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A Uniform Approach to Test Computational
Complementarity

Elena Calude, Bruce Mills, and Lan Mills*

Abstract

Studies of computational complementarity properties in finite state inter-
active automata may shed light on the nature of both quantum and classical
computation. But, complementarity is difficult to test even for small-size au-
tomata. This paper introduces the concept of an observation graph of an
automaton which is used as the main tool for the design of an algorithm
which tests, in a uniform manner, two types of complementarity properties.
Implementations have been run on a standard desktop computer examining
all 5-state binary automata.

1 Two Computational Complementarity Princi-
ples

Building on Moore’s “Gedanken” experiments, in [15, 14] complementarity was
modeled by means of finite automata. Two new computational complementarity
principles have been introduced and studied in [3, 6, 5, 4, 2] using Moore’s automata.

To understand Moore’s approach it is enough, at this stage, to say that the
machines we are going to consider are finite in the sense that they have a finite
number of states, a finite number of input symbols, and a finite number of output
symbols. Such a machine has a strictly deterministic behaviour: the current state
of the machine depends only on its previous state and previous input; the current
output depends only on the present state. A (simple) Moore experiment can be
described as follows: a copy of the machine will be experimentally observed, i.e.
the experimenter will input a finite sequence of input symbols to the machine and:
will observe the sequence of output symbols. The correspondence between input
and output symbols depends on the particular chosen machine and on its initial
state. The experimenter will study the sequences of input and output symbols
and will try to conclude that “the machine being experimented on was in state
g at the beginning of the experiment”.! Moore’s experiments have been studied

*Institute for Information and Mathematical Sciences, Massey University at Albany, Private
Bag 102904, NSMC, Auckland, New Zealand.
Email: {E.Calude,B.I.Mills,L.Mills}@massey.ac.nz

IThis is often referred to as a state identification ezperiment.
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368 Elena Calude, Bruce Mills, and Lan Mills

from a mathematical point of view by various researchers, notably by Ginsburg [9],
Chaitin [7], Conway (8], and Brauer [1]. A comprehensive survey on testing finite
state machines is presented in [11].

In what follows we are going to use two non-equivalent concepts of computa-
tional complementarity based upon modeling finite automata (see [3]). Informally,
they can be expressed as follows. Consider the class of all elements of reality? and
consider the following properties.

A Any two distinct elements of reality can be mutually distinguished by a suit-
ably chosen measurement procedure.

B For any element of reality, there exists a measurement which distinguishes
between this element and all the others. That is, a distinction between any
one of them and all the others is operational.

C There exists a measurement which distinguishes between any two elements of
reality. That is, a single pre-defined experiment exists to distinguish between
an arbitrary pair of elements of reality. (Classical case.)

Complementarity corresponds to the following cases:

CI Property A but not property B (and therefore not C): The elements of reality
can be mutually distinguished by experiments, but one of these elements
» cannot be distinguished from all the other ones by any single experiment.

CIT Property B but not property C: Any element of reality can be distinguished
from all the other ones by a single experiment, but there does not exist a
single experiment which distinguishes between any pair of distinct elements.

2 Moore Automata

A finite deterministic automaton consists of a finite set of states and a set of tran-
sitions from state to state that occur on input symbols chosen from some fixed
-alphabet. For each symbol there is exactly one transition out of each state, possi-
ble back to the state itself. So, formally, a finite automaton consists of a finite set Q
of states, an input alphabet ¥, and a transition function ¢ : @ x ¥ — Q. Sometimes
a fixed state, say 1, is considered to be the initial state, and a subset F of QQ denotes
the final states. A Moore automaton is a finite deterministic automaton having an
output function f : @ — O, where O is a finite set of output symbols. At each time
the automaton is in a given state ¢ and is continuously emitting the output f(g).
The automaton remains in state g until it receives an input signal ¢, when it as-
sumes the state §(g, o) and starts emitting f(6{q,c)). In this paper we are going to
concentrate on the case of automata on a binary alphabet ¥ = {0,1} having O = X.
So, from now on, a Moore automaton will be just a triple M = (@, 6, f). Let £* be
the set of all finite sequences (words) over the alphabet £, including the empty word

”

2The terms “elements of reality”, “properties”, and “observables” will be used as synonyms.
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¢ (the neutral element in the semigroup of string concatenation); by £+ we denote
* \ {€}. The transition function é can be extended to a function §:QxX*—Q,
as follows: (g, €) = ¢,8(q,ow) = §(8(q,0),w),¥q € Q,0 € T,w € *. The out-
put produced by an experiment started in state g with input sequence w € X*
is described by E(g,w), where E is the function E : Q x £* — ¥* defined as
follows: E(‘LE) = f(q)’ E(q,aw) = f(q)E((S(q,O'),'lU),q € Q,0€X,we X, and
f:Q — O(= X) is the output function. Consider, for example, Moore’s automa-
ton, in which Q = {1,2,3,4}, £ = {0,1}. The transition is given by the following
tables '

q | o[ dg,0) q|o|dgo0)
10 4 310 4
11 3 301 4
210 1 410 2.
2|1 3 4|1 2

Table 1.

and the output function is defined by f(1) = f(2).= f(3) =0, f(4) = 1. The
following graphical representation will be consistently used in what follows:

4/1 0,1 3/0
*
0,1 1
0 1
']
1/0 0 2/0
Figure 1.

The experiment starting in state 1 with input sequence 000100010
leads to the output 0100010001. Indeed, FE(1,000100010) =

Ff4)f(2)F(1)f(3)F(4)f(2)f(1)F(3)f(4) = 0100010001.
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From a mathematical point of view properties A, B, C can be expressed as
follows. Let M = (Q,9, f) be a Moore automaton. Following Moore [13] we shall
say that a state ¢ is “indistinguishable” from a state ¢’ (with respect to M) if every
experiment performed on M starting in state ¢ produces the same outcome as it
would starting in state ¢’. Formally, E(q,z) = E(¢’,z), for all words z € ©*. A
pair of states will be said to be “distinguishable” if they are not “indistinguishable”.

e The automaton M has property A if every pair of different states of M are
distinguishable, i.e. for every distinct states g, ¢’ there exists a word w € &+
(depending upon g,¢’) such that E(q,w) # E(q¢’,w). This is simply the
assertion that the automaton is minimal.

e The automaton M has property B if every state of M is distinguishable from
any other distinct state, i.e. for every state g there exists a word w € &t
(depending upon g¢) such that F{q,w) # E(¢',w), for every state ¢’ distinct
from q. '

e The automaton M has property C if there exists an experiment distinguishing
between each different states of M, i.e. there exists a word w € £+ such that
E(q,w) # E(q',w), for every distinct states q,¢’.

Of course, C implies B, which, in turn, implies A; none of the converse impli-
cations is true, hence we get CI, CIL

We continue with some examples of Moore automata having C, CI, and CIIL

First, the automaton in Figure 2 has C as experiment 10 distinguishes between
any pair of distinct states. '

4/0 3/1
®

0,1

1/1 1

Figure 2.
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Moore’s automaton in Figure 1 has A but non-B, hence CI (cf. [13]).
Every pair of distinct states can be distinguished by an experiment: states
1,2 by x = 0, states 1,3 by z = 1, states 1,4 by z = 0, states 2,3 by
xz = 0, states 2,4 by z = 0, and states 3,4 by £ = 0. However, there
is no (unique) experiment capable to distinguish between every pair of arbi-
trary distinct states. If the experiment starts with 1, i.e. z = 1u, then
E(1,z) = E(2,z), that is = cannot distinguish between the states 1,2 as
E(L,z) = E(1,1u) = f(1)f(6(1, 1)E(5(1,1),u) = f(1)f(3)E(3,u) = 00E(3,u)
and E(2,z) = E(2,1u) = f(2)f(6(2,1))E(6(2,1),u) = f(2)f(3)E(3,u)
00E(3, u). If the experiment starts with 0, i.e. £ = Qv, v € ¥*, then z cannot distin-
guish between the states 1,3 as E(1,z) = E(1,0v) = f(1)f(6(1,0))E(8(1,0),v) =
f(1)f(4)E(4,v) = 01E(4,v) and E(3,z) = E(3,0v) = f(3)£(6(3,0))E(5(3,0),v) =
F(3)f(4)E(4,v) = 01E(4,v).

The automaton in Figure 3 has B but not C, hence CII Indeed, the following
pairs of states are distinguishable by every experiment: (1,2), (1,4), (2,3), (3,4).
Accordingly, 1 is distinguishable from the other states by w = 0, 2 is distinguishable
by w = 1, 3 is distinguishable by w = 0 and 4 is distinguishable by w = 1, so the
automaton has property B. It does not have property C because any experiment w
which starts with 1, i.e. w =1z, z € ¥*, does not distinguish between 1 and 3, and
any experiment w which starts with 0, i.e. w = 0y, y € Z*, does not distinguish
between 2 and 4.

4/0 3/1

0,1 0,1

Figure 3.
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3 An Algorithm for Testing Simultaneously CI
and CII

In this section we briefly review a few facts on partitions and present the algorithm
that is used to test properties A, B and C, which uses partitions defined on sets
of states of an automaton. An elegant algebraic theory for machine decomposition
based on the closed partition lattice of a machine is presented in 10} and efficient
algorithms for constructing the lattice are presented in [12]; here we construct a
different partition lattice testing the properties CI and CII, a different problem.

A partition P of a set Q is a set of non-empty disjoint sets whose union is Q.
Partitions are in an one-to-one onto correspondence with equivalence relations. In
particular, we will use the partition induced by the level sets of amap f : Q — @,
that is, the sets [¢]f = {z : f(z) = f(9)},q € Q.

Given two partitions P; and P, of Q, we say that P; is no coarser than (or at
least as coarse as) P,, written P < P, if for every p; € P, there exists p; € P
such that p; C ps. We say that P, is coarser than P if P, < P, and P, # P,
in symbols P, < Ps. The term finer means the inverse relation of coarser. When
P, < P; we say that P; is a refinement of P,, or that P, is a coarsening of P;.

Treating the above refinement relation as a partial order <, we see that the
greates{: lower bound P; A P, is the coarsest partition of @ that is a refinement of
both P, and P,. This operation, which we will call CCR (the coarsest common
refinment), can be conducted in principle by taking the intersection of all classes
in P, with all classes in P;, and then throwing out the empty sets.

Let P, and P, be two partitions of ), and =; and =5 be the corresponding
equivalences. Then the equivalence relation p = ¢ defined by p =1 ¢ and p =3 ¢,
corresponds to Py A P,.

The level sets of the composition fog are coarser than those of g; if g is invertible
then the level sets are the same. Let f X g : a — (f(a), g(a)). Then, the level set
partition of f x g is the coarsest common refinement of f and g.

For an automaton M, we construct a graph, called an observation graph, which
describes how information about the state of machine changes with observations.

Each vertex R is arecord [ ItD ] , where the two fields ¢ and P are the configuration

of states under the transition function and the partition induced by the output
function respectively. The partition induced by ¢, II(t), is given by the following
equivalence relation: i is equivalent to j modulo II(¢) if f(t[z]) = f(t[5]).

ty to
h 'l P
s € {0,1} such that t = d(t1,s) and P, =II(f o t2) A P;. Since the CCR of two
partitions is no coarser than either it is apparent that along any path through the

An edge <[ ) belongs to the graph exactly when there exists

graph the partitions may become finer. The function ([ It) ] ,s) — P, mapping

vertices into lattice of partitions, is monotonic.
If at the start of a path the condition P, < ¢; occurs, then, Py = I1(§(¢1,8)) A
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P < H(&(tl, S)) = H(tz).
For any path ([ t ] e [ tn ]) in the observation graph, P, < P;. For any

P P,
path ({ ItDII ] e [ ;;‘ ]) in the observation graph if P, < II(t;), then P, = P;.

Finally, suppose that It) ,B) is a rooted sub-tree of the observation graph,
and P < II(t). The partition P is constant throughout the entire tree since each
node on the rooted sub-tree is the end point of a path starting at the root [ }t) ] .

Consequently, the node [ It) ] will be pruned (ignored).

The algorithm for testing properties A, B, and C for an automaton M generates
records that are nodes of an observation graph and checks whether the partitions
components of the nodes verify the conditions associated with the properties A,
B, and C. The algorithm has the following steps.

Step 1. Initialization of
e a vector Counter recording all non-repeating nodes generated so far
e a trimmed binary tree OG recording the nodes in the observational graph

e a vector TB recording those states for which the condition in property B is
currently verified, and a Boolean variable hasB that is true if M has property
B and false otherwise

a table TA recording those states for which the condition in property A is
currently verified, and a Boolean variable hasA that is true if M has property
A and false otherwise.

Step 2. Generate and test the first record

e Step 2.1. Generate the first record. The first record, say R, will be the root
of OG. Its two components are given by

— the vector of states (1,2,...,n) and
— the partition Pg, generated by the output function f,

R = [ (1,2,1_;1.{.,n) ]

e Step 2.2. If M has C stop. Else:
e Step 2.8. Add the record to Counter
e Step 2.4. Update TA and hasA
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e Step 2.5. Update TB and hasB

e Step 2.6. Add the record to OG

[Comment: We generate (from left to right) all children of non-pruned nodes. If no
child can be generated, we check the values of hasB and hasA to determine whether
the automaton has B or A, then stop.] '

Step 3. While there are children to be generated do
e Step 3.1. Generate the next record obtained from the left/right child, say

N = [;’Tv ] . Its two components are given by

{ t v the vector of states (41,22, ... ,%n), Obtained by applying the transition

function on each element of sequence of states in the parent node with
‘input letter 0 for the left child and 1 for the right child and

— the partition Py obtained by taking the CCR. of the parent’s partition
* component and the partion of states induced by the output function on
't

Step 3.2. If N is in Counter, then go to Step 3.1. Otherwise, add the current
record to Counter

Step 3.3. If M has C, stop. Else:

Step 8.4. Update TA and hasA

Step 8.5. Update TB and hasB

Step 3 6. If the record can be pruned, then go to Step 3.1

Step 3.6. Add the node N to OG and go to Step 3.1

End of while loop.

If TA is false, then return non-A, stop; else, if TB is false, then return CI, stop;
else, retun CII, stop.

End of algorithm.
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4 The Algorithm in Action

In this section we present some examples illustrating the algorithm presented in
the previous section.

Ezample 1. Let us run the algorithm on the automaton in Figure 1.

Step 1. Initialize OG to 0, Counter to the § vector, TA and TB, respectively, the
n X n matrix with all elements 0 and the n-element all 0 vector, and the Boolean
variables hasA and hasB to false

Step 2 Generate the first record

Step 2.1 Generate the record R = [ 1, 2,3,4 ]

{1,2,3}, {4}
Step 2.2 The record R does not satisfy C as Pr # {1}, {2}, {3}, {4}

Step 2.8 Update Counter to [R]

[ 0,0,0,1
0,0,0,1
Step 2.4 Update TA to 0.0.0 1 and hasA to false
' | 1,1,1,0
[ 0
Step 2.5 Update TB to g and hasB to false
| 1

Step 2.6 Update OG to (R, 0)
Step 8 Generate the next child

First iteration:
Step 3.1 The next record, NO, is

4,1,4,2
{1,3}, {2}, {4} |”

where tyo = (4,1,4,2) is obtained by applying the transition function on
1,2,3,4 to the input letter 0. The partition induced by the output function
on 4,1,4,2 is {1,3},{2,4}. Taking the CCR between this partition and the
partition component of its parent, i.e. Pgr = {1,2,3},{4}, we obtain the
partition component of NO. Therefore

Pno = {1’3}, {2’4} A {1’2’3}’ {4} = {1’3}’ {2}’ {4}
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Step 3.2 As the current node.is not in Counter we add it:

Counter = [R, NO]

Step 3.3 The current automaton has not C as

PNO 7é {1}’ {2}’ {3}’ {4}

0,1,0,1
1,0,1,1
Step 3.4 Update TA to 010 1 and hasA to false
1,1,1,0
0
Step 3.5 Update TB to (1) and hasB to false
1

Step 3.6 As
{1,3},{2}, {4} A {1,3}, {2}, {4} = {1, 3}, {2}, {4}

it follows that
{1, 3}, {2, 4} A Pno = Pno

and therefore this record has to be pruned (as none of its children can bring
any new information)

Step 3 Generate next child

Second iteration:

Step 8.1 The next record, N1 is

[ 3,3,4,2 ]

{1,2}, {3}, {4} |°

where tn1 = (3,3,4,2) is obtained by applying the transition function on
1,2, 3,4 and the input letter 1. The partition induced by the output function
on 3,3,4,2 is {1,2,4}, {3} Taking the CCR between this partition and the
partition component of the node’s parent, i.e. Pr = {1,2,3}, {4}, we obtain
the partition component of N1. Therefore

Pyy = {1’2’4}a {3} A {112’3}’ {4} = {1,2}: {3}, {4}
Step 8.2 As the current node is not in Counter we add it:

Counter = [R, N0, N1]
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Step 3.3 The current automaton has not C as

Pr1# {1},{2}, {3}, {4}

0,1, 1,1
1,0,1,1
Step 3.4 Update TA to 11,0 1
1,1,1,0
' 0
- Step 8.5 Update TB to i and hasB to false
1

and hasA to true

377

Step 3.6 As {1,2},{3},{4} A Py = {1,2},{3},{4} A {12}, {3}, {4} =

{1,2}, {3}, {4} this record has to be pruned

Step 3 Generate the next child

Third iteration: -

As OG = (R,0) and Counter = (R, NO, N1), there is no child to generate,
stop. As hasA is true and hasB is false, the output is “the automaton has

cr.

Ezample 2. Let us run the algorithm on the automaton in Figure 2.

Step 1. Initialize OG to @, Counter to the () vector, TA and TB, respectively, the
n X n matrix with all elements 0 and the n-element all 0 vector, and the Boolean

variables hasA and hasB to false
Step 2 Generate the first record

Step 2.1 Generate the record R = [ 1,2,3,4 J

{1,3},{2,4}

Step 2.2 As Pr # {1}, {2}, {3}, {4} the automaton has not C

Step 2.3 Update Counter = [R]

Step 2.4 Update TA to

V—'PD—‘O
O~ o
!—‘Pb—‘o
oo

and hasA to false
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Step 2.5 Update TB to and hasB to false

(== T s B e B )

Step 2.6 Update OG to (R,0)
Step 8 Generate the next child

First iteration:
Step 3.1 ‘The next record, NO, is
[ 4,3,2,1 ]
{1,3},1{2, 4}
where tyo = (4,3,2,1) is obtained by applying the transition function on
1,2,3,4 to the input letter 0. The partition induced by the output function
on 4,3,2,1 is {1, 3}, {2, 4}. Taking the CCR between this partition and the

partition component of its parent PR = {1, 3}, {2, 4}, we obtain the partition
component of NO:

Pno = {1’3}’{27 4} APp= {1’3}a{2’ 4}
Step 8.2 As the current node is not in Counter we add it:

Counter = [R, N0)

Step 8.8 The current automaton has not C as

Ppo = {1}, {2}a {3}a {4}

0,1,0,1
1,0,1,0
Step 3.4 Update TA to 0.1.0 1 and hasA to false
1,0,1,0
0
Step 8.5 Update TB to g and hasB to false
0

Step 8.6 As .
{1}1 {2}) {3}a {4} A PNO 71: PNO
this record should not be pruned. Update OG = (R, N0, [R, NO])
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Step 3 Generate the next child

Second iteration:

Step 8.1 The next record, N1, is

[ 2,2,1,1 ]

{1},{2}, {3}, {4}

where ty1 = (2,2,1,1) is obtained by applying the transition function on
states 1,2, 3,4 and the input letter 1. The partition induced by the output
function on 2,2,1,1 is {1,2}, {3, 4}. Taking the CCR between this partition

and the partition component of the node’s parent, i.e. Pr = {1,3},{2,4}, we
obtain the partition component of N1:

Pn1=1{1, 3},{2, 4} A {1, 2}, {3, 4} = {1}, {2}, {8}, {4}
Step 3.2 The current node is not in Counter, so we add it:
Counter = [R, N0, N1]
Step 3.8 The current automaton has C as

P = (13,42}, {3}, (4)

so the output is “the automaton has c.

Ezample 8. Let us run the algorithm on the automaton in Figure 3.

Step 1. Initialize OG to 0, Counter to the 0 vector, TA and TB, respectively, the
n X n matrix with all elements 0 and the n-element all 0 vector, and the Boolean
variables hasA and hasB to false

Step 2 Generate the first record

Step 2.1 Generate the record R = [ 1,2,3 4 }

{1,3},{2,4}
Step 2.2 The record R has not C as Pr # {1},{2}, {3}, {4}
Step 2.3 Update Counter = [R]

OO -

O = O

Step 2.4 Update TA to and hasA to false

o RO

-0 O
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Step 2.5 Update TB to and haesB to false

OO OO

Step 2.6 Update OG to (R,0)

Step 3 Generate the next child
First iteration:

Step 3.1 The next record, NO, is

[ 1,2,2,2 ]

{1},{2,4},{3} |”

where tno = (_1,2,2,2) is obtainéd by applying the transition function on
states 1,2,3,4 to the input letter 0. The partition induced by the output
function on 1,2,2,2 is {1}, {2,3,4}. Taking the CCR. between this partition

and the partition component of its parent Pr = {1, 3}, {2,4} we obtain the
partition component of NO:

Pro = {1},{2,3,4} A Pr = {1}, {2,4},{3)

r4d . .
Step 3.2 The current node is not in Counter, so we add it:

Counter = [R, NO]

Step 8.3 The current automaton has not C as

Prvo # {1}, {2}, {3}, {4}

0,1,1,1
1,0,1,0 :
Step 8.4 Update TA to 1101 and hasA to false
1,0,1,0
1
Step 8.5 Update TB to (1) and hasB to false
0

Step 3.6 As
{l}a {27314} A PNO = PNO

this record has to be pruned
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Step 3 Generate the next child

Second iteration:

Step 8.1 The next record, N1, is

[ 1,2,1,1
{1,3}, {2}, {4} |”

where tny1 = (1,2,1,1) is obtained from applying the transition function on
states 1,2, 3,4 and the input letter 1. The partition induced by the output
function on 2,1,1,1is {1, 3,4}, {2}. Taking the CCR between this partition
and the partition component of the node’s parent Pp = {1,3},{2,4} we
obtain the partition component of N1:

Py ={1,3,4},{2} A {1,3},{2,4} = {1, 3}, {2}, {4}.
Step 8.2 As the current node is not in Counter we add it:

Counter = [R, N0, N1]

Step 8.3 The current automaton has not C as

PNl 76 {1}’ {2}’ {3}’ {4}

0,1,1,1
1,0,1,1
Step 8.4 Update TA to 1101 and hasA to true
1,1,1,0
1
Step 3.5 Update TB to } and hasB to true
1

Step 8.6 As {1,3,4}, {2} A Px = Pn this record has to be pruned

Step 8 Generate the next child

Third iteration:

As OG = (R,0) and Counter = [R, N0, N1], there is no child to generate,
stop. As hasA is true and hasB is true, the automaton has property B, but
not C, so the output is “the automaton has CII’.
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5 Experimental Results

The proposed algorithm was implemented in C and the program® was run on a
Pentium III, i686 processor using Redhat 8.0 Linux, 250 Mb of RAM. The aim was
to study the distributions of CI and CII over the set of all possible automata with
a given number of states and input/output symbols. Table 2 presents the results
of the main tests that have been done so far.

n X s | # automata (t;::; Cr cl Cl‘ly{ cr gol gf
2x 2 32 <1 0 0 0 0 0
3x 21 2916 <2 0 0 0 0 0
4x2 524288 <11 73728 30720 41.67 | 14.06 | 5.86
5% 2| 156250000 < 8435 | 46862400 | 19436160 | 41.47 | 29.99 | 12.44
4 x 3| 452084832 | < 14018 | 54577152 | 46227456 | 84.70 | 12.05 | 10.12

Tabl_e 2.

In the first column n x s stands for the class of automata with n states and s
input letters. Because of symmetries (the automaton (Q, 4, f) “is equivalent” to
the automaton (@, 8,1 — f)), the program actually tests only half of automata of
type n X s; the numbers of tested automata are shown in the second column. The
third column contains the.time for processing all automata mentioned in the second
column. The numbers of automata verifying CI and CII are given in the next two
columns. The last three columns present the percentage of CII over CI and the
percentage of CI, respectively, CII, over the total number of automata processed.

We also tested automata with more than five states. For example, the 10-state
automaton in Table 3

g | 0(g,0) | o(¢,1) | fa)
1 2 1 0
2 3 2 0
3 4 3 0
4 5 4 0
5 6 5 0
6 7 6 0
7] 8 7 0
8 9 8 0
9 9 10 0
10 10 10 1
Table 3.

3See http://www.massey.ac.nz/ bimills/obgraph.c for the program.
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has A (00000001 distinguishes the pairs (i,7) fori =1,2,3,5=1,2,...,10 and i #
j,» 00001 distinguishes the pairs (4,5), (4,6),(4,7),(4,8), (4,9), 0001 distinguishes
the pairs (5, 6), (5, 7), (5, 8), (5,9), 001 distinguishes the pairs (6, 7), (6, 8), (6,9), 01
distinguishes the pairs (7,8), (7,9), 1 distinguishes the pair (8,9) and ¢ distinguishes
the pairs (z,10) for i = 1,2,...,9), has B (as state 1 is distinguished from all other
states by the word 00000001, state 2 by 000000101, state 3 by 00000101, state 4 by
0000101, state 5 by 000101, state 6 by 00101, state 7 by 0101, state 8 by 101, state
9 by 1, and state 10 by €) and has C (the word 101010101010101 distinguishes
every pair of distinct states). The algorithm has scanned 766 nodes in less than a
second.

6 Final Remarks

Based on the concept of observation graph of an automaton, new equivalent def-
initions have been given for two types of computational complementarity studied
in (3]. As a result, we proposed an algorithm for simultaneously determining these
properties. The algorithm has been shown in practice to be fast enough (on a
standard desktop machine) for testing all binary Moore machines up to five states.
Some other experiments reported in the paper illustrate the power of the algorithm.

Many problems remain open; for example, what is the complexity of the decision
problems CI, CIL a

Acknowledgement

We are grateful to the anonymous referee for suggestions which improved the paper.

References

(1] Brauer, W. Automaten theorie. Teubner, Stuttgart, 1984.

[2] Calude, C. S., Calude, E. and $tefinescu, C. Computational complementarity
for Mealy automata, EATCS Bull. 66 (1998), 139-149.

(3] Calude, C., Calude, E., Svozil, K. and Yu, S. Physical versus computational
complementarity I. International Journal of Theoretical Physics 86 (1997),
1495-1523.

[4] Calude, C. S. and Lipponen, M. Computational complementarity and sofic
shifts, in X. Lin (ed.). Theory of Computing 98, Proceedings of the 4th Aus-
tralasian Theory Symposium, CATS’98, Springer-Verlag, Singapore, 1998,
277-290. .

[5] Calude, E. and Lipponen, M. Minimal deterministic incomplete automata.
Journal of Universal Computer Science 11 (1997), 1180-1193.



.

384 Elena Calude, Bruce Mills, and Lan Mills

(6] Calude, E. and Lipponen, M. Deterministic incomplete automata: Simulation,
universality and complementarity, in C. S. Calude, J. Casti, and M. J. Dinneen
. (eds.). Unconventional Models of Computation, Springer-Verlag, Smgapore

. 1998, 131-149.

[7] Chaltm, G. J. An improvement on a theorem by E. F. Moore. IEEE Trans-
actions on Electronic Computers EC-14 (1965), 466-467.

(8] Conway, J. H. Regular Algebra and Finite Machines. Chapman and Hall Ltd.,
London, 1971.

[9] Ginsburg, S. On the length of the smallest uniform experiment which dis-
tinguishes the terminal states of the machine. Journal of the Assoczatzon for
Computing Machinery 5 (1958), 266-280.

[10] Hartmanis J. and Stearns R. E. Algebraic Structure Theory of Segquential
Machines, Prentice-Hall, Englewood Cliffs, NJ, 1966.

(11] Lee, D. and Yannakakis, M. Principles and methods of testing finite state
machines—A survey, Proc. IEEE 84, 8, (1996),1089-1123.

[12] Lee, D: ‘and Yannakakis, M. Closed partition lattice and machine decomposi-
tlon IEEFE Transactions on Computers 51, 2 (2002), 216-228.

[13] Moore, E. F. Gedanken-experiments on sequential machines, in C. E Shan-
non and J. McCarthy (eds.). Automata Studies, Princeton University Press,
Princeton, 1956.

[14] Schaller, M. and Svozil, K. Automaton partition logic versus quantum logic.
International Journal of Theoretical Physics 84, 8 (1995), 1741-1750.

[15] Svozil, K. Randomness &Undecidability in Physics. World Scientific, Singa-
pore, 1993,

Received September, 2008



Acta Cybernetica 16 (2004) 385-397.

Two-Way Metalinear PC Grammar Systems and
Their Descriptional Complexity |

Alexander Meduna*

Abstract

Besides a derivation step and a communication step, a two-way PC gram-
mar system can make a reduction step during which it reduces the right-hand
side of a context-free production to its left hand-side. This paper proves
that every non-unary recursively enumerable language is defined by a cen-
tralized two-way grammar system, I', with two metalinear components in a
very economical way. Indeed, I'’s master has only three nonterminals and
one communication production; furthermore, it produces all sentential forms
with no more than two occurrences of nonterminals. In addition, during ev-
ery computation, I' makes a single communication step. Some variants of
two-way PC grammar systems are discussed in the conclusion of this paper.

1 Introduction

Over the past few years, the formal language theory has intensively investigated
many variants of PC grammar systems (see [12]), which consist of several simulta-
neously working and communicating components, represented by grammars. This
paper introduces another variant of this kind, called two-way PC grammar sys-
tems, which make three kinds of computational steps—derivation, reduction, and
communication. More precisely, a two-way PC grammar system, I', makes a deriva-
tion step as usual; that is, it rewrites the left-hand side of a production with its
right-hand side. During a reduction step, however, I' rewrites the right-hand side
with the left hand-side. Finally, I' makes a communication step in a usual PC-
grammar-system way; in addition, however, after making this step, it changes the
computational way from derivations to reductions or vice versa.

As reduction steps represent a mathematically natural modification of deriva-
tion steps, a discussion of two-way PC grammar systems surely deserves our atten-
tion from a theoretical viewpoint. From a practical viewpoint, this discussion is
important as well. Indeed, two-way PC grammar systems actually formalize com-
putational units combining both reduction and derivation steps, which frequently
occur in applied computer science. To give some specific examples, consider, for

*Department of Information Systems, Faculty of Information Technology, Brno University of
Technology, Bozetéchova 2, Brno 61266, Czech Republic

385
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instance, compilers. A parser is often written so it actually represents a combi-
nation of a bottom-up parser for expressions and a top-down parser for general
program flow. While the former makes reductions, the latter makes derivations; as
a whole, the parser thus makes both. To give another example in this area, the
three-address code generation often consist of top-down syntax-directed generation
of abstract syntax tree followed by a bottom-up translation of this tree to the de-
sired three-address code. Again, both reductions and derivations take part in this
translation process as a whole. As a result, there surely exist both theoretically
and pragmatically sound reasons for investigating two-way PC grammar systems.

This paper narrows its attention to the centralized two-way metalinear PC
grammar systems working in a non-returning mode. That is, since they are cen-
tralized, only their first components, called the masters, can cause these systems
to make a communication step. Since they are metalinear, all their components
are represented by metaliner grammars. Finally, as they work in a non-returning
mode, after communicating, their components continue to process the current string
rather than return to their axioms. Regarding these systems, the present paper con-
centrates its discussion on their descriptional complexity because this complexity
represents an intensively studied area of today’s formal language theory.

As its main result, this paper proves that the centralized two-way metalinear PC
grammar systems characterize the family of non-unary recursively enumerable lan-
guages in a very economical way. Indeed, every non-unary recursively enumerable
language is defined by a centralized two-way grammar system with two metalinear
components so that during every computation I' makes a single communication
step. In addition, I'’s three-nonterminal master has only one production with a
communication symbol and each of its sentential forms contains no more than two
occurrences of nonterminals. In the conclusion of this paper, some terminating and
" parallel variants of these two-way systems are introduced and analogical results to
the above characterization are achieved.

2 Preliminaries

This paper assumes that the reader is familiar with the formal language theory
(see [9], [14]). For a set, Q, card(Q) denotes the cardinality of Q. For an alphabet,
V', V* represents the free monoid generated by V under the operation of concate-
nation. The unit of V* is denoted by €. Set Vt* = V* — {¢}; algebraically, V7 is
thus the free semigroup generated by V under the operation of concatenation. For
every w € V*, |w| denotes the length of w. Furthermore, for every 0 < ¢ < |w| and
L € V*, we introduce the following denotation:

length(L) = {|w| : w € L}

reversal(w) denotes the reversal of w
reversal(L) = {reversal(w) : w € L}

alph(w) denotes the set of letters occurring in w
alph(L) = {a: a € alph(w) with w € L}
sym(w, i) denotes the ith symbol in w
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prefix(w, 1) denotes the set of w’s prefixes of length 7 or less
prefix(w) = prefix(w, |w|)

suffix(w, i) denotes the set of w’s suffixes of length 7 or less
suffix(w) = suffix(w, |w})

prefix(L) = {z : z € prefix(w) for some w € L} -
suffix(L) = {z : z € suffix(w) for some w € L}

For every W C V, del(w, W) denotes the word resulting from w by the deletion
of all symbols from W in w; more formally, del(w, W) = p(w), where p is the
weak identity over V* defined as p(b) = € for every b € W and p(a) = a for every
a €V —W. Let keep(w, W) denote the word resulting from w by the deletion
of all symbols from V — W in w; more formally, keep(w, W) = 8(w), where 0 is
the weak identity over V* defined as 6(b) = ¢ for every b € V — W and 0(a) = a
for every a € W. For instance, for w = abac, alph(w) = {a, b, c}, prefix(w,2) =
{¢,a,ab}, sym(w, 3) = a,del(w, {a}) = be, keep(w, {a,b}) = aba.

A queue grammar (see {7]) is a sixtuple, @ = (V,T,W, F, s, P), where V and
W are alphabets satisfying VNW =0, T CV,F C W,s ¢ (V —T)(W — F), and
P C(Vx(W-=F))x (V*x W) is a finite relation such that for every a € V, there
exists an element (a,b,z,¢) € P for somebe W — F,z € V*, andce W. Ifu,v €
V*W such that u = arb,v = rz¢,a € V,r,z € V*b,c € W, and (a,b,z,¢c) € P,
then u = v [(a, b, 2,¢)] in G or, simply, u = v. The language of @, L(Q), is defined
as L(Q) ={w e T*:s=>* wf where f € F}.

