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On regular languages determined by
nondeterministic directable automata*

Bal4zs Imreht and Masami Ito?

Abstract

It is known that the languages consisting of directing words of determinis-
tic and nondeterministic automata are regular. Here these classes of regular
languages are studied and compared. By introducing further three classes of
regular languages, it is proved that the 8 classes considered form a semilattice
with respect to intersection.

1 Introduction

We recall that an input word of an automaton is called directing or synchronizing
if it brings the automaton from every state into the same state. An automaton is
directable if it has a directing word. The directable automata and directing words
have been studied from different points of view (see [2, 3, 5, 6, 7, 8, 10, 12, 13], for
example). For nondeterministic (n.d.) automata, the directability can be defined
in several ways. We study here three notions of directability which are defined in
(7] as follows. An input word w of an n.d. automaton A is

(1) Di-directing if the set of states aw in which A may be after reading w
consists of the same single state ¢ whatever the initial state a is;

(2) D2-directing if the set aw is independent of the initial state a;
(3) D3-directing if there exists a state ¢ included in all sets aw.

We mention that D1-directability of complete n.d. automata was already stud-
ied by Burkhard {1], where he gave an exact exponential bound for the length of
minimum-length D1-directing words of complete n.d. automata. In [5], classes of
languages consisting of directing words of different types of n.d. automata were
studied. Here, we extend our investigations to three further classes of languages
and present some of their properties. The paper is organized as follows. The next
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dation for Scientific Research, Grant T037258.
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section provides general preliminaries, the formal definitions of the above language
classes and some earlier results. Finally, Section 3 presents some new properties of
the language families considered, in particular, it is proved that they constitute a
semilattice with respect to intersection.

2 Preliminaries

Let X be a finite nonempty alphabet. As usual the set of all (finite) words over X
is denoted by X* and the empty word by €. The length of a word w is denoted by
jw. .
By a (deterministic) automaton we mean a triplet A = (A, X,4), where A is
a finite nonempty set of states, X is the input alphabet, and 6 : Ax X — A is
the transition function. This function can be extended to A x X* in the usual
way. By a recognizer we mean a system A = (4, X, §,ap, F), where (4, X, d) is an
automaton, ag(€ A) is the initial state, and F(C A) is the set of final states. The
language recognized by A is the set

L(A) = {w e X* : §(ap,w) € F}.

A language is called recognizable, or regular, if it is recognized by some recognizer.
Sometimes, we say that the recognizer A accepts the language L(A).

An automaton A = (A, X,d) can also be defined as a unary algebra A =
(A, X) for which each input letter x is realized as the unary operation z4 : A —
A, a — §(a,z). Now, nondeterministic automata can be introduced as generalized
auntomata in which the unary operations are replaced by binary relations. Therefore,
by a nondeterministic (n.d.) automaton we mean a system A = (A4, X) where A
is a finite nonempty set of states, X is the set of the input signs (or letters), and
each sign z(€ X) is realized as a binary relation z4(C A x A) on A. For any a € 4
and z € X, we define az® = {b € A : (a,b) € z*}. Thus, az” is the set of states
into which A4 may enter from state a by reading the input letter . For any C C A
and z € X, we set Cz# = J{az? : a € C}. This transition can be extended to
arbitrary w € X* and C C A. Cw* is obtained inductively by

(1) Ce=C,
(2) Cuw? = (CvA)z? forw=vz,z€ X, w € X*.
An n.d. automaton A4 = (A4, X) is called complete, or c.n.d. automaton, if az? #
O,foralac Aand z € X.

The notion of the directability of deterministic automata can be generalized to
n.d. automata in several ways. The following three definitions are taken from [7].
Let A = (A, X) be an n.d. automaton. For any word w € X* we consider the
following three conditions:

(D1) (3c € A)(Va € A)(aw? = {c});
(D2) (Ya,b € A)(aw? = bw?);
(D3) (3c € A)(Va € A)(c € aw?).
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If w satisfies condition (D7), then w is called a Di-directing word of A (i = 1,2, 3).
For every i, i = 1,2,3, the set of Di-directing words of A is denoted by D;(.A),
and A is called Di-directable if D;(A) # 0. It is proved (see [7]) that D;(A) is
recognizable, for every n.d. automaton A and i, ¢ = 1,2,3. The classes of Di-
directable n.d. automata and c.n.d. automata are denoted by Dir(i) and CDir(7),
respectively.

Now, we can define the following classes of languages: For i = 1,2, 3, let

Lnpgy = {Di(4) : A€ Dir(i)} and Lenpg) = {Di(A) : A € CDir(i)}.

Finally, let D denote the class of directable deterministic automata, and for any
A € D, let D(A) be the set of directing words of .A. Moreover, let

Lp = {D(A): Ae D}
Since all of the languages occuring in the definitions above are recognizable, the

defined classes are subclasses of the class of the regular languages.

In what follows, we need the following definition. For any language L C X*, let
us denote by P.(L) the set of all prefixes of the words in L, i.e., P.(L) = {u:u €
X* & (v e X*)(uv € L)}.

Now, we recall some results from [5] and {7] which are used in the following
section. ‘

Lemma 1 ([7]). For any n.d. automaton A = (A, X), D2(A)X* = Dy(A). IfFA
is complete, then X*D;(A) = D1(A), X*D2(A)X* = Dy(A), and X*D3(A)X* =
D3(A).

Proposition 1 ([5}). For a language L C X*, Le Lp ifand only if L# 0, L is
regular, and X*LX* = L.

Proposition 2 ([5]). Lonp2) = £p, Lenp@) = £b, Lonp) NLnpe) = Lp, and
Lcnpay N £npz) = Lp-
Furthermore, we need the following proper inclusions from [5].

Remark 1 ([5])). The following proper inclusions are valid:

(8) Lp C Lenpy C Lapays
(b) Lp C Lnp(2),
(¢) Lp C Lnp)-

By Proposition 2, Lenp3) = Lonp(z) = Lp, and thus, we shall investigate
the remaining 5 classes and three more defined as follows. Languages L C X*
satisfying X*L = L are called ultimate definite (cf. [9] or [11]), and we shall consider
the subclass I/ which consists of all the regular ultimate definite languages. The
second class, denoted by £, contains all the nonempty regular languages satisfying

P.(L)LX* = L. Finally, we shall also considér the class Lyp(1) N Lnp(s)-
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3 Some observations on languages of directing
words of n.d. automata

First we consider the classes U and Lnp(1)- It is known (see [5]) that Lonpy C U.
Lenpay € L£np1y by Remark 1. The following assertion shows that Lonp(1y is the
intersection of these two wider classes.

Proposition 3. Lcnpy = Lnpay NU.

Proof. As we mentioned, Lcnp(y) is contained in both U and Lnp(1). Therefore, it
is sufficient to show that Lnp1) MU € Lenp(ry. For this reason, let L € Lypy NU.
Then, there exists a nondeterministic D1-directable automaton A = (A, X) such
that L = D;(A). We show that A is a complete n.d. automaton. In order to
obtain a contradiction, let us assume that there are o’ € A and = € X such that
a'zA = (). Let p € L be arbitrary and consider the word zp. Since L € U, we have
X*L = L, and therefore, zp € L, i.e., zp is a D1-directing word. Thus, there exists
a state @ € A such that a(xp)““ = {d}, for all a € A. In particular, o’ (a:p)A = {a}
which is a contradiction. Consequently, A is a complete n.d. automaton, and thus,
Le ‘CCND(I)' O

Using Propositions 1 and 2, by the same argument as in the proof of Proposition
3, one can prove the following statement.

Proposition 4. Lype) U = Lp and Lypa) NU = Lp.

By the definitions, one can easily prove the following:
Lemma 2. If L € Lnp(s), then P.(L)L =L and LP,(L) =L
Lemma 3. If L € Lnpq), then P.(L)L = L.

Now, we show that Lnp() and Lnpesy are incomparable. To this aim, let us
consider the following examples.

Example 1. Let us define the n.d. automaton A = ({1,2},{z,y}) by z# =
{(11 1)» (1’ 2)’ (2’ 1)’ (2’ 2)} and yA = {(1’ 2)’ (2: 2)}

Then, A is D1-directable and D;(A) = X*y. Now, let us suppose that X*y €
Lnp(s)- Since y,zy € X*y and z € P.(X*y), by Lemma 2, we have that yz € X™y
which is a contradiction. Therefore, Lnp(1) € Lnp(3)-

Example 2. Let A = ({1 2}, {z,y}) be the n.d. automaton for which z# =
{(1,2),(2,1),(2,2)} and ¥* = {(1, 1)}

Now, A is D3-directable and z, z2y € D3(.A) while zy ¢ D3{A). Let us suppose
that D3(.A) € Lnp(1)- Then, there exlsts an n.d. automaton B = (B, X) such that
D3(A) = Dy(B). In this case, z and z2y are Dl-directing words of B, and thus,
there are states c,d € B such that bx® = {c}, for all b € B, in particular c:cB {c},
and b(z2y)B = {d} for all b € B. Then, it is easy to see that b(zy)? = {d}, for all
b € B, and hence, zy € D1(B) = D3(A) must hold, which is a contradiction since
Ty & D3(.A). Consequently, Lnp(s) € Lnp(1)-
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Regarding the class £’ defined by property P.(L)LX* = L, where L C X* is a
nonempty regular language, the following assertion is valid.

Proposition 5. £’ = Lnp(z) N Lnpe)-

Proof. To prove the inclusion Lnpy N Lnpa)y € £, let us suppose that L €
Lnp(z) N Lnp(3). Since both classes, Lnp(2) and Lnp(a), contain nonempty regular
languages (cf. (7]), L is nonempty and regular. Since L € Lnp(z), by Lemma
1, LX* = L. On the other hand, by Lemma 2, from L € Lnp(s) it follows that
P.(L)L = L. Therefore, P.(L)LX* = L, and thus, L € L'.

In order to prove the inclusion £’ C Lnp(2y N Lnps), let L € L. Then, L is a
nonempty regular language with P.(L)LX* = L. Since L is regular, there exists
a minimal recognizer (4, X, 6, ap, F') recognizing L. By our assumption, LX* = L,
and hence, by the minimality of the recognizer, we have that F = {f} for some
f € A. Now, let us define the new n.d. automaton B = (B, X) for which B =
{aog? : g € P-(L)} and the transitions are defined as follows. For every b € B and
z€ X, let

s {be ifbz* € B,
bx® = ]
0 otherwise.

Now, we prove that B is both D2-directable and D3-directable, moreover, L =
Dy(B) = D3(B). For this purpose, let us observe that if p € L, then ao(gp)® = {f},
for every ¢ € P.(L) since P.(L)L = L. Consequently, p is simultaneously a D2-
directing and a D3-directing word of B3, moreover, L C Do(B) and L C D3(B).

To prove the inclusion Da(B) C L, let p € D2(B) be arbitrary. Then there exists
a set H of states of B such that bp® = H, for all b € B. But, fp® = {f}, and
therefore, H = {f}, which results that p € L.

For verifying D3(B) C L, let p € D3(B) be arbitrary. Since p € D3(B) and
fp® = {f}, we have f € bp®, for all b € B. Then, by the definition of B, bp® = {f},
for all b € B. In particular, agp® = {f}, so that agp™* = f, proving p € L.

Consequently, we have proved that L € Lnp(2) and L € Lnp(g), and therefore,
Le ['ND(Z) n £ND(3)- |

Regarding the above proof, let us observe that the constructed automaton B is
also D1-directable, and L = D;(B). By this observation, one can prove the next
statement in the same way as Proposition 5.

Proposition 6. L= L:ND(Q) n £ND(1)-
The next corollary follows from Propositions 5 and 6.
Corollary 1. £’ = (Lnxp(1) N £xp(3)) N Lnp(2)-

Since Lnp(1) and Lnp(s) are incomparable with respect to set inclusion, Lnp(1y)N
Lxp(3) is a proper subclass of both Lnp(1) and Lnp(sy. Moreover, by Corollary 1,
L' € Lnpay N Lnpes) and L' € Lypeey. Both inclusions are proper. To verify this
observation, let us consider the following examples.
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Example 3. Let the n.d. automaton A = ({1,2}, X) be defined by X = {z,y},
4 = {(2,1),(2,2)}, and y* = {(1,1),(2,1)}.

Then, y is a D1- and D3-directing word, and L = y{y}* = D1(A) = D3(A).
Now, if L € £, then P.(L)LX* = L must hold, which is a contradiction since
y*z ¢ L, for every integer k > 1. Therefore, L' C Lnp(1y N Lnp(3)-

Example 4. Let the n.d. automaton A = ({1,2}, X) be defined by X = {z,y},
z* = {(1,2),(2,2)}, and y* = {(2,1)}.

Then, A is D2-directable and Da(A) = zX* U X*y2X*. Now, if Do(A) € £/,
then since y € Pr(D2(A)) and z € D2(A), yz € Dy(A) must hold, which is a
contradiction. Consequently, £’ C Lonp(z)-

By the definition of £’ and Proposition 1, we obviously have that Lp C L'. For
proving that this inclusion is proper, let us consider the following example.

Example 5. Let A = ({1,2}, X), where X = {z,y}, 2% = {(2,2)}, and y* =
{(1,2),(2,2)}.

Then, D;(A) = D2(A) = D3(A) = yX*. By Proposition 5, yX* € L. Let us
suppose now that yX* € Lp. Then, by Proposition 1, zy € yX* must hold, which
is a contradiction. Therefore, yX* € Lp, and thus, Lp C L.

Summarizing, we obtain the following result.

Theorem 1. If |X| > 2, then the 8 classes under consideration constitute a semi-
lattice with respect to intersection.

The semilatice of these classes is depicted in Figure 1.

U Lnp() Lnp(3)
Lenp(1y Lenpa) N Lnp(a) CND(z)

\ </

Figure 1: Semilattice of the classes considered.
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Let A= (A, X) be an n.d. automaton and £ € X. Then, z is called a complete
input sign if ax? # @, for all a € A.

The following statement shows that the languages belonging to Lnp(z) can be
decomposed into a particular form.

Proposition 7. If L € Lxp(e), then L is a disjoint union of reqular languages L,
and Ly where at least one of Ly and Lo is nonempty, furthermore,

(1) LiyeLp or L1 = 0,
and

(2) Ly = Pr(L2)L2Y™* and Ly = Y*LoY*, where Y C X denotes the set of
complete input symbols of A, or Ly = 0.

~ Proof. Let L € Lnp(z) be arbitrary. Then, there exists a D2-directable n.d. au-
tomaton A = (4, X) such that L = D5(A), i.e., L consists of the D2-directing
words of A. Let us classify now the D2-directing words of A as follows. Let

Ly = {p:peL&ap?=0, foralla € A},
Ly = {p:peL&ap#0, forsomea € A}.

Obviously, L; N Lz = 0 and L; U Ls = L, furthermore, one of the languages L; and
L4 is nonempty.

Let us suppose that Ly # 0. It is easy to see that L, is regular. Now, if p € L,
then ap? = 0, for all @ € A. Thus also a(gpr)? =0, for all g,7 € X* and a € A.
Therefore, X*L1 X* = L,, and by Proposition 1, we obtain that L, € Lp if L1 # 0.

The regularity of L» can be concluded by the fact that Lo = L\ L;. Let us
observe that Y = @ implies L = 0.
Now, let us suppose that Ly # 0 and let p € Ly and ¢ € P.(L3). Then, there
exists an 7 € X* with gr € Ls. Since gr € Lg, a(qr)? # 0, for all a € A. Therefore,
A == A, # 0, for all a € A. Furthermore, since p € L, we have that there exists
a nonempty set H of states such that A’p* = H, for every nonempty subset A’ of
A. In particular, A;p* = H, for all a € A. Consequently, a(gp)? = (ag?)p? =
AgpA = H, for all a € A, and hence, gp € Lo. On the other hand, since Y is the
set of complete input signs, LoY™ = Lo,
To prove the second equality, let ¢ € Y* and p € L, be arbitrary words. From
p € L, it follows again that there exists a nonempty set H of states such that
A’pA = H, for all nonempty subsets A’ of A. On the other hand, since ¢ € Y*,
agh # 0, for all a € A. Consequently, H = ag”p? = a(gp)?, for all a € A, and
thus, Y*Ly = L. The validity of the equality LoY™* = L, is obvious, and hence,
Y*L,Y* = Lo. g

Now, we study the representation of the languages of ACND(2)F which have the
form I, = M X*, where M is a regular prefix code For this reason, we recall some -
notions.
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Let ® # M C X+, Then, M is said to be a prefiz code over X if MNM X+ = 0.
A prefix code M C X7 is said to be mazimal if, for any v € X *, there exists v € X*
such that uv € M X*. Finally, a prefix code M is called regular if M is a regular
language. Note that any L € Lnp(2) can be represented as L = M X* such that
M =L\ LX* and M is a prefix code because LX* = L.

Proposition 8. Let M C X* be a regular prefiz code that is not mazimal. Let
L =MX*. Then, L € Lnp(z) if and only if P.(M)M C L.

Proof. To prove the necessity, let us assume L € Lnp2y- Then, there exists an n.d.
automaton A = (A4, X) such that L = Dy(A). Let v € P-(M) and w € M. Since
u € P.(M), there exists v € X* such that uv € M C L. Hence, for any a,b € A,
a(uv)? = b(uv)*. Suppose a(uv)? = @ for any a € A. Then, for any a € A and
z € X*, a(z(uv))? = 0. This yields that zuv € L, for all z € X*, and hence, M is
a maximal prefix code, which is a contradiction. Therefore, a(uv)? # @, and thus,
au? # 0, for all a € A. Consequently, a(uw)? = b(uw)? for any a,b € A since
we€MC L. Thus, uw € L.

In order to prove the sufficiency, let A’ = (A, X, ap, 8, F') be the minimal recog-
nizer (deterministic but not necessarily complete) accepting L. Notice that A’ is a
trim (i.e. accessible and coaccessible, see [4]) and F = {f}, since M is a prefix code
and L = MX*. Consider the n.d. automaton A = (4, X). Note that fz# = {f}
“for any z€X. Letaec Aand we L. Since A’ is trim, there exist u,v € X* such
that {a} = aou”? and.ao(uv)* = {f}, i.e., uv € L. Consequently, u € P.(M) or
u€e MX* Ifue P.(M), thenuvw € P.,(M)MX* CLX*=1L. If u e MX*, then
uw € MX*X* = MX* = L. Hence, aw? = {f}, for all a € A. This means that
w € Dy(A). Now, let w ¢ L. In this case, fw? = {f} but apw? # {f}. This
means that w ¢ Dy(A). Consequently, L = D3y(A). This completes the proof of
the proposition. O

The above proposition does not always hold for a regular maximal prefix code.

Example 6. Let X = {z,y} and let A = {1, 2}. Moreover, let A = (A4, X) be the
following n.d. automaton: z# = {(1,2),(2,2)}, ¥* = {(1,2)}.
Then, L = Dy(A) = (zUyz*y)X* € Lnp(z)- Let M = L\LX*. Then, P.(M)M C
" L does not hold since y € P.(M),z e M but yr ¢ L = M X",

However, for the class of finite maximal preﬁx codes, we have the following:

Proposition 9. Let § # M C X+ be a finite ma:z:imal'pm_ﬁ:c code. Let L = MX*.
Then, L € Lnp(e) if and only if Pr(M)M CL.

Proof. The sufficiency can be proved in the same way as in the proof of the previous
proposition. To prove the necessity, let us assume that L = MX* € Lnp(g). Let
A = (A, X) be an n.d. automaton such that L = Dy(A4). Let v € P.(M) and
w € M. Since M is a finite maximal prefix code, uw* € MX* for some 4,7 > 1.
There are two cases. First, assume a(uw®)? # 0 for any a € A. In this case,
au? # 0 for any a € A. Since w € M C L, (au?)w? = (but)w? for any
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a,b € A. Thus, a(uw)? = b(uw)* for any a,b.€ A. This means that uw € L.
Now, assume a(uw?)? = @ for any a € A. Suppose that there exists a € A such
that a(uw)? # 0. In this case, there exists a nonempty subset H of A such that
(au?)w? = H # @. Thus, Hw? = H holds because w € L. This implies that
a(uwi)? = (a(uw'~!))wA = H # 0, a contradiction. Consequently, a(uw)? = 0
for any a € A, and hence uw € L. In either case, uw € L, completing the proof of
the proposition. |

Example 7. Let X = {z,y} and let M = {z,yzz,yzy,yy}. Then, M is a finite
maximal prefix code. Take y € P.(M) and z € M. Then, yz ¢ M X™. Therefore,
MX* ¢ [‘ND(Z)~
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Generation of Sentences with Their Parses: the
Case of Propagating Scattered Context Grammars

Alexander Meduna* and Jiii Techet*

Abstract
Propagating scattered context grammars are used to generate their sen-
tences together with their parses—that is, the sequences of labels denoting
productions whose use lead to the generation of the corresponding sentences.
It is proved that for every recursively enumerable language L, there exists a
propagating scattered context grammar whose language consists of L’s sen-
tences followed by their parses.

Keywords: parsing, propagating scattered context grammars

1 Introduction

Parallel parsing represents a vivid investigation area concerning compilers today
(see [1, 2, 9, 10, 16]). As parsing is almost always based on suitable grammatical
models, paralle] grammars are important to this area. Since scattered context
grammars generate their languages in a parallel way, their use related to parsing
surely deserves our attention.

In this paper, we use the propagating scattered context grammars, which contain
no erasing productions, to generate their language’s sentences together with their
parses—that is, the sequences of labels denoting productions whose use lead to
the generation of the corresponding sentences (in the literature, derivations words
and Szilard words are synonymous with parses). We demonstrate that for every
recursively enumerable language L, there exists a propagating scattered context
grammar whose language consists of L’s sentences followed by their parses. That
is; if we eliminate all the suffixes representing the parses, we obtain precisely L. This
characterization of recursively enumerable languages is of some interest because it
is based on propagating scattered context grammars whose languages are included
in the family of context-sensitive languages, which is properly contained in the
family of recursively enumerable languages. Simply stated, in this paper, we use
the propagating scattered context grammars in such a way that this use provides us
with the parses corresponding to the generated sentences and, in addition, increases
the generative power of these grammars.

*Department of Information Systems, Faculty of Information Technology, Brno University of
Technology, Bozetéchova 2, Brno 61266, Czech Republic
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2 Preliminaries

We assume that the reader is familiar with the language theory (see [6, 11, 12, 13}).
For an alphabet V, card(V') denotes the cardinality of V. V* represents the free
monoid generated by V under the operation of concatenation. The unit of V*
is denoted by e. Set Vt = V* — {¢}. For w € V*, |w| and rev(w) denote the
length of w and the reversal of w, respectively. For U C V, occur(w,U) denotes
the number of occurrences of symbols from U in w. For L C V*, alph(L) denotes
the set of symbols appearing in a word of L. Let L, Ly be two languages. The
right quotient of L; with respect to Lo, denoted by L;/Ls, is defined as L, /Ly =
{y|yz € Ly, for some z € La,y € alph(L1)*}. The left quotient of L, with respect
to Lg, denoted by L2\ L, is defined as Lo\L; = {y|zy € L;,for some z € Ly, y €
alph(L,)*}.

A scattered contezt grammar (see [3, 4, 5, 7, 8, 14, 15] and pages 259-260 in
[13]), a SCG for short, is a quadruple, G = (V, P, 8, T), where V is an alphabet,
TCV,S€V ~T, and P is a finite set of productions such that each production
has the form (Aj,...,An) — (21,...,2,), for some n > 1, where A; € V - T,
z; € V*, for 1 < i < n. If every (A1,...,4,) — (z1,...,Tn) € P satisfies
z; € V¥ for all 1 <i < n, G is a propagating scattered context grammar, a PSCG
for short. If (A1,...,4n) — (1,...,2Zn) € P, u = w1 A1y ... unApuns1, and
U = UIT1UD . . - UnTnlnt1, Where u; € V*, 1 <4 < n, then u = v[(4;,...,4,) —
(z1,...,Za)] in G or, simply, u = v. Let =% and =>* denote the transitive closure
of = and the transitive-reflexive closure of =, respectively. The language of G is
denoted by L(G) and defined as L(G) = {z|z € T*, S =* z}.

3 Definitions and examples

Throughout this paper, we assume that for every SCG G = (V, P, S,T), there is
a set of production labels denoted by lab(G) such that card(lab(G)) = card(P);
as usual, lab(G)* denotes the set of all strings over lab(G). Let us label each
production in P uniquely with a label from lab(G) so that this labeling represents
a bijection from lab(G) to P. To express that p € lab(G) labels a production
(A1,...,A) — (21,...,Zn), we write p: (A1,...,A,) — (z1,...,%n). For every
p:(A1,...,A) — (z1,...,Zn) € P, lhs(p) and rhs(p) denote A A;... A, and
T1Z3 ... Ty, respectively. Furthermore, ipos(p,j) and rpos(p, j) denote A; and z;,
respectively. To express that G makes z =* y by using a sequence of productions
labeled by pi1,p2,...,pn, We write T =* y[p], where z,y € V*, p =p,...p, €
lab(G)*. Let S =™ z[p] in G, where z € T* and p € lab(G)*; then, z is a
sentence generated by G according to parse p. Let G = (V,P,S,T) be a SCG
with lab(G) C T. G is a proper generator of its sentences with their parses if
L(C) = {ziz = yo,y € (T ~ ab(G))", p € lab(G)", S =" z [g]}.

Next, we illustrate these definitions by three SCGs, each of which has
its set of production labels equal to {1,2,3,4}. First, consider SCG G; =
({S,A, B,C,a,b,c}, P, S, {a,b,c}) with P, containing 1 : (S) — (¢), 2 : (S) —
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(ABC), 3 : (A,B,C) — (aA,bB,cC), 4 : (A,B,C) — (a,b,c). As {1,2,3,4} €
{a,b,c}, G is no proper generator of its sentences with their parses. Second,
consider G2 = ({S,4,B,C,a,b,¢,1,2,3,4}, P, S, {a,b,¢,1,2,3,4}) with P, con-
taining 1 : (S) — (1), 2 : (S) — (ABC2), 3 : (4,B,C) — (aA,bB,cC3),
4: (A B,C) — (a,b,c4). Notice that {1,2,3,4} C {a,b,¢,1,2,3,4}. However,
L(G3) = {a™b"c"rev(p)|n > 0,5 =" a™b"c"rev(p) [p]} # {a™b"c"p|n > 0,5 =*
a™b"c"p[p]}, so G2 is no proper generator of its sentences with their parses either.
Third, consider G3 = ({S,4,B,C,a,b,¢,1,2,3,4}, P, S, {a,b,¢,1,2,3,4}) with P;
containing 1 : (S) — (1), 2: (S) — (ABC28), 3: (4, B,C,$) — (aA,bB,cC, 33),
4: (A,B,C8) — (a,b,c,4). Observe that L(G3) = {a™b"c"p|n > 0,5 ="*
a™b™c"p|p]}, so G is a proper generator of its sentences with their parses.

4 Results

Next, we demonstrate that for every recursively enumerable language L, there is a
PSCG G = (V, P,S,T), which represents a proper generator of its sentences with
their parses so that L results from L(G) by eliminating all production labels in
L(G). To express this property formally, we introduce the weak identity 7 from V*
to (V — lab(G))" defined as m(a) = a for every a € (V — lab(G)) and n(p) = € for
every p € lab(G) and use 7 in the next main theorem of this paper.

Theorem 1. For every recursively enumerable language L, there ezists a PSCG
G such that G is a proper generator of its sentences with their parses and L =

T(L(G)).

Proof. Let L be a recursively enumerable language. Then, there is a SCG G =
(V,P,5,T) such that L = L(G) (see [7]). Set ® = {(a)|a € T}." Define the
homomorhism v from V to (dU(V - T) U{Y})* as v(a) = (a) for all a € T and
¥(A) = A for all A € V —T. Extend the domain of v to V* in the standard
manner; non-standardly, however, define y(¢) = Y rather than ~y(¢) = e. (Let us
note that at this point v does not, strictly speaking, represent a morphism on V*)
Next, we introduce a PSCG G = (V, P, S, T) such that G is a proper generator of
its sentences with their parses and L(G) = #(L(G)). Finally, set T = {$,, $2,$3}.
Define the PSCG

G=({8X,Y,Z}yUV Ulab(G)UP UT, P, S5, T Ulab(®))

with lab(G) = {[0], [1], (2], [3), [4] }UZ1UZ,UZs, where E; = {|p1]|p € lab(G)},
2y = {{a2] |a € T}, E3 = {|a3]|a € T}; without any loss of generality, assume
lab(G) Nalph(L) = @. P is constructed as follows:

1. Add
[1) : (8) = (X[1]$:25) to P;
[1e) : (S) = ([1)81S) to P;
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2. For every p: (A1,...,As) = (z1,-..,2,) € P add
p1]: ($1,41,...,4,) = (|p1]$1,¥(z1),. .., v(zn)) to P;
in addition, add
[2] : (81) — (|2]82) to P;
[2¢] : ($1) — (|2)83) to P;

3. For every a € T, add
la2] : (X, 82, Z,{a)) — (aX, |a2]$2,Y,Z) to P;
@3] : (X,$2,Z,(a)) — (a,|a3]83,Y,Y) to P;

4. Add 3] : (83, Y) — (13],83) to P;

5. Add |4] : ($3) — (|4]) to P.

Basic Idea:

First, we explain how G makes the generation of a nonempty sentence followed by
its parse; then, we explain the generation of the empty sentence followed by its
parse. ’

G makes the generation of ajay...a,p, where n > 1, each a; € T and p is
the corresponding parse, by productions introduced in steps 1 through 5 in this
order. After starting this generation by using the production from 1, it applies
productions introduced in 2, which simulate the applications of productions from
P. More precisely, it simulates the use of p : (A4y,...,4,) = (z1,...,%,) € P
by using |p1] : ($1,41,...,4n) = ([p1/$1,7(z1),-..,¥(zx)) € P so that it places
its own label, ‘|pl], right behind the previously generated production labels; this
substring of labels occurs between the leftmost symbol, X, and $;, in the sentential
form. Otherwise, |pl] : (81, A1,...,An) — ([P1)81,7(21),...,7(zn)) is analogical
top:(A,...,4r) = (21,...,Zn) except that (i) the former has the fill-in symbol
Y where the latter has € and (ii) the former has (a;) where the latter has terminal
a;. After using productions introduced in 2, G has its current sentential form of the
form X782Zup(a;)ui{az)uy. .. un—1{as)un, where 7 is a prefix of p and u; € {Y}"*.
By using productions from 3, it places aj...a, at the beginning of the sentential
form while replacing each (a;) with ¥ and generating the production labels. By
using productions labeled |3] (see step 4), G replaces each Y with 3| while shifting
$3 to the right. Finally, the application of the production labeled with |4] completes
the generation of ajas . ..anp (see step 5). Finally, let us explain how G makes the
generation of the empty sentence ¢ followed by its parse. By use of productions
labeled with |1, and [2.] instead of |1] and |2], respectively, the process of placing
terminal symbols at the beginning of the sentential form (by productions from step
3) is skipped; otherwise, the derivation proceeds as above.
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Rigorous proof (Sketch):
Claim 1. G generates every w € L(G) — lab(G)* in the following way

S = X[1]$:25 (1]

=2t z )
[12]]

y
z
u [La3]]

* (1)
=
=+ [7]
(14]]

where |a3] € Z3, p, 0 and T are sequences consisting from =i, Z; and {|3]},
respectively.

Proof. First, let us make these four observations:

1. Since the only productions with S on its left-hand side are productions in-
troduced in step 1 of the construction, S =% w surely starts with a step
made by one of these productions. Notice that alph({w}) N T # 0 and only
productions labeled with p € Z; U = satisfy a € alph({rhs(p)}), a € T.
As X = pos(p,1), a € alph({rpos(p,1)}), and only production labeled with
p € |1] satisfies X € alph({rhs(p)}), the derivation starts with a step made
by this production. This derivation ends by applying production labeled with
|4] because it is the only production with its right-hand side over T*. Thus,
S =% w can be expressed as

S = X[1)$:25 (1))
=t 9
= w (L4J]

2. Let p be the label of any production introduced in steps 2 through 4 of
the construction; then, occur(lhs(p),I') = occur(rhs(p),T’) = 1. In greater
detail, for every |pl| € Zi, |a2] € Z3, |a3] € =3, productions intro-
duced in step 2 satisfy occur(lhs(|pl]), {$1}) = occur(rhs(|pl}), {$1}) =1,
occur(lhs(|2)), {$1}) = 1, occur(rhs(|2]), {$2}) = 1, occur(lhs(|2¢]), {$1})
=1, occur(rhs(|2]), {83}) = 1. Similarly, productions introduced in step 3
satisfy occur(lhs(|a2]),{$2}) = occur(rhs(|a2]), {$2}) = 1, occur(lhs(|a3)]),
{82}) =1, occur(rhs(|a3]), {$3}) = 1. Finally, production introduced in step
4 satisfies occur(lhs(|3)), {83}) = occur(rhs(13]), {$3}) = 1.

3. Because X € alph({z}) and only productions labeled with p € =3 satisfy
X € alph({lhs(p)}) and X ¢ alph({rhs(p)}), production labeled with [2]
cannot be used.

4. Let p be the label of any production introduced in steps 1 through 5; then,
alph({rhs(p)}) N lab(G) = {p} and occur(rhs(p), {p}) = 1.
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Based on these observations, notice that G generates every w € L(G) — {|0]}
in the way described in the formulation of Claim 1. O

Claim 2. Consider derivation (1). In its beginning

S = X[1$25 [l)]
=t 1z p
=y (121}

every sentential form s in X |1]$:Z28 =7 z satisfies s € {X Hab(G)*{$:}{Z}(®U
(V-T)U{YH?* andy € {XHab(G)*{$2}{Z}(d U {Y})*.

Proof. By the definition of homomorphism ~, productions labeled with {p1 | rewrite
symbols over ® U (V —T)U{Y} and change $; to |p1]$;. Since VN{X,$;,2Z} =0,
every sentential form s in X [1|$,ZS5 =% z satisfies s € {X Hab(G)* {$:}{Z}(® U
(V-T)u{Y})*. Only Z; contains production labels p satisfying alph({lhs(p)}) N
(V —T) # 0. Therefore, to generate w € T*, productions labeled with |p1| have to
be applied until s € {X}Hab(G)*{$:}{ZHP@U{Y})*. Finally, a production labeled
with |2] is used, so y € {X}ab(G)*{$:}{Z}(®U {Y})* and the claim holds. O

Claim 3. In
: y =" z [lo]]
= u [la3]]

of derivation (1), every sentential form o in y =* z can be expressed as o €
T*{XHab(G)*{$2H{Y}*{Z}(@ U {Y})* and u € THlab(G)*{$3}{Y}*. In greater
detail,

X1p1] .. [pn)82ZY 0 (b)Y i1 (b)Y .. . (b)Y

S bX[pi] .. [l [012]8Y O IZY R (b)Y L (b)Y (Lb:2]]
S b X|p1) ... [pa)[bi2][be2SoY RHYRHIZY R (b, VYin (b22]]
=m-3 biby... b1 X Lp1J e I_an l_b12J BN I_bm_12J$2Yi°+1Yi‘+l e

L Yim2ZYm (b )Yim 6]

= blb‘g. . bm l_p1J . l_an I_b12J . .me_12_| |.b7713_| $;.7,Yi°+1yi'+l. . .Yi"‘+1 “_bm3J]

where p1l,-.., Lpn] € lab(G) are labels that denote productions introduced in 1-
2, (b1),---,(bm) € @, b1,....,bm € T, & = |b32]...|bm-12], d0,%1,---s0m > 0,
m = |s|, where s € L(G) is a corresponding sentence of the SCG G.

Proof. Notice that occur(lhs(|a2]),{X}) = occur(rhs(|a2)),{X}) = 1 and
occur(lhs(|a2]), {Y}) = occur(rhs(|a2]),{Y}) = 1. In every derivation step of
y =* z, the the first symbol (b) € ¥, following Z is replaced with Z, X is changed
to bX, and $, is changed to [82, where | € lab(G). As [a2] and [a3] are the only
production labels p satisfying alph({lhs(p)}) N ® # 0, alph({rhs(p)}) N ® =0 and
pos(|a2],3) = Z, rpos(la2],4) = Z, Z can replace only the first occurance of
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(b) € ® behind Z to generate w € T*. Productions labeled with |a2] are used
m — 1 times. Thus, ¥ =* z has the form

X{pr].. [pn)SaZY ® (b)Y (b)Y o b)Y
= hX Lle ... l_PnJ l_b12J $2Y_1°+1ZY1'l (b2)Y‘2 e (b)Y m “_b12J]
= blbzXLle e ,_pn_l ,_b12J [b22J$2Yi°'HYi1+IZYi2 e (bm)Yi"‘ “_b22_”
=m—3 bibg... b1 X |_p1_| ... ‘_pn_l I_b12J me_12_| $2Yi°+lyi‘+'l e

. Yim-2 ZYtme (bm)Yi"‘ (5]

where every sentential form satisfies T*{X }lab(G)* {$:}{Y' }*{Z}(@ U {Y ).
Finally, some production labeled with |a3] is applied; therefore, z = u can be
expressed as :

bibs... bm_1XLp1_J - L’D,,,J l_b12_’ . l_bm_12J$2Yio-i;lyi1+l L
... Yim-2 ZYim1 (b, )Y im |
= biby...by |_le e Lan LbIZJ - me_12J l_bm3J$3Yio+lyi1+1 L YimHl [me3”

with u € T+lab(G)*{$:}{Y'}*.
Putting together the previous parts of derivation, we obtain the formulation of
Claim 3. Thus, Claim 3 holds. O O

Claim 4. In
u =T v 7]
= w [[4]]

of derivation (1), every sentential form s of u =% v satisfies s €
T+lab(G)* {$3}{Y}* and w € T+lab(G)*. In greater detail, this derivation can
be expressed as

bi.. bulpr] .. [Pal{8)Y*
= bi.bmlpi]. (Pl (3){85}Y7 (13)]
= bi...bm|p1] ... [Pn][3]3) {$3}Y*-2  [|3]]
=i-3 bi...bm l_plj N I.PnJ |_3J 1:_1{$3}Y [7_']
= bi...bm|p1]... [pn]|3]*{83} [131]
= b bmlpa). - el (3)°(4) [14])

where allb; € T, 1 < j < m and |px]| € lab(G), 1 < k < n are labels that denote
productions introduced in steps 1 through 3 of the construction, ¥ is a sequence of
production labels [3]. '

Proof. Notice that ;pos(|3],1) = rpos(|3],2) = $3. Observe, that in order to
generate w € T™* the first occurrence of Y following 83 has to be taken by |3] in
each derivation step. Finally, |4] is applied. At this moment, w satisfies w € T*
and w € T+lab(G)?. O

The next claim formally demonstrates how G generates the empty sentence ¢ fol-
lowed by its parse.
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Claim 5. G generates every w € L(G) Nlab(G)* in the following way

S = [1)$:1S  [[1e])
=+ z

p)
=> ¥ - {12])] (1)
=t [7]

> w (l4)]

where p and T are sequences consisting from =, and {|3]}, respectively.

Proof. Notice that alph({w}) N T = @ and only productions labeled with p € =3
satisfy X € alph({lhs(p)}), X ¢ alph({rhs(p)}) and X = 1pos(p,1), a = rpos(p,1),
a € T. Therefore, X cannot appear in any sentential form of S =* w, and the
derivation starts with a step made by |1.]. As X ¢ alph({z}) and for p € S, U =3,
X € alph({lhs(p)}), the production labeled with |2.] has to be used. Observe that
other derivation steps are made in the way described in Claim 2 and Claim 4. O

From Claims 4 and 5, it follows that for every recursively enumerable language
L, there exists a PSCG G such that G is a proper generator of its sentences with
their parses and L = w(L(G)). ' O

Frbm Theorem 1, we obtain:

Corollary 1. For every recursively enumerable language L, there erists a PSCG
G such that G is a proper generator of its sentences with their parses and L =
L(G)/lab(G)* N alph(L)*.

Alternatively, we can introduce a SCG G = (V, P, S,T), as a proper generator
of its sentences preceded by their parses so that L(G) = {z|z = py,y € (T ~
lab(G))*, p € lab(G)*, S =" z|p]}.

Theorem 2. For every recursively enumerable language L, there erists a PSCG
G such that G is a proper generator of its sentences preceded by their parses and
L = n(L(QG)).

Proof. This theorem can be proved by a straightforward modification of Theorem
1. A detailed version of this proof is left to the reader. ()}

- Corollary 2. For every recursively enumerable language L, there exists a PSCG
G such that G is a proper generator of its sentences preceded by their parses and
L = 1ab(G)*\L(G) N alph(L)*.

