,--——_XJ-S(mJ:); cof. [2]. En définissant

. K
. Xh, @ ®hy) = Z; X;h;
. Jj= '

pour ‘h'jeg(mj) (j=1, ..., K), on obtient un opérateur ){_35 - R, évidemment borné
et tel que XS(m,, ..., mg)=TX. De (7. 1) il dérive que XH =K, et de (7. 2) il dérive
que Xh=0 entraine /=0; donc X est une quasi- aﬂ‘imte "En vertu du théoréme 2,
S(m,, ..., mg) est alors quasi-similaire a 7.

(i) —~(i1). Soient X: H K et ¥: K -9 des quasi-affinités vérifiant les relations
TX=XSet SY=YT. Posons

E H,=9(m) et K;=X9; (=1, K);
8 est invariant pour T, X;=X19; est une quasi-affinité H; -R ,-et pour T; =T|R;
ona T;X;=X;S(m), d’ou il s’ensuit que T est sans multlphclte et que my,=m;.

La relation (7. 1) est manifeste (pour I' = {1 ., K}). 11 reste & démontrer (7.2).
- Posons a cet effet’ §" = @ 9;, " = @ 9 K=V & et K=V 8

Jjer: : jer: Jjerr
il est mamfeste que & —X@ et 8"=X9H". Env1sageons alors la somme directe

Ro — R,GBR”

et son opérateur _
' = (TIR)S(T|RM,
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qui est évidemment aussi d’une classe Co(N,), N, =1. En pdsant
O(h’+h”) = XI ® Xh" pour 4 E‘f) h" €97,
on définit une quasi- aﬁimte X9 —»R telle que

(7.3) : ’ - T X, =X, S.
Drautre part, en posant :

Y (K k") = Y(k’+k”) pour K€ 8, 43
“on déﬁrii_t un opérateur borné Y,: R, —9, avec YORO dénse'da_ns Sj et tel que
e S sy=1T.
L’opérategrl Z,= Y:: 5) —»S‘ est alors inversible et tel que
s  Z St =TiZ,;

de (7. 5) on déduit que Z 5 est invariant pour Tk En des:gnant par [T*] la restric-
tion de T & ce sous-espace, on aura

(1.6) o [Zo]S* = [T31(Z])

ou [Z ] désigne la quasi-affinité .6—»2;5 induite par Z,. En vertu de (7.6) on a
don¢ [T;]}S*; par conséquent [T} a le. modele de Jordan S*=S(mj, ..., mxg).
D’autre part, (7. 3) entraine que Tg" a aussi le modéle de Jordan égal 3 $*. En vertu
_ du corollaire 2 du théoréme 2 cela n’est possible que si Z,$ =R,. On conclut que
Z_,— et alors Y aussi — sont des quasi-affinités. o
Cela entraine (7.2). En effet, pour kK€ R"NK” on a k, = kO(—K)ERK, et
Yk, =Y(k— k) = 0, d’o, Y étant inversible, on dedult que k, =0 et par
conséquent k 0
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I -faktorisierbare Operatoren in Banachriumen

Von ALBRECHT PIETSCH in Jena (DDR)

'Ein beschrinkter linearer Operator T, der einen Banachraum E in einem Banach-
raum F abbildet, heiit /,-faktorisierbar (1 =p =), wenn er sich in ein Produkt

: 4 Y
T E~-1I, - F

" von zwei beschrinkten linearen Operatoren A € L(E, lp) und Y€L( F) aufspalten

1463t. Setzt man
0,(T) = inf | A Y,

wobei das Infimum iiber alle mdoglichen Faktorisierungen von 7' gebildet wird,
so ist die Klasse F, aller /,-faktorisierbaren Operatoren zwischen beliebigen Banach.
rdumen ein . vollstandlges Operatorenideal mit der Norm ¢,.

Bemerkenswert ist die Tatsache, daBl das Ideal F,(H, H) fiir Jeden Hilbert-
raum H und 1 <p <o sowie p #2 gerade aus allen kompakten linearen Operatoren
besteht, wihrend man in den Grenzfillen p=1 und p=-< die Hilbert—Schmidt-
Operatoren erhdit. Fiir p=2 ergibt sich das ]deal aller beschrinkten linearen
Operatoren mit separablem Bildraum.

Als Anwendung der gewonnenen Ergebnisse erhalten wir ein interessantes
Nuklearitdtskriterium fiir lokalkonvexe Rédume.

1. Die vollstindigen Normideale [F,, ¢,] °

" Mit L bezeichnen wir die Klasse aller beschriankten linearen Operatoren zwi-
schen beliebigen Banachrdumen, und L(E, F) ist die Menge derjenigen Operatoren
T€L, die den Banachraum FE in den Banachraum F abbilden.

Eine Klasse A von beschriankten linearen Operatoren heiflt Ideal (Vgl. [9]), wenn
fiir die. Mengen
A(E,F) =L(E, F)NA

die folgenden Aussagen gelten:

"(A) Aus S, TEA(E, F) folgt S+TcA(E, F).
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(Il) Aus TEL(E F) und SEA(F G) folgt STEA(E G)
{1, Aus TEA(E F) und SEL(F, G) folgt STEA(E G).

Eine Abbildung e, die jedem Operator TEA eine nicht negative Zahl a(7T)
zuordnet, nennt man Idealnorm, wenn die folgenden Bedingungen erfiillt sind:-

(0) * Aus a(T)=0 folgt T=0.

(NA) Fiir S, TEA(E, F) gili a(S+T) = a(S)+a(T).

(N,) Fir TEL(E, F) und S€A(F, G) gilt a(STjéa(S)l]T”..
(NL) Firr TEA(E, F) und SEL(F, G) gilt a(ST)=]S|a(T).

Ein Operatoremdeal A, auf dem eine Idealnorm a gegeben ist, wird als Norm-_
. ideal [A, o] bezeichnet. Ein Normideal [A, a] heiB3t vollstindig, wenn die emzelnen
Komponenten A(E, F) vollstindig sind. :

Wir formulieren nun das Hauptergebnis dieses Abschnittes.

Satz 1. Die Klasse [F,, @,] ist ein vollstindiges Normideal.
_ Wir verzichten auf den trivialen Nachweis der Eigenschaften (I;), (I2), (NI,),
(NI,) und (O). Die Gultlgkelt von (A) und (NA) erglbt sich zusammen mit der
Vollstindigkeit aus

Hilfssatz 1. __Fiir'jedé Folge von Operatoren T,, €F,(E, F) mit

- Zq’p(T)<+f’° .
wird durch den Ansatz

T—- 2T,
ein 0peralor T<F,(E F) deﬁmert und es gilt
‘Pp(T) =2 q’p(

- Beweis. Zu einer vorgegebenen Zahl ¢>0 bestimmen wir Faktorisierungen

| T, EX%p 1% F
mit : : : ’ )
I4,] = [0, (T)+27"el"" und |Y,| = [9,(T,)+27"¢]'/.

AuBerdem betrachten wir neben’ dem Folgenraum I, den entsprechenden Doppel—
folgenraum l und setzen (n wird festgehalten) '

In' {éx}“’{éxékn} und P,: {éik}_'{fm} :
" Dann liefern die Operatoren '

A= >SIA, und Y= 3Y,P,
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die gewiinschte Faktorisierurig : r

. . Y . :
| . T ESIF
Dabei gelten die Ungleichungen '

Il = {S 14,0707 und Y] = {3 %P
Damit ist unsere Behauptung bewiesen, denn die Banachriume [, und l sind iso-
morph, und es besteht die Abschétzung ‘

0,(T) = 4[Y] = 2 0,(T,) +e.

2. Ein Darstellungssatz fiir / -faktorisierbare Operatoren

, Wenn man die bekannten Darstellungssatze (vgl [6]) fiir Operatoren Ac¢ L(E, L)
und Y€L(/,, F) ausnutzt, ergibt sich .

Satz 2. Ein Operator TcL(E, F) ist genau dann I fakrorlszerbar (l<p<<),
wenn er sich in der Form o

=3(x.a n
darstellen lift, so daﬁ die Unglelchungen _
- 2Kxaplt < e und ZI(ymb>l" <+

fiir alle x¢€ E bzw. alle b€ F’ bestehen. Setzt man
[ a] = sup 2K, a)l’y!’ und ey[y,] = Sup RO 0

$0 gllt die Identttat _
(Pp(T) = lnf {gp[an] 811’ [yn]};

falls das Infimum tiber alle méglichen Darstellungen von T gebildet wird.

3. lp-faktorisiefbare Operatoren in Hilbertriumen

Im folgenden characterisieren wir die L, -faktorisierbaren Operatoren in einem
beheblgen Hilbertraum H. Dazu bendtigen wir -
Hilfssatz 2. Fir die_identische Abbildung
I: 13~17

und 1<p<eco gilt mit einer von n=1, 2,... uﬁabhiz’ngigen Konstanten bp die Un-
- gleichung ' o :
9,(1,) = c,.
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Beweis. Durchlduft e= {¢;} die 2"-elemehtigé Menge aller n-tupel mit g, = £1,
so besteht fiir alle x={&;} miit einer Konstanten a, die thtlewood Chintchinsche
Ungleichung (vgl. [3], [5]) ;

{Z IZ &, l”}”" = 2"ra, {3522
Deshalb erhilt man durch den Ansatz

An: {51} »{ne = Z Biéi}
einen Operator mit . o
14,0 1512 = 2a,,

und fiir den (dualen) Operat‘or

A:I: ’{ne}*{Ck = Z'Skrle}
gilt : :
[An: 12" =15 = 2" a,.

Aus der Identitit I, =2-"4,A4, ergibt sich abschlieBend die behauptete Ungleichung
9,(1) = apa‘p,'z Cp

~ Nach diesen Vorbereitungen erhalten wir

Satz 3. Fir 1 < p<eo und p #2 besteht das Ideal ¥,(H, H) aus allen kompakten
lmearen Operatoren.

Beweis. .
(1) Wir betrachten zuerst einen ausgearteten Operator 7. Weil der Bildraum
+ B(T) zu dem Hilbertraum /4 mit n=dim B(T) isomorph ist, hat man

(4) ‘ 0,(T) = @,(I)|IT| = ¢,|IT|.

Da jeder kompakte lineare Operator T durch ausgeartete Operatoren approx1m1ert
werden kann, libertriigt sich die Ungleichiing (4), und T gehort zu F,(H, H).
(2) Weil man jeden /,-faktorisierbaren Operator T in der folgenden Weise zer-

legen kann, . _

ergibt 51ch die behauptete Kompakthelt aus der Tatsache, daB fiir r>s alle Operatoren
aus L(/,, [,) kompakt sind (vgl. [10]). :

Den Beweis der folgenden Behauptung findet man 1nd1rekt bei A. GROTHEN- -
DIECK [2] oder J. LINDENSTRAUSS—A. PELCZYNSKI [4].
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Satz 4. Die Ideale F,(H, H ) und Fm(H H) bestehen aus allen Hllbert—Schmrdt- '
Operatoren.

Ohne Beweis formulieren wir abschlieBend den tr1v1alen

Satz 5. Das Ideal ¥,(H, H) besteht aus allen beschrinkten linearen Operatoren
mit separablem Bildraum. .

-4, IM-faktorisierbare Operatoren

Der Begriff des [ -faktorisierbaren Operators kann folgendermallen verall-
gemeinert werden.  Wir betrachten eine beliebige Klasse 9 von Banachriumen
und bezeichnen einen Operator. T€L(E, F) als M faktortszerbar wenn es Banach- -
rdume M,€IM, Operatoren” A4,€L(E, M,) und Y,cL(M,, F) mit

ANV < 40
gibt, so daB ) . ,
' T=2Y,A4,
. gilt. Setzt man
’ o (T) = inf 2|4 Y.],

‘wobei das Infimum iiber alle méglichen' Darstellungen "gebildet wird, so ist die
Klasse [Foy, @] aller M-faktorisierbaren Operatoren das kleinste vollstindige Norm-
ideal [A, a], das alle identischen Abbildungen

Ly: M—~M, MeN,

enthilt. ,
(1) Die von uns betrachteten L faktor151erbaren Operatoren erhilt man, wenn
M nur aus dem Banachraum /, besteht

(2) Enthalt M lediglich den emdlmensmnalen Banachraum so ergeben sich
die nuklearen Operatoren

(3) Die Klasse aller Hilbertraume liefert das interessante Normideal der soge-
nannten Hilbert-Operatoren, die bereits von A. GROTHENDIECK [2] und J. Lin-
DENSTRAUSS—A. PELCZYNsKki [4] untersucht wurden.

5. Projektive Spektren VOn Banachriumen

Eine Folge von Banachraumen En, zw;schen denen beschrankte lineare Ope--

ratoren
Tn: En+1 ;’En

" definiert sind, heiBt projektives Spektrwh (vgl. [1]). Fiir jedes projektive Spektrum
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wird die Menge E aller Folgen
X = {X"} mit  T,X,. = X,
zu einem (F)-Raum, wenn man die Halbnormen

Pa(x) = lIx,l|

einfiihrt. Umgekehrt 148t sich jeder (F)-Raum auf diese Weise aus einem projek-
tiven Spektrum von Banachriumen erzeugen. v

Aus der Theorie der nuklearen lokalkonvexen Raume (vgl. [7]) ist bekannt,
daBB man jeden nuklearen (F)-Raum sogar aus einem projektiven Spektrum von
Hilbertriumen gewinnen kann, in dem die Operatoren T, nuklear sind. Als unmit-
telbare Folgerung aus dieser Feststellung ergibt sich

Satz 6. (Vgl. [11], S. 101) Jeder nukleare (F)-Raum kann mit beliebigen Zahlen
P #q aus einem projektiven Spektrum

(%) ' R ALy JELLEY g

erzeugt werden.

Es erhebt sich nun die umgekehrte Frage, ob jedes projektive Spektrum ()
einen nuklearen (F)-Raum liefert.

Satz 7. Fir p=1 und 2=qg=oc bzw. 1=p=2 und q=o wird durch jedes
projektive Spektrum () ein nuklearer (F)-Raum erzeugt.

‘Beweis. Unsere Behauptung ergibt sich unmittelbar aus der Tatsache, daB
jeder Operator aus L(/., /) mit 1=¢g=2 absolut-2-summierend ist (vgl. [4], [8]).

Satz 8. Fiir | <p, q<-<o wird durch ein projektives Spektrum (%) nicht immer
ein nuklearer (F)-Raum -erzeugt.

Beweis. Wir betrachten eine Nuilfolge von reellen Zahlen Z; mit
Sl =4 fir r=1-
und definieren den Operator T durch die Zuordnung '

T: {51} - {’1:’5:'}'
Dann gilt '
TEF,,([Z, lz) fiir [ <p<eo,
und es gibt Faktorlslerungen

Aq Y,

T: L2501 2% 0 und T L, 2S00
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Folglich liefert das projektive Spektrum

T T T 4
£ : rpz ‘[2 > 2 —
g Y
N YN Y e Y
y A -y

~ keinen nuklearen (F)-Raum.

Problem. Erzeugt jedés projektive Spektrum (x) mit p=1 und 1 <g<2 bzw.
2<p<oco und q=-co stets einem nuklearen (F)-Raum? :
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. Some remarks on expectations

By RICHARD H. HERMAN in Los Angeles (California, U.S. A)

Tu [3] the notion of a @-finite (see below) von Neumann algebra 9 is developed
" and gives rise to an expectation which is a generalization of the concept of the
~center trace [2, 111, § 5]. In § 2 we discuss ultraweakly closed ideals invariant under
a group of automorphisms in a %-finite algebra and certain normal state which
serve to replace characters [2, p. 275]. We then remove a restriction from one of
SToRMER’s result [5] on expectations and examine the effect of this expectation’
on characterrzmg certain ideals. '

1. In thls paragraph we discuss consequences of the expectation 4 —~A% as
given in [3].

_ Definition. If 2 is a von Neumann algebra and {u,|g €%} is a group of auto-
morphisms acting on U, then A is said to be @-finite if whenever 4 €A+, 420, therc )
exists an invariant, normal state. o such that Q(A) #0.

In [3] it is shown that if U is g-finite and A (T, ¥) equals the strong closure
~of cof{u,(T)ge%} then A (T, %)NUAY contains a unique point, where A¥ is the
~von Neumann algebra of elements fixed by all o, Thls is thén used to define the
faithful normal map T—T7 [3, p. 240]

Proposition L. Let W be a gﬁmre and suppose m is an ultraweaklv closed
ideal in W invariant under the {o,}. Then m ﬂ?[g ={T? TEm} If N 23, every two-
sza’ed ultraweakly closed ideal is invariant.

Proof Let m be u.w. closed and suppose m’ 1s a left ideal. m=AE [2, p. 45]
with E a unique projection in 2I. Since o, (1) =m we have o ,(E)=E by uniqueness.
Let T¢mNAY then T=T% [3, p. 241]. Conversely. suppose T€nt then T'= SE
50’ T%=(SE)?=S?Ecm. Moreover (T9)?=T¥% so T?7cmOAY [3, p. 240]. The
last staternent follows from the previous remarks and the fact that any such ideal
looks like Az with z€ 3 [2, p. 45]. '

Remark 1. If we suppose H¥2 3 thenif m=2Azis an ultraweakly closed two-
sided ideal in 2 then clearly AY z (=mNA?)is one in A, If nisan ultraweakly closed
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two-sided ideal in A¢ there is (if at all) at most one ultraweakly closed two-sided
ideal in A giving rise to n in this manner. This is the case for if AYz, =AYz, then
since 1€WY, z, =z, and z,=z;, so z; =z,. If we make the additional hypothesis
that 3 is the center of A9, then the correspondence becomes complete and clearly
- preserves maximality. :

The appropriate replacement for characters seems to be %- clusterlng states,
where :

Definition.(Let ¢ be an invariant state. ¢ is said to be %-clustering [5, p.
18] if o(4B¥)=(A4)e(B).

Proposition 2. Let U be 94-finite and suppose o is a normal G-clustering state.
Then the support [2, p. 61] of ¢ is a minimal projection in %, lying in the center .of
WY, Conversely to every minimal projection lying in the center of W? there corresponds
a unique normal 4-clustering state on .

Proof. Since ¢ is invariant we have that E,, the support of g, belongs to A¢
(this is noted in [3]). The map A4 ~AY takes N onto A? thus ¢ restricted to A¥ is
a normal multiplicative state (for all normal invariant states | we have (49) =y (4)
[3, p. 240)). 1t is now clear that E, is also the support of g restricted to 2% and thus
by a result of PLYMEN {4] is minimal in %¢ and lies in the center of A%.
Conversely suppose E belongs to the center of WY and is minimal in A¥. Then’
[4] there exists a unique, normal, multiplicative state § on %A¢ whose support is
E. We then define g(4)=g(A4%). ¢ is.normal by the normality of 4 —~A%. Further
(o, (4)) =0 ([o,(A)]%) = 3(A4%) = 0(4) [3, p. 240], thus. ¢ is invariant. For 4, BEA
we have ¢(4B%)=g((4B%)?)= (4% B?)=0g(A4%)¢(BY)=¢(A)o(B) i.c. gis F-cluster-
ing on . The uniqueness follows from the fact that the state g is uniquely determined
by E and the fact that a normal 1nvar1ant state is uniquely determined by its values '
on Y [3, p. 242].
' Under appropriate conditions we obtain. the analogue of [Proposition 5. 2,
- p. 277).

Proposition 3. Suppbse A is G-finite and 3 is the center of N¢. Then there
exists a one-to-one correspondence between maximal two-sided ultraweakly. closed
ideals in W and normal 9-clustering states on N.

Proof. By Remark 1 it suffices to exhibit a correspondence with ideals in 9.

We consider the kernel of ¢|%?. By the %-clustering and a result of PLYMEN,
this equals ‘.’Ig(l'—Eg) which is a two sided ultraweakly closed ideal in %¥. Suppose
there exists m with A¢ D> m D AY(I—E,), m two sided u.w. closed ideal in A?.
‘ Since 3 is the center of Y, m=WUYz with z€¢3. Thus I > z = I—E, and
. O < I—z < E, which contradicts the minimality of E,. Thus A?(I — E,) is maximal.
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2. We now discuss a result of STerRMER (5] and‘obtéin a more explicit ideal
correspondence. '

Definition. Let A be a von Neumann algebra and B a von Neumann sub- -
algebra of 2. Then a positive linear map @ of A onto B is called an expectation if
d(I)=1 and P (BA)=Bd(A) for BEB and AcU. _

In [5].ST(Z$RMER constructs an expectation onto a subalgebra of 3 under the condi-
tion that the'algebra is acted upon by a large group of automorphisms given by
unitaries,

Definition. Let % be a group of unitaries giving rise to automorphisms
of A, a C*-algebra. Then % is said to be a large. group of automorphisms if
" co(UAU Y Uc)NW = @ for AU (the closure is -in- the strong topology).