Now, we slightly modify the notion of a queue grammar. A left-extended queue
grammar is a sixtuple, @ = (V,T,W, F, s, P), where V,T, W, F, and s have the same
meaning as in a queue grammar. P C (V x (W — F)) x (V* x W) is a finite relation
(as opposed to an ordinary queue grammar, this definition does not require that
for every a € V, there exists an element (a, b, z,c) € P). Furthermore, assume that
#EVUW. lfu,v € V*{#}V*W so that u = wH#arb,v = wa#rzc,a € V,r,z,w €
V*.b,c € W, and (a,b,z,¢) € P, then v = v|(a,b, z,¢)] in G or, simply, u = v. In
the standard manner, extend = to =", where n > 0; then, based on =", define =+
and =>*. The language of @, L(Q), is defined as L(Q) = {v € T* : #s =* w#vf
for some w € V* and f € F}. Less formally, during every step of a derivation,
a left-extended queue grammar shifts the rewritten symbol over #; in this way, it
records the derivation history, which represents a property fulfilling a crucial role
in the proof of Lemma 4 in the next section.

3 Definitions

As already sketched in Section 1, this paper discusses grammar systems ( see [1,
2, 3, 4, 5, 7)), concentrating its attention on PC grammar systems (see [6, 11,
12, 13, 15, 16]). The present section introduces a new version of these systems.
First, based on two-way k-linear PC components, it defines two-way k-linear n-PC
grammar systems. Then, it introduces several notions concerning them. Finally,
two examples are given.
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Let k£ and n be two positive integers. A two-way k-linear PC component is a
quadruple, G = (N, T, P,S), where N and T are two disjoint alphabets. Symbols
in N and T are referred to as nonterminal and terminals, respectively, and S € N
is the start symbol of G. Set M = N — {S}. P is a finite set of productions such
that each r € P has one of these forms

e S — z, where z € (T U M)* and z contains no more than k occurrences of
symbols from M,
¢ A—zx, where A€ M andz € T*"MT*UT".

Let u,v € (NUT)*. For every A — z € P, write uAv 4= uxv and uzv ,= uAv;
d and r stand for a direct derivation and a direct reduction, respectively. To express
that G makes uAv ¢= uzv according to A — z, write uAv 4= uzv [A — zJ;
uzv r=> uAv [A — z] have an analogical meaning in terms of ,=. A two-way
k-linear n-PC grammar system is an n + 1-tuple

Fz(Q)GI)"-aG‘n)’

where @ = {g; : 1 = 1,...,n}, whose members are called query symbols, and for
ali=1,...,n,G; = (QUN,, T, F;,S;) is a two-way k-linear PC component such
that @ N (N; UT) = @ (notice that each G; has the same terminal alphabet, T);
let g-P; C P; denote the set of all productions in P; containing a query symbol. A
configuration is an n-tuple of the form (z1,...,z,), where z; € (QUN; UT)*,1 <
i < n. The start configuration, s, is defined as s = (Sy,...,Sn). Let © denote the
set of all configurations of I'. For every z € © and ¢ = 1,...,n,i-z denotes its ith
component—that is, if x = (z1,...,2;,...,2,), then i-x = z;. For every z € O,
define the mapping -0 over {i-z : 1 < i < n} as o0(i-x) = z122. .. 2);-5] Where for
all 1 < h < |i-z|,

if for some ¢; € Q,i =1,...,n,sym(i-z, h) = ¢; and alph(j-z) N Q = 0, then 2z, =
j-x; otherwise (that is, sym(i-z, h) € Q or alph(j-z) N Q # @), 25, = sym(i-z, h).

Let y,xz € ©. Write

ey ¢g= z in I if i~y 4= iz in G; or i-y = i-z with i-y,i-x € T*, for all

1=1,.
oyr=>:n1n1"1fzy,=>z:cmG orzy—zxwmhzy,sz{S}UT* for all
1=1,...,n;

e yo=>zinTifiz=,0(-y)inGiforalli=1,...,n

Informally, T" works in three computatlonal modes—q=>, ,=, ;=>, which sym-
bohcally represent a direct derivation, reduction, and communication, respectxvely
Let 1> 1,0, € ©,1 <3<, and ap ;= a1 1,=> @2...01—} ;= o Where I,
{d,7,q},1 < m < I; write ap =* oy if |; = d and each l,, €{d,rq},2<p<li- 1,
satisfies:

o if I, = g then lyy1,lp—1 € {d,7} and lpy; # lp—1,
o if I, € {d,r} then l,4; € {q,1,}.
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Informally, after making a communication step, I' changes the computational
mode from d to r and vice versa; after making a derivation or reduction step, it
does not. Consider g =* oy that consists of I direct computational steps, ag 1,=

Lo 1, = az...oq-1 1,=> oy, satisfying the above properties. Set x(cp =* a;) =

{ap,1,...,q1}; that is, k(ap =* o) denote the set of all configurations occurring
in ap =* oy. Furthermore, for each Il =1,...,n, set k(i-ag =* -oq) = {i-B: B €
k(ap = ay)}. Finally, for each h = 1,...,n, h-computation(i-ag =* i-q) denote

h-ag 1,=> h-ai1 1,= h-aq ... h-ay_1 ;= h-aq The language of T, L(T), is defined as
LT)={z€T":0="ainT with z = del(1l-q, 5;), for some a € 6}.

Informally, L(I") contains z € T* if and only if there exists a € © such that o =* a
in I and the deletion of each S; in 1-a results in z. A computation ¢ =* ¢ in T
with del(l-a,S;) € L(T) is said to be successful. By a two-way metalinear n-PC
grammar system, we refer to any two-way k-linear n-PC grammar system, where
k>1. : I

Notice that after communicating, the components of the above systems continue
to process the current string rather than return to their axioms. In other words,
they work in the non-returning mode (see [7]). The returning mode is not discussed
in this paper. : :

For a two-way k-linear PC grammar system, I' = (Q,Gy,...,Gn), we next
introduce some special notions.

Finite index. Let ¢ =* z be any successful computation. in I', where z € ©,
and let i € {1,...,n}. By i-indez(c =* z), we denote the maximum number in
length(keep(k(i-o =* i-z), N;)). If for every successful computation ¢ =* £ in
T, where £ € ©, there exists k > 1 such that i-index(c =* ¢) < k, G; is of a
finite indez. If G; is of a finite index, indez(G;) denotes the minimum number h
satisfying i-index(oc =* £) < h, for every successful computation ¢ =* w in I,
where w € ©. By index(G;) = oo, we express that G; is not of a finite index.
If G; is of a finite index for all j = 1,...,n, I is of a finite inder and index(T')
denotes the minimum number g satisfying indez(G;) < g, forall I =1,...,n. By
index(T) = 0o, we express that I' is not of a finite index:

g-Degree. For ¢ =* z in T, where z € ©, gq-degree(c =* z) denotes the number of
communication steps (=) in ¢ =* z. If for every computation o =* £ in I, where
& € O, there exists £ > 1 such that g-degree(o =* £) < k, I'-is of a finite ¢g-degree.
If T is of a finite g-degree, g-degree(T’) denotes the minimum number A satisfying
g-degree(c =* £) < h, for every computation o =* £ in T'; by g-degree(I') = oo,
we express that I is not of a finite g-degree.

Centralized Version. T is centralized if no query symbol occurs in any production of
P, in G; = (N;,T;, B;, S;), for all i = 2,...,n. In other words, only P; can contain
some query symbols, so Gy, called the master of T', is the only component that can
cause I to perform a communication step. '
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This paper concentrates its attention on the centralized version of two-way k-
linear 2-PC grammar systems. Therefore, we conclude this section by two examples
illustrating these systems.

Example 1. Consider the centralized two-way two-linear 2-PC grammar system,

= ({q1,92},G1,G2), where G1 = ({S1,4,B},T,P,,51),G2 = ({S2,B,Y},T,
P27S2)’T = {a,b,C}, b = {Sl - AvA - CA$A - CQZ:QZ - B’B - 42,B -
€,81 > B},and P, = {S2 - YB,B — B,Y — aY},Y — ab}.

For instance, I" generates c a3b3 363%a30® as (S51,52) a= (4,YB) 4= (cA,
aYbB) 4= (ccA,aaYbbB) 4= (cceqe,alb®B) 4= (c2a3b®B,a’b3B) .= (c2a®bqs,
a®b3B) ;= (Ba®b3a®b® B, a3b®B) 4= (2ab’a’biqs, a3b3B) ;= (3a®b%a®b%a®h3B,
a®®B) = (Fadb2a3b3a®b351,a%0°B) with del(ca3b3a’b3a®b35;1,81) =

3a3b3a3b%a303.

Observe that L(T') = {¢’z* : z € H,j,i > 1,|z| = 25}, where H = {a™b" : n >
1}. Furthermore, notice that indez(G,) = 1 and indez(G2) = 2, so I is of a finite
index. On the other hand, ¢-degree(T’) =

Ezample 2. Consider the centralized two-way one-linear 2-PC grammar system G =
({ql, qz}, Gl, Gz) where Gl = ({Sl,A, B},T,Pl, Sl), G2 = ({Sz, B},T, Pg, Sg),T =
{a,b,c}; P, = {S1 — A, A - aAe,A — aga,B — Bc,S; — B}, and P, = {S; —
-B, B — bBc}.

For instance, T’ makes (81,852) 4= (A,B) 4= (ada,bBc) 4= (aageaa,bbBcc)
¢= (aabbBccaa, bbBcc) »=> (aabbBcaa, bBc) »= (aabbSicaa, B).

Notice that L(I') = {a™b"c™a™ : n > m > 0},index(G,1) = 1,indez(G2) = 1,
and ¢-degree(T’) = 1.

4  Main Result

This section proves that every non-unary recursively enumerable language is defined

by a centralized two-way three-linear 2-PC grammar system, I' = ({Q2}, G1,G2),
such that indez(G,) = 2,indez(Gz) = 3, and g¢-degree(T) = 1. As a result,
index(I') = 3. In addition, its three-nonterminal master, G1, has only one produc-
tion containing a query symbol.

Lemma 1. For every recursively enumerable language, L, there exists a left-
extended queue grammar, Q, satisfying L(Q) =

Proof. Recall that every recursively enumerable language is generated by a queue
grammar (see [8]). Clearly, for every queue grammar, there exists an equivalent
left-extended queue grammar. Thus, this lemma holds. ' [

Lemma 2. Let Q' be a left-eztended queve grammar. Then, there exists a left-
extended queue grammar, Q = (V,T,W, F,s, R), such that L(Q') = L(Q), W =
XUYU{1}, where X,Y, {1} are pairwise disjoint, and every (a,b,z,c) € R satisfies
eithera € V — TbeXze(V T),ce XU{l}oracV -T,beY UL, z €
T*,ceY.
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Proof. See Lemma 1 in [10]. ]

Consider the left-extended queue grammar Q = (V, T, W, F, s, R) from Lemma 2.
Its properties imply that @ generates every word in' L(Q) so that it passes through
state 1. Before it enters 1, it generates only words over (V — T'); after entering 1,
it generates only words over T'. In greater detail, the next corollary expresses this
property, which fulfills a crucial role in the proof of Lemma 4. '

Corollary 3. Q constructed in the proof of Lemma 2 generates every h € L(Q) in
this way : ‘

#aogo
=  aoH#Zoq1 {(ao, 90, 20, q1)]
= apa1#T1¢2 [(a1,q1,21,42)]
=  aoQ)...CkFHTrr+1 [(ak, gk, 2k; Gk +1)]
= ao01...0kGk+1FTrr1Y10k+2 ((@k41, Grs1, Y1, Gr42)]

= apd1..-QkGk41---Ak+m—1
#Thym—1Y1 - Ym—1Gk+m [(@k4m—1,k4m—1)Ym—1, Tk+m)]
= G0G1...0k0k41 - CktmPFYL - YUmGktmtl  [(@kdm, Tktm, Ym, Qr+m+1))
where kkm > lya; € V=T fori = 0,...,k + myz; € (V —T) for
j=1,...,k+ms = aoqo,a;z; = Tj1z; for 7 = 1,...,k,a1...0kTkq1 =
20+ Zky Q41 -+ - Qktm = Tk, §0,q1, -+, Gk+m € W—F and qkym+1 € F,21,...,2¢ €
V-9, Ym €T h =192 ... Ym-1Ym-

Lemma 4. Let Q be a left-extended queue grammar such that card(alph(L(Q))) >
2. Then, there exists a centralized two-way three-linear 2-PC grammar system, I' =
({Q2}, G1,G2), such that L(T') = L(Q),index(G1) = 2,index(Gz) = 3, index(l) =
3, g-degree(T') = 1. In addition, I'’s master, G1 = ({Q2} U N1, T, Py, S1), satisfies
card(N1) = 3 and ¢-P; = {A — Q2}.

Proof. Let Q = (V,T,W, F,s,R) be a left-extended queue grammar such that
card(alph(L(Q))) > 2. Assume that {0,1} C alph(L(T'))) N T. Furthermore,
without any loss of generality, assume that @ satisfies the properties described in
Lemma 2 and Corollary 3. Observe that there exist a positive integer, n, and an
injection, ¢, from VW to ({0,1}™ — 1™) so that ¢ remains an injection when its
domain is extended to (VW)* in the standard way (after this extension, ¢ thus
represents an injection from (VW)* to ({0,1}™ —1™)*); a proof of this observation
is simple and left to the reader. Based on ¢, define the substitution, v, from V' to
({0,1}™ — 1™) as v(a) = {{aq) : ¢ € W} for every a € V. Extend the domain
of v to V*. Furthermore, define the substitution, , from W to ({0,1}" — 1") as
u(q) = {reversal(i(aq)) : a € V'} for every ¢ € W. Extend the domain of u to W*.
Set 0 =1".
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Construction. Introduce the centralized two-way three-linear 2-PC grammar sys-
tem, I’ = ({Q2},G1,Gg), where G, = (Q Uum,T, Pl,Sl),G2 = (N, T, PQ,SQ),
Ny = {51,AY}, and P, = {S1 — 040,51 — oY0,A — Q2}U {4 —
reversal(z)Az : z € (VW) U{Y — zYz : = € «((VW)}. P, is constructed
as follows

1. if s = apqo, where ag € V — T and go € W — F, then add Sz — Yu (g0, 1) tY’
to Py, for all u € v(ap) and t € p(go),

2. if (a,q,y,p) € R, wherea € V—-T,p,qec W—F,and y € (V—T)*, then add
(g,1) = u{p,1)t to P, for all u € v(y) and t € u(p),

3. for every g€ W — F, add (g,1) — 0{(q,2) to P,

4. if (a,¢,¥,p) € R, wherea € V - T,p,g € W — F,y € T*, then add {g,2) —
y(p,2)t to Py, for all t € u(p),

5. if (a,q,y,p) € R, wherea € V—-T,qe W — F,y € T*, and p € F, then add
{q,2) — yo to P, '

6.addY = Y to P,

and N, contains all symbols occurring in P, that are not in 7.

Basic Idea. Clearly, I''s master, G1 = ({Q2} UN1, T, P, S1), satisfies card(N;) = 3
and ¢-P; = {A — @Q3}. Every generation of y € L(I") can be expressed as follows

(Sly 52) . )
a=> (oreversal(ag)ABo0,Y X0 (91,1) reversal(Go)Y)
4= (oreversal(a;)AB10,Y x1 (g2, 1) reversal(8;)Y)

4= (oreversal(ay)ABro, Y xk (qk+1,1) reversal(f;)Y)
4= (oreversal{oy)ABko, Y xr0(gk+1, 2) reversal(f;)Y)
a= (oreversal{ok)ABk+10, Y Xk0Y1 (Qk+1, 2) reversal{Bi41)Y)

a= (oreversal(ous+m)Q20k+m0, Y Xk0U1 - . . ymoreversal(Fi+m)Y)

= (oreversal(akim)Y 0ktmoy: . .. ymoreversal(Biim)Y Br+mo0), ()

r= (oprefix(reversal(Qitm), |@k+m| — n)Ysuffix(axim, |ak+m| — 1)
oY1 - . - ymoreversal(Bxim)Y Br+mo), {)

= (0Yoy:...ymoY0,()
=2 (S191---YmS1,0)

-where kkm > 1, and for all e =0,...,k + m,a. € v(ap...a¢),0e € u(go---ge),
a, =reversal(B.),a; € V-T,q; e W-F1<i<k+m,forall f=0,...,k—-1,
xs € prefix(v(ao...ac)) N prefix(Xs+1), Xk = Gk+m,$ = @040, Y1, Ym € T,



Two-Way Metalinear PC Grammar Systems . .. 393

¢ = Yxkoy1...ymoreversal(fk+m)Y, ¥ = ¥1,-..,Ym, and R contains rules
(@0, 90, 20,91), (@1,91,21,92), - - -, (Cktm > Gkt Ym—1, Qk+m+1) according to which Q
can make the generation of y described in Corollary 3. As a result, g-degree(T’) = 1
and L(T') C L(Q). On the other hand, recall that Q generates every y € L(Q) as
described in Corollary 3. Then, we can easily construct the above generation of y
inT, so L(Q) € L(T). Therefore, L(T") = L(Q).

Formal Proof (Sketch). For brevity, the following rigorous proof omits some obvious
details, which the reader can easily fill in.

Claim 1. G generates every h € L(I') as follows (S1,S2) ¢4=* (vAv)y) =
(uyv,y) r=" (h,y), where u,v € {0,1}",y € {YHT U {0,1})*{Y}.

Proof. In Py, the right-hand side of every production contains a symbol from Q U
Ny, so during any successful computation, I' makes at least one g-step. The only
production by which G; can cause I' to make a g-step is A — g2. A does not
occurr in N, at all, and after the first application of A — ¢z, G; makes reductions
during which it can never obtain A in a sentential form. Thus, the first application
of A — gy is also the last application of this production. Therefore, I" generates
every h € L(T) as follows (S1,S52) 4=* (vAv,y) = (uyv,y) r=* (h,z),where
u,v € {0,1}*,y,2z € (T U N)*. If y contains a symbol from N; — (T U {Y}), G,
can never remove them during (uyv,y) .=* (h,z) by any rule from P, which
leads to a contradiction that A # L(T'). Thus, y,z € (T U {Y})*. Examine P,
_to see that y,z € (TU{Y})* implies y = z and y € {Y}T U {0,1})*{Y}. As
a result, (S1,82) ¢=" (udv,y) = (wyv,y) r=* (h,y), where u,v € {0,1}*,y €
(V)T U {0,117, o

The previous claim implies ¢-degree(I"} = 1.

Claim 2. Let (51,852) ¢=* (udv,y) = (uyv,y) =" (h,y) in T, where h €
L(T),u,v € {0,1}*,y € {YHT U {0,1})*{Y'}. Then, v =reversal(u).

Proof. Examine 1-P;. Observe that before the'communicational step, G can use
only productions from {S; — 0Ao}U{A — reversal(z)Az : z € «(VW)}; therefore,
v = reversal(u). ' O

Claim 3. Let (S1,S52) a=* (uAreversal(u),y) = (uyreversal(u),y) .=* (h,y),
in ', where h € L(T),u,v € {0,1}*,y € {Y}T U {0,1})*{Y}. Then, y =
Yreversal{u)huY. o

Proof. Consider (uyreversal(u),y) »=* (h,y). During l-computation({uy
reversal(u),y) -=* (h,y)), G1 can use only productions from {S; — oY o}U{Y —
zYz :x € {VW)}. Thus, y = Yreversal(u)huY. d0

Return to the proof of the lemma. Let

(S1,52) 4=* (uAreversal(w), Yreversal(u)huY)
= (uYreversal(u)‘LuYreversal(u) Yreversal(u)huY)
+=* (h,Yreversal(u)huY)
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in T', where u,v € {0,1}*. Examine P, and P; to see that in greater detail this
computation can be expressed as

(81, 852)
d=> (oreversal(ap)ABoo, Y xo0 (g1, 1) reversal(G)Y)
d=> (oreversal(o;)AfBi0,Y x1 (g2, 1) reversal(£;)Y)

a= (oreversal(ax)ABko,Y xk (gr+1,1) reversal(Gi)Y)
4= (oreversal(ag)ABro,Y xk0 (gk+1,2) reversal(fi)Y)
a= (oreversal(ax)ABx+10,Y Xroy1 (gk+1, 2) reversal(fi41)Y)

d=> (oreversal(og4m)Q20k+m0, Y Xk0V1 - . . ymoreversal(Br+m)Y)

¢= (oreversal(ogim)Y akymoy: .. .ymoreversal(Betm)Y Br+mo0), ¢)

r= (oprefix(reversal(aiim), |@k+m| — n)Ysufix(aktm, |ar+m| — 1)
oY1 - . . ymoreversal(Brim)Y Br+m0), €)

. r= (0Y0y1 e ymOY01 C)
=2 (S191-..YmS1,¢)

where k,m > 1, and for all e = 0,...,k + m,ae € v(ap...ac),Be € u(go---qe),
ae = reversal(B.),a; € V-T,qs € W—-F,1 < i < k+m, foral f =
0,...,k — 1,xy € prefix(v(ag...ae)) N prefix(xs+1), Xk = C+m,S = ao4o,
Yiy-- 0 Um € T*¢ = Yxroy: ... .ymoreversal(Br+m)Y,h = y1,...,Ym- Thus,
index(G1) = 2,index(G2) = 3, and indez(I') = 3. Recall that xx = ak4m. Con-
sider the derivation part of the above computation—that is,

2-computation((Sy, S2) 4=>*  (oreversal(ak4+m)Q2Bk+m0, Y kimoy: - ..
) ymoreversal(bg+m)Y))

From the construction of P;, the form of this computation implies that R
contains rules (ao, 9o, 20, 91), (@1, q1, 21,42) - - - s (@k+m, Gk+m> Ym—1, Gk+m+1), Where

= @oqQo, a;T;- = Tj—12; for j=1,...,k,a1...0kThy1 = 20... 2k, Qk41 .. .Ck4m =
Tk, and geymi1 € Fz,.. 0,26 € (V=T)y1,....ym € T R =192 .. Ym-1Ym.
As a result,

#aoqo
= ao#Toq [(20, 90, 20,¢1)]
= apai#T1q2 [(a1,q1, 21,¢2)]
= ag01...0kH#Trqk+1 ((ak, gk, 2k, Qr41)]
=  ag01...0kQk+1H#Th+1Y1k+2 ((@k+1, Gr+1, Y1, Gk +2)]

= G001 ...0kQk+10k+m—1FFTk+m—1Y1 - - - Ym—1Gk+m
: [(@k+m—1)Gk4+m—1,Ym—1+Gk+m)]
= ag01...0k0k+10k+m YL - - - YmTk+m+1 [(2k+m> Getms Ym, Tet+m+1)]
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in@Q. As h=4192...Yym—1Ym, b € L{Q). Thus, L(T") C L(Q).

To prove L(Q) C L(T'), recall that @ satisfies the properties described in
Lemma 2 and, therefore, generates every h € L(Q) as described in Corollary 3.
Then, we can easily construct the generation of h in I" that has the form described
above; a detailed version of this construction is left to the reader. Thus, h € L(T'),
so L(Q) € L(T). : _

Therefore, L(I') = L(Q). Recall that we have already established that
index(G1) = 2,index(G2) = 3,index(I') = 3,q — degree(T') = 1, card(N,) = 3,
g-P; = {AQ2}. Thus, Lemma 4 holds. [ ]

Theorem 5. Let L be a recursively enumerable language such that card(alph(L))
> 2. Then, there exists a centralized two-way three-linear 2-PC grammar system,
T = ({g2}, G1,G2), such that L(I') = L,index(G1) = 2, indezx(G2) = 3,indez(I") =
3,q-degree(I') = 1, and I'’s master, G; = (QU N1, T, P, 51), satisfies card(N1) =
3,¢-P1 = {A — Q2}. '

Proof. This theorem follows from Lemmas 1, 2, and 4. |

5 Some Variants

“This concluding section discusses some variants of the centralized two-way metalin-
ear grammar systems.

Parallel variant. A parallel variant of a centralized two-way k-linear PC gram-
mar system makes communication steps as defined in Section 4; however, during
derivation and reduction steps, it allows their components to simultaneously rewrite
the word at several places. More formally, let T’ = (Q, G1,...,Gp), where for all
i=1,...,n,G; = (QUN;,T,F,,S;) is a two-way k-linear PC component. As be-
fore, for u,v € (N;UT)* and A — z € B, write uAv 4= uzv and uzv = rudv in
G;. Let z;,y; € (NUT)*, where i =1,...,n, for some n > 1. If z; 4= y; in G;
foralli=1,...,n, write £y ... Tn par-a=> Y1-..Yn iIn . If z; »= y; in G; for all
i=1,...,n, write 1 ...Zn par-r=> Y1...Yn in I'. To complete the definition of a
parallel centralized two-way k-linear PC grammar system, modify the correspond-
ing definition given in Section 3 by substituting per-q=> and par-r=> for 4=> and
r=, respectively. By porL(T'), denote the language generated by a parallel two-way
k-linear PC grammar system, I".

Theorem 6. Let L be a recursively enumerable language such that card(alph(L))
> 2. Then, there exists a parallel centralized two-way three-linear 2-PC grammar
system, T = ({Q2}, G1,G2), such that por L(T) = L,index(G1) = 2,index(G2) =
3,index(') = 3,q-degree(I') = 1, andI'’s master, G1 = (QUN1, T, P1, S1), satisfies
card(N1) = 3 and ¢-P) = {A — Q2}.

Proof. Establish this theorem by analogy with the demonstration of Theorem 5.
|



396 Alexander Meduna

Terminating mode. The theory of grammar systems has introduced several deriva-
tion modes, such as *-mode or the maximal code for CD grammar systems, and
studied the corresponding families of languages generated in these modes. In terms
of the grammar systems discussed in this paper, we also suggest a new derivation
mode,; called the términating mode. That is, for a centralized 2-PC two-way met-
alinear grammar system, I, introduced in Section 3, the language generated by T in
the terminating mode, ;L{T’), is defined by this equivalence: L(T') contains z € T*
if and only if there exists o € © such that ' makes ¢ =* a but cannot make any
further computational step from a and the deletion of each S; in 1-a results in z.

Theorem 7. Let L be a recursively enumerable language such that
card(alph(L))) > 2. Then, there exists a parallel centralized two-way three-linear
2-PC grammar system, I' = ({Q2},G1,G2), such that L(I') = L,index(G,) =
2,index(G2) = 3,index(I’) = 3;g-degree(T’) = 1, and I'’s master, G1 = (Q U
Ny, T, P1, 81), satisfies card(N1) = 4 and g-P, = {A — Q»}. ‘

Proof. Return to the centralized two-way metalinear 2-PC grammar system, I' =
({@2},G1, G2), constructed in the proof of Lemma 4. Modify its master, G; =
(QU N1, T, P, 51), as follows. First, add a new nonterminal, X, to Ny. Then,
include {X — X} U{X — zYy | z,y € (VW),z # y} into P,. Complete this
proof by analogy with the proofs of Lemma 4 and Theorem 5. o A |

Returning mode. As stated in Section 1, this paper considers only the non-
returning mode throughout. Reconsider the present study in terms of returning
mode (see [7]).
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Retractable state-finite automata without outputs*

Attila Nagy'

Abstract

A homomorphism of an automaton A without outputs onto a subautoma-
ton B of A is called a retract homomorphism if it leaves the elements of B
fixed. An automaton A is called a retractable automaton if, for every subau-
tomaton B of A, there is a retract homomorphism of A onto B. In {1] and
[3], special retractable automata are examined. The purpose of this paper is
to give a construction for state-finite retractable automata without outputs.

In this paper, by an automaton we mean an automaton without outputs, that
is, a system A = (A, X, §) consisting of a non-empty state set A, a non-empty input
set X and a transition function § : A x X — A. If A has only one element then
the automaton A will be called trivial. The function § is extended to A x X* (X*
denotes the free monoid over X) as follows. If a is an arbitrary state of A then
d(a,e) = a for the empty word e, and d(a,qz) = §(d(a,q),z) for every g € X*,
zeX.

If B is a non-empty subset of the state-set of an automaton A = (A, X, §)
such that d(b,z) € B for every b € B and z € X, then B = (B, X,0p) is an
automaton, where ép denotes the restriction of § to B x X. This automaton is
called a subautomaton (more precisely, an A-subautomaton) of A. A subautomaton
B of an automaton A is called a proper subautomaton of A if B is a proper subset
of A. A subautomaton B of an automaton A is said to be a minimal subautomaton
of A if B has no proper subautomaton. If a subautomaton B of an automaton
A has only one state then B is minimal; the state of B is called a trap of A.
If an automaton A = (A, X,d) contains only one trap denoted by ag then A is
called a one-trap automaton (or an OT-automaton). This fact will be denoted by
(A, X, 6;a0). If an automaton A has a subautomaton which is contained in every
subautomaton of A then it is called the kernel of A. The kernel of A is denoted
by KerA. o

Let A = (4, X, §) be an automaton containing at most one trap. Let A° denote
the following set. A® = A if A does not contain a trap or A is trivial; A = A—{ao}
if A is a non-trivial OT-automaton and ag is the trap of A. Consider the mapping
89 : A% x X — A" which is defined for a couple (a,z) € A° x X if and only if

*Research supported by the Hungarian NFSR grant No T029525 and No T042481
TDepartment of Algebra, Institute of Mathematics, Budapest University of Technology and
Economics
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5(a,x) € A°. In this case, let 6°(a,z) = 6(a,z). (A%, X,8°) is a partial automaton
which will be denoted by A°.

An equivalence relation « of the state set A of an automaton A = (A, X, 6) is
called a congruence of A if, for every a,b € A and z € X, the assumption (a,b) € a
implies (d(a,z),0(b,z)) € a. It is easy to see that if B is a subautomaton of an
automaton A then pgp = {(a,b) € Ax A:a=bora,be B} is a congruence of
A, which is called the Rees congruence of A induced by B. The factor automaton
A /pp is called the Rees factor automaton of A modulo B. If B is a subautomaton
of an automaton A then we may describe the Rees factor A/pp as the result of
collapsing B into a trap ag of the Rees factor, while the elements of A outside of B
retain their identity. Sometimes we can identify these elements a (¢ € A — B) with
the one-element pp-class [a], that is, we can suppose that the state set of the Rees
factor is (A — B) U {ao}- '

If @ is a state of an automaton A, then the smallest subautomaton R(a) of A
containing the state a is called the principal subautomaton of A generated by a. It
is easy to see that R{a) = é(a, X*) = {d(a,p) : p € X*}. Clearly, every minimal
subautomaton of an automaton is principal.

The relation R on an automaton A defined by R = {(a,b) € Ax A: R(a) =
R(b)} is an equivalence relation on A. The R-class of A containing an element
a € A is denoted by R;. The subset R(a) — R, is denoted by R[a). It is clear
that R[a] is either empty or (R[a], X, 0Rja)) is a subautomaton of A. The factor
automaton R{a} = R(a)/prjq) is called a principal factor of A. We note that
if Rla] = 0 then R{a} is defined to be R(a). For example, if a is a trap then
R(a) = {a} and so R[a] = 0.

A mapping ¢ (acting on the left) of the state set A of an automaton A =
(A, X,84) into the state set B of an automaton B = (B, X,dp) is called a homo-
morphism of A into B if ¢(d4(a,z)) = 6(¢(a),z) for everya € Aand z € X.

A mapping ¢ (acting on the left) of A® into B is called a partial homomorphism
of a partial automaton A® = (A°, X, %) into a partial automaton B® = (B°, X, §%)
if, for every a € A%, z € X, the assumption d4(a, z) € A° implies d5(¢(a),z) € B®
and 53((1)(0,),1‘) = ¢(5A(a’v .’L‘))

Definition 1. A subautomaton B of an automaton A is said to be a retract sub-
automaton if there is a homomorphism of A onto B which leaves the elements of
B fized. Such a homomorphism is called a retract homomorphism of A onto B.

Definition 2. An automaton A is called a retractable automaton if every subau-
tomaton of A is retract.

Lemma 1. Every subautomaton of a retractable automaton is retractable.

Proof. As a subautomaton C of a subautomaton B of an automaton A is also a
subautomaton of A, and the retriction of a retract homomorphism of A onto C to
B is a retract homomorphism of B onto C, our assertion is obvious. a

Lemma 2. If A is a retractable automaton and {a; : i € I} are elements of A
such that R(a;) C R(b) for an element b of A then there is an index j € I such that
R(a:) C R(a;) for everyi € I.
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Proof. Let A = (A, X, ) be a retractable automaton and {a; : ¢ € I} be arbitrary
elements of A such that R(a;) C R(b) for an element b of A. Let R = UserR(a;).
As R = (R, X,dR) is a subautomaton of A, there is a retract homomorphism Ap
of A onto R. As Ag(b) € R, there is an index j € I such that Ag(b) € R(a;). Then
Ar(8(b,p)) = 8(Ar(b),p) € R(a;) for every p € X*, and so Ag(R(b)) C R(a;). As
R(a;) € RN R(b) (i € I, we get R(a;) = Ar(R(a;)) € R(a;) foreveryiel. O

Corollary 1. Every subautomaton of a principal subautomaton of a retractable
automaton is principal. In particular, for every state a of a retractable automaton
A, Rla] is either empty or Rla] is a principal subautomaton of A.

Proof. Let B be a subautomaton of a principal subautomaton R(b) of a retractable
automaton A. Then R{a) C R(b) for every a € B. By Lemma 2, there is an
element ¢ € B such that R(a) C R(c) for every a € B. As B = UgzepR(a), we get
B = R(c). , O

Let T be a set with a partial ordering < such that every two-element subset of
T has a lower bound in T and every non-empty subset of T" having an upper bound
in T contains a greatest element. Then T is a semilattice under multiplication * by
letting a * b (a,b € T') be the (necessarily unique) greatest lower bound of a and b
in 7. A semilattice which can be constructed as above is called a tree ({4]).

Corollary 2. A state-finite retractable automaton A contains a kernel if and only
if the principal subautomata of A form a tree with respect to inclusion.

Proof. Let A be a state-finite retractable automaton. The inclusion (the inclusion
of the state-sets) is a partial ordering on the set T of all principal subautomata
“of A. By Lemma 2, every non-empty subset of T having an upper bound in T
contains a greatest element. As every finite tree has a least element, T' (which is
finite) is a tree if and only if it has a least element. As the least element of T is the
kernel of A, our proof is complete. - O

Lemma 3. Every principal subautomaton of a state-finite retractable automaton
contains exactly one minimal subautomaton.

Proof. From the finiteness of the state set, it follows that every principal sub-
automaton contains a minimal subautomaton. As a minimal subautomaton is a
principal subautomaton, our assertion follows from Lemma 2. O

Lemma 4. Ifa1,a2 are states of a state-finite retractable automaton A = (A, X, 0) -
such that By C R(a1), B2 C R(a2) for distinct minimal subautomata B, and Ba
of A then R(a1) N R(az2) = 0.

Proof. If ¢ € R(a1) N R(ay) then, by Lemma 3, there is a minimal subautomaton
B of A such that B C R(c) C R(a1) N R(az). Usmg again Lemma 3, we get
B; = B = B, which is a contradiction. O
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If A; = (A, X,0:), 1 € I are automata such that A; N A; = @ for every i # j,
then A = (A, X, 4) is an automaton, where A = U;er4; and d(a,z) = 6;(a,z) for
every a € A; and z € X. The automaton A is called the direct sum of the automata
A, tel

Definition 3. We say that an automaton A is a strong direct sum of a family
of subautomata A;, it € I if A is a direct sum of Ay, i € I and, for every couple
(i,5) € I x I, there is a homomorphism of A; into A;.

Theorem 1. A strong direct sum of retractable automata is retractable.