5 Conclusion

In this concluding section, we make some final notes and suggestions regarding the
future investigation.

First, notice that all the above results can be also established so that the gen-
erated sentences are followed by the reversals of their parses.
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Second, consider the unordered scattered context grammars (see page 260 in
[13]). In essence, in this version of scattered context grammars, we apply a pro-
duction of the form (A; — z1,...,A4, — z,) so we simultaneously replace A; with
x;, for all ¢ = 1,...,n, no matter in what order the nonterminals A; appear in
the rewritten word. Naturally, we are tempted to use the construction given in
the proof of Theorem 1 for these grammars in order to obtain analogical results
to the above results. Unfortunately, this construction does not work for the un-
ordered versions of scattered context grammmars. Specifically, steps 3 and 4 of
the construction require the prescribed order of rewritten nonterminals; otherwise,
the result is not guaranteed. Can we prove the results of this paper in terms of
unordered scattered context grammars by using some other methods?

Finally, let us recall that we have demonstrated that for every recursively enu-
merable language, there exists a propagating scattered context grammar that gener-
ate the language’s sentences followed by their parses. From a broader perspective,
we could naturally reformulate this generation of sentences with their parses in
terms of other propagating rewriting mechanisms that define the language family
contained in the family of context-sensitive languages. Probably, some propagat-
ing parallel rewriting mechanisms, such as propagating PC grammar systems (see
Chapter 4 in Volume 2 of {12]), can be used in this way. Furthermore, some propa-
gating regulated grammars, such as propagating matrix grammars (see Chapter 3
in Volume 3 of [12]), seems to be suitable for this generation as well. On the other
hand, we can hardly base the generation of sentences with their parses upon classi-
cal sequential rewriting mechanisms, such as context-free grammars. The authors
suggest these problem areas as the topics of future investigation that continues with
the discussion opened in the present paper. '
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Varieties of Tree Languages Definable by Syntactic
Monoids

Saeed Salehi *

Abstract

An algebraic characterization of the families of tree languages definable
by syntactic monoids is presented. This settles a question raised by several
authors.

1 Introduction

A Variety Theorem establishing a bijective correspondence between general vari-
eties of tree languages definable by syntactic monoids and varieties of finite monoids,
is proved. This has been a relatively long-standing open problem, the most recent
references to which are made by Esik (4] as “No variety theorem is known in the
semigroup [monoid] approach” (page 759), and by Steinby [18] as “there are no
general criteria for deciding whether or not a given GVTL [general variety of tree
languages] can or cannot be defined by syntactic monoids” (page 41). The question
was also mentioned in the last section of Wilke’s paper [21].

Most of the interesting classes of algebraic structures form varieties, and sim-
ilarly, most of the interesting families of tree or string languages studied in the
literature turn out to be varieties of some kind. The first Variety Theorem was
proved by Eilenberg [3] who established a correspondence between varieties of finite
monoids and varieties of regular (string) languages. It was motivated by charac-
terizations of several families of languages by syntactic monoids or semigroups (see
[3],[10]), above all by Schiitzenberger’s [15] theorem connecting star-free languages
and aperiodic monoids.

Eilenberg’s theorem has since been extended in various directions. One could
mention Pin’s [11] Variety Theorem for positive varieties of string languages and
varieties of ordered monoids, or Thérien’s [19] extension that includes also varieties
of congruences on free monoids. On the level of universal algebra, where tree
automata and tree languages are studied, a Variety Theorem was proved by Steinby
(16] for recognizable subsets of finitely generated free algebras. Both Eilenberg’s
*.varieties and +-varieties, as well as varieties of regular tree languages (which was

*Turku Center for Computer Science, DataCity - Lemminkiisenkatu 14 A, FIN-20520 Turku,
e-mail: saeed@cs.utu.fi

21
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worked out in {17]), are special cases of the results of [16]. The correspondence
to varieties of congruences, and some other generalizations, were added later by
Almeida [1] and Steinby [17, 18). Another example is Esik’s [4] Variety Theorem
between tree languages and theories (see also [5]). As Esik observes in [4], page 758:
“The crucial concept in any ‘Variety Theorem’ is that of the ‘syntactic structure’
or ‘syntactic algebra’.” For almost all those syntactic structures associated to tree
languages in the literature, one (or some) variety theorem(s) have been proved.
The most famous ‘syntactic structure’ for which a variety theorem was not known,
is the syntactic semigroup/monoid of a tree language, introduced by Thomas {20],
and further studied by Salomaa [14]. A different formalism, based on the essentially
same concept, was brought up by Nivat and Podelski [6], [13].

To establish our correspondence between varieties of tree languages and varieties
of finite monoids, we add three more closure properties to the definition of a general
tree language variety introduced in [18]. One of them, that of being closed under
inverse tree homomorphisms, is already investigated by Esik [4], and the other two
are stated in Theorem 24.

2 Notation and Preliminaries

Our notation is mainly based on [18]. However for understanding our results it
is not necessary to read the whole of [18]. Here, we list the terminology used
throughout the paper. ‘

A finite set of function symbols is called a ranked alphabet. If ¥ is a ranked
alphabet, for every m > 0, the set of m-ary function symbols of ¥ is denoted by
Zm. In particular, Xp is the set of constant symbols of ¥. For a ranked alphabet
¥ and a leaf alphabet X, the set of X -trees T(Z, X) is the smallest set satisfying

(1) U X ¢ T(Z, X), and

(2) fltr, -+ ,tm) € T(E,X), for all f € £, (m > 0) and ty,--- ,tm €
T(S, X). :

Any subset of T(Z, X) is called a tree language.
The X X-term algebra T (X, X) = (T(X, X), L) is defined by setting

(1) ¢7&EX) = ¢ for each ¢ € &y, and

(2) FTEX) (4, o \tm) = f(tr,--- tm) for sl m > 0, f € Z,,, and
t1, - tm € T(S, X).

Let £ be a (special) symbol which does not appear in any ranked alphabet or leaf
alphabet considered here. The set of ¥.X -contezts, denoted by C(Z, X), consists
of the I(X U {€})-trees in which £ appears exactly once. For P,Q € C(X, X) and
t € T(Z, X) the context Q- P, the composite of P and @, results from P by replacing
the special leaf ¢ 'with @, and the term ¢ - P results from P by replacing £ with ¢.
Note that C(X, X)) is a monoid with composition as the operation and £ as the unit
element, and that ¢t - (@ - P) = (¢- Q) - P holds for all P,Q € C(%,X), t € T(%Z, X).
For a tree language T' C T(Z, X) and context P, the tnverse translation of T under
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Pis P7Y(T)={t e T(Z,X) | t- P € T}. Also the inverse morphism of T under a
homomorphism ¢ : T(Z,Y) — T(Z, X) is T~ = {t e T(X,Y) | tp € T}.

A I X -recognizer (A, a, F) consists of a finite L-algebra A = (A, X)), an initial
assignment o : X — A, and a set of final states F C A. The function a can
uniquely be extended to a homomorphism o : 7(Z,X) — A, and the tree lan-
guage recognized by (A, o, F) is {t € T(Z,X) | ta* € F}. In that case we also
simply say that T is recognized by the algebra A.

All algebras considered in this paper, except for term algebras, are finite, and
the tree languages studied here are recognizable by finite algebras. A class of finite
algebras of a fixed type is called a variety of finite algebras if it is closed under
subalgebras, homomorphic images, and finite products. They are sometimes called
pseudo-varieties, to be differentiated from real varieties whose members need not
to be finite. Birkhoff’s variety theorem [2] provides a logical characterization of
those “original” varieties. In particular, a variety of finite monoids, abbreviated by
VFM, is a class of finite monoids closed under submonoids, homomorphic images,
and finite monoid products. A family ¥ = {#(X)} of tree languages of a fixed type
¥ is a mapping which assigns to every finite leaf alphabet a collection ¥ = {¥(X)}
of recognizable L X -tree languages. A family ¥ is called a variety of tree languages
if each ¥/(X) is closed under Boolean operations and inverse translations, and the
whole collection is closed under the inverse homomorphisms between term algebras
(see [17]; below we will consider generalized varieties of tree languages).

Let A = (A,X) be an algebra. Every elementary context

P = f(ay, - ,& - ,am) € C(L, A),
where f € Z,, and a1, - ,am € A, induces a unary function on A defined by
PA(a) = f4(a1,+* ,a,-*+ ,am) for each a € A. Such functions are called elemen-
tary translations of A. The functions induced by compositions of such elementary
contexts are defined by setting (Q - P)*(a) = PA(Q*(a)) for any two contexts P
and @ and any a € A. These functions constitute the set of translations of A de-
noted by Tr(.4). Note that two different contexts may induce the same translation.

The set Tr(.A) is a monoid with composition as the operation, called the transla-
tion monoid of A, which is also denoted by Tr(A4). We note that Tr(.A) includes the
identity translation €2 = 14. The composition of translations p and q is denoted
by g - p, that is (g - p)(a) = p(g(a)) for all a € A (cf. Section 5 of [18]).

For a tree language T C T(3, X), the syntactic congruence 67 of T is defined by
tors <= VPeC(Z, X)(t-PeT —s-PeT),

for t,s € T(Z, X), and the syntactic algebra SA(T) of T is the quotient £-algebra
T(Z, X) /07 (see Definition 5.9 of [18]).
Also, the m-congruence pr of T on the monoid C(Z, X) is defined by

PurQ < VReCE, XWteT(Z,X)(t-P-ReT —t-Q-ReT),
for P,Q € C(Z, X), and the syntactic monoid SM(T") of T is the quotient monoid
C(Z, X)/pr (cf. [20] or Definition 10.1 of [18]).

Remark 1. It was shown in [14] that the translation monoid of the syntactic
algebra of a tree language is isomorphic to the syntactic monoid of the tree language,
i.e., Tr(SA(T)) = SM(T) for every tree language T.
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A tree homomorphism is a mapping ¢ : T(2, X) — T(Q,Y) for ranked alphabets
¥ and Q, and leaf alphabets X and Y, determined by some mappings px : X —
T(Q,Y), and o : Ty — T(Q, Y U {&, - ,&m}), where Z,;, # 0 and the &;’s are
new variables, inductively as follows

(1) zp = ox(z) for £ € X, cp = po(c) for ¢ € Ly, and

(2) flt1, - sto)p = oa(f)é1 — t1p, -, & — tap] that is & is replaced
with t;p for all i (cf. (18], page 7). :

A tree homomorphism ¢ : T(Z,X) — T(Q,Y) is called regular if for every
f€Zm (m>1), each &, -+ ,&n appears exactly once in @, (f).

The unique extension ¢, : C(Z, X) — C(Q,Y) of a regular tree homomorphism
 to contexts is obtained by setting (. (&) = & (cf. [18], Proposition 10.3).! We
note that the identities (Q - P)yp. = Q. - Pp. and (t- Q- P)p = ty - Qp. - Py.
hold for all P,Q € C(Z, X) and ¢t € T(E, X).

3 Algebras Definable by Translation Monoids

The notions of subalgebra, homomorphism, and direct product are defined as
usual in Universal Algebra, whereas for their generalizations, g-subalgebra, g¢-
homomorphism, and generalized product, are defined for algebras which are not
necessarily of the same type. We recall the following definitions from [18] (Defini-
tions 3.1, 3.2, 3.3, 3.14).

Definition 2. Let A = (A, X) and B = (B,2) be finite algebras.

The algebra B is a g-subalgebra of A, in notation B C4 A, if B C A, Q,,, C L, for
all m > 0, and for every g € Qy,, g% is the restriction of g# to B.

An assignment is a mapping & : £ — § such that x(Z;,) C Q,, for all m > 0.

A g-morphism from A to B is a pair (k, @), where « : ¥ —  is an assignment and
@ : A — B is a mapping satisfying fA(a1,---,am)e = (f&)B(a1, -+ ,amep) for
“anym 20, f € £,,and a1, ,am € A. If both x and ¢ are surjective, then (k, )
is called a g-epimorphism, and in that case we write B «, A (B is a g-epimorphic
image of A). When B is a g-epimorphic image of a g-subalgebra of A, we write
B <, A. When both « and ¢ are bijective, (s, ) is called a g-isomorphism, and
B =, A means that B and A are g-isomorphic.

Let ©!,--- ,2" and T be ranked alphabets. The product ! x .-- x " is a
ranked alphabet such that (Z! x - -+ X Z?),, = 2 x ... x &7, for every m > 0. For
any assignment k: ' — B! x ... x ", and any algebras A; = (4;,%!), -, A, =
(An, Z"), the k-product of Ay, --- , Ay, is the-algebra (A, , Ap) = (4 x---x
An,T) defined by

(1) CK.(A[,...,An,) —_ (cfl,. .o ,C:") for CcE I‘O, Where CK = (cl’ e 7071)1 and

lIndeed any tree homomorphism ¢ : T(Z, X) — T(f,Y) can be extended to % : C(Z, X) —
T(Q,Y U{€}) by setting £ = £, but if ¢ is not regular the range of ¢ may not be C(,Y). Hence
the regularity of ¢ is needed for the existence of the extension (., see also Example 18.
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(2) fn(Ahm’Aﬂ)(alv"' 5am) = (fiAl(alla"' )aml)a"'af#"(a’ln,"" aamn))
for f € Ty (m > 0) and a; = (@i, " ,ain) € A1 X -+ X Ay, where
fK‘=(f1:'“ 1fn)-

Without specifying the assignment x, such algebras are called g-products.
In the notations Cg, 4, <4, and =, the subscript g is dropped when 4 and B are
of the same type, say X, and the assignment x : ¥ — ¥ is the identity mapping.

The abbreviation GVFA stands for general variety of finite algebras which is a
class of finite algebras, of all finite types, closed under g-sub-algebras, g-epimorphic
images, and g-products (Definition 4.3 of [18]). It is easy to see that a class of
algebras K is a GVFA, if for any A4,,---, A, € K, any g-product k(A;, -, An),
and any algebra A, if 4 <4 (A1, -+, An) then A € K (cf. Corollary 4.8 of [18]).

Definition 3. For a VFM M, M? is the class of all finite algebras whose translation
monoids are in M, i.e., A € M? & Tr(A) € M for any finite algebra A.

A class of finite algebras K is said to be definable by translation monoids, if
there is a VFM M such that M?®* = K.

By Proposition 10.8 of [18], a class of finite algebras definable by translation
monoids is a GVFA. In fact, any such class can be proved to be a d-variety of
finite algebras (see page 758 of [4]). An algebraic characterization of the classes
of finite algebras definable by translation monoids is given in the main theorem of
this section.

Definition 4. Let A be a finite algebra. With each translation p € Tr(A) we
associate a unary function symbol . Let Ay = {p | p € Tr(A)} be the unary
ranked alphabet formed by these symbols and let the A 4-algebra A2 = (Tr(A), A4)
be defined by 52°(q) = ¢ - p for all p, ¢ € Tr(A). o

The proof of the main theorem of this section is based on the following lemmas
(cf. 8, 9] for similar results for unary algebras).

Lemma 5. For any finite algebra A, Tr(A) = Tr(A%).

Proof. The elementary translations of .A¢ are of the form 54°(€) where p € Tr(A),
and clearly g°(€) - pA°(€) = 7 p*°(€) for all ¢,p € Tr(.A) For the identity

translation 14 of A the translatlon 1 AA (&) is the 1dent1ty translatlon of A¢. This
means that ’IY(.A") = {‘Aﬂ (€) | p € Tx(A)}. Moreover, (§) 7é °(€) whenever
p # g, since 747 (¢) = 74 () implies p =14 - p =pA°(14) =7 (1a) = la - ¢ = q.

Hence, the mapping Tr(A) — Tr(A2), p— 7 o(f) is a monoid isomorphism. 0O
" Lemma 6. Let A= (4,%) and B = (B, ) be two finite algebras.
1. If Tr(A) < Tr(B), then A2 <, Be.

2. Tr(A) x Tr(B) = Tr(x(.A?, B?)) for some g-product x{.A?, B¢).
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Proof. 1. Suppose Tr(A)} — M C Tr(B) for some monoid M. Let Ay = {P € Ag |
p € M}. Then clearly M = (M, Ap) C 4 B®, where M is defined by 5™ (q) = ¢ - p
(p,qg € M). Let ¢ : M — Tr(A) be a monoid epimorphism. Define the assignment
k:Ay — Ay by g =qp for all ¢ € M. It is clear that « is surjective and for all
g.,r € M CTX(B), (7% (r)) o = (r-q)p = rp- qp = §@*° (rp) = (gk)*°(rp). Hence
(k,) : M — A€ is a g-epimorphism. Thus A¢? —, M C, B2,

2. Let T' = {{p,q) | p € Tx(A),q € Tr(B)} be a set of unary function symbols, and
define the assignment x : ' — A4 x Ag by (p,¢)k = (5,7). Let P = (A2, B?) be

the corresponding g-product of A¢ and B2. We show that Tr(P) = {(p, q)P(f) lpe
Tr(A),q € Tr(B)}. Firstly, we note that if 14 and 15 are the identity translations of

A and B respectively, then (14,1p) (£) is the identity translation of P. Secondly,
by the definition of s-products, for all p,p’ € Tr(A), q,¢" € Tr(B),

B0 (0,¢) = F* ), 7(@) =@ p.d -q).

Hence, ifp<p,_q>”<<> =W, q) (€), then (p,q) = (1a - p, 15q) = W”gA, 15)
=W,0) (1) = (1a-P,15-0) = (,¢). So, (,q) (&) # @, q) (£), when

p #p' or q¢ # ¢'. Finally, we show that the set {(p, q)P(E) | p € Tr(A),q € Tr(B)}
is closed under the composition of translations.
For all p,p’,p" € TY(A), q,¢',q" € Tr(B),

@) g (0" o @ phd" - q)
(@"-0)-p(d"-q)q
P p)qg" (¢ 9

— 7
@-pad-q ("9

Hence, (p’,q’)P(f) -mp(f) = {p'-p, q’~q)P(§). It follows that the mapping
Tr(A) x Te(B) — Tx(P), (p,q) — WP (&), is 2 monoid isomorphism. ]

Since g-products of g-products are g-isomorphic to a g-product of the original
algebras (Lemma 4.2 of [18]), Lemma 6(2) can be generalized as follows.

Lemma 7. For any n > 1 and any algebras Ay, ---, A, there is a g-product
k(A$,---, A2) such that Tr(A4;) x --- x Tr(A,) = Tr(k(AS,- -, A2)).

Now we are ready to prove the main theorem.

Theorem 8. Any class of finite algebras K is definable by translation monoids iff
it is a GVFA such that A € K iff A? € K, for any A.

Proof. Suppose K = M? for a VFM M. Then by Lemma 5, Tr(A) = Tr(.49), so
AeK & Tr(A) e M & Tr(A2) € M & A? € K. For the converse, suppose the
GVFA K satisfies the equivalence A € K & A? € K for any finite algebra A. Let
M be the VFM generated by {Tr(A) | A € K}. We show that K = M?®. Obviously
K C M?. For the opposite inclusion, let B € M?. So, there are 4;,--- , A, € K
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d-varieties of finite algebras and general tree language varieties closed under inverse
tree homomorphisms. However, those varieties may not be definable by syntactic
monoids, as the following example shows.

Example 13. Let Def; = {Def1(X, X)} be the family of 1-definite tree languages,
ie., T € Def) (X, X) iff for all £X-trees ¢t and s, root(t) = root(s) and t € T
imply s € T, where root(t) is the root symbol of t. It is a GVTL ([18]) which
can be shown to be closed under inverse strict regular tree homomorphisms (see
[4] Subsection 11.1 and Section 5 below). Let & = X, = {f, 9}, X = {z,y}, and
T = {z} U {f(t1,t2) | t1,t2 € T(Z,X)}. Clearly T € Def;(Z, X). It can be easily
shown that the syntactic monoid of T" consists of an identity element and two right
zeros. This is also the syntactic monoid of the language T” of the X -trees whose
leftmost leaves are z, by Example 10.4 of {18]. Since T’ ¢ Def;(Z, X), then Def,
is not definable by syntactic monoids.

This actually shows that the GVTL of all definite tree languages is not definable
by syntactic monoids, since T' is not k-definite for any k > 1.

Remark 14. In [7] it is claimed that the variety of definite tree languages can
be characterized by the property that all the non-identity idempotents of their
syntactic monoids are right zeros (left zeros in the formalism of [7]). This clearly
stands in conflict with the above Example 13.

Indeed, it can be shown that Theorem 1 of [7] does not hold. When the syntactic

semigroup of a tree language is defined as the syntactic monoid with the identity
element removed, the authors clearly overlook the possibility that the identity ele-
ment may be obtained also as the product of some non-identity elements, and the
proof of the theorem of {7] holds in just one direction. A concrete example showing
that the equality between lines 9 and 10 on page 189 does not necessarily hold, can
be obtained by considering the tree language T' of our Example 13.
It can also be noted that finite monoids whose non-identity idempotents are right
zeros, do not form a VFM. Finally, in Section 5 we shall see that a more appropriate
definition of the syntactic semigroup and omitting trees that in a sense correspond
to the empty word, does not save the result of [7].

We shall characterize the general varieties of tree languages that are definable
by syntactic monoids by requiring them to satisfy two more conditions in addition
to being closed under inverse regular tree homomorphisms.

Definition 15. A regular tree homomorphism ¢ : T(X, X) — T(Q,Y) is said to
be full with respect to a tree language T C T(R,Y), if for every Q € C(,Y) and
every s € T(Q,Y), there are P € C(Z, X) and t € T(X, X), such that Q ur Py.
and s 6t ty hold.

Remark 16. At first glance it seems that verifying fullness of ¢ with respect to
T requires checking the existence of P € C(Z,X) and t € T(X, X) for all (in-
finitely many) @ € C(9,Y) and s € T(Q,Y) such that Q ur Py, and sfrty
hold. In fact it is decidable for a recognizable T to check whether or not ¢
is full with respect to T: let 7 : T(Q,Y) — T(Q,Y)/0r, t¢T = t/67 and
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such that Tr(B) < Tr(A;) x - - - x Tr(Ap,). By Lemma 7, Tr(B) < Tr(P) for some g-
product P of Af,--- ,A?,. By the property of K, A%,---, 42, € K, and so P € K,
hence P¢ € K. By Lemma 6 (1) from Tr(B) < Tr(P) we get B¢ <, P?, and since
Pe € K, also B? € K, which implies that B € K. Thus M* C K. O

Remark 9. The proof of Theorem 8 also yields the fact that for any GVFA K
definable by translation monoids, the class {Tr(A) | A € K} is a variety of finite
monoids.

Another characterization of the classes of finite algebras definable by translation
monoids which follows from Lemmas 5 and 6 is the following.

Theorem 10. Any class of finite algebras K is definable by translation monoids
iff it is a GVFA such that for all finite algebras A and B, if Tr(4) = Tr(B) and
Ae€K, then Be K.-

4 Families of Tree Languages Definable by Syn-
tactic Mon01ds

A general variety of tree languages (GVTL) is a family ¥ = {#(Z, X)} which as-
signs to every ranked alphabet T and leaf alphabet X, a set 7(T, X) of recognizable
¥ X-tree languages, and is closed under all Boolean operations, inverse translations,
and inverse g-morphisms. That is to say, for any ranked alphabets X, {2, leaf al-
phabets X, Y, context P € C(Z, X), and g-morphism ¢ : T(Q,Y) — T(Z, X) (see
Definition 2), if T, 7" € ¥(Z, X), then T(Z, X)\ T, TNnT',P~YT) € “//(ZJ X), and
To~ 1€ ¥(Q,Y) (Definition 7.1 of [18]).

For a family of recognizable tree languages ¥, #* is the GVFA generated by
the class {SA(T) | T € ¥ (%, X), for some 2, X}.

Remark 11. The General Variety Theorem in [18], Proposition 9.15; implies that:

(1) For any.GVTL ¥, the class ¥ satisfies the following equivalence for any
tree language T C T(X, X): T € ¥ (X, X) < SA(T) € ¥~

(2) For any GVFA K there is a unique GVTL ¥ such that ¥* =

Definition 12. For a VFM M, let M® be the family of all recognizable tree
languages whose syntactic monoids are in M, that is to say for any tree language
TCT(E,X), T e M* (£, X) & SM(T) € M holds.

A family of recognizable tree languages ¥ is said to be definable by syntactic
monoids if there is a VFM M such that M* =¥,

Steinby has shown that for any VFM M, M* is a GVTL ([18], Proposition 10.3).
His proof can be applied to show that M* is also closed under inverse of regular
tree homomorphisms. The general varieties of tree languages closed under inverse
(arbitrary) tree homomorphisms are studied by Esik [4] who characterized them by
their syntactic theories. Theorem 14.2 of [4] establishes a correspondence between
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T.CQ,Y) - CQ,Y)/ur, P\XT = P/ur be the natural morphisms. Then
the tree homomorphism ¢ : T(XZ, X) — T(2,Y) is full with respect to T iff both
the mappings pp? : T(Z, X) — T(Q,Y)/07 and AT : C(Z,X) — C(Q,Y)/ur
are surjective.

Recall that for an equivalence relation 6 on a set A, the quotient set of A under 8
is denoted by A/, and af is the equivalence 8-class containing a € A.

Lemma 17. If ¢ : T(X,X) — T(R,Y) is a regular tree homomorphism and
T C T(R,Y), then SM(T'p™) < SM(T), and if ¢ is full with respect to T, then
SM(Tp~1) = SM(T).

Proof. We note that ¢, : C(£,X) — C(R,Y) is a monoid homomorphism. Let
S C C(,Y) be the image of ¢., and let u be the restriction of ur to S. Then S/u
is a submonoid of C(£2,Y)/ur. We show that Py. uQy. implies P pup,-1 Q for all
P,@Q e C(Z, X).

Suppose Py, 1 Q. and take arbitrary t € T(,Y) and R € C(Q,Y). Then

t-P-RGT(p_l [ t(p'P(pg'Rw;GT
L= t(p'QSO:'R(p*GT
& t-Q-ReTyp™!,

that is Ppur,-1Q. So the mapping ¥ : S/u — C(Z,X)/pr,-1 defined by
((Po)u)¥ = Pury-1 is well-defined and surjective. It is also a monoid ho-
momorphism, since ((Pp.)p - (Qua)u)y = (P - Qp.p)d = (P - Qure-r =
Pupy-1 - Qury-1 = ((Po)u)y - (Qes)u)y for all P,Q € C(X,X). Hence
SM(Tp™!) « §/u € SM(T), so SM(Tp™1) < SM(T).
Now, suppose ¢ is full with respect to T. We show P purp,-1 Q iff Py, liT Q. for
any P,Q € C(X, X). Clearly, Py, ur Qp. implies P pp,-1 Q. For the converse,
suppose P pr,-1 Q, and take arbitrary R’ € C(Q,Y), and t' € T(Q,Y). There are
Re C(E,X)and t € T(X, X) such that Ry, ur R’ and tof7t'. Hence
t.Pp,-ReT to- Py, -Rp, €T
(t-P-RypeT
t-P-ReTyp!
t-Q-ReTyp?
to-Qp. -Rp, €T
t'-Qp.-R €T,

I

which shows that Py, ur Qp.. Hence P ur,-1 Q iff Pp, pr Qu., and since the
function ¢, : C(X,X) — C(Q,Y) is a monoid homomorphism, the mapping
C(Z, X)/prp-1 = C(Q,Y)/ur, Ppry-1 — (Pp)pr is a monoid isomorphism
between SM(T¢~1) and SM(T). . O

In the following example we show that the regularity condition on ¢ in the
previous lemma can not be relaxed.
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Example 18. Define the ranked alphabets Q@ = Q9 = {f} and ¥ = £, = {g,h},
and the leaf alphabet X = {u,v,w}. Let (Z3,+) be the cyclic group of order
3. Define x : T(Q,X) — Zj3 inductively by ux = 0, vx = 1, wx = 2, and
f(t,8)x =tx +sx. Let T = {0}x~!. It is easy to see that the syntactic monoid of
T consists of the pup-classes of the elementary contexts f(u,£), f(v,£), f(w,§), and

in fact SM(T) ~ (Z3, +). ‘

Define the tree homomorphisms ¢,% : T(Z,X) — T(Q,X) by eox(z) =

’([)x(.’L‘) =z forz € X, and (Pl(g) = 1/11(9) = f(v7§)) ‘pl(h) = f(£7£)7 and 1/’1(h) = u.
These tree homomorphisms are not regular: £ appears twice in y;(h) and does not
appear at all in ¥, (h).

- We show that neither SM(T'¢~!) nor SM(T%™!) can divide SM(T). The fol-
lowing identities can be verified by straightforward computations:

- (v-h(§)-9())ex =0, (v-g()-h(§))ex =1, and
- (v-h(€)-9(@)dx =1, (v-9(§)-h(&))x =0.

So, (R(€) - 9(£),9(€) - h(€)) & kry-1,pry-1 Which proves that SM(Ty™') and
SM(T%™?) are not commutative.

Remark 19. Let C be the variety of finite commutative monoids. By Example
18, the GVTL C* is not closed under inverse non-regular tree homomorphisms;
cf. Theorem 24. So, C* is not definable by syntactic theories in the sense of [4].
On the other hand, by Example 13, the family of definite tree languages is not
definable by syntactic monoids, even though it is definable by syntactic theories,
cf. [4] Subsection 11.1.

Thus, the concepts of “definability by syntactic theories” and of “definability by
syntactic monoids” are not comparable to each other, though they are both weaker
than “definability by syntactic algebras”.

Lemma 20. Let A = (A4, X) be a finite algebra, and X be a leaf alphabet disjoint
from A. For any tree language L C T(A 4, X) recognized by A9, there exists a
regular tree homomorphism ¢ : T(A4, X) — T(E,X U A), and a tree language
T C T(Z, X U A) such that L = T'p~?!, and T can be recognized by a finite power
A™ where n = |A].

Proof. Let a : X — Tr(A) be an initial assignment for 42 and F C Tr(.A) be a
subset such that L = {t € T(A4, X) | ta*’ € F}. Define the tree homomorphism
p:T(Aa, X)— T(Z, X UA) by px(z) =z for all z € X, and for every p € Tr(A)
choose a ¢;(p) € C(Z, A) such that ¢;(5)* = p. Obviously ¢ is a regular tree
homomorphism. Suppose that A = {a1,---,an}. Let F' = {(p(ai1),--- ,p(an)) €
A™ | p € F}, and define the initial assignment § : X UA — A" for A" by
zfB = ((zea)(a1), - ,(za)(an)) for all z € X, and aff = (a, -+ ,a) € A™ for all
a € A. Let T be the subset of T(Z, X U A) recogmzed by (A",ﬁ, F’). We show
that L = To~!. Every tree w in T(A 4, X) is of the form w = fﬁ(p_g( o pr(z) - ))

for some py,- -, px € Tr(A) (k >0) and z € X. For such a tree w,
wo’ =zo - pi- ... pz-p1, and
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(wcp)ﬁ’A" = (zo - pi - ...;pz ‘pi(a1), -+ ,xa-pg- ... p2-p1{an)). So,

(wp)B?" € F

for some p € F, pla) =z -pg-...-p2-pi{a) forallac A
IO Pg-...-p2-P1EF

war’ € F

w € L.

weeT

£

O

Lemma 21. Let A = (A, Z) be a finite algebra and X be a leaf alphabet disjoint
from AUX. For any tree language T C T(Z, X) recognized by A there exists a unary
ranked alphabet A, and a regular tree homomorphism ¢ : T(A, X UXg) — T(Z, X)
such that ¢ is full with respect to T, and for every z € X U Xp, T~ ! NT(A, {z})
can be recognized as a subset of T(A, {z}) by A¢.

Proof. Let B = (B,X) be the syntactic algebra of T. Then B < A. Suppose
T = {t € T(X,X) | tB® € F}, where 8 : X — B is an initial assignment for
B and F C B. Since B is the minimal tree automaton recognizing T, the set B
is generated by #(X). The mapping 8 : X — B can be uniquely extended to a
monoid homomorphism G, : C(Z, X) — C(X, B). Since B is generated by 8(X),
the mapping 858 : C(Z, X) — Tr(B), B2(Q) = B:(Q)® is surjective. Define the tree
homomorphism ¢ : T(Ag, XUZg) — T(X, X) by ¢x(z) = z for all z € X ULy, and
for every ¢ € Tr(B) choose a ¢1(7) = @ € C(Z, X) such that 8.(Q)® = q. Note that
@ is a regular tree homomorphism. It remains to show that ¢ is full with respect
to T and that for every z € X U, L, = T~ N T(A, {z}) can be recognized as
a subset of T(A, {z}) by Be. This will finish the proof since Tr(8) < Tr(A) follows
from B < A by Lemma 10.7 of {18], and so B? < A? by Lemma 6, which implies
that L, can also be recognized by A°.
Firstly, we show that ¢ is full with respect to 7. Let Q € C(Z, X) be a context.
For ¢ = B.(Q)® € Tx(B), §(¢)w. ur Q holds. By induction on the height of ¢t we
show that for any ¢t € T(X, X) there is an s € T(Ap, X U Z) such that t 07 sp. If
t =z € XUZXy, then spfrtfors=t¢ Ift=1t"-P for some P € C(L,X) and
t' € T(X, X) such that the height of t’ is less than the height of ¢, then by the
induction hypothesis there is an s’ € T(Ag, X U Zp) such that ¢ 1 s’p. Also, for
some p € Tr(B), p(&)¢« pur P holds. Let s = B(s’). Then

sp=8¢-pl)p. 07t -P=t.
Secondly, we show that L, can be recognized by B? for a fixed z € X U ;. Let
15 be the identity translation of B. Define the initial assignment o : {z} — Tr(B)
for B by za = 1p, and let F, = {qg € Tx(B) | ¢(28%) € F}. We show that L, is
recognized by (B?, o, F;). Every w € T(Ag, {z}) can be written in the form

w=q—1(q—2(q—h(z)))
for some q1,- -+ ,qn € Tr(B) (h > 0). For such a tree w,
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waB =1g-qn-...-q2-q1, and (wP)B% =qn - ... g2 - qi(26%). Thus,
wel, © wpeT & (wp)BBeF
& qr-...-q2-q(zBB) €F
& G- €EF;
& waB eF,.
So, L, = {w € T(A,{z}) | wa®’ € F;}. a

We end the section by proving a Variety Theorem for tree languages and syn-
tactic monoids, and presenting some examples that justify the theorem (another
interesting example is presented in [12]).

Before presenting the main theorem we note two remarks.

Remark 22. Let A be a unary ranked alphabet. For every leaf alphabet X and
every subset Y C X, C(A,Y) = C(A, X), and the relation ur for a tree language
T CT(A,Y) on C(A,Y) is the same relation upr on C(A, X) when T is viewed as
a subset of T(A, X).

So, if a family of tree languages ¥ = {¥(Z,X)} is definable by syntactic
monoids, then for every unary ranked alphabet A, and any leaf alphabets X and
Y,if Y C X then ¥(A,Y) C V(A X).

Recall the notion of #? at the beginning of the section.

Remark 23. By Propositions 6.13 and 5.8(b) of [18] it follows that every finite
algebra can be represented as a subdirect product of the syntactic algebras of some
tree languages that are recognizable by the algebra. This implies that for any GVTL
¥ and any finite algebra A, if every tree language recognizable by A belongs to ¥,
then A € 72

Theorem 24. A family of recognizable tree languages ¥ is definable by syntactic
‘monoids iff ¥ is a GVTL that is closed under inverse regular tree homomorphisms
and satisfies the following conditions:

(1) For every unary ranked alphabet A, and any leaf alphabets X and Y, ifY C X
then ¥(A,Y) C ¥(A, X).

(2) For any regular tree homomorphism ¢ : T(X, X) — T(Q,Y) which is full with
respect to a tree language T C T(Q,Y),if Ty~ € #(Z,X) then T € ¥(Q,Y).

Proof. That for any VFM M, MF* satisfies the conditions of Theorem 24 follows
from Lemma 17, Remark 22, and the facts mentioned at the beginning of the
section. For the converse, suppose the GVTL ¥ satisfies the conditions presented
in the theorem. We complete the proof of the theorem by showing that ¥® satisfies
the condition of Theorem 8. Indeed, Theorem 8 implies then that there is a VFM
M such that ¥2 = M?, and
Te? & SA(Me7?* & Tr(SA(T)) e M & SM(T)e M

holds for every tree language T by Remarks 11 and 1, which proves that ¥ = M®*.
So, all we have to show is that A € ¥ iff 42 € ¥2 for any A. '
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Let A = (A, X) be a finite algebra in 2. By Lemma 20, any tree language L C
T(A ., X) recognized by .A¢ can be written as L = Tp~1, where ¢ : T(A4, X) —
T(X, X U A) is a regular tree homomorphism, and T is a tree language recognized
by some power A" of A. Then A™ € ¥* implies that T € ¥ (£, X U A), and hence
L =Ty ! € ¥(A,X). This holds for every tree language L recognizable by .4¢,
s0 A? € ¥* by Remark 23.

Now, suppose .A¢ € ¥2 for a finite algebra A = (A,X). Let T C T(Z, X) be a
tree language recognizable by .4. By Lemma 21, there is a unary ranked alphabet
A and a regular tree homomorphism ¢ : T{A, X UX,) — T(Z, X) full with respect
to T such that for every z € X UZo, L, = Tp~! N T(A, {z}) can be recognized
by A as a subset of T(A, {z}). So, L, € ¥(A,{z}), thus L, € ¥ (A, X U ).
Hence Ty~ ! = Uexus, Lz € (A, X UZo). Since ¢ is full with respect to T,
then T € ¥ (%, X). This holds for every tree language T recognizable by .4, hence
A € ¥? by Remark 23. O

Example 25. It was shown in Example 13 that Def; is not definable by syntactic
monoids. Here we show that it does not satisfy condition (2) of Theorem 24.
Let £,X,T,T' be as in Example 13. Define the regular tree homomorphism ¢ :
T(Z,X) — T(E, X), by ox(z) = =, px(y) = vy, and p2(f) = f(xvf(él’§2))1
wa(g) = g(v, 9(&1,&2)). Now o is full with respect to T” since for any t € T(Z, X),
if t € T' then f(y,z)p0r t, and if t ¢ T’ then g(y,z)p b1 t. Similarly, for P €
C(Z, X), if the leftmost leaf of P is z then f(y,&)p. pr P, if the leftmost leaf of P
is y then g(y,&)w. urs P, and if the leftmost leaf of P is £ then €y, urs P. Clearly
T'o~! = T, since for any t € T(Z, X), the leftmost leaf of ty is z iff either t = z
or the root of t is f. By Example 13, T'¢~! = T € Def;, but T’ ¢ Def;.

Example 26. Let Ap = {Ap(Z, X)} be the family of aperiodic tree languages.
It was shown to be a GVTL in Example 7.8 of {18]. It is also known that Ap is
definable by the variety of aperiodic (syntactic) monoids, see [20]. The argument
of Example 7.8 in [18] showing that Ap is closed under inverse g-morphisms can be
applied to show that Ap is in fact closed under inverse regular tree homomorphisms.
It is also straightforward to see that Ap satisfies condition (1) of Theorem 24. We
show that it also satisfies condition (2). Suppose ¢ : T(E, X) — T(,Y) is a regular
tree homomorphism full with respect to T € T(Q,Y), and T¢~! € Ap(E, X).
There is an n such that for all t € T(X,X) and all P,Q € C(£,X),t-P*-Q €
To~let-Pr*l.Q e Ty} For any s € T(Q,Y) and any R, U € C(Q,Y), there
are t € T(Z,X) and P,Q € C(X, X) such that t¢8r s, Py. pr R, and Q. pr U.
So, s-R*"UeT&to-Pp,.-Qp.eT&t-Pr-QeTe !l
t-Ptl.QeTp ety - Prtlyp, - Qu.eT & s -R.U €T,
which shows that T € Ap(,Y).

Example 27. The family of nilpotent tree languages Nil = {Nil(Z, X)} which
consists of finite and cofinite tree languages is a GVFA (see [18], Example 7.5). Let
A = Ay = {a} be a unary ranked alphabet and X = {z,y} be a leaf alphabet. Let
T = {o(y), a(a(v)), a(a{a(y))), -+ }. Clearly T € Nil(A, {y}), but T ¢ Nil(A, X).
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Hence, Nil does not satisfy the condition (1) of Theorem 24, so it is not definable
by syntactic monoids.

5 Definability by Semigroups

In this section, we show how to modify the above results as to yield characterizations
of varieties of finite algebras definable by translation semigroups and of varieties of
tree languages definable by syntactic semigroups.

5.1 Algebras Definable by Translation Semigroups

The difference between the translation monoid and the translation semigroup of an
algebra is that the latter does not automatically contain the identity translation,
although it may be included as an elementary translation or as a composition of
some elementary translations.