We show that one can obtain a normal invariant expectation onto the same sub-
algebra of 3 without this assumption. We do not however obtain the full strength
of STORMER’S results.

Theo_rem 1. Let A be a von Neumann algebra acted upon by a group of auto.
morphisms {a,}. Set B=N? N3 and suppose there exists a normal state, g, invariant
under the {o,} which is faithful on B. Then there exists an expectation, takmg A
onto B such that :

(i) e(BO(X))=0(BX) BEB and XU,

(ii) @ (2, (4)) = B (), |

(i) @ is normal, i : . :

(iv) if mis an ultraweakly closed two-sided invariant ideal and X¢cwm, then
P(X)cm,

Proof. The existence of an expectation with property (i) is a special case of . '

a result of DE KORVIN [1]. One first realizes B as‘a Hilbert algebra with inner product
(A, B)=0(B*4). Then one defines (B)=o(BX) for XcA*, BEB. Riesz’ lemma
and a standard Hilbert algebra argument yield the desired result.

From (i) .

0 BP(a, (X)) = o(Ba,(X))=0(a, (BX)) 0(BX)=0(BP(X)) Bc®.

Thus &(x,(X))= ®(X) since ¢ is faithful on B. :

Normality follows as in [5, p. 10] since the map @& is positive.

Now let m be an ultraweakly closed two-sided ideal in 2. Then m=Az. If m .
is invariant then o, (m)=m. By the uniqueness of z, a,(z)=z for all g and z€B.
We must show that if X€m then @(X)€m or equivalently zd(X)= ®(X). But for
Xem

0(B2®(X)) = 0(BzX) = o(BX) = o(BP(X)).
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An appropriate choice of B gives z¢0(X)=d(X).

The expectatron 9’ that STBRMER constructs has the nice property that it preserves
normal invariant states in that if y is any such y o & = . While this is not neces-
sarily true for the above expectatron, nevertheless we have

Corollary Let W be as in the theorem. If  is an invariant, multlpllcatwe
normal state on U then Yo d = .

Proof. Since ¥ is invariant so is ker ¢ (the kernel of ), which PLYMEN has
shown [4] is an ultraweakly closed two-sided ideal. By (iv) of the theorem @ (ker ¢y) S
- kerrﬁ so keryo@ 2 kerw Thus l//o(D = Ay. However <I>([) Iso A=1 and
Yo = y.

In this case we can, following [2, p. 273], obtain a characterization of the ideal m
- -corresponding to an ideal n in B. '

Proposition 4. Let N and B be as in Theorem 1. Let u be a two-sided ultra-
weakly’ closed ideal in B. Let m={TcW|®(T,TT,)en for T,, T,€U}. Then m
is the largest two-sided ideal of A that mﬁ%cn m is invariant and ultraweakly
closed. mMNB =n. ‘

Proof. Linearity and ultraweak continuity [2, p. 56] of @ imply that m is a
two-sided ultraweakly closed ideal. Suppose now that T€ mNB. Then &(T)=TeEn
so mNBen. If Tew then for T, T,cW we have (T, TT)=P(TT,T,)=
=To(T, T2)6n le. T7emMNB. — mn is invariant for if T€m then by (ii) of Theo-
rem 1

(T, ,(T)T) = <D(oa_,(T; TT_;)) = &(T; TT)€n,

Suppose m” is another ultraweakly closed two-sided invariant ideal in 2 with
m’ NB & By (iv) of Theorem 1 we have m ﬂSB {®(D)| Tew'}, ie. Tem’ gives
¢(T)En Since m’ is an ideal &(7T,TT,)En, ie. M’ Sin.
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Uber die kovariante Ableitung der Vektoren -
in verallgemeinerten Linienelementriumen

Von ARTHUR MOOR in Sopron (Ungarn)

§ 1. Einleitung

In [3] begriindeten wir eine Ubertragungstheorie der Vektoren und der ver- _
allgemeinerten Vektoren in einem 9Mi,-Raum, d. h. in emem Raum, in dem d1e
" Grundelemente (x, v') dem Transformationsgesétz:

(x = R (xL, x%, ..., x"),

0%/

l*i'_ Al =1 =2 i) Y G |
O
d% of
R lDet[B ]#0 Det[al]¢0

~ geniigen. Die Funktionen () sollen in den & immer homogen von erster Ordnung
" sein. In [4] bestimmten wir verschiedene mogliche Type der kovarianten Ableitun_gen
der verallgemeinerten Vektoren, d. h. die beziiglich (1.1) dem- Transfofmations—
‘gesetzt

(1.2a) Xi=

geniigen. :
Im folgenden wollen wir dlC moglichen Formen der kovarianten Ableltungen
der gewohnlxchen Vektoren im M,-Raum bestimmen, d. h. die kovarianten Ab-
leitungen der Vektoren, die beziiglich (1. 1) dem Transformationsgesetz
el . . - t

= g;, X’ bzw.  (L.3b) 7, :_-‘3—%1@ |

geniigén. Beziiglich des Begriffs der kovarianten Ableitu'ng' verweisen wir auf di¢
fundamentale Arbeit [1] der Theorie der geometrischen Objekte-(vgl. insb. Kapitel
IV. 1). Wir bemerken, daBl die Theorie der allgemeinen zweiten kovarianten Ab-
leitung (,)V, nicht so vollstindig ist, wie die der ersten 'kovar'iant_en "Ableitung;
die fundamentalen Funktionalgleichungen aber, von denen die zweiten kovarianten
Ableitungen bestimmt werden kdnnen, werden wir in §4 angeben.

oo T . } ot
X bzw. (1. 2b) 7, = r

(1.32) " Xi=

9 A
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§2. Fundamenté]gfiiﬂen des i, -Raumes

Wir werden die folgenden Bezelchnungen benutzen

i, def o ©j def v A def oxt 30 j def oxi _ ov!

@ I) Y o5 Ps= 95’ qr== Ix" qi= ax_s = TE;’

diese stimmen mit den in [4] beniitzten Bezeichnungen iiberein.

Die Grundgrofien eines 9M,-Raumes, in dem eine Uberiragungstheorie der
Vektoren definiert ist (vgl. [3] § 3— §6) sind die folgenden: '

1. Der Pseudotensor a(x, v),mit dem Transformationsgesetz!):

2.2 a0 = 2 I% ) = g o,
da nach (2. 1) offenbar ‘
(2. 2a) o g—”—%%%=ﬁ:ii
besteht.
Es soll immer
(2. 2b) | Det (a) = 0

gelten, woraus folgt, daB 4! einen eindeutig bestimmten inversen Pseudotensor b}
definiert, d. h. die Relationen

2.3) bia; = &, ‘bzw. bai = ol
beziiglich. b} _eindeuﬁg 16sbar sind, und'es gilt:
ot OF

@y Bi(%,8) = 5= 52 bilx, 0) = qipjdibi(x, v)
da nach (2. 1) offenbar

’ o - Ot OP° .
(2..4a) ‘ . 9 S 9 0w = g pj

besteht.

Bemerkung. Die Relationen (2.24) .und (2.4a) werden wir im folgenden
ofters ohne einen direkten Hinweis auf diese Gleichungen anwenden. Die beiden
Relationen von (2. 3) sind nach einem wohlbekannten Satz der Tensoralgebra
glexchwertlg : '

1) Beziiglich des Begriffs der verallgemeinerten Tensoren und Pseudotensoren.ygl.‘[3] §2.
Dle verallgcmemerten Tensoren konnten beziiglich der Grundelementtransformation (1. 1) auch
als gewdhnliche Tensoren betrachtet werden, doch wollen wir dle Termmologle von unserer Arbeit
[3] behalten. .
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, II. Die in i, Kk symmetrischen Ubertraguﬁgsparameter M7, mit dem Trans-
formationsgesetz: . :

@25 “ M, = M\b, pialpids pias — Bhpipt,
wo ’ '

L def 027

Pa™= g5 0

bedeutet (vgl. z. B. [4], Formel (1. 6)).

. III. Die Ubertragungsparameter L}, mit.'demb Transformationsgesetz:
(2.6) L, = L. pat B dia +pbcp,qzq’L*' ﬁch‘fpi’qzkﬁ’ﬁié: qapss
wo der Index ,,0” die Uberschlebung mit v/, und

; der 02X
e T
bedeuten (vgl. [4), Formel (1 6)). : : :
Die GroBen M, und L}, sind fir die Festlegung der kovarianten Ableltung
der verallgememerten Vektoren ndtig (vgl. [4]), wihrend die Pseudotensoren a;
bzw. b} bei der Definition der kovarianten Ab]eltungen der gewohnhchen Vektoren
im M, -Raum benutzt werden.

§ 3. Die allgeméine erste kovariante Ableitung

Nach diesen Vorbereitungen gehen wir zur Definition der allgemeinen ersten
kovarianten Ableitung (,,V, iiber. Diese aligemeine erste kovariante Ableitung soll
so definiert werden, daf sie eine Verallgemeinerung der in [3] durch ¥, bezeichneten
Ableitung sei. Aus § 5 und ‘aus den Gleichungen (4. 12) und (4. 14) von [3] kann
leicht berechnet werden, daB fiir einen gewdhnlichen Vektor:.

e ¢ 9 j .
X'd—f—( LX)+ M ka’X’ Vde—f—(th) - M/ bY,

Definition 1. Die allgemeine erste kovanante Ableitung ,,V, eines kontra-
bzw. kovarianten Vektors Z vom Transformationsgesetz (1. 3) ist ein verallgemeinerter
Tensor zweiter Stufe, der von Z, 9,:Z, a’, dxa’ und vom Hilfsobjekt M, abhingig
ist, und dessen kovariante Stufenzahl um eins groBer, als die von Z ist (vgl. [3]§ 2).

Die einzelnen Funktionen der verschiedenen kovarianten Ableitungen sollen
jetzt und im folgenden immier in allen ihren Verdnderlichen stetig sein.. Wir be- .
weisen fiir die Form der ersten kovarlanten Ab]eltung eines kontravananten Vektors
den folgenden -

9*
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~Satz 1. Die allgememe erste kovarmnre Ableitung eines kontrauarlamen Vektors
X' im 9, -Raum ist eine Funktion von ajX®, ajd,; X" und bsv as, wo

* fan

(3. 1) » . ‘ Vk a k-{-M,kaJ
Vor dem Beweis dés_ Satzes 1 wollen wir zeigen, daB3 die durch (3. 1) bestimmte
GroBe selbst ein’ Pseudotensor ist. Auf Grund von (2. 1) ist nidmlich

2d, 05 B ox* D 9 o ox

—_ r

' 30 31’)" 0% o 30 v 9% 9l

woraus in Hinsicht auf Q2. ‘5) und (2. 1), ferner wegen der ,Relation'

0 ot - 0B 0 O

WAt Ik~ Ot 9P dF O

o ‘ vt ot S .
— die offenbar besteht, da G 9 = 0y ist — leicht folgt:
G. 2) o %kd;'. iaia_”f’i.%sa:,

ov" ov* IxJ

und das beweist unsere Behauptung beziiglich des pseudotensorlellen Charakters
von (3. 1). :

Es ist bemerkenswert, daBl in (3. 1) nur ein M, enthaltendes Glied nétig ist,
obwohl & zwei Indizes hat. Das folgt daraus, daB in der Transformationsformel

i

. 0 ' :
ein % -Faktor yorkommt, wihrend

((Efs—. beziiglich der Ableitung 3_(?;7‘ eine Konstante ist.

kad

(2. 2) von & nur beziiglich des. Indexen i

0%

Beweis des Satzes 1. Auf Grund der Definition 1 ist:_

3X" o da
G.3 » (VX" = F! X"a s M, &, e ;]

Da |, X" nach der Deﬁmtlon 1 ein Verallgememerter Tensor sein muB gllt nach
einer Transformatlon (1. 1) die Transformationsformel

3.4 . » (1)VkX.=Pa(1r%Pk(1)VsX7

wo die Grofen 15:,, 4, gs und p? durch (2. 1) festgelegt sind. In Hinsicht auf (3. 3),
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2.2), (2. 5) und (2.6) bekommt man fiir dle erste kovariante Ableitung F‘ das
folgende Funktionalsgleichungssystem :

. ,0X° b s
(3 5) [ Xb qbqlp, 3 S ,Pa%P?thc‘Is’Melj—

. o . ) 0@, .0 s ’
. —prspapc,p:'qiqb az,p?q,qb q,'”piW+pm.pc gras ] =

) oxs dat
- P;nq:nqt;pkl: [Xaa F’ Mabcsvag: "52)% .

Da die Relationen (3 5) fiir die 2, G&, pbs eine Identitit bilden, bekommt
man fir . . :
i = qj =7} ='Qj = 4, ﬁZL M/ ?)
die Relation: S o

; (?X * i (?X (')a
Fk [X’-a-U—" 0> a, va]‘ - Fk[X,—a_u>M’ a_"%_]5
wo wir wegen leichterer Ubersicht die Indizes bei den Argumenten von Fi weg-
lieBen. Unsere letzte Formel zeigt nun, daB die erste kovariante Ableitung von
X‘ von M., nicht explizit abhingig ist, d. h. daB sie die Form: :
. . ‘3X“ L%

(3.6 , (l)ka' = ¢} [X",—(%;,ag, v_ca;;]
hat.

Die Transformatlonsformel (3. 4) gibt somit nach (3. 3) fur <Dk das Funktional-

gleichungssystem

Ad 4t A2 At oS

» N P >0 B
37 % [qZX” dzarpj PN m,p.q,qbas,p, T A ]—

.  pxe
p:q:q;pk o [X-. s %caz] :

- Wihlen wir jetzt §§ = af, pi = bf, so werden wegen pip}=08i, Gig] = S
die Relationen pj = aj, g} = b} bestehen und aus (3.7) bekommt man fiir die
Funktionen &} die Funktionalgleichung: '

- dX® (. OX° .
¢;c [agXb - v’ 5b’ bs vc ] = ¢It: [Xa, 0—0'!': as, %.c.ag]’
und diese Formel beweist wegen (3. 6v).eben den Satz 1.

2) Diese Substitution ist wégen der Symmetrie von M,®, in a, ¢ méglich. Offenbar folgt auch
aus pj=3g;=4; die Relation pj=g}j=4j. h
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Die allgemeine erste kovariante Ableitung eines kontravarianten Vektors hat
also die Form:

*
aj; —avj ,bpv.at .

(3.8 (1)kai = o |as X",
er wollen nun zelgen dalB die durch A bezelchnete kovarlante Ableltung
der gewdhnlichen Vektoren mit dem Transformationsgesetz (1. 3a) in unserem -
Aufsatz [3] auch die Form von (3. 8) hat. Die kovariante Ableitung und invariantes
Differential eines gewdhnlichen Vektors bildet man nach § 5 der Arbeit [3] in der
Weise, dal man dem gewohnlichen Vektor X¢ durch 4l X" einen verallgemeinerten
“Vektor von dem Transformationsgesetz (1. 2a) zuordnet und dann die kovariante
Ableitung bzw. das invariante Differential dieses Verallgememerten Vektors bildet.
Es ist somit in Hinsicht auf (3. 1): .

.0 . . oxX™
G Xt = 55 @X)+ Ml Xr = (b dt )a,,,X”'+a, NTL
und das zeigt, daB G X ta'tsﬁc':hlich. die Form (3.8) hat, wie behauptet wurde.
Beziiglich der aligemeinen ersten kovarianten Ableitung eines kovarlanten
Vektors Y; gilt der

Satz 2. Die allgemeine erste kovariante Ab[eztung eines. kovarlanten Vektors

Y,
Y; im M, -Raum ist eine Funknon von b.Y,, b 3 £, a’ de{,", wo

def 317 4

Fr Madb"‘

(3.9 A
Ebenso wie bei der Forfnel (3. 1) kann leicht gezeigt werden, daB} die durch
(3.9) bestimmte GroBe ein Pseudotensor ist. Nach (2.4) und (2. 5) kann leicht
verifiziert werden, daB die folgende Transformationsformel besteht:
. * e . 31/" 3€° 81/'" *

p ’ c YV O OU % 4,
G.10) o Vaba = G g g Vmbe

Beweis des Satzes 2. Auf Grund der Definition 1 ist

o | oY, Lot
(3-11) (l)vky;: E‘k[Yas—(ﬁﬁMabu b’,avlc,

wo wir statt der af die inversen GroBen bj gesetzt haben. Bilden wir nun — wie
im Kontravarianten Fall — das Transformationsgesetz von (;,V,Y;, das nach der
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‘Deﬁnition ein verallgemeinerter rein vkovarianter Tensor ist, so- erhilt ‘man fiir
F,, in Hinsicht auf (2.2), (2.4), (2. 5).und (2. 6) das Funktionalgleichungssystem:

t masb ar

Y, |
(3 12) Flk an qaqlpb a s’paqt prq!pc Mmlj_ : : (

. ) aw
— b v pEs qspaq‘b‘ qspiqfqh pa % T Piads Gt b‘] ="

' ' Y, AR
= gmPR g PiE [ > a 5 “,bﬁ, F) d],
wo - ‘
: Pas = 550 g
‘bedeutet.

- Da néch 2.-1) ﬁ',’pf, = 6’: besteht, bekorrimt mén durch partielle ‘Ableitung
nach 7 o ' ’
(3.13) . .. , : Popipy = —pipia.
‘Setzen wir jetzt in (3. 12)
- PE=p=q5 = qp = 5‘;, PZc = -—"Mabc.'a

so zeigt sich nach (3. 13), dall F; von 'de_n' M}, nicht explizit, soﬁderh nur durch
%,,b;” abhingt. Die allgemeine kovariante Ableitung von Y, wird somit die Form

| - oY, oy, . ok)
(3 14) ‘(l)vklfing:[a’ab;ba deg]E [Yarab!Obg’ab]

haben. Statt (3 12) erhilt man fiic die Funktionen &, das Funktlonalglelchungs-
system:

| oy . .
(3 ]5) . d)ik [q;Y qadels 5 a s qspaqt b:', qepaqr qsmpj %mb:] =
| a a c c
- quk %P;‘prs 1,a’ b b vdba .
ov
Wihlen wir jetzt §¢ = af, p¢ = b¢, so gxlt fur die inversen GroBen gf = bg,

pi = ai, da nach (2.3) a? und 5% zu einander mverse GroBen sind. Aus (3. 15)
wird dann . '

(Dik[Ya’ EE = 055 des»J =, [bz Y, b, EE b’, 55, a def;],

und das driickt nach (3. 14) eben die Behauptung des Satzes 2 aus
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Zum SchluB dieses Paragraphen zeigén wir noch, -da$8 die in unserem Aufsatz

[3] durch ¥, bezeichnete kovariante'Ableitung_des kovarianten Vektors Y; von
den im Satz 2 angegebenen GrofBen abhingig ist. Es ist nimlich in Hinsicht auf
(3.9) _ A ‘
WY, = kwn MEBY, = (@ b)Y, ¥

und .das beweist unsere Behauptung

Wir wollen noch bemerken, daB die in den Satzen 1und 2 angegebenen Gréflen
verallgememerte Vektoren bzw. Tensoren sind, wie das aus den entsprechenden
Transformationsformeln leicht verfiziert werden  kann. . :

§ 4. Die allgememe zweite kovariante Ableltung

Die allgemeine zwelte kovarlante Ableitung (,,v, der gewohnlichen Vektorenf
" mit dem Transformationsgesetz (1. 3), soll die in unserer Arbeit [3] durch v, be-
zeichnete kovariante Ableltung verallgemeinern. Aus § 5 und ferner aus den Glelchun-
gen (4 11) und (4. 13) von 3] folgt, dafl '

6]‘Xi = W(G:Xt)—{a l'/Yt)} L*sk‘i‘L:lkan',.

. 9 K | N
%K%g@@@”bgwm}ﬁ—ﬁwm
ist. bezeichnet die kovariante Ableitung fiir gewéhnliche Vektoren.