Proof. Assume that an automaton A = (4, X, §) is a strong direct sum of automata
A; = (A;,X,4), 1 € I. Let ¢;; be the corresponding homomorphism of A; into
A; (i,j € I). Let R be an arbitrary subautomaton of A. Let R; = RN A;. It is
clear that R; is either empty or R; = (R;, X, dg,) is a subautomaton of A;. Let
AR, denote a retract homomorphism of A; onto R; if R; # 0, and let ¢ denote a
fixed index, for which R;, # 0. We define a mapping Agr of A onto R as follows. If
a € A; and R; = 0, then let Ar(a) = Ag, (¢iio(a)); if a € A; and R; # 0, then let
Ar(a) = Ag,(a). 1t is clear that Ag mapps A onto R and leaves the elements of R
fixed. To prove that Ag is a homomorphism of A onto R, let i€ I,a€ A;, z € X
be arbitrary elements. In case R; = 0,

Ar(6(a,2)) = ARi, (440 (8:(a, 7)) = ARy, (810 (biio (a), 7)) =

= 8io (AR, (#4,50 (@), T) = 6(Ar(a), 7),
and, in case R; # 0, '

)‘R(J(a" "E)) = g, (‘si(aﬂ :L‘)) = 61'()‘Ri (a)’ .’E) = 6()‘R(a)vz)a

because a,d(a,x) € A;. Hence Ag is a retract homomorphism of A onto R. Thus \
the theorem is proved. O

‘Theorem 2. For a state-finite automaton A = (A, X, 6), the following assertions
are equivalent:

(i) A is retractable;

(ii) A is a direct sum of finite many state-finite retractable automata containing
kernels being isomorphic to each other.

(iii) A is a strong direct sum of finite many state-finite retractable automata con-
taining kernels.

Proof. (i) implies (ii): Assume that A is retractable. As A is finite, it has a
minimal subautomaton. Let {B;, i = 1,2,...r} be the set of all distinct minimal
subautomata of A. Let A; = Ugea{R(a): B; C R(a)}, 1 =1,2,...,r. It is clear
that A; is a subautomaton of A and B; is the kernel of A; for everyi=1,...,7.
By Lemma 3, for every principal subautomaton R(a) of A, there is a unique index
i such that B; C R(a). Thus A = U]_;A;. By Lemma 4, A; N A; = 0 for every
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i # j. Hence A is a direct sum of the automata A;, i = 1,...,r. By Lemma 1,
every automaton A; is retractable. Let 1,5 € {1,2,...,7} be arbitrary. As B; is a
minimal subautomaton of A, the retract homomorphism Ag, of A onto B; maps
B; onto B;. Thus |B;| > |B;|. Similarly, |B;| > |B;|. Thus |B;| = |B;| and the
restriction of Ap; to B; is an isomorphism of B; onto B;. Thus (ii) is satisfied.

(ii) implies (iii): Assume that A is a direct sum of the state-finite retractable
automata A;, i1 = 1,2,...,r such that each of A; contains a kernel B;, and, for
every ¢,j € {1,2,...,r}, there is an isomorphism ¢; ; of B; onto B;. It is easy to
see that ®; ; defined by '

®i5(a) = 6i3(AB:(a), @€ A

is a homomorphism of A; into A;, where Ap, denotes a retract homomorphism of
A; onto B;. Thus A satisfies (iii).
(iii) implies (i): By Theorem 1, it is obvious. O

By the previous theorem, we concentrate our attention to state-finite retractable
automata containing a kernel. These automata will be described by Corollary 3
and Theorem 7. First consider some results and notions which will be needed for
us.

Lemma 5. Fvery principal factor of an automaton can contain at most one trap.

Proof. If Rla] = @ for a state a then the principal factor R{a} has a trap only that
case when a is a trap of A, that is, the principal factor is trivial. If R[a] # 0 then
R(b) = R(a) for every b € R, = R(a) — R|[a], and so R{a} contains only one trap,
namely the ppg(,)-class R[a] of R(a). O

Definition 4. An automaton A = (A, X, ) is called strongly connected if, for every
couple (a,b) € Ax A, there is a wordp € X+ (Xt denotes the free semigroup over
X ) such that b = é(a,p).

We note that every strongly connected automaton can contain only one subau-
tomaton, namely itself. We also note that if an automaton is trivial (has only one
state which is a trap) then it is strongly connected. If an automaton has at least
two state and has a trap then it is not strongly connected.

Definition 5. 4 non-trivial OT-automaton A = (A, X,6;a0) is called strongly
trap-connected if, for every couple (a,b) € A x A, a # ag, there is a word p € X+
such that b = (a, p).

We note that every strongly trap-connected automaton A = (4, X, ;ag) con-
tains only two subautomaton, namely itself and ({ao}, X, 0{a,)). Moreover, for
every state a # ag of A there is a word p € X+ such that a = é(a, p).

Definition 6. We say that a non-trivial OT-automaton A = (A, X,6;a0) is
strongly trapped if 6(a,z) = ag for everya € A andz € X.
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Theorem 3. Every principal factor of an automaton is either strongly connected
or strongly trap-connected or strongly trapped.

Proof. If Rla] = 0 then R{a} = R(a) is strongly connected. If R[a] # 0 then,
by Lemma 5, R{a} is a non-trivial OT-automaton. Let ag denote the trap of
R{a}. If |R,| = 1, that is, R{a} = {a,a0}, then R{a} is either strongly trapped
(if 6(a,z) € Rla] in A, that is, é(a,z) = ag in R{a} for every z € X) or strongly
trap-connected (if a = é(a, z) for some z € X). If |R,| > 1 then, for every elements
b,c of R,, ¢ = &(b,p) for some p € X*. Moreover, for every b € R,, there is a word
p € X7 such that §(b,p) € R[a] in A, that is, (b, p) = ap in R{a}. Hence R{a} is
strongly trap-connected. O

Definition 7. An automaton A is called semiconnected if every principal factor of
A is either strongly connected or strongly trap-connected.

Theorem 4. An automaton A = (A, X,68) is semiconnected if and only if every
subautomaton B of A satisfies the following: for every a € B there are elements
be B andp € X+ such that a = §(b,p). : :

Proof. Let A = (A, X,4) be a semiconnected automaton and B be a subautomaton
of A. Let a be an arbitrary element of B. Then R(a) C B. If a is a trap then
a = 6(a,z) for every x € X. Consider the case when a is not a trap. Then
|R(a)] > 2. If R[a] = § then, by Theorem 3, R(a) = R{a} is strongly connected
which means that, for every b € R(a) there is a word p € X ¥ such that a = §(b, p).
If R[a] # @ then, by Theorem 3, R{a} is strongly trap-connected and so, for every
element b € R,, there is a word p € X such that a = (b, p). Thus, in all cases,
there'is a state b € B and a word p € X+ such that a = §(b, p).

Conversely, assume that every subautomaton of an automaton A satisfies the
condition of the theorem. We show that A is semiconnected. Let a be an arbitrary.
element of A. If a is a trap of A then the principal factor R{a} is trivial (and so it
is strongly connected). Consider the case when a is not a trap of A. Then a is an
element of R{a} (and is not the trap of R{a}). By Theorem 3, it is sufficient to show
that the principal factor R{a} is not strongly trapped. As R(a) is a subautomaton
of A, by the condition of the theorem, there are elements b € R(a) p € X* and
z € X such that a = (b, px) = §(6(b, p),z) in A. It is clear that b’ = §(b,p) ¢ R|a)
and so a = §(V, z) in R{a}. Thus R{a} is not strongly trapped. ]

Definition 8. Let B = (B, X,4dp) be a subautomaton of an automaton A =
(A, X,8). We say that A is a dilation of B if there is a mapping ¢ of A onto
B which leaves the elements of B fized and 6(a,z) = dp(¢(a),z) for alla € A and
zeX.

Theorem 5. Every dilation of a retractable automaton is retractable.

Proof. Let A = (A,X,5) be a dilation of a retractable subautomaton B =
(B,X,6g). Then there is a mapping ¢ of A onto B which leaves the elements

of B fixed and d(a,z) = dp(¢(a),z) for every a € A and z € X. Let R be a subau-
tomaton of A. Then, for every c € Rand z € X, §(c,z) € RNB. Let Agnp denote
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a retract homomorphism of B onto the subautomaton R N B. Define a mapping
Ar of A onto R as follows. Let Ag(a) =a if a € R, and let Ag(a) = Agnp(é(a)) if
" a ¢ R. We show that Ag is a homomorpism of A onto R. Let a € A and £ € X be
arbitrary elements. If ¢ € R then

5(Ar(a), z) = 6(a, z) = Ar(d(a, 7).
Assume g ¢ R. Then
| 5(\r(a),z) = 65(Arn5(9(a)),z) =

= ArnB(68(¢(a), z)) = Ar(6(a, 7)),

because Agr(a), 6(a,z) € B and the restriction of Ag to B equals Agnp. Hence Ap is
a homomorphism of A onto R. As Ag leaves the elements of R fixed, it is a retract
homomorphism of A onto R. Consequently; A is a retractable automaton. O

Theorem 6. FEvery retractable automaton is a dilation of a semiconnected re-
tractable automaton.

Proof. Let A = (A, X, 6) be a retractable automaton and let B = §(A, X). Then
B = (B, X, 8g) is a subautomaton of A and so there is a retract homomorphism ¢
of A onto B. Let a € A, z € X be arbitrary elements. Then 6(a,z) = ¢(é(a,z)) =
dp(¢(a),z). Hence A is a dilation of B. By Lemma 1, B is retractable. Let R be
an arbitrary subautomaton of B. If ¢ € R is an arbitrary element, then ¢ = §(a, z)
for some a € A and £ € X. Let Ag denote the retract homomorphism of A onto
R. Then Ag(a) € R and

¢ = Ar(c) = Ar(d(a, z)) = §(Ar(a), z).
Thus, by Theorem 4, B is semiconnected. O

Corollary 3. An automaton is retractable if and only if it is o dilation of a semi-
connected retractable automaton.

Proof. By the previous two theorems, it is evident. 0

Theorem 2 shows that the state-finite retractable automata are exactly the di-
rect sums of finite many state-finite retractable automata such that each component
in a mentioned direct sum contains a kernel, and these kernels are isomorphic with
each other. Corollary 3 and the remark after Theorem 2 show that every component
in a direct sum is a dilation of a state-finite semiconnected retractable automaton
containing a kernel. Theorem 7 will show how we can construct the state-finite
semiconnected retractable automata containing a kernel. These results togethet
give a complete description of state-finite retractable automata.

Construction. Let T be a finite tree (under partial ordering <) with the least '
element i9. Let 1 > j (4,5 € T) denote the fact that ¢ > j and, for every k € T,
1> k> jimpliesi=kor j=k.



406 Attila Nagy

Let A; = (A;, X,6;), i € T be a family of disjunct automata such that

(i) A, is strongly connected and A, is a strongly trap-connected OT-automaton
for every i € T with i # 49.

(ii) Let ¢;; denote the identity mapping of A;, and assume that, for every
i,j € T with i > j, there is a partial homomorphism ¢; ; of A? into A? such that

(iii) for every i > j there are elements a € A? and = € X such that §;(a, z) ¢ A9
and (5_7' (¢i,j (a),z) € Ag .

For arbitrary elements 4, j € T" with i > j, define a partial homomorphism ®; ;
of A? into A? as follows. ®;; = ¢;; and, if i > j such that i = k1 > ...k, > j
then let

i = Prnj © Phnrykn © -+ O Pky ky © Diky-

(We note that if i > j > k are arbitrary elements of T then ®; x = ®; .0 ®; ;.)
Let A = U;erA?. Define a transition function §’ : A x X — A as follows. If
a € A9 and z € X then let §(a,z) = 8;(a,2)(Pi,i{a,2)(a), T), Where i’[a, z] denotes
the greatest element of the set {j € T': §;(®;;(a),z) € A}.
It is easy to see that A = (A, X, d’) is an automaton which will be denoted by
(Aia X) 613; ¢i,ja T)

Theorem 7. A finite automaton is a semiconnected retractable automaton con-
taining a kernel if and only if it is isomorphic to an automaton (A;, X, 6:; ¢4 5,T)
constructed as above.

Proof. Let R be a subautomaton of an automaton (A;, X, 8;; ¢ ;,T). As every au-
tomaton A; (i € T—{io}) is strongly trap-connected and A, is strongly connected,
it follows that R = Uje[‘A-(j) for some non-empty subset I" of T. We show that T
is an ideal of T, that is, ¢ € I" and j < 1 together imply j € I" for all 4,5 € T.
Let i be an arbitrary element of T such that i € T', i # 4p. If j € T with ¢ > j
then, by (iii), there are elements a € A? and z € X such that &;(a,z) ¢ A? and
6;(¢,3(a),z) € A9. Then &(a,z) € AJ. Hence AN R # @ which implies that
A‘]? C R and so j € I'. This implies that I is an ideal of . As T is a tree,

m: i max{yel: y<i}

is a well-defined mapping of T onto I which leaves the elements of I fixed (in fact,
7 is a retract homomorphism of the semigroup T onto the ideal I of T (see [4])).
We define a retract homomorphism Ag of A onto R. For an arbitrary element
a€c A, let

Ar(a) = ;7 (5)(a)

if a € AY. It is easy to see that Ag leaves the elements of R fixed. We prove that
AR is a homomorphism of A onto R. Let z € X, a € A? be arbitrary elements.
Using 6'(a, z) = 0i[a,2)(Pi,i'[a,c)(a), T) € A?,[Q,I] and the fact that ®;/(g o) n(i’[a,2]) 1S
a partial homomorphism, we get

/\R(él(a” :L‘)) = )‘R(ai’[a,z](@i,i’[a,z] (a)a I)) =

= (I)i’[a,z],n(i'[a,:t])(61’[a,x](®i,i'[a,x](a); 1‘)) =
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= On(i'[a,a)) (Bi,n(v[a,21) (0), ) € AF(ir(a.z-
Using ®; ;) (a) € AD;), we have

8'(Ar(a), z) = 6'(Ri (s (a), 2) =
= S (@)Y 81,00 @.2] (), (1)) (1,005 (@),2] (Bin()(0)), 7) =
= Om ()’ (B4 ,m05(@),2) (Bis(n (D) 184,00y (@),21(8): T) € AQriyyrian 1oy (@),2)-
To prove that Ag(6'(a,z)) = & (Ag(a), ), it is sufficient to show that
(7(2))[®s,5(5) (@), 2] = 7(i'[a, z]).

First, assume i'[a, z] > (i) (and so m(i'[a,z]) = 7(3)). As ¢y, x] L) is a partial
homomorphism of A2 [a,z) IDtO A° (i) @04 0(0,2](Pi,i7(a,2) (@), T) € we get

1’[a,a:]’
61r(i)(¢)i,1r(i) (a)a fL‘) = (Sw(i)(q)i’[a,m],n(i) (q)i,i’[a,z] (a))1 I) =

= ‘I)i'[a,x],n(z')(5i'[a,z](‘1’i,i/ [a,z](a)?x)) € A?r(i)
and so
(m(8)) [®i,n(3) (@), 2] = (i) = 7(i'[a, 2]).
Next, consider the case when i'[a, z] < 7(¢) (and so n(¥'[a,z]) = V[a,z]). fj €T
with 7 (1) > j > i'[a, z] then we have

8;i(®r(i) i (Pin(iy (@), T) = §;(Di 5(a), z) & AT

Then
(7 (1)) [@i,x(5) (@), 7] < ¥'[a, 2]
As
6ir(a,2)(Br(i),#(a,) (Pi,n () (@) ) = 8ir(a,0)(Ps01[a 2} (@), Z) € A g )5
we get
(7(3)) [®i,n(5)(a), 2] = ¥'[a, z].
Hence

(W(Z)) [q)t n(z) :IZ] =1 [a’ ‘T] - 7!'( [a1 x])

Consequently, (7(2))'[®; ) (a), 2] = 7([a,z]) in both cases. Hence Ag is a (re-
tract) homomorphism of A onto R. Thus A = (A4;, X,4;; ¢;;,T) is a retractable
automaton.

We show that A is semiconnected. If R is an arbitrary subautomaton of A,
then there is an ideal I’ of T such that R = Ujer A9 (see above). Let a € R be
an arbitrary element. Then a € A{ for some k € T'. As Ay is strongly connected
or strongly trap-connected, there are elements b €. A and p € X* such that
a = (b, p) = &'(b,p). By Theorem 4, it means that A is semiconnected. As g is
contained in every ideal of T', A;; is the kernel of (4;, X, 6:; ¢: 5, T).
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Conversely, let A be a finite semiconnected retractable automaton containing
a kernel. Let Prf(A) denote the set of all principal factors of A. By Corollary
2, Prf(A) is a (finite) tree under partial ordering < defined by R{a} < R{b} if
and only if R(a) € R(b). As A is semiconnected, the least element of Prf(A) is
strongly connected, the other ones are strongly trap-connected.

Let T be a set with [T'| = |Prf(A)|. Denote a bijection of T onto Prf(A) by f.
Define a partial ordering < on T by ¢ < j (i, € T) if and only if f(i) < f(j). Let
19 denote the least element of T. Clearly, T is a finite tree with the least element
ig. For every element i € T', fix an element q; in A such that f(i) = R{a;}. (We
note that R{a;} = R{a;} iff a; = q; iff i = j). As R{a;,} is strongly connected
and R{a;} is strongly trap-connected if ¢ # zg, condition (%) of the Construction is
satisfied.

Let Are,) (4 € T) denote a fix retract homomorphlsm of A onto R(a;). For
every 4,J € T with 7 > j, let A;; denote the restriction of A R(a;) to R(a;). It is
obvious that A; ; is a retract homomorphism of R(a;) onto R(a;) for every i > j,
(i,j € T). Moreover, A;; is the identity mapping of R(a;), for every i € T.
We show that \;; maps R, into R,;. Let a € R,; be an arbitrary element (so
R(a) = R(a;)). Then, for every p € X*, A; ;(é(a,p)) = 6(Xi j(a),p). If A; j(a) was in
R[aj] then we would have A; ;(0(a, p)) € R|a;] for every p € X*, because R[a;] is a
subautomaton of A. This would imply that A; j(R(a;)) C Rla;] which is impossible,
because A; ; maps R(a;) onto R(a;) = Ra; U R[a;] O Rla;]. Hence A;; maps R,,
into R,; and so A;; can be considered as a mapping of R%{a;} into R%{a;}. If

d(a,x) € R,, for some a € Ry, and z € X then §(\; j(a),z) = \; ,J(é(a z)) € Rg;.
Hence A;; is a partial homomorphlsm of the part1a1 automaton R%{a;} into the
- partial automaton R%{a;}. Thus condition (ii) of the Construction is satisfied (for
Ai =R{ai}, ¢i; = Aij).

Assume 7 > j. Let b € R;; be an arbltrary element. Then a; # b € R(a;) and
so there is a word p = 1125 .’L‘n € X* (z1,z2,...2n € X) such that b = §(a:, p).
Let m be the least:index such that 6(ai,z1...2m) € R,;. Consider an element a
of Ry, (or of R%{a;}) as follows. Let a = a; 1f m=1. Let a=06(a;z1...Tm—1) if
m > 1. Then 6(a,Tm) & Ra, (or 8(a, Tr) ¢ R%{a;:}). On the other hand,

8(Xij(a), Tm) = Xij(8(a, Tm)) = 6(a, Tm) € Ra; = R°{as},

because A; ; leaves the elements of R(a;) fixed. Thus (iii) of the Construction is
satisfied (for ¢, ; = Ai j, T = Tm).

For arbitrary elements 4,5 € T with ¢ > j, define the mapping ®; ; as follows.
Let ®;; = A;; and, if ¢ > j with ¢ > ky > ko > ...k, > j then let

Dij = Akn,j O O Aiky

It is clear that ®;; is a retract homomorphism of R(a;) onto R(a;) such that
it maps R, into R,;. Thus @;; can be considered as a partial homomorphism
of R%{a;}.into R%{a;}. Moreover, ®;x = ®; o &;; for every i,5,k € T with
i2j >k

- Construct the automaton R = (R{a;}, X, 8;; i j, T), where §; is the transitive
function of the factor automaton R{a;} induced by 4. It is clear that the state sets
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of the automata R and A are the same. We show that the transitive fu’ﬁcfiohg 8§ of
A equals the transitive function &’ of R. Let i € T,ae Ra,. = Ro{g’zi}; r € X be
arbitrary elements. Assume §(a,z) € Ry, (¢ > j). Let k € T with ¢ > k >j. Then
d(a,z) € Rlaix) C R(ax) and so
5(®:x(a), @) = Dik(d(a,)) = 5(a,z) ¢ Ray = R°{ai},
because ®; i leaves the elements of R(ax) fixed. If j > k then
6(®ik(a),z) = Bk (d(a, 7)) =

= ®;4 0 ®;;(5(a, 7)) = ®;x(8(a,)) € Ra, = R%{ax},

because ®; ; leaves the element §(a,z) € R,; = R°{a;} fixed; and ('I>]-,;C maps R,
into R,,. Consequently i’[a,z] = j. Hence

6(a, ) = 9;,;(0(a,z)) = 6(Pi,5(a), ) = §;(®s,5(a),x) =

= 61’[a,z](q)i,i’[a,z] (G.),.'L‘) = 6’(0":3)'
Thus the theorem is proved. O
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Relationally defined clones of tree functions
closed under selection or primitive recursion

Reinhard Poschel? Alexander Semigrodskikh! and Heiko Vogler!

Abstract

We investigate classes of tree functions which are closed under composition
and primitive recursion or selection (a restricted form of recursion). The main
result is the characterization of those finitary relations g (on the set of all trees
of a fixed signature) for which the clone of tree functions preserving g is closed
under selection. Moreover, it turns out that such clones are closed also under
primitive recursion.

Introduction

Classes of tree functions and primitive recursion for such functions were inves-
tigated, e.g., in [FUlHVV93], [EngV91], [Hup78], [Kla84]). In this paper a tree
function will be an operation f : T™ — T on the set T of all trees of a given finite
signature (in general one allows trees of different signature).

If a class of operations is a clone (i.e. if it contains all projections and is closed
with respect to composition), then it can be described by invariant relations (cf.
e.g. [P6sK79], [P6s80], [P6s01]).

In this paper we apply such results from clone theory and ask which finitary
relations characterize clones of tree functions that in addition are closed under
primitive.recursion. The answer is given in Theorem 2.1 and shows that such
relations are easy to describe: they are direct products of order ideals of trees (an
order ideal contains with a tree also all its subtrees). Moreover it turns out that for
such clones the closure under primitive recursion is equivalent to a much weaker
closure (the so-called selection or S-closure, cf. 1.5) for which no real recursion is
necessary. :
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1 Notions and Notation
Let N:= {0,1,2,...} denote the set of natural numbers and let N; := N\ {0}.

1.1. Clone theoretic notions and notation. Let T be an arbitrary set (later
we shall use only the set T of trees) and let Op(T") denote the set of all finitary
operations on T, i.e. functions of the form f: T" — T (n € N;). Aset F C Op(T)
is called a clone if F' contains all projections e (n € Ny, i € {1,...,n}) defined by

6?(.’111,...,.’1:.,,):1‘,' (111)

(for every zy,...,z, € T) and if F is closed with respect to composition, i.e. for
every n-ary f € F and m-ary ¢1,...,9, € F the m-ary composition f(g1,-..,9n)
defined by

flgr, - gn)(@1, -y Tm) = flgi(z1, -y Zm)y - - s Gnl(Z1s -+ -, Zm)) (1.1.2)

also belongs to F', n,m € N;. For technical reasons 0-ary operations will not be
considered in clones; they are replaced by unary constant operations, i.e., a constant
t € T is replaced by the unary constant operation T’ — T : z — ¢.

The least clone containing a given set F of operations over T will be denoted
by (F). The projection e} : T — T : z ~ z is the identity mapping and will be
denoted simply by e. The clone (e} generated by e is the least clone: it consists
"exactly of all projections.

We say that an n-ary operation f : T — T preserves an m-ary relation p C T™
(or, equivalently, that g is invariant for f)ifci,...,cn € oimplies f(c1,...,¢n) € 0,
where

f(cl', coosen) = (f(C11y - 5€in)y - s f(Em1s- -+ s Cmn)) (1.1.3)

for m-tuples ¢1 = (€11,---,¢m1)s--rCn = (Cin, - - -, Cmn) (se€ Fig.1).

---,cln)

Cn fler, ... cn)
cEo0 — €

Figure 1: The operation f preserves the relation g
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The set of all operations preserving a given relation g (so-called polymorphisms)
will be denoted by

Polp:={f| f:T" — T preserves g, n € N, }. (1.1.4)

It is well-known from clone theory (but also easy to see) that Pol g is always
a clone (e.g. [P8sK79, 1.1.15}), moreover every clone on a finite set T can be
characterized as Pol Q for some set @ of finitary relations ([P6sK79, 1.2.1]), where

PolQ := (] Polg.

2€Q

For infinite T this remains true either if one considers so-called locally closed clones
or if infinitary relations are allowed. We do not go into details here and refer to
e.g. (P6s80], [P6s01].

We say that the i-th and j-th component of an m-ary relation ¢ C T™ coincide
(3,7 € {1,...,m}) if a; = a; for all elements (ay,...,a,) € o. A relation g is called
reduced if no two of its components coincide. A relation can always be reduced with-
. out changing the set of polymorphisms: if the i-th and j-th component of p coincide
then Pol g = Polp’ where ¢’ := {(a1,...,8j-1,0j+1,...,am) | (@1,...,am) € p} is
obtained from g by deleting the j-th component. Thus we may consider reduced
relations only.

1.2. Trees and subtrees. This is a well-known concept in mathematics and
computer science; nevertheless we shall repeat it here in order to fix notions and
notation. Let T be a finite signature (or ranked alphabet), i.e. a finite set of symbols
such that to every symbol ¢ € £ a rank (or arity) ro € N is assigned. Let
L, := {0 € £ | ro = n} denote the set of all symbols of rank n (n € N). We
assume that o # 0. A tree (or ground term) over ¥ is an expression which can be
obtained inductively by the following rules:

(0) Every o € ¥g is a tree.

(1) fo € &, (r € N3) and if 84, .. ., s, are trees, then the expression o(sy, ..., s.)
is also a tree. :

If t is a tree of the form o(s1,...,s,) (according to (1)), then the trees s1,...,s,
are called mazimal subtrees of ¢, and we write s< t if s is a maximal subtree of £.
A tree s is called subtree of a tree t, notation s < ¢, if s = ¢ or if there is a finite
sequence $g, ..., s of trees with

s=5< 1< ...<§ =1

(i-e., < is the transitive and reflexive closure of < ). Note that a tree ¢t € g has no
proper subtrees. As usual we write s < tif s <t and s #¢.

From now on T will always denote the set of all trees over a fixed signature
E= (ET‘)TEN'
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A subset I C T of trees is an order ideal (down-set) if it is closed with respect
to subtrees, i.e. if s<tand t€ I, then s€ I.

The height h(t) of a tree t is defined inductively on the structure of trees
(according to the above rules): h(t) := 0 for t € 3¢, and h(o(s1,...,s:)) =
1+ max{h(s1),...,h(sr)} for o € &, (r € N}) and s;,...,s, € T. For k € N let
T denote the set of all trees in T of height < k.

1.3. Primitive recursion for tree functions. An operation f : T" — T will
also be called tree function. Let n € N and for every o € T let g, : T*t%7e — T
be an (n + 27, )-ary tree function. The (n + 1)-ary tree function h : T"+! - T
defined recursively (in its last argument) by

h(al,...,dn,a) = go(ai,...,0n) foroce ¥g,a1,...,a, €T, (1.3.1)
hia1,...,an,0(t1,...,t)) ==
g,(al,...,an,tl,...,tr,h(al,...,an,tl),...,h(a;,...,an,tr)) (132)

foroceX,r>1, anday,...,an,t1,...,t, €T,

will be denoted by PR(gs)sex; we say that h is obtained from (g, )scs by primitive
recursion (PR). By convention, equation 1.3.1 is considered as the special case
of 1.3.2 for r = 0.

A set F C Op(T) of tree functions is called PR-closed if PR(g,)pcxs € F
whenever g, € F for all 0 € . For F C Op(T"), by

(F M

we shall denote the least set of tree functions which contains F' and which is both, a
clone and PR-closed. The existence of {F),, is guaranteed because the intersection
of PR-closed clones is again a PR~closed clone. Obviously, (F) C {F ).

1.4 Examples. a) The least PR-closed clone is {@).,; by definition it must con-
tain all projections and we shall denote this clone also by (e),.. Lemma 2.4 and
Proposition 2.5 shall describe some further operations which also belong to {e),-

b) Let Fpase consist of all the constant tree functions consty : 7" — T :
(t1,-..,tn) — t (¢t € T), and all the top concatenations top, : T7 — T :
(t1y---str) — a(tr,.. . tr) (0 € Zp, 7 € Ny). Then (Foasels is the class PRECg
of all primitive recursive tree functions over £ (cf. e.g. [EngV91, 4.6]).

" We are particularly interested in the following very special form of primitive
recursion.

1.5. S-closure for tree functions. For a family (¢/)ses of (n + r,)-ary tree
functions g, (o € ¥) we define

S(g:;)aéz = PR(ga)aEE (1‘.5.1)
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where g, is the (n + 2r,)-ary tree function defined by

9o i= gLeft?o, L enti), ' (1.5.2)

for every ¢ € I, i.e. we have in particular (for the (n + 1)-ary tree function
h = 5(gg)oex)

h(ai,...,0n,0(t1,... tr,)) =
ga(al,. ..,an,tl,.. .,t,.,,h(al,... ,an,tl),.. .,h(al,...,an,tra))
=gl (a1,...,an,t1,...,tr,). (1.5.3)

Analogously to the PR-closure and the notation {F}.., we introduce the S-
closure of F (using the special primitive recursion S instead of PR) and let

(Fh

denote the least S-closed clone containing F. We call this S-closure also selection
closure because the functions g, just select and there is no real recursion (i.e. h is
not allowed to call itself recursively, see 1.3.2 and 1.5.3). By definition we have

Fl € (Fhe (1.5.4)
and this inclusion is proper in general.

1.6 Remarks. a) If we write PR(g,)sex (or S(g,,)sex) we assume that the oper-
ations g, (or g, ) are of arity n + 2r, (or n +r,) for some fixed n € N,.

b) Usually the definition of primitive recursion also includes the case n = 0
in 1.3. Then however the operations g, are 0-ary constants for ¢ € Xy (cf. 1.3.1)
which does not fit our convention not to consider 0-ary operations for clones (cf. 1.1).
Nevertheless the restriction to n > 1 is no loss of generality: In fact,let h: T'— T
be the unary tree function obtained from (1.3.1) and (1.3.2) in case n = 0 with given
constants g, € T for 7, = 0 and operations g, : T2« — T for r, > 1. Further let
g, : T4« — T be the operatlons obtained from g, by adding a fictitious variable
(at the first place), i.e. g/, := go(es*?™,.. ,6113:‘7) for r, > 1, and ¢/ (a) := g, for
re =0, a € T. Then, for A’ := PR(g.,) as given with 1.3, we have h = h/(e, e) and

= h(e%). Thus h belongs to a clone F if and only if h’ does.

2 Clones Pol g of tree functions closed under prim-
itive recursion

The following theorem is the main result of this paper. It characterizes finitary
relations o over trees with the property that the clone Polg of tree functions is
closed with respect to primitive recursion.

2.1 Theorem. Let m € Ny and let p C T™ be a reduced relation. Then the
following conditions are equivalent:
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(i) {Polg}, = Polp,
(ii) (Polg) =Polp,
(iii) there exist order ideals Iy, ..., Iy CT such that p=11 x --- X I,

2.2 Remarks. The tree functions in Pol g with ¢ as in 2.1(iii) can easily be de-
scribed:

m
Polg = () PolJ;
j=1
- where Pol I; is the set of tree functions preserving the order ideal I; (considered
as unary relation on T'), i.e. each f € PolI; maps trees from I; to trees which are
again in J;. By Theorem 2.1, every clone Pol I; is PR-closed. Thus any intersection
— finite or infinite — of clones of the form PolI for some order ideal I C T gives
. a PR-closed clone. Consequently the implication (iii) = (i) of Theorem 2.1 can
be generalized to infinitary relations p = ng ;1; (J being an infinite index set)
because Polp = ;¢ ; PolI;. However, the converse (i) = (iii) does not remain
true for infinitary relatlons (cf 3.3).

As mentioned in 1.1 the restriction to reduced relations is not a loss of generality,
however it is crucial for the formulation of Theorem 2.1. If p is not reduced then
it is no longer a direct product of order ideals (note Iy x I} # {(z,z) | z € I1 }).

In clone theory usually relations are even further reduced to relations without
“fictitious components”. In the context of Theorem 2.1 we have: the j-th compo-
nent of p = I) x «+-'x I, is fictitious iff the order ideal I; is trivial, ie., I; = T.
Relations which differ only in fictitious components determine the same clone Pol p.

In the remamder of this section we shall prove Theorem 2.1. Note that
2. 1( ) = (11) is trivial because Polg C (Polg) C (Pol o), (cf. 1.5.4). We start
with the following more. or less straightforward part

Proof of 2.1 (iii) = (i).

Lét'é =1 x X I, where I,...,I,, € T are order ideals. Then Polp =
ﬂ;’;lPole (cf. 2.2) and (iii) = (i) of Theorem 2.1 follows from the following
lemma.

2.3 Lemma. Let I CT be an order ideal. Then (PolI}, = Poll.

Proof. We have to show that Pol I is PR-closed. Let n € Ny and, for every o € &,
let g, be an (n + 2r,)-ary operation in Poll. We must show h € Poll for the
(n + 1)-ary operation h := PR(gs)sex, i.€., 51,...,5n,5 € I implies

h(s1,...,8n,8) € 1. (2.3.1)

Thus let;sl, ...y 8n,8 € I. We show 2.3.1 for s € T by induction on k:
For s =0 € %y (i.e. k = 0) we have

"h(81,--28n,8) = go(S1,-.-,8,) €1
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because g, € PolI by assumption and sy,...,8, € I.

Now assume that 2.3.1 holds for every s € Ty (k > 1). Let s € Ty
be of the form s = o(t1,...,tr,), 7¢ > 1. Then t;,...,t,, € Tx_1 and we
get h(s1,...,8n,t;) € I for j € {1,...,75} by induction hypothesis. Note that
t1,...,tr, € I because I is an order ideal and o(t1,...,t,,) = s € I by assumption.
Consequently

h(s1,-..,8n,8)
=ga(sl,---,sn,tl,-uatr,)h(sla---1snatl),---ah(sly-'-)Snatr,,)) € I

because g, € Poll and every argument of g, belongs to I. O

The part (ii) = (iii) is crucial for the proof of Theorem 2.1. It is based on
Proposition 2.5 which might be of independent interest (as well as Lemma 2.4):
here we describe properties of the least S-closed clone {e).

2.4 Lemma. Let s,t € T and s < t. Then there erists an operation f; s € (el
such that fys(t) =s.

Proof. The case t = s is trivial (take f; s := e). Thus assume s < t.