Denote the translation semigroup of an algebra 4 = (A4, L) by TrS(.A) and let
A 4 be as in Definition 4 except that Tr(.A) is replaced with TrS(.A). We associate
with A a new symbol I, that does not appear in A U X U TrS(A). Define the
A 4-algebra A5 = (TrS(A) U {Ia},A4) by 72 (¢) = ¢ - p and P~ (14) = p for all
p,q € TxS(A).

Lemma 28. For any finite algebras 4 = (4,%) and B = (B,Q),

(1) TrS(A) = TrS(A%);

(2) If TrS(A) < TrS(B), then AS <4 BS; and

(3) TrS(A) x TrS(B) = Tr(x(.A%, B%)) for some g-product «(A°, B‘)

Moreover, for any k > 1, and algebras A;,--- , Ag, there is a g-product P of
A, -+, A}, such that TrS(.Al) % -+ x TYS(Ag) & ’D:S(P). ‘

Proof. The statements (1) and (3) can be proved similarly as their counterparts in
Lemmas 5, 6, and 7 just by replacing the 1dent1ty translation 14 (and 1g) with I4
(with Ig). We prove (2):
For a semigroup S that satisfies TrS(A) — S C TYS(B),let As={pe Ag|p€
S}. Then clearly S = (SU{Ig}, Am) €4 B where the interpretation of p € Ag in
S is defined by °(¢) = ¢ - p and p's(IB) =p for p,q € S. Suppose ¢ : § — TrS(A)
is a semigroup epimorphism. Define the assignment k : Ag — A4 by gk = @@ for
all g € S. It is clear that & is surjective and for all g,r € S C TYS(B), (7% () =
(r-Q)p = 1o - qp = @ (rp) = (gr)A*(r9). Hence (k,@) : S — A° defined by
sg = sp for s € S and Igp =14, is a g-epimorphism. Thus 42 —, SC, Be. O

The following characterization of the class of finite algebras definable by trans-
lation semigroups can be proved similarly as Theorem 8.

Theorem 29. A class of finite algebras K is definable by translation semigroups
iff it is a GVFA such that the equivalence A € K iff A° € K holds for any finite
algebra A.
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5.2 Tree Languages Definable by Syntactic Semigroups

Let X be a leaf alphabet and ¥ be a ranked alphabet such that £ # £y. A trivial
tree language T consists of constant or leaf symbols only, i.e., T C £yUX. For such
a tree language T, the syntactic semigroup of T is the trivial semigroup consisting of
a zero element, while its syntactic monoid consists of a zero element and an identity
element. Since the trivial semigroup belongs to every variety of finite semigroups,
any family of tree languages definable by syntactic semigroups should contain all
these trivial tree languages. So, it is reasonable to consider +-varieties of tree
languages (cf. [4] Section 11).

The sets of non-trivial XX -trees and non-trivial £X -contexts are defined by
THE, X) =T(Z, X)\ (Zo U X) and C*(Z, X) = C(E, X) \ {¢}, respectively. Any
subset of T*(X, X) is called a trivial-free tree language.

For a trivial-free tree language T' C T*(X, X) the syntactic semigroup of T is
the quotient semigroup C* (X, X)/ur where pr is restricted to C*(Z, X).

A regular tree homomorphism ¢ : T(E, X) — T(Q,Y) is called strict, if o (f) is
not trivial for any f € X,, with m > 0, and px (X), 0o(Zo) C YUQy (cf. Definition
11.1 of [4]). We note that if ¢ is strict and regular, then T*(Z, X)p~! = TH(Q,Y).
A family of regular trivial-free tree languages {# (X, X)} C {T*(Z, X)} is called a
+-GVTL if it is closed under Boolean operations, inverse translations and inverse
strict regular tree homomorphisms, and moreover satisfies the following conditions:
(1) For every unary ranked alphabet A, and any leaf alphabets X and Y,if Y C X
then 7 (A,Y) C ¥(A, X).

(2) For any strict regular tree homomorphism ¢ : T(Z, X) — T(Q,Y) full with
respect to T C TH(Q,Y), if Tp~1 € ¥(Z,X) then T € ¥(Q,Y).

That any variety of trivial-free tree languages definable by syntactic semigroups
is a +—GVTL can be proved analogously to that of the monoid case. We claim the
converse in the following theorem.

Theorem 30. A family of trivial-free tree languages is definable by syntactic semi- -
groups iff it is a +—GVTL of tree languages.

The proof, once we have proved the following semigroup counterparts of Lemmas
20 and 21, is very similar to that of Theorem 24.

Lemma 31. Let A = (A,ZX) be a finite algebra, and X be a leaf alphabet disjoint
from AUZ.

(1) For any trivial-free tree language L C T*(A 4, X) recognized by A, there
exists a strict regular tree homomorphism ¢ : T(A4, X) — T(E,X U A), and a
trivial-free tree language T C T*+(Z, X U A), such that L = Tp~?!, and T can be
recognized by a finite power of A.

(2) For any trivial-free tree language T C T*+(Z, X) recognized by A there
exists a unary ranked alphabet A and a strict regular tree homomorphism ¢ :
T(A, X U Xp) — T(X,X) such that ¢ is full with respect to T, and for every
2z € XUZo, T~ NT(A, {z}) can be recognized by A° as a subset of T(A, {z}).
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Proof. (1) Suppose for an initial assignment & : X — Tr(A)U {I4} and a subset
F C Tr(A) U {14}, L = {t € T(Aa, X) | ta*® € F} holds. Since L is trivial-
free, we can assume that 14 € F, or equivalently FF C Tr(A). Let Y = {z €
X | za = 14}. Define the tree homomorphism ¢ : T(A4, X) — T(Z, X U A) by
¢x(z) =z for all z € X, and for every p € Tr(.A) choose a ¢, (p) € C(X, A) such
that ¢, (p)* = p. Obviously ¢ is a strict regular tree homomorphism. Suppose
that A = {a1, - ,am}. Let F' = {(p(a1), -+ ,p(am)) € A™ | p € F}, and define
the initial assignment 8 : X UA — A™ by zf = ((za)(a1), -, (za)(am)) for
alz € X \Y, y8 = (al,,n. ,am) for ally € Y, and af = (a,--- ,a) € A™
for all @ € A. Let T be the subset of T(E, X U A) recognized by (A™, S, F').
We show L = Tp~!. Every trivial-free tree w in T+ (A4, X) is of the form w =

p_l(p_z(~-~1‘3;(a:)---).) for some p1,--- ,px € Tr(A) (k > 0) and z € X. For such

atree w, wa? =za -px-...-pp-prifz € X\Y,and wol’ =pr-... - p2 -,

if z € Y; also (wp)BA” = (zo pi-...-p2-pi(a1), -,z P - ... P2 - P1{am))
holds. So, for z € X \'Y we have wp € T iff (wp)G2" € F' iff “for some p € F,
pla)=za-pr-...-p2-pi(a), foralla€ A” iff za - pg-...-p2-p1 € Fif waA® € F
iff w € L. Similarly, for £ € Y we have wp € T iff (wp)82" € F' iff “for some
peF,p(a)=pk-... p2-pi(a), forallac A” iff px-... - p2-py € Fif waA’ € F
iffwelL.

(2) The proof is almost identical to that of Lemma 21, only 1,4 is replaced with 14.
. D

. It was shown in Example 13 that the variety of 1-definite tree languages is
not definable by syntactic monoids. In the following example we show that its
trivial-free counterpart is not definable by syntactic semigroups.

Example 32. The syntactic semigroup of the trivial-free 1-definite tree language
T\ {z} where T is defined in Example 13, consists of two elements both of which
are right zeros. Let A = A = {0, 0} and X = {xz,y}. Let T” be the set of all
A X-trees which either have root label o and leaf label z or have root label 8 and
leaf label y, ie., T” = {a(p(z)) | p € C(A, X)} U {B(p(¥)) | p € C(A,X)}. It is
easy to see that the syntactic semigroup of T" consists of two right zero elements,
but clearly 7" is not 1-definite. So, the trivial-free 1-definite tree languages are not
definable by syntactic semigroups.

Indeed, T” is not k-definite for any k > 1, thus the trivial-free definite tree
languages are not definable by syntactic semigroups.

5.3 Monoids vs. Semigroups

In this subsection we show that the concepts of “definability by semigroups” and
“definability by monoids” are not comparable to each other.

* The abbreviation VFS stands for variety of finite semigroups. For a VFS S,
let S* be the class of all finite algebras whose translation semigroups are in S,
and S* be the family of all recognizable trivial-free tree languages whose syntactic
semigroups are in S (cf. Definitions 3 and 12).
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We recall Proposition 10.9 of [18] which can be extended to VFS’s.

Theorem 33. For any VEFM M and VFS S, the identities M** = M*, M** = M?,
S = S* and S** = S? hold.

Theorem 34. (1) There is a VFM M for which no VFS S, satisfies M* = S or
St
(2 ) There is a VFS 8 such that for no VFM M, M? = §2 or M* = S* holds.

Proof. (1) Let M be the class of all finite monoids which satisfy the equation
y-x-x = y. Obviously, M is a VFM. Let & = ¥; = {f} and put the algebras
A = (A,X) and B = (B, L) be defined by 4 = {a}, f*(a) = a, and B = {a, b},
fB(a) = fB = a. Then TY(A) = TrS(A) & TrS(B) is the trivial semigroup, but the
monoid Tr(B) consists of a zero element (0) and a unit (1). Now, 4 € M?, but
B ¢ M? since Tr(B) does not satisfy the equationy-x-x=y: 1.-0-0=0 # 1.
Hence, M® is not definable by translation semigroups. Now if M* = S* hold for a
VFS S, then by Theorem 33 we would have M?® = M*® = §*® = §2, contradiction.

(2) Let S be the variety of finite right zero semigroups, i.e., the class of all
semigroups that satisfy the equation y-x = x. It can be easily seen that if T and T’
are the tree languages of Example 13, then T\ {z} € S*(Z, X)) since the syntactic
semigroup of T\ {z} has two elements both of which are right zeros. On the other
hand, the syntactic semigroup of T/ consists of an identity element and two right
zeros (like its syntactic monoid). Thus TV ¢ S*(X, X). This shows that S* is not
definable by syntactic monoids (since T' \ {z} and T have isomorphic syntactic
monoids) whence M* = S* does not hold for any VFM M. On the other hand, if
M? = S2 holds for some VFM M, then by Theorem 33, M* = M?2* = 8§38 = S*,
contradiction. O

Theorems 34 justifies the task of studying the definability by semigroup sepa-
rately from the monoid case.

6 String languages definable by translation
monoids

In this final section, we present for strings the results corresponding to those of
the previous sections. Familiarity with the basic notions of string languages and
automata are presumed.

Let X be a finite alphabet, and X* be the set of words over X. A string
language over X is any subset of X*. In the literature the syntactic monoid SM(L)
of a string language L C X* is defined to be the quotient monoid X*/6; where
wlpw < Vu,v € X*(uwv € L & vw'v € L).

For a monoid M = (M,-) the translations of M are the unary functlons on
M defined by z — m -z - m’ for some m,m’ € M. Denote the composition of the
translations p and g by pog, that is pog(m) = p(g(m)) for all m € M. We note that
the set of translations of M is a monoid with respect to composition operation.
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Denote the translation monoid of M by Tr(M). For a string language L, let the
translation monoid TM(L) of L be the translation monoid of the syntactic monoid
of L, i.e., TM(L) = Tr(SM(L)).

Note that by necessity the terms ‘syntactic monoid’ and ‘translation monoid’
have different meanings and interpretations in this section.

Eilenberg’s [3] variety theorem establishes a correspondence between a variety
of finite monoids M and a variety of string languages .£ = {-#(X)} such that for
‘any LC X*, L € X(X) < SM(L)e M.

A variety of string languages ¥ = {¥(X)} is definable by translation monoids if
there exists a variety of finite monoids M such that forany L C X*, L € ¥(X) <
TM(L) € M. We shall characterize these varieties of string languages in Theorem
40 below.

It is known that not any variety of string languages can be defined by translation
monoids (one example is the class of reverse definite, or frontier testable, string
languages, cf. [21]).

For a monoid M = (M, ), the reverse of M is the monoid MR = (M, -r) where
m-pm’ =m'-m for m,m’' € M. Clearly (MR)R = M. We show that a variety of
finite monoids is definable by translation monoids (see Definition 3) iff it is closed
under the reversing operation.

First, we show that the reverse of a monoid and the original monoid have iso-
morphic translation monoids.

Lemma 35. For a monoid M = (M, ), Tr(M) = ’I‘I'(MR).

Proof. For any translation p(z) = m-z-m' (m,m’ € M) of M let pR(z) = m'-z-m.
The mapping Tr(M) — Tr(MR), p > p® is an isomorphism. O

Next, we present some connections between the translation monoid of a monoid
and the original monoid.

Lemma 36. For any monoid M, (1) M C Tr(M), and (2) Tt(M) — M x MR,

Proof. Let M = (M,-). (1) For any m € M, let p,, be the translation defined by
Pm{z) = m-x on M. It is easy to see that the mapping m — p,, is a monoid
monomorphism that embeds M into Tr(M). (2) For any m,n € M, let g, ) be
the translation of M defined by g(mn)(z) = m -z -n. It can be easily seen that
(m,n) — m .z - n yields an epimorphism M x MR = Tr(M). ]

+ Finally, we characterize the varieties of finite monoids definable by translation
monoids.

Theorem 37. A variety of finite monoids M is definable by translation monoids
iff it is closed under the reversing operation, i.e., M € M = MR € M for any
monoid M.

Proof. By Lemma 35, every variety of finite monoids definable by translation
monoids is closed under the reversing operation. Now suppose a variety of finite
monoids M is closed under the reversing operation. We show that M e M «<—
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Tr(M) € M for any monoid M. The implication Tr(M) € M = M € M follows
from Lemma 36(1). For the converse, let M € M. Then also MR € M, and hence
Tr(M) € M by Lemma 36(2). O

The proof also implies that:

Corollary 38. If a variety of finite monoids M is definable by translation monoids,
then M is generated by the translation monoids of its members.

In the sequel we characterize the varieties of string languages definable by trans-
lation monoids.

For a string w = 125 ...T, € X* define the reverse of w as w® = z,, ... z22;.
We note that uRv® = (vu)R holds for all u,v € X*. For a string language L C X*,
LR = {wR e X*|we L}

The following lemma is a known fact (see e.g. [3}).

Lemma 39. For any string language L C X*, SM(L®) = SM(L)R.

Our characterization of the varieties of string languages definable by translation
monoids is the following. \

Theorem 40. A class of string languages ¥ is definable by translation monoids
iff it is a variety of string languages closed under the reversing operation, i.e.,
L e ¥(X)= LR € ¥(X) for any string language L C X*.

Proof. Since Lemmas 39 and 35 imply that TM(L) = TM(LR) for any string
language L, any variety of string languages definable by translation monoids is
closed under the reversing operation. Now, suppose ¥ is a variety of string lan-
guages closed under the reversing operation. By Eilenberger’s variety theorem
there is a variety of finite monoids M such that for any string language L C X*,
L e ¥(X) & SM(L) € M. We show that the class M also defines the translation
monoids of ¥, that is to say, for any L € X*, L € #(X) & TM(L) € M.
First, suppose L is in ¥(X). Then also LR ¢ ¥#(X), so SM(L) € M and
SM(LR) € M. By Lemma 39, SM(L)R € M, and since TM(L) is an epimorphic im-
age of SM(L) x SM(L)R by Lemma 36, TM(L) € M. Next, suppose TM(L) € M
for a string language L C X*. Since by Lemma 36, SM(L) is isomorphic to a
submonoid of TM(L), then SM(L) € M, and hence L € ¥(X). a

Corollary 41. Let ¥ be a variety of string languages definable by translation
monoids. Then the variety generated by the translation monoids of ¥ is equal to
the variety generated by the syntactic monoids of 7.

An analogue of Theorem 40 can be proved for translation semigroups.

Unlike Theorems 24 and 30 for tree languages, by Theorem 40 checking whether
or not a variety of string languages is definable by translation monoids or semigroups
is rather easy. For example the variety of definite string languages and the variety of
reverse definite string languages are not definable by translation semigroups, while
the variety of aperiodic string languages and the variety of commutative string
languages (i.e., having commutative syntactic monoids) are definable by translation
monoids.
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Topologies for the Set of Disjunctive w-words

Ludwig Staiger*

Abstract

An infinite sequence (w-word) is referred to as disjunctive provided it

- contains every finite word as infix (factor). As Jirgensen and Thierrin [JT83]

observed the set of disjunctive w-words, D, has a trivial synta.ctlc monoid but
is not accepted by a finite automaton.

In this paper we derive some topological properties of the set of disjunctive
w-words. We introduce two non-standard topologies on the set of all w-
words and show that D fulfills some special properties with respect to these
topologies:

In the first topology — the so-called topology of forbidden words — D is the
smallest nonempty G;-set, and in the second one D is the set of accumulation
points of the whole space as well as of itself.

In 1983 two papers dealing with the w-language of disjunctive w-words appeared
[JST83, JT83]. In the latter it was shown that this w-language is a natural example
of an w-language having a trivial (finite) syntactic monoid but not being accepted
by a finite automaton. For a more detailed account see [St83, JT86].

Subsequently, disjunctive w-words became of interest in connection with random
and Borel normal sequences (see, for instance, {Ca02, He96]). In contrast to Borel
normality, “disjunctivity” is a natural qualitative property which is satisfied, in
particular, by Borel normal and by random w-words.

As in {JST83, JT83] we say that an w-word is disjunctive if it contains any
(finite) word as a subword. In this paper we are going to investigate topological
properties of the set of all disjunctive sequences (w-words). Usually, one considers
the space of all w-words over a finite alphabet X as the infinite product space of
the discrete space X. Introducing the Baire metric, this space can be considered
as a metric space (Cantor space) (X%, p), that is, a compact totally disconnected
space.

In this paper we consider topologies on the set of all w-words over a finite
alphabet X in which the set of all disjunctive w-words has a special property:

First, we consider the topology of “forbidden words” in which the set of disjunc-
tive w-words is the smallest Gs-set. The second topology is a special case of the
topologies derived from formal languages (cf. [St87]). Here the set of disjunctive
w-words turns out to be the largest set which is closed and dense in itself.

*Institut fiir Informatik, Martin-Luther-Universitdt Halle-Wittenberg, von-Seckendorff-Platz
1, D-06099 Halle, Germany. E-mail: staiger@informatik.uni-halle.de
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1 Notation

By N = {0,1,2,...} we denote the set of natural numbers. Let X be our alphabet
of cardinality # X =r,r e N,r > 2.

By X* we denote the set of finite strings (words) on X, including the empty
word e. We consider the space X*“ of infinite sequences (w-words) over X. For
we X* and 7 € X*U XY let w-n be their concatenation. This concatenation
product extends in an obvious way to subsets W C X* and B C X* U X*“.

We extend the operations * and “ to arbitrary subsets W C X* in the usual
way :

w* = U W™ where W0 := {e}, W™ .= W™ . W , and
) nelN
WY = {wo-wr-...-wi-...:i€ NAw; € W\ {e}}

is the set of w-words in X“ formed by concatenating members of W.
We will refer to subsets of X* and X“ as languages or w-languages, respectively.

By “C” we denote the prefix relation, that is, w C 7 if and only if there is an 7’
such that w-n' =17, and A(n) :== {w:w € X* Aw C 5} and A(B) :=U,cp A7)
are the languages of finite prefixes of 7 and B, respectively.

The set of subwords (infixes) of n € X* U X“ will be denoted by T(n) := {w
w € X* A Jv(vw C n)}.

An w-language F is called regular provided there is an n € IN and regular
languages W, V; (1 € ¢ < n) such that

F=|] WV (1)
i=1

Similarly, an w-language F i is called context-free if F has the form of Eq. (1) where
W; and V; are context-free languages.

Observe, that V¥ =0, V¥ = {v}* or V¥ D {v,u}* for some words v,u € V*
with || = |u| > 0 and v # u. Thus, every at most countable context-free w-
language consists entirely of ultimately periodic w-words (cf. [St97]).

2 Preliminary Considerations

In the study of w-languages it is useful to consider X“ as a metric space (Cantor
space) with the following metric.

p(n,&) :=inf{r v CnAwC €} (2)

or an equivalent one!.

IFor example, the Baire metric o(n, &) := inf{m tw CpAw C £} generates the same
topology.
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In this paper, however, we will consider also a topology on X*“ which cannot be
specified by a metric, that is, a so-called non-metrizable topology. To this end we
introduce topologies on X* in the general way (cf. [Ku66, En77]).

A topology in X* is a family @ C €*” of subsets of X* such that 0, X* € O and
O is closed under finite intersection and arbitrary union. The sets in O are called
open subsets of X*. The complements of open subsets are referred to as closed.
Since an arbitrary intersection of closed sets is again closed, every set FF C X% is
contained in a minimal closed set, its closure Co(F).

Having defined open and closed sets for some topology in X%, we proceed to
the next classes of the Borel hierarchy (cf. [Ku66)):

G; is the set of countable intersections of open subsets of X*,
F, is the set of countable unions of closed subsets of X%.

A metric o generates the set of open sets O, in the following way: First we define
the open balls B.(¢) = {n : 0(é,n) < €} for € > 0. Then a set is open in the
space {X“,o) if it is a union of open balls. In Cantor space, open balls are of the
form w - X%, and, consequently, the set of open subsets of X“ is O¢ = {W - X“ :
W C X*}. From this it follows that a subset F' C X* is closed in Cantor space if
and only if A(£) C A(F) implies £ € F, and the closure in Cantor space can be
specified as C(F) := {£: A(§) € A(F)}.

In Section 4 we shall consider the so-called topology of “forbidden” words which
is specified by the set of open sets O := {X* - W .Xv : W C X*}.2

This topology is a subtopology of Cantor topology O¢ D Or, or, equivalently,
the Cantor space is a refinement of the topology of “forbidden” words.

Finally, we define, for a language W C X*, its §-limit of W, W¢, which consists
of all infinite sequences of X*“ that contain infinitely many prefixes in W,

W = {6 € X¥ : #(A(E) N'W) = 00}

For Gj-sets in Cantor space we have the following characterization via languages
(cf. [Th90, St87, St97]). It explains also why we call W? the §-limit of the language
Ww.

Theorem 1. In Cantor space, a subset F C X“ is a Gs-set if and only if there is
a language W C X* such that F = W¥,

3 The w-Language of Disjunctive Sequences
In this section we will present a few simple general properties of the w-language D

of all disjunctive sequences over X, and its topological properties in Cantor space.
Some of the results in this section are reported in [CPS97, St02].

2The term forbidden refers to the fact that closed subsets are specified by forbidding a certain
set W of infixes.
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Asin [JST83, JT83] an w-word £ € X is called disjunctive provided T(§) = X*.
Thus the set of all disjunctive w-words satisfies D = {£ : T(§) = X*}.
From this definition we obtain

D= (] X'wXx“. (3)
weX*

Our next lemma shows that D is an example of a w-language which has a trivial
finite syntactic congruence but is not context-free. The proof refers to the investi-
gations of Jiirgensen and Thierrin {JT83, JT86).

The syntactic congruence ~p of an w-language F C X is defined as follows3
w~pvSVuVE(L E XTAEEXY 5 (ww€ e F o wéeF)).

As usual, we call ~p of finite indez iff its number of equivalence classes is finite.

Observe that T(uwf) = X* iff T(€) = X*. Thus it is clear that w ~p v for
arbitrary w,v € D, and ~p has exactly one equivalence class which coincides with
X*. Thus we have proven the first part of the following.

Lemma 2 ([JT83]). The w-language D has a syntactic congruence of finite index
but is not context-free.

Proof. As T([],cx-w) = X* and T(wv¥) # X*, D is nonempty and does not
contain an ultimately periodic w-word wv®. Following Eq. (1) the w-language D
cannot be context-free.

The representation of Eq. (3) verifies that D is a Gs-set in Cantor space. Thus, in
view of Theorem 1 it can be represented as the d-limit of a language. In case of D
we construct such a language Wp explicitly (cf. [St02]).

Préposition . LetWp={wz:weX*Az e XAInn < |w+1AT(wz) 2
X" AT(w) 2 X™)}. Then D =W},

Finally, we are going to show that the topological complexity of D in Cantor space
cannot be decreased. To this end we quote Theorem 21 from [St83].

Theorem 4 ([St83]). If F C X“ has a syntactic congruence of finite index and
is simultaneously an F,- and a Gs-set in Cantor space, then F is regular.

Combining Theorem 4 with Lemma 2 and Eq. (3) we get:

Proposition 5. In Cantor space, D is not an F,-set.

3There are other notions of syntactic congruences for w-languages in use (cf. [MS97)).
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4 The Topology of Forbidden Words

In this section we investigate the topology of forbidden words described above and
its relation to the set of disjunctive sequences. It turns out that this topology is
not a metric one.

Recall Or. = {X*WX¥|W C X*} from Section 2. As X*V XV nX*WX“’ =
(X*WX* N X*VX*)X“ this family Or is closed under finite intersection. The
closure under arbitrary union is obvious. Thus it defines a topology on X¥.

An w-language FF C X“ avoids words of a language W C X* provided F C
XY\ X*WX¥, that is, no word w € W occurs as a subword (infix) of an w-word
& € F. Therefore, the closed sets in the topology O are characterized by the fact
that their w-words do not contain subwords from W. The following theorem gives
a connection to closed sets in Cantor space.

To this end we define F/w := {{ : w& € F}.

Theorem 6. Let F' C X“. Then the following conditions are equivalent:
1. F is closed in the topology of forbidden words.
2. F is closed in Cantor space and Vw(w € X* = F D F/w).
3. F is closed in Cantor space and A(F) = T(F).
4. VE(A(E) CT(F) = € € F).

Proof. “1. = 2”: As we noticed above, every w-language closed in the topology
of forbidden words is also closed in Cantor’s topology. Let w € X* and F =
XY\ X*WX%“. Then F/w = X“ \ (X*WX%)/w, and the assertion follows from
the obvious inclusion (X*WX¥)/w 2 X*WX%.

“2.= 8. follows from the identity A(U,cx. F/w) = T(F).

“8. = 4. If F is closed in Cantor space we have F = {£ : A(§) C A(F)}.
Now the assertion 4. follows from A(F) = T(F).

Finally, we show that Condition 4 implies F' = X¥ \X *(X*\T(F))-X¥. Since
X*\T(F) = X*-(X*\T(F))-X* it suffices to prove that F = X“\ (X*\'T(F))-X*.

The inclusion F C X\ (X*\ A(F)) - X¥ C X“ \ (X*\ T(F)) - X¥ follows
from A(F) C T(F). To prove the converse inclusion let £ ¢ F. Then in view
of Condition 4 there is a prefix w C £ such that w ¢ T(F). Consequently, £ €
(X*\ T(F)) - Xv. g

In view of the equivalence “I. & 4.” we obtain the following representation of
the closure operator Cr defined by the topology of forbidden words:

Cr(F) ={{: A(§) C T(F)}.

Recall that the closure in Cantor space was definable as C(F) = {£ : A(§) C A(F)}.

The additional requirements Vw(w € X* = F 2 F/w) and A(F) = T(F) in
2. and 8. are, however, not equivalent in general. The following example shows
that there is an w-language (necessarily not closed in Cantor space) which satisfies
A(F) = T(F), but not the condition Yw(w € X* = F D F/w).
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Example 1. Let F = (X2)*bba® U X(X?)*aab¥. Then A(F) = T(F) = X*, but
Fl/ag F.

Since the family of regular w-languages is closed under Boolean operations, the
w-language Fyy = X¥ \ X*W XY is regular if the language of forbidden patterns
W C X* is regular. In connection with Eq. (1) and the considerations on V*
immediately following it this yields as a consequence the following generalization
of a result of El-Zanati and Transue [ET90j.

Theorem 7. Let W C X* be a regular language. If Fy is uncountable, then Fy
contains a subset of the form w{u,v}*, where u # v and |u| = |v| > 0.

We continue with some more examples. The first is an example of a countable
regular w-language Fy which requires an infinite set of forbidden patterns.

Example 2. Let X = {a,b} and W = ba*b. Then Fw = X¥ \ X*WXV¥ =
a*ba* U a“ is a countable w-language. It is clear that Fyw # Fy, for any finite
language V C X*.

Though the regularity of W implies the regularity of Fyy this same relation is
not true for context-free languages and w-languages.

Example 3. Let X = {a,b} and W = {bb} U {ba‘ba’b|j # i+ 1}. Clearly, W is a
deterministic context-free language, and Fiy = a*({m:|i € N}U{n;;|i,j € NAi <
'7}) where m; = batbattb--- and n;; = batba**!- - -balba®. Since Fw is countable
but does not consist entirely of ultimately periodic w-words, Eq. (1) shows that Fyw
is not context-free.

Finally, we discuss a characterization of the w-language of disjunctive sequences
D by means of the topology of forbidden words. From Eq. (3) we obtain immedi-
ately

Proposition 8. In the topology of forbidden words, D is the smallest nonempty
Gj-set.

A set F C X% is dense in X“ in case X* is the smallest closed set containing F,
that is, X\ F does not contain a nonempty open set. Since £ € X*“ is disjunctive,
we have T(¢) = X*, and therefore {£} N X*wX* # @ for all w € X*. Thus we have
shown the following.

Proposition 9. Anw-word £ € X¥ is disjunctive if and only if the set {€} is dense
in X¥ in the topology of forbidden words.

This proposition shows that every closed set in the topology of forbidden words
which contains some £ € D must coincide with the whole space X*. Consequently,
every F,-set containing £ € D equals X“.

Corollary 10. D is not an F,-set in the topology of forbidden words.

Above we mentioned that the topology of forbidden words is not a metrizable
topology, that is, it is not definable by a metric. Proposition 9 gives evidence of
this fact, because the sets {¢}, £ € D are not closed, while in a metrizable topology
every finite set must be closed.
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5 A Metric Related to Languages

The definition of the topologies considered in this part is related to the well-known
fact that every Gg-set of a complete metric space is a complete metric space it-
self (cf. [Ku66]), possibly using a different metric. We use here the construction
presented in [St87]. Related investigations were carried out in [DNPY92].

As we have seen in Theorem 1, in Cantor space a Gs-set is of the form U? for
some U C X*. We use this language U to define a new metric py on X“ which
makes U? a closed set in the metric space (X*, py):

0 , if £ =mn, and
pu(€,m) = { Pl=# AONAMNU  otherwise. @

This metric, in some sense, resembles the metric p in Cantor space; in fact, p =
px=. Moreover, since py(£,n) > p(€,n), the U-topology refines the topology of the
Cantor space. In particular, every closed set in cantor space is also closed in the
U-topology.

We denote by Cy(F) the smallest closed (with respect to py) subset of X%
containing F'. A point £ € Cy(F') is called an isolated point of F provided Je(e >
O0AVn(n e FAn# €= py(€,n) > ¢€)). It should be mentioned that an arbitrary
set of isolated points of X*“ is open.

A point € € Cy{F) which is not an isolated point of F is called an accumulation
point of F.

Lemma 11 ([St03, Corollary 3)). Let U C X*. Then U? is the set of accumu-
lation points of the whole space in (X%, py).

As an immediate consequence we obtain the following property of U¢ in the
space (X“, py) which explains that the U-topology may be indeed finer than the
topology of Cantor space.

Corollary 12. If F D U® then F is a closed subset of (X“, py).

Proof. Lemma 11 shows that every point £ € X“ \ F is an isolated point of X*.
Consequently, X* \ F is open in (X“, py). O

It should be mentioned that, although U? is the set of accumulation points of
the whole space (X“, pv), it may contain isolated points with respect to itself.

Example 4. Let U := a* Ua*ba* C {a,b}*. Then every w-word £ € a*ba” is an
isolated point of U% = a® U a*ba®.

In the case of the w-language of disjunctive sequences, D, we can prove even
more. To this end we mention the following relationship between accumulation
points in U-topology and in Cantor space.

Lemma 13 ([St03, Theorem 4]). Let U C X*, F C X¥ and let £ € U%. Then
& is an accumulation point of F in (X“, py) if and only if € is an accumulation
point of F in (X%, p).
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In Proposition 3 we constructed a language Wp for which D = WJ. The
following theorem shows that D is the set of its accumulation points, that is, in
(X“,pwy), D is closed and dense in itself.

Theorem 14. Let U® = D. In the space (X“, py) the w-language D equals the set
of its accumulation points.

Proof. From Corollary 12 we know that D is closed in U-topology. Thus no point
1 ¢ D is an accumulation point of D.

On ‘the other hand, since w € X* and ( € D imply w¢ € D, every point
& € D is an accumulation point of D in Cantor space. The assertion follows with
Lemma 13. a

This shows that in every space (X*, py) where U = D the set of disjunctive
sequences is the set of accumulation points of itself as well as the set of accumulation
points of the whole space.
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On the Finiteness of Picture Languages of
Synchronous Deterministic Chain Code Picture
Systems

Bianca Truthe*

Abstract

Chain Code Picture Systems are LINDENMAYER systems over a special
alphabet. The strings generated are interpreted as pictures. This leads to
Chain Code Picture Languages. In this paper, synchronous deterministic
Chain Code Picture Systems (sDOL systems) are studied with respect to the
finiteness of their picture languages.

First, a hierarchy of abstractions is developed, in which the interpretation
of a string as a picture passes through a multilevel process. Second, on the
basis of this hierarchy, an algorithm is designed which decides the finiteness
or infiniteness of any sDOL system in polynomial time.

1 Introduction

Important tasks in the area of picture processing are describing, creating, storing
and recognizing pictures. With chain codes FREEMAN provided, in the 1960s, a
possibility for describing line graphics [Fre74]. A picture is formed by a sequence
of drawing commands that are represented by symbols (letters). A string describes
a picture, which is built by the drawing commands of its letters. FREEMAN uses
an alphabet {0,...,7 }, whose elements are interpreted according to the following
sketch: ’

The picture to the right, for ex-
ample, is generated by the word
1261204153445672606:

(For reconstructing start at the
tip of the nose.)

This connection of strings and pictures suggests to search for relations between
formal languages and picture sets. For language theoretical considerations the
four directions {0,2,4,6 } are sufficient, because the additional four do not yield

*Fakultat fir Informatik, Otto-von-Guericke-Universitdit Magdeburg, PSF 4120; D-39016
Magdeburg; Germany. E-mail: truthe@isg.cs.uni-magdeburg.de
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completely different results nor require different methods to prove the decidability
of finiteness [DH89].

According to plotter commands, 7, u, I, d are written as the directions right,
up, left, down. With chain codes, patterns like curves, fractals or folklore patterns
can be described:

Figure 1: Applications of chain codes

Chain Code Picture Systems are LINDENMAYER systems over chain codes; in this
connection, the picture languages generated are of interest.

~ This paper follows investigations on the decidability of the finiteness of picture
languages generated by synchronous Chain Code Picture Systems (sTOL systems)
presented by Dassow and Hromkovi¢ in [DHr92). That paper does not say anything
about how many pictures are generated in the case of finiteness. During the work
on this topic it turned out that synchronous deterministic Chain Code Picture
Systems with the synchronization parameter £ = 1 can generate finite or infinite
picture languages, which is in contrast to a statement in [DHr92j.

In this paper, conditions are obtained under which such a system generates a
finite picture language or an infinite one. For this, a hierarchy of abstractions was
developed such that the interpretation of a string as a picture passes through a
multilevel process. ’

On this basis, a complete system of finiteness conditions is obtained such that
one can decide, in polynomial time, for any sDOL system (with an arbitrary syn-
chronization parameter), whether the picture language generated is finite or infinite,
and how many pictures are generated in the case of finiteness.

2 Fundamentals

The finiteness investigations about picture languages of synchronous deterministic
Chain Code Picture Systems are based on a hierarchy of abstractions. The lowest
level covers the strings over the alphabet {r,l,u,d}. Graphs of different levels
of abstraction, that represent various interpretations of the strings, are associated
with the strings. Such a hierarchy exists for each Chain Code Picture System over
the alphabet {7,l,u,d }. The lowest level contains the string set generated by the
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~system. The graph set of the highest level is regarded as the picture language
generated by the system.

2.1 Structures over an Alphabet

Let A = {r,l,u,d} be an alphabet. The set A* is the set of all strings (with
a finite length) over the alphabet A that are built by concatenating letters of A.
The empty string is symbolized by A; the set 4* without the empty string by
At: AT = A*\ {A}. The free structure (A*,-) over the alphabet A with the
concatenation operation - is a monoid.

The length #w of a string w is the number of letters in w. The set of all strings
of length n from A* is denoted by A™. A string w € A" is composed of letters
wi,. .., Wn if not stated otherwise: w = wy - - - wp. A substring w; ---w; (0 <4< n)
is written as w; (Wg = A).

For a string w € A™ and a letter = € A, #,w is the number of occurrences of
in w. For a string w € A*, [w] is the set of all letters in w:

Wl ={z|#w21}.
The elements w of A* are interpreted as mappings on Z?:
w:Z?—7% (we A%,

which are inductively defined as follows. The atomic mappings 7, [, u, d assign to
a point q € Z? its neighbours:

q9- (1a0)

r@) = q+(1,0) I(a)
1) q-(0,1)

1
. u(q) = q+(0,

o9
—_
i)
~

Il

The translations z(q) — q of any point q € Z?2 to its neighbours z(q) are designated
by v, € Z%: :

1,0), fz=r

-1,0), ifz=1

0,1), ifr=u

0,-1), ifz=d

The mappings = from A are translations. Every mapping z € A is surjective (the
range of values is Z2), injective (from z(p) = z(q) always follows p = q) and,
therefore, bijective (one to one).

Two arbitrary mappings z, y are called disjoint if their function values differ for
each argument.

Proposition 1. Every two different mappings z,y € A, (z # y), never give the
same neighbour: Yq € Z% : z(q) # y(q). This means that the mappings in A are
disjoint.
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The empty string corresponds to the identical mapping
AN:Z? — Z? withqwq.
A compound string vw € A* stands for the concatenated mapping v o w:
vow:Z? — Z? with q— w(v(q)).

The zero point of the Z? is symbolized by o: 0 = (0,0).

This interpretation of strings as mappings on Z? is a homomorphism from the
free structure (A*,-) in the free structure (A*, o). Hence (A*,0) is also a monoid.
For each mapping w € A*, an inverse mapping w™! € A* exists:

— The inverse of the identical mapping is the identical mapping: A~! = A.
— The inverses of the atomic mappings are 7! =, "' =7, u™1 =d, d"! = v,
because v; = —b.-1 (x € A).
~ Letw=w 0 --ow, (w; € A,i=1,...,n) be a concatenated mapping. Then
the inverse mapping is w™! =w;lo- . ow .
This result is stated in the following proposition.
Proposition 2. The algebraic structure (A*, o) is a group.

The operator o is not written if the context shows which operation is meant.
For example, (z1z2)(0) implies that ;x5 symbolizes the concatenated mapping
T) 0 9, whereas 7,z in [z122] represents the compound string z; 5.

The mappings ru, ur and Id, dl assign the diagonal neighbours to a point g:

ru(q) = ur(q) =q+(1,1); ld(q) =di(q) =q—(1,1).

These relations are symbolized by ~ and +: z |z |zt | 2t
: T l Uu d
l T d U
U d T l
d U l T

The mappings w € A™ are translations: w(p + q) = w(p) + q (can be proved by
induction over n). This leads to the following proposition about the correlation
between mappings of the zero point. '

Proposition 3. Let v, w be two words of A*. The mapping of the zero point by
. the compound mapping vow is (v ow)(0) = v(0) + w(o).
Proof. The mapping of the zero point by vow yields
(vow)(o) = w(v(o))
w(o + v(0))
w(o) + v(o0)
= v(o) + w(o).
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2.2 Graphical Embedding
A grid graph is a graph with the following properties:

~ The set of vertices is a subset of Z2.
~ Each edge connects two neighbours q € Z? and z(q) with z € A.

The position of the vertices is essential; renaming of the vertices does not yield an

isomorphic graph. For example, the graphs and ._] should be considered as

non-identical.
For each point a € Z?2, functions exist that assign, to a word w € A"

— the set of vertices @°(w) = {w;(a) | i=0,...n},
the directed grid graph (possibly with multiple edges)

g°(w) = (W), { @ (@), T bici,..0n)

the simple directed grid graph s*(w) of g®(w) (without multiple edges),
the set of edges ||°w of s®(w) in a different notation

I°w = { (wimi(a),w) |i=1,...,n},
the picture (the shade of s%(w))
PH(w) = (0%w), { (Wi=1(a), @;(a)), (Wi(a), wi=1(a)) | i =0,...,n}).