Definition 2. Die allgemeine zweite kovariante. Ableitung (,,V, eines kontra-
bzw. kovarianten Vektors Z vom Transformationsgesetz (1. 3) ist ein Pseudotensor
zweiter Stufe, der von Z, 0uZ, 3,:Z, a}, 04}, d.a; und vom Hilfsobjekt L3,
abhingig ist. Die Transformationsformeln seien die folgenden.:

) ) A ot ox
(4 l) ' . V (Z)VkX', a S W(Z)vasi
~ . 0" Ox
4.2) %Y= o7 0% @V ¥,

Wir beginnen mit der Untersuchung des kontravarlanten Falles. Nach Deﬁm-'
tion 2 ist

4.3) ‘ (Z)VkX =fi X“

(9X « 9X° . dai O L
aa baavba b,axcsavc, a c|>

wo die Form der Funktionenf,‘l bestlmmt werden soll. Fiir f{ werden wir das charak-
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teristische Funktionalgleichungssystem bestimmen, die explizite Losung ist aber noch
ein ungeldstes Problem.

Fur die Bestimmung dieses Funktlonalglelchungssystem miissen wir dxe trans-
dXe 0X° daf daf
OxP P 9xe IF
. 0

wir nun, daB fur eine von: (x v) abhéngige GroBe die Operatoren 3 v 38 dieForm
R L S S}
gex = Mg TG gk T 1Py

berechnen Beachten

formierten Komponenten -der Grofien

haben, ferner die Identititen

o s oy

57 0 =5z e ax 9 = Ghas = — 4200
D e o
3*k Prqs = 30 90 31]" ])m:Pk‘is
bestehen, so wird:
) GO ) ¢
@.4) % = ng;_a;; Grqe? (U) 3 S +qrsqb
: ' oxe X"
(4' 5) . ) . N W = qrqub_av's 5
> oa . (9« .. o ..
4. 6) af'i = pedias (5}* qé+ 95 Gme v"‘(v)]+pe(qnchb drasas,
4 B t
948

' oa;
@7 a5 = Dedradaipi g S | LS s
, Aus (4 1) bekommen wir somit fiir die Funktionen H— d:e die zweite ko-
variante Ableitung der gewdhnlichen kontravarlanten Vektoren bestimmen — das
charakteristische Funktionalgleichungssystem: :

fk[ X 0Kk A 04 *b]

a
(48) X:aﬁb:absabaa»«c,aﬁc"ac

ity oX® 9X°  dai Oal .
. —Ptq;qkr[X,a b:abaq‘;,W: 3v9’ :bc )

X 9xe

R
aus (4. 4)—(4.17), (2.2) und aus (2. 6) gesetzt werden sollen.

wo selbstverstandlich Xa=g2Xxr, ferner fiir - die entsprechenden Werte
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Im kovarianten Fall muB die allgemeine zweite - kovariante Ableitung eines

kovarianten Vektors Y; die Form

- oy, oY, . ong ong
(49) (Z)Vk fk(a’ab,ab’bg:(«)C,ac!L:bc

haben 3). Wir verfahren auch-jetzt dhnlich dem Vorigen- Falle. Auf Gruﬁd von -

@w 7, =4y,
und (2. 4) wird:

@i e i g Mgy,
@n %wmgf

“13 gi" = é’épf‘ifﬁ [ gi‘ qc +‘ gbs qind "‘]+pb(qecqs + 4@l b,
.14 E 3: = qepsdiasp! zb, +aepiedibi..

Auf Grund von (4.2) und (4. 9) bekommt man das Funktlonalglelchungs-
system:

, oY, oY, . 0b: 3130 .
‘(4. 15) _f;k[ a, 3“b > avc 3 z, axc H avc 5" Labc] =

' oY, oY, ,, ok om .,
-qtptqkf;r(avabaab’ b?acaacsl‘abc]a

s %%, ... aus den Formeln (4.10)—(4. 14), (2.4) und (2.6) substituiert

werden sollen: (4. 8) bzw. (4. 15) muB somit in den 53, 43, p§, 45, Phe» dbe» Dhss be
eine Identitit sein; diese GroBen sind aber voneinander nicht unabhingig. Wenn.
" P, 43, Pi. und g3, angegeben sind, so sind die ubrlgen schon elndeuug bestlmmt
wie wir das in § 3 gezeigt haben.

Die Bestimmung der Losung der Funktlonalglelchungssysteme 4. 8) und (4 15)
ist noch ein ungeldstes Problem. Man kann nicht L}®. eliminieren, wie in den
gewohnlichen Linienelementrdumen (vgl. [2]) da in den M,-Riumen L)%, in a,c
nicht symmetrisch ist. Mit der in [2] verwandten Methode wiire nur der symmetrische

“wo Y

3) Die b¢ sind nach (2. 2b) und (2. 3) eindeutige Funktionen der ag.
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" Teil L, eliminierbar,- der zuriickbleibende schiefsyrﬁmetrische Teil L%, hat
aber in den allgemeinen 9, -Riumen keinen tensoriellen Charakter (vgl. die Trans-
* formationsformel (2. 6) von L3?, und der Satz 2 des Aufsatzes [3]).

‘ § 5. Vergleichung‘ de_rv Kovarianten Ableitungen mit denen in Lfnienelementréiumen

Wir untersuchten den Fall der gew6hnlichen Linienelementrdumen £, in unserem
Aufsatz [2]. Dieser Fall ist unter den Grundtransformationen (1.1) dadurch ge-

9 in
o

den £,-Riumen eine tensorielle Operation ist; somit wird das Hilfsobjekt M/,

kennzeichnet, daB3 in (1. Ij B =g gesetzt werden soll. Daraus folgt, daf¥

ijberﬂ'ussxg und es kann ,V, X —fk( ) gesetzt werden 30" ist die einfachste

erste fundamentale kovariante Ableitung des £,-Raumes.

Bei der (Z)Vk-Ableltung ist im ,-Raum a} =b; =0}, Viai=b} —0 und
aus der Formel (4. 10) wire noch auch die exphzite Abhéngigkeit von X*? eliminier-
bar (vgl. [2] Satz 3.). Unsere Formel (4. 16) geht im wesentlichen — abgesehen von
der Abhingigkeit von v — in (3. 21) von [2] iiber; in den M,-Riumen haben wir -
aber eine explizite Abhédngigkeit von .den v’ nicht vorausgesetzt, da jetzt v’ wegen |

i

. 0D . TR .
U‘E(?E v* kein gewdohnlicher Vektor :ist.
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On immersion of locally bounded curvature

By J. SZENTHE in Szeged

Accdrdirig to results of J. Nasu ([11]) and N. H. Kutper ([10]) C!-immersions

- are too general to admit a reasonable generallzatlon of the curvature theory of

" C2-immersions. The idea to extend the curvature theory to a . restricted class ‘is
therefore justified and in fact this has been done at first by J. HJELMSLEV ([8]) and"
G. BouLIGAND ([3]) i in case of C!-surfaces in 3-dimensional euclidean space. They
were mamly interested in the curvature theory of curves on C!-surfaces; i.e. in
generalizations of the theorems of Euler and Meusnier. Later on various related
results have been obtained by others!). In the first part of this paper a class of.
C!-immersions of k-dimensional manifolds into »-dimensional euchdean space is
introduced, which will be called immersions of locally bounded curvature, and it is
shown that in their case the second fundamental ténsor, can be defined in a way
which resembles very much the standard one. In the case n=3, k =2 similar results
have been achieved by H. BUSEMANN and W. FELLER ([5]) and A. V. POGORELOV
([14)) for con51derably wider classes with more refined methods. In the second part
of the paper the case k = n—1, i.e. hypersurfaces of. locally bounded curvature
are considered. It is shown that the theorem on the uniqueness of C2-hypersurfaces
with given first and second fundamental forms generalizes to them which gives
another point of considering immersions of locally bounded curvature,

1. Preliminaries :

Some .prerequisites of techmcal nature are provided in thlS section.

Let E* be the n-dimensional euclidean space, and V§ (k = 1,...,n—1) the
euclidean vector space formed by its k-vectors. Oriented k-dimensional subspaces
of Vi will be identified, as usual, with simple unit k-vectors, consequently the set
S"(C Vk) of s1mple unit k-vectors will stand for the set of oriented k-dimensional
subspaces of V] as well. Let further B" be the set of complete orthonormal systems

) An account of related results can be found in BUSEMANN [4].
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in V7, Q(n, k) the group of isometric isomorphisms of V7, and O () that of orthogonal
nXn matrices with real entries. The facts which follow are well known. O(n) is a
simply transitive right transformation group of B" with the definition: boc—

(Z a,la) for (@)i=1,..,.=b€B", ol —ozEO(n) Distance on 'B" and
j=1,..,n
o) is deﬁned by a(b’ b= Z (a ——a")z] .and p(o/, ) =] 2 (—ai)?],
i,j=1

respectlvely.. If beB" is ﬁxedl. then ®, = bu deﬁnes a distance preserving map
& ,:(0O(n), ) ~(B", o). With the above definition, O (n) is a d_istance preserving trans-
formation group of B, and y is left and right invariant. If (@)=, .=b€ B" is fixed

and Zx a;=x€ V} then with the definition ax= 2 Zoc x/a; the group O(n)

i=1 i=1 j=1 .
is a left transformatxon group of ¥} and since each of these transformations is an -
isometric isomorphism of ¥{ anisomorphism ¥,: O(n) -~ Q(n, 1)is obtained. But there
is the standard homomorphism 2*:Q(n, 1) -~ Q(n, k), hence for any fixed b€B" a

_homomorphism Af = Z*¥o¥,:0(n) ~ Q(n, k) is defined. If Xke S and H(X%c
C Q(n, k) is the subgroup of elements which leave X§ ¢ fixed then the inverse image
of H(X%) under A% is-a subgroup H,(X$) of ‘O(n) and there is a one to one corre-
spondence between the left coset space O(n)/H,(X§) and S7, where the left coset
corresponding to X*¢ S is formed by those elements a of O(n) for which Ak(x)
sends X¢ into X*.

A distance preserving map 6: (O(n) U -+ E'f" is defined by 0(q)=(x1, ey X,

~ where x! =q;; for I = (i—1n+j. If O(n) is considered as a Lie group then 0 is a

C~-embedding, - therefore there is a Riemannian metric on O(n) for which 0 is

isometric. Let o, be the distance function of this Riemannian metric ({11, 124);

0.(¢’, a”) is equal to the infimum of the length of curves joining o', «” if their length

is calculated with respect to the distance function u ([5]). Therefore ¢, and the

above Riemannian metric are left and right "invariant ([9], 169—172). If b€ B",

Xke Sp are fixed then a distance function @, is defined on the left coset space

" O(m)/H,y(XE) by ée(“Hb(X(’)‘)s ﬁHb(Xg))=inf {0.(&, mI¢ €aH, (XE), n € BH,(XE)}. The

one to one correspondence O(n)/H,(X§) < Si yields a distance function d* on S}

for which this correspondence will be distance preserving. The distance function

d* does not depend on the particular choice of  and X§ and it will be called the

avxiliary metrization of Si. .

‘Lemma 1. 1. Let G be a.compact Lie group, H a subgroup and ¢ the distance

Junction of a Riemannian metric on G which is left and right invariant. Let the dtstance

JSunction @ on the left coset space G/H be defined by

2, BH) =inf {e(&, ] € €at,nepA). |
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Then there exist § >0 and A >0 such that in case §(H, oH ) <0 a unique E€oaH wzth
o(e, O =p(H, aH) exists, ¢ being the Identzty in G; further in.case g(H, o, H) <o
(I=1,2) the inequality ¢(¢,, g2)<AQ(oz H, a, H) holds for the corresponding &€ o, H.
T here is a Rzemanman metric on G[H with distance function §=g. '

Proof The existence of a &€aH with.o(e, é) g(H oH) for any left coset o H
is obvious. Since the given Riemannian metric is left and right invariant, H and its.
left cosets are totally geodesic submanifolds ([1],136—137). There is such a 6" >0 that

 the spherical neighborhood U(9) of of ¢ with radius 9 is convex if 0 <8 =6’ ([1], 246—
—150). Assume that for some o H with g(H, oiH) =¢’ there are &, & € aH with & ¢&”,
0(s, &) =0(, &) =0(H,aH)=9. Since &, &€ U(9), there is a unique minimizing.
geadesic arc joining them, which with the exception of its endpoints lies in the -
interior of U(¥). But af is totally geodesic, therefore this geodesic arc is in aH. By
the invariance of the Riemannian metric §(H, «H)=inf {o(e, {)|{ €aH}, therefore
0(H,aH) <9, which is a contradiction. There is a canonical coordinate system
of the first kind ¢: W — E™ and one of the second kind ¢: W —~ E™, both defined ‘
on the neighborhood W of ¢, such that 1) if g;; (i, j=1, ...,m) are the components of

~ the fundamental tensor of the given Riemannian metric in the coordinate system ¢, then

gi{0e)=3d;; 2) if Yy()=(z%, ..., z") for (€ W, theny(()=(0,...,0, 2%, ..., z")

“for (€HNW; moreover, if aHNW is not empty- then there is a unique

g€aH N W such that { = §-& with E€ HN W holds for. any {€aHN W and

Y@@ e @, 0,00, YO =00, B, 7,
PO=@Y . @ LA

3)if @)=, ..., y™ for € W and y"‘—;("(z1 ; z"’) (=1, ..., m) are the transi-

Jj-1

J J+1
-w
, 1,

tion functions from ¥ to ¢, then 7, ... 0, ... 0):5,-jt for j = s+1, ey m
L ozt gasr ‘ K ‘ ) . ]

if (0,...,01, 0, . O)Ell/(W) (9], 1I. 62—86). Let y: [0,1] - G be the unique

minimizing geodesw arc Jommg eand (¢ w; then y is given by y (t) =yt (0=1=1)

in the coordmate system @. Hence
0 0) = f[ Z g.,(qooy(f))v v’] dt = f[ JZ 8o <p(e))v v’] di = Z(y)z]

-Therefore 1f aH is such a coset that the correspondmg éEaH ﬂW and t//(f)
(a , & 5*FL ., %), then :

. ’ m ’ . o a i

B . — . T Lo KV . o b4

Ei(al’»""-as’ xs+l9 ) xm) = 2 X‘(al',"-“ , a%, xsfl’,“_.’ xm)- 0z/
S Ci=1 o : ‘
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for j = s+1,...,m. But

OF, Loy oy . 9%y OF,
79772,.;2[321 927 T 970z 1] and hence 57

for>j,l— s+1,....m. Consequently there is a neighborhood UcW of ¢ with

=6,

(e

Foivseeeos Fr) ' . _

%((zj:f;’ ’ ) ‘ # 0 for (€ U. Therefore by the implicit function theorem
.. v(®) o

there are analytlc functions ws“(a . @), ..., 0"(@', ..., @) defined -on a

nelghborhood V of the origin in E® such that
Fi(at, ..., @, o** (@', ..., @), ...,a)"‘(a s, @) =0 ( =st1, ..., m)

for (al, ..., a%)€ V and there are no other solutions of F;@@a, ..., am, L zm) =0

G=s+1,...,m)inV, Let «H be such a coset that é€aH N W and (@', ..., @) € V.
Then x'=w/(@, ...,a) (j = s+1,...,n). Let §”=0 be such that EcaHNW,
@+, ..., @)evif g(H, «H)=4". Put 5 min (i &’, 8"y and assume that g(H,o, H)=
—91—Q(H a, H)=9,=6. Since 9(&,, &,)= 4 &', there is a unique &;€a, H with
ooy H, 0, HY=0(&,, £3). Further there are suéh bounds A= A" that

A [2 e —za)zr = o(ly, L) = A" Z @ —za)zr

for o (o€, Y& =&zl (=12 (5] Therefore

e, &) el 2)_ A”[Z'(al—a)2
Q(OC1H,O(2H) Q(Cu 2) | A’[Z( _a)z

1

. . 2
(x1— x.’z)Z]
- =

::I:M_E %Ms

-L=
, Az
J 2 iy2
1‘“x2)] -

l

m ) %
A" Z (le_sz)z
s. ! 1+v]=s+1A -
- A’ s =
(@i —ab)?
i=1 . L
) m . . . Ji
-, 2 (i@, ..., @) —wi(@l, ..., a3))?
- A 1 i Jj=s+1 . .
= A, . T s i
(@ —asy?
i=1
But . : ‘
lw/(@t, ..., a})— o’ (@, ..., ay)| & | 0w -
'(aa—az)Z] B
i=1

o).

=1 =1 __ =1 =3 =S .—s 30)" =1 -;s
- (al +t(a2.’—.a1), .... , a4 +t(a2-—a1))—~5‘:17(a1, cees al)
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Hence the quantity under square root is bounded and the existence of a bound
A with o(&,,&)=Ag(, H, ay H) for g(H, oy H)=6 (/=1, 2) follows. A Riemann-
ian metric with distance function =g can be evidently given by the standard -
construction of a homogeneous Riemannian metric .on G/H based on the Haar
measure of G([I] 136).

Lemma 1. 2. There is such a bound B that d"'(X{‘, X5 .= Bl Xk —X¥| for any
Xk, X5e Sr, where the norm is taken in the euclidean vector space V}.

‘Proof. Since Sy is a C=-submanifold of ¥} this embedding defines a Riemann-
ian metric on S which has a distance function g’, and admits such a bound B’ that
o' (XE, X5 = B’ | Xt —X¥4|| for X¥, X5¢ S ([5]). Let @ be the distance function
- provided by Lemma 1.1, then there is such a B” that ¢ = B”-¢”. Consequently
B = B’-B” is the bound required. ' -

2. Immersions of locally bounded curvature

Immersions of locally bounded curvature are introduced in this section and .
the basic concepts of the curvature theory of C2-immersions are generalized for
them.

Let /- M" —~ E" be a C'-immersion of the C!-manifold M* and for peM*
let U be an oriented neighborhood of p in M*. Then the tangent space T MF* for
¢ € U is mapped by the induced map of the tangent bundles f,: TM* - TE" onto
an oriented k-dimensional subspace of T, E" which in turn is mapped by
expyy: Ty E"—~E™ onto an oriented k-plane L% of E” which defines a simple
unit k-vector X¥¢ S;. The immersion f defines a Riemannian metric on M*; let d

k k

be its distance function. If there is such a K, that limsup %‘z—_—j)—””
q—-p
f is said to be of bounded curvature at p with the bound K,. If p has a neighborhood
V such that f'is of bounded curvature at every g€ V w:th the same bound K, then
- fis said to be of locally bounded curvature at p with the bound K. If f is of locally
-bounded curvature at every point of M then it is called an immersion of locally
bounded curvature.

= K,, then

Lemma 2.1. Let the Ct-immersion f: M* —~E" of the C'-manifold M* be of
locally bounded curvature at pc M*. Then there is a coordinate system o: U—E¥*
of the C'-manifold M* defined on a neighborhood U of p such that the second deriv-
atives of the vector valuéd function x, = foa~': a(U)—~E" exist are measurable,
. and independent of the order derivations almost everywhere on a(U).

Proof. Let m,: £" L% be the orthogonal projection on LY. There is a neigh-
- borhood U’ of p in M* such that « = m,of: U’ Lj yields a coordinate system

10 A
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of the C!'-manifold M*, Let ¥ be the neighborhood of p on which f is of locally :

bounded curvature with the bound K}, according to the assumptlon ‘of the lemma.

Choose § =0 such that U(24), the spher1ca1 neighborhood of p with radius 25’
k

taken according to: the distance function d, is contained in V. Then M = KV

dg,q)
d(q,,p) & (1—1 2). In fact, by assuming the contrary and considering successive

bisections of a minimizing geodesic arc joining ¢,, g,, one would arrive at a point
S . 1y .

of ¥V where K, cannot be a bound for f. Put §=min [6’, l?)’ then U=U(J),

v ‘ ” ‘

the spherical heighborhood of p with radius 8, is contained in U’. To verify the last
assertion it suffices to see that there is no g€ U .with (Xj, X;)=0 ([13], 117—119);

V2
9)= Ky
If orthonormal coordinate systems are suitably chosen in.E" and L%, then

but' this is obvious since g€ U and (X} X"} 0 would imply that d(p,

KXt oy i) = (s st LW, W), X )
with (u', ...,u")': a(q) for gcU’. Put '

ox, Ix,

.
ou' )a(q) U |

Y@, ...,u) aod N(ui, Sk = (| YR@, L b

for ge U’.-Let Q be the solid k-dimensional cube spanned by the basic vectors of
the coordinate system of L¥; then its inverse image in L under r, is a solid k-dimen-|
0x, .3xa
. 5?&(4) 3“
for g U’. But N(u!, ..., u") is equal to the k- dlmensxonal volume of Q, and

sional parallelepiped Q,, which is spanned by the . vectors

a(q)

(PR, oo i), XEy = NG, o (X5 X5 = 1 ([10], 56—57).