At first we consider the case s< t, i.e. t has the form ¢t = 6(s3,...,sk) with
si =sand § € & for some k > 1 and ¢ € {1,...,k}. We construct a binary
operation h € (e), with h(t,t) = s. Define (g, )scx as follows:

, {e for o € o

9o = 1 .
o elir'nin{i,r} forceX,, re Ny

In particular we have gj := e]T¥. We note that for ¢ € T \ {6} the operations g/,
will play no essential role in the following and could be chosen arbitrarily in {e)}.
Let h := S(g)oes (cf. 1.5.1 and 1.3 with n = 1). Since all g, are projections (and
therefore belong to (e)) we have h € {e)). Further we have
h(t,t) = h(t, (51, ., Sir- -1 5k))

= g5(£, 81y vy Siyer ey SE)

=8, =8S.
Choosing fi s := h(e,e) € (e} we have f;(t) = h(t,t) = s and consequently
ft.s € {e)) exists for s< t.

Finally, if s is not a maximal subtree of ¢, then there exists a chain

s=8< ...<81< s =1

and as shown above for every j € {0,1,...,1 — 1}, there exists fs;5,,, € (e} with
fs;,8541(83) = $j+1; thus the composition

fi= fsl_l,st(' .- <f31,82 (fs0,81)) ---)
satisfies f(t) = s and belongs to {e}. a
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2.5 Proposition. For every k € N, n,r € Ny and every family (fs,,...», |
(by,...,br) .€ T) of n-ary operations in {e), there exists an (n + r)-ary oper-
ation h € (e} such that for all ay,...,an € T and all by, ...,b, € Tx we have

h(a1,...,8n,b1,...,br) = fo,,..6.(@1,...,an). (2.5.1)

Proof. In order ﬁo get h we construct (by double induction and using S-closure)
auxiliary operations hy, ., ...b6,. € {e)} satisfying the following statement R(k,n,r,1)
forie {0,1,...,7}:

for every bity,...,br € Tk, there is an (n + i)-ary operation
hbisr,...b. € {e)s such that for every @ € T™ and by,...,b; €

R(k;;n,r,,i) : 4=> T: ,
hbi+1,.'..,br(&a bl, - ,bi) = fbx,...,br'(a') , (2.5.2)

where
(fbl,---,br | (bla <. "br) € Tl:) is an (*)
arbitrary family of n-ary operations in {e).
We shall use the convention that b;;1,..., br is the empty sequence for i = 7 (i.e.,
Rbirs,...,b, means h and g+ pelow will mean g, in case i = 7). Therefore,

R(k,n,r,r) is nothing else than the statement of Proposition 2.5, and we are done
if we can prove

"Vk € NVn € Ny Vr € Ny Y(fo,,... b, )satistying () Vi € {0,1,...,7} : R(k,n,7,1).
- (2.5.3)

We prove _2.5;3 by induction on k.

Let n,r € Ny and (fo,,.. 5, | (b1,...,b;) € T§) be a family of n-
ary operations in {e}y. Note that To = Lo. We prove R(0,n,r,1) for every i €
{0,1,...,7} by induction on i. -

R(0,n,r,0) trivially holds by defining
hoy,...bpe := Fby,...6r € (€N - (2.5.4)
_ Letie€ {1,...,r} and assume that R(0,n,r,i—1) holds, i.e., for

every bi,bit1,...,br € Ty there exists hp, b;,4,....6, € (el fulfilling 2.5.2 for every
@ €T and by, . .. ,bi1.€ Tp.

Now, let b1, ...,br be arbitrary elements in Ty. For every o € ¥ we define the
(n+1—1+7,)-ary operation gg"“""’b" as follows:

gg;“,...,br :=-{hmb-’+h---:br ifoeXo (2.5.5)

ePHi=4e  otherwise



Relationally defined clones of tree functions . .. 419

All these operations are in {e}} (for o € £y by induction hypothesis and otherwise
by definition). Then the (n + i)-ary operation hs,, ;. s, is defined by selection
closure as follows:

Rbigrnnby o= S(gh+ P )ges (2.5.6)

Thus hy,,,,....s. € (e}, too. Moreover, condition 2.5.2 is satisfied because for every
by,... ,_b,' € Ty and @ € T™ we have

Rbgyarse (8,01, -, 03) = got % (@, b1, ..., by y) by 2.5.6 (cf. 1.5.3)
= Mg bsy1ybr (8501, - -+, bi1) by 2.5.5
= fou,...b.(@) by R(0,n,7,i—1).

Thus R(0,n,7,%) holds for all n,7 € Ny and i € {0,1,...,7}.

We can continue the induction on k.

Let ¥ > 1. By induction we assume that R(k — 1,n/,7/,7')
holds for every n',7’ € N,, every family (fo,,..5., | (b1,...,br) € T,:l_l) of n'-
ary operations in (e}l and every i’ € {0,1,...,7'}. Now, let n,7 € N, and let
(foy,....6r | (b1,...,br) € TY) be a family of n-ary operations in {e)y. We prove
R(k,n,r,1) for every i € {0,1,...,7} by induction on <.

R(k,n,,0) trivially holds as in case k = 0 and ¢ = 0 (cf. 2.5.4).

Let i € {1,...,r} and assume that R(k,n,r,i — 1) holds. We
prove R(k,n,r,1}. Thus let b;41,...,b. be arbitrary elements in T. Let 0 € ¥
and consider the family (ff . 1t1,....tr, € Tk-1) of (n+1i— 1)-ary operations
given by

fﬁ,...,tra 1= Rg(ts,..itry )ibigsensbr - (2.5.7)

(Let us agree to include the case r, = 0 just by deleting all ¢y,...,¢,, whenever
they appear, i.e. f7 := hgp,,q,..b,.-) According to 2.5.7, all operations in this
family exist and belong to (e}, by induction hypothesis R(k,n,r,i — 1) (note that
o(t,...,tr,) € Tx for t;,...,t,, € Tx_1). Now, by induction hypothesis R(k —
1,n+1i—1,7r,7,), there exists an (n + ¢ — 1 + r,)-ary operation gttt ¢ {eX
such that

i y---yb‘r —
gg+l (81, -y Ongim1rt1y . oty ) = ft‘:,...,trd (@15 Gnti-1) (2.5.8)
for Vevery @1,...,0n4i—1 € T and t1,...,t., € Tr_1 (by our convention, it follows

from 2.5.7 and 2.5.8 that go**'" %" is defined for r, = 0 as in 2.5.5). Now, by S-
closure, we define the (n+1)-ary operation hy,,,,..5, = S(gg"“"'"b’),eg asin 2.5.6.
Thus hp,,,,...5, € {e)y. Moreover, let by,...,b;_1,b; € T} and let b; be of the form
b; = o(t1,...,t,,) for some o € ¥, then t4,...,t,, € Tx— and we have for every
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aeT™”
h’bi-{-lvnybr(a’ b11 te 1b‘i) = gz“+1,-..,b,—(6’, bl’ feey bi—l,tlg o ,tra) by 2.5.6
‘ = £, tr, (@ b1, bic1) by 2.5.8
= ha(tlvnyt"a):bi«}‘ly--nbr(a'? blv R bi—l) by 2.5.7
= fo,,...b.(@) by R(k,n,r,i—1).

Thus R(k,n,r,1) also holds. Both inductions (on i and on k) are done and 2.5.3 is
proved. As mentioned before 2.5.3, this finishes the proof of Proposition 2.5. 0O

2.6 Remark. From the proofs it follows that 2.4 and 2.5 remain true if {e)) is
substituted by {e}...

Now we can proceed with the

- Proof of 2.1 (ii) = (iii).

Let p be an m-ary reduced relation (m € N;) and {Polp)y = Polp. We have to
show that p'is of the form as indicated in 2.1(iii). For j € {1,...,m} let

Li={t;€T|3ts,....tm : (t1,---1tj,.--,tm) € 0} (2.6.1)

be the set of all j-th components of p.

At first we show that every I; is an order ideal. In fact, let s < ¢t and t € I},
then by Lemma 2.4 there exists an operation f; s € (e}y C (Pol o) with f; s(t) = s.
Applying f; s to an m-tuple in g with ¢ in its j-th component we get an m-tuple in
¢ with s in its j-th component, i.e. s € I;. Thus I; is an order ideal.

Now we are going to show that o = I x --- x I, which will finish the proof of
2.1(ii) = (iii) (and thus finish the proof of Theorem 2.1).

Let ti1 € Ih,...,t;m € In. We have to show (t11,...,tmm) € 0. By 2.6.1
there exist elements (t15,...,%55,...,tm;) € 0 with ¢;; as j-th component (j €
{1,...,m}), which we represent as columns of an (m x m)-matrix. If not all rows
are different then we can add some further, say r — m, columns, which we denote
by (tij,...,tmj) € 0, 7 =m+1,...,7, such that now all rows of the corresponding
matrix A are pairwise different (this is possible because g is a reduced relation):

tin ... tim ... tir
A=

tmi .- tmm ... tmr

Let k be the maximal height of all trees t;; (¢ = 1,...,m, j = 1,...,7). By
Proposition 2.5 there exists a 2r-ary operation h € (e}, such that

h(al,...,ar,til,...,t,-,.) = q; (262)
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for every 1 € {1,...,m} and a1,...,ar € T. In fact, in 2.5 take n = r, and let
Sou,.pr = € for (b1,...,0;) = (tir,..., tir), 2 € {1,...,m}, and arbitrary in {e)
otherwise (e.g. f,,....b. := e}). Consequently, the operation f defined by

f(e1,-..,a.) :=h(a1,...,ar,a1,...,a,) " (2.6.3)

(i.e. f=h(e],...,el,el,...,el)) also belongs to (e C (Pol o) = Polp.
Applying f to the matrix A row-wise we obtain (cf. 2.6.2 and 2.6.3) the m-tuple

(t11,- - - » tmm); it must belong to g because all columns of A are in g and f preserves

0. : O

3 Further research and remarks

3.1. Connections between closure operators. For F C Op(T), let PR(F)
denote the set which contains F and all tree functions h = PR(g, )sex with g, € F.
Further let PR™(F) := J_, PR'(F), where PR!(F) := PR(F) and PR**!(F) :=
PR(PR'(F)) (i € N;). Then '

oo
PR® F:= | PR(F)
i=1
is the least PR-closed set of tree functions containing F. The mapping F — PR* F

is a closure operator as well as F — (F) and F » {F),.. By definition (cf. 1.3) we
have

((FMe) = (F s ((E e = (F e
PR* (Flbe = (Fls (PR F)le = (F e -

It is still an open question how the iterations of the cperators PR* or PR and (.)
behave in general. E.g. do we have '

(F). = PR*(... (PR*(PR*(F)))...) (3.1.1)
S——
or (F).=PR{..(PR(PR(F)))...) (3.1.2)
N——

n

for a fixed finite number n of iterations of PR* or PR and (.)? Or, if the answer is
negative, for which F does this iteration stabilize after a finite number of steps?

For instance, if F = PRECyx (cf. 1.4b), then obviously {(F),, = F. On the other
hand, if F = Fyase (cf. 1.4b), then (F), = Uz, (PR)™(F) = Up~,(PR*)*(F)
where (PR)™(F) and (PR")*(F) is an abbreviation of the right side of 3.1.2
and 3.1.1, respectively. Here, in general, we really need the union over all n € N,
(the first union reflects the GRZEGORCZYK-hierarchy).

Analogous questions arise with the closure {F'})y instead of {F),,.
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3.2. Specialization to N. Let us specialize the signature ¥ to the signature of the
natural numbers (N;succ,0) with successor function n +— succn (succn = n + 1)
and the constant 0. Then ¥ = {succ, 0} and the set T of trees over o (cf. 1.2) can be
identified with N. Primitive recursion {as defined in 1.3) is just the usual primitive
recursion for operations on natural numbers. This case was studied in detail in,
e.g., [Pét57]. In [Sem02] Theorem 2.1 has been proved for this particular signature.
Then an order ideal in N is either a principal ideal or the whole set N. Thus
(cf. Remark 2.2), in order to describe PR-closed clones of the form Pol g, one can
restrict to relations p that are the product of principal ideals I; = {0,1,...,a;}
of N. Moreover, in [Sem02], it was proved that if @ is a set of finitary reduced
relations such that {PolQ),, = Pol@, then {Pol g}, = Polp for each relation
o € Q. Further, the partially ordered set of clones of the form Pol @, where @ is
as above, is isomorphic to the lattice of all subsets of N ordered by inclusion. In
addition, it was shown what happens if one considers only recursive or primitive
recursive polymorphisms instead of all possible polymorphisms.

It is still unknown how these results can be generalized to arbitrary tree func-
tions.

3.3. Generalization to infinitary relations. Theorem 2.1 shows that PR-closed
classes of tree functions characterizable by a finitary relation have a very simple
structure (cf. 2.2).

However, it was also mentioned in 2.2 that for infinitary relations g, {Pol o)}, =
Polp in general does not imply that p is the direct product of order ideals. To
give an example, consider the signature & = {succ,0} as in 3.2 and the infinitary
(]NJ-ary) relation o C NN defined by

0:= {g € NV | g is a unary primitive recursive function} .

Claim: Pol g is the set of all primitive recursive functions over N.

Proof of the claim: '
At first recall that an operation f : N* — N preserves g iff g1,...,9, € o implies
flg1,---,9n) € @ where f(g1,...,9n) : N — N is the composition defined by

flg1,-- - 9n)(@) = f91(2), .., gn(2)) (33.1)

for z € N; this is the obvious generalization of 1.1.3 to the infinitary case.

By definition; the composition f(gi,...,gn) of primitive recursive functions
f,91;...,9n is again primitive recursive. Thus every primitive recursive f : N* —» N
preserves p, i.e., Pol g contains the set of all primitive recursive functions on N.

Conversely, every f € Pol p.is primitive recursive.

Indeed, let f € Polp be unary, then f(e) € p because e € p; thus f = f(e) is
also primitive recursive. ‘ _

Now suppose that f € Polg is n-ary, where n > 1. In this case, we use the
fact (see, for example, [Pét57]) that there exist unary primitive recursive functions
g1, g2 and a binary primitive recursive function h such that g, (h(z1,z2)) = z; and
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g2(h(z1,z2)) = z2 for all z;,z2 € N. Now define the functions

c2(z1, 22) := h(z1,22), cir1(21,-- -5 Tiv1) = h(ci(z1, . .., T4), Tiy1) fori > 1,
Li(z) = g1(x), Livi(z) = g1(l;(z)) for j € Ny,
r1(z) := g2(z), ri+1(z) = g2(l;(z)) for j € N,.

Clearly, the functions c;+1, !;, and r; are primitive recursive for j € N. It can
easily be checked that

Ti(CiT1, ., Ti)) = Ticjtr for j € N; and © > j, (3.3.2)
lj(Cj+1(171, c. ,Ij+1)) =1I for VES N+. (333)
Since f€Polpand l,,_1,mn—1,"n-2,...,T1 € o0 we have

g:= f(ln—ly'rn—lyrn—2,-- '7T1) €o,

i.e., ¢ is primitive recursive. Using 3.3.2 and 3.3.3, we get f(z1,...,Zn) =
glen(z1,...,2n)). Hence f is primitive recursive because it is a composmon of
the primitive recursive functions g and ¢,. O

From the above claim we know (Pol g}, = Polg. On the other hand, g is not
the direct product of order ideals of N. :

Thus g is a counterexample to the straightforward generalization of Theorem 2.1
to infinitary relations and there arises the problem how this theorem could be
extended appropriately to infinitary relations. '

3.4. C-closed clones. A clone F of tree functions shall be called C-closed if it
is PR-closed (i.e. {F), = F) and closed under iteration. The latter means (cf.
e.g. [Hup78]) that if f,h,g1,...,gn are n-ary tree functions in F then every tree
function k£ : T™ — T, which is definable by a program of the following form for
some t € T', must also belong to F.

WHILE _f(a:l,...,xn):;ét
DO z1:=gi(Z1,-..,Tn);

In = g‘n(Ilv ooy :En)
OD;
OUTPUT h(zi,...,Zn)

Note that here we consider only total operations k¥ defined by iteration (while
in [Hup78] also partial operations are allowed). The C-closure is stronger than the
PR-closure, e.g., let {F). denote the smallest C-closed clone containing F, then,
as shown in [Hup78], {Fbase ) is the set of all computable tree functions (for Fyase
see 1.4b).

Nevertheless, as it was pointed out by the referee, clones of the form Pol p with
¢ as in Theorem 2.1(iii) are C-closed. Thus Theorem 2.1 can be extended by an
additional equivalent condition '
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(iv) {Pole) = Pole.

Obviously (F) C {(F). C {F). It is an open question to characterize the
least and (if it exists) the largest closure which agrees with (F),, (or equivalently
with {F), (F).) for clones of the form Polp. More precisely, let K be the class
of all closure operators K : P(Op(T)) — P(Op(T)) on tree functions such that
K(Pol g) = {Pol ), for all finitary relations p C T™ (m € N4). Then

Ko:Fr () K(F)
Kek

is the least closure operator in K, but it is not clear how it could be characterized
internally. Moreover, does there exist a largest closure operator in X?

3.5. Further generalizations. The preservation (or invariance) property (cf. 1.1)
constitutes a Galois connection between sets of operations and relations. There
are many generalizations and modifications of this Galois connection changing the
operations and/or relations under consideration (see e.g. [P6s01]). A systematic
investigation of operations, their invariant relations and various closures, which are
of special interest for computer science, would be desirable. In connection with
tree functions and primitive recursion the class of partial tree functions may be
of particular-interest.. Then the C-closure (cf. 3.4) might play the role of the PR-
closure in Theorem 2.1. However note that the C-closure still can be extended
further: the condition that the operation f used in the iteration program in 3.4
belongs to F' can be dropped (without changing the property that k preserves p
whenever A, g1, ..., 9, do).

Acknowledgefnents. The authors thank the referee for valuable hints and re-

marks, e.g. for drawing our attention to the S-closure and C-closure (discussed
in 1.5 and 3.4).
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Notes on the properties of dynamic programming
used in direct load control

Isto Aho*

Abstract

We analyze a dynamic programming (DP) solution for cutting overload in
-electricity consumption. We are able to considerably improve the earlier DP
algorithms. Qur improvements make the method practical so that it can be
used more often or, alternatively, new state variables can be added into the
state space to make the results more accurate.

1 Introduction

The shortage of electricity may cause a supplier to use direct load control (DLCY);
the supplier may turn off the electricity from some of its customers or may start
generators to meet the demand. The goal is to minimize the losses by buying
the minimum amount of electricity from other suppliers to cover the demand after
DLC. A typical example of a control group is a residential appliance with electricity
heaters or air conditioners. When the supplier controls the devices, a consumption
peak called payback appears after the control period when the devices go back to
their normal state {1, 17}.

Different solution methods for DLC include, e.g., DP [1, 7, 8, 18], linear pro-
gramming (LP) [12, 14], heuristics {1, 3], enumerative methods (8], and hybrids of
LP and DP [13]. Objectives include load reduction minimization (7, 8, 18], peak
load minimization [12, 13], production cost minimization [8, 18], and profit maxi-
mization {14]. Some of the decisions can be left to the customers [9]. DLC is often
combined with unit commitment and economic dispatch, and the applied methods
include, e.g., DP [4, 5, 6, 11] and evolutionary strategies [10]. See also [19)].

Our method is related to that of [1, 7, 8, 14]. The present work improves
the results of [1] by focusing on DP. In our model, (small) electricity suppliers
group their customers based on the payback behavior: the payback shapes and
other properties to be presented are for groups. Thus, the suppliers end up with
a small number of controllable and prioritized groups. Our objective is between
load reduction minimization and peak load minimization, and it differs from the
objectives presented in the literature. We assume that the suppliers mainly buy

*Dept. of Computer and Information Sciences, University of Tampere, Tampere, Finland,
Isto.AhoQuta.fi
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the electricity they distribute. The above assumptions are realistic in Finland and
in some other European countries with small suppliers.

Purchase transactions of electricity and own production give optimum level to
be resold at each hour, while load over the optimum level has high price. If demand
is higher than our predefined level, we want to cut (expensive) “over loads”. We
also use purchasing and reselling prices (time-of-use rates). Our solution can use
different objectives and, e.g., energy storages of {15, 16], without major modifica-
tions.

Sections 2 and 3 describe the model, optimization problem and the DP solution.
The main results concern the “wait states” and “alternative states” (state variables)
needed in DP. We build up a hierarchy of DP solutions so that it is possible to choose
between fast and inaccurate and slow but more accurate methods. Section 4 shows
how the number of wait states can be decreased to be about half of the number
used in [1]. State space can also be decreased with the multi-pass DP of [18], but
then one should be able to relax some constraints. Section 4 includes also the use
a fourth state variable (alternative states). Tests are reported in Section 5.

2 Control, payback, restrictions and goal function

The model given below is a slight simplification of the model used in [1]. Table 1
‘contains relevant symbols used in this work.

An interval [a, b] is the set a,a+1,...,b (a < b) of integers. The length of an
interval [a,b] is b —a + 1. A clipping situation s is a vector sp,$1...,sy (N >
0) of reals representing the difference between electricity demand, and electricity
production and purchases in time interval [0, N|. The domain [0, N} is called the
optimization interval and values s; are called either overload or underload. Overload
represents a situation where the demand is higher than combined production and

Table 1: Used symbols.

Clipping situation s = [sg,$1,-..,8N] | Set of controls C
Prices p = [p0,P1,--.,pn] | Control capacity Ce
Revenue r=ro,m1,...,7N]| Control length ct
Length of hour Rt Resting time cr

- Time.interval or control [a,b) Minimum control length ~ C™
Loss of incomes R(s) Maximum control length CM
Optimal control plan R*(s) Maximum control times  CT
Dynamic forward recursion  R'(s, §',k + 1) Control time ct
‘Stage change R'(s,58,5,k+1) Length of payback P!
Wait state w Amount of payback® pPe
Alternative state A Impact of a control I([a, b],s)(k)
State (3 variable) S =(Cct,w,Ch Impacts of all controls I'(C,s)
State (4 variable) S =(Ct A,W,CY .

%Amount of payback corresponds to capacity explaining the c-superscript.
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electricity purchases (s; > 0), and underload represents a situation where combined
production and purchases of electricity is above the level of consumption (s; < 0).
The element ¢ of optimization interval [0, N] is called a time point. The phrase
“time point 1" is also used for the interval [z, 4}.

A time point i with overload has a positive real p; called the price (buying
price of electricity). Similarly, a time point ¢ with underload has a positive real
r;, the revenue (selling price of electricity). The overload interval is an interval
[a,b] C [0, N} with overload at every time point 7 € [a,b]. The clipping situation is
partitioned into hours 0 = aj,as,...,a,+1 = N, of equal length, i.e., a;41 —a; =
ai — a;_1 (2 < i < n). The length a;4; — a; of an hour is denoted by h'. Hour
1 refers to the interval [a;, ai+1 — 1]. Overloads (underloads), revenues and prices
do not change during an hour, because of the electricity trading system. Thus, we
have s; = $j+1, pj = pj+1, and rj; =741, where j € {ai—1,a; — 1] (2 < i < n).

The total loss is

R(s) = Z K(i,s;), where K(i,s;) =
i€[0,N]

—Piod, if 20)
{ PiSi, 1 84 (1)

7i8;, otherwise.

Note that K(i,s;) < 0. If there is underload, we lose income (revenue) and if
there is overload, we have to pay some extra. We count the money lost, so its best
possible value is 0.

A group is used to decrease the overload with a control made for interval [a, b]
by turning electricity off (an auxiliary generator corresponds to a group). The
controlling capacity of a group, denoted by C¢, is the amount the group can decrease -
the load in an hour. The hours [a;,a,a:41,...,8j~1,b,a;], where a; < a < ai}1
and a;—1 < b < a; (and a < b), are affected by a control. Control amount is the
product of the controlling capacity C¢ and of the control length b — a + 1.

Function P' : N — N maps the control length b—a+1 to the length of a payback
and function P¢: 2N x N — R describes the amount of the payback of control [a, b]
at time 7. We always have P°([a,b],i) > 0, where i € [b+1,b+ P'(b—a+ 1)}, and
otherwise P¢([a,b],i) = 0. Further, “in practice” we have

> P*(a,b],k) <C°(b—a +1)
k€[b+1,b+P!(b—a+1)]

meaning that a payback does not exceed the control amount.

Next we show the impact of a control [a, b] and its payback to clipping situation
s as a function I (functions I, and I, used'in I are defined below). The hours to
be affected are [a;,a,b,a;,b+ P'(b— a+ 1),a;]. By function

Sk, . if0<k<a;, or q<k<m,
Sk + Il([a,b])(k:), ifa; <k < aj—1,

Sk + (Il + Iz) ([a, b]) (k), if aj-; < k< aj,

Sk + Iz([a, b])(k), ifa; <k<a

I([a,b],s) (k) = (2)
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(0 £ k £ m) we obtain the control amount of a control [a,b] into the clipping
situation. The first line leaves the unaffected hours as they are and the second line
calculates the effects of control. The third line is for both the control and payback
calculation, and the fourth line calculates the effects of payback. By I ([a b],s) we
mean the new clipping situation obtained after control [a, b].

The effects of control part having no payback are calculated with I;:

‘ —Cc(a,-+1—1-a+1)/h', ifa; <k < ai41,
I ([a, b)) (k) = { —C¢, , » ifa;1 £k<aj_, (3)

_Cc(b - aj_l)/h’, if aj-1 <k< a;.
The second liné is for the hours between the starting and stopping hours, if any.
The first and the third lines handle the hours where the control starts and stops.

These hours may have partial control (in contrast to a full control lasting the whole
hour). Controls decrease the overload. Paybacks are calculated with I:

( a;j—1

j c k'

3 L[ahlb]_) if aj_1 <k<aj
k’=b+1

Qpry1—1 ip -
: Pe([a,b), k") if j<K <l—1
12([a’ b])(k) = Z ([ahl] ) 1 7

k”=ak:
‘“Z“ Pe([a,b), k') if ai_y <k
ht ’ <b+P(b—a+1).

(4)

and ap <k <ag41,

k'=a;_1

The payback starts in the first line, and in the third line we calculate the last
moments having payback. (Both may involve partial hours.) The second line
calculates the payback for hours, where each time point will get some payback.
The payback increases the overload.

It would simplify formulas (2)-(4) a bit if we were not to hourly even out the
effects. Another alternative is to let the overloads and underloads vary within the
hours and even out the loads when calculating the results. If the control starts and
stops in the same hour, we cannot directly apply (2). In this situation we calculate
the effects for the first hour with

a_.,-—l
sk—C°(b—a+1)/k'+ Y P([a,b],k')/h!, where aj-1 <k <aj, (5)
k’=b+1

and the rest of the payback is calculated with the second line of I5. If the payback
starts and stops in the same hour, we have to make a correction similar to (5).
Energy storage capability is similar to payback: energy storing appears before
control while payback appears after the control.

Figure 1 shows two examples of a control. The vertical lines indicate hours.
The dotted line is a clipping situation without control and the straight line is a
clipping situation with control. The left picture shows the advantage of a control:
payback can “move” the overload to the next hour where the overload is cheaper.
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Py

overload
overload

Figure 1: Realistic and theoretic clipping situation with a control.

The combined effect of all controls C can be calculated recursively by the func-
tion

.HQ®={£m_“ﬂJ@M§» g%g;c#m, ©

When all the effects of controls have been calculated, we can use (1) to find out the
value of the new clipping situation.

Next we look at the restrictions. First, the controls must be separate such that
for all [a, b}, [c,d] € C we have

[a,b] # [, d] = [a, 8] N [c,d] = 0. (7)

Further, during resting time it is not allowed to start a new control. Function
C" : N — N is increasing and it maps the length of a control to the length of a
resting time. So, for all [a, b}, [¢,d] € C we have

[a,b)Nfc,dl=0=>[b+1,b+C"(b—a+1)|Nn{c,d =0. - (8)

Note that a new control can be started even if the payback still occurs, provided
that the resting time does not overlap with the new control. Usually, the resting
time is used to prevent a new control to start in the beginning of the payback, when
the need for extra electricity is the largest. If we start a new control at the end of
a payback, the change in the payback of the new control is so small that it is not
usually taken into account. '

We also need the minimum and maximum control times C™ and CM | respec-
tively, which bound the length of control as

Cm™<b-a+1<CM. )

Sometimes we also restrict the number of control times Z:[ ab)eC 1 by C7, a positive
integer.

We can suppose that at every time point k the price factor pi is (much) larger
than the revenue ;. By making controls we can affect the clipping situation, so
the optimization problem can be given in the form

N
W¥Zﬁmnqg) (10)
k=0

with restrictions (7)-(9).
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3 A DP solution

The problem (10) can be solved with DP by using two state variables corresponding
to the control times and control length [1, 8, 7, 19]. The tests in {1] indicated that
it is possible to add at least one state variable to improve the results. In this work
we use the state variables control time C*, wait state W and control length C*.
As a result, we have a slower but more accurate system than those with two state
variables. The state variables are defined in finite integer domain.

In the state space we need the control length C!, so that DP can form the
optimal control length and at the same time fulfill the restriction (9). In addition
to control length, C* also contains the resting time. Without the control times, DP
complying with conditions (7)-(9) would find only one control. With these three
state variables we have one state of stage k € [0, N] as a triple (C*, W, C*)(k). The
_ phrase “stage k” refers to a time point. A system in state (Ct, W,C") is defined
to be the Cth control of length C' with W time points delay before its start.
Our tests demonstrate that the three variable solution does not give the optimal
solution, if the the group has payback (see Section 5).

In practice we have to determine upper bound for the number of wait states W.
Theorem 2 gives an upper bound for W when the group does not have payback. If
the group does have payback, we assume that W can have ! — 1 (k! is the length
of an hour) different values. We also test other possibilities, see Section 5.

We denote S = (Ct, W, C!) and §' = (C"", W’,C""). The variables with primes
are “new” ones and the plain variables are “old”, when we form the connections
between the “new” stage k + 1 and the “old” stage k. Function

0, when (14)-(17),
" , T when (18),
R's, 8.8,k +1) =3 R(I(lk—Ct k,s)) - R(s), when (19). (11)
' —00, otherwise,

gives the change in the value, when moving from state (Ct, W, C') of stage k into
state (C'',W’,C" l) of stage k + 1. The first line is used when the value does not
change. The second line is used, when we start a new control and the third line
is applied, when we make a decision about the best control. The cost of making
a control is denoted by P’. The last line is used with every other values of the
variables § and S”. They &re impossible since they do not have any reasonable real
world interpretation. '
The dynamic forward recursion equation is

R'(s,8',k+1) = max (R'(s, 5, k) + R"(s,S", 5,k +1)) (12)

and

(s, (C. W, CY,0) = {R(s), when C Cc' =0, (13)

—00, otherwise.



Notes on the properties of dynamic programming used in direct load control 433

_ _ | wait state 1 - - wait control length 0
control I at .
- - . - = - —|state 1 wait
time0 - _ | wait state 3 N control length 2 state 1
_— - - - -] wait L on control
wait state 5 . | _|state 2 control length 4 | time 0
N resting state 1
control L~ L —| wait resting state 2
time 1 - | _{ state 3
| 1 AN - - L — | wait
- - - —| wait | _ | _|state 1
L — | —|state 4 | | onsome
control \ other control
time 2 L - - - L — -~ time
L I R I I

Figure 2: The structure of the state space. Alternative states are similar to control
times, except that they do not choose the best control plan available.

‘When

C'=Ct+1, W=C"=0, 0<W<h -2, 14
and CT(C™)+CM—1<Cl<Cr(CM)TCM — 1, (14)
the control at stage k and in state (C?, W, C*) has stopped, which in turn increases
the amount of control times by one (C’* = C* 4+ 1). The next control starts in state
(C"*,0,0) at stage k + 1. We add CM + 1 both for minimum and maximum resting
times, because C' indexes the control length and the resting time (see Figure 2),
and because the states corresponding to the resting time are located next to the
control lengths (i.e., after state C™ —1). Note, that we restrict the number of wait
states by h! — 2 (wait states can get h' — 1 different values).

Moreover, it is possible that “old” optimal plan at stage k does not change (or
be better) when moving into stage k + 1, and so

C'=C!, W =C"=0, and W=Cl'=0. © (15)

This is the only case with conditions (14) and (19), where DP (recursion formula
(12)) can make decisions about the path. If two paths give the same result, DP
(12) chooses the one with a later control. This does not have any impact on the
result, but in practice we usually want to do the controls as late as possible.
Figure 2 shows the state structure. Conditions (14) and (15) are shown on the
left. There we have several states, from which we choose the maximum. When

C'=C', W =W+1, and C'=C'=0, (16)

we “move some information from the past” to new stage k+1. With this information
we can check what result can be achieved, if we choose the best path W stages ago
instead of some other control plan with the last control started in the interval
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[k — W, k]. Figure 2 shows this in the middle, where a control time is depicted.
When

cl'=Ct W =W, C'=C'+1, and (C"'#1, C*'#£CM+1), 17)
we increase the control length (the control started C* time points ago). When
c'=C' W =W, and 1=C"=C'+1, (18)

a new control starts. In this situation we add the cost of control P’ to the result.
Finally, when

c'=cCc' W=W, ¢'=cM+1, and C"<C'<CM, (19)

we can calculate the impact of a legal control on a clipping situation. Figure 2
shows conditions (17)-(19) in the right.

For each state (Ct,W,C') and for each stage k > 0, we save the connection
pointing to some state of the previous stage. The connections form a path. When
we have the values ’

' R'(s,(Ct, W,C", N)

with appropriate values in Ct*, W and C', we can form the control plan C by
traversing the path formed by the connections. The path is optimal with respect
to the state space used (but not with respect to the problem). Note that functions
R’ and R” in equations (11)-(13) comply with the conditions (7)—(9).

4 . The properties of the state space

Next we study the properties of the dynamic recursion formula (12)-(13). Consider
stage i. A local control for state (C* + 1,0,0) is a control formed at control time
C? + 1, stopped at stage § > 1 + C"(C™), and using the control plan formed at
stage i for state (C*,0,0). Stages k > i do not belong to the local control, provided
that we do not use the control plan of state (Ct,0,0)(i) at stage k. This means
that the wait states are not considered when forming a local control.

In the next theorem we suppose that all references to wait states have been
omitted from the conditions (14), (15), (18) and (19).

Theorem 1. State space (Ct,C") finds, for each stage i, the best local control
following stage 4.

Proof. Consider the controls starting after stage ¢ from state (C?,0) and using con-
trol plan C determined by 7 and (C*, 0). The conditions (14) and (15) determine the
best control for state (C* +1,0)(j), according to the equation (12). The condition
(14) gives the maximum because of the conditions (18) and (19). ]

Corollary 1. State (1,0,0){N) gives the best control plan having one control.



Notes on the properties of dynamic programming used in direct load control 435

Note that the length and the amount of payback do not have any consequences
in the case of Theorem 1. State space (C*, C') gives sub-optimal results [1], which
can be improved with wait states (still being sub-optimal).

Let C;, Cit1,-- ., Ca be the control plans of the control time C* and the stages
- (time points) i,i+1,..., a, respectively, i being the first time point of an hour. In
the next theorem we show that it is enough to choose between the control plans
C:,Cis1,---,Cq, when forming a control [a,b]. This refers to the situation in
condition (14) of DP (12), where we check, how well the control plans of states
(Ct,0,0)(1), (C*,0,0)(i +1),...,(C*0,0)(a) work with the control starting at time
point a.