If the reference point a is the zero point, the upper index will be omitted. The set
|*w contains a pair (q,z) with q € Z2 and z € A if and only if (q,z(q)) is an edge
in the graph s®*(w) (if (q,q) is an edge then z € A with z(q) = q exists uniquely —
due to Prop. 1). Thus, the graph s®(w) is one to one associated with the set {|%w.
Throughout this paper, this set is referred to as the edge set of w with respect to
a. :

The following example shall demonstrate these correlations:

|

-l

Example 1. Let w = ruullurddrurrulddldr be a word from A*.

If a plotter takes this word as a sequence  [] ]
of elementary commands for drawing, the
resulting picture will be: —_

For investigations on picture languages generated by sDOL systems, it is necessary
also to know how a picture is drawn. To show how a pictured arises, the lines are
marked by arrows indicating the drawing direction. Additionally, the grid points
are marked (the only points where the direction can change). This leads to the
following grid graph (beginning at the zero point). Note that the line from (1,1)
upwards is drawn twice. :

3

2




58 Bianca Truthe

The vertex set ®(w) contains all grid points visited:
0, 7(0) = (1,0), rufo) = (1,1), ruu(o) = (1,2), ..., w(o) = (2,0).

The directed grid graph g®(w) consists of the vertex set ©(w) and all edges
on the ‘drawing path’ (o, (1,0)), ((1,0),(1,1)), ((1,1),(1,2)), ..., ((0,1),(1,1)),
((1,1),(1,2)), ((2,2),(2,2)), - .-, ((1,0),(2,0)). The edge ((1,1), (1,2)) occurs twice
because the underlined letters in ruullurddrurrulddldr both produce this line {be-
cause of ru(o) = (1,1) = ruullurddr(o)). The edge set ||w consists of all edges
passed as elements of Z2 x A instead of Z% x Z?: (o,7), ((1,0),u), ((1,1),u), ...,
(1,1),d), ((1,0),7).

Since the pictures are shades of the simple directed graphs, one immediately
notices that two words having the same edge set also represent the same picture.
This result is stated in the following proposition, so it can be referred to.

Proposition 4. If the edge sets ||v and ||w of two words v,w € A* coincide, so the
pictures p{v) and p(w) do as well.

The following proposition states correlations between concatenating strings and
combining graphs.

Proposition 5. The concatenation of strings is associated with a union of verter
‘sets, directed graphs, edge sets, and pictures: For each point a € Z? and any two
strings v,w € A*, one has

O (w) = ©%v)Ue" (W),
g'w) = ¢*Vug@w),
Ifvw = [*vU|["®w,
piw) = p(v)Up@(w).

Proof. Let v be an element of A™ and w be an element of A™. Then the union of
the vertex sets ©%(v) and ®(%)(w) is

O*WMUE'®(Ww) = {¥(a)]|i=0,...,n}U{wi(v(a)) |i=0,...,m}
= {a,v(a),...,v(a),wr1{v(a)),...,vw(a)}
= O%ww).
The union of the other sets can be shown similarly. (Note that the non-simple
graphs possibly contain multiple edges.) O
The sets

—~ A* of strings,

- G ={g%w)|we A*,aeZ?} of directed graphs,

- 8= {s*w)|we A*,a € Z* } of simple directed graphs, and
- P={p*(w)|we A*,a€Z?} of pictures



Finiteness of Picture Languages 59 .

P S —

SN T
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1 /N
O O —
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A*: rllr Irrl ril riril r

Figure 2: Hierarchy of abstractions

form a hierarchy of different levels of abstraction. A part of this hierarchy is to be
seen in Figure 2.
A later derivation of words by a simultanous replacing of letters can be interpreted
as a derivation of graphs by replacing an edge by a graph. In deterministic systems,
one letter is always replaced by the same word. Thus, one edge is always replaced
by the same graph — a derivation of an edge is independent from the number of its
occurrences. In non-deterministic systems however, a letter at one position can be
replaced by a different word than the same letter at another position. Hence, one
occurrence of an edge can be replaced by a different graph than another occurrence
of the same edge - the number of occurrences is essential. For this reason, the
graphs with multiple edges are kept in the hierarchy, although the simple graphs
are sufficient in this paper.

A rectangle R determined by two points p = (pz,p,) and q = (gz,qy) is the set
of all points a = (a., a,) between p and q:

R={a€Z2

pr Saz S qporgy <a, < pyand
pySay,Sgyorqy,<a,Spy

Such a rectangle is written as R = [p, q]. The picture area of a set S € Z2, denoted
by Rs, is the smallest rectangle that contains S. By scaling a picture area P = [p, g}
by a factor s € Ny, the picture area sP = {sb | b € P} = [sp, sq] is obtained. The
union of two picture areas is not a rectangle in general. The extended union shall
give the rectangle covering the normal union:

Rp URQ =Rprug-

Let o° (w) be t_he vertex set of a word w with respect to a. Then, the functions
-5 ‘I, © w give the ‘border’ of ©%(w):

w? ——wa
a

|- w=min{z|(z,y) €0*W)}, —,=min{y]|(z,y)€ (W)}

Ay =max{zx|(z,y) €O W)}, ~ o =max{y]|(z,y)€0*w)}

The symbols L3 = (- &,~5) and ~1,, = (I3, &) stand for the lower-left and
upper-right corners. The picture area of @“(w) is denoted by B°(w) = [_y, -

wl
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2.3 Special Endomorphisms

Let &, p be two natural numbers, &, € Ng. An endomorphism £ on A* is called
(k, p)-endomorphism if the following conditions are satisfied for each z € A:

1. (h(z))(o) = Kb
2. BO(h(z)) € &lo,0] W pfo 1, 051].
The following example illustrates this.

Example 2. Let h be an endomorphism on A* with r — rdruurdr, | — lulddlul,
u — urulluru, and d — dldrrdld. Then one has

rdruurdr(e) = 4o, + 204+ 20, = 4o,
lulddlul(e) = 4v;+204,+204 = 4uy,
urulluru(o) = 4o, +20. 420, = 4oy,
dldrrdld(o) = 4vg+20;4+20, = 4o,

Hence, the first condition is satisfied. The simple directed graphs of h(z) (z € A)

are:
(4,0) (—4,0) L 0

1

(07 4) 0

B _
[~ [~

o (0,-4)

]

All points of ®(h(z)) (for each z € A) lie in the rectangle covering both the lines
[0,40;] and [+, 5. ]. The picture area is D(h(z)) = 4[0, 0] U[v,+,0;.] for z € A.
Thus, h is a (4, 1)-endomorphism. The first synchronization condition says where
the end point of a drawing lies. The second one causes the pictures to lie in certain
rectangles.

The n-ary concatenation of an endomorphism h is written shortly as h™. Applied
to a string w € A*, its result is the n-th derivative of w; written as w™ (W', w”,
w’" for the first three derivatives, w(®) = w). The parameter x defines the length of
the derivation picture regarding the respective direction; the derivation is length-
contracting in the case of k < 1, length-constant in the case of x = 1, and length-
expanding in the case of k > 1. The parameter u is the width of the derivation
picture.
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2.4 Chain Code Picture Systems

A synchronous deterministic context free Chain Code Picture System (sDOL sy-
stem) is a triple

G = (A h,w)

with the alphabet A = {r,l,u,d}, a (k, u)-endomorphism h on A*, and a non-empty
start string (axiom) w € A*.

The picture language Pg generated by an sDOL system G is the set of all pictures
of derivatives of the axiom w:

PG={p(w("))|n€No}.

An sDOL system is called length-contracting (-constant, -expanding) if the (k, n)-
endomorphism belonging to it, has this property.

3 Finiteness Investigations

Let G = (A, h,w) be an sDOL system with a (x, u)-endomorphism h. The n-th
derivative (n € N) of any letter £ € A maps the zero point o to the point k™v,:
(™ (0) = k™p,. This can be proved by induction.

Moreover, the first synchronization condition says that z'(0) = kb;. This means
z'(0) = Kbz +coy+coz +do,e +doze for some natural numbers ¢, d. Consequently,
z! and Z1 have the same numbers of occurrences in the derivative z’, and z has
x more occurrences than Z. These observations are summarized in the following
proposition.

Proposition 6. For all z € A, one has
1. ™ (0) = k™, forn €N,
2. #.7' = Kk + #z:2', ‘ ¢
3. Fp1z =FHz1.

The Chain Code Picture Systems are distiguished by their ‘length behaviour’
(represented by the parameter ).

3.1 Length-contracting Chain Code Picture Systems

Let G = (A, h,w) be an sDOL system with a length-contracting (x, pt)-endomor-
phism h. Since k < 1 and & € Ny, k must be equal to 0.

The second synchronization condition has the effect that the picture area of the
derivative z’ of a letter = € A is a line: Cl(z’) € u[v},vz.]. Hence,  and Z do not
occur in the string z’.

For any string w € A*, exactly one of the following three cases occurs:

1. w’ == A. Then all further derivatives are also empty: w(™ = X, n > 1.
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2. w' # X, w”’ = ). Then all further derivatives are empty: w(®™ =\, n > 2.

3. w # X w” # X Since w # A, some letter z € A occurs in w’ and also the
same number of Z. Hence, the letter set [w'] can be {r,l}, {u,d} or A

Example 3. For example, let h be a (0, 1)-endomorphism with
rud, wis rl, d A and [ — M.

If w =7 then (W] = {u,d}, if w= u then [w’] = {r!}. f w=ru then the
letter set [w’] consists of all letters: [w'] =

If w'] = {71}, the letter set [w”] is { u,d } (it cannot be empty because
w” # A). Similarly, (w"] = {r, 1} if W] = {u,d}. If W] = A, some letter
z € A occurs in the word w together with z+ or Z+. As these letters occur
in w’ also, w” consists of the same letters as w’. Summerized, one has

{u,d} if (W] ={r,1},
w]=<¢ {nl} ifw]=/{ud},
A ifw]=A
An analogous argumentation leads to

{r,1} if [W]={r1},
Wl =4 {u,d} if [w]={u,d},
A ifw]=A

that is [w'/] = [w’]. Thus, the letter set of the fourth derivative coincides
with that one of the second derivative:

w® = {J 1= U &1=W]

z€[w"'] ze[w]

From this case distinction one can conclude the following proposition by induction:

Proposition 7. The letter sets from the second derivative of a string w € A* on.
are either empty or alternate beginning with the first derivative:

Wi=0 = W™ =0 (n22),
W #0 = WD =w] A W™ =Ww] (n>2).

A similar correlation can be found for edge sets. Let w(™ be the n-th derivative
of a strlng wE A*

w® =z,...q (rie Ai=1,...,10).
The edge set of w1 is, according to Proposition 5,

I+ = flzf U 5 gh U - U i) Ogg,
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The Propositions 3 and 6 imply that (zf ---2})(e) = z{(0) + --- + zi(0) = o for
i=1,...,l. Hence, the edge set of w{"*1) is

{
WD = (Jllei = |J I’ (f2=2 then &' =& and |3’ = |&).
i=1 z€fwin]

According to Proposition 7, one obtains [jw(™ = @ if w” = X and, in the case that
w’ £ A

W= o= e’ =

z€[w(2n-1)] z€[w]
W= = | e =W,
z€[wi2n)] z€w"]

for n 2 2.

Thus, if w” = X then the pictures of w(™ (n > 2) consist of the zero point only.
If w” # X then the pictures of even derivations coincide from the second derivation
on; those of odd derivations from the third one on (because of Prop. 4). After the
third derivation of a word w € A*, no new picture arises.

Theorem 1. Let G = (A, h,w) be a length-contracting sDOL system. The picture
language generated is

Pc = { p(w), p(w"), p(w"), p(w™) }.

The following example shows a length-contracting sDOL system together with
its picture language.

Example 4. Let G = (A4, h,7) be an sDOL system with a (0, 4)-endomorphism h
with r — ud, | — du, v~ 7l, and d — X. The words generated by G are r, ud, 7!,
uddu, (r1)?, (uddu)?, (rl)*, (uddu)?, etc. The corresponding pictures are

s &y e—es §y e—er §5 o—e §; €EC.

Since a new picture does not occur, the picture language is { — 1,} }

3.2 Length-expanding Chain Code Picture Systems

Let G = (A, h,w) be a length-expanding sDOL system. Since the («, u)-endomor-
phism h is length-expanding, « is greater than 1.

Let z € A be the initial letter of w (since w € A% it has at least one letter):
w = zw (w € A*). The n-th derivative is w™ = z(™w and (™ (o) is a vertex
of every graph of w(™:

2™ (0) € ©W™), n e No.
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Furthermore, let X, be the set of all points x(")(o), V., the union of the vertex sets
O(w™), and P, the set of all pictures p(w(™), n € Np:

X, = { 2™ (o) | n € No } ={k"; |neNg} (Prop.6),
V, = U @(w(n)),

nENy
Po={p@™)|neNo }.

The set X, is infinite because £ > 1 and v; # 0. Every point of X, also occurs in
V,: X, € V,,; thus the set V,, is also infinite. Each vertex set @(w(")), n € Ny, is
finite; hence, there are infinitely many different ones in the union V,,. If the vertex
sets of two strings u,v € A* differ, so the pictures do as well. Hence, among the
pictures p(w™) with n € Ny, there are infinitely many different ones: |P,,| = co.

Theorem 2. For every length-expanding sDOL system G = (A, h,w), the picture
language Pg generated by G is infinite.

The following example shows a length-expanding sDOL system.
Example 5. Let G = (A, h,ruld) be a length-expanding sDOL system with the

(4, 1)-endomorphism h given in Example 2. The first pictures generated are drawn
below (up to the third derivation).

“’%:Ev ]
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3.3 Length-constant Chain Code Picture Languages

In contrast to the previous situations, among the length-constant sDOL systems,
there are those with a finite picture language as well as those with an infinite one.
The following example shows an sDOL system with a finite picture language and a
similar sDOL system with an infinite picture language.

Example 6. Let h be a (1, u)-endomorphism with 7 + rud, v+ uldru, d ~ d,
and | — I. Then G = (A, h,r) is a length-constant sDOL system. The simple

directed graph of the axiom is _,, of the first derivative _.i, and of the second

derivative D The graphs of the later derivatives are the same: D Hence, the
picture language generated is finite: Pg = { —_— _J, O } Now, change h such
that | — Irl. Then, the simple directed graph of the third derivative is not the

same as that one of the second derivative, but E} A new r-edge arose that will
be replaced (in the next step) by its derivative; thus, the fourth derivative has the

graph d A new r-edge occurs in every third derivative (6th, 9th, etc.). Hence,
the picture sizes increase; the picture language is infinite.

The example above shows that, in the case of k = 1, further investigations are
needed to find out when an sDOL system generates a finite picture language and
when it does not.

Several examples lead to the supposition that the difference between the edge
sets of the second and third derivatives indicates the finiteness of the picture lan-
guage: If they do not differ, the picture language is finite; if there is a difference,
then the language is infinite. This supposition will be confirmed and proved.

Let G = (A, h,w) be a length-constant sDOL system. The next proposition
extends the first statement of Proposition 6 to words.

Proposition 8. If h is a (1,u)-endomorphism, then w™ (o) = w(o) for every
stringw € A* and every derivation step n € Ny.

Proof. Let w € A' be a word w; ---w;. Then, one can conclude the following
equations:

w™ (o) = (w{™ -+ w{™)(o)

=w(0)...w™ (o) (Prop. 3)
=y, + -+ 0y, (Prop. 6)
=wy(0) +--- +wio)

= w(o).

This proves the proposition. O
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Let w € A* be a word. The operator ||- gives the edge set ||w of w. Applying the
(1, p)-endomorphism h for n times produces the n-th derivative w(™); its edge set
is ||w(™). The following proposition shows how the edge set ||w(™ can be obtained

from the edge set ||w. "

w  —w
LA 47
we e

Proposition 9. The edge set |w™ of the n-th derivative of a string w € A* is the
union of the n-th derivatives of all edges in ||w:

w™ =] =™ we A", neN,.
(a,z)ellw

Proof. Let w € A’ be the string w; - - -w;. Then the n-th derivative of w is
w® = wgn) . -w[(n).
The edge set of w is

Iw =y U [T @wp U U [Ty, (Prop. 5)
= { (0,w1) }U{ (@3 (0),w2) }U -+ U { (W3 (0), w) }
= { (O,U)l), ('LTI)(O)’ w2)? v ('LU—[:I(O),’LUI) } )

the edge set of w(™ is

w® = [[wi™ u Ilﬁ("’(a)wg“) U.---u ||"'_‘-—f(")(°)wl(") (Prop. 5)
= ™ U Tl U U T (Prop. 8)
= U |9z™,
(g,z)€llw
which proves the proposition. d

The simple directed graph of the n-th derivative of a word w € A* arises from
the simple directed graph of w by replacing each z-edge (q,z) € |w by the simple
directed graph of the n-th derivative of x, beginning at the point g.

Example 7. Let h be a (1, u)-endomorphism with r ~ dru, u — rul, | — uld, and
d — ldr. The simple directed graphs of the second atomic derivatives are shown
below (those of the first derivatives are inserted grey coloured):
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Let w be the first derivative of r. Its edge set {|dru is

{ (0,d), ((0,-1),7), ((1’ _1)vu)) } .

The edge set of the second derivative of w consists of all edges of the edge sets of
the second derivatives of d with respect to o, of r with respect to (0,—1), and of
u with respect to (1, —1): |jw” = ||°d” U || Y ||(1 "1)u” These edge sets are
(shown as simple directed graphs):
©,-1)
0 (1,-1)
0,-1) -1

, , and

Hence, the the simple directed graph of w”
~ @ 4

Since w is the first derivative of r, this graph should be the same as that one of the
third derivative of 7 — and is as the following sequence of derivative graphs shows.

4: 1 r—
With the help of the proposition above, the following proposition about the

stability of edge sets can be proved.

—s»{ [

—

Preoposition 10. If the edge set.of a string w € A* coincides with thut of its
derivative W, then it coincides with the edge set of every higher derivative:

lw = fjw = [lw=[w(™, weAd*, neN.
Proof. The proof is carried out by induction. Suppose, that [[w = |w(® for
1 <4< n. Then the edge set [jw(»*+! is '
wntD) = U |9z’ (Prop. 9)
(a,z)€llwim)
- U |3z’ (inductional assumption)
(a,z)€|lw
= ||w’ (Prop. 9)
= flw (inductional assumption)

from which the proposition follows.
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With the Propositions 10 and 4, the first supposition (see page 65) is proved.
So, it is stated in a lemma.

Lemma 1. Let G = (A, h,w) be a length-constant sDOL system. If the edge sets of
the second and third derivatives of the axiom w coincide, then the picture language
generated consists of the pictures up to the second derivative at most. That is
shortly written as

n

lw” = jlw" = Pg = { p(w), p(w), p(w”) }.

In the first examiple of this section (p. 65), one can observe that if the edge sets
of the second and third derivatives of the axiom w do not coincide, then at least
one z-edge exists in the second derivative which is later replaced by a graph that
contains another z-edge. The next propostion gives an even stronger restriction.

Proposition 11. If the edge sets of the second and third derivatives of the axriom
w do not coincide, then there ezists a letter x € [w"] such that one of the first three
derivation edge sets |z’, ||z or ||z contains an edge different from (o, x).

Proof. The statement of the proposition is equivalent to the following statement.
If, for each letter z € [w”], the edge sets of the first three derivatives of z do not
contain any z-edge different from (o, ) then the edge sets of w” and w coincide:

(Vz € W] 1 flaz = [lo2" = [loz” = [22") = [lw” = |jw™".
This statement will be proved now.

For all letters z € [w"], let || = ||z’ = [|.2"” = |l.z"". If (q,y) is an edge of
any [lz®, then (q,y) is also an edge of [|z(*+1) (because of ||,y = ||,¥'). Hence,
each edge set includes those of lower derivatives, that is ||z € ||z’ € ||z” € ||z

In order to conclude that ||w” = |lw’’, the inclusion ||z” S ||z" must be an
equation. In the sequel, the inverted inclusion (||z” € ||z”) will be shown. The
case distinction used follows from Proposition 6.

1. [z'] = {z }, hence [z(] = {z } for all natural numbers n. Especially, z” is

equal to ="/, and also ||z” = ||z".
2. [¢={=zz2}
(a) [2"] = [z'], hence [:_1;(")] = [2] for all natural numbers n. Because of

the second synchronization condition, the letters z and % alterne te in 2"
and in z’”’. That means for the edge sets- ‘

" = [zUF@2UlzU*@ZU- -z (Prop. 5)

n
= ||z".

(b) [z"] = A. The edge set ||z’ consists of the edges (0,x) and (2(9),Z)
(due to the second synchronization condition). The edge set ||z does
not contain any other z-edge nor Z-edge (the edge (o0,z) can produce
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the edges of ||z’ only; the edge (z(0),Z) can produce (o,z) - due to
l=z = ||zz" - and (z(0), %) — due to ||zZ = [|zZ' - only). Hence, the z*--
and Z1-edges occur pairwise (between the same points):

(0,2%) € 2" <= (=1 (q), ") € [|z".

The set ||z consists of (0,x) only. The set ||zz consists of (z(0), Z)
only (due to ||zZ = ||zZ"). The z'- and Z'-edges do not produce new
z-, Z-edges (because of the same reasons), thus, the z*- and Z'-edges
occur pairwise in ||"; zt does not produce a new z*-edge, hence, nor
a new I'-edge. Because of the same reason for Z1, there is not an edge
in ||z which is not in ||z”. :

3. [&)={=z,zt,z}.

(a)

(b)

[z”] = [2], hence [z(™] = [z'] for all natural numbers n. As there
are no Z-edges in the edge sets of any derivative, the edge set does not
change from the first to the second derivative: |z’ = |jz”’. Because of

Proposition 10, it follows ||z = [|z"".

[z”] = A. This means, Z occurs in the derivative of z+ or Z1. As above,
the z1- and Z'-edges occur pairwise in ||z’. With each Z-edge, also
an z-edge is produced. If there are more than one z1- and Z‘-edges,
then they have different positions with respect to the edge (o,z) and
then another z-edge will appear. This is a contradiction. Hence, there

are one z1- and one Z'-edge only. The following cases are the only
possibilities (the graphs given to the right shall illustrate the case of
S xT=r)
i |z’ = { (0,zt), (z*(0),Z"), (0, %) } L
i. [z’ = { (0, ), (z(0),z%), ((zz)(0),Z5) } 3
iii. [l = { (0,2%), (24 (o), 2%), (0,) } f’
iv. Iz’ = { (0,2), (z(0), #1), (%1 )(0), z+) } ¥

In ||z”, there are not any new z-, z1-, z'-edges. Hence, the new Z-edge

is (z(0),Z) (but then ||z is the same as ||z, because it does not get
any new edge), or the new Z-edge is ((zz*)(0), Z) (in the cases i. and ii.)
or ((xz1)(0),Z) (in the cases iii. and iv.). Then a new vertex e appears:

i. e = (zzt)(o) £
ii. e=xz1(0) -3
iii. e = (zz4)(0) &

iv. ¢ =z (o) 3
Since e is neither o nor z(o), there is another edge in ||z” that is not in
the set ||z’
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i. (z(o),z*) € ||z
ii. (zt(0),zt) € ||z”
iii. (z(0),zt) € ||2”
iv. (4(0),z%) € |z”

This implies that the Z-edge is produced by Z1 in the cases i. and iv.,
and by z' in the other cases. Both do not produce further Z-edges
(otherwise they would produce a new z-edge or new zt-, zt-edges). As
the Z-edge cannot produce any new edge, the set ||z’ has no additional
edges: |z € ||=".

3800

4. [z'] = A. Let v, w, y be different letters of the set A\ {z}. The z- and v-edges
produced by deriving v in =’ are not new (they are in ||z’ already). Possibly,
a new w-edge occurs. The z-, v-, and w-edges produced by deriving w in z”
are in [|z" already. Similar to the previous case, also all arising y-edges are
in ||z”. Hence, all edges of ||z"" are elements of ||z”.

There are no other cases (s. Prop. 6). Every case yields that ||z™ € ||z. Together
with the inclusion ||z” € ||z, one obtains that ||z” = ||z”. Hence, the edge sets,
with respect to any point a € Z2, coincide: ||°z” = ||°z"’. Let w,...,w, be the
letters of w: w = w; - -wy. For the edge set of the second derivative of w, the
considerations above yield

low” = flw} U 4@y U - U T3 Oy (Prop. 5)
= llwf U Owg U o P Oy (Prop. 8)
= [l U1 Cwy G U POl (02 = |72
= [lv™ ' (Prop. 5).
This proves the proposition. O

In the sequel, consider w such that [|;z # ||,z for a letter = € [w”] and a
derivation step I € {1,2,3}. The edge set ||z consists of the edge (0,z). Another
z-edge is in the graph of the I-th derivative of z: (q,z) € ||z" with q # 0. According
to Proposition 9, one obtains that |9z € ||z(2), which means that all edges of
the [-th derivative are in the 2I-th derivative displaced by the point q. Thus, it is
especially (q + q,) € |z, Induction leads to (nq,z) € ||z in general.

Consider w” = vzv, then the edge sets of every I-th derivative of w” are

[w™FD = [y y P @D || R (e) gD
= VD U @D | e gD (Prop. 8).
The edge (nq + v(0),z) occurs in every set [|'(®)z(") with n € Nyo. Hence, for each

n € Np, the edge (nq + v(0), ) is also an element of the set ||w(™+2). Thus, the
vertex nq + v(o) is an element of the vertex set ®(w™+2)),
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Let X, be the set of all vertices nq + v(o), V,, the union of the vertex sets
O(w™t2), and P, the set of all pictures p(w™+?)) over all n € Ny:

Xo={nq+v(o) |n €Ny},

Vo= (J oW,
neNg

P, = {p(w<"'+2)) |n €N } .

The set X, is infinite because q # 0. Each point in X, also occurs in V,,; thus
V., is also infinite. Every vertex set O(w("l"'z)) with n € Ny is finite; hence, there
are infinitely many different ones in the union V,,. If the vertex sets of two strings
x,y € A* differ, then the pictures are also different. Hence, P, contains infinitely
many different pictures. This result is summerized in the next proposition.

Proposition 12. If there erists a letter z € (w"] such that one of the first three
derivation edge sets ||z’, ||z” or ||z"” contains an edge different from (o,z), then
the picture language generated is infinite.

_Together with the Proposition 11, this leads immediately to the following
lemma. .

Lemma 2. Let G = (A, h,w) be a length-constant sDOL system. If the edge sets
of the second and third derivatives of the axiom w do not coincide, then the picture
language generated is infinite.

Hence, the second supposition on page 65 is confirmed and proved. The Lem-
mas 1 and 2 together state that the difference of the edge sets of the second and
third derivatives of the axiom is a necessary and sufficient criterion of the finiteness.
This result is summarized in the next theorem.

Theorem 3. Let G = (A, h,w) be a length-constant sDOL system. The picture
language Pg generated by G is finite if and only if the edge sets of the second and
third derivatives of the ariom w coincide.

From an algorithmic point of view, the case 1 = 0 must be emphasized.

According to the second synchronization condition, the edge set [|*z(™ of each
derivative of any letter z € A with respect to the point a € Z?2 consists of the edge
(a,a+ v;). Hence, the pictures of all derivatives of w coincide (Prop. 4).

Theorem 4. Let G = (A, h,w) be an sDOL system with a (1,0)-endomorphism h.
Then the picture language Pg generated by G is a singleton set, that is

Pg={pw)}.

This means that the finiteness can be stated immediately in the case 4 = 0
(without further investigation of the system).
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4 Conclusion and Future Work

The paper investigates synchronous deterministic Chain Code Picture Systems with
respect to the finiteness of their picture languages.

Let G = (A, h,w) be an sDOL system with a (x,p)-endomorphism h. The
synchronization parameter x defines a division of the sDOL systems in length-
contracting (x < 1), length-constant (k = 1), and length-expanding (x > 1) sys-
tems.

The following table summarizes the results:

K<l Pg={pw),p),p"), pw") )
k>1:. |Pgl=00

k=1 p=0= Pg={p)}

s(w") = s(w") = Pg = { p(w), p(w'), p(w") }
s(w"} # s(w") = |Pg| = o0

If the picture language generated by an sDOL system is finite, then it consists
of four elements at most. In addition, an algorithm is given that decides for any
sDOL system G, whether the picture language Pg generated is finite or not.

The decision about the finiteness of the picture language of a given sDOL sy-
stem G = (A4, h,w) can be made immediately (without further investigation of the
system) if the (k, p)-endomorphism h is length-contracting or length-expanding or
length-constant with g = 0. Otherwise, the start string must be derived three
times, and the edge sets of the second and third derivatives must be checked for
equality. This time effort is cubic in the lengths of the replacement strings.

For synchronous deterministic Chain Code Picture Systems G = (A, h,w), the
finiteness and infiniteness are decidable in time O(pn3), where p = #uw is the length
of the start string w and n = max { #h(z) | z € A} is the maximum length of the
replacement strings.

Future work will address the finiteness of picture languages generated by non-
deterministic sOL systems and tabled systems such as sDTOL systems and sTOL
systems. The deterministic systems generate four pictures at most in the case of
finiteness. For applications however, system are desirable that generate a large but
a finite picture language.
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Quasi-star-free Languages on Infinite Words*

Zhilin Wul

Abstract

Quasi-star-free languages were first introduced and studied by Barrington,
Compton, Straubing and Thérien within the context of circuit complexity in
1992, and their connections with propositional linear temporal logic were
established by Esik and Ito recently. While these results are all for finite
words, in this paper we consider the languages on infinite words.

1 Introduction

Characterizations of different subclasses of regular languages have been a constantly
active research area since Biichi characterized regular languages by monadic second
order logic in [3]. One of the most important characterizations among them is the
characterization of star free languages: in [11, 17, 9, 7, 13, 19, 18, 4], star free
languages on finite and infinite words were characterized by aperiodic monoids,
monadic first order logic and linear temporal logic.

Quasi-star-free languages were first studied by Barrington, Compton, Straubing
and Thérien in [2]. Their motivation was to characterize the regular languages
that can be recognized by constant-depth Boolean circuits using OR,AND and
NOT gates(ACP). They found that these languages are precisely the quasi-star-free
languages. And they give a characterization in terms of quasi-aperiodic semigroups
and in terms of first order logic FO[C] which uses only the numerical predicates
z < y and z = r(mod d). Recently, Esik and Ito proved in [5] that FO[C] and
propositional linear temporal logic with cyclic counting(LTL[C]) have the same
expressive power. While these results are all for finite words, we extend them to
the case of infinite words in this paper.

This paper is organized as follows. In section 2 we give some preliminaries
about regular languages on finite and infinite words. Then in section 3, we give
some definitions of quasi-star-free languages on finite words(QSFF ), and summarize
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60223005 and the National Grand Fundamental Research 973 Program of China under Grant No.
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tLaboratory of Computer Science, Institute of Software, Chinese Academy of Sciences, P.O.Box
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Beijing, China. E-mail: wuzl@ios.ac.cn

75



76 Zhilin Wu

the results of QSFF in [2, 5]. In section 4, we define quasi-star-free languages on
infinite words (QSF ), and extend the results of QSFF to QSF'. Finally in section
5, we give some conclusions and remarks on this paper.

2 Preliminaries

2.1 Regular languages on finite words

In this subsection, at first we present some basic facts of semigroups and formal
languages on finite words (cf. {12, 6, 14, 10] for more information), then after
recalling the definitions of monadxc first order logic (FO[<]) and linear temporal
logic(LTL) interpreted on finite words, we introduce the classical results of star free
languages on finite words.

Let A be a finite alphabet, and L C A* be regular

2.1.1 Monoids and formal languages on finite words

Let M be a finite monoid. We say that morphism ¢ : A* — M recognizes L if there
is X C M such that L-= X¢~!. And we say that monoid M recognizes L if there
is a morphism ¢ : A* — M recognizing L. Moreover we say that congruence =~ on
A* recognizes L if the natural morphism ¢: A* — A*/ = recognizes L.

The syntactic congruence of L, =, is defined by: uw = v iff (zuy € L iff
zvy € L for all z,y € A*); the syntactic monoid of L, M (L), is defined by the
quotient monoid A*/ ~; and the syntactic morphism of L, nr, : A* — M(L), is
defined by ung = [u], where [u] denotes the equivalence class of ~ containing u.
Syntactic congruence is the coarsest congruence of A* recognizing L, i.e. for any
congruence = recognizing L, u = v implies u =, v for all u,v € A*.

A morphism ¢ : A* — M recognizes L iff there is a morphism & : Im(¢) —
M(L) (where Im(¢) is the image of @) such that for all u € A*, u(¢9) = uny..
Furthermore, a morphism ¢ : A* — M recognizes L iff there are morphisms ¢’ :
A* — M’ and 6 : Im(¢) — M’ such that ¢’ recognizes L and for all u € A*,
u(¢f) = ud’.

L is star free if L can be constructed from singleton languages {a}{a € A) and
the language A* by finite applications of operations of union, complementation,
and concatenation.

L is noncounting if there is some ng € N satisfying that for all n > ng, zy"z € L
iff zyntlz € L for all z,y,z € A*.

A monoid M is aperiodic if there is some ng € N satisfying that for all n > nyg,
m® =m™t! for all m € M.

L is aperiodic if M(L) is aperiodic. It is easy to show that L is aperiodic iff
there is an aperiodic monoid M recognizing L.

1t is not hard to show that L is noncounting iff L is aperiodic. In the remainder
of this paper, we don’t distinguish between the “noncounting” and “aperiodic”
properties of regular languages on finite words.
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2.1.2 First order logic and linear temporal logic on finite words

Let FO[<] denote first order logic on words with binary predicate < and unary
predicates P,(a € A). The formulas of FO[<] are defined by the following rules:

p=Pa(z)|z<y|lp1 Ve | | (Fz)p

The semantics of FO[<] are defined as follows: let X be a variable set and ¢
be a formula with free variables in X; u € A* and n: X — {0, ..., [u|}, i.e., 7 maps
variables in X to “positions” in u.

o (u,n) = Pu(z), if u[|z|] = a, where u[|z|] is the letter of u at position zn(the
first position is 0, the last position is |u|, and by convention the letter at
position |u] is €);

o (u,n) Ez <y, ifzn <yn
o (u,n) = o1V, if (u,n) = o1 or (u,7) = v2;
o (u,n) =, if not (u,n) = ¥

e (u,n) = (3z)v,if there exists a function 7/ : X — {0, ..., |u|}, which agrees
with 7 on X — {z} and possibly differs from 7 on z, such that (u,n/) = 9.

Let ¢ be an FO[<] sentence and u € A*. We write u |= ¢ if there is an
71:X — {0,..., [u|} such that (u,n) E ¢.

Remark 2.1. The semantics of FO[<] defined in [5] had a subtle inaccuracy: the
assignments of variables were defined by function A : X — {|u|], where [Ju]] =
{0, ..., |u| —1}. But then for the empty string €, the assignments would become into
A: X — 0, since [le]] = [0] = 0.

We avoid the accuracy by defining the assignments asn: X — {0, ..., |u|}, and
thus formulas of FO[<] can be interpreted on the empty string €.

It is natural to define the boolean operations “A”, “—” etc. in a standard way.
Here we introduce several other abbreviations for FO[<]: Last(z) for Vy(—(z < y));
True for ¢ V —~p, where ¢ is a fixed sentence; and False for —True.

A language L C A* is definable in FO[<] if there is an FO[<] sentence ¢ such
that forallue A*, ul=p iff u € L.

Associate each letter a in A with a propositional constant p,. Then formulas of
linear temporal logic (LTL,[15]) over alphabet A are defined by the following rules:

wi=pa| 1V | Y| XY | pr1Up:

The semantics of LTL formulas on finite words are defined as follows: Let ¢ be an
LTL formula, u € A*. Denote the suffix of u starting from the i-th position (the
first position is 0) as u*, where 0 < i < |ul, and the suffix starting from the |u|-th
position is empty string €.
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u = pa, if u = av, for some v € A*;

ulbE 1 Ve, iful g or uf s,
u =~y if not u = ¢;
u = Xy, if |u| > 0 and u! | ¢y

u = 1Uypa, if there is 0 < ¢ < |u| such that u* = @, and for all 0 < j < 4,
ul = .

We introduce several abbreviations for LTL, let True = p, V —p,, where a is
any letter in A, and let False = —~True. Moreover, let End denote the formula
AacA™Dg, S0 that forall u € A*, u = End if u=e¢.

Remark 2.2. When interpreted on finite words, the LTL formulas - X and X—¢
are not equivalent while on infinite words they are (See Section 2.2.2 for LTL in-
terpreted on infinite words). For instance, € = =X p, while not € = X—p,, where
€ is the empty string.

A language L C A* is LTL definable iff there is an LTL formula ¢ such that for
alue A, ulpiffue L.

2.1.3 Classical results of star free languages on finite words

The classical results of star free languages on finite words are summarized in the
following proposition:

Proposition 2.3. Let L C A* be reqular. The following conditions are equivalent
[11, 17, 9, 7, 4;

L is star free;

e L is aperiodic;

M(L) contains no nontrivial group (i.e. contains no subsets which form a
nontrivial group under the product of M(L));

L is FO[<] definable;
L is LTL definable.

2.2 Regular languages on infinite words

Similar to the case of finite words, in this subsection at first we present some basic
facts of semigroup and formal languages on infinite words (cf. [1, 20, 21, 4, 16]),
then we interpret monadic first order logic (FO[<]) and linear temporal logic (LTL)
~ on infinite words, at last we introduce the classical results of star free languages on
infinite words. -
Let A be a finite alphabet and L C A“ be regular, i.e., L = |J XY}, where
i=1
X; C A*, Y; C A" are regular languages on finite words.



Quasi-star-free Languages on Infinite Words 79

2.2.1 Monoids and formal languages on infinite words

Let M be a finite monoid. L is recognized by morphism ¢ : A* — M if for all
m,n € M, (m¢™1) (ng=1)* N L # 0 implies (mgp~!) (ng~1)* C L. A monoid M
recognizes L iff there is a morphism ¢ : A* — M recognizing L. Moreover we say
that a congruence =~ on A* recognizes L if the natural morphism ¢ : A* — A*/ ~
recognizes L.

The syntactic congruence of L, =, is defined by: for all u,v € A*, u =, v iff
for all z,y,2 € A*, (zuyz¥ € L iff zvyz* € L) and (z (yuz)” € L iff z (yv2)” € L).
The syntactic monoid of L, M (L), is defined by the quotient monoid A*/ ~. The
syntactic morphism of L, n; : A* — M(L), is defined by un, = [u], where [u]
is the equivalence class of =y containing u. Syntactic congruence is the coarsest
congruence recognizing L.

Proposition 2.4. Let L C A% be regular. A morphism ¢ : A* — M recognizes L
iff there is @ morphism 8 : Im(¢) — M (L) such that for all u € A*, udf = uny,.

Proof.
“=" part:
Define 8 : Im(¢) —» M(L) as follows:

mbl = unr,where u € A*,up =m

6 is well defined since u¢ = v¢ implies that un, = vy, (syntactic congruence is
the coarsest one).

It is easy to verify that ¢8 =
“&” part:

It is sufficient to prove that for all m,n € Im(@)

“Ym)[¢~ (n)}* [\ L # 0 implies ¢~} (m) [~ ()] C L

Since ¢~ 1(m)[¢~1(n)]* N L is a nonempty regular language, there is an ulti-
mately periodic w-word zy* € ¢~1(m)[¢~1(n)]* N L. So zy* has a decomposition:
wowy such that

wo € ¢ (m)[¢™ (n)]P, w1 € [¢7(n))? for some p,g > 0

It is easy to see that ¢~1(m)[p~1(n)]* C [wodpd}|[w1pd~1]*, thus it is sufficient
to prove that [wodd ™} wigp1]¥ C L, i.e.,jwopp™|[widd~1* N L = 0.

To the contrary, suppose that [wodd ™ |[widd™1]“ N L # 0.

Since [wopp~!][w1dd 1] ML is regular, then there is an ultimately periodic
word apa¥ € [wodd ] fwidd™ 1]“’ n fJ

apay has a decomposition aja}” such that af € wodd™ w1~ ]" and o €
[w1¢@™1]® for some r,s > 0. :

From the assumption ¢ = 1 we know that aynr = ogdb = (wowiT)dd =
(wow1")nL, and afjnr = o(df = (w1°)P8 = (w1®)nr. Thus wow,"(wy*)¥ € L iff
acL,ie,wou* e LifaeL,ie, zy” € L iff o € L, a contradiction. O
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Corollary 2.5. A morphism ¢ : A* — M recognizes L iff there are morphisms
¢ A* - M and 0 : Im(¢) — M’ such that ¢' recognizes L and for all u € A*,
u(¢f) = ug'.