- Therefore

: o ' Xk "
IN(}, ..., )= N5, ..., u8)| = X < X") Z"X;k>

_ X5, — X |
= TT=3IXE = X512 [T — 21X — X7

=4-1xk — x|

ifg,, g, € U. Thereis a C=0such that d(q,, g,)®> = C2- > .(u}, —ub)? forgq,,q,c U’.
/ Z J ,

Conéequen_t]y
1

=

. iy
INWis ooy )= N(ub, .. s u5)] =4-Ky-d(qy, q5) = 4'KV'C'[Z; (u ——u'z)2]
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for q,,qZGU Therefore .

”Yk(”u s ) — Y"(uz, T u’i)ll = N(ui, ..., u) - |1X5, — Xg, | +

.L
+]N(u1,.. uk) N(”z,-- u2)| =6- KV d(‘hsqz)=6 -Ky-C [2(”1—142)2]

if ¢,, g, € U. This means in other words that Y*: oc_(U)' -~ Vrisa Lipschitz map.
Since : S -

ox, 0x,
8u [1(,“) (?Ll

= “.Yk(u}, ] ulz)— Yk(u;: LR u'§)||

(q2)

it follows that 0x, a(U) - Viis a Lipschitz map as well. Therefore by'Rade-

macher’s theorem ([13], 271— 272), 9 f(? ; (r j= ., k) exist almost everywhere
: 0%x, 92x X, ’
on oc(U) and are measurable. The fact that Do 3u,3 5 almost everywhere

on oc(U) follows by an obvious application of Fubini’s theoren.

If the C'-immersion f: M* — E" is ofrlocally bounded curvature at p and
~ a: U — E*is a coordinate system of the C!-manifold M* on the neighborhood
U of p constructed according to the. proof of the precedmg lemma then a:U —~ E*
will be called a distinguished coordinate system.

Let f: M* — E" be'a C'-immersion, NM* its normal bundle, n: NM¥* — M*
the projection in the normal bundle and v: NM* — E" the normal map of theim-
. mersion; n~'(p)=N,M* is a euclidean vector space and the restriction of v to it
iS an isometric vector space isomorphism. Assume that f is- of locally bounded
curvature on the neighborhood V of p with the bound K, . Let (ay, ..., a,)=b¢ B" '
- be such a base that a;A...Aa,=X* and A%: O(n) — Q(n, k) the correspondmg'
homomorphism. Then H,(X})c O(n) is the subgroup of elements. which leave
.- X} fixed, and by the correspondence O(n)/H,(X¥)~ Sy for any g€ M* there isa
left coset o, H,(X}) consisting of those elements which send X% to X%. Let 50
be the number provided by Lemma 1. 1 for the case G = O (n), H= H,(X*), 9= ¢, and
B the bound given by Lemma 1. 2. There is a neighborhood U(d’) of radius 6"=0

of p such that U(25 YcVand § = . Consequently if.qe U(d), then'

K,-B
2.(Hy (X, a,,H,,<X‘:))=‘d*(X X5 = B-| Xk X"||<6

Hence by :Lemmé 1.1 for any g€ U(d’) there exists a unique ‘éanqu(X{,‘) with

10*
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0. (&, €,)=08.(Hy(XE), o, Hy(X¥)). The field of bases : U.—~ B" defined on U= U(5")
by B(g) = b-&, = (W, (g), ..., W,(q)) (g€ U) will be called a distinguished field of
bases. Assume that a distinguished coordinate system o: U — E" is given as well.
Then (w, (u'; ..., ub), ..., wo(ut, ..., 4), (u?, ..., u*)€a(U) with w(u, ..., u¥)=w;(q)
(=1, ..,n) for (u', ..., u¥)=a(q) (gcU) is called a coordinate representation of
the distinguished field of bases. If wer~t(U) then -

' n ) n . .
vw) = 2 twg) = 2 Owiut, ..., u¥) and Lu(w) = (', ... b, L L)
CiskEl j=k+1 : . . :

defines a coordinate system (,5: n~ (V) - a(U)X E*F for the normal bundle;
thls will be called a distinguished coordmate system of the normal bundle. The map’

2,5 (U)X E""* — E" defined by za (', oub, B4 t")'= > tw(u', ..., u")
8- B j

Jj=k+1
is called a dlstmgmshed coordmate representation of the normal map.

Lemma 2.2. Let the C* -immersion f: M¥* — E" be of locally bounded curvature
at pEM* letoa: U-E* f: U — B" be a distinguished coordinate system and a dis-
_tinguished field of bases on the neighborhood U of p. Then the corresponding coordinate
representation z,5:a(U)X By~* — E" of the normal map is a Lipschitz map, where
Bi~% is the solid ball of radius 9 =0 at the origin in E"~*.

Proof. Since

"Zalg(ll},...,u,;,t{(-‘-l,...,ti’)—z;’](lli,.. uZ,,k+l’ 9’5)” =
k n -
|Zw-wrs 3 ]
i=1 ) j=k+1

il ey i) — e uz)n+[=2 (Hi~13) ]

[Z W —uz)z] [j > (] —ré)Z]

3

._Z té(wj(u{, s u’{)——lw-(ué, s ud)||
[2 (uy — uh) ]

+

1
2

it sufficies to find bounds for the first and the last ‘term. With the notations of and
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“according to the proof of the preceding lemma
e T ) Tt X (L AR,

R B
[_Z (s —u;)Z]

I+ 2 | 25 va—th e =
ji= k+1 i=1 alq1) 2
! Z’ (s —uS)Z] _Zl’ (ui—uz)z]
. " . 1
=1+ Z % B [R;i 7 2'2§
. j= 1i= u alq1 2.
o J=k+1 lA (q1) [Z(Usy“‘usz)z]z . .
) s=1,
‘ . k J .
=1+ 21 % R Ry -~ =
j=k 1 a(q1 . . 2z
j=k+1i | (q1) _ZIV.(u,l_u,Z)Z]_
_ 1 n k‘
= 1+ V217, .. )+ — - 2 2 IR
. . s $\2 2 j=k+1li=1
_Zlv(lh*uz) : )
But .
VG, o, i) = NGt .., L _ L =2
| S TR XD T T LIXE XA S
and .
: ; o )
ox’ ox’ ] . .
R, = [ z —_2 ub —ul) dt,
! of U |aggy  OU' laan) (12 —u2)
where ' : , .
a(q() = (ui+1@s—ul), ..., i +1@5—uf)), (0=t=1).
Therefore ‘
n k 1 n k i i
dx! ox) ]
R, = - uh—u dté
J=u+1;l i ofj=k+n2 [3u wa@ U |aqp (i =)

' k % 1 n k 3xi (?Xj 2 %
= i i)2 2 Das2 — dt =
[Z S ] 6[ [ j=k+1 ; [ ou’ 'a(q(t)) _ o' fz(qn] ] '

[22(%—”2)2]%/ HY"(ot(q(t)))—Yf(oc(qﬂ)“ dt = ‘

k 1
P 2
= [2 2 <ua—_ua)2] -6+ Ky-d(qy, 42)-
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- Consequently -

N

”'xa(ui: “ee uli)_xa(u%, wee oy ué)” = 1 +8V§

k 1 =
[Z (ua_-u‘a)Z]Z .

i=1

= [2 O ) uz»] = 9.0(bt,, bt,) =

l=k+1

By Lemmas 1.1 and 1.2

n

> G(w;l, . )y —=w;(ub, AT.9)

i=k+1

A

= 9y ) = 90 £) = 9+ A- 3o Hy (X, Hy (XD) =

C=9.4. d"( K XE)=9-A-B-|XE—XE| = 9-4-B-K,-d(g1, ) =
. ! ' A . . % "
§9-A-B-Ky-c[2(ug—ug)2]_.
i=1

Theorem 2. 1. Let f: M* — E" be an immersion of locally bounded curvature.
Then its second fundamental tensor and second fundamental JSforms exist almosr every-
where on M*.

» Proof Let a: U -~ E* be a distinguished coordinate system ﬁ U-~B"a
distinguished field of bases. By the preceding lemma w;: a(U) - V1 (i=1, ...,n) isa
. ow, .
,3’”; s=1,..., k)
exist almost everywhere on a(U) and are measurable. As a consequence the usual
definition of the second fundamental tensor applies ‘almost everywhere on U as -

Lipschitz map and therefore, aceordmg to Rademacher s theorem

follows. Let w(ul, ..., u*)= Z B, ,u")w-(u1 .,u*) be the coordinate
Jj=k+1

representatron of a normal field, where B/ are differentiable functrons on a(U),

and v= Zcx‘ au , then D (v, w), the derivative of w in the direction of v, exists
a(q) ’ o e
if %am (i=1, ... k;j=k+1, .., n) al exist. Let S,;(v, w) be the orthogohal

projection of D(v, w) on X¥; then

Ck k k. on » ) o, '3%
Sfowy =22 2 2 & e Bty ox v,

a(q) 8”

- lalg)

where g’ are theé contravariant components of the ﬁrst fundamental tensor. Therefore
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S,(v, w) defines a tensor S;: T,M*X N, M* — .TqM ¥. Consequently a tensor field v
S is obtained which is defined for almost every g€ M* and is called the second fun-
damental tensor of the immersion. If |w|=1 and w is fixed then /, (v, v")=

: k k- n
=(S,(v, W), )= 2 2 > o’ p gz,, ?)Ws> is a bilinear form

Cor=1s=1 j=k+1

1, T M*X T, M*~E!

in v= 2’0: and v Za” . This is called the second fundamental
3“ a(a) i=1 3“ a(g)

» form of the mzmerszon at q in the normal direction. wEN MFE,

_ In case of a hypersurface of locally bounded curvature f: M"~! — E" there
" is essentially one choice for w, therefore the hypersurface has one second funda-
mental form /- The above theorem and Lemma 2.1 give the following

Corollary. Let f:M"~1 — E" be a hypersurface of locally bounded curvature
~and 1 its second fundamental form, then T, M"~1 X T,M"~' —~ E! is symmetric
Jor almost. every ge M"~ 1. The coeﬁ?aents of / are measurable in any distinguished
coordinate system of the hypersurface

3. The uniqueness of hypersurfaces of locally bounded curvature
with given first and second fundamental forms

The uniqueness theorem for C"“-hypersurfaces is the following: Let the C~-hyper-
surfaces f;,fo: M""! -~ E* (n %3) have common first and second fimdame;ntal'
forms where the second fundamental forms are taken with respect to C~-unit normal
fields W), w2: M"~! — V7 of the hypersurfaces f;, f,. Then there exists a distance

preserving transformation @: E* - E" with f, = ®of, ([7], 79—81).
~ This theorem will be generallzed to hypersurfaces of locally bounded curvature
in this section, :

Lemma 3. 1. Let the C'-hypersurface f: M"~1 —~ E* be of locally bounded
curvature at p € M"~* with the bound Ky, let a: U—~E"" 1 bea distinguished coordinate
system, B: U — B" a distinguished field of bases on the neighborhood U of p and
z,5: a(U)YXE! —~ E" the corresponding coordinate representation of the normdl
map. Then there exist a neighborhood Uc U of p and numbers 6, 3 =0 such . that

"Zaﬁ(u}’ rey u'i*la ti')_zatﬂ(”ll’f sees u2 )“ = 5 [Z (ull—ulZ)z'*"(tr—t;)z]
: ‘ if‘ - . » . .
@, ..., ui~ ' Hea@xB;  (=1,2).
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Proof. If ui;ui (i=1, ...,h,—l), the inequality holds with 6=1 for any
3 =0, therefore it will be assumed that (], ..., u} =) (/=1,2) correspond to different
g1, 9, €U. Assume further that 7f=¢} and put r=1t3, At = t{—13,

n—1 B B
du = [Z (ug_uil)Z] y X = xa(”}’ (AR u'll_l)_xaz(u%; cevs u3_1)9
i=1

_W1=Wn(qt)a_ y=x+t(0,—W,), z=x+1W, —13%,, d=d(q,,q,)

Let ¢ be the angle of the vector x and the subspace X;~' and put y, = < (x, W),
' Yy =<(y, W), ¥ = <)i(x’ W, —W,), 2‘)) = (W, w,) where y"=0 if w,=w,.

According to the proof of Lemma 2.2, 1 = “Zx—lll =1+8Y2 if ¢,,q,€U. Let

o/:U" ~ E"~! be a distinguished coordinate system at g, € U and let g, € U’ N U.
x|

Then for a coordinate system suitably chosen in E "we have tge, | = l y 2

where, like

u/

below, primes refer to analogous quentities in case of the coordinate system o’. .
Therefore ’

iyt LS
= V21V s s u D g 2 R =

Ix;

X
ou't

)

—1 . .
"Zv ox" uyi—ust N R},
s oou't Vil74 v AW

a’(q2) vil78

“tg81| =

=207 D Y CANNNTALL B Gl (AR A 2

+—
S 1V

n—1 .
LZ’ IR, =V2-6:Ky-C-Au +V2+-6-K,-C'- A’ =12-Y2-K,-C'- 4ut,
i=1 .
ltg &| - Itg &, -
i T
=12-Y2-K,-C’ if q, €U, ¢, €U’ N U. But the value of C” which may depend on
g, is bounded on a neighborhood of p, since f is a C'-hypersurface. Therefore
ltg &
[lx1l

with respect to the lproof of Lemmas 2.1. and 2.2. Hence

a neighborhood U c U of p and a bound D exist with

=D fo_r qi,9,€0
- (I=1, 2). Obviously :
J21? = (402 + 1P + 12135, = —
— 241 [[1x]2 4+ 12|y — 5|2 = 22 |x]| + |, — W, || - cos y”]—%, cos y —

—=2t|)x] - 9y — Wyl - cos .
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Hence
zl? = (AP )2 =12 KE - d?
— 24t [|x|2+ 12K} - dz+2t.||x|1.1<v.d.cosyf]%_2t.“x“.KV,d: (A1) +

2 2 ) ,
sy | LU g Loy "‘J'["x"+,.. Ko ] o

(du)* () du 4u) il
i Il 4
2t- Ky Au Aul’
But .
cosy (W, x+1(® —Wy)) _
[l [l [l + 1G9y — )l
| _ [cosv1+2t sinzv] [1+t2 I, — 7,2 Ht[cosyl_cosvz”'%
X1 - Il flx)1? [P [E2/00 )
and as obvious calculatxons show |cos | = sin s,|<|tgs,| I|W‘I;HWL”§KV-C,

sin ~KV « C. Therefore is bounded if ¢, q,€U and tis sAufﬁciently small.

Hxll H H
. The above estimates yield the existence of such §, 3 =0 that ||z| = 5[(At)2 +(Au) *

ifg,, q,€U and |t1| [t3]=3.

Theorem 3. 1. Let f,,f,: M" ' —~E" be hypersurfaces of locally bounded cur-
vature, g', g2 their first fundamental forms, and 11, I2 their second fundamental forms -
" which are calculated with respect to continuous unit normal fields w}, wi: M"~' -V}
of the hypersurfaces. Assume that g*=g? and I} =I} for almost every qe M"~!,
Then there exists a distance preserbmg transfarmazton &: E"—~ E"such that f2 do f1

Proof. Let N'M"~! be the normal bundle and y,: N'M"~! -~ E" be the normal
map of the hypersurface f; (/=1, 2). In consequence of the preceding lemma for
any p€ M"~1 there is a distinguished coordinate system o;: U—~ E" 1 and a dis-
tinguished field of bases Bi: U~ B" of f, (I=1, 2) on a neighborhood U of p such
that if z,: 0, (U)X E! —E" is the corresponding representation of the normal map,
then 6, 3=>0 and Uc U exist for which the assertion of the lemma holds. Here
B, , B, are chosen so as to give wi(¢)= Wi (q) for g€ U. Let ;s N'M"=1 be the prOJec- '
tion in the bundle and V'={w|wen;1(T), |wl <9}; then the restriction of V' to
V'is one-to-one. Consequently there is such a distance function ¢ that v;: (V', ¢') - E”
is distance preserving. By convexification of the distance function @, an intrinsic
distance function @' is obtained on V' ([2], [4], 77). The map y,: (V', @)~ E" is
locally distance preserving. If w¢€ V! then there is a unique w’'€ V2 such that 7, (w)= .
=m,(W)=q and if y, (W) = fi(q)+1"W,(q) then v,(w) = fo(q)+1"W7(g). Let
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Yy: Vi~ V2 be defined by ¥y(w)=w’, then ¥y is one-to-one and maps ¥'! onto
V2. The following argument will show that ¥y: (V1, g!) — (V2, g?) is distance
preserving. Let gl(ul, ..., u"~1, t") be defined fora, b=1, ..., n, and (u!, ..., "~ 1, t")
‘€a, (U)X B} by S '

<3Lu;,% it a,b=1,..,n—1

(921 321 . X _
<W’W> f a=1,...,n—1; b=mn,

g]b: - .
Oz, 3z1> if a=n;b=1,...,n—1,

o |
321. 3zl> . '
921 02N i g—b=n
<a;" o/ U "
Then
: n—1n—1n—1n-1
g_alb = g}b+t"([z:b+lbla)+(t")2 Z giljg{lgfj[;rll}s
. i=1 j=1r=1 s=1

ifab =1,...,n—1, where gl,, g% are the covariant and contravariant components
of the first fundamental tensor and the 1}, coefficients of the second fundamental
form of f; in the coordinate system o;; giy=0 if a=1,...,n—1; b=n or a=n;
b=1,...,n—1; gly=1if a=b=n. The functions g}, are measurable on «, (J) X B}.

Let #(u',...,u"" 1) ,@',...,u""") be defined by £(u!, "D =£,(2),
Wa(, ..., 0" Y =w(g), (u',...,u" = al(g) (g€0) and put (', ..., u"" 1, ") =

=R, ") 1,0, L utY) for G, L, ut L) € (D)X BY.  Let  the
8L, ..., u"" 1, 1) be defined for a,b=1,...,, and (u',...,u" "1, t") ca, ()X B} by

<%’%> i oab=1, .. 0T

9z 9\ . . B
e e =1, ...,n—1; b=
<8u“’ af"> if a yeesi—1; b=n,

22
“8ab. =
05 02 . :
' W’W> 1f‘a=n;b=1,...,n—1,
9z oz \ .
i =b=n
<3t" ’ 3t"> it a "
Then _
n—1n—1n-1n—1 2~
gab - gab+t ([ab'l'lba)‘l'(t )2 ] ] / gu A;‘g"b lbs
l= J= r= $=
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if a,b=1,...,n—1, where g2, 8%, 12 are the corresponding quantities of f, in
the coordinate ‘system a1;§§b=0 ifa=1,..,n=1;b=nora=n;b=1,..,n—1;
&2, =1 if a=b=n. The measurability of the functions g, follows again by the Corol-
lary to Theorem 2.1 but a coordinate transformation havé to be considered as
well. ‘According to assumptions of the théorem gh=8% (a,b=1, ..., n) almost
" everywhere on o, ()X B{. If w,,w,€ V! are sufficiently near then there is an

n-dimensional parallelepiped P in v, (V1) formed by a set S of straight line segments ~ -

parallel and congruent to the one joining v, (w,),v, (w,) and such that their endpoints
fill two (n — 1)-dimensional cubes the centres of which are v, (w,) and v, (w,). Let the
arc ¢: [0, 11— V! be such .that v,0¢:[0,1] — E" is a linear representation of a
segment in S, and let the functions ¢"(¢) (h=1,...,n; 0=t=1) be defined by
z (@' (1), ..., "(1))=v, 00 () (0=r=1). In consequence of Lemma 3.1 ¢"(¢) are
Lipschitz functions; therefore @ (¢) exist almost everywhere on [0, 1] and are measur-
able in case of any segment in the set S. Obvious. applications of Fubini’s theorem -
to the set P yield that there are segments. in S arbitrary near to the one joining '
vy (w,), vy () such that 1) g4(01 (1), ..., 9" (1)), 83 (@' (1), s @"(1)) (@, b=1, ..., n)
are measurable on [0, 1];2) g3 (@' (1), ..., @"(1)) = ,,,,((p @), ....0"(N)(a, b=1, ..., n)
almost everywhere on [0, 1]. The distance of the pomts viop(0), v, O(p(l) in case
of such segments is

b=1

n ’ _ZL ,
[ Zan(@' (1), 2., co"(f))(b“(r)cb"(r)]- dr =

T —_

E ]

l )
= ‘/. [ =1g:3b((p1([), ey ¢"(t))¢a(f)¢b(f)] dt.