Intuitively, the next theorem is based on the property that if the last control of
some control plan stops with resting time in the “previous hour”, it will not have
any impact on the controls in the “present hour”.

Theorem 2. Suppose there is no payback. Suppose further that we start a new
control from stage a for control time Ct, which will stop at stage b locally mazi-
mizing the control plan C,. Let i be the first moment of the hour containing a.
Now it is enough to choose (with the wait states) from the set of control plans
C;,Cit1,...,Ca, when forming a new control [a, b].

Proof. We show that it is not necessary to reach time points earlier than the start
of the present hour. Consider situations where it is possible to choose between
control plan C;_,, of time point i — n (n > 1), and control plans C;,C;41,...,Cq,
when forming [a,b]. Since DP (12) chooses always the maximum, the result of C;
does not decrease when j increases. Thus, the result of C; is at least that of C;_,,.
If we choose some of the control plans C;_.,,,...,C;_; to be used with a control
that starts at a, we obtain at least as good result with the control plan C;. O

Note that the absence of payback and the fact that the resting time is coded
into the state space are crucial here. It follows from Theorem 2 that we need one
wait state at the first time point of an hour, two at the second time point and
finally h! — 1 at the last time point of an hour (h' is the length of an hour). In
other words, we need on the average (h! — 1)/2 wait states at each time point. (In
(1] we used h! — 1 wait states at each time point.)

In general, the state space (Ct, W, C') does not achieve the optimal result when
the length of payback is non-zero (a sample case is given in Section 5). We need at
least one more state variable to be able to form a better path (2, pp. 30-34]. With
variable A we check the non-maximum paths according to (12) for the three state
variable system.

A local alternative of stage i is a control which stops at the stage ¢ including the
resting time and which is not chosen into the control plan. A three variable system
chooses the best alternative among several, as shown in the left side of Figure 2.
We set this to be the alternative state one. In the alternative state two, we choose
the second best path from the control time C! for the first state of control time
Ct 4+ 1. The third alternative state uses the third best path found so far and so on.
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Alternative states can be easily implemented. When looking for the best path,
we can cater the required amount of paths to find the Ath path. Moreover, the
solution (a path) given by the condition (15) has to be checked when we are looking
for the number of the best paths. The starting configuration (13) and the transition
- conditions (14)-(19) work with alternative states without major modifications. The
initial solution is calculated only for the first alternative state and the conditions
(14)-(19) work inside an alternative state just as in the case of the three variable
system.

5 Tests

We first checked that Theorem 2 gives twice as fast method as the old DP. After
that, we wanted to see whether paybacks affect the solutions given by the new three
state variable DP. When we saw that paybacks do affect the results, we tried to
improve the accuracy by increasing the number of wait states.

Intuitively, the wait states starting at point a can only “look up” that far (to
point o) later on at the moment b. So if a is the beginning of an hour, we “do not
see” into the previous hour at moment b and cannot make a choice between earlier
control plans. When there is no payback, the number of wait states equaling to the
number of time points after a start of an hour is enough, because a control finished
in the previous hour does not affect the present hour to be cut. However, when we
are using payback, we need to be able to look further into the previous hours in
order to increase the accuracy. By adding c wait states, we directly reach earlier
moments. We are tempted to think that increasing ¢ will improve the solution.
Our tests, however, show that while this is mostly true, there are exceptions.

In the tests we used a group shown in the upper left corner in Figure 3. We
tested the group with 5 different clipping situations. Tests 1-4 could be clipping
situations occurring in reality. They are similarly shaped and contain “morning
and afternoon” consumption peaks. The shapes are at different levels giving tests

¢ 1 hour and its test 1 ‘ test 2
-+ control payback
O+------ s s 0 0
= R ——t—t— : -
1 2 3 0 8 16 24 0 8 16 24
test 3 test 4 test 5
0 0 0
: } - } } t—e- } : —
0 8 16 24 0 8 16 24 0 8 16 24

Figure 3! Payback used in the tests and the test cases.
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‘ seconds
50 -+ test 3
40 + test 5
test 4
30 T
test 1
20
test 2
10 +
} } } \
3 6 9 #¢

Figure 4: Running times.

of different difficulty. Test 5 is artificial. When load curve is above 0, we have
overload that should be cut off. One tick stands for 1 MW. (Horizontal axis are for
time.) ,
Each hour is discretized into twelve time points. The group had 1.2 MW control
capacity (i.e., 0.1 for five minutes). The payback is two hours long, the minimum
control length is 30 minutes and the maximum control length is one hour. One
MW overload costs —99 000 and underload —900. Resting time is 10 minutes.

Figure 4 contains running times (in seconds) for the old DP solution and for
DPs with ¢ = 0,1,2,3,5 and 11 (horizontal axis). Moreover, h' = 12. We see that
the running times increase almost linearly on the number of waits states. Table 2
contains the results for the tests used in Figure 3. Here we see that, in general, the
results improve if the number of wait states is increased.

In the second test, however, we see that increasing the number of wait states
has decreased the result between DPs with ¢ = 3 and ¢ = 5 (a locally better
solution is worse). This somewhat non-intuitive result follows from the fact that
our DP solutions do not fulfill the optimality principle usually stated for dynamic
programming solutions [2, p. 16]. Reason for this is that we cannot guarantee that
optimal solution at stage ¢ entails optimal solution for the rest of the case. Payback
may affect later hours and decisions. This information should be available at the
moment when we are deciding the length of a control.

We did not use any alternative states in the test series reported in Table 2 and

Table 2: Solutions without alternative states.

Test old DP c=0 c=1 c=3 c=5 c=11
—144478 144478 —144478 —144478 144478 144478
—15603 ~-15662 -15662 —-15662 —15778 —15603
—368665 371206 370238 —368665 —3683665 —368665
—-174490 -—-175668 —175668 —175668 —175668 —174490
—9860 —9860 —-9860 —9860 —9860 —9860

G W N
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Table 3: The'best solutions with alternative states.

Test old DP c=0 c=1 c=3 c=5 c=11
1. —~144 478 —144478 —144 478 ~144 478 ~144478 —144 478
2. —15603 —15662 —15662 —15487 —15487 —15487
3. —368373 —369069 —368046 —368 162 —368278 —368373
4, —174490 -175668 —175543 —174398 —174398 —174490
5. —-8956 -8336 —-8351 —8186 —-7742 —-7538

Figure 4. We run the same test series using 2, 5, 10 and 15 alternative states.
Table 3 contains the best solutions found among all the test series. Results were
improved in most of the cases, sometimes over 10%.

Test 5 informatively demonstrates how results improve as the number of wait
states or alternative states (or both) increases. The results and running times are
shown in Figures 5 and 6. We also tried DPs with 30 and 100 alternative states. DP
with 15 alternative states gives —8 336, with 30 states —7 872, and with 100 states
—17 214, which is better than the solution given by 15 alternative and 11 additional
wait states (see Table 3). Our conclusion is that a clipping situation with many
overload intervals most likely benefits from the use of alternative states.

We also studied how alternative states and wait states together improve the
results and how they affect the running times. The left hand side of Figure 5
contains the results for different alternative state amounts (1, 2, 5, 10 and 15). As
the number of wait states is increased, the results improve in general. There are
exceptions where few wait states do worse than DP with ¢ = 0 (see lines for A5
and A15). The number of additional wait states used is irrelevant for this instance,
when we used only one alternative state.

On the right side the same data is plotted for five different additional wait
state amounts as well as for the old DP system. We conclude that the number
of alternative states is much more crucial for the results than the number of wait
states. Alternative states also improve the results of DP system with fixed amount

? 2 Al5and A10
7500 T & -7 500
-8000 T A5 -8 000
-8500 1 -8 500
A2

-9000 T -9 000
-9 500 1 Al -9 500

1 I 1 & .

T ) |l Dl

3 6 9 *#e 24681012 %A

Figure 5: Wait and alternative states, results for test 5.
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E $ E old DP
T 500T 9 500 T 3
2 A10 4 c=
400 400 T c=3
300 300 T ¢=1
. A5 c=0
200 200 T
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Al
—— bttt
3 6 9o f¢ 24681012 ¥A

Figure 6: Wait and alternative states, running times for test 5.

of wait states (in old DP ¢ = Al —1).

Figure 6 contains the running times for test 5. Execution decelerates almost
linearly as the number of alternative or wait states is increased. The number of
wait states in one hour is 22;‘01 (¢ + (a mod h)) (wherec=0,...,h' —1 and a
is a moment). Hence, the increase of ¢ by one gives h! — 1 additional wait states
for one hour. This is proportionally less than the increase brought by the increase
of the number of alternative states by one, which is the number of used wait states
in one hour. This explains why the increase of the number of alternative states
decelerates more the running times than the increase of the number of wait states.

6 Conclusions

In this work we have analyzed the properties of the state space of a dynamic
programming problem arising in direct load control, and quicker optimization al-
gorithms are formed without sacrificing the accuracy of the results when payback
is not used. Moreover, we have found practical ways to improve the results by
increasing the state space when payback is used. We have described (sub-optimal)
solutions for three and four state variables. If the result accuracy is not crucial,
one can drop wait states away, arriving to a faster two state variable solution of [8].

There are still open problems concerning the properties of state variable Ct.
They seem to behave in a way that enables us to reduce the number of states
used (for details, see [1]). Moreover, we conjecture that the control length C* has
properties, by which we can further speed up the algorithms.

If there is enough time, it is possible to add a new state variable, called alterna-
tive state. With four state variables we achieve even better results, as is shown in
our tests. Most of the time, additional wait states as well as additional alternative
states improve the results. Hence, one can choose between fast inaccurate, and
accurate but slow solutions. Similar trade can be made between two, three and
four variable state spaces. The alternative states seem to improve the results also
in the cases occurring in production systems.



440 Isto Aho

Acknowledgment

The author is grateful to Erkki Mékinen for his time and comments and to an
anonymous referee whose valuable comments improved the quality of this work.

References

[1] Isto Aho, Harri Klapuri, Jukka Saarinen, and Erkki Makinen. Optimal load
clipping with time of use rates. International Journal of Electrical Power &
Energy Systems, 20(4):269-280, May 1998.

[2] Dimitri P. Bertsekas. Dynamic Programming and Optimal Control. Athena
Scientific, 1996.

(3] R. Bhatnagar, J. Latimer, L.J. Hamant, A.A. Garcia, G. Gregg, and E. Chan.
On-line load control dispatch at Florida Power & Light. IEEE Transactions
on Power Systems, 3(3):1237-1243, August 1988.

"[4] R. Bhatnagar and S. Rahman. Dispatch of direct load control for fuel cost min-
" imization. IEEE Transactions on Power Systems, PWRS-1(4):96-102, Novem-
ber 1986.

(5] K. Bhattacharyya and M.L. Crow. A fuzzy logic based approach to direct load
control. IEEE Transactions on Power Systems, 11{2):708-714, May 1996.

[6] Douglas W. Caves and Joseph A. Herriges. Optimal dispatch of interruptible
and curtailable service options. Operations Research, 40(1):104-112, January-
February 1992. '

[7) Wen-Chen Chu, Bin-Kwie Chen, and Chun-Kuei Fu. Scheduling of direct
load control to minimize load reduction for a utility suffering from generation
shortage. IEEE Transactions on Power Systems, 8(4):1525-1530, November
1993.

(8] AArthur I. Cohen and Connie C. Wang. An optimization method for load
management scheduling. IEEFE Transactions on Power Systems, 3(2):612-618,
May 1988.

[9) LM. El-Amin, A.R. Al-Ali, and M.A. Suhail. Direct load control using a
programmable logic controller. Electric Power Systems Research, 52(3):211-
216, 1999.

[10] AJ . Gaul, E. Handschin, W. Hoffmann, and C. Lehmkéster. Establishing a
rule base for a hybrid es/xps approach to load management. IEEE Transac-
tions on Power Systems, 13(1):86-93, February 1998.

[11] Yuan-Yih Hsu and Chung-Ching Su. Dispatch of direct load control using
dynamic programming. IEEE Transactions on Power Systems, 6(3):1056—
1061, August 1991.



Notes on the properties of dynamic programming used in direct load control 441

12

[13]

[14]

[15]

[16]

- [17]

[18]

(19]

C.N. Kurucz, D. Brandt, and S. Sim. A linear programming model for reducing
system peak through customer load control programs. IEEE Transactions on
Power Systems, 11(4):1817-1824, November 1996.

Jean-Charles Laurent, Guy Desaulniers, Roland P. Malhamé, and Frangois
Soumis. A column generation method for optimal load management via control
of electric water heaters. IEEE Transactions on Power Systems, 10(3):1389-
1400, August 1995.

Kah-Hoe Ng and Gerald B. Sheblé. Direct load control — a profit-based
load management using linear programming. IEEE Transactions on Power
Systems, 13(2):688-695, May 1998.

B. Rautenbach and I.LE. Lane. The multi-objective controller: a novel approach
to domestic hot water load control. IFEE Transactions on Power Systems,
11(4):1832-1837, November 1996.

Paresh Rupanagunta, Martin L. Baughman, and Jerold W. Jones. Scheduling
of cool storage using non-linear programming techniques. IEEE Transactions
on Power Systems, 10(3):1279-1285, August 1995.

Katsuyuki Tomiyama, John P. Daniel, and Satoru Ihara. Modeling air condi-
tioner load for power system studies. IEEE Transactions on Power Systems,
13(2):414-421, May 1998.

Deh-chang Wei and Nanming Chen. Air conditioner direct load control by
multi-pass dynamic programming. IEEE Transactions on Power Systems,
10(1):307-313, February 1995. '

Allen J. Wood and Bruce F. Wollenberg. Power Generation, Operation and
Control. John Wiley & Sons, 1984.

Received -November, 2002






Acta Cybernetica 16 (2004) 443-449.

On Computing the Hamming Distance

Gerzson Kéri* and Akos Kisvdlcsey!

B

Abstract

Methods for the fast computation of Hamming distance developed for the
case of large number of pairs of words are presented and discussed in the
paper. The connection of this subject to some questions about intersecting
sets and Hadamard designs is also considered. *

Keywords: covering radius, Hamming distance, Hamming weight, intersecting sets,
minimum distance.

1 Introduction and notation

Let Z7 denote the set of all n-tuples (z1,z2,...,Zs), where Z, = {0,1,...,¢ — 1}.
The elements of the set Z7 are called words, and the Hamming distance d(z,y)
between two words z,y € Z7 is defined as the number of coordinates in which they
differ.

One may encounter the problem of determining the Hamming distance for a
large number of pairs of words in the same space. This is, for example, the case
when the minimum distance or the covering radius for a lot of codes C; C Zg
are to be determined. (See also Section 6.) The Hamming distance and Hamming
weight find many applications also in cryptography [5]. For problems like this there
emerges the need for faster computation.

In the paper a general method is presented and discussed for the fast computa-
tion of the Hamming distance. This method is related to a problem of intersecting
sets.

We emphasize that the suggested (and applied) method is not faster than the
direct method if the Hamming distance is to be determined for only a small number
of pairs of words. It is proposed for application only if the number of pairs is large
enough.

The notation & is used for the bitwise “and” operation, XOR. for the bitwise
“exclusive or” operation. The wgt function counts the number of 1-s in a binary
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integer; it can be given by formula as
[e o]

wgt(a) = Z (la/2%| (mod 2)).
k=0

The symmetric difference of two sets is denoted by A:

AAB=(ANB)U(ANB).

2 Hamming distance of g-ary vectors and
g-ary distance of integers

Clearly, there is a one-to-one correspondence between a word z = (z1,zq,
..y Zs) € Zg and a nonnegative integer n in the interval 0 <n <¢° —1:

) s
T n= E z;¢° %,
- i=1

We define the g-ary distance dq(a, b) of two nonnegative integers as the Hamming
distance of the corresponding words in any space Z; where

s > max (log,(a + 1),log, (b + 1)) .

We look for a fast way of computing the Hamming distance of words, stored in
the form of g-ary integers for a large number of pairs of words in the same space.
That means the computing of dq(a,b) for pairs of integers (a,b). This problem
arises, for example, when the minimum distance or the covering radius of many
codes are to be checked.

The minimum distance of a code C C Zy is defined as
min{d(z,y) | z,y € C, z # y}.

The covering radius of a code C C Z7 is the smallest positive integer R such
that for an arbitrary = € Z7, there exists one (or more) y € C with d(z,y) < R. In
other words, :

R =max{d(z,C) | z € Z;},

where

d(z,C) = min{d(z,y) | y € C}.
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3 The binary case (¢ =2)

Fast methods to calculate Hamming distances (and Hamming weights) in the binary
case are known from the literature, see e.g. [5] where the theme is discussed within
a more general context. There can be found many communications as well as
computer codes related to the subject also on the web.

Here, we describe in short the substance of the method as follows.

For ¢ = 2, i. e. for binary numbers, clearly

da(a,b) = wegt(a XOR b).

This fact suggests arranging the weights into an array consisting of the array
elements '

wgt(l), wegt(2), ..., wgt(2l—-1),

where the exponent L depends on the computational environment (available hard-
ware and software, programming language etc.).

The same method can be applied with a slight modification also for numbers
greater than 2L — 1 if we split them into 2 or more parts. If, e.g., n > 2L — 1 but
n < 22L — 1, then - referring to the identity

wgt(n) = wgt (l_n/(2L)J) + wgt (n (mod 2L)) ,
— we can use the formula
da(a,b) = wgt (|(a XOR b)/(2%)]) + wgt ((a XOR b) (mod 22)).

That way, an array of length 2% is enough for treating integers as large as we
want.

Note that the division by 2% can be performed simply by a right shift of the
dividend.

4 Method for the case ¢ > 2

When ¢ > 2, the g-ary distance dy(a,b) of two integers cannot be determined
immediately by the help of the weight function. What can be done is to have a
and b mapped to (longer) integers A and B such that

d2(A,B) =k -dy(a,b) for anya,be Z,

where k is a positive integer, depending only on the value of ¢ and the mapping.
For this purpose, let
0q:Zqg — Z3

with an appropriate ¢, a mapping having the property of -

wgt (pg(e) XOR ¢q(B)) =k . (1)
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for any pair o, 8 € Z,, o # [ for a positive integer k. ‘
Clearly, ¢, generates a mapping of Z; to Z3t, if we apply ¢, to all g-ary digits
of n < g¥ — 1. The corresponding mapping for ¢-ary integers can be written by the

formula
L—-1

By(n) = Y 27 g (|n/¢’] (mod q)) .
=0
Now, for any a,b < ¢l — 1, wgt(p,(a) XOR ¢e(8)) = k implies

wgt (Pq(a) XOR @4(b)) = k - dg(a, d).-

From the point of view of effectiveness, the value of ¢ should be kept as small
as possible. _ )

The same problem can be translated to a problem with intersecting sets. For
this purpose, consider a set S consisting of ¢ elements:

S = {u1,ug,...,u}.
Consider also the binary representation of ¢4(a) as

9q(@) = (bi(a), ba(a),...., be(a))

for any a € Z,, pq(a) : Z, — Z&. :
Deﬁne the subsets Sy, Sa,...,5, of S as follows:

u; € Sq+1 if and only if b;(a) = 1.

To find a mapping ¢4(c) having the property (1) is equivalent to find a set S and
g subsets S1,S2,...,S5; C S such that the cardinality of the symmetric differences

SiAS; = (Sin S_J) U (Eﬂ S;)
is.constant for any pairs of S; and S;, provided i # j, where S; is used for S\
S; (1=1,2,...,q). ' '

For the system of sets S1,S52,...,S, with the property described above, the
following notices can be taken.

1. Consider the sets )
Ui = 514841

fori=0,...,¢ — 1. Now, we have Uy = @, and
Uil =k
for i = 1,.;.,q — 1. It is easy to see that U;AU; = SiASj, thus also |U;AU;| =k
holds. Clearly, |U;AU;| = |Us| + |U;| — 2|U; N Uj), consequently,
k
Uil = 5

for every i, > 1, i # j. From this, it also follows that k& must be even. So, we have
a k-uniform family Uj,...,Uy—1 on the t-element ground set S, such that any pair
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of sets shares the same number of elements. By using linear algebraic methods,
Bose [2] proved that t > ¢ — 1 for such set-systems. Later in the paper we show
that this bound can be achieved in some cases (cf. Examples 2, 3).

2. Assume now that t = g — 1. Ryser [7] showed that in this case every point in S
is contained in exactly k sets from Uy, ..., Us—). By doubly counting the triplets
(u,U;, Uy), where w € U; N Uj, i # 7, we get

(2)=("2)3

From this, we obtain ¢ = 2k. Since k is even, if ¢ is not divisible by 4, then £ > ¢
must hold. Obviously, this bound can be achieved in any case (cf. Example 1).

3. Suppose that g is divisible by 4. Let ¢ = 4\, k = 2\, where X is a positive
integer. What we want to find is a symmetric block design S)(2,2X,4X — 1), that
is, a 2A-uniform set-system Uy,...,Usrn—1 on a t = 4X — l-element ground set S,
such that every pair of sets has an intersection of size A. If we take the complement
sets V; = S\ U;, then

and V;NV; = S\ (U; UUj). Since |U; UU;| = Uil + |U;| — [U; N Uj| = 3A, we have
Vinvj|l=Xx-1

So, equivalently, we want to find a so-called Hadamard design Sx—_1(2,2X—1,4A—1).

It is known that such a system exists if and only if there is a Hadamard matrix

of order 4\. An Hadamard matriz of order m is an m x m matrix H with entries

{1, —1} such that its row vectors are orthogonal to each other, as well as its column

vectors, i.e., HHT = HTH = mlI. It is conjectured that there is an Hadamard
matrix of order 4\ for every positive integer A, and thus, we can have ¢t = ¢ — 1.

5 Examples

1. For arbitrary q > 2, we may choose t = ¢ and @,(a) = 2°.
Then, wgt (pq(a) XOR ¢,(8)) = 2 for a # S.
In the terminology of intersecting sets

S = {ul,ug,u;g}, S = {ul}, Sy = {UQ}, S3 = {U3}.

2. For ¢ =4, let t = 3 and p4(a) =0,3,5,6 for &« = 0,1, 2, 3, respectively.
Now, wgt (pa(a) XOR @4(8)) = 2 again for o # B.
In the terminology of intersecting sets

S = {u1,uz,u3}, S1 =0, So = {u1,uz}, S3 = {u1,us}, 84 = {uz,us}.
3. For ¢ = 2™*!, m > 1, the following recursion can be applied:

pamii (20— 1) = (27" +1) - oam (),
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pami1(20) = (277 = 1) - (pam (@) + 1).
In this case t = ¢ — 1 = 2™*! — 1 can be specified. The inequality

pam+1(a) < 22" -1 _ 1 for 0 <a<omtl_j

can be proved by induction. The multiplier ¥ assumes the value 2™.

6 Application of the method for checking the cov-
ering radius of codes

The methods described in the paper found an application in [4] for computing
the covering radii of a huge number of codes. This computation resulted in the
improvement of known lower bounds on the covering radii for several families of
codes. This way, general inequalities (sometimes equalities) were found for the
covering radii of an infinite number of codes; however, to obtain these results, a
finite (but very large) number of codes had to be considered and the covering radii
of more than 150 million codes were checked by using a computer.

This job could not have been completed within a reasonable time by applying
the direct method for the computation of the Hamming distance, i. e. by counting
the number of non-identical coordinates.

By using the weight function and the “exclusive or” operation, the check of
binary codes was completed 6-8 times faster than by the direct method. For ternary
and mixed ternary/binary codes, using the mapping ¢ and applying the weight
function for the transformed vectors resulted in an additional gain in the CPU
time. Thus, finally, the whole job of checking the covering radii of millions of codes
required about 30 days of CPU time (instead of 300 days or more, which would
have been required by applying the direct method).

Finally, we summarize the computational aspects of the method applied for the
case of a mixed ternary/binary Hamming space. The process of the method needs
three initial steps as follows:

1. We start with storing in two arrays the powers of 2 and 3 for exponents
0,1,... until these can be represented as long integers (arrays pow2 and
pow3).

2. The weights of binary integers are stored in another array wgt of long integers:

wgt(n) = Zs1gn n & pow2(j)).
320
3. The values of ®3(n) are stored also in an array of long integers:

L-1
‘I’g(n) = Z 93k + (|n/3%)) (mod 3).

k=0
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After these steps of initialization, the computation of Hamming distances is
done as follows.

For arbitrary words z, y of the mixed Hamming space Z3! @ Z32, these words
can be given as pairs consisting of a ternary and a binary integer:

z = (2, To), ¥ = (Yt, W)-.
Then, the Hamming distance ds »(z,y) is computed by using the formula

wgt(®(z;) XOR &(y))
2

ds2(z,y) = + wgt(zp, XOR ).
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The Recycled Kaplansky’s Game*

Andras Pluhér®

Abstract

Motivated by the Nine Men Morris game, the achievement or hypergraph
games can be prolonged in the following way. After placing a prescribed
number of stones, the players pick some of these up and replace again. We
study the effect of this recycling for the k-in-a-row game and some versions
of the Kaplansky’s game.

Keywords: positional games, achievement games, hypergraphs, Kaplansky.

1 Introduction and Results

A large number of combinatorial games were created from the earliest civilizations
up to now; the authors of 7} try the impossible task of introducing a fraction of
these. In a fascinating class of those, two players, I and II (later on M and B),
put marks or move pieces on a board, while the outcome of the game depends on
achieving certain geometrical configurations. The most prominent examples are the
ageless Tic-Tac-Toe, the Nine Men’s Morris, the Go-moku or its western variant,
the 5-in-a-row.

Plenty of interesting games are relatively young, such as the Hex, Bridgit, Shan-
non’s switching game or the Hales-Jewett games. In the case of the so-called po-
sitional or achievement games the rules can be unified. Given a finite or infinite
set X (the “board”), the players alternately take elements of X (by marking or
putting pieces onto it physically), and there is a fixed H C 2%, the winning sets.
A player wins by taking all the elements of a winning set first. For this sub-class
we have a rich and beautiful theory.

Sometimes the players take p and ¢ elements of X in turns, respectively. If
p # q, it is a biased game, otherwise it is called accelerated, see [4, 5, 6, 10, 11, 12].
Since I always wins or the game is a draw when p = g (see [7]), it also interesting
to consider the strong or Maker-Breaker version of a game. Here Maker (I) wins
by occupying a winning set, while Breaker (II) wins not by occupying such a set,
but preventing Maker of doing so.

*The author was partially supported by the OTKA Fund T34475.
tDepartment of Computer Science, University of Szeged, Arpéd tér 2, H-6720 Szeged, Hungary,
e-mail: pluhar@inf.u-szeged.hu
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However, this pattern does not fit for such games as the recently solved Connect-
4 or Nine Men’s Morris, see [1, 2]. In the first case the available moves are restricted,
while the whole static approach of the positional games is abandoned in the second.
We shall address the issue of the second one and make an attempt to capture the
idea of movements for a game. For an arbitrary positional game let us define the
rules of the recycled versions as follows. For a natural number n the players make
the first n steps as before; this is the first phase. Then, in the second phase, they just
make moves with some of their earlier placed pieces in turns, instead of introducing
new ones.

In order to investigate the effect of recycling, let us define some games. The
first is the well-known k-in-a-row game (k € N), which is played by the two play-
ers on the infinite (chess)board, or graph paper. They alternately put their own
marks to previously unmarked squares, and whoever gets k-consecutive marks first
(horizontally, vertically or diagonally) of his own, wins.

An interesting way to alter the k-in-a-row game is to relax the consecutiveness
condition. We shall call the game Li(p, 1;n) (or line game for short) for which:

1. I and IT mark p and 1 squares in every step, respectively.

2. I wins upon getting k, not necessary consecutive, marks in a line (horizontally,
vertically or diagonally), which is free of II's marks.

" 3. the game terminates after n steps:

"Then let RLi(p, 1;n) be the recycled version of Lg(p, 1;n).

Our third subject is the Kaplansky’s game, where the players put their marks
on the Euclidean plane. Here I wins achieving & marks on a line, provided IT
has no mark on that line. Now Kj(p,q) stands for the version in which I and IT
marks p and ¢ points, respectively. Let Ki(p, g;n) be the version which ends after
n round, and RK(p, ¢;n) be its recycled version. '

Before stating cur theorems, let us recall some earlier results on these games.

The recycled k-in-a-row (no matter when does the second phase start) turns
out to be easy, because the decomposition methods utilized in [7] still work, and
give the same bounds. That is even the Maker-Breaker version of the recycled
k-in-a-row game is a draw if k > 8.

Bounds for the games Lx(p,1;n) and RLi(1,1;n) are less obvious, we shall
prove:

Theorem 1. In the Maker-Breaker Ly(p,1;n) game, Breaker wins if k > plog, n+
plogy p+ 3p. On the other hand, Maker wins if p > 1 and k < clogyn for some
c>0.

Theorem 2. Breaker wins the Maker-Breaker RLi(1,1;n) game if k > 32log, n+
224.

In the version of Kleitman and Rothschild (see in [3]) I (II) wins by getting
k (l) points of a line while the opponent has none of that line, respectively. They
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prove that, given any k > 1, there is an [(k) such that II has a winning strategy
whenever { > [(k). Beck in [4] considers little different games; here I wins with k
points on a line, II with [, and I may mark p points on each turn, while I only
one per turn. Here I wins if | < ckplog(p+ 1), for some ¢ > 0. He has also shown
there exist C > ¢ > 0, such that in Ki(1,1;n): Maker wins if £ < clogyn and
Breaker wins if £ > Clog, n. For its recycled version we have the following result.

Theorem 3. Breaker wins the Maker-Breaker RKy(1,1;n) game if k > cn!/3.

2 Proofs

2.1 Weight functions

In the proof of the Theorems 1, 2 and 3 we heavily use the weight function method,
which was developed in [5] and developed in [6] and [8]. First let us recall some
earlier definitions and results.

A pair of (X, H) is called a hypergraph if H C 2X. If (X, H) is a hypergraph,
then a (p,q, H) — game (or simply hypergraph game) is a game in which I selects
p and IT select ¢ previously unselected elements of X. The first, who takes all
elements of an A € H, wins. A (p,q, H)-game has a so-called Maker-Breaker
version in which I wins taking an edges of the hypergraph any time. One of the
most important result on such games is the Erdds-Selfridge theorem; one of its
generalization is due to Jézsef Beck.

Theorem 4 ([5]). Breaker wins the (p,1,H) —game if ) ey =% < 3

In our cases this theorem cannot be applied directly, since the hypergraphs
involved are infinite, and it is not known if Theorem 4 holds for recycled games.
The following lemma is also due to Beck (see [5]). We repeat the proof in order to
see the properties of the used weight function. i

An edge A € H is active if Breaker has not taken any of its elements.

Lemma 1. Playing a (p,1, H) game, Breaker can assure that no active edge con-
tains more than p + plog, |H| elements taken by Maker.

Proof of Theorem 4. We may assume Maker starts the game. For any A € H let
Ag(M) and Ag(B) be the number of elements in A, after Makers kth move, selected
by Maker and Breaker, respectively. Now, for an A € H

MAx(M) if A, (B) =0 ¢
wi(A) = { 0 otherwise

where A > 0, and for any z € X let wx(z) = >_,c 4 wk(A). The numbers wi(A)
and wi(z) are called the weight of A and x (in the kth step), respectively. When
it does not cause confusion we may suppress the lower index.

Now selecting an element in the kth step Breaker uses the greedy algorithm, i.e.

chooses an unselected element y* € X of maximum weight. Let z5%!, .., zE+1 be
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the elements selected by Maker in the (k 4 1)st step and wx = Y,y wk(A) be
the total sum or potential. For k > 0, following inequality holds for the potential:

wi — wi(y*) + (AP — Dwi(y*) > wesr.

Indeed, wy decreases by wy(y*) upon selecting y“ The elements selected by I in the
(k + 1)st step cause the biggest increase if wy(zF*!) is maximal for 1 <! < p, and
for all A such that wy(A) # 0 we have z¥t1 € A iff 51 € A, 1 < I, m < p. Since
the increase in this case is just (AP — l)wk(y“), the inequality is proved. Setting
A =2VP we getwy > wiy1, k > 0, which justifies that wy is called potential.
Particularly wy < (A? —1)|H| + |H| < 2|H|. Since ¢ = 1 and the elements of
H are the same size, the inequality Y 4.5 27147 < 1/2 leads to the inequality
2|H| < 2l41/P. Assume that Maker wins the game in the kth step. This would imply
w > M4l = 2141/7 which contradicts the monotonicity of the potential. O

Proof of Lemma 1. Just take the logarithm of the inequality A4*(M) =, (4) <
wy < wy < 2|H| that holds for any active edge A € H. O

2.2 Proof of Theorem 1.

Let us recall that a line L means consecutive squares along an infinite line here
(horizontally, vertically or diagonally). Now we have infinitely many interacting
sets, so the weight function method does not seem to be helpful. The way to
overcome the difficulties is to change the definition of the weights. The price of
this is that the potential is no longer a decreasing function, but an increasing one.
However, we can control the growth, since the game lasts only n steps.

Let H be the set of all lines, and L;(M) and L;(B) the number of squares of
line L marked by Maker and Breaker after the jth step, respectively. Now the
weight function of L at the jth step:

w;(L) = ALs(M) if 1 (M) > 1 and Lj(B) =0
CAEA ¢ otherwise

where \ = 25.
For a square g,

is the weight of ¢, and
wy = ) wj(L)
LeH

is the total weight at the jth step.
Breaker applies the greedy selection. For the weight functions, similarly to the
proof of Theorem 4, we have

Yo win(Lizn) < Y wiLy).

Li(M)>1 LeH
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. On the other hand, in each step the number of lines whose weight becomes positive
is at most 4p, and the weight of such a line is no more than A? = 2. That is

wj+1 < wj +8p

holds for 0 < j < n, where wg = 0. That is if the line L is unblocked at step j
(i.e. Lj(B) =0) and L; = ¢ than

A* < 8pj & i < p(logy j +logy p + 3).

Since 0 < j < n, the first part of Theorem 1 follows.

The second part is fairly standard, we give just the sketch of its proof. In
fact, one (say vertical) winning direction is enough. Maker divides the game into
phases. For the sake of simplicity we omit-to write the integer parts. In the first
phase Maker places n{p — 1)/p element in a row. Call a column i-free if it contains
1 marks of Maker, but none of Breaker. At the end of the first phase the number of
1-free columns is at least n({(p—1)/p)2. In the ith phase Maker uses up n{(p—1/p))*
new mark, each is placed to an i — 1-free column. It is easy to check that Maker
can reach the ith phase if n((p — 1)/p)* > 1, and uses up at most n marks. That is
an i-free column appears if i < clog, n, where ¢'is about (log, p — log,(p — 1))~!.

2.3 Proof of Theorem 2.

Breaker divides the game into sub-phases. The first sub-phase is the first phase
of the game, then a sub-phase consists of n pair of moves. Defining the weight
function as before, but A = /2, Breaker places every second mark (the active
marks) according to the greedy strategy and deposits the others arbitrarily, i.e.
in reserve). It may happen that one of Breakers reserved marks is already on the
square g, which is to be occupied by an active mark of Breaker. In that case Breaker
places the new mark arbitrarily (sends it into reserve), and the mark on the square
q becomes active.