L is star free if L can be constructed from the language A“ by finite applications
of operations of union, complementation and concatenation on the left by star free
languages of A*.

L is noncounting if there is ng € N such that for all n > np and z,u,y, z € A*,
(zuyz* € L iff zut1yz¥ € L) and (z(yu"z) € L iff z(yu™t1z)¥ € L).

L is aperiodic if its syntactic monoid M (L) is aperiodic. And it is easy to show
that L is aperiodic iff it is recognized by an aperiodic monoid.

It is not hard to prove that L is noncounting iff L is aperiodic. In the remainder
of this paper, for regular languages on infinite words, we don’t distinguish between
the “noncounting” and “aperiodic” properties.

2.2.2 First order logic and linear temporal logic on infinite words

FO[<] and LTL formulas can also be interpreted on infinite words.
For FO[<]: Let X be the variable set and ¢ be a formula with free variables in
X;u€ AY and n: X — N, i.e., n maps variables in X to “positions” in u.

o (u,n) = Pa(z), if u[|z]] = a,where u[|z|] is the znth letter of v;
o (u,n) Fz <y, ifzn <yn

o (u,n) =1 Vo, if (u,n) = o1 or (u,n) = ez

(u,n) | ~9, if not (u,n) = 5

e (u,n) E (3z)¥, if there exists a function 7/ : X — N, which agrees with 7 on
X — {z} and possibly differs from 7 on z, such that (u,n/) | ¥.

Let ¢ be an FO[<] sentence and u € A¥. We write u |= ¢ if there is an
n: X — N such that (u,n) E ¢.

For LTL: Let ¢ be an LTL formula, u € A¥. Denote the suffix of u starting
from i-th position (the first position is 0) as u*, then

e u |= p,, if u = av, for some v € A¥;

o ul=p1 Vs ifuls g orul=

e u = ¢, if not u = ¢y

u k= Xy, ifud = o

e u = Uy, if there is i > 0 such that u* = gy and for all 0 < j < i, W k= ;.

L is definable in FO[<] if there is an FO[<] sentence ¢ such that for all u € A%,
vEgpiffuel.

L is definable in LTL if there is an LTL formula ¢ such that for all u € A%,
ulpiffue L. '
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2.2.3 Classical results of star free languages on infinite words

Similar to the finite words, there are the following classical results of star free
languages on infinite words.

Proposition 2.6. Let L C A be regular. The following conditions are equivalent
[13, 19, 18, 9, 7: .

o L is star free;

o L is aperiodic;

M(L) contains no nontrivial group;

L = {J X,Y? where X; C A*, Y; C A" are star free and V;Y; C Y;;

i=1

L is FO[<] definable;

L is LTL definable.

3 Quasi-star-free languages on finite words

3.1 Quasi-star-free languages on finite words

Definition 3.1. Let L € A* be regular. L is quasi-star-free if there is some
d > 1 such that L can be constructed from singleton languages {a}(a € A) and the
language (A%)* by finite applications of operations of union, complementation, and
concatenation.

If L C A* is star free, it is quasi-star free as well.
The family of quasi-star-free languages on finite words is denoted by QSFF.‘

Definition 3.2. Let L C A* be regular. L is quasi-noncounting if there is some
d > 1 such that there is some ng € N satisfying that for all n > ng, and for all
z,y,2 € A* with |y| = 0 mod d; zy"z € L iff zy**tlz € L.

Let L € A* be regular and nr : A* — M(L) be its syntactic morphism. we
denote (A%)*nr by M(L)®. Then we have the following definition:

Definition 3.3. Let L C A* be regular and g : A* — M(L) be its syntactic
morphism. L is quasi-aperiodic if there is d > 1 such that M(L) is aperiodic.

A language of A* is quasi-noncounting iff it is quasi-aperiodic. Thus in the .
remainder of this paper, we don’t distinguish between the “quasi-noncounting”
and “quasi-aperiodic” properties of regular languages on finite words.
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3.2 Logic with cyclic counting interpreted on finite words

FO|[<] can be extended with unary predicates C3(d > 1, 0 < r < d) adjoined. CJ
are interpreted on finite words as follows:

Let ue A*, n: X — {0,..., [u}, then (u,n)  Cj(z) if zn = r mod d.

Denote this extended logic of FO[<] as FO|C].

LTL can be extended with “U” (Until) operator of LTL replaced by new “Until”
operators with cyclic counting, namely U™ for alld > 1 and 0 < r < d. The
semantics of ¢, U4, is defined as follows:

Let u € A*, then u |= ©1U @), if there is i such that 0 < i < |u|, ¢ =r mod d
and u* = @2; moreover, for all j such that (0 < j < i and j = r mod d), v’ E= .

Denote this extended LTL by LTL|C].

Similar to FO[<] and LTL, we can define the languages defined by FO[C] sen-
tences and LTL[C] formulas. '

The expressive power of FO[C] is strictly stronger than that of FO[<]. For
instance, language ({a}A)*(a € A and |A| > 1) isn’t aperiodic, then according to
Proposition 2.3, it can’t be defined in FO[<], while it can be defined by FO[C]
sentence Vz (Last(z) — C3(z)) AVz (C3(z) A ~Last(z) — Pa(z)).

It is obvious that for u € A*, u | YUy, iff u | ;UM p,y. Then the
expressive power of LTL[C] is at least as strong as that of LTL. In fact, LTL[C] is
more expressive than LTL. For instance, language ({a}A)*({a} € A and |4| > 1)
can’t be defined in LTL, while it can be defined by LTL[C] formula p,U{?9 End.

Remark 3.4. In [5], LTL[C] is defined by adjoining additional constants Igy,(d >
1,0 <r < d) into LTL, and U®") are just derived temporal operators of I gd,r and
“U”. Nevertheless, since u |= Iga, iff |u| = r mod d, LTL[C] defined in [5] can’t
be interpreted on infinite words. Consequently we directly adjoin U®™) into LTL
since U@7) can be interpreted on infinite words naturally. When interpreted on
finite words, Igq, can be derived from U4™) as follows:

g4, = TruelU @M End

3.3 Theorem on quasi-star-free languages on finite words

We summarize the results of quasi-star-free languages on finite words in [2, 5] into
the following proposition:

Proposition 3.5." Let L C A* be regular. The following conditions are equivalent:
(i) L is quasi-star-free;
(i) L is quasi-aperiodic;
(iii) For allt >0, A'nL contains no nontrivial group;
(iv) L is definable in FO[C];
(v) L is definable in LTL[C].
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Remark 3.6. (i), (%), (i) and (iv) of Proposition 3.5 were proved equivalent in
(2], and (iv) and (v) were proved equivalent in [5]. As a matter of fact, (i), (iii), (iv)
of Proposition 3.5 and the following condition (ii’)(Theorem 3(d) in [2]), instead
of (ii), were proved equivalent in [2],

(ii’) L is recognized by a morphism v : {0,1}* - MwrZ,, where M is a finite
aperiodic monoid and where the composition ¥x : {0,1}* — Z, takes both 0 and 1
to the generator 1 of Z, (see [2] for the ezact meaning of (ii’))

And it is not hard to prove that (ii) and (ii’) are equivalent.

4 Quasi-star-free languages on infinite words

4.1 Quasi-star-free languages on infinite words

Similar to the case of finite words, we define that an w-language is quasi-star-free,
quasi-noncounting and quasi-aperiodic in this subsection.

Definition 4.1. Let L C A“ be regular. L is quasi-star-free if L can be constructed
from the language A by finite applications of operations of union, complementa-
tion, and concatenation on the left by quasi-star-free languages of A*.

If an w-language L C A" is star free, it is quasi-star-free as well. The family of
quasi-star-free languages on infinite words is denoted by QSF'.

Proposition 4.2, Let L C A“ be gquasi-star-free, then there is some d > 1 such
that all those quasi-star-free languages of A*, used in the construction of L (namely,
used in the operations of left concatenation during the construction of L), can be
constructed from singleton languages {a}(a € A) and the language (A%)* by finite
applications of operations of union, complementation and concatenation.

Proof. Let Ly, ..., Lg be the quasi-star-free laﬁguages of A* used in the construction
of L.

Then there are d;(1 < ¢ < k) such that L;(1 < % < k) can be constructed from
singleton languages {a}(a € A) and the language (A%)*.

Let d be the least common multiple of di,...,dx. Then

d/-1 di—1 rd; d
(A%) = | A% a4 = | a9 (U {a}) , where d} = T

r=0 r=0 a€A

Consequently L;(1 <4 < k) can be constructed from singleton languages {a}(a €
A) and the language (A%)* by finite applications of operations of union, comple-
mentation and concatenation. (]

Definition 4.3. Let L C A“ be reqular. L is quasi-noncounting if there is some
d > 1 such that there is ng € N satisfying that for all n > ng and u,z,y,z € A*
with |[uf = Omod d, (zu™yz* € L iff zu™tlyz € L) and (z(yu"2)* € L iff
z(yu™tiz)¥ € L).
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Definition 4.4. Let L C A“ be regular and n;, : A* — M(L) be its syntactic
morphism. Then L is quasi-aperiodic if there is some d > 1 such that M (L)@ is
aperiodic.

Proposition 4.5. Let L C A“ be regular. L is quasi-noncounting iff it is quasi-
aperiodic.

Proof.
“=" part:

Suppose that there is some d > 1 such that there is some ng € N satisfying
that for all n > ng, and for all z,u,y, 2z € A* with |u| = 0 mod d;

(zuyz” € L iff zu™t'yz¥ € L) and (:z: (yu"2)“ e Liffz (yu"“z)w € L) .

Now we prove that M(L)(? is aperiodic.
Let m € M(L). Then there is some u € (A%)* such that un, = m. Thus for
any n > ng, and for all z,y,z € A*;

(zuyz* € L iff zu™*'yz* € L) and (:c (yu"2)* € L iff z (yu"*'2)" € L) i

Consequently for any n > ng, (uv®)n, = (u*)n, i.e., m® = m+1,
“&=" part:

Suppose that there is some d > 1 such that M(L){¥ is aperiodic, i.e., there is
some ng € N satisfying that for all n > ng and m € M(L)¥; m» = mn+1,

Now we prove that L is quasi-noncounting.

Let n > ng and z,u,y,z € A* with |u| = 0 mod d. Then un, € M(L)?¥, so
(u™)nr = (™). From the definition of 7z, we have that

(zutyz* € L iff zu™*'yz¥ € L) and (a: (yu™2)* € L iff z (yu"+'z)" € L) )
]

As a result of Proposition 4.5, in the remainder of this paper, we don’t dis-
tinguish between “quasi-noncounting” and “quasi-aperiodic” properties of regular
languages on infinite words.

4.2 Logic with cyclic counting interpreted on infinite words

FO|C] and LTL|C] defined in Section 3.2 can be interpreted on infinite words as
follows:
For FO[C]: Let u € A* and 57: X — N, then

(u,m) E Ci(z) if zn = r mod d.

For LTL[C]: Let u € A“, then
u (plU(“‘")cpz if there is ¢ > 0 such that (¢ = r mod d) and (u' |= ¢2), and
(forall 0 < j <iand j =7 modd; v = ).
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Similar to the case of finite words, we can define the languages defined by FO[C]
sentences and LTL|C] formulas.

When interpreted on infinite words, the expressive power of FO[C}(LTL[C] resp.)
is strictly stronger than FO[<](LTL resp.). E.g., language ({a}A)*(a € A and
|A| > 1) isn’t aperiodic, then according to Proposition 2.6, it can’t be defined in
FO[<](LTL resp.), while it can be defined by FO[C] sentence Vz (C3(z) — Pa(z))
(LTLIC] formula = (TruelU %9 -p,) resp.)

4.3 Theorem on quasi-star-free languages on infinite words
We extend Proposition 3.5 for QSFF to the following theorem for QSF'.
Theorem 4.6. Let L C A“ be regular. The following conditions are equivalent:
(i) L is quasi-star-free;
(i) L is quasi-aperiodic;

(i) For allt >0, Alny, C M(L) contains no nontrivial group;
(iv) L= |J X;(Y;)”, where X;,Y; € QSFF,Y; C At and Y;Y; C Y;;
=1

(v) L is definable in FO[C];
(vi) L is definable in LTL[C].

Before the proof of Theorem 4.6, we give some definitions and lemmas.
Let A denote the alphabet consisting of all letters (u), where u € A%. For

any z € (Ad)*, we denote the corresponding element of (A(d))* as (x).
Let L C A* and u € A*, define Lu™! = {z |z € A*,zu € L}.
Let L C A*and d > 1, define

r@ = { {{uo) . (upa) luoup—1 €Lk>1,V0<i<k(u €A} ife gL
1 {eIU {(uo) e {ug—1) |u0...uk_1 €eL,k>1,V0<i<k (ui € Ad)} othewise

Let L C A* and u € A*, define L{¢%) = (Lu‘l)(d).
Let L C A¥ and d > 1, define

L@ = {(uo) ... (ug) ... [uo...uk... € L,V i > 0 (u; € A%) }.
Lemma 4.7. Let L C A“ be regular. Define ¢ : (A(d))* — M(L)9 by (z) ¢ = 271,
for {z) € (A(d))*. Then ¢ recognizes L@, '

Proof. We define morphism 6 : Im(¢) - M (L(d)) such that ¢80 = 1w, and thus
according to Proposition 2.4, ¢ recognizes L(®), .

Define 8 by: for m € Im(¢), md = (w) np@, where (w) € (A(d)) and (w) ¢ =
m.
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At first, we prove that 4 is well defined. Let (w1) ¢ = (w2) @ = m, ie. wyny =
weny, = m. Then forall z,y, 2z € A*, (zwyz¥ € L iff zwoyz* € L) and (z(yw12)¥ €
L iff z (ywez)* € L), thus for all (z),(y),(z) € (A9D)", ((z) (w1) (¥) (2) € LA
iff () (w2) (y) (2)* € L) and ((z) ((y) (w1) (2))* € LW iff (z) ((y) (wa) (2))* €
LY, ie. (wy) =@ (W), (w1) ML = (w2) npw@, so 8 is well defined.

Evidently for all (w) € (A(d))*, (w) d8 = (W) Ny . O

Lemma 4.8. Suppose that L = |J X; (Y;)“, where X;,Y; € QSFF, Y; C A* and

i=1
Y.Y; CY;. Then there is d > 1 such that all those X; and Y; can be constructed
from the singleton languages {a}(a € A) and the language (A%)".

Proof. Since X;,Y; € QSFF, then there are dx, and dy, such that X; and Y; are
constructed from the singleton languages {a} and the language (A4%x:)".

Let d = lem{dx;,dy, |1 <i < m}. Then similar to the proof of Proposition 4.2,
we can prove that X; and Y; can be constructed from singleton languages {a} and
the language (A%)". O

Lemma 4.9. Suppose that L C (A(d))* is star free for some d > 1, then L' =
{z lz: € (AY*, (x) € L} is quasi-star-free.

Proof. Since L C (A(d))* is star free, it can be constructed from singleton lan-
guages {(u)} (u € A?%) and the language (A(d))* by union, complementation and
concatenation.

By replacing {(u)}(u = ao...ad4-1) by {ao}...{aa—1}; (49)" by (49)"; LiU L,
by L{ ULy (A9)" — Ly by (A%)" - Li(namely 4~ (4" — (4%)") UL})); and
L,L, by L{ L}, during the construction procedure of L, we can get the construction
procedure of L/(where Ly, Lo C (A(d))* and L}, L} are the languages of (Ad)* cor-
responding to L; and L, respectively). Thus L’ can be constructed from singleton
languages {a} and the language (Ad)* by union, complementation and concatena-
tion. Consequently it is quasi-star-free by definition. O

Lemma 4.10. Let L C A¥. Then L is definable in FO[C] iff there is some d > 1
such that L®) is definable in FO[<].

Lemma 4.11. Let L C A*. Then L is definable in LTL[C] iff L is definable in
Fo[C].

Remark 4.12. The proofs of Lemma 4.10 and Lemma 4.11 are totally similar to
the proofs of the same results for finite words(Proposition 6.5, Proposition 6.7 and
Theorem 7.5 in [5]). Consequently we omit the proofs of them here.

Now we prove Theorem 4.6.

Proof of Theorem 4.6. At first we prove the equivalence of (ii) and (iii). According
to Lemma 4.11, (v) and (vi) are equivalent. Then if we have proved the equivalence
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of (i),(ii),(iv) and (v), the proof would be completed. We prove the equivalence of
(i),(ii), (iv) and (v) by proving the equivalence of (i),(ii),(v) and equivalence of
(ii),(v) respectively.

(ii)=> (ii3):

Suppose that L C A“ is quasi-aperiodic, i.e. M(L)® is aperiodic for some
d > 1. Now we show that for all £ > 0, A'n; contains no nontrivial group.

To the contrary suppose that there is some ¢ > 0 such that Az contains a
nontrivial group. Obviously t > 1. Select an element m of order £ > 1 from the
group, then G = {m mk} is also a nontrivia.l group in Atny. Hence there are
u,v € At such that un;, =m, vn, =

Consider Atkdn,, C M(L)(d) It is easy to see that m? = (vF(@=1) (yivk=¥)) n, €
Atkdp, thus G C Atkdy, € M(L)@, M(L)® contains a nontrivial group. Because
a monoid is aperiodic iff it contains no nontrivial group, we have that M (L)@ isn’t
aperiodic, a contradiction.

(ii)=> (ii):

The main idea is from the proof of Theorem 3 in [2].

Suppose that M (L) is finite and for all ¢ > 0, A*n,, contains no nontrivial group.

For each nontrivial group G contained in M (L) pick a nonempty word vg such
that vgnr is the identity of G. Let d be a common multiple of the lengths of all
these vg. Now we show that M(L)(¥ is aperiodic.

To the contrary suppose that M(L){® isn’t aperiodic. Because a monoid is
aperiodic iff it contains no nontrivial group, then there is a nontrivial group in
M(L)YD. Select an element m of order k > 1 from the group, then G = {m, ..., m*}
is also a nontrivial group in M(L)¥. Select some v € (A%)" such that vy, = m
From the selection of d, we know |v](the length of v) is a multiple of |vg|, thus there
is some power w of v such that |v| = |w|. Let t = k|v|, then m? = (viwk=9)n, €
Alny, so G C Alny, a contradiction. :

Therefore we have proved the equivalence of (ii) and (iii).

Now we prove the equivalence of (i), (ii), (v).

(i)= (ii):

Suppose that L can be constructed from language A“ by finite applications of
operations of union, complementation, and concatenation on the left by quasi-star-
free languages of A*. Then according to Proposition 4.2, there is d > 1 such that
quasi-star-free languages of A* used in the construction of L can be constructed
from singleton languages {a} and the language (Ad)'.

Now we prove that M (L)@ is aperiodic by induction on the construction pro-
cedure of L.

Induction base: L = A¥, then M (L) = {e}, where e is the identity of M(L).
Obviously M (L)@ = {e}, then it is aperiodic.

Induction step:

Case L = A¥ — L;: From induction hypothesis, M(L;)? is aperiodic. Since
it is not hard to see that M(L) = M(L1) and 5, = 7z, from the definition of
syntactic monoid and syntactic morphism of w-languages, M (L) is aperiodic as
well.
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Case L = L;J L2: From induction hypothesis, M (L;)® (i = 1,2) are aperi-
odic, then according to Proposition 4.5, there are n; (¢ = 1,2) such that for all
n > n; and u,z,y,z € A* with |u| = 0 mod d, (zutyz¥ € L; iff zu™lyz¥ € L,)
and (z(yu™z)¥ € L; iff z(yu™*t'2)¥ € L;).

Let ng = max{n;,ny}. Now we show that for all n > ng and u, z,y, z € A* with
|u| = 0 mod d, (zu™yz* € Liff zu"*'yz¥ € L) and (z(yu"z)” € Liff z(yu™+1z)¥ €
L). Then according to Proposition 4.5 we conclude that M (L) is aperiodic.

Suppose that zu"yz* € L, then zu"yz* € L; for some i = 1,2. Thus
zu™tlyzY € L; since n > ng > ny, so zu™tyz¥ € L. The proof of zu™tlyz¥ € L
implies zu™yz* € L is similar.

Suppose that z(yu"z)¥ € L, then z(yu"z2)* € L; for some ¢ = 1,2. Thus
z(yu™*t1z)¥ € L; since n > no > ni, so z(yu™t'z)¥ € L. The proof of
z(yu™t1z)* € L implies z(yu"z)* € L is similar.

Case L = L1Ly: where Ly C A* and Ly C A“. According to Proposition 3.5,
L, is quasi-aperiodic, then there is n; such that for all n > n,, zy"z € L, iff
zy™*tlz € L) for all z,y,z € A* with |y| = 0 mod d. From induction hypothesis,
M (L)@ is aperiodic, thus there is ny such that for all n > n, u,x,y,z € A*
with |u| = 0 mod d, (zu™y2* € L, iff zu™tly2* € L,) and (z(yu™z)” € L, iff
z(yu™t1z)¥ € Ly).

Let np = ny+n2+1. It is sufficient to show that for all n > ng and u, z,y, 2 € A*
with |[u| = Omod d, (zu™yz¥ € L iff zu"*lyz* € L) and (z(yu"z)* € L iff
z(yu™*t1z)¥ € L) in order to prove that M (L) is aperiodic according to Propo-
sition 4.5. .

(a) Suppose that n > ng,u,z,y,z € A* with |u| = 0 mod d, and zu™yz* € L.
We show that zu"+t1yz* € L.

Since zu™yz¥ € L = L1Ls, zu™yz* has a decomposition vw such that v € L,
and w € La. There are the following cases:

* v =1, w=2uyz¥ with £ = z,z9;

e there are h,k > 0, uj,uz € A* such that v = zuhu;, w = uyubyz* with
n=h+k+1, u=1uuy;

e v =zuy;, w = yoz¥ with y = y1yz;
e there are p > 0, 21, 22 € A” such that v = zu™yzPz;, w = 202% with z = z;25.

Here we take the second case as an example, the discussions of the other cases
are similar. In the second case, because h+ k+ 1> ny +ny + 1, then h > n; or
k > ny, thus zutlu; € L) or ugu*tlyz* € Ly, then zu™tlyz¥ € L, L, = L.

The proof of zu™*1yz* € L implies zu™yz* € L is similar to (a).

(b) Suppose that n > ng,u,z,y, z € A* with |u| = 0 mod d, and z(yu™z)* € L.
We show that z(yu™*t!z)* € L.

Since z(yu™z)” € L = L;Ls, z(yu™z)* has a decomposition vw such that v € L,
and w € L. There are the following cases:

o v=2z;, w= zo(yu"z)* with z = z,z,;
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e there are p > 0, y1,y2 € A* such that v = z(yu™2)Py1, w = (you™z)(yu"z)*
and y = y1y9;

o there are p,h,k > 0, uj,us € A* such that v = z(yu"z)P(yulu,), w =
(ugu®b2)(yu™z)* withn = h+ k+ 1, u = ujus;

o there are p > 0, 2,22 € A* such that v = z(yu™2)?(yu"21), w = z2(yu™z)¥,
2 = 2129,

Here we take the third case as an example, the discussions of the other cases
are similar.

Since n > ng = ny +ng + 1 > n;(i = 1,2), then z(yu™*1z)P(yuly;) € L, and
(uguk2)(yunt12)¥ € Ly. Because h+k+1> ny+ny+1, we have b > ny or k > no.
Thus z(yu™t12)P(yuPtlu;) € Ly or (upu*+12)(yu™t12)¥ € Ly. Consequently

z(yu™ 1 2)P(yu g ) (uguk 2) (yu™ 1 2)Y € Ly Ly

or
z(yut12)P (yuuy) (uoub 1 2) (yumtz)Y € Ly Lo.

Namely, z(yu™t12)¥ € L, L; = L.

The proof of z(yu™*'z)* € L implies z(yu™z) € L is similar to (b).

(ii)=>(v): ‘

Suppose L is quasi-aperiodic, then there is d > 1 such that M(L)® is aperi-
odic, then according to Lemma 4.7, L9 is aperiodic, thus L is definable in FO [C]
according to Lemma 4.10.

(v)=(2):

Suppose L C A“ is definable in FO[C], then according to Lemma 4.10, there
is d > 1 such that L(® C (A®)” can be expressed in FO[<]. According to
Proposition 2.6, L(4) is star-free, i.e. it can be constructed from (A(“l))“J by union,
complementation and concatenation on the left by star free languages of (4(¥).

By replacing Ly |J La, (A®)“~ Ly, and L, L, by L}, U Ly, (A%)” —L} and L L}
respectively during the construction of L(¥) (where Lj, L are languages of (Ad)
or (Ad) corresponding to L; and Lo respectively), we can get the construction
procedure for L. Moreover, according to Lemma 4.9, languages of (Ad)* used in
the left concatenation during the construction of L must be quasi-star-free. Then
we can conclude that L can be constructed from A“(namely (Ad)w) by union,
complementation and concatenation on the left by quasi-star-free languages of A*,
i.e., L is quasi-star-free.

Therefore we have proved the equivalence of (i),(ii),(v).

Now we prove the equivalence of (ii),(iv) and complete the proof of the theorem.

(ii)=(iv):

Suppose L is quasi- aperiodic i.e. there is d > 1 such that M (L)@ is aperiodic.

According to Lemma 4.7, L9 is aperiodic. Thus by Proposition 2.6, L(‘i) =
U XY, where X; C (A(d)) Y; C (A(d)) are star free, and Y;Y; C Y,.

i=1
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Let X: = {IL‘l.’l} € (Ad)‘,<l‘> € X,'}, Yil = {y ‘y [ (Ad)* ,(y) € )/1}, then L =
m *
U X;(Y/)“. Evidently Y/Y/ C Y/. Since X;,Y; C (A¥)" are star free, then
i=1
according to Lemma 4.9, X; and Y/ are quasi-star-free.

()= (i)

m
Suppose that L = | X; (Y:)“, where X; C A*,Y; C A" are quasi-star-free

languages, and Y;Y; C 11/,-.1 Then according to Lemma 4.8, there is d > 1 such that
X;,Y; can be constructed from singleton languages {a}(a € A) and the language
A%,

( })3ecause X is quasi-star-free, according to Proposition 3.5, X; is quasi-aperiodic,
i.e. there is ng € N such that for all n > np and z,y,z € A* with |y| = 0 mod 4,
zy"z € X; iff zy"+1z € X;. Denote this ng as ng(X;). Similarly we have ng(Y;) for
Y;. Moreover, since X;,Y; are quasi-star-free, X,Y; is quasi-star-free as well, and
we let no(X;Y;) > no(X;) +no(Y;) + 1 for X,Y; such that for all n > no(X,;Y;) and
r,y,z € A* with |y| =0 mod d, zy™z € X;Y; iff zy™*t'z € X,Y;.

Let No = 1 4+ 2max{no(X;Y;)|1 < i < m}. It is sufficient to show that for all
n > Ny and u,z,y,z € A* with |u] = 0 mod d, (zu"yz* € L iff zu"*lyz* € L)
and (z(yu™z)® € L iff z(yu™+12)* € L) in order to prove that L is quasi-aperiodic
(according to Proposition 4.5).

(a} Suppose that n > Ny, u,z,y,z € A*, |u| = 0 mod d, and zu™yz* € L, we
show that zu™*!yz¥ € L.

m

Because L = U X; (Yi)”, zutyz¥ € X;(Y:)” for some i. Then there is
i=1

p,7,q,¢ >0, 21, 22 € A* such that z = 2129, Zu™yzP 2, € X;YP and 2029 z; € Ys.
If p = 0, then zu™tlyzP z; € X; since n > Ny > no(X;Y3) > no(X;), zuntlyz =
! ’ w
(:E'U'"Hyzp 21) (zzzq zl) € X;((Y)9* = X;Y¥ C L. In the case of p > 0,
X:;YP C X.Y; follows from that assumption Y¥;Y; C Y;, so zu"“yz”'zl e X;Y;
’ ’ w
since n > Ny > no(X;Y;); then zu"tlyzv = (:z:u"“yz” zl) (zzzq zl) €
XY ((Y3)9)Y = Xu(Y;)¥ C L.
The proof of zu™*!yz* € L implies zu"yz* € L is similar to (a).
(b) Suppose that n > Ny, u,z,y, z € A*, |u| = 0 mod d, and z(yu"z)* € L, we
show that z(yu™*1z)* € L.
m
Because L = | X; (Yi)*, z(yu™z)” € X;Y for some i. Then there are
i=1

2.0,0,¢ > 0, v1,v2 € A* such that z(yu"z)P'v; € XiY?, va(yut2)f v, € Y?,
VU2 = Yyu'z. _

Here we prove for the case of p > 0, the case of p = 0 can be proved similarly.

Suppose that p > 0.

Since Y;Y; C Y;, we have X;YP C XY, Y/ C V..

Because n > Ny > np(X;,Y:) > ng(Y:), we have that z(yu"“z)”’vl-e X,Y; and
va(yuntiz) v, € Y,

Now we discuss the following three cases of v; and vs.
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® v = Y1, V2 = Yau"z, Y = y1¥2;
* vy =yutz, V2 = 23, 2 = 2123;
o u; = yuluy, vp = ugukz, with h 4+ k +1 = n and u = uyus.

Here we take the third case as the example, the discussions of other cases are
similar.

Case v; = yuPui, vy = ugu®z, with h+ k+1=n and v = ujusg:

Since n > Ng > 1 + 2no(X;Y;), we have h > no(X;Y;) or k > no(X,Y5).

If h > no(X;Y;), then

z(yu™2)P (yu ) € XiY;, (ugu®z) (yu™+12)? (yulug) € Vi
Thus

I(yun+lz)w — (x(yun+1z)p' (yuh“ul)) ((uZukZ)(yun+lz)q' (yuh“ul))w € XYY,

If k > no(X;Y;), then (ugubt12)(yu™t12)? (yulu,) € Yi. Thus

r(yu™tlz)” = (m(yu”“z)pl(yuhul)) ((uzuk“z)(yu"“z)q'(yuhul))w € X;Y¥.

The proof of z(yu™*'z)* € L implies z(yu™z)* € L is similar to (b). ]

5 Conclusions and Remarks

In this paper quasi-star-free languages on infinite words (QSFI) are defined and
studied. Quasi-star-free languages on finite words(QSFF) have been studied in
[2, 5], and our work in this paper is an extension of those results for QSFF in [2, 5).

The extension of results of QSFF to QSF' should be more useful for the
characterizations of the expressive power of temporal logics since temporal logics
are usually interpreted on infinite words in order to describe temporal properties
of concurrent systems. One of the examples is the characterizations of expressive
power of fragments of linear u-calculus [8](known as vTL). The “next” operators
within the scope of the fixed points of ¥T'L formulas act like the FO[C] predicates
“Cy(x)" and LTL[C] operators “U{")", e.g. vTL formula vQ.p, A X XQ defines
language ({a}A)”, which can be defined by FO[C] sentence Vz(C3(z) — p.(z)) and
LTL[C] formula —~(TruelU(?%—p,) respectively, as we have noticed in Section 4.2.
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The lexicographic decision function

Jozsef Dombi* and Nandor Vinczet

Abstract

In this paper the lexicographic decision process is presented in a unified
way. We construct a lexicographic decision function using a universal pref-
erence function and a unary function. This construction incorporates the
different outranking approaches,the lexicographic decision process and the
utility based decision making models. Finally we consider the connection of
the lexicographic decision method and the Arrow paradox.

1 Introduction

In this section we describe the concept of the lexicographic method. We use the
terminology of P.C. Fishburn, see [6]. The general concept of a finite lexicographic
order involves aset I = {1,2,..., n} and an order relation <; on a nonempty set X;
foreach i € I. We let ~; denote the symmetric complement of <; so that x; ~; y; if
and only if (z; <; y; or y; <; z;) does not hold. With z = (z1,z3,...,2,) andy =
(y1,Y2, - --»Yn), ¥ precedes z lexicographically under the natural order < on I and
with respect to the <; or z <Xy for short, iff {i:i € I and (z; <; y; or y; <: x:)}
is nonempty, and z; <; y; for the first (smallest) 7 in this set.

For this reason a lexicographic order <%is also referred to as an order by first
difference.

An example of a lexicographic order arises from the alphabetical order of words
in a dictionary or lexicon. To show this let I = {1,2,...,n}, let X; = A =
{0,a,b,...,2z} with @ <; a <; b <; ... <; 2 for each i, take n as large as the
longest, listed word , and let the English word a1z ... oy, with m < n correspond
to (a1,02,- -+, 0m,0,...,0) in A™. Then <'on the subset of A™ which corresponds
to the "legitimate ” words orders these words in their natural alphabetical order.
" For example, "as” precedes "ask” since (a,s,0,...,0) <% (a,s,%,0,...,0) which is
to say that a ~1 a, s ~2 s, 0 <3 k. '

In multicriteria decision making the idea of the lexicographic decision consists of a
hierarchy or ordered set of attributes or criteria. Decision alternatives are examined
initially on the basis of the first or most important criterion, If more than one
alternative is "best” or "satisfactory” on this basis, then these are compared under

*Department of Informatics, University of Szeged H-6720 Szeged, Arpad tér 2. Hungary
tDepartment of Engineering and Informatics, Szeged College Faculty of Food Engineering,
University of Szeged H-6725 Szeged, Mars tér 20. Hungary
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the second most important criterion and so forth. The principle of order by first
difference says that one alternative is "better” than another iff the first is "better”
than the second on the most important criterion on which they differ.

So let z and y be two alternatives (actions) and ¢y, cg, ..., c, be different criteria,
z; and y; are the utilities (evaluations) of = and y. We identify = and y with their
evaluation vector z = (21,22,...,Zn) , ¥ = (¥1,¥2,---,¥n)- Then <; is the order
relation according to c; on the set of alternatives.

We say that z; ~; y; iff the alternatives z and y are indifferent according to the ¢,
and we say that z <% yiff z; ~; y; fori € {1,2,...,k —1} where 0 < k—1<n—1
and zx <k yx in other words the alternative y is preferred to the alternative z,
according to the criteria c.

The lexicographic decision method is a well adaptable method. It can arrange
data of arbitrary scales, and it is suitable to evaluate a set of considerable alter-
natives. This method does not require the weight of criteria and in spite of its
simlicity always arranges the alternatives, Rapcsék [18]. Some decision procedures
have lexicographic decision rules to prevent ties, Temesi [20]. Sequential screening
procedures illustrate another common application of the lexicographic idea. Can-
didates or alternatives are first screened under a given criterion (perhaps with the
use of a test or an interview) and separated into "rejects” and "others”. In terms of
< of the set of candidates,  ~ y whenever both x and y are "rejects” or "others”,
with £ <; y when z is a "reject” and y is an "other”. The “others” are then screened
further by the second criterion or test and sorted into two groups. Of course the
“rejects” from the first stage may not be tested for the second stage, but that is of
no importance from the viewpoint of the lexicographic rule except from the stand-
point of efficiency that it may promote.This process may continue through several
more stages, perhaps including a ranking of all candidates who survive to the last
stage. Another aspect of the using of lexicographic decision method is to avoid the
intransitivity of preference. If <; is a weak order for every i then < is a weak
order, if <; is a linear order for every i then <’ is also a linear order, but when <;
is a partial order for every i it does not follow that <’ is a partial order, even if <%
includes cycles. If <;# 0 then the lexicographic aggeregation preserves transitivity,
Fishburn [6}, Solymosi [19]. About a general concept of the preference cycles and
its representation, see Dombi,Vincze [4].

In the evaluation of alternatives, according to the ¢k criteria the values i, and yi
would be numerical values or categories. In the case of categories the lexicographic
decision can be characterized with weighted criteria. We will prove that there exists
a weighted representation of lexicographic decision method on the real numbers.
This yields a universal form: PROMETHEE, ELECTRE and utility are special
cases of it, see Dombi[3].

It is important to note that the solution of many MCDM problems requires the
application of two or three decision methods. For example when the groups of
criteria needs different aggregation procedures. In our model we can give different
decision making methods by changing the parameters.

We construct a weighted method to get the decision function of the lexicographic
decision method. We choose the weights in such a way, that a range of alternatives
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by ¢k criteria could not be changed by cx41,Ck+2,. . .,cn criteria.

Finally we compare the conditions of the lexicographic decision method and the
Arrow impossibility theorem.

The main aspect of our motivation is that the mentioned non-compensatory prop-
erty arrange the criteria by their importancy and hence is the dictator in this
decision model. So the dictatorship is an essential precept in this method.

In our paper we suppose that among the alternatives there are no two lexicograph-
ically equal.

2 The construction of the lexicographic decision
function.

The lexicographic decision method is a seldom occuring theme in publications. For
its numerical representation we could not find solution. It may follow from the
negative resuits in this logic, for example the lexicographic order of the plane:
Theorem 1. There does not exist any continuous f(z,y) function, such that:

(z,9) <* (v,2) iff f(2,9) < f(v,2).

Proof. Let the values z,x1,Z2,v1,y2 be such that z; <z < zg and y1 < y2 . We
suppose that there exists continuous f(z,y) function, for which:

(z,y) < (v, 2) iff f(z,9) < f(v,2).
Then for the mentioned values it is true, that:
(1‘, y2) <L (-’132,?/1) <L (z2’y2) iff f(xv y2) <L f(xZ’yl) <L f(x27y2)'

Because f(z,v) is continuous, it is continuous at the point (22, y2).
Let £ be an arbitrarily fixed positive value such that

€ < f(z2,y2) — f(z2,y1)-

Then there exists a value 6, such that:

if [(z2,y2) — (z,y2)| < 6 then f(z2,y2) — f(z,92) <e.

but
f(x2,92) — f(z,92) > f(z2,92) — f(z2,91) > €

which contradicts that f(z,y) is continuous. A 0



98 Joézsef Dombi and Néandor Vincze

2.1 The preference and the.modiﬁer functions

In the introduction we shown the lexicographical decision concept. In this section
we construct a lexicographical decision function. For the construction we use a
general preference function p(z,y) and a 7(x) modifier, (or threshold) function,
which are the following, according to Dombi [3]:

p(z,y) = (y—z+1)/2

0 if 0<z<1/2
(z) = 1/2 if  z=1/2,
1 if 1/2<z<1.

Let A = {a1,a2, -+ ,am} be the set of alternatives. Let C = {c;,¢2,--+ ,cn} be the
set of the criteria, ordered by importancy. Let z;; denote the evaluation (utility)
of ¢; criteria in the case of choosing a; as an alternative , 0 < z;; < 1. The decision
situation can be described with the following decision matrix:

| C1 Ca e Cn
a1 In Tiz2 ... Zin
az I21 T22 ... I2n
Om [ Tm1 Tm2 ... Tmn

2.1.1 Properties of the preference function

Let p(z,y) = P(y — z) consider as the function of y — z, and let 0 < z,y < 1. Then
y—z € [~1,1]. We get that: :

-1 if 0<p(z,y) <1/2
sign(y—z)=4 0 if p(z,y)=1/2
1 if 1/2<p(z,y) <1

Then
0 if 0<p(z,y)<1/2
P(sign(y —x)) =4 1/2 i  p(z,y)=1/2
: 1 if 1/2<p(z,y) <1

As decsribed in the introduction we identify the alternatives with its evaluation
n-tuples, so we let

a; = (IE,;I,Z‘,'Q,. . ,.’L‘,’n) and a; = (.’L‘jl,.’rjz,. . ,:Ejn).

To order the alternatives a;,and a; with respect to criteria ¢, we set £ = z; and
y = z;x in the preference function p(z,y).
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2.1.2 The composition of the preference and the modifier function.

Definition 1. We can define for every (ai,a;) pair the p*(ai, a;) preference n-tuple
in the following manner. Let

p*(ai’aj) = (E}.j’e?ja" '16:';') fOT‘ Efj :T(p(zikazjk))'
Then
0 if x>z
T(p(Tik, Tjk)) = 1/2 iz = Tjx
1 f g < Tk

The indicators si-‘j can be considered as the elements of a pairwise comparison

matrix with respect to the cx criterion.

Ci | a) as v Qm
k k k
al E,]él 5’162 e Ellcm
¢35} €91 €90 e Eam
k k k
am €mi1 Ema v Emm

All the elements in the main diagonal equal to 0.5. As mentioned before, we
suppose, that among the alternatives there are no two lexicographically equal, so
for each pair (a:,a;) ai = (Zi1, T2y - - -, Tin) , @5 = (Tj1,T52,. . .,Tjn), there exist k)
and ks such that zix, < zjk, and Tjr, < Tik,.