But by Tonelli’s theorem the last integral is equal to the length of the curve
2(o* @), ..., @ "(1)) 0=r=1) since it is of bounded varlatlon in consequence of
Lemma 2.2. Furthermore we have Z(¢!(0),-.., ¢ (0)) = v,0¥500(0) and
2(pt(1), ..., "(1)) = v,0¥50¢(l), and therefore ‘

2! (0 (). 9 () = eZ(Wawp(O), Wgop().

Consequently o' (w,, wz)ZQZ(S”U(w ), Yi(w,)), and changmg the role of £, f, in
the above argument gives o' (w,, w,)=o*(¥5(w,), ¥5(w,)).These imply that

g: (V1 @Y) — (V3 0?) is locally distance preserving and ¥g: (V1, g!)~(V2, g%)
is distance preserving. Proceeding in like manner a sequence of neighborhoods'
{Un}m=1,2,.. covering M"~! can be obtained with the corresponding sequences
{(Vm @i}hm=1,2,... of metrized neighborhoods in N*M"~1 and the distance preserv-

. ing maps ¥,.: (V.}, é,,,)‘ The set V,= U V! is a neighborhood of the zero section

m=1

in N'M"~1! and since g, 0., are equal on V,’,l NV, thele is an intrinsic distance
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function @' on ¥, which is equal to g}, on V!, (m=1,2, ..., ; =1, 2). Further ¥,,
and ¥,. coincide on V!.NV]}., therefore there is a distance preserving map
¥: (Vy, 8;)— (V3, @2) which coincides with ¥, on V¥, for m=1,2,.... Hence
vi: (Vy, @)~ E" is locally distance preserving. There is an open subset of ¥V} with
compact closure 4 such that v,: (4, @)~ E" and v,0¥:(4, §,) — E".are distance

preserving, therefore there is a distance preserving transformation ¢: E"— E" = -

with v,o¥ = dov, on A. Assume that the last equality does not hold on V,.
Then there is a w* € ¥, nearést to 4 with v,o ¥ (w*) % dov,(w*). But w* has a
neighborhood V* on which v,, v,0 ¥ are distance preserving, consequently there -
is a distance preserving transformation’ &*: E" — E" with v,o¥ = ®*ov, on V*.
Since g, is intrinsic and locally euclidean there is an open subset V' c V* such
that v,o ¥ = dov, on V. Consequently v,o¥ = @ov, on V* in contradiction
with the above assumption. Therefore v,o% = dov, on V,. The restriction of
- this equality to the zero section in N1 M"~1 yields the assertion of the theorem.

Remark. The assumption of Theorem 3.1 that there are continuous unit
normal fields on the whole manifold M"~! for both hypersurfaces does not mean
an essential restriction since if A/"~! is not orientable its orientable covering manifold
can be considered instead.
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Translations of regular algebras

By B. CSAKANY in Szeged and E. T. SCHMIDT in Budapest

By an dlgeb’ra we shall mean any non-empty set together with a non-empty
‘set of finitary operations. Our further terminology is essentially that of [1].

After MALCEV [4], an algebra is called regular if no two congruences of this
algebra have a congruence-class in common. We call a mapping ¢ of the algebra
A with set -of operations Q 1nto itself an elementary translation of A, if there exists
an n-ary opefation w€®, a natural number. i (1 =/=#n) and elements a;€4
(=1,..,i—1,i+1,..,n) such that for any x€A4 x¢p =a, --- a,_ xa;, -+ a,w
holds. If we say ““derived operation” instead of “operation”, then we obtain the
definition ‘of a derived translation. By translation we mean an arbitrary product
of finitely many elementary translations. -Thus, the identical mapping of 4 is not
necessarily a translation, but it is always a derived translation. The set T(A4) of
all translations of a given algebra A forms a semigroup of transformations of A,
which is a subsemigroup of the semigroup.D(A) of all derived translations.

It is known that if any two congruences of.an arbitrary algebra in the variety
A commute, then for any A€ A D(A) is a transitive semigroup of transformations.
The same also holds in those varieties in which the lattice of congruences of every
algebra is distributive [2]. Among other investigations concerning regular algebras,
MaLcev has formulated a proposition as follows: in order that an algebra 4 be
regular, it is necessary that D(A4) be transitive [4]. (We remark that in MALCEV’s
text the term “translation” is used for “derived translation”.) THURSTONin [3]
asserts without proof — with reference to [4] — that if a variety U is regular (that
is, all of its algebras are regular), then T(A) is transitive for all 4¢9l.

We are going to show that MALCEV’s proposition is not valid in general, and
we give some description of regular algebras with intransitive semigroups of derived
translations.. Then we prove that THURSTON’s assertion holds even in a more general
form. Finally we characterize regular varieties by a certain property of translations
for all algebras in such a variety. We begin with '

Theorem 1. On any set having at least two-elements there may be defined
a regular algebra with intransitive semigroup of derived translations.
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Proof. Let 4 be an. arbitrary set having at least two elements and let g€ A.
For every pair of different elements .x, y€ A (x #a) define on 4 a unary operation

&y in the following way: for any z€A let

‘ : : y if z=x
M _ : Py = {a otherwise.
We shall prove that 4, with these operations, will be an algebra with the properties
desired. A mapping of A into itself shall be a derived translation if and only if it is
identical or it is a product of finitely many operations. By definition & is invariant
under any translation of 4. Verify that 4 is regular for this purpose 1t is sufficient
“to prove that A is simple. :

Let ¢ be a congruence on A having a class C with at least two elements say
¢, d. Then cZa (P) implies the existence of ¢, for which we have ce,=d, de,=a,
according to (1). Clearly, ce.,=de.,(®), and thus d= a(®P), whence c=a(®). This
contradiction shows that a€ C. Set now e.g. cs%a, and let b be a.further element
in A. Then ce,=5b and aey,=a. Since cey=ae,(P), we have b=a(®P), that is,
b€ C. Hence C=4, and the simplicity of A is verified.

In the following we write a—b [a=b] for a, b€ A if there exists a 1€ T(A)
{6 € D(A)] such that at =5 [ad = b]. It is clear that a —b implies a=b. The correspond-
ing complementary relations will be denoted by a-+b and a=b, respectively.

Our next theorem gives some information about the structure of any regular
algebra A with intransitive D(A). To arrange the proof convemently we first formulate
several lemmas. :

Lemma 1.'In any algebra, the relation — is transitive.
Lemma 2. In any algebra, the relation = is the reflexive closure of —.
These lemmas are obvious from definitions.

Lemma 3. For any regular algebra A having at least three elements and for
arbitrary a, b, c€ A with asb, there exists 1€ T(A) such that either at=c, bt #c,
or at#c, br=c.

Proof. We shall call a triplet (x, y, z) proper if x, y, z are pairwise different.
In the ¢ase when (a, b, ¢) is proper, this lemma is_implicit ih MALCEV [4].

Let now (a, b, ¢) be not proper. Assume b=c and let d¢€ 4, (a, b d) proper.
Then there exists a rl € T(A) for which either

v(2) ‘ at, =d, bt,=d,#d
or

3) - at,=d, #d, bt,=d.
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If{d,d,,c)is not proper, then d, =c and thus exactly one of at, and bt, equals
c. If (d, d,, c) is proper there exists a 7, € T(4) for which either

“@ ’ dr,=c, d,1,%#c,
‘or - '
©)} - diy#c, d 1,=c.

Take T=T4T,. Now (2) and (4) as well as (3) and (5) im]:ily_ar:c, btsc; (2) '
and (5) as well as (3) and (4) imply at#c, br=c. . ‘

Lemma 4. Let A be a regular algebra having at least rhree elements a, b, c€cA
with a#b If a+c, then b—c.

Proof. Obvious from Lemma 3.

Theorem 2. For any algebra A having at least two elements the following
Statements are equivalent: :

I Ais regular and D(A) is intransitive.
IL. A is regular and T(A) is intransitive.

HI. A is s1mple and there exists an a€ A such that for any di ﬁ”erem‘ x, V€A, »
x-+y holds if and only-if x= a, y=a.

IV. A is simple and there exists an ac A such that Sfor any different x, yEA
x=y holds if. and only if x=a, y#a.

Proof. Clearly, I implies I1, and 1V_imp]ies I. -Further, 111 implies IV by Lemma
2. The only non-trivial part of theorem is that III is a-consequence of II.

This is immediate in the case when A has exactly two elements. In the other -
case, let a, b€ A, a-+b. By Lemma 4, c—~b for any c€ A4 (c#a), whence a+c by
Lemma 1. Thus a ~d (d€ A) implies d=a. Hence by Lemma 4. for each pair x, yc A
(x #a) we have x—y.

. Let now @ be an arbitrary congruence on A which has a class consrstmg of
at least- two elements. Denote by C the class of including a. It follows from the
regularity of A that C contains at least one element e different from a. Choose an
element x from A4 arbitrarily. Then e —x, that is, there exists a translation t on 4
such that er=x. e=a(®) implies er=ar(P), and, because of at=a, x=a(P)
is valid, whence x€ C. Thus C= A4, and this fact shows that A is simple.

Theorem 2 shows that the example in the proof of Theorem lisa typical one.

Theorem 3. Let' A an arbzrrary algebra. ]f A XA is regular, then T(A) is tran-
sitive.

Proof. We may assume that A has at least two elements. Let a—b for a,beA,
and let c¢€ A4, for which a —c¢ holds. Consider the following relations 8, & on A X A4:



160 . B. Csakany—E. T. Schmidt: Tranélations of regular algebras'

for any (x,y), (v, v)€A XA let (x, y)=(u, v)(0) if and only if x=u; furthermore,
let (x, ¥)=(u, v) (@) if and only if x=w and a —x. It is eaéy to see, that # and & are
congruences on AXA, and 0= ®; eg., (b, b)=(b, c)(0), but (b, b)Z (b, ) (D).
Nevertheless, § and ¢ have a congruence-class in common, e.g. such a class is formed
by the set of all elements of 4 X 4 with c¢ as first component. Thus we see that 4 X 4
is not regular, qu.e. d

Corollary. (THURSTON [3]) Let N be a regular variety and AcU. Then T(A)
is transitive.

Proof. A X A€, thus A X A is regular, and hence we may apply Theorem 3.
' We remark that the corollary holds not only for varieties, but for classes
‘containing with any algebra its direct product with itself, too. '

Finally we show that the condition of Lemma 3 is able to characterize regular
varieties.

Theorem 4. A variety N is regular rfand only if
(i) for any A€W and for all a, b, c€ A (ab) there exists a 1€ T(A) such that
either at=c, br#c, or at#c, br=c.

Proof. Suppose that U regular. If A4 EQI has at least three elements, then (i)
follows immediately from Lemma 3. Let 4 have exactly two elements. We must
show that there exists a 1 € T(4) the range of which contains more than one element.
Indeed, in the contrary case the range of any translation of 4 X 4 consnsts of one
element, in contradiction with Lemma 3.

Now suppose that  is not regular. This implies, as THURSTON has proved
in [3], the existence of an algebra A¢A such that the identical congruence and
some non-identical congruence @ have a common class on 4. Let ¢ be the unique
element of this class, and let a=b(®) (a=b). If ar =¢ for 1€ T(A), then br=at (),
and hence bt =c holds. Similarly, bt = ¢ implies at =¢. Thus, (i) is false on 2.

We can observe that Theorem 4 remains valid if we replace the assumption
that 9 is a’variety with a weaker requirement, namely that 2 contains with any
algebra all its homomorphic irhages and its direct product with itself.
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A semiring whose Green’s relations do not commute

By MIREILLE P, GRILLET in Manhattan (Kansasl., U.S. A)

We call Green’s relations on a semiring R-the equivalence relations defined
thus: a.Zb (a#b) if and only if a and b generate the same principal left (right) ideal,
D=FLNR and # =L NA. The relations & and £ commute for a large class of
"semirings which includes semirings with a commutative addition or with a globally
idempotent (or weakly reductive) multiplication. In these cases, they have properties
analogous to the properties of Green’s relations in semigroup theory and appiy'
to the study of ideals of a semiring (cf. [2]). However ¥ and # do not commute in
general and the purpose of this paper is to give a counterexample, Wthh we have

been unable to obtain by more elementary methods. .
' Our example is the semiring R generated by the two elements set {b, d} and sub-
ject to the relations: ,
b =d?b+2db+b = b+2bd+bd>.

Since these relations can also be written under the erIﬁ: b=ddb+b)+db+b =
= b+bd+(b+bd)d, it is clear that in R the relation: db+b LbR b +bd holds.
We shall prove that there exists no element ¢ of R such that db+b %e& b+bd.

1. It is possible to construct R as.the quotient of the free semiring F on the
set {b, d} by the smallest congruence on F contammg the binary relation ¢ consist- -
ing of the two pairs:

'O (5, d*b+2db+B), (b, b+2bd+bd?).

However, to obtain a suitable description of R, we need to refine this construc-
tion by using the construction of F itself Which_ we first recall briefly (cf. [3]). -

Let S be the free multiplicative semigroup on {b, d}, i.e. the set of all mono-
mials x;x, ---x, (>0, x;€ {b, d}. Then consider the free additive semigroup W
on S which is the set of all sums w, +w,+ - +w, where n=>0 and w;€S with
addition defined by juxtaposition. The multiplication in S can be extended to a
assomatlve multlphcatnon of W in the following way:

p -
O W) 4wy = Z[Zwiw;-],
: i=1 \j=1

1 A
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for all w;, w;€ S. We shall denote by S' (W?°) the set resulting from the adjunc-

tion of a formal identity to the multiplicative (additive) semigroup S(W).
Finally let & be the transitive closure of the binary relation % defined as the

set of all pairs having either the form (w, w) with we W or (x,y) or (y,x) with

x=u+z[2wiw<]+u, y=ut 3 (3] 0,

where m,n >0 Wi, W; E Sforall i, j and u, v€ W° ‘Then F= W/@ is the free semiring
on {b,d}.
. We shall now describe R as the quouent of W by a suitable congruence. First
let (w, w)eg* if and only if (w,w)€% or (w’,w)€¥. Observe that the binary
relation ¥* consists of four pairs and is symmetrlc Then let # be the binary
're]atlon on W defined by: ,
) = {(u+swt+o, utswt+v); u,vEW®, s5,t€S, (w,w)eg*}.

Also let P=2 U . Then we have the following:

" Lemma 1. The smallest congruence € on W containing both G and 9 is the
* transitive closure of 2. Furthermore R= W/%

Proof. Clearly any congruence on W which contains both % and 2 must
also contain %*, %, 2 and therefore the transitive closure ¢’ of #. Thus ¢’ C¥.
To show the inverse inclusion, we shall successively prove that 4’ contains both ¢
and 2, and that ¢’ is a congruence on W. _

Trivially ¢’ contains ¢; also, since # S 2, certainly the transitive closure * of

2 contains the transitive closure 2 of &. : _
. Since both # and & are symmetric and % is reflexive, ¢’ is an equivalence
" relation. Also both # and & admit the addmon of W, so does # whence %’ is an
additive congruence on W. It is left to show that ¢’ is also a multiplicative con-
gruence. To this end it suffices to prove that 2 has the following property: if ZEW
and (x,y)€%; then (zx, zp)€ ¥’ -and (xz,yz)€¥’.

Observe first that, since 2 is a congruence on W containing &, forall (x, y)€F
and z€ W, we have: (zx,zy)€2 and (xz, yz)€ 9. Thus, since DS, (zx, zy)€E”
" and (xz, yz) €%’ for all (x,y)€F, ze W.

On the, other hand, let x = u+swt+v and y = u+sw t+v be such ‘that u,
vEWS, 5, 1€ S and (w, w)eg* If first z€ S, then

(zx, zu+zswt +20) €D, (zp, zu+zsw't+20)€D

'by distributivity modulo 2. Also (zu + zswt + zv, 2u+zsW t+2zv)€4. Since €’ is an
additive congruence contammg both # and 2, it follows that (zx, zy)e(g’ similarly
(xz, y2)€¥’. : .
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If now z€W so that z = zl+22-+l--~+z, for some r=0 and z;€S. By the
above, (z;x, z; y)e(g’ for all i. Since '

X = 21X+ 2 X+ —|—zx and zy~z,y+22y+ +z,y,

and %’ is an additive congruence, we obtain (zx, zy)€¥’. Similarly (xz, y2)€¥".
It is routine to check that R= W/¥, which completes'the proof.

2. Let K be the set of all elements x = x, + x5+ - +x (r=0, x; ES) of W
having the followmg two propertles

(A) for all i, x;=drbdu for some Pi»4;=0;
~ (B) there exists k such that 1 =k=r, p,=¢,=0, p;>0 if i<k and ¢;>0 if
i=k. : B '
. Tt is convenient to write the elements of K under the form x = x;+b+x,,
where x;, x, have the obvious meaning. Observe that all monomials of x, are divis-
ible on the left by 4 and all monomials of x, are divisible on the right by d.

- Lemma 2. Let x€K and x’ €W satzsfy (x,x)E‘g Then x" € K. Furthermore
(x;+b, x,1+b)€(6” and (b+x,,b+x,)€%. '

Proof. Clearly, it is enough to show that 2 has these properties. We consider
successively the two cases (x, x)€F and (x, x")€4. We may also assume x 7 x’.
1) Let (x,x)€& and x€ K. Then we can write. for instance:

vx:u+2[2u.1,-w}]+v, X.=u+ Z‘[Z’wiw}]-i—v, : »
B B = == :

for some u, v€ W°, w;, w;€ S. We shall study only the case when u, v€ W, the cases
when u=0 or v=0 being simpler. Clearly, since x satisfy (A) and x, x” have same
monomials up to the order, then x’ satisfy (A) too. -

Write u = u,tu, 4+, v= vl+vz+ b, with m’,n"=0, u;,v;€S.
Since w;, w;€ W2, but b¢ W2 certainly w,w} b, so that x€ K implies that either
b=u, for some k—l 2,...,m" or b=u, for some k'=1,2,...,n '

Assume that b=uy, for some k; then x; = u, +- +uk_1 and

Xy = Uy +'um"+2 [Z Wiw;]"—v'
- . - =1 =1
Then set x; =x, and '

. . n . m : . .
Xo = Uy + o+t + Z [Z Wiw}]._l_v‘

j=1\i=1

Clearly, since all monomials of x, are divisible on the left by d, so are all monomials
of x3; also (x; +b, x; +b)€F trivially. Now, looking at the above expressions of
x, and x,, we see that (b-+x,, b+x,)€F; in particular x, and x, have the same

1
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monomials up to the order which implies that all monomials of x, are divisible
on the right by d, since the monomials of x, have this property We therefore obtain
that X" = x, +b +x, satisfies (B) whence x'¢ K.

. The case when b=v, for some k" is treated similarly.

2) Let now (x, x)c% and x€K; then x = u4swt+v, X’ = u-+sw't+v for
some u, v€ WO, s5,t€ S, (w, w)€%*. Two subcases are to be considered: ‘

a) If s#1 or t31, then swr€ W2 so that no monomial of swt can be equal
to b. Thus x € K implies b=, for some monomial u, of « (and hence u ¢O) or that
b=v,, for some monomial v, of v (and hence »0).

If first u = Uy o Uy (m =0, u;€ S) and b=u, for some 1 <k<m then set

Xy =4y +“2+"' Fi_y = X3,
Xp = Upyy o Uy +SWET D,
X, = Upyq+ oo Uy W0,

_ All possible forms of w€ W such that (w, w)eg* for some w €W are:
b, b+2bd-bd?,d*b+2db + b hence sbr figures as a monomial of swein all cases;
since x € K, and since swi is a term of a sum equal to x,, s=d”, t =d? for some p =0
and ¢g=0. Then it is obvious to check on all possible forms of swt and sw’'t that
all their monomials are of the form d” bd? with p’=0 and ¢’ =0. Since the set of
monomials of x, and x;, can differ only by monomials of swr and sw’t, x€K implies
that x"€K. ObVlously (x2+b, x; +b)€P since x,=x;; also (b+x,,b+x)€RB
is obvious on the form of x, and x,.