Considering only the effect of Breakers active marks, the game reduces to the
game Li(2,1,n). That is Lemma 1 applies, and for any line L if L;(M) = i and
L;i(B) =0, then i < 2(log,j +4)if 0< j < n. '

In the other sub-phases Breaker plays a fictitious game, and keeps the status
of his marks (active or reserved) strictly. The marks of Maker are indexed by the
numbers 1,2,...,n. At the beginning of a sub-phase Breaker cannot see Makers
marks, and in the jth step Makers new mark and the mark indexed by j become
visible for Breaker as new moves. (If Maker moved the jth mark, only one mark
becomes visible.)

However Breaker responds only in every second step, using the marks from the
reserve. {Breaker does nothing in the odd steps. If picking up a mark and putting
back to the same place is permitted, it is easy. If it is not, Breaker designates a
mark at the very beginning, which is neither active nor reserved, and moves this
mark arbitrarily in the odd steps.)
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Trying the previous greedy strategy another difficulty arises. Breaker may not
occupy the square ¢ of maximum weight because ¢ has been already taken (by one
of Makers invisible marks or one of Breakers own reserve). Then, Breaker blocks
the lines going through g, using four marks. (See a similar idea in [12].) Now,
looking only Makers visible marks, if for a line L, Lj(M) =i and L;(B) = 0 then
i < 16{log, j + 7), since after at most 16 moves of Makers, Breaker may reply, and
Theorem 1 applies.

By the end of a sub-phase Makers all marks become visible, and a line L, which
contain more than 16(log, 7 + 7) of them, is blocked by Breakers reserve. Finally,
. Breaker starts the next sub-phase renaming his marks, the active ones become
reserved and vice versa.

Since the active marks control the invisible marks during a sub-phase, if for
a line L the sum of visible and invisible marks of Maker on L is 4, and L is not
blocked (by the active marks or by the reserve), then ¢ < 32(log, n + 7). O

2.4 Proof of Theorem 3.

The most natural idea is to mimic the proof of Theorem 2.

Unfortunately it breaks down irreparably at the point where Breaker wants to
occupy, or at least block the point ¢, which is already taken. The problem is that
q can be the element of many lines, so Breaker cannot cancel the weight of ¢ by
using only constantly many points. :

To overcome this difficulty, we change the weight function and give a more
sophisticated analysis of it.

Let the weight of a line L after Maker jth move be

wy(L) = AL (M) 3 Li(M) > e1n'/3 and Lj(B) =0
AR otherwise

where A= +/2 and ¢; > 0 will be specified later.

As before, for a point z, w;(z) = X 1y .er wi(L) is the weight of z, and
w; = Y cp wi(L) is the total weight at the jth step.

However, Breaker uses not only the greedy strategy, the recycled point also
have to be designated. When Breaker removes a point y, the total weight function
may grow. It grows iff there is a line L containing y such that L;(M) > ¢;n!'/3
and L;j(B) = 1. Obviously the number of such points cannot be blgger than the
number of lines containing at least cynt/3 points of Maker. To estimate this, we
need a definition and a theorem of Szemerédi and Trotter.

An incidence of a point and a line is a pair (p, L), where p is a point, L is a line,
and p lies on L. '

Theorem 5 ([14]). Let I denote the number of incidences of a set on n points
and m lines. Then I < c(n+m + (nm)?/3).

Lét us note that Laszlé Székely published a new, more accessible proof of The-
. orem 5, see in [13].
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An easy corollary of Theorem 5 is that there is a constant cy such that the
number of lines containing at least k points of S is less than ¢zn?/k3 whenever
k < /n. 4

That is if ¢; > c;/ 3, then the number of lines containing at least cynl/3 points
of Maker is less than n. It means Breaker can always find a mark y such that its
removal does not affect the value of the total weight function. The steps of Maker
-and Breaker are z1,z3,...2; and y;1, yo, .. . ¥4, respectively.

As before, for the weight function we have

2 1/3 _,1/3
witz < wj — w;i(y;) — Wi1(Y5+1) +w5(T541) + wjpr(zTie1) + anm/\" AmTHL

- Here the term f(n) := %nz/ 3A7* 1 an"* bounds the growth caused by the
lines that of weight becoming positive in the jth and (j + 1)th steps. By the
argument of Theorem 4, w;(y;) > w;j(zj41) + w;j+1(Tj4+1), since A = v/2. We also
have w;41(y;j+1) > wj+1/n, since the number of positive weighted lines is less than
n, giving
wj

L4 f(n).

n

w2 < w; —

On the other hand, wj42 < wjt1 + f(n), or equivalently wjt1 > wjr2 — f(n).
That is the value of w;y2 is bounded, since if 5-71;*—‘ > f(n), and then we have
wj+2 < w;. From here one gets that w;s < (n+ 1)f(n). It means that if for a
line L, Lj12(M) = s and L;42(B) =0, then (n+1)f(n) > wjt2 > A°. Taking the
logarithm of both sides, s < 2log, wjy2 < 2n'/3, provided n is big enough. O

2.5 Remarks and Open Questions

As we have seen, there is a large gap between the logarithmic lower and O(n'/3)
upper bound what Maker can achieve in the recycled Kaplansky's game.

Question 1. Can the upper or lower bounds of Theorem & improved?

Even less is known about recycled hypergraph games in general. It is easy to
give example for which Breaker wins the first phase of the game, while Maker wins
the recycled version.

Question 2. Is there a hypergraph game won by Breaker, but Maker wins its re-
cycled version?

It is also interesting if the Erd&s-Selfridge theorem extends to the recycled
games.

Question 3. Isittrueif ),y 2-lAl+l <) then Breaker wins the recycled version
of the (X, H) game?

Acknowledgments. Many thanks to Jézsef Beck for the lots of help and encour-
agement. I would like to thank the useful advices of the unknown referee, too.
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Distance Functional Dependencies in the Presence
of Complex Values

Sebastian Link* and Klaus-Dieter Schewe*

Abstract

Distance functional dependencies (dFDs) have been introduced in the

context of the relational data model as a generalisation of error-robust func-
tional dependencies (erFDs). An erFD is a dependency that still holds, if
errors are introduced into a relation, which cause the violation of an original
functional dependency. A dFD with a distance d = 2e + 1 corresponds to
an erFD with at most e errors in each tuple. Recently, an axiomatisation of
dFDs has been obtained.
Database theory, however, does no longer deal only with flat relations. Mod-
ern data models such as the higher-order Entity-Relationship model (HERM),
object oriented datamodels (OODM), or the eXtensible Meakup Language
(XML) provide constructors for complex values such as finite sets, multisets
and lists. In this article, dFDs with complex values are investigated. Based
on a generalisation of the HAmming distance for tuples to complex values,
which exploits a lattice structure on subattributes, the major achievement is
a finite axiomatisation of the new class of dependencies. -
Keywords. functional dependencies, complex value data models, error-
robustness

1 Introduction

In [3] Demetrovics, Katona and Miklds introduced error-correcting keys in the
RDM and generalised them to error-correcting functional dependencies in [4]. In
both cases they studied the relationship of these dependencies to inclusion-free sets
of attributes and derived combinatorical results on the size of the elements in such
families. As these kinds of dependencies provide information about relations that is
stable under the introduction of errors, we prefer to talk of error-robust functional
dependencies (erFDs).

The work on error-robust functional dependencies is motivated by the fact that a
database user may be confronted with a relation that contains errors. It is presumed
that the user knows the structure of the relation schema, i.e. the attributes and

*Information Science Research Centre, Massey University, Private Bag 11222, Palmerston
North, New Zealand, [s.linklk.d.schewe]l@massey.ac.nz
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the dependencies. There are various reasons for such errors to occur. For instance,
a relation may have been transmitted through a noisy channel, so knowing about
erFDs may help to localise the errors.

On the other hand, errors may have been introduced deliberately in order to hide
and secure data. Then the knowledge about erFDs permits drawing conclusions
about the errors. So the study of erFDs may lead to results on how reliable the used
data hiding mechanism is. Another reason for an errornous relation may be that
the data has been spoiled deliberately. Analogously to the case of using a noisy
transmission channel the knowledge about erFDs may help to detect the errors.

In the conclusion of [4, p.92] the authors pose the question, whether erFDs in
the RDM can be characterised, i.e., finitely axiomatised. As already shown in [4,
Prop. 1.1} erFDs are subsumed by another class of dependencies, called distance
functional dependencies (dFDs), where the distance refers to the Hamming distance
of tuples projected to the left hand side of the dependency. More precisely, an erFD
for the case of at most e errors in each tuple corresponds to a dFD with a distance
of at most 2e + 1. A finite axiomatisation of distance functional dependencies
for the RDM including the more general case of disjunctive distance functional
dependencies was achieved in [8].

Over the last decade the major focus of database theory has shifted from the
relational data model to data models with complex values rather than just tuples.
Examples are the higher-order Entity-Relationship model (HERM, [11}), object ori-
ented datamodels (OODM, [10}), or most recently the eXtensible Meakup Language
(XML, [1]). A natural question is, whether the theory of functional dependencies
and distance functional dependencies can be carried over to these data models.
For FDs this problem was addressed in (5] for finite sets, then generalised in [7] to
capture sets, lists and multisets, and in [6] to capture sets and disjoint unions. In
all these cases a finite axiomatisation could be achieved.

The aim of this paper is to generalise the notion and finite axiomatisation of
error-robust functional dependencies. In Section 2 we summarise the results from
[8] on dFDs in the relational data model, excluding the disjunctions. The Section
3 we introduce vthe fundamentals of nested attributes, which capture the gist of
higher-order data models. We present some results from [7] that will be needed
in this article. Section 4 introduces distance functional dependencies on nested
attributes and a sound set of derivation rules for such dependenc1es Finally, the
completeness of this set of rules is proven.

2 Error-Robust Functional Dependencies in the
RDM

We assume familarity with fundamental definitions of the RDM and functional
dependencies in the RDM. One of many good sources is [9].

Suppose R is a relation schema and r, ' are R-relations. For e > 0 assume
that 7’ results from r by introducing at most e errors per tuple. For simplicity
neglect the case that 7’ has less elements than r, so that we can avoid considering
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multisets of tuples instead of sets. We say that r satisfies the e-error-robust func-
tional dependency (e-erFD) X — {e}Y with X,Y C R iff the introduction of errors
into 7 leading to 7’ would still allow to detect the functional dependency X — Y.
Formally, for any tuple ¢’ € r’ that corresponds to a tuple t € r there must not
exist two tuples t;,t3 € r, which both have a Hamming distance at most e from t,
such that ¢;[Y] # ¢2[Y] holds.

Recall that the Hamming distance of two tuples ¢; and ¢ (denoted as H(t1,t2))
is the number of attributes B, on which t;[B] # t2(B] holds.

Definition 1. Let X,Y C R and e > 0. An e-error-robust functional dependency
(e-erFD) is an expression X — {e}Y. An R-relation r satisfies X — {e}Y iff
for all R-relations r’ such that there is a bijection ¢ between the tuples t € r
and o(t) = t' € r’ with H(¢,t') < e and all tuples t1,t2 € 7, t' € 7' we have
Ht:1[X]),t'[X])) < e AH(t2]X]), t'[X]) < e = t1]Y] =to]Y].

Obviously, for tuples ti,ts € r with H(t1[X], t2[X]) > 2e + 1 we obtain t{[X] #
th[X], so these tuples cannot violate the functional dependency X — Y on 7.
Conversely, for tuples 1,2 € r with H(t;[X],22[X]) < 2e + 1 we may obtain
1 [X] = t4[X] in ', so that the tuples violate the functional dependency X — Y on
7’. Using this simple fact we obtain the following easy result (see [8], also compare
4, Prop. 1.1]).

Proposition 1. An R-relation r satisfies X — {e}Y if H(t1[X), t2[X]) < 2e+1 =
t1{Y] = t2[Y] holds for all tuples ti,t2 € 7.

As in [4, p.87] we take advantage of Proposition 1 to define another class of
dependencies, called d-distance functional dependencies, which will ease the task
of finding a finite axiomatisation.

Definition 2. Let X, Y C Rand d > 0. A d-distance functional dependency
(d-dFD) is an expression X — (d)Y. An R-relation » satisfies X — (d)Y iff we
have H(t1[X],t2[X]) < d = t1[Y] = t2[Y] for all tuples ¢y,t2 € 7.

As usual, we use the notation =, X — (d)Y, if r satisfies the dFD. If ¥ is a
set of dFDs, we say that ¥ implies X — (d)Y (notation: ¥ | X — (d)Y) iff each
relation r satisfying all dFDs in ¥ also satisfies X — (d)Y. We denote by ¥* the
semantic hull of ¥, i.e. the set of all dFDs implied by &, ie. Z* = {X —
()Y | TEX - (d)Y}. ‘

If we can find a finite, sound and complete set of rules and axioms that allows
us to derive £* out of £, then we also know how to obtain the semantic hull of a
set of erFDs. This follows from the following obvious corollary of Proposition 1.

Corollary 1. A relation r satisfies the erFD X — {e}Y iff r satisfies the dFD
X — (2e +1)Y. In particular, 0-erFDs correspond to 1-dFDs.

The main result on dFDs is the following theorem which was proven in a more
general form in [8]. Here we use again the standard notation whereby X,Y, Z, ...
denote attribute sets, A, B,C,... denote attributes or attribute sets with just one
attribute, and union is denoted by juxtaposition [9].
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Theorem 1. The following set R of arioms and rules is sound and complete for
the implication of dFDs in the RDM:

(i) the reflexivity aziom _)??(1)—)/ YCX
, (i) the weakening rule X_;»_()d_&-);)_Y
| (i%1)  the strengthening rule X—X_%); | X|<d
( zv) the union rule X= g?)z ( d))(Y; (@2
(v) the strong transitivity rule X= (d);(,_faglz_) ()2 | Y |< d
(vi) the left strengthening rule X-Ah— (;)i (d+X1);,A" - @Y =
{A1,..., A}
(vii)  the left weakening rule ))((j A(d_j. (Z))};, Ae X

3 An Algebra of Nested Attributes

In this section we define our model of nested attributes, which covers the gist of
higher-order datamodels including HERM, the OODM and XML. In particular, we
investigate the structure of the set S(X) of subattributes of a given nested attribute
X, which will give us a Brouwer algebra [6, 7).

3.1 Nested Attributes

We start with a definition of simple attributes and values for them.

Definition 3. A wuniverse is a finite set U together with domains (i.e. sets of
values) dom(A) for all A € U. The elements of U are called simple attributes.

For the relational model a universe was enough, as a relation schema could be
defined by a subset R C U. For higher-order datamodels, however, we need nested
attributes. In the following definition we use a set £ of labels, and tacitly assume
that the symbol A is neither a simple attribute nor alabel, i.e. A ¢ WUL, and that
simple attributes and labels are pairwise different, i.e. YN L = 0.

Definition 4. Let U be a universe and £ a set of labels. The set N of nested
attributes (over U and L) is the smallest set with A € M, Y C N, and satisfying
the following properties: i
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e for X € L and X],..., X, € N we have X(X1,..., X)) eN;
e for X € £ and X’ € N we have X{X'} e N, X[X']| € N, and X(X') e N.

We call A a null attribute, X(X{,...,X}) a record attribute, X{X'} a set at-
tribute, X [X'] a list attribute, and X (X') a multiset attribute. As record, set, list
and multiset attributes have a unique leading label, say X, we often write simply
X to denote the attribute.

We can now extend the association dom from simple to nested attributes, i.e.
for each X € N we will define a set of values dom(X).

Definition 5. For each nested attribute X € N we get a domain dom(X) as
follows:

o dom(N\) ={T}

o dom(X(X{,...,X})) = {(X1 : v1,..., X : vs) | vi € dom(X]) fori =
1,...,n} with labels X; for the attributes X7;

e dom(X{X'}) = {{v1,...,vn} | vi € dom(X") fori = 1,...,n}, i.e. each
element in dom (X {X’}) is a finite set with elements in dom(X’);

e dom(X[X']) = {{v1,-.-,vn] | vi € dom(X') fori = 1,...,n}, i.e. each ele-
ment in dom(X{X']} is a finite list with elements in dom(X");

o dom(X{X")) = {{v1,...,vn) | v; € dom(X') fori = 1,...,n}, i.e. each
element in dom(X (X'}) is a finite multiset with elements in dom(X").

Note that the relational model is covered, if only the tuple constructor is used.
Thus, instead of a relation schema R we will now consider a nested attribute X,
assuming that the universe i and the set of labels £ are fixed. Instead of an
R-relation r we will consider a finite set r C dom(X).

3.2 Subattributes

In the dependency theory for the relational model we exploited projections on
subsets X of a relation schema R. These are just special cases of projections on
subattributes. Therefore, we will define a partial order > on N. However, this
partial order will be defined on equivalence classes of attributes. We will identify
nested attributes, if we can identify their domains.

Definition 6. = is the smallest equivalence relation on N satisfying the following
properties:

e ) =X();
o X(X{,...,X)=X(X1{,..., X}, \);

o X(X1,...,X})= X(X(’,(l), . .-.,Xc’,(n)) for any permutation o;
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o X(X{,..., X} )=X(11,...,.Y,) it X/=Y,foralli=1,...,n
e X{X}1=X{Y}iff X'=

e X[ X'=X[Y]if X' =Y

s X(XY=X{Y)IfX' =Y

Basically, the equivalence definition states that A in record attributes can be
added or removed, and that order in record and union attributes does not matter.

In the following we identify N with the set A'/= of equivalence classes. In
particular, we will write = instead of =, and in the following definition we should
say that Y is a subattribute of X iff X >Y holds forsome X =X andY = Y.

Definition 7. For X,Y € N wesay that Y isa subattmbute of X,if X>Y holds
where > is the smallest partial order on A satisfying the followmg properties:

e X >\forall X e N,

e X(N,...,Yn) > X(Xa(l),...,X;(m)) for some injective o : {1,...,m} —
{1,...,n} and Y, ;) > X o foralli=1,...,m;

e X{Y}>X{X}if Y > X',
o X[Y]> X[Xiff Y > X/
e X(Y)> X(X"Viff Y > X'.

Obviously, X > Y induces a projection map 7 : dom(X) — dom( ). For
X =Y wehave X > Y and Y > X and the prOJectlon maps 73 and 7% are
inverse to each other.

We use the notation S(X) = {Z € N | X > Z} to denote the set of subattributes
of a nested attribute, X. It has been shown that S(X) carries the structure of a
Brouwer algebra (5, 6, 7].

Proposition 2. The set S(X) of subattributes carries the structure of a Brouwer
‘algebra, i.e. it is a distributive lattice with a meet-operation M, a join-operation
U, a smallest element A\, o largest element X, and relative pseudo-complements
Y~Z=I{U|UuY > Z}.

Figure 1 as an example shows the Brouwer algebra S(X (X;{A}, X,[B])).

3.3 1Ideals of Subattributes

We are dealing with several constructors for complex values at the same time. In
order to cope with the problems arising from this fact, we need some additional
notions that we will define in this subsection. '

For the derivation rules for functional dependencies we need a notion of when
two subattributes are “nearly disjoint”. This property is called semi-disjointness.
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X (X1{A}, Xo[B])
X (X1{A}, X5[A]) X (X1{A}, X2(B])
X(X:1{A}) X (X1{A}, X2[A]) X (Xo[B))
X(X1{Ah) X (X2[A)

A

Figure 1: The lattice S(X(X1{A}, X2(B]))

Definition 8. Two subattributes Y, Z € §(X) are called semi-disjoint iff one of
the following holds:

BHY>2ZorZ2>2Y;

() X = X(X1,...,Xn), Y = X(Y1,....Ya), Z = X(24,...,2,) and Y}, Z; €
S(X;) are semi-disjoint for alli =1,...,n; .

(iii) X = X[X'], Y =X{[Y'], Z=X[Z'|and Y', Z' € §(X') are semi-disjoint.

For the soundness proof in the next section we will need the following simple
fact about projections to semi-disjoint attributes.

Lemma 1. Let t1,t2 € dom(X) for some nested attribute X € N such that
7 (81) = 7k (t2) and 7% (t1) = 7% (t2) hold for semi-disjoint subattributes Y,Z €
S(X). Then also w5 (t1) = i, (t2) holds.

Proof. We use induction on X to show w5 (t1) = m{5,z(t2). The cases X = A
and X = A (i.e. a simple attribute) are trivial. There is also nothing to show for
Y>ZorZ>Y,asinthese casesY UZ isoneof Y or Z.

For X = X(Xi,...,X,), semi-disjoint ¥ = X(Yi,...,Y;) and Z =
X(Zy,...,2Zy), and t; = (X1 : tj1,...,Xn : tjn) (J = 1,2) we have ﬂ‘)/(:(tl,;) =
7!'))/(: (t2:) and wé‘ (t1;) = 71'%(: (t2:), and Y;, Z; are semi-disjoint for all 1 =1,...,n.
By induction 73}t (t1:) = 75t 5 (t2:), which implies w7 (t1) = 7,7 (t2)-

For X = X[X’] and semi-disjoint Y = X[Y’] and Z = X[Z], the subattributes
Y’ and Z' of X’ are also semi-disjoint. Furthermore, for t; = [t;1,...,tjn,;] (j = 1,2)
we must have n; = ny and 7l (t1x) = 7 (tax) and 7 (tix) = 7% (tax) for
all k = 1,...,n;. By induction we get also W})f,luz,(tlk) = w})ffuz,(tzk) for all
k=1,...,n,ie 7, 5(t1) = n, z(t2). ' : a
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As S(X) is a lattice, it makes sense to investigate ideals and filters. The fol-
lowing notion of an HL-ideal will be central for the completeness proof in the next
section.

Definition 9. Let X € N. An HL-ideal on §(X) is a subset F C S(X) with the
following properties:

(i) reF;
(i) f Y € Fand Z € S(X) withY > Z, then Z € F;
(ii) if Y, Z € F are semi-disjoint, then Y UZ € F.

The key step in the completeness proof for dFDs in the RDM in [8] consists in
the construction of a relation with exactly two tuples, which coincide exactly on a
given set of attributes. While this is trivial for the RDM, the presence of complex
values requires a similar result. However, instead of a set of attributes we now have
to deal with an HL-ideal. This result — denoted Central Lemma in {6] — provides
the major difficulty for the axiomatisation of functional dependencies in [5], [7] and
(6].

The following theorem states this result for the case that we deal with records,
lists, sets and multisets. The non-trivial lengthy proof is contained in [7].

Theorem 2. Let X € N and F be an HL-ideal on S(X). Then there exist
t1,t2 € dom(X) with W))/((tl) = Wl)/((tg) iffY € F.

4 Distance Functional Dependencies on Nested
Attributes

Our major goal is to generalise Theorem 1 to dFDs on nested attributes. Therefore,
we first have to generalise FDs and dFDs to this case. For the latter ones the major
difficulty is to define a generalisation of the Hamming distance for complex values.

4.1 A Generalised Distance Function on Complex Values

Let us first define ordinary functional dependencies. As a set of attributes in the
RDM corresponds to a single record attribute, the first idea is to replace sets of
attributes by a single subattribute. While this is sufficient for records and lists, it is
not a good idea for sets and multisets. The reason is that the well known extension
rule in Armstrong’s axiomatisation for FDs in the RDM does not generalise in this
- way [5]. Therefore, we have to consider sets of subattributes instead.

Definition 10. Let X € N. A functional dependency (FD) on S(X) is an expres-
sion Y — Z with ), Z C §(X).

Let r be an instance of X. We say that r satisfies the FD Y — Z on S§(X)
(notation: 7 = Y — Z) iff for all t1,t2 € r with wf (t1) = 7 (t2) forallY € Y we
also have w¥ (t1) = 73 (t2) for all Z € Z. ’
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Now recall, that the difference between a FD and a dFD in the RDM was
that we replaced the equality on the left hand side by a bound on the Hamming
distance bewtwen two tuples with the distance d = 1 corresponding to the case of
an ordinary FD. The Hamming distance counts the number of attributes, on which
two tuples differ. These attributes form some kind of a “basis” in the sense that
each subset of a relation schema can be constructed as a union of singleton sets
containing just one attribute.

In order to generalise the distance notion to complex values, we therefore need
a basis made of subattributes.

Definition 11. Let X € N. The subattribute basis of X is the smallest subset

B(X) C S(X) such that each Y € §(X) can be written in the formY = || Y’
. Y'eBy
for some By C B(X).

The subattribute basis of a simple record attribute would just give us the simple
attributes. Therefore, considering the subattribute basis suggests to be a good
choice to replace the set of attributes in the definition of the distance function.
However, in order to cope properly with sets ans multisets, we need to close B(X)
under the join of attributes that are not semi-disjoint.

Definition 12. Let X € N. The Hamming basis of X is the smallest subset
C(X) € S(X) with B(X) C C(X) such that for all non-semi-disjoint Y, Z € C(X)
we also have Y U Z € C(X).

The following is an easy implication of Lemma 1.

Lemma 2. Let t1,t2 € dom(X) for some nested attribute X and Y € X. If
7% (t1) = 75 (t2) holds for all Y’ € C(Y), then also w3 (t1) = mis (t2) holds.

Proof. According to the definition of the subattribute basis B(X) and the Hamming
basis C(X) we can write Y in the form ¥ = || Y for some subset Cy C C(X).

Y'eCy
By definition the elements in Cy are pairwise semi-disjoint. As ¢; and t2 coincide
on all elements of Cy, the also coincide on ¥ by Lemma 1. a

Now we can use the Hamming basis of X to define the distance of two complex
values t;,%3 € dom(X). '

Definition 13. Let X € AV and t;,t2 € dom(X). The Hamming distance H(t1,t2)
between t) and t is defined as H(t1,t2) = {Y € C(X) | nff (t1) # n¥ (t2)}|, i-e. as
the number of subattributes in the Hamming basis, on which ¢; and t5 differ.

This leads us straightforward to the generalisation of dFDs on a nested attribute.

Definition 14. Let X € N be a nested attribute and d > 1. A d-distance
functional dependency (dFD) on S(X) is an expression of the form Y — (d)Z with
Y, Z ¢ S(X).

Let r be an instance of X. We say that r satisfies the dFD Y — (d)Z on S(X)
(notation: 7 = Y — (d)Z) iff for all t1,ts € 7 with H(w¥ (¢1), 7 (£2)) < d for all
Y € Y we also have 73 (t1) = 73 (t2) forall Z € Z.
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As before, we use = to denote implication of dFDs and ©* to denote the se-
mantic hull of a set & of dFDs.

412 Sound Derivation Rules

Using the definitions from the last subsection we will show now that derivation
rules similar to the ones in Theorem 1 are sound for the implication of dFDs on
nested attributes. Before we can define this set of derivation rules, we need a few
more notation.

ForY e Y CS(X)let | Y = {Y'|Y’ maximal with Y > Y’}. Furthermore,
fY = {V,...,Y}, write | Y = {{Y],....¥} | Y/ €| Yiforoneiand Y] =
Y; for all j # ¢}. In particular we have a mapping Y; — Y] and we can define k; =
IC(Y3)| — |C(Y{)|. We use this to define k(V,)’) = max k; for V' = {Y{,..., Y/} €l
y. R

Theorem 3. Let X € N be a nested attribute. The following rules are sound for
the implication of dFDs on S(X):

reflexivity ariom: m ZC)y (1)
lambda aziom: m (2)
subattribute ariom: m Y>27 3)
join ariom: Y2 S Y 0Z) Y, Z semi-disjoint (4)
. . ) Y- (d + I)Z
weakening rule: o @E (5)
N Y- @z
_strengthening rule: Yo @+12 max{|C(Y)||Y € Y} < d (6)
union. rule: Yo @2 Yo @ @
’ V- (d)Z U2,
' L Yo (@2 ZuZ S (U N
strong transitivity rule: ] max{|C(Z)||Y € 2’} < d
(8)
left strengthening rule: » Y5 @2 (9)
for 1Y ={1,....0m} and k; = k(Y, V)
left weakening rule: y:—(d—-Hc—)—Z- VeV, k=kD)Y) (10)

YV - (d)Z
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Proof. In the following let r be an instance of X, i.e. » C dom(X). The soundness
of the weakening rule (5) is obvious.

For the soundness of the reflexivity axiom (1) let ¢1,t2 € r with
H(7f (t1),7¥ (t2)) < 1 for all Y € Y. That is, ¢t; and t, coincide on all subat-
tributes in C(Y) for all Y € J. As Z C Y holds, they must also coincide on all
subattributes in C(Z) for all Z € 2.

The soundness of the lambda-axiom (2) is obvious, as any t;,t2 € r coincide on
A

If t; and to coincide on all subattributes in C(Y'), they also coincide on Y by
Lemma 2, and as Y > Z, they must also coincide on Z, which proves the soundness
of the subattribute-axiom (3).

Similarly, H(n (t1), 755 (t2)) < 1 and H(w3 (t1), 7% (t2)) < 1 implies that ¢,
and t3 coincide on all subattributes in C(Y') U C(Z). By Lemma 2 they must also
coincide on Y and Z. As Y, Z are semi-disjoint, we obtain n{f 5 (t1) = 7{, z(t2)
by Lemma 1, which proves the soundness of the join-axiom (4).

For the soundness of the strengthening rule (6) take tl,tz € r with
H(@E (), mg (t2)) < d+1forall Y € Y. As H(nE(t1), 75 (t2)) < [C(Y)| < d
for all Y € ), the premise implies 73 (t1) = 73 (¢2) for all Z € Z as claimed.

For the soundness of the union rule (7) take t1,¢> € r with H(mi (1), 73 (t2)) <
d for all Y € Y. The premises of the rule imply 7% (t1) = 73 (¢2) for all Z € Z;
(j = 1,2), which trivially implies 7 (t;) = 7% (t2) for all Z € Z; U Z,.

In order to prove the soundness of the strong transitivity rule (8) take again
t1,t2 € r with ’H(7ry (t1),m¥ (t2)) < d for all Y € Y. The first premlse of the rule
implies 7% (t1) = 75 (t2) for all Z € Z. For Z' € 2’ we have H(ny, (t1), 75 (t2)) <
|C(2")| < d'. Hence H(r% (t1), 7"z X(t3)) < d for all Z € ZUZ'. The second premise
of the rule gives the desired n{ (t1) = ={} (t2) for all U € U.

Now take again t1,ty € r with H(m{¥ (t1), 75 (t2)) < d for all Y € Y. Unless
7 (t1) = 7 (t2) there must exist some Y; €] Y with H(x{, (t1), 7 (t2)) < d — k;
for all Y’ € Y;, and we can apply the corresponding premise of the left strengthening
rule (9) to conclude 7% (¢1) = 73 (t2) for all Z € Z, which proves the soundness of
this rule. _

Finally, for the soundness of the left weakening rule (10) take again t;,tg € 7
with H (s (t1), 735 (t2)) < d for all Y’ € J'. Hence, H(WY (t1), 7ry £(t2)) <d+1 for
allY € Y. Applying the premise of the rule leads to 73 (t1) = n% (t2) forall Z € Z
as claimed. a

4.3 Completeness

As usual, given a set of axioms and rules R, and a set £ of dF'Ds, we let £+ denote
the syntactic hull of I, i.e. the set of all dFDs that can be derived from ¥ using the
axioms and rules in RR. In the following we take R as the axioms and rules from
Theorem 3. This theorem already states the soundness of R, i.e. £+ C T*.

A set of axioms and rules is called complete iff £* C Lt holds. Our final goal
is to show the completeness of the rules in fR. Theorem 2 will turn out to be the
key for the completeness proof in this section.
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Theorem 4. The set R of axioms and rules from Theorem 8 is complete for the
tmplication of dFDs on nested attributes.

Proof. Let X € N be a nested attribute, and let © denote a set of dFDs on S(X).
In order to show Z* C ¥ let Y — (d)Z ¢ =F.

Let d be minimal with this property. Then, according to rule (6) we can assume
that |C(Y)| > d—1 for at least one Y € Y. Otherwise, we would have max{|C(Y)] |
Y € Y} <d—1. As d is minimal, we have Y — (d — 1)Z € £, and applying the
strengthening rule (6) would result in the contradiction Y — (d)Z € T*.

Due to the union rule (7) there must be some Z € £ with Y — (d){Z} ¢ =*.
Then, applying the left strengthening rule (9) k times with & < d — 1 — which is
possible, IC(Y)| > d —1 for at least one Y € Y — we find some Y’ €]* ¥ with

— (1){Z} ¢ =*.

Now take V'V = {U | ¥ = (1){U} € £t}, s0 Z ¢ y'+ but due to the
reflexivity axiom (1) we have Y’ C Y'T.

Obviously, due to the lambda axiom (2), the subattribute axiom (3) and the
join axiom (4) Y'* is an HL-ideal in the Brouwer algebra S(X). Applying Theorem
2 to V't we obtain an instance r = {t1,%2} such that 7 (t1) = 77} (t2) holds iff
Uey™. :

Hence, r & V' — (1){Z}, and applying the sound left weakening rule (10) k
" times we obtain r f£ Y — (d){Z}. From the soundness of the reflexivity axiom (1)
we further obtain r & ) — (d)Z.

We now show 7 = X. Solet U — (d')V € . We consider two cases:

(i) Assume max{|C(U)| | U € U} < d’. Due to the lambda rule (2) we have
V' — (1){\} € *. Using the strong tran51t1v1ty rule (8) with 2’ = U, we
obtain y’ (l)V € £+, hence ¥V C Y'*. Due to the construction of r we
obtain 7 (t1) = iy (t2) for all V € V, which shows r = U — (d')V.

(i) Next assume max{|C(U)| |U € U} > d’. We show r =U' — (1)V, whenever
U el¥ U with k' <d —1, and U’ — (1)V € T results from applying the
left weakening rule (10) &’ times.

Then the soundness of the left strengthening rule (9) implies r = U — (d')V
as desired.

We distinguish again two subcases:

(a) IfU' € V'F, we have nff,(t1) # 7{% (t2) for at least one U’ € U’, which
immediately implies r = U’ — (1)V. ‘

(b) Ifu’ € V't wehave Y’ — (1){U’} € £t for all U’ € U'. Using the union
rule (7) we conclude }' — (1)U’ € T+, and further ' — (1)V € =+ by
applying the strong transitivity rule (8).

Hence ¥V C V', which implies 7 |= U’ — (1)V as desired.

Nowr = Z* but r Y — (d)Z. Hence Y — (d)Z ¢ *, which completes the
proof. O
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5 Conclusion

In this article we presented a finite axiomatisation of distance functional depen-
dencies on nested attributes. This result generalises a corresponding result for the
RDM that was achieved (in a more general form) in (8].

The major tasks to solve this problem were generalising the Hamming distance
from tuples to arbitrary complex values, and constructing values that coincide
exactly on a given ideal of subattributes. The latter problem was solved in [7] with
solutions to a subcase contained in [5].

For the generalisation of the Hamming distance we used the “Hamming basm ,
which results from the subattribute basis by adding the joins of all non-semi-disjoint
subattributes. This preserves the Hamming distance on flat tuples as a special
case. That is, the new Hamming distance counts the number of subattributes in
the Hamming basis, on which two values differ.

Alternatively, we could have chosen all subattributes instead of just those in the
Hamming basis. Looking through the proofs in this article, this would not have
affected the finite axiomatisation. However, we would have obtained a distance
function with significant jumps.