2.2 The lexicographic decision function
The main result of this paper is the following Theorem:

Theorem 2. Let A = {aj,a3, - ,am} be the set of alternatives. Let C =
{c1,¢2, - ,cn} be the set of criteria, ordered by importancy. Let x;; denote the
evaluation (utility) of criterion c; in the case of choosing a; as an alternative,
0 < zy; < 1. The decision situation can be described with the decision matriz:

| o e ... Cn
al T Ti2 . Tin
a2 21 Z22 ... I2n
am Tmi Im?2 [N Tmn

Let p(x,y) be the preference function and 7(z) be the modifier, (or threshold) func-
tion as we defined in section 2.1.
Then there exists wy weights k =1,2,...,n such that the real numbers:

n

1« .
L= gﬁr(gwkr<p(zik,zjk))>, i=1,2..,m
1= =
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satisfy that
li<lj ifandonlyif a; >t a;.

- So we construct the lexicographic decision function with the help of a weighting
system. This function is non compensatory. This we give in the following. Next
we give the weighting system.

Let the weight of ¢; criterion be:

w; = 1/2' +1/(n2")
It can be verified, that:

n
Zwk =1.
k=1

The lexicographic decision function is constructed with the following function com-
position:

. n w’:T(p(xik’xjk)) _ { 0 lf a; >i a;
kZ=1 1 if ai<”a;
k

Since &;; = 7(p(zix, T;jx)), we denote

€ij =T (ZwkT(P(xik,a;jk))> :
k=1

The following matrix provides the pairwise comparison matrix with respect to the

weighted system of criteria (c1,w1; ¢z, w2;...;Cn, Wn)
(C,w) l ay a ... Gy
a) €11 €12 e Eim
az €21 €2 ... €Em
am Eml E€m2 --- Emm

All the elements in the main diagonal equal always to 0.5.
Normalizing the lexicographic decision function we get real I; in the interval

[0,1].
Z'r (Zwk’r(p(z,k,z]k))> ..,m
.‘I 1 ]

so that: :
i< lj iff a; >L aj.
This sequence of real numbers is constructed in such a way, that for alternative a;
we aggregate the preferences between a; and a; for j =1,2,...,i—1,i+1,...,m
This is the main idea of the global preference construction of the PROMETHEE
method.
To prove the correctness of the construction, ﬁrst we prove the correctness of
the weighting.
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Lemma 1. Let efj = 7(p(zix, zjx) as we defined it in 2.1.2. Then the following
statements are true:

n
1) min Y wek; =1/241/(n2") if a; <L a;, and it is minimal if
W = tJ 3
(EJ,E,], €)= (1,0,...,0).
n
2) Irixz;xZ'wkefj =1/2-1/(n2") if a; >F a;, and it is mazimal if
W k=1

(€l el el) = (0,1,...,1).
Proof (of Lemma 1).

(1) Ha; <t a; and e{-‘j = 7(p(zik, zjk)) then a preference n-tuple

(e}j,efj, caey) =(1/2,1/2,...,1/2,1 e:;fz, ey for0<t<mn

t+2 t+3

has minimal non-zero element, if €~ =€ - s}‘j =0.
In this case: n
Zwksfj =1/2 4+ (t/2 + 1)[1/(n2™)).
It is minimal if t = 0. Then (Ew Gre e ,6}}) =(1,0,...,0) and the minimum

is equal to 1/2 + 1/(n2").
(2) If a; > a; then a preference n-tuple
(€hr€%r--r€5) = (1/2,1/2,...,1/2,0,eif%,.. . el) for 0<k<n

t+2 t+3 _

has minimal zero element, if ;] i e =EG

Then

=£;

S wkeh =1/2— (1/2+ Dt/

k=1

This is maximal, if ¢ = 0 and the maximum is 1/2 — 1/(n2").
Then
1 .2 P A
(€ij>€ijr- -1 €55) = (0,1,...,1).

Proof (bf Theorem 2). By Lemma 1 we get for the weighted sum that:
0< Zwke < 1/2 if a;>la;

1/2< }:wkek <1 if a;<ta;

7 —
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Applying the modifier (or threshold) function 7(z) for this weighted sum, we obtain:

T(ZwkT(P(JIik,xjk))) = { (1) z.-; a; >t aj,

L
a; <” a;.
k=1 * 7

n

So 7( Y, wkT(p(zik, zjk))) gives the lexicographic preference ordering between al-
k=1 ’

ternatives. So with this construction we get a decision function. Then we get:

- ZT(ZwkT@(Zik,xjk))) = |{a;j : a; <t a;} + %

j=1 k=1

To transform this number to the [0,1] interval, we get the real values:

m n
L= (1/m)) 7 (ZwkT(P(l‘ik, xjk))) ‘
i=1 \k=1
for which '

li<l; ifandonlyif a;>La;.

O

2.3 The lexicographic decision method as the limit of deci-
sion methods

Using the mentioned 7(z) threshold function, we construct the lexicographic deci-
sion function. This form is the general form of decision functions (for examples of
PROMETHEE, ELECTRE and utility). In this formulation the form of the general
modifier (threshold) function is, see Dombi [3]:

) 0 if 0<z< P1,
Toapa(T) = (@—m)/(p2—p) if pr<z<po,
1 if ppo<z<l.

This function is linear in the interval [p;,ps]. Taking the limit of this function we
obtain:

llim lem(x) = T(z)'
P1—3.P235

So we get the lexicographic decision method as the limits of decision methods.
These methods may be compensatorical or non compensatorical.
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3 The lexicographic decision method, and the Ar-
row paradox

As mentioned in the introduction, the concept of arranging the criteria according
to their importancy and the lexicographic decision method is dictatorical. Because
of this there may connections between the lexicographic rule, and Arrow’s impossi-
bility theorem. But conditions of Arrow’s impossibility theorem are applied to the
voting situation, and so the lexicographic decision situation should be applied to a
voting situation.

Let the evaluation of alternatives with respect to criterion ¢; be z1;, 2i, - . -, Tni.
Let their order be zi; < z3; < ... < z},;, and set z}; = %, so we get simply an
ordering on alternatives by ¢;. To transform the voting situation to multicriteria
decision situation we map the individuals to criteria. In this section the profile
is a weak order on the alternatives based on a criteria (or individual). The social
welfare function is a decision function which aggregates the criterion (or individual)
ordering. Let R be the set of all possible weak orders on the set of alternatives. We
say that an individual is a dictator if its preferences become automatically social
prefrences.

The axioms and conditions of the Arrow paradox are the following, see Hwang,
Lin [13]:

Axiom 1 (The preference relation is strongly complete). For all a; and a;
either a; 'is preferred or indifferent to’ a; or a;’is preferred or indifferent to’ a;.

Axiom 2 (The preference relation is transitive). For all a; and a; and ay:
a;’ts preferred or indifferent to’ a; and a; ’is preferred or indifferent to’ ar imply
a; ’is preferred or indifferent to’ a.

Condition 1 (Universal ddmain). The social welfare function(decision func-
tion) f is defined for all possible profiles of individual(criteria).

Condition 2 (The weak Pareto concept). If ax,a; € A and ax <; a; for
i=1,2,...,n then ar <% a;.

Condition 3 (Independence from irrelevant alternatives ). R(%::%) =
F(@3:83) (p(@4,93))  for every pair (ai,a;) € AzA, where R(%6:8i) F(@ia5) p(ai05) gre
the contraction of the social preference ordering, the social welfare function (i.e.
the social decision function), and the p profile, to the pair (ai,a;).

Condition 4 (Non-dictatorship). There is no dictator in the society, i.e.there
is no individual that whenever he prefers a; to a; for any a; and a; society does
likewise regardless of the preferences of other individuals.

Theorem 3 (General possibility theorem(Arrow)). If there are at least two
individuals, and three alternatives, which the members of the society are free to order
in any way, (condition 1.) then every social welfare function satisfying condition 2
and 8 and yielding a social ordering satisfying azioms I. and II. must be dictatorical.
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It means that if a given social welfare function satisfies conditions 1-4, then a
contradiction arises.

It can be seen that the lexicographic decision function satisfies Axioms 1-2 and
Conditions 1-3.

We now consider the formulation in which there are preference orders <; on the
set of alternatives for each criteria along with holistic order <” on-A, see Fishburn
[5],[6], May [15], Plott {17].

We shall refer to an n + 1 tuple (<1, <2,...,~<n, <%) of weak orders on A as a
situation. Then we consider the possibility that any one of a number of potential
situation might arise.

Theorem 4. Let us suppose that A contains at least three alternatives, (A is other-
wise unlimited) and every n-tuple (<1, <2, ..., <n) of weak orders on A appears in
at least one situation. Then preferences are lezicographic, iff the following hold for
all situations (<1, <2, ..., <n,<F) and (-<’1,<'2, ey <:,, <'L) and all aj,ar € A:
(aj ~;i ag for all i)=> a; ~ ax; (a; 3i ax for all i) & (a; <i ax for some
t)= a; <L ay, , ‘

and (a; <; ax iff a; <; ax) & (ax =i aj iff ax <; a; for all i) => (a; <L ax iff
ar <L aj) & (ax <L a; iff a; <L ak).

Now we compare the axioms and conditions of the lexicographic decision
method, and the Arrow paradox. We shall refer to the lexicographic method and
the Arrow Paradox in this comparison by letters L and A, respectively.

1. Preference completness and transitivity

L: The preference is a weak order, so it is strongly complete and transitive.

A: The preference is strongly complete, and transitive.
2. Unitversal domain

L: Every n-tuple (<1, <2,...,=<n) of weak orders on A appears in at least
one situation. .
A: The social welfare function(decision function) f is defined for all possible
- profiles of individual (criteria).
3. The Pareto concepts
L: The strong Pareto concept (aj ~; ay, for all i)= a; ~ ax; (a; Ji ax for
all i, & a; <; ax for some i)== a; <’ a,
A: The weak Pareto concept If ax,a; € A and ar <; a; fori =1,2,...,n
then ax <% ay.

4. Independence from irrelevant alternatives

L: (a; <i ax iff a; 42 ax)éc(ar <i a; iff ax ~<; a; for all ) = (a; <L ay iff
ap <L a;)&(a <k a; iff a; <t ay),
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A: R(8:05) = F(a:.03)(p(a:,9)) for every pair (a;, a;) € AzA, where R(%:93)
F(94:83) and p(e2i) are the contraction of the social preference ordering,
the social welfare function (i.e. the social decision function), and the p
profile to the pair (a;, a;).

It seems, that the conditions used in Arrow’s impossibility theorem for a ’social
welfare function’ are formally similar to the conditions of Theorem 4, or are the same
of the condition of this theorem. As it is mentioned above we can set a multicriteria
decision situation to a voting situation. Then <; is interpreted as the prefrence
order for the ith individual or voter. The Arrowian axioms, and the condition of
universal domain and independence from irrelevant alternatives are the same as
the conditions of theorem of the lexicographic decision. The difference is that while
Arrow’s theorem uses strong Pareto concept, the theorem of lexicographic decision
method uses weak Pareto concept, and Arrow adds the condition that no individual
shall be a ’dictator’. The main result of Arrow’s theorem, to be shown that all
"conditions other than the nondictatorship condition imply that some individual is
a dictator.

By deleting specific references to dictators and replacing the weak Pareto con-
cept with the strong Pareto concept, as in Theorem 4., we derive a hierarchy of
‘dictators’ o(1),0(2),...,o(n),which verifies the existence of lexicographic prefer-
ences.
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Minimal inter-particle distance in atom clusters*

Tamés Vinké!

Abstract

A general method for obtaining minimal interatomic distance in molecule
conformation problems is introduced. The method can be applied to a wide
family of potential energy functions having reasonable properties. Using this
method new lower bounds for the minimal inter-particle distance for the op-
timal Lennard-Jones and Morse potential functions are derived which are
independent from the number of atoms. Improved linear lower bounds for
the optimal function values for Lennard-Jones and Morse potentials are also
given.

1 Introduction

Given a cluster of n atoms, define z; € R3 (i = 1,...,n) as the center of the ith
atom. The potential energy of the cluster z = (z1,...,2,) € R3" is defined as the
sum of the two-body inter-particle pair potentials over all of the pairs, i.e.,
E(z) =) v(ry), (1)
i<j
where 7 = ||z; — z;|| and v(r) is the value of a pair potential of distance . For

the pair potential v(r) we set the following requirements to be satisfied:
(P1) The function v is continuous.

(P2) There exists a unique s with v(s) < 0 and if 7 # s then v(r) > v(s) (single
stable state property). '

(P3) If r < s then v is strictly decreasing and v(r) > r—4.
(P4) If r > s then v is strictly increasing and v(r) > —r—%.

The properties (P3) and (P4) come from sphere packing arguments,used in the
paper. We should use here C7~3 bounds instead, but the a priori determination of
the constant C is quite difficult.

*This work has been supported by the grants OTKA T 048377 and AOU 600ii6.
tResearch Group on Artificial Intelligence of the Hungarian Academy of Sciences and University
of Szeged, H-6720 Szeged, Aradi vértanik tere 1., Hungary email: tvinko@inf.u-szeged.hu
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The aim of the paper is to obtain lower bounds for the minimal interatomic
distance in the optimal structure of (1), independent of the number of atoms and
assuming only that the pair potential minimally satisfies properties (P1)-(P4).
Many papers deal with this topic, however, they specialized the pair potential
function.

1.1 Previous results

The first paper is by Xue et al. [9], where a poor lower bound for the minimal
distance in Lennard-Jones cluster is established. They also proved that the global
optimum can be bounded from below and above by linear (in the number of atoms)
functions. In a paper of Maranas and Floudas (7] results for the minimal distance
can be found. They established bounds as functions of the number of atoms. That
value is useful only for small n since it goes to zero as the number of atoms grows.
In another work of Xue [11], a lower bound for inter-particle distance in the optimal
Lennard-Jones cluster is given which is independent of the number of atoms in the
cluster. Improved lower bound is obtained by Blanc.[1]. For Morse clusters (for
which property (P3) does not hold) Locatelli and Shoen [5] establish lower bound
for the interatomic distance in the optimal structures. In this paper, better lower
bounds for the Lennard-Jones and the Morse cluster (where we use the results from
[5]) are derived as applications of the introduced general method.

Apart from the theoretical interest, this kind of results can be used efficiently in
the construction of global optimization methods, especially in branch-and-bound
type methods. As shown by Locatelli and Schoen in [4], information about the
minimal interatomic distance can be used efficiently in starting point generator
algorithm for (stochastic) optimization methods. Such a lower bound can also be
applied to construct special data structures for fast procedures to compute potential
functions with large number of atoms, see [12].

1.2 Notation

In the rest of the paper the following notation will be used. The set of real num-
bers, positive real number and nonnegative integers are denoted by R, R, and Np,
respectively. V' denotes the set of functions v : Ry — R satisfying properties (P1)-
(P4) Using this notation v € V is supposed in this paper. The global minimizer of
the function F is the configuration z* € R3" with

E(z*) = :Igni;?n E(z). (2)
The global minimum will be denoted by
E* = E(z*).
Let 7;; be the Buclidean distance of the points z; and z7 (4,5 = 1,...,n). Define

" the potential ehergy of particle ¢ as

Ei(@) =) v(lzi—zl) G=1,...,n)
i#j
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and E} = E;(z*). It is obvious that

.1 .
E(z) =3 Y Ei(z) - 3)
i=1
holds. The minimal inter-particle distance in the optimal structure is
™ =minry; (i,j=1,...,n). : (4)
By

Lower bound for the minimal distance is denoted by g, i.e., our task is to find a
good underestimation
g<rt.

In order to obtain good lower bound g we assume that in the configuration taken
into account the minimal distance between the particles equal to q.

The positive root of v is denoted by ¢. Properties (P1)-(P4) imply that that ¢
is unique and ¢ < s. Note that with the general method only such a lower bound
can be obtained which satisfies ¢ < t.

Without loss of generality let us suppose that z; = 0and0 =7, <ry < ... <1y,
where ’ '
;= “IL'] —1‘1“ = ”27_7” ’ (.7 = 11‘”7")'

In the rest of the paper we consider only the cases n > 2.

2 Lower bound on the minimal inter-particle dis-
tance '

To give a good lower bound for the minimal inter-particle distance we generalize
the arguments given by Xue in [11] and Blanc in [1]. To do that, first we establish
an upper bound for E} (i = 1,...,n). Suppose that p € R, is a parameter such
that

pg 2 s. : (5)
Then we use the partition

Ef= ) )+ D v(ry) (6)
9<rj<pq ri2pgq .

and give underestimations for the two terms. With suitable chosen parameters we
show that if the minimal distance is too small, then we get a contradiction with
the upper bound for E7.

2.1 The auxiliary bounds

Lemma 1. In the optimal configuration the potential energy of particle i is always
less than the global minimum of v, i.e. the inequality E} < v(s) holds for all i =
1,...,n.
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Proof. Let k =nifi #nand k = n -1 if i = n, and define the configuration
z = (z1,...,2n) in such a way that z; = z} for all j # 4, ||z; — 2| = s and
lzi — z1]] = s for all [ # i. Then put the atom 2; to the line determined by the
origin point and the coordinates of z; in such a way that then z; has the maximal
r; value. Thus E;(z) < v(s). By construction of z,

E*—E} = E(z)- Ei(2).
Since E;(z) < v(s) and
E* — E! = E(z) — Ei(2) > E(2) — v(s),
we find E} < v(s). ]

Lemma 2. For § < a <b, the index set Jop = {j | a < r; < b} has size
2+¢\° [2a-gq\°
7l < (220) - (2221)
q q

Proof. We may assume that the particles are centers of disjoint open balls of radius
g/2. The cardinality of the set J;p can not exceed the number of balls with radius
q/2 that can be contained in the ball centered at the origin with radius b + ¢ /2

With volume comparison this gives the upper. bound

b
|\7ab]<( + > .
2

On the other hand, since 1~5 > a, we can drop out all the balls with radius ¢/2 from

the ball centered in the origin and having radius a — ¢/2. 0
Lemma 3. If pg > s, then the first term of (6) can be underestimated with
> u(rg) = v(g) +v(s) (2p+1)° - 1)). (7
q9<r;<pq
Proof. Suppose that r9 = r3 = ... = Ty41 = ¢, (i.e. there are m > 1 distances

equal to g). Since they give positive contributions we can cancel all of them but one
(about what we supposed that exists, see Section 1.2) and this one can be taken
out from the sum. Thus

Do) zu@+ Y, u(m) - 8)

q<r;<pg g<ri<pq

holds. Moreover, using Lemma 2 and the monotonicity property of the pair poten-
tial v we get

v+ ¥ v 2 v(q>+v(s)((2p"q+q)3¥(2";")3) 9)

v(g) +v(s) ((2p +1)° - 1)).. (10)
o

\

il
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Lemma 4. Let s < pg = Ry < R; < Rz < ... be an infinite strictly increasing
sequence and define the indez set Iy = {j | 2 £ j < n,Rx < 1j < Ry} (k =
0,1,2,...). Ifpq > s, then the second term of (6) can be underestimated with

o0

> w(r) 2 Zv(Rk ((2Rk+1 +9)° — (2R — 9)%) . (11)

Ti2Pq k=0

Proof. Again, we can use the monotonicity property of v and Lemma 2 with the
index set Zy: '

> o(rj) 35T o) (12)

r;2>pq k=0r;€I;
o0
> 3 (R (13)
k=0r;€T}
1 & 3
> = > v(Rk) (2Rk41 +9)° — (2R — 9)%), (14)
k=0 .
which completes the proof. . : a

2.2 The general method

Using the above lemmas the following method can be introduced to obtain the
minimal interatomic distance in the optimal potential energy function E. Recall
that ¢ and s are the zero and the minimizer of the pair potential v, respectively.
Suppose that v € V. In Lemma 4 we use an increasing sequence Ry which represents
an infinite sequence of spherical shells. Instead of this sequence one can use function
R: R, x Ny — R4 having the properties

R(Q,k) < R(Q,k+1) and R(Q,0) =c,

where ¢ € R, is a constant (in the proof of Lemma 4 this constant is pq, the staring
point of the infinite sequence). For technical reasons we use the notation RS for
the functions R(Q), k). Moreover, we write

={R? | RY <RkQ+1 and RY =cand k=0,1,...}.

Let us define now

F(g,p) = v(g)+uv(s)((2p+1)*-1), (15)
S(g,p,R) := %ZU(R?) ((2R§+1 + q)3 _ (QRI? _ q)3) , (16)
k=0

G(q,p,R) = F(q,p)+ S(q,p, R). (17)
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Using these functions and Lemma 3 and 4, we have the lower bound:

B = Y )+ T o)

g<r;<pq Ti2Pq

> Glg,pR) (18)
where p € R, such that pg > s and R € Ug.

Theorem 1. Define the function g,(q,p,Q) := G(¢,p,R). If g.(¢,9,Q) > —0
then in the optimal atom cluster problem (2) the minimal inter-particle distance is
greater than or equal to the solution q of the nonlinear system of equations

09+(¢,p,Q)

Bp = 0, (19)

09.(q,p, Q)
—aQ—— 0, (20)
gv(Q*p:Q) - ’U(S) = 0. (21)

Proof. The finiteness of g, comes from properties (P3) and (P4). These properties
also guarantee that g, is monotone in ¢ on the interval [0, s|]. Thus (21) has exactly
one solution.

From Lemma 1 we know E} < v(s). Moreover, g, < E} comes from (18). We
are looking for the largest ¢ for which the underestimation g, < v(s) does not hold.
Now let us consider the optimization problem

max ¢

st gu(g,p,Q) > w(s). @2)

Thus (19) and (20) are the first order optimality conditions for p and Q, respectively,
in the optimization problem (22). Finally, (21) guarantees the largest possible ¢
for which the the inequality g, < v(s) does not hold. In this manner the minimal
inter-particle distance in (2) is at least q. O

One can improve the result can be achieved with Theorem 1. If we substitute the
first m term of the sequence Ry with variables py,...,pm then we have a function
G with m + 2 variables. Namely,

m—1

G(g,p1,---,Pm,R) == F(g,p)+ Y v(pig) ((2pi+1 +1)° — (2p: = 1)°))

1 & i=; Q ’ 2 ’
3 ()

where F(q,p) is defined in (15), p1g > s, and R,? € szfnq.
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Corollary 1. Define the function gu(q,p1s---,Pm Q) = G(@,p1,-..,Pm,R). If
gv > —oo then in the optimal atom cluster problem (2) the minimal inter-particle
distance is greater than or equal to the solution q of the nonlinear system of equa-
tions

0gv(q,p1, ..., Pm, Q)

0,

op1
ag‘u(Q1p1a“'1pm7Q) — 0
Opm '
agv(q1pla"'1pm,Q) 0
oQ ’

9(@:P1, .-, Pm, Q) —v(s) = 0.

3 Linear lower bounds on the optimal values

Using the results of the previous section we can establish linear lower bounds for
the optimal objective function value. These bounds are valid for arbitrary large
clusters.

3.1 The general method

Theorem 2. If q is a lower bound obtained by the usage of Corollary 1 for the
minimal inter-particle distance in the problem (2), then there exists a constant K
such that

K ,
—;Tl S E*.
Moreover, K can be computed using the value of q.

Proof. Let i € {1,...,n} arbitrary but fixed. Recall from Section 1.2 that s is the
minimizer and ¢ is the positive root of v, respectively. Let us define the interval
M = [t,pq), where pq > s. Then one can make the underestimation

n n n
Z'U(Tij) 2 Z v(rij) + Z v(rij)-
j=1 j=1 j=1
J#i JALTi;EM J#LTi; 2P

Using Lemma 2, an underestimation of the first term is

n \ 3N
S ) > o(s) ((2p+1)3-(2iq‘—") ) (23)

Jj=1
j#ELTi;EM
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From Lemma 2 and 4 we have a lower bound for the second term:
n 1 [e o]
Y wlr) 2 5 (R (CRL +9° - CRY ~af),  (24)
j=1 k=0
j#i‘,JrijZPq

where Rf € U,g. (see section 2.2). Moreover, as in Corollary 1 we can extend
these considerations with introducing more variables in (24). This leads to the
underestimation

n 3
doulrg) = v(s) ((2p+ 1)° - (2tq——q) ) +

=1
J#i
-1

+) v(er*) (2o +1)° — (2o — 1)%) +
=1

o S (54~ o))
k=0

= -K,

3

where p1g > s and RkQ € U,,qu. If g, is finite (see Corollary 1) then the substitution
of the solution vector from Corollary 1 guarantees the finiteness of K. Finally,
equation (3) yields a linear lower bound for the optimal potential function:

—%nSE'.

4 Lennard-Jones clusters

In this section the generalized method introduced in the previous section is applied
to the Lennard-Jones function.
In general form the Lennard-Jones pair potential function is

oty =(2)" - (2)] e

where ¢ is the pair well depth and 2!/85 is the pair separation at equilibrium. In the
global optimization literature the function (25) with reduced units, ie. e=0 =1
and s = 2/6,
4 4
v(r) = 7z 6

or the so-called scaled Lennard-Jones pair potential (e = 1, 0 =2-1/6, s = 1)

1 2

Ug-1760,1 () = 71278

2 (26)
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is investigated. Note that the properties (P1)-(P4) required for the application of
the general method are satisfied by (25). The scaled version is plotted in Figure 1.
Using (1) and (25), the Lennard-Jones potential function is defined by

Eqe(z) = Z Va,e(llzi — z;1])- (27)
1<i<j<n )

In the following minimal distance in the optimal Lennard-Jones cluster is given.

4.1 Minimal distance

Theorem 3. In the optimal Lennard-Jones atom cluster problem the minimal
inter-particle distance is greater than or equal to 2/80 . 0.6187356774.

Proof. The translation between the general and the scaled Lennard-Jones pair po-
tential is

Vo,e(T) = €vy-1/6. 1(T/8), (28)

thus the minimal distance scales with s and the potential scales with e. We give a
proof for the scaled version; then the result for the general case is stralghtforward
For the sake of simplicity, in the proof we use the notation

1)(7‘) = 1)2_1/3_1(7‘) and F = Ez—l/d,l-

T T T T T T T T T T T T T T
1 1.2 T 1.6 1.8
x

Figure 1: The scaled Lennard-Jones pair potential function.
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One can easily see that the zero point and the minimizer point of the function v is
t=2"1% and s=1,

respectively.

From Lemma 1 we have Ef < —1. The lower bound for ET can be established
with the usage of Lemma 3 and 4. To prove the theorem by contradiction we should
choose a suitable function R(Q, k) to keep that lower bound greater than or equal
to —1.

Define the function R(Q,k) = pgQ* (pg > 1,Q > 1,k = 0,1,2,...). Since
property (P4) is satisfied by v, it is easy to see that

= 1 2 3 3
Srs(e,p,Q) == —_— — ——— | {(2pQ@** +1)" - (2pQ* -1)") > -0
» > (e~ (( )* - (et - 1)°) -

holds. Indeed, because @ > 1 holds, as k goes to infinity the first term in the sum
(i.e. v(pgQ*)) tends to O faster than the second term goes to infinity. Thus the
function

gv(qvpv Q) = U(Q) +1- (2P+ 1)3 = SLJ(q1p7 Q) (30)

is well defined. Figure 2 shows the graph of this function, where the variable
g = 0.618 is fixed. Note that the function g, is monotone decreasing in variable q.

Figure 2: The graph of function g,(0.618, p, Q).
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To obtain a lower bound one has to solve the nonlinear system of equations with
three variables:

09y

agp (Q1p1 Q) = 0,
9gv
aQ (qipv Q)

g(g,p,Q)+1 = 0.

The closed formula of the convergent series (29) and the partial derivative in the
nonlinear system of equation above can be calculated with the usage of a symbolic-
algebraic system. For this task we used MAPLE 9 [6]. The solution of the nonlinear
system is

Q = 1.234749976, p = 2.24086158005346, ¢ = 0.61845034503861, (31)

I
L

which gives a lower bound on the minimal interatomic distance for the optimal
scaled Lennard-Jones problem.

As it is stated in Corollary 1, we can improve this bound with introducing more
parameters. Using 5 variables instead of 3, one obtains:

q = 0.6187356774, (32)

which gives a slightly better underestimation for the minimal distance. O

Note that we do not have significantly better bound with Corollary 1 using more
and more variables, but more complicated calculations have to done.

As it is mentioned in the introduction, there are papers about the minimal
distance in optimal scaled Lennard-Jones clusters. These results are compared in
the following table including the minimal distance obtained in this paper.

Xue [11} | Blanc [1] | general method
0.5 0.6108 0.6187

Note that all these results are independent of the number of particles in the con-
figuration.
The next corollary specializes the previous result for the case of reduced unit.

Corollary 2. The minimal inter-particle distance in the optimal Lennard-Jones
clusters with reduced units is greater than or equal to 0.6945073156.

4.2 Linear lower bound on the optimal value

Theorem 4. The optimal Lennard-Jones potential function has the linear lower
bound

~138.677501ln- e < E3, (n=12,3,...).

Proof. One can use the values from the numerical result of Theorem 3 and equation
(28) then the statement of the theorem is straightforward from the considerations
in section 3.1, thus the proof is omitted. 0
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5 Morse clusters
The pair potential function in Morse cluster is
vp(r) = er(1=") (e”(l_')‘— 2) , (33)

where p > 0 is a parameter. For p = 6 the Morse and the scaled Lennard-Jones
pair potential are related, they have similar curvature at the minimum point r = 1.
Using (33) and (1) the Morse potential function is defined by

My(z)= Y wp(llzs =zl (34)

1<i<j<n

The zero point and the minimizer point of the function v, is
2
t=1-— and s=1,

respectively. Note that if p < In2 then v, has no positive root. In the context of
global optimization, the cases p > 6 are interesting, since these are more difficult
problems than finding the optimal Lennard-Jones structures [2].

5.1 Minimal distance

We must emphasize that property (P3) is not satisfied by the Morse potential. The
reason is that the pair potential function v, is defined even in the case r = 0,
i.e., when two particles are in the same position. In. other words the function G
from (15) has two roots, i.e. becomes negative for small ¢ values. Thus the general
method cannot be applied directly to M,,. In this case, information on the minimal
inter-particle distances can be helpful. In {5] the minimal inter-particle distance
in optimal Morse clusters is investigated. The proposed technique differs from the
method introduced by Xue in [11} and from the general method introduced in this
paper. In [5] it has been proved that there are positive minimal distances in the
optimal Morse clusters for p > 6. Using this information these bounds can be
improved by the application of the general method.

In the rest of this subsection we use the notation M := M, for a given p > 0.
From Lemma 1 we know that M} < —1 foralli=1,...,n and p > 0. As for the
Lennard-Jones potential, define the function R(Q, k) := pgQ* (pg>1,Q > 1,k =
0,1,...). The infinite series

Sm(a,p,Q) = i ((e/’“"’qQ") - 1)2 - 1) (p@**1 +1)° - (20Q* - 1)°)

k=0
(35)
is convergent —the first term of the sum (i.e. v,(pgQ*)) goes to zero faster than the
second term goes to infinity—, thus the function

9(0:7,Q) :=v,(q) +1 - (2p+ 1) + Sm(4,p, Q) (36)
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is well defined.

In Table 1 the results from [5] are collected and compared with the resuits can
be achieved with the usage of the general technique introduced in this paper. Note
that the new results are achieved using the results from [5], i.e. using that ¢ must
be greater than the second column in Table 1. One can see that the new method
produces much better lower bounds, especially for the case p = 6.

The present method works for p > 6. For p = 5, the corresponding nonlinear
system of equation has no non-negative solution. The technique used in [5] also
gives no results for the cases p < 6 {at least without further non-trivial refinements).

5.2 Linear lower bounds on the optimal values

Theorem 5. The optimal Morse potential function has the linear lower bound for
different p values:

~177.6190601n < M}
~97.52208250n < M3
—69.76159670n < M}
—55.71197450n < Mg
—47.25499588n < M7,
—41.61681210n < M7
—37.59385566n < M,
—34.58070042n < M},
~32.24012281n < M},
—30.36965466n < My

Proof. The values in the statement can be derived by the considerations from sec-
tion 3.1 and from the numerical result of section 5.1, thus the proof is omitted. [J

| p | g from [5] | g by the general method |

6 0.114 0.4985948046
7 0.376 0.6113121449
8 0.468 0.6796501438

9 0.528 0.7268978345
10 0.574 0.7618207355
11 0.613 0.7887781722
12 0.644 0.8102494106
13 0.672 0.8277671751
14 0.695 0.8423362542
15 0.715 0.8546451536

Table 1: Lower bounds for the minimal distances in optimal Morse clusters for
different p.
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6 Summary

The method introduced in this paper can be used to obtain minimal inter-particle
distance in optimal atom clusters. For the usage, only natural requirements are
supposed for the pair potential function. Linear lower bounds on the optimal
potential energy is also established. As application, new results for the Lennard-
Jones and Morse clusters are derived. These theoretical results can be used for
accelerating global optimization methods.
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Synthesis of the synchronization of general
| pipeline systems *

Balazs Ugron! Szabolcs Hajdara! and Laszlé6 Kozma!

Abstract

The pipeline systems and different subtypes of pipelines are interesting
parts of parallel systems in software engineering. That is why it seems to be
worth dealing with the possibilities of the specification of the synchronization
of these systems. ’

Different methods exist that can be used to synthesize the sync'ironization
of parallel systems based on some kind of specification, but these methods
cannot be applied directly for pipeline systems because of some special prop-
erties of the pipeline systems and the methods themselves.

The method that seems to be the most promising is the method of Attie
and Emerson, which is a synthesization method for many similar processes
based on a special temporal logic specification.

In this paper we give an extension of this method so that the extended

method will be able to handle more properties of parallel systems, especially
of pipeline systems. We will consider not only linear [8], but general pipeline
systems too. Furthermore, we give an abstract synchronization of a general
pipeline system.
Categories and Subject Descriptors: D.2.1 [Software engineering]: Re-
quirements specification; F.3.1 [Logic and Meanings of Programs]: Specifying
and Verifying and Reasoning about Programs — assertions, invariants; F.4.1
[Mathematical Logic]: Temporal logic.

Key Words and Phrases: semantic tableaux, pipeline, synthesis, parallel
systems, temporal logic.

1 Introduction

In the following, we will consider the synchronization possibilities of a special part
of parallel systems, the pipeline systems. As usual (see [1, 2]), we consider only the
synchronization part of the processes, because the real computation code usually
can be separated from the synchronization part of parallel systems.

*This research work was supported by GVOP-3.2.2-2004-07-005/3.0.

tDepartment of Software Technology and Methodology, Eétvés Lorand University, Pazmany
P. sétany 1/c, H-1117 Budapest, Hungary. E-mail: baleeQelte.hu, sleet@elte.hu,
kozmaQludens.elte.hu
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A pipeline system is a parallel system of processes, which is built in order to
solve some kind of problems. In the case of the simplest pipeline system, which
is linear, the processes are aligned in a row by the connections between them, so
every process in the system has exactly two connections, except the first and the
last processes, which have only one. The processes between the two ends work on
similar tasks, so their synchronization is obviously similar, too.

In this paper, we will consider not only linear, but much more general pipeline
systems. In paper [8] we described the synthesis of a linear pipeline system, while
in this article general pipeline systems are synthesized. We have only the following
assumptions:

1. There are some processes, which have only one connection, which is an output
connection. These processes generate the data.

2. There are some processes, which have only one connection, which is an input
connection. These processes receive the result.

3. The processes inside the pipeline (that is, which are not data generator or
receiver processes) are similar in terms of synchronization.

There are methods in the literature, which can be used to synthesize the syn-
chronization part of a system from temporal logic specification, but these methods
cannot be directly applied in this case. For example, the method of Emerson and
Clark [2] suffers from the so-called state explosion problem [1], so it cannot be ap-
plied for a large number of processes, in practice. Another example is the method
of Attie and Emerson [1], which can handle large systems, but this method can be
only used for systems consisting many similar processes, and this is not that case.

In this article, after a short description of the synchronization of many similar
processes [1], we will introduce an extension of the method, with which it will be
possible to handle the case of pipeline systems too.

2 Synthesis of many similar processes

In this section we review the parts in Attie and Emerson’s paper [1] that are most
important to understand this paper. The reader will generally find only informal
definitions in this section, the exact definitions can be found in {1].

First, Attie and Emerson’s method specifies that the processes must be similar.
In this case, similarity means that any two processes can be exchanged with each
other, except their indexes. This restriction is used many times in the method.

2.1 CTL*

The specification language is an extension of the temporal logic CTL*, which is a
propositional branching-time temporal logic. The basic modalities of CTL* consist
of a path quantifier, either A (for all paths) or E (for some path) followed by
a linear-time formula, which is built up from atomic propositions, the Boolean
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operators A, V, =, and the linear-time modalities G (always), F' (sometime), X
(strong nexttime), Y; (weak nexttime) and U (until). CTL* formulas are built up
from atomic propositions, the Boolean operators A, V, =, and the basic modalities.

Let us consider the intuitive meaning of the formulas mentioned above. For-
mula Ef means that there is some maximal path for which f holds; formula Af
means that f holds of every maximal path; formula X; f means that the immediate
successor state along the maximal path under consideration is reached by executing
one step of process P;, and formula f holds in that state; formula fUg means that
- there is some state along the maximal path under consideration where g holds, and
S holds at every state along this path at least the previous state.

The usual abbreviations for logical disjunction, implication and equivalence can
be introduced easily. Furthermore, some additional modalities as abbreviations can
be introduced: Y;f for ~X;~f, Ff for trueU f, Gf for =F-f.

The reader can find the formal definition of the semantics of CTL* formulas in

(1.

2.2 The interconnection relation

The interconnection scheme between processes is given by the interconnection re-
lation I I C {4y,...,ix} % {%1,..-,iK}, and i I 7 iff processes i and j are intercon-
nected. I is a symmetric and irreflexive relation.

Those process pairs that are in the interconnection relation will be synchronized
with each other, while the others will not. This means that the behaviour of the
system can be simply changed by the interconnection relation. For example, the
synchronization of the eating philosophers problem is the same as for the standard
mutual exclusion problem - except the interconnection relation.

2.3 MPCTL*

An MPCTL* (Many-Process CTL*) formula consists of a spatial modality followed
by a CTL* state formula. A spatial modality is of the form A; or A;;. A; quantifies
the process index ¢, which ranges over {i1,...,ix}. A;; quantifies the process
indexes %, 7, which range over the elements of I. :

The definition of truth in structure M at state s of formula g is given by M, s = ¢
iff M,s = ¢/, where ¢’ is the CTL* formula obtained from g by viewing g as an
abbreviation and expanding it like

e M,sk A\, fiiffVie {il,...,iK}v: M,sk f;
* M,s |=/\ijf'ij lffV(’l,,_]) GI:M,S |=fij

2.4 The method

In this section, we give an extremely short informal description of the synthesis
method of Attie and Emerson, which will be informative enough to catch the point,
though.
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First, the behaviour of the system needs to be specified in the above described
temporal logic language, MPCTL*. This specification is applied to an arbitrary
process or process pair from the system. )

Any known method (for example the one described in [2]) can be used to syn-
thesize the synchronization skeleton of an arbitrary process pair from the system.

In this way, the method takes advantage of the fact that the processes in the
system are similar and produces a global synchronization skeleton for the whole
system based on the skeleton synthesized for the pair system.

3 Synthesis of a pipeline system

Our main goal in this paper is to develop a method, with which the synchronization
skeleton of a pipeline system can be synthesized. The method of Attie and Emerson
which we roughly described above cannot be applied directly in the case of a pipeline
system. _

The first reason is that the processes in a pipeline system are not similar. Al-
though the processes except the sender and receiver ones of the pipeline are similar,
the mentioned two processes differ from them, because they have different state sets
from the other processes.

The second reason is that the communication in a pipeline system has a direction
~ from the sender to the receiver processes. This method does not permit us to
distinguish the processes even in the specification, so we cannot handle directions,
and the synthesized synchronization ¢code will not be efficient.

First, we give an extension of the method, with which the side processes can be
handled too. We introduce one more abstraction level in the method: we separate
the processes inside the pipeline from the processes at the ends, handle them as an
embedded system, and synthesize the synchronization for them. Finally, we handle
the embedded system as a part of a new system, besides the processes at the ends
of the pipeline.

3.1 The embedded system

First we give a straightforward solution to the synchronization of the previously
mentioned embedded system in the pipeline. This is a very inefficient approach,
but in this case the method of Attie and Emerson can be applied directly. In fact,
this is the solution of the standard mutual exclusion problem.

In this case, the processes will have three states, a normal (N), a trying (T') and
a critical (C) state. A process enters its trying state, when it wants to go to the
critical state, and two interconnected processes cannot be in their critical state at
the same time. The processes do the communication (data receiving and passing)
and the real computation, too, in the critical state.