‘The case when b=u,, for some monomial v, of v is treated in a s1m11ar way.

b) If finally s=¢=1, then the different possible forms of x€K are: u+b+v, .
u+b+v, u+d*b+2db-+b+v, u+b-+2bd+bd?+v; they correspond respectively
to the following forms of x": u+d?b-+2db+b+v, u+b+2bd+bd?, u+b-+v,
u+b+v. It is then easy to check on these forms that the result holds also in thlS case.

The followmg lemma will be needed later on: :

Lemma 3. Let x = x4 —i—x2 + - 4x,, with r >0 and x; € Sfor all i, be such that
(db+b, x)€G. Then the two sets A= {i; x;=bd} and B, = {j; x;=dbd} have an even
cardinality. :

Proof. The result -holds certainly for x = -db +b, for then A4, =B, =0. Clearly,
" it is enough to show that if (x, x') €2 and I4,] and ]Bxl are even, so-are !Ax[ and'
|Bo|.

This is clear 1f (x, x)E for then x and x’ have the same mo_nomlals up to
the order. _ ' oo
Let now (x,-x )6 JA‘ so that x = y-+4swit-+v, x" = u-+sw't -+ v for some v, ve WO,
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s=d’, t=d? with p,q=0 (for x,x’€K) and (w, w)€¥*. Then we have: |4,] =
= A Al + 14,y 1B = |Bu+ 1Bl +1B,J5 also [Ag] = [} + [ +14,),
|B,| = |B,|+|Bs.:|+|B,. Thus it is enough to show that |A,,| and |4,
(|Bgw:] and |By,|) differ only by an even number. This is done by direct inspec-
tion of the pairs (swt, sw’t). Observe that it is enough to consider pairs (w, W)€%
“(since the result is symmetric in x and x”) and integers p, g = 1. The cases which are
left to study are given by the following table:

swt Swt

b | b+2bd+bd?
b d2b+2db+b -

{ bd | bd+2bd?+ bd>

%3
Il
-
Il
—_

©
!
]
U

bd | d*bd+2dbd+bd
db | db+2dbd+dbd?
db | db+2d2b+db
(| aba | dbd+2abd? + dbd® -
s=1= d{ dbd | d3bd 2d2bd+ dbd

ta
|
S
~
I
_

¢ .

It is clear by the table that lAsw,l and |A,,.|(|B,,.| and |B,,.)) differ only by an even
number which completes the proof.

‘3. Let a = db+b and ¢ = b+bd. Also denote by = the canonical projection
_of W to R=W/%. We wish to show that there exists no element y of W such that
the relation n(a) Zn(y) #n(c) holds in R Assume that on the contrary such an
element y exists.
Since n(a) and n(y) generate the same principal right ideal of R, there exist
V1> Vs os Yy Q15 Qs --.y Gy € W1, (where W1 is obtained by adjunction of a formal
1dent1ty to W) such that

<2j : [y, 2@,.]5%_ and (d, Z yaj]e%.

"Using the distributivity modulo €, we may first assume that y;, a; E St for all 7, j;
also it follows from (2) that

@ o [&; Zl [_Zl ay;a,.]]e%.

Lemma 4. With the above notation, y, =a,=1; furthermore, for all i,j>1,

yl':dqf'and a;=d% fo_r some q;, qJ’- =0. Finall_y, 2 ay; € K.

i=1
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Proof. Let x = Z; (Z (dby,a,+by,aj)) Since a = db+b, by distributivity
J=

modulo ¥ and in view of (3), we see that (a, x)¢%. Thus x€K by Lemma 2. In parti-
cular, by,,a;,=b for some iy, jo. Then we must have ip=j,=1: otherwise there .
would exist some i; =iy, j; =j, such that i; =i, or j, #jo; then by, a, would be a
monomial of x; which is not divisible on the left by d; this is impossible for x€ K.
Therefore y, =a,=1.

Furthermore, for all i, j>1, by,a;=ba; and by;a, =by, are monomials of
x,, whence a;=d% and y,=d% for some g;, q;>0. The last statement follows.

Lemma 5. For any ye W such that n(a) Z n(y) £ n(c), (3, db.+b+bd)€‘€.

Proof. With the above notation, Lemma 4 implies that (2’ ay,) =db. Since

i=1

( ¥, Z ay,) €% holds by formula (2) and 3 ay;€ K by Lemma 4, applying Lemma 2,
i=1 . . i=1
‘we obtain (y;+b, db+b)€€. A similar reasoning using n(y) £ n(c) would imply

(b+y,, b+bd)€€. Since € is an additive congruence, it follows that
 (pdb+bibd)eE
which completes the proof.

Finally consider z= 3 (dba;+ ba; + bda;). First Lemma 5 and formula (2) imply

. =1 _
that (a,z)€¥%. Also, using Lemma 4, it is easy to check that A, = {j; j>1, ¢;=1} U {1}
and B,={j;j>1,q;= 1}. Thus |4, and |B,| are of different parity which contradicts
(a, z) €% in view of Lemma 3. Therefore there exists no y € W such that 7 (a) 92 n(y)

,‘? 7(c) and we have proved:

Theorem 6. The Green s relations of the semiring R generated by the set {b, d}
and subject to the relations d?b+2db+b = b = b+2bd+bd* do not commute.
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Reduktion eines Prob'lems- beziiglich der
. Brown—McCoyschen Radikalringe

Von F, SZASZ in Budapest

In der Ringtheorie, Gruppentheorie und Kategorientheorie spielen die Radikale
und Halbeinfachkeiten bekanntlich eine sehr wichtige Rolle. Eine wohlbestimmte
Aquivalenz des Radikals und Halbeinfachkeit in gewissen, natiirliche Bedingungen
erfiillenden Kategorien wurde von F. SzAsz und R. WIEGANDT [16] untersucht.
Die genannten Bedingungen sind {ibrigens sowohl von der Kategorie aller assozia-
tiven Ringe, als auch von der Kategorie aller Gruppen erfiillt. Eine &hnliche kate-
gorientheoretische Untersuchung findet man bei RyaBUHIN [13]. Dagegen scheinen
Radikal und Halbeinfachkeit fiir beliebige Kategorien (und zwar fiir die Kategorie
der nichtassoziativen Ringe) nicht dquivalent zu sein. Nach Resultaten von KUROsCH
'[8] 14Bt sich iibrigens jede Klasse von assoziativen Ringen sowohl in eine Klasse
von Radikalringen als auch in eine Klasse von halbemfachen Ringen fiir geeignete
allgememe Radikale einbetten.

Jedoch ist wesentlich weniger iiber Radlkalrmge als iiber halbemfache Ringe
~ fir die niitzlichen konkreten Radikale (wie z.B. das untere Nilradikal, das obere

" Nilradikal [2], das Levitzkische Iokal nilpotente Radikal [10], das Jacobsonsche
" Radikal [6], das Brown—McCoysche Radikal [3] usw.) bekannt. Deshalb ist zweck-
miBig die Radikalringe als in gewissern Sinne ,,schléchte” und muhsamer unter-
suchbare Ringe fiir konkrete, niitzbare Radikale zu diskutieren.
Beziiglich der nétigen Begrlt’fe verweisen wir auf d1e Bucher [5], [6], [7] [9]
und [12}]. : N

In dieser Arbeit werden wir ein Problem iiber die Brown——McCoyschen Radikal-
ringe untersuchen. Bekanntlich ist jeder Nilring und jeder Jacobsonsche Radikal-
. ting auch ein Brown—McCoyscher Radikalring. Ein Ring ist genau dann ein
Brown—McCoyscher Radikalring, wenn er auf keinen von Null verschiedenen
- einfachen Ringen mit Einselement homomorph abgebildet werden kann.

In der Arbeit [14] des Verfassers sind gewisse Klassen von sogenannten E;-
ngen (fir i=1, 2, 3, 4, 5) untersucht. Dementsprechend bedeutet ein E,-Ring
einen solchen Ring A4, fiir den der maximale triviale 4-Rechtsuntermodul M, von
jedem A-Rechtsmodul M ein direkter Summand von M ist. Hierbei versteht man
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unter einem trivialen 4-Modul einen Modul N mit N4 =0. In anderer Abfassung
stammt der Begriff eines E,-Ringes von KERTEsz [7], wobei auch gefragt ist, ob
jeder E,-Ring ein zweiseitiges Einselement haben soll. Jeder Ring mit Einselement
ist nidmlich ein F,-Ring.

In der Arbeit [14] des Verfasseis sind einige Kriterien fiir die Ex1stenz des
Einselementes in einem Ring mit der Hilf¢ von E,-Ringen bzw. Es- Ringen ange-
geben, und ebendort wurde vom Verfasser auch folgendes Problem aufgeworfen:

(P) Gibt es einen .vonA Null verschiedenen Brown—McCoyschen Radikalring,
der gleichzeitig auch ein E,-Ring ist?

In der vorliegenden Arbeit werden wir einige- Eigenschaften, der im obigen
Problem (P) erwdhnten Ringe bestiitigen, ohne ihre Existenz zu beweisen. In der
Arbeit [14] hat Verfasser bewiesen, daB3 es keinen von Null verschiedenen Jacobson-
schen Radikalring gibt, der auch ein E,-Ring ist (Satz 2. 3.2 von [14]), und daB}
acaAd+ AaA fiir jedes Element a eines E,-Ringes (sogar allgemeiner schon eines
E;-Ringes) gilt. Dr. G. MICHLER hat mir in einem Brief geschrieben, da3 genau
mit den Methoden des Beweises fiir den Satz 2. 3.2 in [14] auch die schirfere Rela-
tion a€ad fir jedes Elem'ent a von jedem E,-Ring A bewiesen werden kann. Die
Ringe A, fiir die a€aAd fiir jedes Element ac A gilt;, wurden in meiner Arbeit [14]
E;-Ringe genannt. Also ergibt sich: : :

' (es'e) Jeder E,-Ring ist ein E, -Ring.

Gilt namlich a¢ a4 fiir ein Element a€ 4 eines E,-Ringes A4, so gibt es nach
dem Zornschen Lemma ein maximales solches Rechtsideal R von 4, fiir das a4 R
und R2aA bestehen. Dann ist der A4-Rechtsmodul A/R subdirekt irreduzibel,
und wegen a4 S R liegt der minimale 4-Untermodul M,/R von A/R im niaximalen
trivialen 4-Untermodul M,/R von A/R. Da A4 ein E,-Ring ist, erhdlt man M, =4,
A2S R, was dem in [14] bewiesenen Resultat 42 = A4 widerspricht. Hiernach ist die
Behauptung (%) von MICHLER mit den Methoden memes Beweises fiir den Satz
2. 3. 2 [14] wirklich bewiesen.

Der Ring aller hnearen Transformationen von endlichem Rang eines Vektor-
raumes von unendlichem Rang iiber einem Schlefkorper ist ein solcher von Null
verschiedene Brown—McCoysche Radikalring, der ein von Neumannscher reguldrer
Ring, folglich auch ein E;-Ring ist, obwohl kein von Null verschiedener Jacobson-
scher Radikalring nach meinem Satz 2. 3. 2 bzw. nach der Michlerschen Behauptung
(#) ein E,-Ring ist. : :

Jetzt bestdtigen wir einige Elgenschaften solcher von Null verschiedenen
Brown—McCoyschen Radikalringe, die auch E,-Ringe sind. Die Existenz solcher
Ringe ist nicht bewiesen. Es gilt aber der
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Satz. Existiert ein von Null verschiedener Brown—McCoyscher Radikalring A,
der gleichzeitig auch ein E,-Ring ist, so hat A folgende Eigenschaften:

1) A ldpt sich auch als ein linksprimitiver oder ein rechtsprimitiver ng ( folglzch 4
als ein Primring) waihlen; :

2) jedes Element a von A ist ein Lmksmdlterler in. A; wenn dabei A auch ein.
Primring ist, so gilt schon axa = 0 mit xa0 fiir jedes a0 (a¢ A); und somit
hat dann jedes Linksideal ein von Null veischiedenés nilpotentes Element xa;

3) es gilt A(1=a)A = A fiir jedes Element. ac A;

4) fiir jedes von Null verschiedene Element ac A existiert ein'b€ A mit abq Aa,. -
und somit hat A kein nichttriviales Zentrum, weiterhin gilt Aa # A fiir jedes a€ A,

5) es gilt ac(a+n)A —rA(a+n)A fiir jedes a€ A und fiir jede ganze rationale
Zahl n;

6) in A existieren maximale Lmkszdeale, und es gzlt LA= A fiir jedes maxImale
Linksideal L von A; : :

7) die Maxtmalbea’mgung gllt mcht fur die L1nks1dea1e der Gestalt

L,={x: x€A4, xa=x}
fiir jedes a€ A, und somit ist A kein linksnoetherscher Ring.

Bemerkung 1. Weitere Elgenschaften der im Satz erwihnten Ringe konnen
nach den Resultaten der §§ 2 und 3 meiner Arbeit [14] abgefaBt werden.

Bemerkung 2. Die im Satz erwihnte Elgenschaft 2) besagt, dal3 das Links-
ideal Aa fiir jedes a€ A hinreichend groB im Sinne ist, daB Aa Rechtsnullteiler
b=b, fir jedes ac A enthilt, fir die ab=0 gilt, dagegen driickt die Eigenschaft
4) aus, daB das Linksideal Aa fiir jedes a€ 4 auch hinreichend klein im anderen -
Sinne ist, daB Aa nicht alle Produkte ab enthilt. Diese ,,gro” und ',,klein” Begriffe
sind freilich von den iiblichen modultheoretischen Begriffen verschieden (s. z. B.
LaMmBEK [9]). Es ist ebenfal_ls'interessant, daB nach der Eigenschaft 6) maximale
Linksideale in A so existieren, daB 4 nach 7) kein linksnoetherscher Ring ist. -

Beweis des Satzes. Wir ver1ﬁ21eren die i im Satz erwahnten Eigenschaften des
Ringes 4 nacheinander. ’

1) Jedes homomorphe Bild eines Brown——McCoyschen Radxkalrmges 1st ein
Radikalring von demselben Typ. Ebenfalls ist jedes homomorphe Bild von jedem
E,-Ring nach [14] auch ein E,-Ring. Weiterhin stimmt ein im Satz betrachtete
* E,-Ring A nach [14] nicht mit seinem Jacobsonschen Radikal J(A) iiberein, und
AJJ(A4) ist dann sowohl eine subdirekte Summe von rechtsprimitiven Ringen als
auch eine subdireckte Summe von linksprimitiven Ringen. Dabei sind diese sub- .
direkten Summanden S, homomorphe Bilder von A4, also Brown—McCoysche
. Radikalringe und E,-Ringe, die jetzt auch Primringe sind. Deshalb kann 4 durch
. S, ersetzt werden.
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2) Ist ein Element a€ 4 kein Linksnullteiler von 4, so kann ein Widerspruch
folgendermaBen abgeleitet werden. Nach der Behauptung (*) gibt es ein b€ A mit
a=ab, folglich mit a(1 —b)4 = 0. Da a jetzt kein Linksnullteiler ist, erhilt man
(1—b)A = 0, und somit ist b ein Linkseinselement von 4. Nach dem Zornschen
Lemma gibt es dann ein maximales solches Ideal M, daB b¢ M besteht, denn es
gilt offenbar b¢ (1 —b)4 = 0. Dann ist 4/M wegen (A(1 —b))* = 0 ein einfacher

- Ring mit. Einselement, was der Definition der Brown—McCoyschen ‘Radikalringe
widerspricht. Damit ist der erste Teil von 2 bewiesen. _

Ist nun A insbesondere-ein Primring, so erhilt man cAd >0 fiir jedes von Null
verschiedene ¢ und d, folglich c4AN Ad#0. Es sei jetzt a ein beliebiges von Null
verschiedenes Element von A4, und 5320 ein Element mit ab=0, welches nach
dem vorigen existiert. Dann gibt es ein x€ 4 und ein y € 4 mit 0 2xa=bycbA N Aa,
woraus man axa=aby =0 erhilt. Offenbar ist xa ein von Null verschiedenes nil-
potentes Element im beliebigen Hauptlinksideal (a),.

3) Wegen Satz 2. 1. 3 meiner Arbeit [14] ergibt sich A(l —a) € A1 —a)A fiir
jedes Element a von A, -und somit ist 4/4(1 —a)A ein Ring mit dem Rechtseins-
element a -+ A(1 —a)A. Gilt a§ A(1 —a)A und. ist M . ein maximales solches (nach
dem Zornschen Lemma existierendes) Ideal, fiir das a¢ M und M2 A(1 —a)4
bestehen, so ist A/M ein einfacher Ring bekanntlich mit dem zweiseitigen Eins-
element a + M. Dieser Widerspruch zur Definition der Brown—McCoyschen Radikal-
ringe beweist a € A(1 —a)A fiir jedes a€ A. Ist ndmlich a + M kein Linkseinselement
von A/M, so ist (1 —a)d+ M/M ein nilpotentes von Null verschiedenes Rechts-
ideal von A/M, was unméglich ist. Daraus folgt aber wegen A(1 —a) € A(l —a)4
auch A(l —a)4- = A fiir jedes a€ 4, w.z.b. w.

4) Existiert ein Element a € A mit ab € Aa fiir jedes b €4, so0 erglbt sich aAC Aa.
Es sei weiterhin c € A so gewdhlt, daB a=ac gilt, was nach der Behauptung (%) fiir
E,-Ringe immer mdglich ist. Nach der Eigenschaft 3) erhilt man A(1 —c)d = 4
mit diesem ¢, folglich ergibt sich wegen aAS Aa auch a4 = adA(l—c)A &
C Aa(l1—c)A = A.0.4 = 0. Daraus folgt aber =0, denn jeder E,-Ring ist nach
[14] linksannihilatorfrei. Es gilt also @A L Aa fiir jedes a€A. Hiernach besteht
-auch das Zentrum von A nur aus 0, und es gilt wegen ad & Aa insbesondere,auch
Aa # A fiir jedes Element a€ 4. -

5) Gibt es ein von Null verschiedenes Element a von 4 und eine ganze rationale

Zahl n mit o
a¢(a+mA+A(@a+nA = B,

so ist a + B im Faktorring A/B ein Linksmultiplikator von A/B. Da auch A/B gleich-
zeitig mit 4 ein E,-Ring ist, erhdlt man nach Satz 3. 4. 1 aus [14], daB3 A/B ein zwei-
seitiges Einselement hat. Dann 1aBt sich aber 4/B auch auf einen einfachen Ring
mit Einselement homomorph abbilden. Diese Tatsache widerspricht der Voraus-
setzung, daBB 4 ein Brown—McCoyscher Radikalring ist, und somit ist 5) bewiesen.
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6) Da jedes homomorphe Bild eines E,- Rlnges nach Satz 2.3.1 bzw. 2.2.2
von [14] bzw. Behauptung (%) keinen von Null verschiedenen Linksannihilator
besitzt, ist A auch ein E;-Ring im Sinne [14]. Es gilt folglich L,S L, A fiir jedes
Linksideal L, von 4, und A besitzt nach Satz 2. 3.3 [14] maximale Linksideale
L. Es gilt also entweder LA=L oder LA =A. Im Falle LA =L ist L auch ein zwei-
seitiges Ideal von A, und somit ist 4/L, da nur triviale Linksideale hat, entweder
ein Zeroring oder ein Schlefkorper Der erste Unterfall widerspricht aber der Tat-
sache A% =A (vgl. Satz 2. 2.1 von [14]), und der zweite Unterfall widerspricht der -
Definition der Brown—McCoyschen Radikalringe. Es gilt also L4 =4 fiir jedes -
maximale Linksideal L von A.

7) Aus dem vorigen folgt leicht,” daBB 4 kein Rechtsemselement hat, d.h,
A(1 —b) = 0 fir jedes bc A ist, denn nach der Eigenschaft 3) stets A(l —b)A = A
gllt Das.im Satz definierte Lmksxdeal

L,={x:x¢A, xb=x}

ist genau ein Linksideal L, fiir das L(1 —b) = 0 besteht. Wegen A(1—b) = 0
ergibt sich L,, #A fir jedes b, und mnach der Behauptung (%) folgt
bEbA also b=bc mit einem c€ 4, und somit bEL mit einem c=c¢,€ A fiir jedes
. bcA. Es sei weiterhin xoy = x-+y—xyp fir jedes x,yEA Man erhilt offenbar
LS L,,, fir beliebiges x und y. Es sei jetzt b ein beliebiges Element und a ein solches
Element von A, fiir das a(1 —b) == 0, also a§ L, gilt. Dann existiert nach Behauptung
'(*') ein c€A4 mit a(1 =) = a(l —b)c, folglich mit a(l —boc) = 0 also acL,,,.
Daher ist L, , echt groBer-als L,, und somit gilt in 4 nicht die Maximalbedingung
fiir die Linksideale der Gestalt L. Insbesondere ist A deshalb auch kein linksnoether-
scher. Ring, w. z. b. w. '

Damit haben wir auch den Satz bewiésen.