We might still feel that the new distance function is still too coarse, as it cannot
express counting. For instance, two sets with elements in the domain of a simple
attribute either have distance 0, i.e. they are equal, or 1, i.e. they are different but
both non-empty, or 2, i.e. they are different and one of thre sets is empty. However,
the same problem appears already with functional dependencies, and thus, has to
be solved in a larger context.
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Some Problems Related to Keys and the
Boyce-Codd Normal Form

Vu Duc Thi* and Nguyen Hoang Sonf

Abstract

The aim of this paper is to investigate the connections between minimal
keys and antikeys for special Sperner-systems by hypergraphs. The Boyce-
Codd normal form and some related problems are also studied in this paper.

1 Introduction

In the relational datamodel, one of the important concepts is the functional de-
pendency. Several types of families of functional dependencies which satisfy some
conditions are known under the name of normal forms (NFs). The most desirable
NF is Boyce-Codd NF (BCNF) that has been investigated in a lot of papers (see
[2, 8, 9, 10]). The minimal keys and set of antikeys are interesting concepts in the
relational datamodel (see, e.g., {11, 12]). A set of minimal keys and set of antikeys
form Sperner-systems. Sperner-systems and sets of minimal keys are equivalent in
the sense that for an arbitrary Sperner-system K a family of functional dependen-
cies F' can be constructed so that the minimal keys of F' are exactly the elements
of K (see [5)).

Hypergraph theory (see, e.g., [3]) is an important subfield of discrete mathe-
matics with many relevant applications in both theoretical and applied computer
science. The transversal and the minimal transversal of a hypergraph are important
concepts in this theory, on one hand.

The paper is structured as follows: in the second section, some necessary defi-
nitions and results about hypergraph theory are given..

In Section 3, transformations of the notions and the results of Section 2 con-
cerning hypergraphs to relational databases are shown. We prove that the set of all
prime attributes is the set of all independent attributes of a given relation scheme.
We give an effective algorithm finding a BCNF relation r such that » represents a
given BCNF relation scheme s (i.e., K, = K, where K, and K, are sets of all min-
imal keys of r and s). We aslo give an effective algorithm which from a given BCNF

*Institute of Information Technology, National Centre for Natural Science and Technology of
Vietnam, 18 Hoang Quoc Viet, Hanoi, Vietnam
tDepartment of Mathematics, College of Sciences, Hue University, Vietnam
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relation  finds a BCNF relation scheme s such that K, = K,. Section 4, we study
the connections between minimal keys and antikeys for special Sperner-system by
hypergraphs.

2 ‘Basic definitions and results

In this section we start with some basic definitions and results on hypergraphs.

Definition 2.1. Let R be a nonempty finite set and put P(R) for the family of
all subsets of R (its power set). The family H = {E; : E; € P(R),i =1,...,m} is
called a hypergraph over R if E; # O holds for all i (in [3] it is required that the
union of E;s is R, in this paper we do not require this).

The elements of R are called vertices, and the sets Eq, ..., E,, the edges of the
hypergraph H.

A hypergraph H is called simple if it satisfies VE;,E; € H: E; C E; = E; = E;.
It can be seen that simple hypergraphs are Sperner-systems.

One can see easily that the family m(H) = (E; e H: BE; e H: E; C E;} isa
sim.ple hypergraph, and that m(H) is uniquely determined by H.

Definition 2.2. Let H be a hypergraph over R. A set T C R is called a transversal
of H (sometimes it is called hitting set) if it meets all edges of M, i.e., VE € H :
TNE #0. Denote by Trs(H) the family of all transversals of H. A transversal T
of H is called minimal if no proper subset T' of T is a transversal.

The family of all minimal transversals of H called the transversal hypergraph
of H, and denoted by Tr(H). Clearly, Tr(H) is a simple hypergraph.
~The following algorithm finds the family of all minimal transversals of a given
hypergraph (by induction).
Algorithm 2.1. (Demetrovics and Thi [7]).
Input: Let H = {E, ..., E;,} be a hypergraph over R.
Output: Tr(H).
Method: - :
Step 0: We set Ly := {{a} : @ € E1}. It is obvious that L, = Tr({E1}).
Step q+1: (g < m) Assume that

Ly=S,U{B1, ... B},

where B;\Egy1 =0,i=1,..,t,and §, = {A€ Ly : ANE 4, # 0}.

For each i (i = 1, ...,t,) constructs the set {B; U {b} : b € Eg41}. Denote them
by A}, ..., AL (i=1,..,t,). Let :

Lot =S,U{A}: A€S, = A¢ AL, 1<i<t,1<p<n}.

Theorem 2.1. (Demetrovics and Thi [7]). For every ¢ (1 < ¢ < m) Lg =
Tr({E:,-.., Eq}), t.e., Lm = Tr(H). :



Some Problems Related to Keys and the Boyce-Codd Normal Form 475

It can be seen that the determination of T'7(H) based on our algorithm does
not depend on the order of E, ..., E,,.

Remark 2.1. (Demetrovics and Thi [7]). Denote L, = S, U {By,..., B}, and
(1 £ ¢ £ m — 1) be the number of elements of L. It can be seen that the
worst-case time complexity of our algorithm is

m—-1
O(|RJ? Z tquq),
g=0
where lgo =tp =1 and

[l =ty iflg >ty
Y= 1, if Iy = t,.

Clearly, in each step of our algorithm L, is a simple hypergraph. It is known
that the size of arbitrary simple hypergraph over R cannot be greater than C’.,[,"/ 2],
where n = |R|. CI? is asymptotically equal to 2°*+1/2/(m.n)!/2. From this, the
worst-case time complexity of our algorithm cannot be more than exponential in the
number of attributes. In cases for which l; < l,(g =1,...,m — 1), it is easy to see
that the time complexity of our algorithm is not greater than O(|R|?|H||Tr(H)|?).
Thus, in these cases this algorithm finds T'7(H) in polynomial time in |R|,|H| and
|Tr(H)|. Obviously, if the number of elements of H is small, then this algorithm is
very effective. It only requires polynomial time in |R)|.

The above algorithm reminds that in [3], but its form seems to be more conve-
nient for our applications.

The following proposition is obvious.

Proposition 2.1. (Demetrovics and Thi [7]). The time complezity of finding
“Tr(H) of a given hypergraph H is (in general) exponential in the number of el-
ements of R. :

Proposition 2.1 is still true for a simple hypergraph.

However, if we restrict the number of edges of a hypergraph, then the time
complexity of finding Tr(H) of a given hypergraph H.is polynomial time.
Algorithm 2.2. :

Input: Let H = {E, ..., Ex} be a simple hypergraph over R, where k is a constant.
Output: Tr(H).

Method:

Step 1: We construct the set

Gg={{e1}U..U{ex}:€i € E;,1 <i<k}.

Step 2. Compute
m(g) = {Ei e€eg :,BEj € Q:Ej C Ei}.
Step & Let Tr(H) = m(G).



476 Vu Duc Thi and Nguyen Hoang Son

It is obvious that m(G) = Tr(H). Furthermore, ¢ 2 Tr(H), and |G| < |R}*.
Hence, in this case Algorithm 2.2 finds Tr(H) in polynomial time. Clearly, if k is
small,-then our algorithm is very effective.

Definition 2.3. Let R be a set and R’_Q R a subset of it. Then R denotes R—R'.
Let H be a hypergraph over R. Then H = {E : E € H} is called the comlemented
hypergraph of H.

It is known [3] that if H is a hypergraph, then H= H, and H is simple iff H is
simple.

3 Boyce-Codd normal form and transversals

Definition 3.1. Let R = {a1,...,an} be a nonempty finite set of attributes. A
functional dependency (FD) is o statement of form X — Y, where X,Y C R. The
FD X —Y holds in a relation v = {hq,...,hm} over R if

(Vhi, h; € )((Va € X)(hi(a) = hj(a)) = (Vb € Y)(ha(B) = hy(0))).

We also say that r satisfies the FD X — Y.

Let F;, be a family of all FDs that holds in 7. Then F = F, satisfies
"(F1) X - X e F,

(F2) X - YeFRY—>ZeF)=(X->ZeF),

FHRX-2YeFRXCVWCY)=(VoWEF),

F) (X Y eFV-oWeF)=> (XUV->YUWEeF).

.A family of FDs satisfying (F1) - (F4) is called a f-family over R.

Clearly, F; is a f-family over R. It is known [1] that if F' is an arbitrary f-family,
then there is a relation r over R such that F.=F.

Given a family F' of FDs over R, there exists a unique minimal f-family F*
that contains F. It can be seen that F'* contains all FDs ‘which can be derived
from F by the rules (F1) - (F4). ‘

A relation scheme s is a pair (R, F), where R is a set of attributes, and F is
a set of FDs over R. Denote X* = {a € R: X — {a} € F*}. X* is called the
closure of X over s. It is clear that, X - Y e Ftif Y C X ™.

Clearly, if s = (R, F) is a relation scheme, then there is a relation r over R such
that F,. = F* (see, [1]).

Let 7 be a relation, s = (R, F') be a relation scheme over R and A C R. Then
Aisakeyof r (a key of s) if A— Re€ F,(A— R € F%). Ais a minimal key of
r(s) if A is a key of r(s) and any proper subset of A is not a key of r(s).

Denote K,.(K) the set of all minimal keys of r(s). It can be seen that K, K,
are simple hypergraphs over R.

Definition 3.2. Let s = (R, F) be a relation scheme over R. We say that
an attribute a € R is prime if it belongs to a minimal key of s, and nonprime
otherwise.s = (R, F) is in BCNF if A — {a} € F* for AT # R,a & A.
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If a relation scheme is changed to a relation we have the definition of BCNF for
relation. 4

Let s be a relation scheme and r a relation over R. We say that r represents s
if K, = K.

Definition 3.3. Let r be a relation over R, and E, the equality set of r, i.e.
E., ={Ej; :1 < i< j<|rl}, where E;; = {a € R : hi(a) = hj(a)}. Let
T, ={Eij € E. :2Epq € E, : E;j C Epq}. Then T, is called the marimal equality
system of T. ‘

Definition 3.4. Let K be a simple hypergraph over R. We define the set of antikeys
of K, denoted by K1, as follows:

' {ACR:(BeEK)= (BZA) and (AC C) = (3B € K)(B C C)}.

It is easy to see that K~! is also a simple hypergraph over R.

In this paper, we always assume that if a simple hypergraph plays the role of
the set of minimal keys (antikeys), then this simple hypergraph is not empty (does
not contain R).

Definition 3.5. Let s = (R, F) be a relation scheme and r a relation over R. For

every A C R, set I(A) = {a € R: A — {a} ¢ Ft}. Then I(A) is called an

independent set of s. Forr, put I(A) ={a € R: A — {a} ¢ F.}. Denote by I the
" family of all independent sets of s. : '

Set m(s)={Be€l;:B#0, AC € I, : C C B}. m(s) is called the family of all
minimal independent sets of s. Clearly, m(s) is a simple hypergraph over R.

It can be seen that A is a key of s if and only if I(A) =

Denote by I, and m(r) the family of all independent sets and the family of all
minimal independent sets of r.

The following result was discovered in [7].

Theorem 3.1. (Demetrovics and Thi [7]). Let s = (R, F) be a relation scheme
over R. Then
Tr(K,s) = m(s).

It is known [3] that if H, G are two simple hypergraphs over R, then H = Tr(G)
if and only if G = T'r(H). From this we obtain

Corollary 3.1. Let s = (R, F) be a relation scheme over R. Then
K, =Tr(m(s)).

Definition 3.6. Let s = (R, F) be a relation scheme over R. We say that un
attribute a € R is independent if it belongs to an independent set of s, and dependent
otherwise.

Denote by D,, the set of all dependent attributes of s. Cleally, R — D, is the
set of all independent attributes of s.
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Lemma 3.1. Let H be a simple hypergraph over R. Then
UTr(H) =

Proof. Assume that a € UTr(H). Hence, there exists a minimal transversal T of
‘H such that a € T. From this, we obtain a € E, F € ‘H. This means that a € UH.
Consequently, UTr(H) C UH holds.

Conversely, if a € UH then there is E € H such that a € E. From this, according
to the definition of transversal hypergraph of H there exists T' € Tr(H) such that
a€T,ie aecUTr(H). Hence, UH C UTr(H). The proof is complete. (]

From Lemma 3.1 we obtain the following

Corollary 3.2. Let s = (R, F) be a relation scheme over R, m(s) be a family of
all independent sets of s. Then

UTr(m(s)) = Um(s).
Theorem 3.2. Let s = (R, F) be a relation scheme over R. Then
UKs; = R— D,.

Proof. Assume that a is an element of R — Dy, i.e., there exists an I(A4) € m(s)
such that.a € I(A). Hence, a € Um(s). By Corollary 3.2 we attain a € UT'r(m(s))
By Theorem 3.1 we also obtain ¢ € UK,. Thus, R — D,, CUK,.
Conversely, suppose that a € UK. Thus, by Corollary 3.1 and Corollary 3.2
a € Um(s). Hence, there exists an I(A) € m(s) such that a € I(A),i.e.,a € R—D,.
Consequently, UK; C R — D,,. :
The theorem is proved. . : O

Minimal keys and antikeys are related as follows:

Proposition 3.1. Let s = (R, F) be a relation scheme over R. Then
K;!'=Tr(K,).

Proof. Assume X € K7 1. From Definition 3.4 we have that for every minimal key
K, K — X #0, thus X N K # 0. Which implies that X € Trs(K,). On the other
hand, according to the definition of antikey set, we have

XU{a} 2K,

where a € X and K € K,, which implies that (X — {a}) n K = 0. Consequently,
X € Tr(Ky), i.e., X € Tr(K;). Hence, we have K;! C Tr(K,).

. Conversely, suppose that Y € Tr(K,). Then Y is not superset of any minimal
keys. Clearly, for alle € Y,Y —{a} &€ Trs(K,),i.e. (Y —{a})NnK = 0. This means
that

YU{b} DK,

for all b € Y. Consequently, Tr(K,) C K; 1. :
The proposition is proved. ' O
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Remark 3.1. Let s = (R, F) be a relation scheme over R. Set Z, = {At : A C R},
i.e., Z, is the set of all closuresof s. Put T, ={A€ Z,: A# R, ABe Z,: AC B}.
Hence, Ty is the set of all maximal elements of Z; — {R}. By the definition of the
independent set of s, we can see that T, = {R — B : B € m(s)}.

From Theorem 3.1, Proposition 3.1 and Remark 3.1 we have

Proposition 3.2. Let s = (R, F) be a relation scheme over R. Then
Tr(Ks) = Ts.

The Proposition 3.2 means that for all A € Tr(K;): AT = A and 4 # R.

Remark 3.2. Let r be a relation over R. From r we compute E,.. We construct the
maximal equality system 7, of . Then we have T, = K"! (see, e.g., [8]). Denote
elements of T, by Aj, ..., As.

Set M, = {B:B #0,B=A;—{a}:a € R,i =1,...,t}. Denote elements of
M, by By, ..., Bi. We construct a relation v = {ho, hq, ..., hi} as follows:

for all a € R, hg(a) =0,Vi=1,...,1

0, ifa€ B;,
hi(a) = {i, otherwise.

Clearly, 7’ is in BCNF and K, = K.
We give the following algorithm that from a given relation scheme s constructs
a relation r such that r represents s. '

Algorithm 3.1. :

Input: a BCONF relation scheme s =< R, F' > .

Output: a BCNF relation r such that K, = K.

Method:

Step 1. From s compute K.

Step 2: By Algorithm 2.1 we construct the set T7(K,).

Step 8 Compute Tr(K;). Denote elements of Tr(K) by Ay, ..., A;.

Step 4: Set Q;, ={B: B# 0,B=A;—{a}:a € R,i=1,2,...,t}. Denote elements
of Q, by By, ..., Bi.

Step 5: Construct a relation r = {hg, h1, ..., iy} as follows:

for all @ € R, ho(a) =0,Vi=1,...,1

_ (o0, ifa€B;,
hi(a) = {i, otherwise.

Based on Proposition 3.1, Remark 3.2 and Proposition 3.2 we have K, = K,
and r is in BCNF. It is easy to see that the time complexity of Algorithm 3.1 is
exponential in the number of attributes. N

Let 7 be a relation over R. Let N, = {N;; : 1 <i < j <|r|}, where Nj; = {a €
R : hi(a) # hj(a)}. Then N, is called the nonequality set of r.
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Let M, = {A€ N, :AB € N, : B C A}. M, is called the minimal nonequality
system of r.
The following result was discovered in [7].

Theorem 3.3. (Demetrovics and Thi [7]). Let r be a relation over R. Then
K, = Tr(M,), where M, is the minimal nonequality system of r.

From Theorem 3.3 we have an effective application of Theorem 3.3, which is the
following algorithm finding a BCNF relation scheme s such that K; = K, from a
given relation v in BCNF.

Algorithm 3.2.

Input: Let » be a BCNF relation over R.

Output: a BCNF relation scheme s =< R, F > such that K; = K,.

Method:

Step 1: From r compute N,..

"Step 2: From N, compute the minimal nonequality system M.

Step & By Algorithm 2.1 constructs Tr(M,). Clearly, K, = Tr(M,).

Step 4: Denoting elements of K, by Ay, ..., A,,,. We construct a relation scheme as
follows: s =< R, F >, where F = {4; - R,..., A, — R}.

. Clearly, s is in BOCNF and K, = K,. The time complexity of this algorithm is
the time complexity of Algorithm 2.1. In many cases this algorithm is very effective
(see Remark 2.1).

4 Special Sperner-systems and transversals

The notion of saturated Sperner-system is defined in [6] as follows:

Definition 4.1. (Demetrovics [6]). A Sperner-system K over R is saturated if for
any A C R, K U {A} is not a Sperner-system.

Now we are going to give a new characterization of saturate Sperner-systems.
To do this, we need the following definition:

Definition 4.2. Let H and G be two hypergraphs over R. Then H > G iff for every
H € H there exists G € G such that H D G, and H < G iff for every H € H there
exists G € G such that H C G.

From this definition we obtain the following:

Proposition 4.1. Let H # 0 and G # @ be two hypergraphs over R. Then
(1) >H and d < H.
(2) H > {0}.
(3) {0} < H.
(4) H> G (resp. H <G) does not imply G < H (resp. G > H.
(5) H< {R} iff R&H. :
(6) H C G does not imply H < G.
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Proof.

(1) It is obvious from Definition 4.2.

(2) Since H is hypergraph, we have (2).

(3) By similar arguments we also have (3).

(4) We give a counterexample. Let R = {a,b, c}. Consider the hypergraphs

H= {{a’ b}}ag = {{a}r {b}’ {C}, {av b, C}}

It holds that H > G (resp. H < G), but it does not hold that G < H (resp.
g >H).
(5) From definition of hypergraphs and Definition 4.2 we obtain (5).
(6) We give a counterexample. Let R = {a,b}. Consider the hypergraphs

H = {{a}},G = {{a}, {b}}.

It holds that H C G, but it does not hold that H < G.
The proposition is proved. O

Remark 4.1. > and < are transitive on the hypergraphs on R.

Theorem 4.1. Let K be a Sperner-system over R. Then K is saturated if and
only if Tr(K) < K.

Proof. Let K be a saturated Sperner-system. Suppose that there exists an A €
Tr(K) such that for every B € K,A ¢ B. By Proposition 3.1 and Definition 3.4
we have K U {A}, a Sperner-system. Which contradlcts the hypothesis that K is
saturated. Consequently, Tr(K) < K.

Conversely, suppose that Tr(K) < K, but K is not saturated. Hence, there
exists an A C R such that K U{A} is a Sperner-system. Because R ¢ K, for every
C € K we have C C R. Thus, we can construct B such that A C B, KU {B} is
a Sperner-system and for every D(B C D), there exists C € K such that D 2 C.
Which implies that B € K~!. This contradicts the hypothesis Tr(K) < K, i.e.,
for every A € K~! (because Tr(K) = K1), there exists B € K such that A C B.
Consequently, K is saturated. The theorem is proved. O

Definition 4.3. Let K be a Sperner-system over R. We say that K is embedded
if for every A € K there is a B € H such that AC B, where H"! = K.

From Proposition 3.1, Theorem 4.1 we have the following

Proposition 4.2. Let K be a Sperner-system over R. Then K is saturated if and
only if Tr(K) is embedded.

From Proposition 3.1 and Proposition 4.2 the following corollary is immediate:

Corollary 4.1. Let K be a Sperner-system over R. Then K is saturated if and
only if K1 is embedded.

Corollary 4.1 was shown in [12].
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Definition 4.4. Let K be a Sperner-system over R. We say that K is inclusive if
for every A € K, there exists a B € K~ such that B CA.

From Proposition 3.1, Definition 4.2 and Definition 4.4, the following proposi-
tion is evident.

Proposition 4.3. Let K be a Sperner-system over R. Then K is inclusive if and
only if K > Tr(K).

Remark 4.2. (Demetrovics [4]). If K is an arbitrary Sperner-system over R, then
there is a relation scheme s = (R, F) such that K = K,.

Theorem 4.2. Let K be a Sperner-system over R. Then K is inclusive if and
only if Tr(Tr(K)) < Tr(K).

Proof. Suppose that K is an inclusive Sperner-system, but there exists an A €
Tr(Tr(K)) such that for every B € Tr(K),A ¢ B. Hence, Tr(K)U {A} is a
Sperner-system. By Remark 4.2, for K there is a relation scheme s such that
K = K,.If A* C R then according to Proposition 3.2 there exists C € Tr(K) such
that A* C C, which contradicts the fact that Tr(K) U {A} is a Sperner-system.
Consequently, A is a key of s. It is obvious that there is a minimal key A’(4’ C A)
such that A’ € K. Thus, Tr(K) U {A'} is a Sperner-system. By Proposition 4.3,

this is a contradiction. Consequently, Tr(Tr(K)) < Tr(K).

Conversely, assume that Tr(Tr(K)) < Tr(K). By Proposition 4.2, we obtain
which Tr(K) is saturated. From this, Proposition 3.2 and Proposition 4.3, we have
K, an inclusive Sperner-system The theorem is proved O

From Theorem 4.2, Definition 4.3, Proposition 4.2 and Proposition 3.1, we have
the following: .

Corol’lary 4.2. K is an inclusive Sperner-system if and only if K™} is a saturated
one.

Corollary 4.2 was shown in [12].
.From Corollary 4.1 and Corollary 4.2 the followmg corollary is obv1ous

Corollary 4.3. Let K be a Sperner-system over R. Denote H u Spemer—system
for which H' = K. T hen the followings are equivalent:

(1) K is saturated,

(2) K~ is embedded,

(8) H is inclusive.
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Relationships Between Closure Operations and
Choice Functions — Equivalent Descriptions of a
Family of Functional Dependencies

Nghia D. Vu*

Abstract

The family of functional dependencies plays an important role in the re-
lational database. The main goal of this paper is to investigate closure op-
erations and choice functions. They are equivalent descriptions of family of
functional dependencies. The main properties of and relationship between
closure operations and choice functions are presented in this paper.

1 Introduction

The motivation of this study is equivalent descriptions of family of functional de-
pendencies (FDs). FDs play a significant role in the implementations of relational
database model, which was defined by E.F Codd. However, relational database
is still one of the most powerful databases. One of the most important branches
in the theory of relational database is that dealing with the design of database
schemes. This branch is based on the theory of FDs and constraints. Armstrong
observed that FDs give rise to closure operations on the set of attributes. And he
shows that closure operation is an equivalent description of family of FDs, that is,
the family of all FDs satisfying Armstrong axiom stated in next section. That the
family of FDs can be described by closure operations on the attributes’ set plays
a very important role in theory of relational database. Because this representation
was successfully applied to find many properties of FDs, studying those properties
of closure operations is indirect way of finding that of the family of FDs. Besides
closure operations, there are some other representations of family of FDs. Such as,
the closed sets of a closure form a semilattice. And the semilattice with greatest
elements gives an equivalent description of FDs. The closure operations, and other
equivalent descriptions of family of FDs have been studied widely by Armstrong
(Ar], Beeri, Dowd, Fagin and Statman [BDFS], and H. Mannila and K.J.Raiha
[MR). More, see [DK2], [DHLM], [DT3], and [Li]. Studying equivalent descriptions
of family of FDs helps us to understand deeper the family FDs and widens the
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study of it. Closure operation is widely known and considered the representation
of family of functional dependencies most studied. Among equivalent descriptions
of functional dependencies, the properties of choice functions are not developed well
enough in contrast to those of closure operations. Moreover, a closure operation
can be derived from a choice function and vice versa. Thus, by studying properties
of choice function satisfying reverse inclusion was studied in connection with the
theory of rational behavior of individuals and groups. For the study on choice func-
tion and relationship between closure operations and choice functions, see [DHLM]
and [Li].

For relation schemes s =< U,F > and t =< U,V >, where U is a set of
attributes and F and V sets of FDs over U, we are always able to build a closure
L,1(A) on F, for every A is a set of attributes on U. However, if we build La(L;(A))
on V, we find out that a meet-semilattice can not be formed from this computation.
That is, we can not form a relation scheme from this computation. We are going to
show in this paper what condition that provide to build the composition L;(L2(A))
such that a relation scheme can be formed from this composition. In other words,
what is necessary and sufficient conditions that make sure L1(L2(A)) is a closure.
We find this result through the studies of choice functions. Besides that, many
properties of choice functions will be studies in depth. The interaction of choice
functions and closure operations also are investigated widely in this paper. We
also study the relationship between choice functions and FDs. Those results can
be used to build many algorithm problems related to choice functions and closure
operation and family of FDs. _

Direct product of decomposition of a closure operation plays an important role
in the theory and practice of relational database. If we consider a relation of
database as a matrix, a row contains the data of one individual, the estimation
of the minimum cardinality of rows of such matrix is very valuable in practice of
relational database. The studies of estimation of the minimum cardinality of rows
for direct product of decomposition of a closure operation can be found variously
in [DFK], [Li], [DK2]. In this paper we present the new notion and properties of
direct product of decomposition of choice function.

In the next section some necessary definitions and facts about relational
database, some equivalent descriptions of family of functional dependencies besides
choice function and closure operation theory are given.

The result of this paper is presented in the third section. They are organized
into six parts as follows.

Part 1 represents necessary and sufficient condition of composition of choice
functions to be a choice function. The studies of composition of closure operations
has been shown through those of choice functions. The main result of this paper
will be presented in depth in Part 1. :

The direct product of decomposition of a choice function is in Part 2.

It will be proposed in Part 3 to study some fundamental properties of a composi-
tion of closure operations and choice functions. We are giving important properties
of intersection, union, and composition of choice functions, which will be fully in-
vestigated in depth in Part 1. »
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In Part 4, we show relationship between and interactive properties of closure
operations and choice functions. In this section we consider the closure for which
choice function defined in next section satisfies some additional properties.

In Part 5, we are presenting a class of special choice functions, which is very
useful in the studying of combinatorial problems related to choice functions and
closure operations.

Part 6 gives some special relationship between choice functions and family of
FDs, which helps us intensively into algorithm problems on building choice func-
tions and closure operations. Since the theoretical result presented here are pre-
liminary. Thus many open problems in the studies of choice functions and closure
operation will be shown in this paper.

2 Basic Definitions

Let us give some formal definitions that are used in the next sections. Those well-
known concepts in relational database given in this section can be found in [Ar,
BB, BDFS, DK2, DT1, and Ul).

A relational database system of the scheme R(ay, ..., a,) is considered as a table,
where columns correspond to the attributes ai ’s while the row are n—tuples of
relation 7. Let X and Y be nonempty sets of attributes in R. We say that instance
r of R satisfies the FD if two tuples. agree on the values in attributes X, they must
- also agree on the values in attributes Y. Here is the formal mathematical deﬁmtlon
of FDs.

Definition 2.1. Let U = {ay,...,a,} be a nonempty finite set of attributes. A
functional dependency is a statement of the form A — B, where A)B CU. The FD
A B holds in a relation R = {hy, ..., hyn} over U if Vhi, h; € R we have hi(a) = h;(a)
for all a € A implies h;(b) = h;(b) for all b € B. We also say that R satisfies the
FD A— B.

Let Fr be a family of all FDs that hold in R.

Definition 2.2. Then F = Fg satisfies.
(1) A— AePF,
(2)(A-BeF,B-CgEF)=(A—CEeEF),
(8 (A-BeF,ACC,DCB)= (C— De€F),
(4) (A-BeF,C—-DecF)= (AUC—> BUDEF).

A family of FDs satisfying (1)-(4) is called an f-family over U.

Clearly, Fg is an f-family over U. It is known [Ar] that if F is an arbltrary
f-family, then there is a relation R over U such that Fr = F.

Given a family F of FDs over U, there exits a unique minimal {-family F"' that
contains F. It can be seen that F'* contains all FDs which can be derived from F
by the rules (1)-(4).

Definition 2.3. A relation scheme s is a pair < U,F >, where U is a set of
attributes, and F is a set of FDs overU.
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Denote A* = {a: A — {a} € F*}. A% is called the closure of A over s. It is
clear that A —» B € F* iff B C A*. Clearly, if s =< U, F > is a relation scheme,
then there is a relation R over U such that Fr = F+ (see, [Ar]).

Definition 2.4. Let U be a nonempty finite set of attributes and P(U) its power
set. A map L: P(U) — P(U) is called a closure operation (closure for short) over
U if it satisfies the following conditions:
. (1)A C L(A), (Extensiveness Property)

(2)A C B implies L(A) C L(B), (Monotonicity Property)

(8) L(L(A)) = L(A). (Closure Property) :

Let s =< U, F > be a relation scheme. Set L(A) = {a: A — {a} € F*}, we
can see that L is a closure over U.

Theorem 2.1. [Ar]IfF isa f-family and if Lr = {a:a € U and A — {a} € F},
then Lg is a closure. Inversely, if L is a closure, there ezists only a f-family F
over U such that L= Lr, and F={A— B:A,B CU,B C L(A)}.

Let L € P(U). L is called a meet-irreducible family over U (sometimes it is
called a family of members which are not intersection of two other members) if
A,B,C € L,then A= BC implies A=BorA=C.

.Let I C P(U),UecI,and A,BeI= AnB¢€ I. I is called a meet-semilattice
over U. Let M C P(U). .

Denote Mt = {NM’': M' C M}. We say that M is a generator of I if M+ = I.
Note that U € M* but not in M, by convention it is the intersection of the empty

. collection of sets. Denote N = {Ae€I:A#N{A’€l: AC A’}}. In [DK2] it is
" proved that N is the unique minimal generator of I.

It can be seen that N is a family of members which are not intersections of two

other members. :

~ Let L be a closure operation over U. Denote Z(L) = {A : L(A) = A} and
NLY={Ae€eZ(L): A#n{A € Z(L): AC A’'}}. Z(L) is callad the family of
closed sets of L. We say that N(L) is the minimal generator of L.

It is shown [DK2] that if NV is a meet-irreducible family then there is a closure
L such that N is the minimal generator of it.

Theorem 2.2. [Ar] There is an on-to-one correspondence between meet- irve-
ducible families and f-families on U.

Theorem 2.3. [DK?2] There is a 1-1 correspondence between meet-irreducible
familz'es and meet-semilattices on U.

Deﬁmtxon 2.5. Let M C P(U). M is called a Sperner system overU if A,B e M,
then A is not a subset of B.

Definition 2.6. Let U be a nonempty finite set of attributes. A family M =
{(A,{a}) : A C U,a € U} is called a mazimal family of attributes over R iff the
following conditions are satisfied:

(1) a ¢ A,
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(2) For all (B,{b}) € M,a ¢ B and A C B implyA = B.
(8)A(B,{b}) e M :a ¢ B,a#b, and L,UB is a Sperner system over R, where
Lo={A: (4, {a}) e M}.

Remark 2.1.

- It is possible that there are (A4, {a}),(B,{b}) € M such that a # b, but
A=B.

~ It can be seen that by (1) and (2) for eacha € U, L, is a Sperner system over
U. It is possible that L, is an empty Sperner system.

~ Let U be a nonempty finite set of attribute and P(U) its power set. According
to Definition 2.6 we can see that given a family Y C P(U) x P(U) there .
is a polynomial time algorithm deciding whether Y is a maximal family of
attribute over U.

Let L be a closure over R. Denote Z(L) = {A: L(A) = A} and M(L) = {(4,{A}):
A¢ A A€ Z(L)and Be Z(L),AC B,A ¢ B imply A = B}.

Z(L) is called the family of closed sets of L. It can be seen that for each
(A, {a}) € M(L).Ais a maximal closed set which doesn’t contain a.

It is possible that there are (A, {a}), (B, {b}) € M(L) such that a # b, but
A=B.

The following theorem which shows that closure operations and maximal fami-
lies of attributes determine each other uniquely.

Theorem 2.4. [DT4] LetL be a closure operation over U. Then M(L) is a
mazimal family of attributes over U. Conversely, if M is a mazimal family of
attributes overU, then there exists exactly one closure operation L over U so that
M(L) = M, where for all B € P(U)

N AifJAeLM):BC A,
H(B)=( Bc4a
R otherwise,
and L(M) = {a: (a,{a}) € M}.
! .
Now, we introduce the following concept.

Definition 2.7. LetY € P(U) x P(U). We say that Y is a minimal family overU
if the following conditions are satisfied:

(1) Y(A,B),(A",BY€Y : AC BCU,AC A implies BC B,AC B implies
BCH,

(2) PutU(Y)={B:(A,B) €Y} . For each B € U(Y) and C such that C-C B
and there is no B' e U(Y) : C C B’ C B, thereisan A€ L(B): AC C,
where L(B) = {A: (A,B) e Y}.
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Remark 2.2.
-UeU(Y).

— From A C B’ implies B C B’ thereisnoa B’ € U(Y) such that AC B’ C B
and A = A’ implies B = B’.

— Because A C A’ implies B C B’ and A = A’ implies B = B’, we can be see
that L(B) is a Sperner system over R and by (2) L(B) # 0.

Let I be a meet-semilattice over R. Put M*(I) = {(A4, B) : 3C € I such that
ACCA#n{C:Ce L ACCLB=n{C:Cel,AcCC}}. Set M(I) =
{(A, B) € M*(I) : there does not exist (A’, B) € M*(I) such that A’ C A}.

Theorem 2.5. [DT4/ Let I be a meet-semilattice over U. ThenM(I)is a minimal
family overU. Conversely, if Y is a minimal family over U, then there is exactly
one meet-semilattice I so that M(I) =Y, where | = {C C R:V(A,B)eY : AC
C implies B C C}. ,

Let Z be an intersection semilattice on U and suppose that H C U, H ¢ Zhold
and Z U {H} is also closed under intersection. Consider the sets A satisfying
A€ Z,H C A. The intersection of all of these sets is in Z therefore it is different
form H. Denote it by L(H). H C L(H) is obvious. Let H(Z) denote the set of all
pairs (H,L(H)) where H C U,H ¢ Z, but ZU {H} is closed under intersection.
The following theorem characterize the possible sets H(Z): :

Theorem 2.6. [DK1] The set {{A;, B;)|i = 1,...,m} is equal to H(Z) for some
intersection semilattice Z iff the following conditions are satisfied:

A; CB; CUA; # B,
A; # A; implies either B; C A;, or A; C B;,
A; C B; implies B; C B;;,

for any 1 and C C U satisfying A; C C C Bi(A; # C # By).
There is a j such that either C = A;j or A; C C,B; ¢ C,C ¢ B, all hold.