The synchronization skeleton for such a system is deduced in [1]. The resulted
automata can be seen in Figure 1. '
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Bjera(Tj— xy := j ® N; vC; — skip) Bjerp(N; v (Tj A xij = i) — skip)

® ©

®je 1i(true — skip)

Figure 1: Synchronization skeleton of the embedded system

As we said, this approach is extremely inefficient, because the neighbours of a
process cannot do anything, while the process is in critical state, although theoreti-
cally they would be able to do the computational part of their work simultaneously.

A much better approach will be shown later, in section 3.2.

3.2 Another approach for the embedded system

The method introduced in section 3.1 is not really applicable for pipeline systems.
In this section, the method of Attie and Emerson will be extended so that it could
handle such problems. -

We realised that the main problem in the synthesization of this part of the
system is that the method does not allow us to make a distinction between processes
and we cannot express the direction of the communication, so the result will be
inefficient.

To get over this issue, we introduce a new definition for the spatial operators
defined by Attie and Emerson — or in other words, we define two new spatial
operators.

The original definition of the spatial operators can be found in section 2.3. We
add a p predicate parameter to the spatial operators:

o M,s=N\,(p)fiiffVie {i1,...,ix}:p—> M,sE=fi
hd M13|=/\ij(p)fij lffV(’L,]) €I:p—>M,s l=fij

This definition intuitively means that a connection between two processes which
are defined in the interconnection relation may be actual or non actual in different
situations and the actuality of the interconnection is driven by the predicate p.

For the sake of effectiveness, there are two critical sections for every process in
this approach: a critical section for reading the data from the previous process,
and another one for sending the data to the next process. Moreover, there will
be a sent and a received state for each process, because the communication works
through shared variables, and the flow of the communication should be driven by
the synchronization.

The processes will have many states: N (normal), T (try to read), R (read), C
(check), W (work), E (try to send), S (send) and finally A (after send). The two
critical states are R and S, and the restriction is that if a process is in its state S,
then the following process must not be in its state R, and vice versa.
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Let us see what happens in these states. State IV is the start state of every
process. State T is a trying state before the R critical section, which is for reading.
State C is a checkpoint after the reading. State W is the state in which the process
does its real computation work. State E is a trying state before the S critical
section, which is for sending Finally, state A is another checkpoint, now after

sending.

Let us see the extended MPCTL* specification of the synchronization of the
embedded system:

1. Initial state (every process is initially in its normal state):

AN

2. It is always the case that any move P; makes from its N state is into its T
state, and such a move is always possible (and similarly for the states R, W
and S):

/\i AG(N; = (AY;T; A EX.T}))
/\.- AG(R; = (AY;C; A EX;C;))
/\1- AG(W; = (AY:E; A EXE;))
/\i AG(S; = (AY;A; A EX;A;))
3. It is always the case that any move P; makes from its T state is into its R

state — but such a move is not definitely possible (and similarly for the states
C, E and A):

N\, AG(T: = AY:R:)

/\i AG(C; = AY:W,)

/\i AG(E; = AY;S;)

N\, AG(4: = AY:N;)

4. P; is always in exactly one state of the state set:
/\ AG(N; = ~(T; VR, VC; VW; VE; VSV 4;))
/\AG ~(N;VR,VC;VW;VE; VSV A))

/\_AG(R,;E—l(NiVT,'VC,'VWiVEivsi\/A,'))
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N\, AG(Ci = ~(N: VTV RV WiV Ei V S; V Ay))
N\, AGW;i = ~(N; VT:V R V Ci V E; V 5 V A3))
N\, AG(B: = ~(N; ViV R; VG VWi V 5: V Ay))
N\, AG(Si==~(Ni VT:V Ri VG VW, V E; V Ay))
N\, AG(A: = ~(N; VT,V R; Vi VW; V E; V 5)))

5. Liveness: if P; is in state T, then some time it will reach state R (and similarly
for the states C, F and A):

N\, AG(T: = AFR)
N\, AG(Ci = AFW;)
)\, AG(E: > AFS;)
/\1_ AG(A; = AFN;)
6. A transition by a process cannot cause a transition by another one:
. /\,-5 AG((N; = AY;N;) A (Nj = AY:Ny))
/\,-,- AG((Ts = AY;T) A (T; = AYIT)))
/\,.J. AG((R: = AY;Ri) A (R; = AYR;))
/\1-,- AG((C; = AY;Ci) A (C; = AYiC)))
/\ﬁ AG((W; = AY; W) A (W; = AY,W;))
N\, AG((E: = AY;E:) A (E; = AY:E;))
- N\, AG(Si = AY;S) A (S; = AY:S)))

/\ij AG((A;i = AY;A:) A (Aj = AYiA)))
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7. Data flow control: a process in state T waits for the previous process to reach
state A and a process in state C waits for the previous process to leave A
(and similarly the two other rules):

/\ij(j < ) AG((T; A-4;) = ~EXitrue

.. <)AG((Ci A A;) = —~EXitrue

ij

/\. (6 < )AG((E: A Cj) = ~EXitrue

ij

.G < H)AG((A: A=C;) = ~EX;true
i
8. Always there is a possible step: -

AGEXtrue

If the set of the process-indices is {1,2} (so the processes are P; and P;), then
we get the specification of a pair-system. From this specification we can synthesize
the synchronization skeleton of the pair-system with the method of Emerson and
Clarke [2]. We implicitly applied the method on the parametric spatial operators
introduced by us. In the following, the non trivial steps of the synthesis can be
seen. Only the main cases are considered, because the other cases can be done by
the analogy of the following ones. Note that the dashed lines in the figures mean
that trivial steps are omitted there.

Figure 2 shows how the blocks of the initial node can be constructed.

In Figure 3 the construction of the titles of the result of the previous step can
be seen.

Figure 4 shows an example of the case when one of the processes has an even-
tually condition, but because of the parameters of the spatial operators none of the
processes has to be blocked.

After this there are a lot of similar steps as Figure 5 shows.

Figure 6 illustrates an example of making blocks of a node where one of the
processes has to wait for the another, and Figure 7 shows the titles of the result of
this step {only P; can execute the changing of its state).

In Figure 8 an example is shown of the case when both processes have the
possibility of blocking, but only one of them has to wait for the other. In Figure 9
the titles of the result of the previous step can be seen.

The | sign in the tableau means that the relevant branch of the tableau is
unsatisfiable, so this branch has to be eliminated. .

Based on this tableau we can construct the global state transition diagram,
which can be seen in Figures 16-20 in Appendix A.

Based on the global state transition diagram, we can construct the DAGs (see
Figure 21 in Appendix B) and the fragments (see Figure 22 in Appendix B) of every
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AY,T; AY.T,
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Figure 2: Blocks of the initial node

N, N»

AY |T| AY?.TZ

EX,T, EXzT;g

AY:N,; AY N,
1 2

DR

Figure 3: Titles of the result set of the blocks of the initial node that can be seen
in Figure 2
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T, Ny
AY R, AY,T;
AYZTI EX2T2
AFR, AY; 1N
EXtrue

1 2

Figure 4: None of the processes blocks but one of them has an eventually condition

Ry Na
AY,Ci AYaT,
EX;C[ Eszz
AY!RI AY|N2
1 2

Figure 5: There are a lot of steps similar to step one and two

node. Based on the fragments, the model can be constructed shown in Figure 23-24
in Appendix B. :

From the model we can construct the final deterministic automata for all pro-
cesses. If the first process (Py) is in its state N7 then the second process (P;) can
be in all of its states except state Rz, and P; has the possibility to step in all of
this states. So the condition of the transition of P; from state N; to state T3 is
-R,. The conditions of the transitions in states Ty, R;, C;, W) are the same. If
P, is in state E, and P, is in state C3, then P) cannot step, so the condition of the
transition from state E; to state S is Ry A—Cj. The conditions of the other tran-
sitions can be determined similarly. Figure 10 shows the result, the synchronization
skeleton for P, and Ps.

Note that it cannot happen that P is in state Ny and P; is in state Rz, so the
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AY>N; AFR» AYaN, AFR,
\L Ay —-EXtrue
EXtrue
N, T, N; T2
AY[T[ AYng AY|T| AYng
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—EXatrue —EXutrue
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Figure 6: Example of generating blocks of a node where the processes has to wait

-R; in condition of the transition from N; to T; can be eliminated. Similarly, we
can do this with all of the transitions. The simplified synchronization skeletons can

be seen in Figure 11.

~ From this synchronization skeleton we can generate the synchronization code for
every process with the method of Attie and Emerson [1]. The finite deterministic .
automata resulted by the method can be seen in Figure 12.

Note that in the case of this synchronization, nothing keeps a process from
working — that is, stepping in its state W - while the neighbours are working, so
the processes can really work in parallel in this case.
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Ny T,

AY,T, AY:R;

EX,\T; AY, T,

AY:N, AFR,
~EXatrue
EXitrue

VE
Ti1 AFR; T2

Figure 7: Titles of the result of the previous step can be seen in Figure 6

3.3 The new three-process system

As we said, there are special processes at the two ends of the pipeline, which only
send and receive data. For the sake of simplicity, let us assume that the sender
processes only produce the data and pass them on to the proper process in the
embedded system, and similarly, the receiver processes only pick up the processed
data from the proper process in the embedded system, and than work with that.
These special processes must be handled in a special way.

The sender and receiver processes are similar in the sense that they are con-
nected with only one another process, which they receive data from, or which they
send data to. It is enough to consider only one sender and one receiver process
when we generate the synchronization skeleton of the whole system, because the
synchronization code of the selected sender and receiver process will naturally be
suitable for the other sender and receiver processes, and respectively, the synchro-
nization for the processes that are connected to the sender and receiver processes
will be reusable, too. That is why from this point on we will consider only one
sender and one receiver process in the system.

Now we can look at our process system as a system composed of three processes.
The first process is the selected sender, the second is the embedded system and the
third is the selected receiver process. We have to build the synchronization skeleton
of this system. This system has only three processes, so we can handle it with
the method of Emerson and Clarke {2], without running into the state explosion
problem.

There is still one more subject that we have to discuss. The middle process
in this system is a system of processes itself, which makes the specification of our
three-process system quite difficult. We should not just say, for example, that
the pseudo process has a state for reading data, because this means that the first
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E, T, E) T,

AY|S| AY2R2 AY]S| AYsz
AY->E, AY T AY-,E, AY, T
AFS, AFR; AFS, AFR,
-C, —-EXstrue —EXtrue —EXotrue
EXtrue EXtrue ~L EXjtrue
E, T, E; T,

AY,S, AY:R; AY:S, AY:R:
AY,E, AYT: AY:E, AY T,
AFS, AFR; AFS, AFR;
—|C3 ﬁEXZIrue ﬂCz =EXytrue
EXitrue EXtrue EXatrue . \L EX,true

Figure 8: Example of generating blocks of a node where both processes have the
possibility to be blocked, but only one of them has to wait

process of the pseudo process reads the data, and at the same time, the last process
theoretically can send data, which means that the whole pseudo process sends data
to the receiver process, too. As a result, the pseudo process would be in two states
at the same time, which is not allowed.

We give two solutions to this issue.

The first solution is that we handle the pseudo process as two processes — in
this case, we have a four-process system instead of a three-process one -, which
are independent in the four-process system; one of them is connected to the sender
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E] Tg
AY,S, AY3R;
AY:E, AY,\T»
AFS; AFR;
-'1C7, —|EX1lrue
EXitrue EX;true
1
A
S1 AFS, AFR; T,

Figure 9: Titles of the result of the previous step can be seen in Figure 7

Figure 10: The synchronization skeletons

process, and the other is connected to the receiver. This is a reasonable approach,
because there is a hidden connection between the two pseudo processes, and this
connection is handled by the synchronization of the embedded system.

The second approach is to define the states of the embedded system as pairs, so
we will have state pairs like (N, N), (N, S), (R, S) and so on. For example, (N, N)
means that the embedded system doés not read or send data, while (N, S) means
that the system does not read, but sends data and (R, S) means that the system
reads and sends data at the same time. With such a type of set of states, we can
express the behaviour of the system in a quite efficient way.

The second approach is more complicated than the first one (because of the
large number of the states of the system), so we chose the first approach for the
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Figure 11: Simplified synchronization skeletons

®jcriftrue — skip) e nij<i(Aj — skip) ®jeritrue — skip)

»( T; »{ R;
AL/ A/
®je 1ii<p(C; — skip) Bjerij<i(—A; — skip)
D e
(3 ) B )
®jeritrue — skip) Bjetii<p{—C; — skip) ®jeri(true — skip)

Figure 12: Improved synchronization skeleton of the embedded system

solution. We show only the connection between the sender process and the embed-
ded system. The synchronization of the embedded system and the receiver process
can be deduced similarly. :

The states of the sender process are:

J: normal (working) state,
K: try to send state,

L: sending state,

M: after sending state.

Using these states we can give the temporal logic specification of the system -
see Appendix C. For the specification, CTL* was used. Based on this specification,
we are able to generate the synchronization skeleton of the system. We used the
synthesization method of Emerson and Clarke. The synchronization skeleton for
the sender process and the first pseudo process of the embedded system can be



138 Bal4zs Ugron, Szabolcs Hajdara, and Lészlé Kozma

true — skij T — ski true — ski @_

C — skip

° true — skip ° M — skip ° true — skip e

—M — skip

Figure 13: Synchronization skeleton for the sender process and the embedded sys-
tem

Rjec 1iy(true — skip) M A @jeijer(A; — skip) Qe (true — skip)

Byeriian( G — skip) M A ®jerjei(—A; — skip)
D D
®jeip(true — skip) Qje i,ic(—Cj — skip) ®je 1i(true — skip)

Figure 14: The modified synchronization skeleton for the first process of the em-
bedded system

seen in Figure 13. Finally, the synchronization skeleton of the first and the last
‘processes of the embedded system must be modified properly based on the result
in Figure 13 - the transition conditions of the first process of the embedded system
will be the conjunction of the original conditions, and the conditions in the proper
transitions of the synchronization of the sender process and the pseudo embedded
system — see in Figure 14. The new transition conditions for the last process of the
embedded system can be deduced similarly.

4 An application

Where could this method be used? There are many complicated processor networks,
which can be used for computational purposes; for example, the so-called butterfly
network (see [7]). An n-level butterfly network can be constructed in a recursive
way, which can be seen in Figure 15. The reason why these processor networks
are interesting is that there are many parallel algorithms that can be computed on
them, such as the Fast Fourier Transformation on a butterfly network (see [7]).

If we apply our result to an n-level butterfly, then we will have n generator
processes, which are connected to the nodes at the left side of the butterfly, and
we have n receiver processes, which are connected to the nodes at the right side
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of the butterfly; the connections between the other processes can be defined in the
relation I, in a proper way for the FFT working on a butterfly network. A proper
I relation will be described in the following.

The number of the processes in B, = n2"" L.

Let the numbering of the processes in Bz be like in Figure 15.

Then the numbering of the processes in By41 comes from the following rules:

e The numbering of the first B,, component in By, +; is the same as of B, (i.e.:
processes 1 - 4 of Bs in Figure 15).

e The numbering of the second B, component in By is the numbering of B,
shifted by n2"~! (i.e.: processes 5 — 8 of B3 in Figure 15).

o The numbering of the remainder processes (the right side column) is n2™ +1.
- n2" + 2™ (i.e.: processes 9 — 12 of Bs in Figure 15).

As a result, the relation I consists of the following pairs:

e The pairs in the two B, components.

eVic[1...277: ((n—1)2" 1 +4i,n2" +14) € I (i.e: (3,9) and (4,10) of By
in Figure 15).

eVie[l...20 ) (n-1)2""1+4i,n2"+ 2" 1 +4) e I (ie: (3,11) and (4,12)
of Bs in Figure 15). :

eVic[0...27 1 —1]: (n2" —i,n2" + 27" —§) € I (i.e:: (7,9) and (8,10) of
Bs in Figure 15).

o Vie[0...27"1 —1]: (n2" —i,n2" +2" —i) € I (i.e.: (7,11) and (8,12) of Bs
in Figure 15).

The synchronization of the communication between the processes are defined
in this way, and we do not have to bother with the “business logic” of how the
processes compute the data they send to the connected processes.

5 Conclusion

This paper introduced a general pipeline tool, by which a complex application, such
as the parallel FFT, can be solved in a short and simple way.

Most of the programs that are working on some kind of data channels (see
[5]) can be handled by the method described above. If some modification is still
needed, the modification can be restricted to the temporal logic specifications and
the relation I, so the above method can be processed by the analogy of the above;
moreover, there are different tools exist that can help the process — for instance, the
method of Emerson and Clarke [2]; namely, the finite deterministic automata for
the pair-system can be generated from the CTL specification automatically, or even
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Figure 15: The structure of butterfly processor networks

concrete Java code can be generated with an object-oriented extension (see [4]) of
[1] (though a straightforward modification is needed because of the parameterized
spatial operators introduced in this paper) etc.

Note, that in the case of FFT no modification was needed, only the proper
relation I had to be defined.

6 Future work

The idea of synthesizing the synchronization of pipeline systems comes from the
hardware designing of graphics cards. We will work on to meet these demands.

The correctness of the algorithm should be proofed.

An effective tool for deadline checking should be developed.

During the communication, now it is possible that a process has received data
but it has to wait until the other processes that receive data from the same sender
process receive the data. Theoretically, it would be possible for a data receiver
process to step forward in this situation. That is, the data flow control may be
improved.
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Appendix A

The following figures (16 ~ 20) describe the global state transition diagram of the
two-process system of the embedded system.

Since the global state diagram of the system is too large, we had to split it into
five figures. So we used the following notation: the bold box elements mark those
elements that can be continued but they are continued in an other figure. Dotted
box elements show boxes which can be found in a previous figure, so in the global
state transition diagram there is an edge to such boxes.
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Figure 16: The global state transition diagram (part 1)
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Figure 17: The global state transition diagram (part 2)
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Figure 18: The global state transition diagram (part 3)
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Figure 20: The global state transition diagram (part 5)
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Appendix B

The following figures (21 — 24) describe the model of the two-process system of the
embedded system.
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W T,
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Sl Tz
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1
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Figure 21: The DAGs that are needed to construct frag([T1, T2))
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Figure 24: The model of the system
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Appendix C

In the following, the temporal logic specification can be seen for the system that is
built from the sender process and the embedded system.

For the sake of simplicity, we can join the states N, W, E, S and A of the first
process of the embedded system (because the first process only receives data from
the sender, the sender will not keep the first process from sending). Let the name
of the joined state be N (Normal). Furthermore, we omit the indexes of the states,
because the states of the sender process are labeled in another way.

Note that in this case P, is the second process and the sender is the first process.

1. Initial state (every process is initially in its normal state):

JAN

2. It is always the case that any move P, makes from its N state is into its T
state, and such a move is always possible (and similarly for the state R and
for the states J and L of the sender): '

~ AG(J = (AYiK A EX,K))
AG(L = (AY1M A EX,M))
AG(N = (AY,T A EX,T))
AG(R = (AY>2C A EXCY)
3. It is always the case that any move Py makes from its T state is into its R

state — but such a move is not definitely possible (and similarly for the state
C and for the states K and M of the sender):

AG(K = AY\L
" AG(M = AY,J
AG(T = AY;R)
AG(C = AY,N)

)
)

4. The processes are always in exactly one state of the state set:

AG(J = ~(K VLV M))
AG(K = ~(JV LV M))
AG(L=-~(JVKVM))
AG(M =-(JVKVL)) -
AG(N = ~(T VRV C))
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AG(T=-~(NVRV(C))
AG(R=-(NVTVC(C))
AG(C=~(NVTVR))

5. Liveness: if P is in state T, then some time it will reach state R (and similarly
for the state C and states K and M of the sender):

AG(K = AFL)
AG(M = AFJ)
AG(T = AFR)
AG(C = AFN)

6. A transition by a process cannot cause a transition by another one:

AG(J = AY,J)
AG(K = AY,K)
AG(L = AY;L)
AG(M = AY>M)
AG(N = AY;N)
AG(T = AViT)
AG(R = AY;R)
AG(C = AY,C)

7. Data flow control: a process in state T waits for the sender process to reach

state M and a process in state C waits for the sender process to leave M (and
similarly for the sender):

AG((K A-T) = ~EXtrue
AG((M A=C) = ~EX true
AG((T A—M) = —~EXtrue
AG((C A M) = —~EXjtrue

8. Always there is a possible step:

AGEX true

Recetved November, 2004
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Functional Dependencies over XML Documents
with DTDs

Sven Hartmann} Sebastian Link} and Klaus-Dieter Schewe*

Abstract

In this article an axiomatisation for functional dependencies over XML
documents is presented. The approach is based on a representation of XML
document type definitions (or XML schemata) by nested attributes using
constructors for records, disjoint unions and lists, and a particular null value,
which covers optionality. Infinite structures that may result from referencing
attributes in XML are captured by rational trees. Using a partial order on
nested attributes we obtain non-distributive Brouwer algebras. The opera-
tions of the Brouwer algebra are exploited in the soundness and completeness
proofs for derivation rules for functional dependencies.

Keywords: eXtensible Markup Language, nested attributes, subattributes,
rational trees, functional dependencies, axiomatisation

1 Inti'oduction

Over the last decade the eXtensible Markup Language (XML) (5] has attracted a
lot of attention in research and practice. Its spectrum of usage spreads from data
exchange on the web to a direct use as a data model. In fact, the language shows a
lot of similarities to semi-structured data [1] and to object-oriented databases [12].
The treatment of XML as a data model requires re-investigating core problems
of database theory. Therefore, it is no surprise that database dependency theory
[13] has recently started a revival in the context of XML. The research interest first
focused on the classes of keys [4, 11] and functional dependencies [3, 16, 18], which
represent the most common and at the same time easiest class of dependencies.
However, the problem is still not completely solved. The major drawback of the
work by Arenas, Fan and Libkin and similarly Vincent and Liu is the restriction to
a relational representation of XML documents. That is, XML documents are con-
sidered as some sets of (generalised) tuples, which then can be treated analogously
to the relational model. However, it is possible to formulate functional dependen-
cies on XML documents that are not preserved by the relational representation. In

*Massey Information Science Research Centre, Private Bag 11222, Palmerston North, New
Zealand. E-mail: [s.hartmann|s.link|k.d.schewe]@nassey.ac.nz
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other words, these theories are adequate as long as we only deal with functional
dependencies that can be expressed on a relational representation of XML docu-
ments. Going beyond this restricted class of functional dependencies requires an
extended theory or a different approach to the problem.

Our own work in this area originates from a more classical approach dealing
with dependencies in higher-order data models such as the higher-order Entity-
Relationship model (HERM) [14] or the object-oriented data model (OODM) [12].
The basic idea is to consider nested attributes that can be built from constructors
for records, sets, lists, etc. Furthermore, our first interest is devoted to the logical
and mathematical foundations of dependency theory, i.e. we first address problems
of axiomatisation, number of possible dependencies, complexity of closure building,
etc.

Using just the record- and set-constructors we obtained an axiomatisation in
[6], extended in [7]. Additional constructors for lists, multisets and disjoint unions
have been handled in [10]. Unfortunately, the presence of the union-constructor, in
particular in connection with the set-constructor, requires an extension of the the-
ory to weak functional dependencies, i.e. disjunctions of functional dependencies.
Rather astonishingly, among the three “bulk” constructors the list-constructor is
the easiest one. So far it is the only part of the theory that could be generalised to
multi-valued dependencies [9]. Other work on multi-valued dependencies for XML
[17] is again “relationally minded”.

In this article we extend our theory of functional dependencies to XML docu-
ments. We show how to represent XML elements by nested attributes. In partic-
ular, we represent the Kleene-star by the list-constructor, i.e. we have order and
duplicates. In our theory it is also possible to use the multiset- or set-constructor
instead, thus neglecting order or duplicates. We may also treat all three “bulk”
constructors together. However, as this would blow up the article we made the
choice to restrict ourselves to only the easiest of the bulk constructors. A glimpse
of the necessary extensions for the other two bulk constructors can be obtained
from [10].

In any case the combination of a bulk constructor with the union-constructor
is only satisfactory, if some form of restructuring is taken into account. The early
work in [2] handles only the set-constructor, but even for this the theory would
be equivalent to restricting the union-constructor in a way that it can only occyr
as the outermost constructor. This is insufficient, if subattributes are considered.
Therefore, we use an extended form of restructuring.

However, in order to fully capture functional dependencies over XML documents
we have to face two major extensions:

1. We have to consider rational tree attributes, which result from reference struc-
tures in XML documents. We will see that the extension arising from this
problem is not severe. The major observation is that the subattribute lat-
tice becomes infinite, but this does not affect the derivation of dependencies.
Note that all previous work on functional dependencies for XML including
{3] neglect references. :
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2. We have to consider functional dependencies on embedded elements. These
dependencies can be “lifted” through the constructors, i.e. they induce func-
tional dependencies on complete XML documents. Such dependencies have
not been considered in our previous work. However, the “lifting rules” be-
came already indispensable in the presence of the union-constructor, as this
constructor leads to axioms on embedded structures [10].

In other words, this article takes a reasonable fragment of the theory from [10]
and extends it with respect to these two problems. The result is a quite uniform
axiomatisation for functional documents over XML documents.

In the remainder of the article we first investigate the relationship between XML
documents and nested attributes in Section 2. We show how to map the regular
expressions in XML document type definitions to the attribute constructors. Fur-
thermore, we extend nested attributes by rational trees and use them to represent
the infinite structures that may arise from references in XML documents. We then
define a partial order on nested attributes and show that the set of subattributes
of a given attribute forms nearly a Brouwer algebra — however, distributivity does
not hold.

In Section 3 we introduce functional dependencies and first prove the sound-
ness of some derivation rules for them. These soundness rules imply properties of
closures, i.e. sets of subattributes that depend functionally on a given set of sub-
attributes. This leads to the notion of “strong higher-level ideal” or SHL-ideal for
short. We show a central theorem about such SHL-ideals, which states that we can
always find two values in the associated domain that coincide exactly on a given
SHL-ideal. This theorem is indeed central for the proof of the completeness of the
derivation rules.-The completeness theorem will be the major result of this article.

2 XML and Nested Attributes

In this section we define our extended model of nested attributes including rational
tree attributes. We show how to use these attributes to represent XML document
type definitions. Finally, we look a bit closer into the structure of sets of subat-
tributes and show that we obtain non-distributive Brouwer algebras.

2.1 Elements in XML and Constructors

The structure of XML documents is prescribed by a document type definition
(DTD) (1] or (almost equivalently) by an XML schema. Basically, such a DTD
is a collection of element definitions, where each element is defined by a regular
expression made out of element names and a single base domain PCDATA. Without
loss of generality we may assume to have more than one domain. Then we can
isolate those element definitions that lead only to domains. These elements can be
represented by simple attributes.
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Definition 1. A universe is a finite set U together with domains (i.e. sets of
values) dom(A) for all A € U. The elements of U are called simple attributes.

For all other element definitions we may assume without loss of generality —
just spend a few more element names, if necessary — that they are normalised in
the sense that they only contain element names and no domains, and they only use
exactly one of the constructors for sequences, Kleene-star or alternative.

Then they can be represented as nested attributes as defined next. We use a set
L of labels, and tacitly assume that the symbol X is neither a simple attribute nor
alabel, i.e. A ¢ UUL, and that simple attributes and labels are pairwise dlﬁerent
ie. UNL = 0.

Definition 2. Let U be a universe and L a set of labels: The set N of nested
attributes (over U and L) is the smallest set with A € N, U C N and satlsfymg the
following properties:

e for X € L and X1,..., X} € N we have X(X{,...,X,) €N;
e for X € L and X’ € N we have X[X'| € N;
e for X;,...,X, € Land Xj,..., X, € N wehave X1(X])®---®Xn(X]) €EN.

We call A a null attribute, X(X{,..., X)) a record attribute, X[X'] a list at-
tribute, and X;(X{)®---® Xn(X},) a union atiribute. As record and list attributes
have a unique leading label, say X, we often write simply X to denote the attribute.

Thus, a Kleene-star element definition (!ELEMENT X (Y')*) will be represented by
the nested attribute X[Y], a sequence element definition (!ELEMENT X (Y1,...,Y))
by X(Y1,...,Y3), and an alternative element definition (!ELEMENT X(Y; | --- |
Y,)) by X(X1(Y1) ® -+ & X, (Yn)) with some new invented labels X;,...,X,.
Furthermore, as the plus-operator in regular expressions can be expressed by the
Kleene-star, an element definition (![ELEMENT X (Y)*) will be represented by the
nested attribute X (Y, X'[Y]) with some new invented label X’. Similarly, optional
elements can be expressed as alternatives with empty elements, thus an element
definition (!ELEMENT X (Y?)) will be represented by the nested attribute X(Y") @
X'(A). s '

We can now extend the association dom from simple to nested attributes, i.e.
for each X € N we will define a set of values dom(X).

Definition 3. For each nested attribute X € N we get a domain' dom(X) as
follows: ) .

[} dO’ITL(/\) = {T};

e dom(X(X{,...,X})) = {(X1 : v1,...,Xn : vn) | vi € dom(X]) fori =
.,n} with labels X; for the attributes X;

o dom(X[X']) = {{v1,..-,vn] | vi € dom(X") fori = 1,..>.,'n}, i.e.. each ele-
ment in dom(X[X']) is a finite list with elements in dom(X');
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o dom(X1(X])® - @ Xn(X])) = {(Xi:v) | vi €dom(X]) fori=1,...,n}.

Hence, each element in a DTD can be represented by a nested attribute. An
XML document is then represented by a value v € dom(X) of the nested attribute
X that represents the root. In the following we assume without loss of generality
— rename, if necessary — that labels are used only once in a representing nested
attribute. In this way we may identify labels with nested attributes labelled by
them.

2.2 Attributes in XML and Rational Trees

Besides element definitions a DTD also contains attribute definitions. Attributes
are associated with elements. Neglecting some of the syntactic sugar, we basically
have three types of attributes:

e attributes with domain CDATA, which can be represented again by simple
attributes;

e attributes with domain ID, which can be ignored;

e attributes with domain IDREF or IDREFS, which can be replaced by the
label, or the list of labels, respectively, of the referenced elements.

More formally, we extend our Definition 2 of nested attributes by adding £ C N.
We say that a label Y € L occurring inside a nested attribute X, is a defining label
iff it is introduced by one of the three cases in Definition 2. Otherwise it is a
referencing label. We require that each label Y appears.at most once as a defining
label in a nested attribute X, and that each referencing label also occurs as a
defining label. In other words, if we represent a nested attribute by a labelled tree,
a defining label is the label of a non-leaf node, and a referencing label is the label
of a leaf node. .

Using labels we can subsume the attributes of an element in the element defi-
nition using a sequence constructor. Attributes with domain CDATA will be rep-
resented by simple attributes, attributes with domain IDREF will be represented
by the label of the referenced element, and attributes with domain IDREFS will
be represented by the list of labels of the referenced elements.

We still have to extend Definition 3. For this assume X € N and let Y be a
referencing label in X. If we replace Y by the nested attribute that is defined by
Y within X, we call the result an ezpansion of X. Note that in such an expansion
a label may now appear more than once as a defining label, but all the nested at-
tributes defined by a label can be identified, as the corresponding sets of expansions
are identical.

In order to define domains assume set of label variables Y(Y) for each Y € L.
Then for each expansion X’ of a nested attribute X we define dom(X’) as in
Definition ‘3 with the following modifications:

e for a referencing label Y we take dom(Y") = ¥(Y’);
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¢ for a label Y defining the nested attribute Y’ take dom(Y) ={y: v |y €
Y(Y),v € dom(Y")};

e allow only such values v in dom(X"), for which the values of referencing labels
also occur inside v exactly once at the position of a defining label.

Finally, define dom(X) = Jy. dom(X"), where the union spans over all expansions
X' of X.
2.3 Subattributes

In classical dependency theory for the relational model we considered the powerset
P(R) for a relation schema R, which is a Boolean algebra with order C. We have to
generalise this for nested attributes starting with a partial order >. However, this
partial order will-be defined on equivalence classes of attributes. We will identify
nested attributes, if we can identify their domains.

Definition 4. = is the smallest equivalence relation on N satisfying the following
properties:

o A= X();
o X(X1{,...,X})=X(X1,..., XL, \);
* X(Xi,...,Xp) = X(X; (1 -» Xg(n)) for any permutation o;

o Xi(X])® e ® Xn(X7) = Xo()(X5)) -~ @ X,(n)(X;(n
tation o;

e X(X{,.. . X)) =XMN,... . Y)if X/ =Y, foralli=1,...,n;
o Xi(X))®--0Xa(X)) = X1(1)® - -0 Xn(Yon)if X! =Y foralli=1,...,n;
e X[ X=X[Y|if X' =Y; '

o« X(X!,... i(¥)® - ®Ym(YL),...,X.) =
Yi(X], . Y LX) @ @ Yi(X], . Y XL

o X[X(X))] = X(X:[X])).

)) for any permu-

Basically, the equivalence definition (apart from the last case) states that A in
record attributes can be added or removed, and that order in record and union
attributes does not matter. The last case in Definition 4 covers an obvious restruc-
turing rule, which was already introduced in [2].

In the following we identify N with the set N/= of equivalence classes. In
particular, we will write = instead of =, and in the following definition we should
say that Y is a subattribute of X iff X>Yholdsforsome X=X and Y =Y.

Definition 5. For X,Y € N we say that Y is a subattribute of X, iff X > Y holds,
where > is the smallest partial order on N satisfying the following properties:
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e X>\forall X eN;
e X > X' for all expansions X’ of X;

o X(M1,...,Ya) 2 X(X, s -» X () for some injective o : {1,...,m} —
{1,...,n} and Y,y > X;(i) foralli=1,...,m;

XiN) @ & Xn(Yn) 2 Xa(l)(Xz,y(l)) ®-® Xﬂ(n)(Xl

«(n)) for some permu-
tation o and ¥; > X/ foralli=1,...,n;

X[Y] > X[Xif Y > X;

XX (X]) &+ ® Xn(Xp)] 2 X(Xu[Xi), .., XalX5])

X[X(X) @ & Xi(X})] = X[Xu(X]) @ & Xo(X})] for k> ¢
o X(Xi [y Xar[A) 2 Xay i) -

Obviously, X > Y ,induces a projection map 7y : dom(X) — dom(Y). For
X =Y we have X > Y and Y > X and the projection maps mff and 7% are
inverse to each other.

Note that the last three cases in Definition 5 covers the restructuring for lists
of unions, which needs some more explanation. Obviously, if we are given a list of
elements labelled with X3, ..., X,,, we can take the individual sublists — preserving
the order — that contain only those elements labelled by X; and build the tuple of
these lists. In this case we can turn the label into a label for the whole sublist. This
explains the third to last subattribute relationship. In case n = 1 this is subsumed
by the last equivalence in Definition 4.

Using the subattribute relationship for record attributes we obtain

X(XIIYI]? cee 7Xn[Yn]) 2 X(Xix [Yillv oo ink [Y‘-k])
for {i1,...,ik} € {1;...,n}. But theﬁ also
X[Xﬁ(yil)v v 1Xik(Yik)] 2 X(Xil[Yh]v s ’Xik[l/ik])

holds as already explained. It is therefore natural to require the second to last
property. It just means that a list with elements labelled by Xi,..., Xk can be
mapped to the sublist — preserving the order — that contains only the elements
with labels X;,..., X,. We may of course take any subset of the labels here, but
this is already captured by the possibility to permute the components in a union
attribute.

In a list we can also map each element to T, the unique element in dom()).
In fact, the subattribute of the form X[)] only counts the number of elements in
the list. This is not affected by first separating the list according to labels, so we
obtain the last subattribute relationship.
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However, restructuring requires some care with labels. If we simply reused the
label X in the last property in Definition §, we would obtain

X[X1(X7) ® Xa(X3)] 2 X(X1[X1], X2[X3]) 2 X (X1[X1]) 2 X(X1[A]) 2 X[A].

However, the last step here is wrong, as the left hand side refers to the length
of the sublist containing the elements with label X;, whereas the right hand side
refers to the length of the whole list, i.e. elements have labels X; or X;. No such
mapping can be claimed. In fact, what we really have to do is to mark the list label
in an attribute of the form X[X,(X{) ®-- ® X,(X},)] to indicate the inner union
attribute, i.e. we should use Xy, .n) (or even X(x, . x,.}) instead of X. Then
the second to last restructuring property in Definition 5 would become

X1, X1 (X)) @ - @ X (X)) 2 Xa, gy [X1(X7) @ -+~ © Xe(Xp))-

However, as long as we are not dealing with subattributes of the form
X(1,...k} [A], the additional index does not add any information and thus can be
omitted to increase readability. In the last restructuring property in Definition 5,
however, the index is needed.

Further note that due to the restructuring rules in Definitions 4 and 5 we may
have the case that a record attribute is a subattribute of a list attribute. This allows
us to assume that the union-constructor only appears inside a list-constructor or
as the outermost constructor. This will be frequently exploited in our proofs. -

. We use the notation 8{X) = {Z € N | X > Z} to denote the set of subattributes
of a nested attribute X. In the next subsection we will take a closer look into the
structure of S(X).

Figure 1 shows the subattributes of X[X;(A)® X2 (B)] together with the relation
> on them. Note that the subattribute X [A] would not occur, if we only consid-
ered the record-structure, whereas other subattributes such as X (X;[)\]) would not
occur, if we only considered the list-structure. This is a direct consequence of the
restructuring rules.

Let us now investigate the structure of S(X). We will show that we obtain
a non-distributive Brouwer algebra, i.e. a non-distributive lattice with relative
pseudo-complements. A lattice £ with zero and one, partial order <, join L and
meet I is said to have relative pseudo-complements iff for all Y, Z € £ the infimum
Y —Z=[NWU|UUY > Z} exists.

Proposition 1. The set 8(X) of subatiributes carries the structure of a lattice
with zero and one and relative pseudo-complements, where the order > is as defined
in Definition 5, and A and X are the zero and one. '

In the following we denote join by LI, meet by M and relative pseudo-complement
by «. Then it is straightforward to show the following properties:

o for the join LI

1. YUZ=YifY > Z;
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X[X1(A) ® X2(B)]

T

X[X1(4) ® X2(V)] X (X1(4], X2(B]) . X[X1(N) @ X2(B))
P
X(X1[A], Xa[M) X[X1(2) & X2(N)] X(Xllz\ll,Xz{B])'
\ :
X(X‘llA]) X(X1[A], X2([A]) X(X2(B])
X(X1 [,\])/-x (A X(X2[A])
A

Figure 1: The lattice 8(X [X1(A4) ® X2(B)))

2. for X = X(X1,...,X0n), Y =XMN,...,Yn) and Z = X(Z,,...,2,) we
have YU Z = X(Y, U Zy,..., Yo U Z,);

3. for X = X(X1,...,X,), Y =X(N,...,Yn) # XA and Z = X;[A] with
I={i1....ix) wehave YU Z = ZUY = Y U X (X5, [N}, Xs. [\]);

4. for X =Xj( X))@ -0 X (X)), Y=X1(Y)D---®Xn(Y,)) and Z =
X1(Z))®- - ®Xn(Z])wehave YUZ = X1 (Y{UZ)® - -®Xn(Y, UZ]));

5. for X = X[X'], Y = X[Y')and Z = X[Z| wehave YU Z = X[Y'U Z'};

6. for X = X[X1(X])® - & Xn(X))], Y = X[X1(Y])® - & Xn(Y,)] and
Z =X(Z\,...,2y,) with either Z; = X;{Z]Jor Z;,=Awe have Y U Z =
},i/ U Z,: for Zi = X,[Z,:]

Zuy = X[X,(U)e: - -eX ith U; =
X (U1)@: - @Xn(Un)] with Uy Y! for Z; = A

o for the meet M:

1. YNZ=ZifY > Z;

2. for X = X(X1,...,X0n), Y =X(V1,...,Yn) and Z = X(Z4,...,2Z,) we
have YNZ =X Y1 N Zy,...,Yo, N 2Z,);

3. for X = X(X1,...,Xn), Y = X(Y1,...,Yn) # X and Z = X;[)] with
I'={i,...,ix}and Y 2 Zwehave YNZ=2NY = X

4. for X = X1 (X))@ ®Xn(X)), Y =X1(Y{)®---® Xn(Y,)) and Z =
X1(Z)®- - ©Xn(Z!)wehave YNZ = X1 (Y{NZ)) @ - ® X (YN Z));

5. for X = X[X'],Y =X[Y']and Z = X[Z')we have YN Z = X[Y'N 2Z");
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6. for X = X[X1(X])® - - ®Xn(X)), Y = X[X1(Y])®- - & X,(Y,))] and
Z =X(Z,...,2,) with either Z; = X;[Z]] or Z; =X we have YN Z =
X{[)’il mn Z:] for Z;‘ = X,[Z:]

Zn = ey Un ‘h i =
Y = X(Us,...,Un) with Uy = { | e 7 )

e for the relative pseudo-complement —:

l. A—<Y =Y,

2. forY > Z wehaveY — Z = );

3. for X = X(X1,....,Xn), Y = X(Yi,....Ya), Z = X(Z1,...,2Zn) and
XA ¢8(X)wehaveY — Z=X(Y) — Z1,...,Yn — Z,);

" 4. for Z=X(Z1,...,Zn) #Xand I = {i1,...,4%} wehave Z — X [A] = A
and X;[A] « Z = X(Xi, [N « Ziy,. .., Xip [N — Zi); '
5.for X = X3 (X))@ @ Xn(XL), Y = X,(Y1)® - ® Xn(Ya), Z =

X1(Z)® - ®Xn(Zx)and Y 2 ZwehaveY — Z = X;(V1 « Z,)®
D Xn(Yn — Zn); . .
6. for Z = X(Zi,...,2Zn) # Awe have Z — X[A\] = A and X[)\] « Z =
X(XI[A]FZI,,X,,[/\](— ‘n);
7. for X = X[X1(X]) @ - ® Xn(X))) or X = X(X1[X1],. .., Xn[X})]) we
have: '
(a) for Z = X(Z1,...,2,) # A and I = {i1,...,ix} we have Z
XN =Xand Xj[\) — Z = X(X;,[N] « Ziy, ..., Xi, [N « Zi,);
(b) for Y = X(11,...,Ya) and Z2 = X(Z,...,Z,) With A\ £Y 2 Z
—ifY;>2Z,0orY; =\2Z; = X;[A] for all i = 1,...,n we have
Y —Z=2,
— otherwise we have Y — Z = X (Y1 « Z,..., Y, « Z,);
(c) for Y = X[X1(Y{)® - & Xn(Y}))] and Z = X(Z4,...,2,) with
Z;=X;[Z]Jor Zy=AandY 2 Z wehaveY — Z = X(U,...,U,)
1y 1 .
with U, = XilY] — Z]] for Z,;é/\;
A else
(d) for Y = X(Y1,...,Y5) # A with ¥; = X;[Y/] or ¥; = A, and
Z = X[Xi(Z]))® - & Xa(Z,)] with Z; = Xi(Z]) or Z; = A
andY ¥ Zwehave Y « Z = X[X1(Uh) ® - -- ® Xn(Up)] with
Y —Z; forYi#EA#£Z;

Ui= A else

(e) for Y = X[X1(Y{) @ ® Xa(Y2), Z = X[X1(2Z]) @ --- ® Xn(Z})]
with Y # Z we have Y — Z = X (U, ...,U,) with

b [X -2 ARz
' A else
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3 Axiomatisation of Functional Dependencies

In this section we will define functional dependencies on 8(X) and derive some
sound derivation rules. We consider finite sets r C dom(X), which we will call
simply instances of X. If Y is a nested attribute that occurs inside X, then an
instance r of X defines an instance r(Y) of Y; simply take 7(Y) = {v' € dom(Y) |
v’ occurs inside some v € r at the position defined by Y'}. '

Definition 6. Let X, X’ € N such that X’ occurs in X. A functional dependency
(FD) on 8(X) is an expression X' : Y — Z with Y,Z C 8§(X"').