Literaturverzeichnis

{11 S. A. AMITSUR, A general theory of radicals. I, Amer. J. Math., 74 (1952), 774—786. 11, Amer.
: J. Math., 76 (1954), 100—125. III, Amer. J. Math., 76 (1954), 126—136. '

[2] R. BaEr, Radical ideals, Anier. J. Math., 65 (1943), 537—568.

[3] B. BRown—N. H. McCoy, Radicals and subdirect sums, Amer. J. Math., 69 (1947), 46——58

[4] B. BRowN—N. H. McCoy, The radical of a ring, Duke Math. J., 15 (1948), 495—499,

[5]1 N. DivinNsKY, Rings and Radicals (London, 1965). - '

[6] N. JacossoN, Structure of Rings (2nd edition) (Providence, 1964).

[71 A. KerTEsz, Vorlesungen iiber Artinsche Ringe (Budapest, 1968).

[8] A. G. KUROSCH, Radlkale von Ringen und von Algebren, Mat. Sbormk 33 (75) (1953), 13———26

‘(Russisch).

[9]1 J. LamBek, Lectures on Rings and Modules (Massachusetts—Toronto—London, 1966).

{10] J. LevitzKi, On the radical of a general ring, Bull, Amer. Math. Soc., 49 (1943), 462—466.



172 ‘ " F.Szdsz: Brown—MecCoysche Radikalringe

{11] G. MicHLER, Kleine Ideale, Radikale und die Eins in Ringen, Publ:_ Math. Debrecen, 12 (1965),
231-252.

[12] L. Répe1, Algebra. 1 (Leipzig, 1959).

[13] Ju. M. RiaBUHIN, Radikale in Kadtegorien, Matem. Issled. Kis'ihev, 2:3 (1967), 107—165
(Russisch). :

[14] F. SzAsz, Einige Kriterien fiir die Exxstenz des Einselementes in einem ng, Acta Sci. Math .
28 (1967), 31—37.

[15] F. SzAsz—R. WieGanpT, On the duahzatlon of subdnrect embeddings, Acta Math. Acad.
Sci. Hung., 20 (1969), 289—302.

[16] F. SzAsz—R. WIEGANDT, On radicals and semi-simplicity in categories, Acm Math. Acad.
- Sci. Hung, (im Erschéinen). :

( Eingegangen am 4. Dezember, 1968)



Uber dreifaktorisierbare Grlippgn.- I

Von J, SZEP in Budapest und G. ZAPPA in Firenze

Es sei G eine Gruppe und H eine echte Untergruppe von G. Es seien H,, H,, ..
.séimt'liche Konjugierte von H in G. Bekanatlich ist das Produkt H=H, H, ... eine
Gruppe [1]. Es gilt auBerdem der Satz: '

Ist G eine nichtnilpotente endliche Gruppe, so hat G eine nilpotente Untergruppe
H mit der Eigenschaft H=G[1].

Im Fall H=G benétigt man aber nicht notwendigerweise alle Konjugierte von
H um mit Hilfe des Produkts die ganze Gruppe G darzustellen. ORE zeigte, daB3 das-

* Produkt von zwei Konjugierten einer Hc G die Gruppe G nicht darstellt, also
ist die minimale Anzahl der Konjugierten von H drei, um die ganze Gruppe zu
erhalten. . . : ‘ '

Es erhebt sich die Aufgabe, die Struktur der ,,dreifaktorisierbaren” Gruppen
G=H,H, Hy zu untersuchen, wobei H,, H,, H, konjugierte (echte) Untergruppen
von G sind. ' _ ' ,

Eine Zusammenfassung der Ergebnisse dieser Arbeit wurde in [4] verdffent-
licht. '

I
Definition. Man nennt die Gruppe G dreifaktorisierbar, wenn in G eine
echte Untergruppe H existiert, fiir die
). G=aHa 'HbHb='  (a,b€G)
gilt. Die Faktorisation (1) heif}t eine Dreifaktorisatibn.

Satz 1. Eine Gruppe G ist dreifaktorisierbar (mit H) dann und nur dann, wenn
es ein Eleme_znt- acG gibt mit _ '
' G=Ha 'HaH.

Beweis. Es ist ausreichend, den Fall ,,nur dann” Zu beweisen. Wir_nehmen an,
daB (1) gilt. Dann ist

G=a"'Gb=a"'aHa " *HbHb 'b=Ha 'HbH.
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Es existieren also drei E]emente h1 > Hys h3 von H mit 1 —hla lhzbh_,, Daraus folgt
b-hz ahy 1h3 , und so erhalten wir

G=Ha 'HbH=Ha" 1th ah11h31H Ha 'HaH.
Bemerkung. Ist ‘G eine n-faktorisierbare Gruppe, d.h. gilt
G=H,..H,,

wobei H, ..., H, konjugierte Untergruppen sind, so kann ‘man erreichen, daB
im Produkt der erste und der letzte Faktor identisch werden. Der Beweis erfolgt
dhnlich wie im Fall-des Satzes 1.

I

Jetzt werden wir einige Kriterien fiir dle Ex1stenz eines Normalkomplements'
von H herleiten.

Satz 2. Es sei G eine endliche Gruppe von dé( Form G=Ha *HaH, wobei H
eine Hall-Untergruppe und a ein Element von G sind. Dann gilt Ng(H)=H.

Beweis. Es sei II die Menge der verschiedenen Primzahlen in der Ordnung
von H und x ein Element von Ng(H). Es gilt

x=hya-thyahy - (hy, hy, hy € H).

Es ergibt sich a=*h,a=h7xh5* € N;(H). Das Element a~*h,a ist ein II-Element
und mit H vertauschbar. Die Gruppe {H, a~'h,a} ist eine II- Untergruppe von G.
H lst eine Hall-Untergruppe von G, also gilt

{H,a ‘h,a}=H, dh. a 'hyacH.
Daraus folgt x€ H.

Satz 3. Es sei G eine endliche Gruppe und H eine Hall-Untergruppe von G, die
im Zentrum ihres Normalisators enthalten ist. Dann existiert ein Normalteiler N von
G mit G=HN, HNN=1.

Beweis. Es sei II die Menge der verschiedeneﬁ Primzahlen D1y D2y s Dy i
der Ordnung von H. Es sei P; die p;-Sylowgruppe von H (i=1, ..., r) und xENG(P)
Die Gruppe H ist abelsch und auBerdem ist HS C(Py), also gllt '

x~1HxC C(x~* P,x) = C(P).

Daraus folgt, da ‘H und x~!Hx abelsche (nilpotente) Hall- Untergruppen von
C(P,) sind. Nach einem Satz von WIELANDT [3] sind die Untergruppen H und x~ Hx
in" C(P,) konjugiert. Dann existiert ein y€ C(P) mit y~!(x~!Hx) y=H, d.h. es
gilt (xy)~! Hxy=H. Daraus folgt xy€ Ng(H). H ist eine abelsche Gruppe, und es -
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gilt xy € C(P), d.h. x€ C(P,). Das Element x.ist ein beliebiges Element von N;(P)).
also gilt Ng(P)=C(P) und P,S Z(Ng(P)). Nach BURNSIDE enthilt G genau ein
pi-Normalkomplement und so ist G eine p;-nilpotente Gruppe. Der Durchschnitt
der p;-Normalkomplemente (i —1, 2, ..., r) ist ein Normalkomplement N von H in
G, dh. G=NH, NNH=1. ' : BRI

Aus Satz 2 und 3 folgt der

Satz 4. Es sei G eine dreifaktorisierbare endliche Gruppe: G= Ha~' HaH, wobei
H eine abelsche Hall-Untergruppe von G(acG) Ist Dann glbt es ein Normalteiler N
von G derart, da} G=HN, HNN=1. :

~ Im Satz 4 ist die Gruppe H eine abelsche Gruppe Diese Annahme kann man
nicht durch ,,nilpotent” substituieren. Dazu betrachten wir die Gruppe S;. S, hat
eine Untergruppe H von der Ordnung 8 (also ist H nilpotent), auBerdem hat S,
die Dreifaktorisation S, =Ha~ YHaH(a€ S,). Doch hat S, kemen Normalteiler mit
‘dem Index 3.

Die Substitution der abelschen Untergruppe durch eine mlpotente Gruppe
_ist auch in dem Fall nicht moglich, Wenn die Ordnung von G ungerade ist. Betrach-
ten wir dazu die Gruppe G mit der Ordnung 37-7, die folgendermaBen definiert ist:

a = 1 (i=1...7, b=1 =1, aa.a,=1,
aa;=aa Gj=1,...,7, b lab=ay,, (i=1,..,6),
b"ia7b=a1, c“ach:az, cTlaye = a,, ¢ 'azc = as, clase = ay,
c~lasc=as, clage=as, ¢ la;c=a;, ¢ ‘he=b2 "

Die Elemente a,, ..., a,,c erzeugen eine Untergruppe H von der Ordnung
37 (also ist H eine nilpotente Hall-Gruppe), auBerdem gllt G=Hb" leH Doch G
" hat keinen Normalteiler von der Ordnung 7. '

Trotzdem gibt es eine Verallgemeinerung des Satzes 4 fur den Fall, dal -H
ungerade ist. Im Beweis der Verallgemeinerung brauchen wir einen Satz von THOMPSON
[2]. Es bezeichne J(P) die im Satz von THompsON auftretende Gruppe wobei P
eine Sylow-Gruppe bedeutet. (J(P) ist die mit den abelschen Untergruppen er-
‘zeugte Untergruppe von P, fiir die die Anzahl der Basisgeneratoren maximal ist.)

Satz 5. Es sei G eine endliche Gruppe und H efne nilpotente Hall-Gruppe von
G. Es seien p,, ..., p, die in der Ordnung von H auftretenden verschiedenen Prim-
. zahlen und P; die p;-Sylow-Gruppe von H. G habe die folgenden Eigenschaften:

a) Ng(H)=H, b) J(P)=P, ¢ P/SZ(P)

(i=1,2,..,9). Ist H von ungerader Ordnung, so gzbt es einen Normaltetler N von G,
derart, daﬂ G=HN, HNN=1. :
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Beweis 1. Ist 7D H eine Untergruppe von G, soist {H"} =T." Im entgegenge-
setzten Fall giibe es ein x€ T mit x¢ {HT}. Es giltaber x=! {H"}x={HT}, und nach
WIELANDT gibt esein y € {H T} sodaB y~!x~'Hxy=H,d.h. xye No(H)=HE {HT}.
Daraus folgt x€ {H7}, was ein Widerspruch ist.

2. Ist P, ein Normalteiler von G, dann ist G p;-nilpotent. Es gilt G=P;S
(1P, |S)=1. Es sei H; = P, X+ XP;_{XP;y X+ XP,. Dann ist {HF}SS.
Es gilt aber {Hf}=3S, weil im entgegengesetzten Fall P,{H}={H®)} CG gelten
wiirde, was wegen 1 unmogllch ist.

3 CG(Z(P)) ist p;- mlpotent -Der Beweis erfolgt durch Induktion. Wegen
2 kann man annehmen, daB Z(P)cCP; ist. Gilt C4(Z(P))cG, dann gelten
unsere Bedingungen fiir Cg(Z(P,)), also ist Cg(Z(P;)) nach Induktion p;-nilpotent.
Gilt C¢(Z(P))=G, so betrachten wir die Gruppe G/Z(P,). Fiir G/Z(P;) gelten
unsere Bedingangen (P,./Z (P;) ist eine abelsche Gruppe, d.h. J(P)/Z(P)) = P)/Z(P)))-
Nach Induktion ist G/Z(P;) p;-nilpotent, also existiert eine Untergruppe ¥ mit
V=Z(P)S= Z(P)XS, die ein Normalteiler von G ist. Wegen p,’{|S| ist .S das Pi-
Komplemem in G

4, NG(J(P)) ist p; mlpotent Wegen J(P,)=P; und 2 gilt die Behauptung.

Bezughch 3 und 4 ergibt sich nach dem Satz von Thompson daB G p;-nilpotent
ist. Dies gilt fiir i=1, ..., s also erhalten wir den Satz. _

Nach Satz 2 und 5 bekommt man den’

Satz 6. Es sei G einé dreifaktorisierbare Gruppe G=Ha 'HaH, wobei H eine
nilpotente Hall-Gruppe von G mit ungerader Ordnung ist. Es seien p,, ..., p, die in
der Ordnung von H vorkommenden verschiedenen Primzahlen. Es sei P; die p;-Sylow-
Gruppe von H. Nehmen wir an, daf3 J(P)=P; (i=1, ..., s) und P; S Z(P) gilt. Dann
gibt es einen Normalteiler N von G derart, dap G=HN, HN\N=1. :

Bemerkungen. Fiir den Fall der Gruppe von der Ordnung 37-7 gilt in unserem
Gegenbeispiel J(H)=J(P)={a,, ..., a;} d.h. J(P)=P. ,

. Wir bemerken noch, daB zwischen den dreifaktorisierbaren Gruppen auch
cinfache Gruppen existieren. Dazu betrachten wir die alternierende Gruppe As
(liber 5 Ziffern); in dieser bilden die Permutationen, die eine Ziffer unveréndert
lassen, eine Untergruppe H von der Ordung 12, und es gilt G=Ha~! HaH, wobei
acGein geelgnetes Element ist.

m
Wir beschiftigen uns jetzt mit aufiésbaren dreifaktorisierbaren endlichen

Gruppen und stellen simtliche maximale Dreifaktorisationen von solchen Grup-
pen vor. ‘
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Definition. Es sei G eine dreifaktorisierbare Gruppe G =Ha~! HaH (a€G).
Man nennt die Dreifaktorisation von G maximal, wenn es keine Gruppe H, <G
gibt, fiir die G=H,b~*H,bH, (6€G) mit HCH, gilt.

Der Kern der Untergruppe H von G ist N H;, wobei H; samtliche- Konjuglerte
von H in G durchlauft.

Definition. Man sagt, die Untergruppe HCG in G sei antinormal, wenn .
NH;=1 gilt, d.h. wenn H keinen echten Normalteiler von G enthalt. _
Ist M der Kern von H, so sieht man leicht, daB H/M antinormal in G/M ist.
Es ergibt sich leicht der

Satz 7. Es sei G= Ha“HaH eine endliche drelfaktor1s1erbare Gruppe und M
der Kern von H. Dann gilt :

GIM= (H/M)(aM) YHIM)(aM)(HIM).

Die Gruppe H/M ist antinormal in G/M, also reduziert s1ch die Untersuchung
der maximalen Drelfaktorlsatlonen der G auf den Fa]l m ‘dem die Untergruppe H
antinormal ist. ‘
. Wir beweisen den

Satz 8. Es sei G eine endliche auflésbare Gruppe. G besitzt eine maxiniale Drei-
Y faktorisation G = Ha=' HaH (a € G, H ist antinormal in G) dann und nur dann, wenn die
Jfolgenden Bedingungen erfiillt ‘sind:

a) G=HN, wobei N ein minimaler Normalteller von G ist mit HON=1 und
Co(N)=N.

b) Es gibt ein be N derart, daﬂ Jjedes Element von N mit den Elementen der
Menge L, die aus den Konjugierten von b in H besteht, wemgstens in einer Weise in
der Form ll 112 (11, LeL) da)stellbar ist.

Bewels. Zuerst beweisen wir den Fall »dann”.- Wir nehmen an, daf}

G=Ha ! HaH (HcG) eine endliche aufldsbare Gruppe mit antinormaler H ist;
“ferner sei Ha~'HaH eine maximale Dreifaktorisation. Es sei N ein minimaler

Normalteiler von G. Man kann annehmen, daBB N #G. Es gilt G=HN (H ﬂ_N; 1),
weil man im Fall HNc G die Dreifaktorisation G=(HN)a~! HNa)HN erhalten
wiirde, was der Maximalitdt der Dreifaktorisation widerspricht; aulerdem wider-
spricht der-Fall HAN=1 der antinormalen Eigénschaft von H.

Die Untergruppe Cg (N) ist ein Normalteiler von G, also ist Ng(H N CG(N))2H
und Ng(HN Ce(N))=2 N. Daraus folgt No(HNCe(N))=G. H ist antinormal in
G, also ist HNCg(N)=1 oder HN Cg(N)=H. Im letzten Fall wire H normal in
G, was unmdglich ist. So bleibt der Fall HN Cg(N)=1, d.h. der Index von Cg(N)
in G stimmt mit |H| iiberein. So folgt C;(N) =N und damit ist a) bewiesen.

12 A
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Das Element a kann man in der Form a=/hb (h€ H, b€ N) schreiben, also gilt
G=Ha 'HaH=Hb~*HbH. Es sei n ein beliebiges Element von N. Es gilt n=
=h,b=th,bhy (hy, h,, hy€H). N ist ein Normalteiler von G, also folgt aus
n=(h b= hy=YY(h hybhs *hy ) (h hyhs), daB h hyhs€N gilt. Wegen h hyhs€H
folgt Ay hyhy=1. Es seien Ayl =h,, (A h)"' =hs; so bekommt man

n=hy b= hyh51bhs=(hy'bhy)~1h3bhs,

d.h. n=I7, mit [, =hi'b hy€L, l,=hs'b hs€ L. Damit haben wir b) bewiesen.

Wir beweisen nun den Fall ,,nur dann” des Satzes. Wir nehmen an, daB a)
und b) gelten, @ ein Element von L ist, und fir beliebiges n¢ N gilt: n=I7!/,, mit
Iy, I,€L. Also folgt n=(h7'ah,)~ ' (h; 'ah,) fiir geeignete h,, h, von H. Deshalb
gilt n=hyla"‘h hy' ah,€ Ha=' HaH, und so ergibt sich

NS Ha 'HaH, G=HNSHHa 'HaH=Ha"'HaH,

d.h. G hat eine Dreifaktorisation.

[st diese Dreifaktorisation nicht maximal, so gibt es eine Untergruppe X G,
Hc X mit G=Xb~' XbX (b€G). In diesem Fall ist D=XNN 1 ein Normalteiler
von X und auch von N, d.h. XNN ist ein Normalteiler von G. Es ist klar, daf} -
D31, D Nund daB3 N kein minimaler Normalteiler ist, was der fritheren Annahme
widerspricht, daB N ein minimaler Normalteiler in N ist. Also ist die Dreifaktorisa-
tion G=Ha ! HaH maximal. Somit ist der Satz bewiesen.
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On (m, n)-ideals in regular duo semigroups

By SANDOR LAJOS in Budapest

Let S be a semigroup. Following the notation and terminology of A. H. CLIF-
FORD and G. B. PRESTON [1] we shall say that S is regular if acaSa for each element
ain S. A semigroup S is called duo semigroup if every one-si‘ded ideal of S is a
two-sided ideal. We shall prove that in a regular duo semigroup every bi-ideal -
is a two-sided ideal. More generally we establish that every (m, n)-ideal of a regular
duo semigroup is also a two-sided ideal, if m, n are non-negative integers such that
m+n = 0. For the definition and fundamental propertxes of (m, n) 1deals we refer
to the author’s paper [2]. ) : :

First'we need the following result.

Theorem 1. A non-empty subset A of a regular semigroup S is a bi-ideal of
S if and only if there exists a left ideal L and a right ideal R of S such that A=RL,

Proof. Let 4 be a bi-ideal of a regular semigroup S. We show that it is the pro;
duct of the smallest right ideal of S containing 4 and the smallest left ideal of S
containing A4:

(O ' A=(AUAS)(AUSA).

Itis easy to see that the inclusion

2 ' AS(AUAS) AU SA) = AZUASA

_-holds because a=axac ASA for each element a in A The converse 1nclus10n
O o (AU AS) (AU SA)S 4

also holds since A4 is a bi-ideal of S. . ) .
Conversely we prove that if S is an arbitrary semigroup, L is-a left ideal and
_ Ris a right ideal of S then the product RL is a bi-ideal of S. It is evident that

@y - (RL)(RL)S RL, '
that is the product RL is a subsemigroup of. S. On the other hand
NO) » -~ (RL)S(RL)SRSLESRL,

i.e. RL is a bi-ideal of S. This completes the proof of Theorem 1

12%
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Theorem 2. Every bi-ideal of a regular duo semigroup is a two-sided ideal.

Proof. The statement of Theorem 2 is an easy consequence of Theorem 1
because the product of two-sided ideals is also a two-sided ideal.

Corollary..Eve’ry quasi-ideal of a regular duo semigroup is.a .two-sided ideal.
This follows from Theorem 2 because every quasi-ideal is a bi-ideal.

Theorem 3. Suppose that S is a regular duo semigroup and m, n are non-
negative integers so that m—+n > 0. Then every (m, n)-ideal of S is a two-sided
ideal of S.

Proof. The statement of Theorem 3 follows from Theorem. 2 and from Theorem
1.5 in the author’s paper [2] by mathematlcal induction.

Let S be a semigroup which is a semilattice of groups. It is known that S is
a regular duo semigroup (see [1] or [3]). Applying Theorems 2 and 3 we obtain
the following results.

Theorem 4. Let S be a semigroup which is a semilattice of groups. Then every
bi-ideal of S is a two-sided ideal.

Theorem 5. Suppose that S is a semigroup which is a semilattice of groups
and m, n are non-negative integers such that m+n = 0. Then every (m, n)-ideal of S
is a two-sided ideal of S. :
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"H. Federer, Geometric Measure Theory (Die Grundiehren der mathematischeri Wissenschaften
in Einzeldarstellungen mit’ besonderer Beriicksichtigung der Anwendungsgebiete, Band 153),
: XIV+ 676 pages, Sprmger-Verlag, Berlnn—HeldelberghNew York, 1969.

This is the first systematic and detailed exposition of the subject, from the foundanons up to
the most recent results, including many which were not previously published. The book can serve both
as an excellent reference book and as a téxtbook; the reader is merely assumed to be familiar with
the very elemenis of set theory, topology, linear algebra, and commutative ring theory.

The abundance and variety of the material peresented in the book makes an exhausting descrip-
tion in a short review quite impossible. So we can only comment on the general plan of the book, and
mention some samples of the most characteristic results. contained.

Chapter .1 contains a systematic account. of the methods of multilinear algebra which are
used throughout the book. From among these basic tools of geometric measure theory the author
-uses exterior and .alternating algebras to discuss oriented m-dimensional vector subspaces of Eucli-
dean n-space, and uses symmetric algebras to treat higher differentials of mappings, for example
ia WH!TNEY s theorem or in the theory of strongly elhptlc systems of second order partial dlﬁ"erentlal
equations. :

The techmques of the general theory of integration are developed in Chapter I, the material of-
which can be warmly recommended to students in a higher course on real analysis. The author’s
expesition of general measure theory features equally the set theoretic approach of CARATHEODORY
and the function lattice approach of P. J. DanieLt and F. Riesz. It includes not only the fundamental
facts on Lebesgue integration, but also numsrous additional topics like the theory of Suslin sets, ‘the
theory of covariant measures over homogeneous spaces of locally compact groups, the main proper-
ties of Hausdorff-type mzasures, etc. Connections between integration and linear operations, ‘includ-
ing the Radon-Nikodym theorem, are discussed in great détail first for an-arbitrary lattice of real
valusd functions, and later fq'r continuous functions-on a locally compact space. Tt then proceeds’
to give an account of the theory of covering and derivation, which comprises several modern results
about derivates based on generalizations of the covering theorems of ViTALl .anhd BESICOVITCH.
Finally, we find an exhaustive study of CARATHEODORY’s construction of measure, by which he
achieved thz significant extension of measure theory to lower dimensional subsets of the space,
obtain'ing for example a reasonable notion of area for a two-dimensional surface in Euclidean
3-space.

' Chapter 111 contains the basic facts concernmg integration with respect to m-= dlmensmnal mea-
sures over subsets of Euclidean n#-space. It centers about tangential and rectlﬁablhty properties of
sets and the transformation formulae correspondmg to Lipschitzian maps. Some generalizations of
differentiation are defined here; tangent spaces of arbitrary subsets of R", differentiable submanifolds,
etc. are discussed in detail. Th2n the author exhaustively elaborates the theory of area and coarea of
Lipschitzian maps, with a fine application of the coarea formula in integral geometry, and a gener-
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alization of the calculus of area and coarea, etc. The rest of the chapter deals wrth the characterization
of rectifiable sets by their projection properties within the framework of structure “theory, and with
some effect of high order smoothness of functions on the Hausdorff measures of certain assocrated

sets.
In Chapter IV the author employs drstrlbutrons in the sense of L ScHWARTZ, and currents as

introduced by G. DE RHaM for use in the theory of harmonic forms. The principal objects of the

investigation are the normal, rectifiable and integral currents and the integral flat chains. The author

follows the lead of H. WHITNEY, Geometric integration theory (Princeton, 1957), in using’
Lipschitzian maps and the notion of mass, but the two books have very different aims, WHITNEY'S

book being directed to cohomology with general cochains, whereas this one to homology with general

chains. This chapter contains a number of topics about integration and differential forms over oriented-

sets including the formulae of Gauss, Green and Stokes. The reader will find several versions of these

classical results; research on the problem of finding the most natural and general forms of them has

greatly contributed to the development of geometric measure theory. Another fundamental result.
of this chapter is the deformation theorem, which yields basic isoperimetric estimates and links the

theory of integral currents to the classical mtegra] homology theory.

Recently the methods of. geometric measure theory have led to a very consrderable progress in
the study of general elliptic variation problems, including the multidimensional problem of least
area. Chapter V is entirely devoted to applications of the theory of integral currents to the calculus
of variations. The theory is based on the concept of the integral of a positive parametric integrand
@ of degree m over an m-dimensional rectifiable current 7. The problem of regularity and smoothness

. of minimizing currents has not yet been completely solved, but some very significant. partial results
have been obtained, and these are systematically collected here. The study of singularities of minimi--
zing currents is likely to remain a fruitful field of research in years to come. The. treatment of
strongly elliptic 'systems of second order partial differential equations is not intended to be as com-
prehensive as in C. B. MORREY, Multiple integrals in the calculus of variations (New York, 1966),
‘but it contains a complete exposrtron of the results needed for geometrrc applications. We note that
‘Fourier transformation is not used in the book.

The enumeration of the contents could hardly -give a right impression of the richness of the
monograph. The presentation is concise, but-always-clear and well-readable. The last three chapters
are in particular useful for those interested in further research work. It is perhaps not exaggerated to
assert that this book is of basic importance for everybody who wants to keep pace with up-to-date

developments in analysrs
Ferenc Moricz (Szeged)

Ju. M. Berezanskii, Expansions in eigenfunctions of selfadjoint operators (Translations of
Mathematrcal Monographs, vol. 17) VI+ 809 pages, American Mathematrcal Society, Providence,
1968.

Developments in the application of the general theory of selfadjoint operators to spectral
problems for differential and difference equations have been very rapid in recent years. Nevertheless,
at the time of preparation of the Russian original of the present book, there were no books in existénce
in which relevant questions were discussed in any complete way. The book of M. A. NaiMArRk (Li-
near differential operators,' Moscow, 1954) discusses the spectral theory of selfadjoint ordinary
differential and difference equations. Analogous questions for partial differential equations are dealt
with in only one chapter of the book of GEL’FAND and SiLov (Generalized functions. Part I1T; Moscow,
1968) and in one chapter of the book by DUNFORD and SCHWARTz (Linear operators. Part II; New
York, 1963). The author has tried to fill this gap by undertaklng the job of giving a comprehensive
account of the subject in the form of a monograph
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The reviewer is aware of the fact that a rough chapter-by-chapter description does not do justice
to the extremely rich content of the book. The limited space here, however, does not allow to do
. more. '

The nature of the subject makes it necessary to introduce the relevant notions of modern func-
tional analysis. This background is given in a very self-contained manner as an Introduction, which
“is a chapter by itself. A great deal of discussions in the book are based on generalized functions of
finite order. The theory of these functions is given in the first chapter and is formulated in a conveni-
ently abstract form. The shorter Chapter 1I introduces and discusses the general concepts of the
theory of-boundary problems. First boundary value problems for linear partial differential equations
are considered, then formal schemes for the application of functional methods to the analysis of these
problems are presented. Chapter HI is devoted to the study of boundary value problems for elliptic
equations. Here the chief attention is turned to questions on when each generalized solution of an
elliptic equation is sufficiently smooth both in the interior of the domain and up to and including its
boundary. These questions are of central importance when we construct expansions with respect
to eigenfunctions.. Chapter TV contains a number of examples of problems connected with non-
elliptic equations, which should be considered as illustrations of the method developed in Chapter II.
The discussion of the theory aninoun:ed in the title of the book actually commences in Chapter V.,
The general theory of expansions in eigenfunctions (generalized or drdinary) is given here in detail,
In thisexposition, the main ideas are represented by two methods. The first (due to the author) relies

essentially on the use of Radon——Nikodym -type derivatives and the second on the notion of von-
Neumann’s direct mtegral The results obtamed in the course of studying the general situation are
. then interpreted for concrete cases such as arbitrary selfadjoint operators in L%G), Gc R", and Car-
‘leman’ s operators. Chapter VI containsa thorough analysis of the results of the preceding chapter for
operators in L? connected with elliptic equaﬁons. A brief summary of the eorresponding results for
ordinary differential problems is also given here. Chapter V1I is devoted to the study of the spectral
_ theory of selfadjoint difference operators in /2, Finally, in Chapter VIII the theory of selfadjoint
. (differential and difference) operators acting in'a space with scalar product generated by a positive
definite kernel is constructed. M. G. KREIN’S results on integral representatlons for positive definite
functions play here a role of central importance.

Each chapter is illuminated with a great many examples, both c!assncal and recent. The book
concludes with very instructive bibliographical and historical comments and a very rich bibliography.
In this presentation the author has overcome the difficulties inherent-in the material treated. Thus the
book, in spite of its intricate subject, is quite readable. One of methods for achieving this consists in
the author’s repeating important concepts and definitions rather than using cross references. The
reviewer is convinced that this excellent monograph is to become classic in this field.

The American Mathematical Society has performed a very valuable service in translating the
‘original Russian edition into English. This English edition makes it possible for this very interesting

book to appeal to a wider class of interested mathematicians. .
: ‘ 1. Kovdcs (Szeged)

J. L. Bell and A. B. Slomson, Models and ultraproducts: an mtroductlon, ix+ 322 pages, North-
Holland Publishing Company, Amsterdam-—London, 1969. ' :

This monograph on ultraproducts appeals to a wide circle of readers. The practising mathema-
tician may be attracted by the accounts giving insight into the major trends of recent development
in the field as far as this is possible without an unfavourable increase of the size of the book; the
undergraduate will appreciate the fact that everything is presented in a way available also to him;
finally it serves everyone’s comfort that the author is successful in avoiding the overpredantry
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that endangers many of the writers on logics in a way. that this does not amount to carelessness or
looseness in any disturbing quantity. Indeed, the expert reader may supply the subtle points not
considered in the text; and, on the other haid, it would not really be to the point to overload the
undergraduate reader with refined distinctions where these do not play a prominent role. '

The importance of the subject of the book can hardly be overstressed. It is indeed the concept.of
“ultrafilters that directly or indirectly penetrated into widely different fields of mathematics and which -
— via non-standard analysis — proved that even in disciplines seemiﬁgly remote from logics the
methods of the latter may turn out very valuable. Though the present book is‘concerned only with
the model-theoretic applications of ultrafilters, it is really hard to imagine this otherwise. These
applications form the bases of all others; this is true even for topology — as is shown by'non standard
methods — where the use of ultrafilters to replace the convergent sequences of analysis seems in no
way to be connected with ultraproducts.

The book begins with introductory chapters on proposmonal and predicate calculus, model
theory with the proof of the Lowenheim-Skolem theorem; compactness theorem, completeness theo-
rem, etc. Another proof, using the maximal ideal theorem instead of the full strength of the axiom of
choice, of the compactness theorem is also included. As is known, the existence of such-a proof has
practical importance in that it makes possible to establish many classical results in analysis as a
consequence of a principle weaker than the axiom of choice by using non-standard -analysis.

After these basic questions the authors touch upon more specific problems concerning the
cardinality .of ultraproducts, connections between semantical and algebraic properties of structures,
characterization of elementary equivalence with the aid of iterated ultrapowers (ultralimits), com-
pleteness and model completeness, algebraically homogeneous and universal structures and saturated
models, an extremely useful tool in up-to-date research in model theory, various applications of
ultraproducts, among them one to the construction of non- standard models of'arilhmetié after
considerations of the effect of extending the language so as to include generalized quantifiers the book
is concluded with an account of mﬁmtary languages — here a celebrated result.of W. Hanf of in¢on-
pactness of cardinals is considered, though not in its strongest form, the importance on which is
underlined by the fact that it decided (in the negative direction) a long open problem of seemingly
pure set- theoretical nature: whether or not it is possnble to introduce a countably additive non-atomic
measure on the set of all subsets of the first inaccessible cardinal.

The material encompassed in this gap-filling work is still in a boiling stage. Though this means
that the final word cannot yet be proclaimed on the subject, it certamly increases the actuality value of

this book .
A. Mdré (Szeged)

Theory of Finite Groups, A Symposium, Edited by Richard Brauer and Chih-Han Sah, X111 + .
263 pages, W. A. Benjamin, Inc., New York—Amsterdam, 1969.

. This book contains abstracts of lectures held at a symposium on finite groups-at Harvard Uni-
versity in 1968. The principal subject of this symposium was one of the most exciting recent prob-
lems of finite group theory: the description of simple groups. ) '

After half a century of stagnation, research in the field of finite simple groups got a new impulse
in the fifties, owing above all to-the new ideas raised by R, BRAUER and C. CHEVALLEY to study
centralizers of involutions and the Sylow 2-subgroup as well as to apply the algebraic-geometrical
method. These ideas have considerably deepened our. general knowledge on simple groups, and
also led to the discovery of some new types of simple groups. The greatest part of the book is attached
to these three ideas. The authors of the 36 abstracts are well-known specialists of finite groub theory,
among them R. BRAUER, W. FEerT, D. GORENSTEIN, Z.lJANKO, M. Suzuki, J. Tits. The articles con-
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tain not only results but also sketch their proofs in a more or less detailed form, so they give abun-
dant and valuable information for the competent reader on the present state of research.
May we mention some samples from the content. M. Suzuk1 describes a (new) simple permuta- -

-tion group of order 2'¥.37.52.7.11-13 on 2-34-11 letters. G. HIGMAN and J. McKAy prove the
existence of a simple group of order 27-35.5.17-19 studied by Z. JANK0. J. L. ALPERIN and R. BRAUER
give a description of the possible orders and the possible centralizers of involutions of a simple group
with quasi-dihedral Sylow 2-subgroup. CHIH-HAN SaH attacks Schreier’s conjecture on the solvability
of éutomorbhism groups of simple groups. ‘

) In view of the rapid progress in this domain, we can praise the publisher, who, by applying a
high-quality multiplying technique, published this precious book very shortly after the symposium.
' Béla Csdakdny (Szeged)

Daniel- Ponasse, Logique mathématique, 164 pages, Office Central de Librairie, Paris, 1967.

The book, an introductory course for post-graduate students, is extremely successful in saying
much in a.limited space while avoiding any notable adverse effect of its compactness. Tt presents
some fundamental topics in mathematical logics; in particula'r, it developes the propositional cal-
culus and first-order predicate calculus first from syntactic and then from semantic aspect along
parallel lines; gives an insight into the notions of deducibility, deductive systems, completeness, and
consistency ;. proves several equivalent versions of the completeness theorem; considers Boolean

" rings and algebras with regard to their applications to logical calculi; studies the completeness prob-
lem in first- order predicate calculus, the Lowenheim-Skolem theorem and the finiteness principle
(compactness theorem) and concludes with an account of first order calculus with equahty '

A. Mdté (Szeged)

K. Chandrasekharan, Introduction to énalytic number theory (Die Grundlehren der mathema-
tischen Wissenschaften in Einzeldarstellungen, Band 148), VHI+ 140 pages, Sprmger-\’erlag,,
Berlin—Heidelberg—New York, 1968.

These introductory lectures are prepared with the intention to raise the interest of students and
non-specialists in how the analytical means seemingly remote from the field are in. fact closely con-
"nected with deep problems of number theory. The large amount of literature on the subject under-
standably makes it difficult to say anything new about the classical results of the subject; through
careful selection and grouping of the material the author carried out the undertaken task eminently.
After elementary discussions on factorization and congruences the book deals with approximation
of irrationals, quadratic residues, arithmetical functions, Chebyshev’s estimate for the distribution
of primes, uniform distribution modulo 1, Minkowski’s theorem on lattice points in convex sets,
Dirichlet’s theorem on primes in arithmetical progressions and the prlme number theorem The work

is complemented with a short hlstorlcal survey.
A. Mdté (Szeged) .

C. G. Lekkerkerker, Geometry of numbers (Series Bibliotheca Mathematica, Vol. 8), 510 pages,
Wolters-Noordhoff Publishing, Groningen, North- Holland Publishing Company, Amsterdam—-
London, 1969.

The geometry of numbers, a subject the basic question of which is when a body in the #-dimen-
sional Euclidean space contains an integral point different from the origin, was initiated by a relati-
vely simple theorem of H. MINKOWSKI and its surpising arithmetical applications. The subject has in-
the last decades aquired a considerable level of development. This monograph intends to satisfy
the long-felt need for a comprehensive up-to-date account of the subject. It is natural that such a deep
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study as this is mainly addressed to practising mathematicians or more advanced students; never-
theless, since only-a minimal amount of preliminary knowledge is required; everyone interested in
the subject can make use of this book.

The material is so arranged that orientation on the present state of knowledge is very quick;.
this is achieved by laying stress on problems and not on the methods used in the solutions of these.
Six major topics are considered in six chapters ensuing upon the ﬁrst one that sums up the prelimi-
narles .
The second chapter starts with the fundamental thedorem of Minkowski and its various extensxons
and generalizations, among them Siegel’s interesting observation that Minkowski’s theorem is a
* special case of Parseval’s formula for multiple Fourier series, and finally homogeneous and mhomo-
geneous minima of convex bodies with respect to a lattice is studied. In the third chapter families
of lattices are considered, Mahler’s selection theorem is proved, the role of the critical determmant
is discussed, and questions of packings and converings of the plane are studied. Questions concerning
the mhomogeneous determinant of a set are also touched upon.

The next two chapters deal with continuity properties connected with, and methods for reduc-
tion of, star bodies; methods for estimation from below of the critical and the inhomogeneoug
" determinant are discusséd. The last two chapters give a systematic study of arithmetical problems
of the field. The absolute homogeneous minima of various forms are considered and applications
to the theory of Diophantine approximation are exhibited; finally, questions related to the inhomo-
geneous minima of forms are investigated. )

At the end of the book there is a vast bibliography that is complete for the perlod 1935—65
A. Mdté (Szeged)

. F. Klein, Elementarmathemntik vom héheren Standpunkte>aus. Band, 1 XTI+ 309 Seiten, Band 2:
X11-+302 Seiten, Band 3: X+ 238 Seiten (Die Grundlehren der mathematischen Wissenschaften in
Einzeldarstellungen, Band 1.4_16)"4‘ Auflage, Berlin, Verlag von Julius Springer, Nachdruck 1968-.

Klein’s weltberiihmte Elementarmathematik . hat eine epochemachende Bedeutung im.Mathe-
matiklehren. Der Inhalt der Binde ist der folgende. Band 1: Arithmetik, Algebra, Analysis;
Band 2: Geometrie; Band 3: Prézisions- und Approximationsmathematik. Der * gegenwertige
Ausgabe ist ein Nachdruck von Fr. Seyfart’s Umarbeitung (1933). '

Ich zitiere die Worte des Buches iiber Bildungsreformen: ,,Die unabweisbare Notwendlgkelt
solcher Reformen liegt darin begriindet, daB die diejenigen mathematischen Begriffsbildungen betref-
fen, die heutzutage die Anwendungen der Mathematik auf alle moglichen Gebiete durchaus beherr-
schen und ohne die alle Studien an der Hochschule, schon die emfachsten Studien iiber Experi-

mentalphysik, ginzlich in der Luft schweben.”
) . J. Berkes (Szeged)
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