An instance r of X satisfies the FD X' : Y — Z on $(X) (notation: r | X' :
Y — 2) iff for all £3,t; € 7(X’) with 7 (1) = # (t2) for all Y € Y we also have
7% (t1) = 7% (t2) for all Z € 2.

Let T be a set of FDs defined on some 8(X). A FD 4 is implied by ¥ (notation:
¥ = ¢) iff all instances r with 7 |= ¢ for all p € T also satisfy 1. As usual we write
T ={y|ZEv}

We write Lt for the set of all FDs that can be derived from T by applying a
system R of axioms and rules, i.e. &% = {¢ | £ b ¥}. We omit the standard
definitions of derivations with a given rule system, and also write simply I instead -
of b, if the rule system is clear from the context.

Our goal is to find a finite axiomatisation, i.e. a rule system R such that
I* = ©* holds. The rules in R are sound iff ©* C ©* holds, and complete iff
¥* C T+ holds.

3.1 Sound Axioms and Rules for Functional Dependencies

Let us now look at derivation rules for FDs. We will need a particular notion of
“semi-disjointness” that will permit a generalisation of the well known Armstrong
axioms for the relational model.

Definition 7. Two subattributes Y, Z € 8(X) are called semi-disjoint iff one of
the following holds:

1.Y>ZorZ2>Y,;

2 X = X(X1,....Xn), Y = X(V,....Y,), Z = X(Zu,...,Zn) and Y, Z; €
8(X;) are semi-disjoint for alli = 1,...,n; .

3. X=X[X',)Y=X[Y'], Z=X[Z'| and Y', Z' € §(X') are semi-disjoint;

4L X=Xy (X))@ -0 Xn(Xp), Y =Xi(Y)® -0 Xn(Y]), Z = X1(Z]) ®
- ® Xn(Z}) and Y/, Z] € $(X]) are semi-disjoint for all i = 1,...,n;

5. X = X[X1(X) @ ® Xn(XL)], ¥ = X(Yi,...,Ys) with ¥; = X;[¥7] or
Yi=A=Y/,Z=X[X1(Z])® - - ® Xn(Z])], and Y/, Z| are semi-disjoint for
ali=1,...,n. .
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With the notion of semi-disjointness we can formulate axioms and rules for FDs
and show their soundness.

Theorem 1. The following arioms and rules are sound for the implication of FDs:
o the A aziom: X':0 — {)A} .
o the subattribute aziom: X' : {Y} — {Z} for Y > Z
e the join aziom: X' : {Y,Z} —» {Y U Z} for semi-disjoint Y and Z
e the reflexivity aziom: X':Y - Z for ZC Y
o the extension rule: X' :Y — Z implies X' : Y — ‘d uz
e the transitivity rule: X' :Y—>Z and X' : Z - U imply X' : Y- U
o the iist azioms:

- X { X1\, XsN} = {Xros N} for INT =0
- X XA, X1wsAl} = {XsA]} for INT =0
= X A{X1A, Xu[N), Xing (M} = {Xa—noe-nlAl}
~ X XA, Xg[N, Xa- nyu-n} = {Xina[A]}

o the list lifting rule: X' : Y — Z implies X[X'] : {X[Y] | Y € Y} — {X[Z] |
Zel}forY#0

o the record lifting rule: X; : Y; — Z; implies X(X1,...,Xn) : Y: = Z; with
Y={X....Y:,.. ., N | Yi€eY} and Z; = {X(A,..., Z;,...,A) | Vi € 23}

e the union lifting rule: X! Y- 2 implies X (X})®- - ® Xn(X,): Y, — Z;
with i = {X1i(A) & - - @ X;(Y;) @ --- ® Xa(A) | Y € Yi} and Z; = {X1(N) ®
@O XiZ) B ®Xn(N) | Zi € 2}

Proof. We only show the soundness of some of the axioms and rules. The proof
for the other axioms and rules is either analogous or trivial.

For the join axion let 1,t2 € dom(X) with =g (t1) = ={f (t2) and 7% (t;) =
7% (t2). We use induction on X to show nff,;(t1) = 7 ;(t2). The cases X = A
and X = A (i.e. a simple attribute) are trivial. There is also nothing to show for
Y>ZorZ>Y,asinthesecasesY UZ isoneof Y or Z.

For X = X(Xy,...,Xn)letY =X(N,...,Y,)and Z = X(Z2,,...,Z,) be semi-
disjoint. For t; = (X1 : tj1,..., Xn : tjn) (§ = 1,2) we have w))f‘_"(th-) = ﬂ})f‘_" (t2:) and
ng (t1s) = ﬂé" (t2:), and Y;, Z; are semi-disjoint for all ¢ = 1,...,n. By induction
w,’fﬂhz‘_(tu) = w,)f‘_"uz‘, (t2:), which implies w})fuz(tl) = W))fuz(tg).

For X = Xi(X]) @ -+ ® Xn(X},) assume t; = (X; : t}) and t3 = (X : t3).
Thus, for semi-disjoint Y = X1(Y{)®---® X, (Y,)) and Z = X1(Z])®- - - ® Xn(Z},)
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we obtain 7ry, (t )= 7rY, (tz) 7rZ, (t') = 7rZ, (t’) and Y}, Z} are semi-disjoint. By

X’ ¢
induction WY,UZ, (1) =7y iz (t ), which implies 7,7 (t1) = 7, 5 (t2)-
2 7

‘For X = X[XI(X’) & D Xn(X))], Y =X1,...,Y,) with Y; = X;[Y/] or
Y,=A=Y/and Z = X[Xl(Z’)EB @ Xn(Z},)] we get YUZ X[Xl(Yl uz)e

B Xn (Y’ U Z)]. As Z > X[)], we also have WX[A](tl) = WX[A](t2) so t; and
to are lists of equal length. Therefore, assume t; = [t;1,.. tJm] for ] = 1,2 and
o> Eim) With ¢ = (X : Ty LJZ'( k))-
We know 7rz, (t e) = 7rZ, (t’2’,c) so we are done for Yy = . For Yy # A the sublists
containing all (Xe k) coincide on Y;. As Y, and Z, are semi-disjoint, we have

ﬂ,)f,‘uz, (k) = 7y uZ'(t ) by induction, which implies ”Yuz(tll = Wyu z(t2).

tik = (Xe 1 t7;). This glves ¥z (ts) = [t ..

For the first list axiom let t;,t2 € dom(X). Then 7%, () = WXI[)\] (t2) means
that t; and ty contain the same number of elements of the form (X; : v;) with
1 € I. If the same holds for J U J, then t; and to must also contain the same
number of elements of the form (X, : v;) with 1 € J, i.e. 7rx N (tl) = 7"x 0N (t2).
The soundness of the second list axiom follows from the same argument

Analogously, for the third list axiom mg(t1) = wg(ty) for Y €
{X1[\], Xs[A], X1nJ[A]} means that t;, to contain the same number of elements
with labels-in I, J and I N J; respectively. So they also contain the same number
of elements with labels in (J —J) U (J — I). The soundness of the fourth list axiom
follows from the same argument.

For the soundness of the list lifting rule let ¢1,t2 € dom(X) with 7T§[Y1 (t1) =
7rx[Y] (t2) for all X([Y] with Y.€ Y. As Y # 0, it follows that t; and t» must have
the same length, say t; = [t,l, cotie) (= 1 2), and for all  =1,...,k and all
Y € Y we have 7§ (t1;) = mff (tzj) .Hence 7rz "(t1;) = 7 (ta5) for all i=1,...,k
and all Z € Z, which implies 73 Z](tl) = 7rX z)(t2) for all X[Z] with Z € Z. The
soundness of the other two hftmg rules follows analogously a

Usmg these rules we can derive addmonal rules:

° the union rule: X : ';j——> Z andX Y->Uimply X : Y- ZuUlU
. the fragmentatlon rule: X :9Y -2 1mplles X:Y-{Z}forZzez2

o the join rule: X : {Y} o {Z} implies X : {Y} — {Y U Z} for semi-disjoint
Y and Z

3.2 SHL-Ideals '

In this subsection we investigate ideals. Of particular interest will be ideals with
additional closure properties, which we call “strong high-level ideals” or SHL-ideals
for short. These ideals will appear naturally in the completeness proof in the next
subsection. The main result of this subsection is Theorem 2.
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Definition 8. An ideal for a nested attribute X is a subset § C §(X) with A € §
and whenever Y € G, Z € §(X) with Y > Z, then also Z € G.

Let us now address the closure properties that will turn ideals into “higher-level”
or “strong higher-level ideals”.

Definition 9. Let X € N. An ideal F C §(X) is called SHL-ideal on $(X) iff the
following properties are satisfied:

1. if Y, Z € F are semi-disjoint, then Y LIZ € F;

2. (a) if X7[A\l € F and X [\] € F with I C J, then X;_;[)\] € F;
(b) if X[\ € F and X[\ € F with I NJ =0, then Xyus[\ € F;
(5:) if X][)\] € F and XJ[/\] € ¥, then XIQJ[/\] e Fiff X(I_J)U(J_I)[/\] €5

3. if X = X(X1,...,X},), then the sets F; = {V; € (X)) | X(\,...,Y:,..., A €
F} are SHL-ideals; :

4. if X = X[X'] and F # {A}, then the set § = {Y € 8(X") | X[Y] € F}isa
SHL-ideal;

5. IfX = Xl(X')EB -®Xn (X’) and F # {A}, then the sets F; = {Y; € $(X]) |
XiAN @ Xi(Yi)® - ® Xn()) € F} are SHL-ideals.

We now prove the main result of this subsection.

Theorem 2. Let X be a nested attribute such that the union-constructor appears
in X only inside a list-constructor. If F is a SHL-ideal on 8(X), then. there exist
tuples to,t; € dom(X) with nf (to) = 7 (t1) if Y € F.

Proof. We use induction on X. The case X = ) is trivial. For a simple attribute
X = A we either have F = {\} or F = {4, \}. In the former case take to = a and
t; = a’ for a,a’ € dom(A) with a # a'. In the latter case take tog =t, = a.

Let X = X(Xy,...,X,) with X[A] ¢ 8(X). Take the SHL-ldeals F; from
Definition 9(3). By induction we ﬁnd toi, t1; € dom(X;) with Tl'Y “(to:i) = 7rY ‘(1) i
Y; € F. Sot;aketJ (Xi1: tjl, o Xnitin) (7 =0,1). ForY = X(13,.. Y)E?’
we have gy L(to) = (X; : 7ry (tm) G Xn n,)f""(tOn)) = (X;: ﬁ}’\:ll(tu),...,Xn :
w})f':‘(tln)) = n}’f(tl). ForY = X(Yl,.. Yo) gé F there is at least one Y; ¢ Fi,
which gives T (to) = (X1 7ryl '(to1)s-- -, Xn: 7ry (ton)) # (X L 7ryl (t11),-

Fn(tin)) = 7 (£1).

Let X = X[X'] and assume that X’ is not a union attribute. If we have F = {A},
then take to = {v] with v E dom(X') and t, = [J. For Y = X[YV'] ¢ F we get
7¥ (to) = [, ()] # [| = 7 (t1). For F # {A} take the SHL-ideal § from Definition
9(4). By induction we ﬁnd th,ty € dom(X') with 7§, (th) = n, (¢}) if Y’ € G.
Let t; = [tj] for j = 0,1. Then we get 7 (to) =[x, (th)] = (7% (¢1)] = w5 (t1) iff
Y =X[Y]e¥.
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Let X = X[X1(X])®- - - ®Xn(X])]. UF = {A}, defineto = [(X1:11),...,(Xn:

vn)] with arbitrary v; € dom(X]) and t; = []. Then we get 7r§’{,\}(to) =[T,...,T),
. |I] times
whereas 7%y, (t1) = []. _

Now assume F # {\}. Take I* = {i € {1,...,n} | X(Xi[\}) € F} and

- = {1,...,n} = I*. If I'* = {iy,...,4}, then consider first the subattribute
Xt = X[Xy,(X]) ®--- & X, (X{,)]. By Definition 9(2b) we have X;[\] € F for
all I C It. We first construct t3,¢t] € dom(X+) with »¥* (¢F) = »¥" (¢]) iff
YeFt={YeF|X*>Y}

For this take X = X (X;,[X.],..., Xu[X.)) and H = {Y = X(Y;,,.... V3, |
Y € F}. Ignoring restructuring and considering X just as a record attribute,
H becomes an SHL-ideal on S(X ). Applying the record case above we obtain
to,t1 € dom(X) with 75 (fo) = n¢f (f1) if Y € K.

Ift; = (t,-,,-l yeos 1tmk) we may concatenate these lists in the order of the indices
to deﬁne td and tT, respectively. Then for Y € $(X*) with X > Y we have
7ry (t0 )= 1ry (t+) iff Y € Ft. This does not change, if for any j we replace to g5
and t; ;; by the concatenated lists ¢o,;;, "to,:; and t1,:; "to,i;, respectively.

Now let K = {ki1,...,kn} C I be maximal such that X[X¢, (X )@ - &
Xk,.(Xi )] € F. Then for k € I* — K we must have X (Xi[X;]) ¢ F, otherwise
also X[Xk, (X;,) @+ © X, (X, ) ® Xk(X};)] € F due to the semi-disjointness
of the two subattributes and property 1 in Definition 9. Therefore, K is uniquely
determined.

Now,if X(Xs ¥5),..., Xe V) € 5, but XXa (V) @ - © X, (V)] ¢ 5.
then the uniqueness of K implies X (X;,{X], ], [X 00 ¢ F. Hence there
must be some ¢ € {i1,...,%u} with to,, # t1,.. We therefore replace to, \ and t;,
by the concatenated lists to, " to, and t;, %o, respectively, changing to and t+
accordingly. This gives 7’))§[+x RS L@X., vy, )](tb*) # 7r§[}“(y - @Xe, (Y., )]( +)
without destro ing previously estabhshed equahtles and mequahtles This 1mphes

¥ () =7 () if Y € F* for all Y € §(X ) as claimed.

Now let I~ = {j1,...,je}. We choose non-negative integers z;, y; (i =1,...,%)
such that for each I = {jr,,...,Jr,, } €I~ we have

HI 1

Z:z:rp = Zy,p iff X7\ € 7.
p=1

p=1

These integers can be obtained by the following procedure:
forp=1,...,¢:
choose z,, yp such that all equations and inequations containing
only z;, y; with 1 <1 < p are satisfied;
replace Zp, Yp in the remaining equations and inequations by the
chosen values
endfor
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Properties 2(b) and 2(c) in Definition 9 guarantee that this procedure always pro-
duces a solution for the given equations and inequations. Now define

ty = [(le : v.‘ix)a AR (ij ; v.‘it)] and ty = [(XJI v]))’ .. ( Je 'UJL)]
S—— S——— S— Q\/—’
zj, -times zj,-times . yj, -times yj,-times

with arbitrary values v;, € dom(X},) and concatenate tf and t] to give ¢;
(i=0,1). Then for Y € {Y € 8(X) | X+ > Y} we have w)’f(t ) = my (t}), hence
7T¢(to) =Ty (tl) ifY e F+.

For Y £ X* we always have one j € I~ with Y > X (X;[\]) or Y = X;[A]. In
the first case Y ¢ F and

T (80) = TR () # o (D) = TX o pp (B

as desired. In the second case 7{§ (to) = m3§ (1) iff Wj‘{m:— nte) = 7r§ml_ w0
iff Xia-[A) € FifY = X([A] € F due to property 2(a) of Definition 9 and
Xrar+[A € F. : o

3.3 Completeness of the Axioms and Rules for Functional
Dependencies -

In this final subsection we want to show that the axioms and rules from Theorem
1 are also complete. This gives our main result.

Before we come to the proof let us make a little observation on the union-
constructor. If X = X (X]) ® - & Xn(X}), then each instance r of X can be
partitioned into r; (i = 1,...,n), where r; contains exactly the X;-labelled elements
of r. Then r satisfies a FD ¢ = Y — Z iff each r; satisfies the i’th projection ¢; of
@, which results by replacing all subattributes Y = X;(Y1)®--- & X,(Y3) in Y or
Z by X;(Y;). Similarly, wveseep e St if p; € =F foralli=1,...,n

Theorem 3. The azioms and rules in Theorem 1 are complete for the implication
of FDs.

Proof. Assume Y — 2 ¢ ZF. Due to the union rule we must have Y — {Z} ¢ £+
for some Z € 2. Now take Y = {Z |Y — {Z} € *}, 50 Z ¢ Y. It is easy to see
that ¥ =Y is a SHL-ideal:

1. A € Y follows from the reflexivity axiom, the subattribute axiom and the
transitivity rule.

2. In the same way for Z € Y and Z > Z’ we get Z’' € Y from the subattribute
axiom and the transitivity rule.

3. For semi-disjoint Z, Z’' € Y we obtain ZU Z’ € Y from the union rule, the join
axiom and the transitivity rule.
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4. The other properties of SHI-ideals follow directly from the list axioms and
the lifting rules.

If the outermost constructor is not the union-constructor, we can apply Theorem
2 to obtain an instance r = {t1,t;} with 7§ (t;) = 75 (t2) if Z€ Y. AsY C Y and
Z ¢ Y, we must have r £ Y — {Z} and thus also r £ Y — Z due to the soundness
of the fragmentation rule.

If the outermost constructor is the union-constructor, say X = X;(X{)®--- ®
Xn(X]) and thus Z = X;(Z,) @ --- ® X,(Z,), we find some 1 with Z; ¢ F,.
Otherwise all X1(A)® - ® Xi(Z;) ®--- ® Xn(\) € F, and as these attributes are
all semi-disjoint, we would obtain Z € JF, too, which contradicts our assumptions.

Apply the Theorem 2 to X! and F;, which gives t;1,ti2 € dom(X]) with
Ty (ta) = 7y (te) i Y; € Fi Take r = {(Xi : ta),(X: : tin)}. For ¥ € Y
we get

o ((Xi 1 ta)) = (Xa 7wy (b)) = (X 2 735 (£2)) = 5 (X + t2))
and on the other hand

w¥ (X ta)) = (Ko s mpb (b)) # (Xi s ma () = 75 (Xs : ti2))

ie. 7Y — {Z} and thus also r =Y — Z follows also in this case.

In order to complete the proof we have to show r = E. Let X' : V - W e L.
Applying only the lifting rules we obtain X : V* — W* € ©*. We either have V* C
Y or not. In the first case we obtain Y — V* € £+ and thus also Y — W* € T+,
which implies W* C Y. This gives {(t1) = 7{%(t2) for all W € W* and hence
XY EV - W. If V* € Y, then there is some V € V* — Y, for which we must
have 7is (t1) # 7 (t2). This implies also 7(X’) |=V — W. O

4 Conclusion

In this article we extended our theory of functional dependencies for higher-order
data models and presented an axiomatisation for functional dependencies over XML
documents. The approach is based on a representation of XML document type
definitions (or XML schemata) by nested attributes using constructors for records,
disjoint unions and lists, and a particular null value, which covers optionality. The
list-constructor is used to represent the Kleene-star in regular expressions in XML
element definitions.

In order to fully capture functional dependencies over XML documents we ex-
tended our previous work in two major directions. We introduced rational tree
attributes, which result from reference structures in XML documents. This led to
infinite subattribute lattices, but did not affect the derivation of dependencies. This
is the first time that the investigation of functional dependencies for XML did not
neglect references. Furthermore, we considered functional dependencies on embed-
ded elements. These dependencies can be lifted through the constructors, i.e. they
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induce functional dependencies on complete XML documents. Such dependencies
have not been considered in previous work.

Using a partial order on nested attributes we obtain the structure of non-
distributive Brouwer algebras. The operations of the Brouwer algebra are exploited
in the soundness and completeness proofs for derivation rules for functional depen-
dencies.

In our theory it is also possible to use the multiset- or set-constructor instead
of the list-constructor, thus neglecting order or duplicates. We may also treat all
three “bulk” constructors together. These extensions had to be left out in this
article. A glimpse of the necessary extensions for the other two bulk constructors
can be obtained from [10].

Natural next steps in the development of a fully satisfying dependency theory
for XML will be the generalisation to other classes of dependencies, e.g. multi-
valued or join dependencies, the investigation of efficient closure algorithms, and
the study of normal forms [15] that provably characterise desirable properties of
well-designed XML documents. First steps in this direction are the normal forms
introduced in [3], (8], and [17].
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Some Results Related to Dense Families of
| Database Relations

Vu Duc Thi* and Nguyen Hoang Son'

Abstract

The dense families of database relations were introduced by Jirvinen [7].
The aim of this paper is to investigate some new properties of dense families
of database relations, and their applications. That is, we characterize func-
tional dependencies and minimal keys in terms of dense families. We give a
necessary and sufficient condition for an abitrary family to be R— dense fam-
ily. We prove that with a given relation R the equality set Eg is an R—dense
family whose size is at most. -"—“-";—_1—), where m is the number of tuples in R.
We also prove that the set of all minimal keys of relation R is the transversal
hypergraph of the complement of the equality set Er. We give an effective
algorithm finding all minimal keys of a given relation R. We aslo give an algo-
rithm which from a given relation R finds a cover of functional dependencies
that holds in R. The complexity of these algorithms is also esimated.

1 Basic definitions

In this section we present briefly the main concepts of the theory of relational
databases which will be needed in sequel. The concepts and facts given in this
section can be found in [1, 3, 4, 8, 9].

Let U be a finite set of attributes {e.g. name, age etc). The elements of U will
be denoted by a,b,c,...,z,y,2, if an ordering on U is needed, by ey,...,a,. A
map dom associates with each a € U its domain dom(a). A relation R over U is a
subset, of Cartesian product [], ., dom(a).

We can think of a relation R over U as being a set of tuples: R = {hy,...,hn},

hi: U — U dom({a), hi(a) € dom(a),i=1,2,...,m.
aclU

A functional dependency (FD for short) is a statement of form X — Y, where
X,Y CU. The FD X — Y holds in a relation R = {hy,...,hn} over U if

(Vhi, hj € R)((Ya € X)(hi(a) = h;(a)) = (Vb € Y)(Ri(b) = hy;(b)))-
*Institute of Information Technology, Vietnamese Academy of Science and Technology, 18
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We also say that R satisfies the FD X — Y.
Let Fp be a family of all FDs that holds in R. Then F = Fpg satisfies

(F1) X - X € F,

(F2) (X—»YeFY-»ZeF)=>(X ZeF)

(F3) (X—+YEFXCVWCY)=>(V—>WGF)

(F4) (X—»YEFV—-»WEF)=>(XUV—->YUW€F)

A family of FDs satisfying (F1) - (F4) is called an f — fa,mzly over U.

Clearly, Fg is an f-family over U. It is known [1] that if F is an arbitraryf-
family, then there is a relation R over U such that Fgr = F

Given a family F of FDs over U, there exists a unique minimal f-family F+
that contains F. It can be seen that F* contains:all FDs whxch can ibe denved
from F by the rules (F1) - (F4). St

A relation scheme s is a pair (U, F) where U is a set of attrlbutes and F isa
set of FDs over U. Doan

Let-U be a nonempty finite set and P(U) its power set.. The mapping L :
PWU) — P(U) is called a closure operation over U 1f it satlsﬁes the followmg
conditions:

(1) X € L(X), B R
(2) X CYimplies £(X) C L(Y), -~ . oo
(3) L(L(X)) = L(X). B

Remark 1.1. It is clear that, if F is an f— famlly, and we deﬁne LF(X ) as '
‘ 1 - : (Y '_ t l‘«

Lr(X)={aeU: X—-—»{a}GF}

then Ep is a closure operation over U. Conversely, it is. known 1, 3] that 1f £ is-a
closure operation, then there is exactly one f— famlly F over. U s0 that C .C Fy
where

F={XoY: XYCUYCLZ(X)}

Thus, there is a one-to-one correspondence between closure operatlons and f =
families over U. A

Let R be a relation over U and K C U. Then K is a key of Rif K —» U € Fr.
K is a minimal key of R if K is a key of R and any proper subset of K is not a key
of R.

Denote Kg the set of all minimal keys of R.: N st

Let ICPU),Uel,and A, Bel=ANBel.lis called a meet-semllattlce
over U. Let M C P(U). Denote M* = {nM' : M’ C M}. We say that M is a
generator of I if M* = I. Note that U € M* but tiot in ‘M, by convention it is
the intersection of the empty collectlon of sets.

Denote N = {A € I: A#n{4A € T:AC A} It can be seen that N is the
unique minimal generator of I.
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2 Hypergraphs and Transversals

Let U be a nonempty finite set and put P(U) for the family of all subsets of U.
The family H = {E; : E; € P(U),i = 1,2,...,m} is called a hypergraph over U if
E; # 0 holds for all 7 (in [2] it is required that the union of E;s is U, in this paper
we do not require this).

The elements of U are called vertices, and the sets F, ..., E,, the edges of the
hypergraph H.

A hypergraph H is called simple if it satisfies VE;, E; € H: E; C E; = E; = E;.
It can be seen that Kg is a simple hypergraph.

Let H be a hypergraph over U. Then min(H) denotes the set of minimal edges
of H with respect to set inclusion, i.e., min(H) = {E; € H: BE; € H: E; C E;},
and maz(H) denotes the set of maximal edges of H with respect to set inclusion,
i.e., max(H) = {E; € H:BE; € H: E; D E;}.

It is clear that, min(H) and max(H) are simple hypergraphs. Furthermore,
min(H) and maz(H) are uniquely determined by H.

A set T C U is called a transversal of H (sometimes it is called hitting set) if it
meets all edges of H, i.e.,, VE € H: TN E # (. Denote by Trs(H) the family of all
transversals of H. A transversal T of H is called minimal if no proper subset T of
T is a transversal.

The family of all minimal transversals of H called the transversal hypergraph
of H, and denoted by Tr(H). Clearly, Tr(H) is a simple hypergraph.

Proposition 2.1 ([2}). Let H and G two simple hypergraphs over U. Then

(1) H =Tr(G) if and only if G = Tr(H),
(2) Tr(H)=Tr(G) if and only if H =G,
(8) Tr(Tr(H)) =H.

By the definition of minimal transversal, the following proposition is obvious
Proposition 2.2. Let H be a hypergraph over U. Then . |
Tr(H) = Tr(min(H)).
The following algorithm finds the family of all minimal transversals of a given

hypergraph (by induction).

Algorithm 23 (sD-

Input: let H = {E,,..., E,»} be a hypergraph over U.

Output: T'r(H).

Method:

Step 0. We set Ly := {{a} : a € E1}. It is obvious that L; = Tr({E1}).
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Step g+1. (¢ < m) Assume that
Ly=8,U{By,...,By,},

where BiNEg =0,i=1,...,t;and Sy, ={A € Ly: AN Eg41 # 0}.

For each i (i = 1,...,¢t,) constructs the set {B;U{b}: b€ E,11}. Denote them
by A},..., AL (i=1,...,tg). Let

Lgp1 =S,U{A,: A€ S;=>A¢ A 1<i<t,1<p<m}

Theorem 2.4 ([5]). For every q(1 < ¢ <m)L, = Tr({E,...,E}), ie., Lp =
Tr(H).

It can be seen that the determination of Tr(H) based on our algorithm does
not depend on the order of Ey, ..., E,,.

Remark 2.5. Denote Ly = Sq U {By,..., By}, and lg(1 < ¢ < m ~ 1) be the
number of elements of L,. It can be seen that the worst-case time complexity of
our algorithm is

m—1
o(|u)? Z tqltq),

q=0

where lp =t =1 and

v — lg—tq, iflg >ty
7], if I, = t,.

Clearly, in each step of our algorithm L, is a simple hypergraph. It is known
that the size of arbitrary simple hypergraph over U cannot be greater than C,{,"/ 2],
where n = |[U|. C[*? is asymptotically equal to 2"*+1/2/(x.n)1/2. From this, the
worst-case time complexity of our algorithm cannot be more than exponential in the
number of attributes. In cases for which i; < l,(¢ =1,...,m — 1), it is easy to see
that the time complexity of our algorithm is not greater than O(|U|?|H||Tr(H)|?).
Thus, in these cases this algorithm finds Tr(H) in polynomial time in |U], || and
[Tr(H)|. Obviously, if the number of elements of H is small, then this algorithm is
very effective. It only requires polynomial time in |R|.

The following proposition is obvious

Proposition 2.6 ([5]). The time complezity of finding Tr(H) of a given hypergraph
‘H is (in general) exponential in the number of elements of U.

Proposition 2.6 is still true for a simple hypergraph.
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3 Dense Families

Let D C P(U) be a family of subsets of a U. We define a set Fp over D as follows
Fp={X->Y:(VAeD)X CA=Y C A}

Proposition 3.1 ([7}). If D is a family of subsets of a finite set U, then Fp is an
f— family over U.

The notion of dense family of a database relation is defined in (7], as follows:

Let R be a relation over U. We say that a family D C P(U) of attribute sets is
R — dense (or dense in R) if Fp = Fp.

The following proposition guarantees the existence of at least one dense family.
In the sequel we denote Lp, simply by Lg.

Proposition 3.2 ([7]). The family Lr is R—dense.
Proposition 3.3 ([7]). If D is R—dense, then D C Lkg.

Note that by Proposition 3.2 and Proposition 3.3, Lg is the greatest R—dense
family. '

For any A C U, we denote by A the complement of A with respect to the set
U,thatis, A={a €U :a ¢ A}. '

Theorem 3.4 ([7]). Let R be a relation over U. If D C P(U) is R—dense, then
the following conditions hold

(1) K is a key of R if and only if it contains an element from each set in
{A:AeD,A#U}.

(2) K is a minimal key of R if and only if it minimal with respect to the property
of containing an element from each set in {A: A€ D,A# U}.

Let U be a finite set and P(U) its power set. For every family D C P(U), the
complement family of D is the family D={A4: A€ D} over U.
Let R = {hy,...,hm} be a relation over U, and Eg the equality set of R, i.e.,

Ep={E;;:1<i<j<m}
where E;; = {a € U : hy(a) = hj(a)}.
Proposition 3.5. The equality set Er is R—dense.

Proof. Assume that X — Y € Fr. Let E;; € Eg such that X C E;;. This means
that hy(X) = h;(X). From this, and according to the definition of FDs, we have
hi(Y) = h;(Y). Thus, Y C Ej;. By the definition of Fg,, that is,

Fg, = {X —-Y: (VE,‘J- € Er)X C Ej;=YC Eij},

we obtain X - Y € Fg,,.

Conversely, let X — Y € Fg,. Suppose that there are h;,h; € R such that
hi(X) = hj(X), 1 £ i < j < m. Which means that X C E;;. By X - Y € Fg,,
Y C E;;. Hence, we also obtain h;(Y) = h;(Y). Consequently, X — Y € Fg.

The proposition is proved. 0
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It is easy to see that the dense family Eg has at most '—"—‘"‘T_—Q elements. By
Proposition 3.3, we also have Er C Lg.

Theorem 3.6. Let R be a relation over U. Then
Kg = Tr(min(ER)).

Proof. By the definition of relation R, we have U ¢ Er. From this, Proposition
2.2, Proposition 3.5 and Theorem 3.4, the theorem is obvious.
The proof is complete. a

Let R = {h1,...,hm} be a relation over U, and Ny the nonequality set of R,
ie.,
NR={N,-j:1§i<j§m}

where Nj; = {a € U : hi(a) # hj(a)}. L
Note that, because R is a relation, § & Ng and U ¢ Er. Moreover, Ng = ER.
From this, and Theorem 3.6, the following corollary is immediate

Corollary 3.7. Let R be a relation over U. Then
Kgp= Tr(min(NR)).
Corollary 3.7 was shown in [5]

Proposition 3.8. If D is R— dense, then
min(D — {0}) = maz(ER).

Proof. According to Theorem 3.6, we have K = Tr(Eg). By Proposition 2.2, it
is clear that
Kpg = Tr(maz(ERg)). (1)

Because D is R— dense, and by Theorem 3.4, we have Kg = Tr(D — {0}). Fur-
thermore, we have

Tr(D — {0}) = Tr(min(D — {0})).

Hence _
Kgr =Tr(min(D - {0})). . (2)

From (1) and (2), we give
Tr(min(D — {0})) = Tr(maz(ERg)).

By min(D — {0}) and maz(ER) are simple hypergraphs, thus according to Propo-
sition 2.1 we have _
min(D — {0}) = maz(FER).

The proposition is proved. 0O

From Proposition 3.8, the following corollary is clear
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Corollary 3.9. If D is R— dense, then
min(D — {0}) = min(Ng).

Now we give a necessary and sufficient condition for an arbitrary family D is
R— dense.

Theorem 3.10. Let R be a relation, D C P(U) a family of subsets of a U. Then
D is R— dense iff for every X CU

NA ifldeD:XCA4,
Lr(X) =

XcA
U otherwise,

where LR(X)={a €U : X — {a} € Fr}.

Proof. First we prove that in an arbitrary family D C P(U) for all X C U

' NA ifdAeD:XCA4,
‘CF‘D(X): XCA

U otherwise.

Suppose that X is a set such that there is no A € D with X C A By the
definition of Fp, it is easy to see that X — U € Fp. Hence, L, (X) =
Since @ C N 4ep A C A, according to the definition of Fp and Lp, we obtain

Lr,(0) = (] A

A€ED

If X # 0 and there is an A € D such that X C A then we set

G={A:XCAAeD)}

B=[)A

Aeg
It is easy to see that X C B holds. If G = D or G # D, then we also obtain .
X — Be Fp.
By the definition of LF,, we have B-C Lp,(X). Using X C B C L, (X), we
obtain B — Lg,(X) € Fp.
Now we suppose that b is an attribute such that b ¢ B. Then, thereis A € G
so that b ¢ A. Hence, by the definition of Fp we have B — B U {b} ¢ Fp.

Consequently,
Lrp(X)= ) (A).
A€eD

By Remark 1.1 it is easy to see that Fr = Fp holds iff Lg = Lg, does.
The Theorem is proved. O
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From Theorem 3.10 and Proposition 3.5, the following proposition is obvious

Proposition 3.11. Let R = {hy,...,hm} be a relation over U = {a1,...,an}.
Then

(1) If D is R— dense, then DU {U} also is R—dense, and thus Er U {U} is
R—dense.

(2) If m =1 or Fr = {{a1} = U,...,{an} — U}, then families Dy = 0,
D, = {8} and D3 = {U} are R—denses.

4 Finding the set of all'minirr:lal keys of a relation

In this section, we give the following algorithm finding all minimal keys of a given
relation R. Remember that this problem is inherently exponential in the size of R

(4]-

Algorithm 4.1.

Input: a relation R = {hy,...,hn} over U.
Output: Kg. '
Method:

Step 1. Construct the equality set

Er={Ej:1<i<j<m}

where E;j = {a € U : hi(a) = hj(a)}.
Step 2. Compute the complement of Er as follows

-E—[;= {E_i]':E,'j € ER}.

Denote elements of Eg by Ny,..., Ni

Step 8. From Eg compute the family min(Eg) = {N; € Er : AN; € Eg : N; C
N;}.

Step 4. By Algorithm 2.3 we construct the set Tr(min(ER)). »

Based on Proposition 2.2, Algorithm 2.3 and Theorem 3.6, we have Kgr =
Tr(min{Eg)). It can be seén that the time complexity of this algorithm is the
time complexity of Algorithm 2.3. In many cases this algorithm is very effective
(see Remark 2.5). ' N

It can be seen that, if the number of elements of the equality set Er is constant,
i.e. |Egr| £ k for some constant k, then the time complexity of finding Kg of a
given relation R is polynomial time [9].

The following example shows that for a given relation R, Algorithm 4.1 can be
applied to find all minimal keys of a given relation R.
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Example 4.2. Let us consider the relation R over U = {a, b, ¢,d} as follows

a b ¢ d
0 00O
0 0 01
R=2 0 0 0
3300
4 0 4 4
55 5 0

It can be seen that the equality set Er is the following

q Ep= {@1 {b}= {C}, {d}’ {b’ c}a {c’ d}1 {a) b, c}: {ba c, d}}
-E_R- =_L{a}? {d}’ {a" d}a {a’1 b}’ {a» b, C}, {a, b, d}, {a: ¢ d}a U},
min(Egr) = {{a}, {d}}.

From this, we obtain
KR = {{a, d}}

5 Finding the cover of a relation

From Proposition 3.5 and Theorem 3.10 we have an application, which is the fol-
lowing algorithm finding a cover of FDs of a given relation R. Recall that this
problem is inherently exponential in the size of R [6].

Algorithm 5.1.

Input: a relation R = {hy,...,hn} over U.
Output: Fg.

Method:

Step 1. Construct the equality set

ER={Eij:ISi<j§m}
where E;; ={a €U hi(a) = hj{a)}.

Step 2. Compute the family Ef = {nA: A C Eg}. Denote the elements of Ef; by
X1, X

Step 8. Construct set of FDs as follows
F={Ki— Xi1: K, € Key(X1)}U---U{K; - X;: K; € Key(X,)}

where Key(X;) is a set of all minimal keys of IIx, (R) (the projection of R onto the
attributes set X;).

Obviously, F = Fr. Note that Lp = Eg. It is easy to see that the time
complexity of this algorithm is exponential in the number of attributes.

The following example shows that for a given relation R, Algorithm 5.1 can be
applied to find a cover of a given relation R.
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Example 5.2. R is the following relation over U = {a, b, c,d}

-0 O R
— O o
OCOOoO0n

It can be seen that the equality set Eg is the following

Ep = {{C}v {a” C}, {ba C}}

Therefore

Ef = {{c},{a,c}, {b,c},U}.

From this, we have

F = {{a} — {c}, {b} — {c}, {a, b} — {c}}.

It is obvious that F = Fp.
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