The set of pair (A;, B;) satisfying those condition above is called an extension.
Its definition is not really beautiful but it is needed in some application. On the
other hand it is also an equivalent notion to the closures: -

Theorem 2.7. [DK1] Z — H(Z) is a bijection between the set of intersection
semilattices and the set of extensions.

Definition 2.8. Let U be a nonempty finite set of attributes and P(U) its power
set. A map C : P(U) — P(U) is called a choice function, if every A € P(U) , then
C(A) C A
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U is interpreted as a set of alternatives, A as a set of alternatives given to the
decision-maker to choose the best and C(A) as a choice of the best alternatives
among A.

Let L be a closure operation, we define C and H associated with L as follows:

C(A)=U-L(U - A), *)
and

H(A) = ANLU - A). (**)

We can easily prove that C(A4) and H(A) are two choice functions. And we
name C(A) choice function - I (for short, CF-I), and H(A) choice function - II (for
short, CF-II).

Theorem 2.8. The relationship like (*) is considered as a 1-1 correspondence
between closures and choice functions, which satisfies the following two conditions:
For every A,BC U,

(1) If C(A) C B C A, then C(A) = C(B) (Out Casting Property),
(2) If AC B, then C(A) C C(B) (Monotonicity Property).

Theorem 2.9. The relationship like (**) is considered as a 1-1 correspondence
between closures and choice functions, which satisfies the following two conditions:
For every A, B C U,

(1) If If H(A) C B C A, then H(A) = H(B) (Out Casting Property),
(2) If AC B, then H(B) N A C H(A) (Heredity Property).

We also note that both C and H uniquely determine the closure L as the
following

t

L(A)=U —C(U — A) and H(A) = AUL(U — A).

For every A C U, the sets C(A) and H(A) form a partition of A, that is, C(A) U
H(A)=A,and C(A)NH(A) = 0.

Theorem 2.10. There is a 1-1 correspondence between CFs - I and closure oper-
ations on U.

Theorem 2.11. There is a 1-1 correspondence between CFs - II and closure op-
erations on U.
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3 Results

3.1 Properties of and Relationship between Composition of
Closure Operations and CFs - I and - II

First of all, we are giving the formal definition of composition of functions.

Definition 3.1. Let f and g be two functions (e.g. closure operations, CFs - I, or
II) on U, and we determine a map T as a composition of f and g the following:

T(X) = f(9(X)) = f-9(X) = fg(X) for every X C U.

In this section we are going to answer two questions. The first one is: given
many CFs - I (or II), what can be said about the composition of those CFs - I (or
II). In other words, what is necessary and sufficient conditions that provide.that
composition to be a CF - I (or II). The second one is: what is the relationship
between that composition of CF's - I{or II) and that of closure operations. And if
we can find the necessary and sufficient conditions that provide that composition
of closure operations to be closure operation through those of CFs - I(or II).

With the same questions, however, first we are going to investigate problems
with two choice functions. For convenient, we show the results of CF's - II. We will
soon see that

Theorem 3.1. Let H, and Hy be CFs-1I on U, then composition HiHy and HyH,
are a CFs-II on U, and HiHy = HyH, = H; N H,.

However, to achieve this result, we necessarily prove those following Lemmas
and Propositions. First we need to prove the following Proposition:

Proposition 3.1. Let H; and Hs be CFs - Il on U, then for all X C U,
H(X)NH(X)isa CF-IonU.
To prove Hy N Hy is a CF - II, we need to prove the following.
Lemma 3.1. Let L; and Lo be closure operations on U, then for all X C U,
Li(X) N La(X) is a closure operation on U.

- : ®

Froof. Assume L; and L, be two closure operations on U, then for all X C U, it is
easy to obtain that X C L;(X) N La(X) since X € Li(X) and X C Lo(X). Now,
to prove the Monotonicity Property of L;(X) N Ly(X), for every X C Y, we have
Li(X) C Li(Y) and La(X) C Lo(Y'). Therefore, L1 (X)NLz(X) C Li(Y)N Ly(Y),
. so LiNL, satisfies Monotonicity Property. Then, we have to prove Closure Property
of L1 N Ly . We always have X C L1(X) N Lo(X) C L1(X). Using Monotonicity
Property of L, we attain Li(X) C Li1(L1(X) N Lo(X)) C Li(L1 (X)) = Li(X).
That means Li(X) = Ly(L1(X) N L2(X)). Similarly, we attain that L.(X) =
Lo(L1(X)NLy(X)). Therefore, Li(X)NL2(X) = L1(L1(X)NL2(X))N(L2(L1(X)N
Lo(X)). That is, L1 N Ly satisfies Closure Property, so Ly N Lz is a closure on U.
The proof is completed. O
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Now we are moving on proving Proposition 3.1.

Proof of Proposition 8.1. Assume H; and Hy be CFs - II on U, then for all X C
U, we have H1(X) = X N Li(U — X), and Hz(X) = X N Lo(U — X)), with L
and Ly two closure operations corresponding to H; and Hj respectively. Thus
Hi(X)NH2(X) = (XNLy(U-X))N(XNLo(U - X)) = XNL1 (U -X)NLo(U - X).
However, due to Lemma 3.1, L, (U — X )N Ly(U — X) is a closure operation, that is,
there exists a closure operation L3 such that Ls(U — X) = L1 (U ~ X)N Lo(U — X).
Thus,C1(X)NC2(X) = XNL3(U-—X) = C5(X), with Cj is a CF - II corresponding
to L3. The proof is completed. O

Before proving Theorem 3.1, we need to prove the follows.

Lemma 3.2. Let Hy and Hy be CFs - Il on U, then
1) H1H2 = H2H1H2.
2) HyH, = H HoHy

Proof. Assume H; and Hy be CFs - Il on U. Then for all X C U, Hi(X) =
XNLiy(U-X) and Hy(X) = X N Ly(U - X), with L; and Lo two closure op-
erations corresponding to H; and Hj respectively. HiHo(X) = H{(H2(X)) =
XNLy(U-X)NL1(U—-XNL (U~ X)) C X. Due to Heredity Property of CFs
- II for Hy, we obtain Ho(X) N HyHo(X) C Ho(H,Hz(X)). By using HyHa(X) =
Hy(H2(X)) € H(X), we attain H1Ho(X) C Hy(H1H2(X)) C H1Hy(X). Hence
H Hy(X) = Hy(H1Ha(X)), that is, HiHy = HyH H2. Similarly, we obtain
H,;H, = H HyH,.The proof is completed. O

Lemma 3.3. Let Hy and Hy be CFs - II on U, then following is equivalence:
1)H, C Ha
2)H1H2 =H,

Proof.

(1 — 2). Assume H; and H; be CFs-Il on U and H; C Hs. Since H,; is a CF-II,
H, must satisfy Out Casting property: if H;(X) CY € X, then H;(X) = H,(Y).
Therefore, we have Hy C Hs or Hi(X) C Ho(X) C X for every X C U, so
H,(H2(X)) = H1(X) or we conclude that H; Hy = H;.

(2 — 1). Assume H; and H; be Cf’s -l on U and H,Hy = H;. Since H, and H, »
are CFs - II, according to Definition of choice function, we have HyHy C Hj, but
H,H; = H;, so we have H; C H,. The proof is completed. |

Ea.éily, we obtain the following Corollary.
Corollary 3.1. If Hisa CF-II on U, then HH = H.

Proof of Theorem 8.1. Assume H; and Hy be CFs - II on U. Then for all X C
U, Hy(X) C X. Due to Heredity Property of CF - II for Hi, we obtain H;1(X) N
Hy(X) C H(H2(X)). Besides that, H (H2(X)) C H2(X) C X, we obtain H; N
Ho(X) C H1Hy(X) C X. By Proposition 3.1, Hy(X) N Ha(X) is a CF - II. Using
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Out Casting Property for Hy N Hs, we achieve Hy N Hy(H3 Ho(X)) = Hy N Hy(X)
or Hy(H H2(X))N Ho(H1Ho(X)) = Hy N Hz(X). Due to Corollary 3.1, we obtain
Hl(Hle(X)) = H1H,(X), and Lemma 3.2, we obtain HiH2(X) = HoHyH2(X).
Therefore, we attain that HyHy(X) = Hy N H2(X), that is HyH, = Hy N H2.That
means HyHs is a CF-II. Similarly, we obtain HoH; = H; N Hy and H2H, is a
CF-II. The proof is completed. O

We can generalize Theorem 3.1 by the following

Generalization 3.1. Let H; be CFs - Il on U with 4 = 1 — n , then
HilHi2n--Hi(n—1)Hin isa CFs-1II on U, and

HyHip..Hip = ﬁ H;
i=1

with {Hi1, Hiz., ..., Hytn—1), Hin} be permutations of {Hy, Hz, .., Hin_1y, Hn}.

Thus, for CFs - II, a composition of CFs - II is always a CF - II. Now we move
on the composition of CF's - I before investigating on closure operations.

Theorem 3.2. Let C, and C; be CFs - I on U. A composition of C1 and Cq,
denoted as C1Cy, is a CF - I if and only if

CC2C = C1C,.

However, before proving Theorem 3.2, we need to have the following Lemmas.

Lemma 3.4. Let C, and Cy be CF-Is on U. Then
1) CiC2 C Cy,
2) C1Cy C Cy,
3) C2Cy C Cy,
4) C2C, C (.

Due to Definition of choice function, and Monotonicity Property of CFs - 11,
clearly we obtain that Lemma.

Lemma 3.5. Let C aﬁd Co be CFs - I on U, then following is equivalence:
1) C’l g C?}
2) CiCy = Ch.

Proof. The proof of this Lemma is similar to that of Lemma 3.3. O

Easily, we obtain the following Corollary.
Corollary 3.2. IfC isa CF-1onU, then CC = C.

Now we move on proving Theorem 3.2.
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Proof Theorem 3.2. Assume C; and C; be CFs-I on U and the composition C;Cs
also a CF - I. Due to Lemma 3.4, we have C1C,(X) C C1(X) C X. Due to Out
Casting Property of composition C1C%, we have C1CyC1(X) = C1C(X).
A Inversely, assume C) and C be CFs-I on U and the composition C1C} satisfying
that C1CC1 = C1Cs. For all X C U, it is clear to obtain that C;(C3(X)) C
C2(X) C X. It means C1C; is a choice function. Now, to prove the Monotonicity
Property of the composition C;Cs. For every X C Y, using Monotonicity Property
of C1 and Cs, we have C(X) C Co(Y), then C1(C2(X)) C C1(C2(Y)). That means
that C1Cy satisfies Monotonicity Property. Then, we have to prove Out Casting
Property of the composition C1Cs. For all X and Y C U,C1C2(X) C Y C X,
we need to prove that C1C2(X) = C1C2(Y). Using Monotonicity Property of
Ci, we obtain that C3(C1C2(X)) C Co(Y) € C2(X). Applying Monotonicity
Property of C; once again, we have C1(CaC1Cy(X)) C Ci(Ca(Y)) C C1(Ca(X)).
However, C1C2C1 = C1Cy. Therefore, C1C2C2(X) C C1C2(Y) C C1C(X).. Due
to Corollary 3.2, we obtain that C1Ca(X) € C1C2(Y) C C1C2(X) That means
C1C2(X) = C1C2(Y). That is, C1C; satisfies Out Casting Property, so C1C: is a
CF-I on U. The proof is completed. a

We generalize the Theorem above.

Generalization 3.2. Let C;,Cs,.., and C, be CFs-I on U. A cbmposition of
C1,Csy, ...,and Cy,, denoted as C1Cs....Cp,_1Cy,, is a CF-1 if and only if

CiC..Cp1CrC10...Ch—y = C1C5...C 1 Cp.

Proof. We prove this Generalization by induction. It is cbvious for n = 1. The
Theorem 3.2 proves the case that n = 2.

For n = k, we assume that Cy,Cs,.., and Ci be CFs-I on U, and the com-
position of C},Cs,..., and Cj, denoted as C1C5....C,—1C%, is a CF - I. We need
to prove that, for n = k + 1, the composition C,C5....CxCry1 is a CF - I iff
0102...Ckck+10102....ck = C’102...Cka+1. Surely, since ClCz.,..Ck_lck is a CF
- I, by using Theorem 3.2, we obtain that the composition C,Cs....CxCiy1 is a CF
-Liff C1Cs...CkCk41C1Ca....Ck = C1C5...CxCryy. The proof is completed. O

Now we move on the relationship between the composition of closure operations
and CFs - I. We have the following Theorem.

Theorem 3.3. Let L1 and Ly be closure operations and C; and Cy be CF-Is
corresponding to L1 and Lo respectively on U. The following are equivalent:

1) 0102‘ is a CF-I,

2)L1Ls is a closure operation.

Proof. (1 — 2). Assume L; and L, be closure operations, and Cy and C3 be CF-
Is corresponding to L; and Lo respectively on U and C;C5 is a closure operation.
Then for all X C U, we have L1(X) = U-Cy(U—X), and Ly(X) = U-Co(U—-X).
Thus, L1 L2(X) = Li(L2{X)) =U = C1(U = (U = C2(U = X)) =U = C1(C2(U —
X)) = U — C1C2(U — X). However, C1C, is a closure operation. Therefore,
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there exists a closure operation C3 such that C3(U — X) = C;C2(U — X). Thus,
LyLy(X) = U — C3(U — X) = L3(X), with L3 a closure operation corresponding
to C3. That is L1Ls is a closure operation. The proof is completed.

(2 = 1). Assume L, and L, be closure operations and C; and C; be CF-
Is corresponding to L; and Ls respectively on U and L;L; is a closure operation.
Then for all X C U, we have C1(X) = U—-L1(U—-X), and Co(X) = U—-L(U - X).
Thus, C1C2(X) = C1(Ca(X)) =U — L1(U — (U — Lo(U — X))) =U — L1(L2(U —
X)) = U — L1Ly(U — X). However, L1L, is a closure operation. Therefore,
there exists a closure operation L3 such that Lzg(U — X) = L1Ly(U — X). Thus,
C1Ca(X) = U — L3(U — X) = C3(X), with C3 a choice function-I corresponding
to L3. That is C1Cs is a CF-1. The proof is completed. O

It can be seen that.

Generalization 3.3. Let L; be closure operations and {C;} be CFs - I correspond-
ing to L; respectively on U, with i =1 — n. The following are equivalent:

1} LyLy...L,, is a closure operation

2) C1C;...Cy, is a CF-I
And we also have Ly Lo...Lp(X) = U — C1C5...Cr (U — X) and CiCs...C(X) =
U-LiLy..L, (U - X). . .

Through Theorem 3.2 and 3.3, it is easy to obtain the fpllowing Theorem.

Theorem 3.4. Let Ly and Ly be closure operations o,n/.U . A composition of Ly
and Ly, denoted as L1Ls, is a closure operation if gnd only if

L1LyLy = Ly Ls.

For generalization, we have the same conclusion for following Generalization as
Generalization 3.2. '

Generalization 3.4. Let Ly, Lo, .., and L,, be closure operationson U. A compos-
ite function of Ly, Lo, ..., and L,,, denoted as Ly Ls....L,_1 Ly, is a closure operation
if and only if ' '

LiLy..Ly yLpLiLy... Ly y = L1Ly..Ly_1Ly.

3.2 Direct Product of CFs - I and - I1

The direct product of closure operations plays very important role in theory of
relational database, especially in combinatorial problems. Plenty of properties re-
lated to direct product of closure operation can be found in [DFK] and [Li]. By
relationship and interaction between closure operations and choice functions, we
introduce the new definitions of direct product of choice function-Is as well as -IIs.
First of all, we have the following.

Theorem 3.5. [Li/ Let Ly and Ly be closure operations on the disjoint ground
sets Uy and Us respectively. The direct product of closure operations Ly X Lq is
defined as following
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(L1 X Lz)(X)=L1(XnU1)UL2(XﬁU2), XCU UUs.
Then (L1 x L3)(X) is a closure operations on Uy U Us.

Here we give the Generalization of above Theorem.

Generalization 3.5. Let {L;| i = 1 — n} be closure operations on the disjoint
ground sets U; respectively. The direct product of those closure operations L; x
Ly x ... x Ly, is defined as following

(Ll XLZX XLn)(X)= OL«L(XQU1)

i=1
with X CUUU,U...UU,. :
Then (L3 X La X ... X Lp){X) is a closure operation on Uy UUz U... U Uy,

Theorem 3.6. Let C; and Cy be CFs - I on tﬁe disjoint ground sets Uy and Us
respectively. The direct product of CFs - I, Cy x Cs, is defined as following

(Cl X Cz)(X) = Cl(X n U1) U Cz(X N Uz), X CULUU,.
Then (Cy x C3)(X) is a CF - I on Uy UUs.

Proof. For all X C U1 U Uz,(cl X Co)}{X) =Ci(X NUN)UC(X NUR) C (X N
U)U (X NnUz) € XN(UUUz) = X. Thus, (C; x C3)}(X) C X. For every X and
YCU;UUzand X CY,then XNU; CYNU;,and XNU; CYNU,. By
using Monotonicity Property of C; and Cs, we obtain C1(XNU;) C C1(YNU;) and
Cz(Xﬁ”z‘) - Cz(YﬂUz) Hence Cl(XnUl)U02(XﬁU2) C Cl(YﬂUl)U02(YﬂU2),
that is, {Cq % C2)(X) C (Cy1 x Co)(Y) or (C x Cy) satisfies Monotonicity Property.
- Now we need to show that (C1 x C2)(X) satisfies the Out Casting Property also.
That is, for every X, Y C Uy UUz and (C1 x Co)}(X) = CL(XNUL)UC(XNUR) C
Y C X, we need to show that (C] x C2)(X) = (C1 x C2)(Y). Since Y C X, we have
(Cy x C2)(Y) C (C1 x C2)(X). And it is obvious that C1(X NU;) C C(X NUL)U
Cz(XﬂUz) CY. Thus, we have Cl(XﬂUl)ﬂU1 CYNnU,or Cl(XﬂUl) cYnu,.
Using Monotonicity Property of Cj, we have C1(C1(X NU1)) C Ci(Y NUy) or
Ci(XNU;) € C1(Y NUp) due to Corollary 3.2. Similarly, we obtain Co(X NU1) €
Cz(Y n Ul) Therefore Cl(X n Ul) U C2(X N Uz) - Cl(y n U1) U Cz(Y n U2) or
(Cy x Co)(X) C (C1 x C2)(Y'). Hence (C1 x Co)(X) = (C1 x C2)(Y). The proof is
completed. O

Generalization 3.6. Let {C;| i =1 — n} be CFs - I with on the disjoint ground
sets {U;} respectively. The direct product of CFs - I, C; x C3 X ... x Cy, is defined

as following
n

(C1xCax...xC)X)=JCi(X W)
i=1
with X CUL U0 U...UU,. .
" Then (C; xCa X ... x Cp)(X)isaCF-Ton U UU,U...U Up.
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Theorem 3.7. Let H, and Hy be CFs - IT on the disjoint ground sets Uy and Us
respectively. The direct product of CF's - II, H, x Hg, is defined as following

(Hl X Hg)(X) = Hl(X ﬂUl) UH?(X nUz), X Q U1 U U2.
Then (Hy x H)(X) is a CF - II on Uy U Us.

Proof. For all X C U, U Uy, (Hy % Hz)(X) = Hi(XNU)UH(XN Ug) cC(Xn
U)U(XNUz) € XN UL UU) = X. Thus, (H, x H2)(X) C X. For every X
andY C U, UU; and X C Y, we need to prove that (H; x H») satisfies Heredity
Property. Since X C Y, we have XNU; CYNUy, and XNU; C Y NU;. By using
Heredity Property of H; and H, we obtain Hl(YﬂUl)n(XhUl) CH(XnU)or
Hi(YNU1)NX C Hy(X nUy). Similarly, we have Hy(Y NU)NX C Ho(X NUR).
Hence, (H1(Y N U)NX)U(HAY NU)NX)C Hi(XNnUH U Hy(X nUs), then
(H1(YNU)UH2(Y NUR))NX C Hy(XNUp)UH2(XNUs) that is, (H1 x He)(Y)NX C
(H1 x Ha)(X) or (Hy x Ha) satisfies Heredity Property.

Now we need to show that (H; x Hy)(X) satisfies the Qut Casting Property
also. That is, for every X and Y C U UU; and (Hy x Ha)(X) = Hi(X nU) U
H)(X NU) C Y C X, we need to show that (H; x H2)(X) = (H; x Ha)(Y).
It is obvious that H1(X NnU;) € Hi(X NU1))UH(X NUz) €Y C X. Then
H(XnNU)NU, CYNU; CXNUjor Hy(XNU;)) CYNU; € XNU;p. Using
Out Casting Property of Hy, we obtain H1(X nU,) = H1(Y NU1). Similarly, we
attain Ho(X NU) = Ha(Y N Usz). Therefore Hi(X nU) U Ha(X NU,) = Hi(Y N
"U1) U Ho(Y NUS) or (Hy x H2)(X) = (Hy x H3)(Y). The proof is completed. O

Generalization 3.7. Let {H;] i =1 — n} be CFs - II with on the disjoint ground
sets U; respectively. The direct product of CFs - II, H; x Ha X ... X H,, is defined

as following

(Hy x Hy x ... x Hp)(X) = | Hi(X nUy)

i=1

‘with X CUUURU ... UU,. .
Then (Hy x Hy x ... x Hy)(X)isaCF-Ilon U UU2 U ... UU,.

3.3 Properties of CFs - I and - II and Closure Operations
Proposition 3.2. Let C; and Cz be CFs-I on U, then for ull X C U,

Ci1(X)UCy(X) is a CF-I on U.

Proof. Assume C) and C; be CFs-I on U, then for all X C U, it is easy to obtain
“that C1(X) U C2(X) C X since C1(X) C X and C2(X) C X. Now, to prove the
Monotonicity Property of C; U Cy, for every X CY , we have C1(X) C C1(Y') and
Ca(X) C Ca(Y). Therefore, C1(X) U Ca(X) C C1(Y)U Ca(Y), so C, U C; satisfies
Monotonicity Property. Then, we have to prove OQut Casting Property of C, U Cs.
We always have Cy(X) C Ci(X) U Co(X) C Y C X. Using Out Casting Property
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of Cy, we attain C1(X) = C1(Y’). Similarly, we attain that C3(X) = C3(Y) from
Ca(X) C C1{X)UCx(X) CY C X. Therefore, C; UCo(X) = C, U Co(Y) . That
is, C1 U C, satisfies Qut Casting Property, so C; UC> is & CF-I on U. The proof is
completed. : o

Proposition 3.8. Let H; and Hy be CFs-II on U, then for all X C U,
Hy(XYU H2(X) is a CF-II on U.

Proof. Assume H; and Hs be CFs-II on U. Similarly to above proof, for all X C U
it is clear to obtain that H;(X) U Ho(X) € X since H1(X) C X and H(X) C X.
Now, to prove the Heredity Property of Hy U Hy, for every X C Y, we have
H\(Y)NX C Hi(X) and H2(Y)NX C Hy(X). Therefore, XN(H (Y)UH2(Y)) C
Hi(X)U Hy(X), so H U H; satisfies Heredity Property. For Out Casting Property
of H; U Hy , we prove the same as the proof of Proposition 3.2. The proof is
completed. O

From Proposition 3.3, we lead to the following Lemmas.

Lemma 3.6. Let L) and Lo be closure operations on U, then for all X C U,
Ly(X) U Lao(X) is a closure operation on U.

Proof. Assume L; and Lo be closure operations on U, then for all X C U, we
have Li(X) = XU H,(U — X),Ly(X) = X U Hy(U — X), with H; and Hj two
choice function-IIs corresponding to L; and L, respectively. Thus L1 (X)ULy(X) =
XUH(U-X)UH,(U—-X). However, due to Proposition 3.3, H1 (U—X)UH2(U—-X)
is a CF - II, that is, there exists a choice function H3 such that Hs(U — X) =
Hl(U - X)u Hy (U — X). Thus, L(X)u LQ(X) =XUH;3U - X) = L3(X), with
L3 a closure operation corresponding to Hs. The proof is completed. O

Using similar method of above proof, we can achieve two following.
Lemma 3.7. Let Cy and Cz be CFs - I on U, then for all X C U,
Ci(X)NCa(X)isa CF-TonU.

Proof. Assume C; and C> be CFs - I on U, then for all X C U, we have C1(X) =
U—-Lij(U-X), and Co(X) = U—Ly(U —X), with L, and Ly two closure operations
corresponding to C; and Cp respectively. Thus C1(X) N Cao(X) = (U — L1(U -
XNNU~Lo{(U—-X)) =U—-L1(U—-X)ULy(U—X) . However, due to Lemma 3.6,
L (U—-X)ULo(U—X) is a closure operation, that is, there exists a closure operation
L3 such that L3(U - X) = L1(U — X)U Ly(U — X) . Thus, C1(X)U Cao(X) =
U - L3(U — X) = C3(X) , with C3 a CF - I corresponding to.L3. The proof is
completed. a

Proposition 3.4. Let H be a CF-II on U. Then for all X C U, we have
H(X)NnHY)C HXNY).
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Proof. For all X and Y C U, due to Monotonicity Property of closure operations,
we easily obtain L(X)N L(Y) C L(X UY). Therefore, L(U - X)NL({U -Y) C
L((U-X)U((U-Y)). Using L{((U-X)u(U-Y))=L{U —XNY), we have
LWU-X)NLU-Y)C L(U-XNY). Hence, ( XNY)NLWUW-X)NLU-Y) C
(XNY)NL(U-XNY)or H(X)NH(Y) C H(XNY). The proof is completed. [J

Similarly, we obtain the follow

Proposition 3.5. Let H be a CF-II on U. Then for all X C U, we have H(X U
Y)C H(X)YUH(Y).

Proof. For all X and Y C U, due to Monotonicity Property of closure operations,
we easily obtain L(X NY) C L(X) N L(Y). Therefore, L(U — X)N({U ~Y)) C
LU -X)NLWU -Y). Using LU -X)N{U -Y)) = L(U - XUY), we have
LU-XUY)CLWU-X)NLWU-Y). Hence, (XUY)NL(U-XUVUY) C
(XUY)NLWU-X)NLWU -Y)or HXNY)C(XNLU -X)NL{U-Y)) U
YNLU-X)NLU-Y)C(XNLU-XHU(YNLU-Y))=H(X)UH(Y).
The proof is completed. . O

Lemma 3.8. Let H; and H, be CFs-II on U. Then
1) H1H2 C H2 v
2) HyH, C H,

Since H;, and H; are a CFs-1I , it is obvious to have above Lemma.

Lemma 3;9. Let Hy and Hy be CFs - IT on U, then
1) HiNnH,C HH,
2) Hl ﬂHz Q H2H1

Proof. Assume H; and H; be CFs - IT on U. Then for all X C U, H,(X) C X.
Due to Heredity Property of CFs-II, we obtain H;(X)NH2(X) C H (H2(X)), that
is, Hy N H C H1H>. Similarly, we achieve H; N Hy C HaH;. O

Proposition 3.6. Let Hy and Hy be CFs - IT on U, then H10H2 =H NHH, =
HyN HyH;.

In order to prove this Proposition, we need to have the following Lemma.

Lemma 3.10. Let H; and Hy be CFs - Il on U, then HiNHy = Hi(H, N Hy) =
H2(H1 ﬂH2)

Proof. Assume H; and Hz be CFs - Il on U. Then for all X C U, we always
have H l(X ) N Ha(X) C Ha(X). Due to Heredity Property of CF-IIs, we obtain
H,(H(X))NH1(X)NHo{X) € Hi(H1(X)NH2(X)). According to Lemma 3.9, we
obtain HI(X) N HQ(X) - Hl(Hl(X) n HQ(X)) However, Hl(Hl(X) N H2(X)) C
Hl(X) N HQ(X) Hence, Hl(Hl(X) N HQ(X)) = Hl(X) n Hz(X), that is, Hy N
Hy = Hy(H; N Hy). Similarly, we achieve Hy N Hy = Hy(Hy, N Hy). The proof is
. completed. _ ' a
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Proof of Proposition 8.6. Assume H; and Hz be CFs - Il on U. For all X C
U due to Proposition 3.4 and Corollary 3.1, we obtain H;(X) N Hi(H2(X)) C
Hi(H,(X)N Hy(X)). However, Hy N\ Hy = Hi(H; N Hy) according to Lemma 3.10,
and H, N Hy C HyH> due to Lemma 3.9. Therefore, H1(X) N Hy(X) N Hyo(X) C
Hl(X) N Hl(HQ(X)) C Hl(X) n H2(X) Then, Hl(X) n Hl(Hz( )) Hl(X)

Hy(X), that is, H1 N Hy = H; N HyH,. Similarly, we obtain HiNHy; = HyNHyH;.
The proof is completed. O

From Proposition 3.6, it is clear to obtain the follow.

Corollary 3.3. Let H, and Hy be CFs - Il onU, then HiNHy = HiNH,(H1NH>).

3.4 Interaction between Closure Operations and CFs - I

Let L be a closure and ¥ a corresponding full family of FDs. We recall that an FD
X - Ze X iff ZC L(X). In this section, we consider the closures for which CF -
I and -II defined in section 0 satlsfy some additional properties. We are now going
to give some properties.

Proposition 3.7. Let L and C be a closure operation and a CF-I corresponding
to Lrespectively on U. The following are equivalent:
CXUY)=C(X)uC(Y),
2) L(XNY)=LX)NL{Y),
3) X - ZandY — Z are FDs from T iff XNY — Z.

Proof. (1 — 2). Let C satisfies 1). Then for all X,Y C U : L(X N Y) U -
CU-XNY)=U-C((U-X)uU-Y))=U-CU-X)uClU-Y) =
U-CU-X)NU-CU-Y))=LX)NL(Y). That is, L satisfies 2).

(2 — 1) Let L satisfies 2). Thenforall X, Y CU : C(XVUY)=U-L(U-XUY) =
U—L(U-X)N(U-Y)=U-L(U-X)NLU-Y) = (U - LU - X))U(U -
LU -Y))=C(X)UC(Y). That is, C satisfles 1).

(2 & 3) Lei L satisfies 2). Then for all X, Y CU: L(X NY) = L(X)NL(Y). For
Ze(XnY)if XNY — Z. And Z € L(X) N L(Y), that means Z € L(X) and
ZeLY)f X > ZandY — Z. ‘ a

Proposition 3.8. Let L and C be a closure operation and a CF-I corresponding
to L respectively on U. The following are equivalent:
NCXNY)=C(X)nC(Y),
2)L(XUY)=L(X)UL(Y).

Proof. (1 — 2). Let C satisfies 1). Then for all X, Y C U : L(X UY) =
CU-XUuY)=U-C((U-X)n(U-Y)=U-CU-X)nC(U-Y) =
(U-CU-X))U(U—-C(U-Y))=L(X)UL(Y). That is, L satisfies 2).

(2 — 1) Let L satisfies 2). Thenforall X, Y CU :C(XNY)=U—-L(U-XNY) =
U-L(U-X)uU-Y)=U~-LU-X)ULU-Y)=U-LU-X))nU -
LU -Y))=C(X)NC(Y). That is, C satisfies 1). a
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Proposition 3.9. Let L, and L, be closure operations and C, and C2 be CF-Is
corresponding to L1 and L, respectively on U. The following are equivalent:

1) C1(X)NCy(X) C C1Cx(X)

2) L1 La(X) € Li(X) U Ly(X)

Proof. (1 — 2). Let C) and Cs satisfy 1). Then for all X CU : Ly Lo(X) =U —
CiC(U-X)CU-CU-X)NC(U-X) = (U-CL({U-X)U(U-C2(U~-X)) =
Li(X) U Ly(X). That is, L and L, satisfy 2).

(2 — 1). Let L; and L, satisfy 2). Then for all X C U : Ci(X) N C2(X) =
(U-Ly({U-X)NU—-Ly(U-X)) = U-Li(U-X)UL(U-X) CU-L1 Ly(U-X) =
C1C2(X). That is, C; and C; satisfy 1). O

3.5 Special cases of Choice Function-Is and -Ils

Theorem 3.8. Let consider a partition V : {V1,V,, Vs, ..., .}, that is, V;NV; = 0,
with 1 # j. Let construct a set

=AﬂLnJV1-
i=1

for all ACU. Then, W(A) is a CF-1 on U.

Proof. For all A C U, it is clear that W(A) C A. Now we need to prove that W
satisfies Monotonicity and Out Casting Property. We have

n . n

;>W(W(A))=O AN UV U O(An%ﬂVj))
j=1 i=1 i=1

i=1

—U(AnV)— Wi(A),

since V; N'V; =0, for i # j. For A C B, it is obvious that ANV; C BNV;, then

n

Jw@nwv)c U(BnV)

i=1 i=1

Thus, W(A) C W(B), so W satisfies Monotonicity Property.

To prove Out Casting Property of W, let assume W(A) C B C A, we have show
that W(A) = W(B). Using Monotonicity Property of W, we attain W (W (A)) C
W(B) C W(A). However, W(W(A)) = W(A), we lead to that W(A4) = W(B).
The proof is completed. i O
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We can illustrate W (A) as the sum of all intersections of Aand V; , fori=1—
n. Here is a property of W.

Proposition 3.10. Let consider partition of V : {V1,V,, V..., V,.}, thatis, VNV, =
0, with i # j, and partition of T : {T1,T2,T3...,Tm}, that is, T;NT; =0, with i # j.
For all A C U, let construct two CF-I as the following:

a4 =Aan v

i=1
Ca(4) = AN U T;.

Then, Cy(A)N C2(A) = C1C2(A), and both also are CF-Is.
Proof. For all A C U, we have

C1(A) N Cay(A) = AnUV)n(AnUT)—An(UVnUT)

i=1 =1 ij=1

=(AN U T;) N U V; = C1Ca(A).

j=1 i=1
However,
C1(A) N C2(A) = An(| Vi UT)_AnU(UT nv,).
i=1 j=1 i=1 j=1

It is easy to see that, for every z # v,

znvyn)10v,) =
j=1 =1

That is, {(UT;NVi)li = 1 — n,j = 1 — m} is a partition. Due to Theorem
3.10, we conclude that Cy{A) N Cz(A) as well as C1C3(A) is a CF-1. The proof is
completed. O

Let us define W.(A4), the complementary set of W(A), as W (A) = A — W(A),
that is

WC(A)=A—A00V,- (A-A)u(A- UV)—A Uv ﬁ(A—Vi).
i=1 i=1 =1

Since W(A) is a CF-I, and CF-I and CF-II of A form a partition of A, for every
A C U, we lead to the following Theorem.
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Theorem 3.9. Let consider partition of V : {V1, V2, V5...,V,1}, that is, VNV, =0,
with i # jJ. Let construct a set '

W(4) = m (A-Vi)
i=1
for all ACU. Then, W.(A) isa CF-II on U.

3.6 Discussion and Open Problems

‘Given a set of F of functional dependencies over U and the attribute set X C U, so
the functional dependencies closure of X, L(X), istheset {ACU|X - A€ F}. It
turns out that this set is independent of the underlying attribute set U. We have
known that two types of choice function -I and -II associated with L. as follows:

C(A) =U — L(U — A), andH(A) = ANL(U — A).

Thus, given a set of F' of functional dependencies, we define, X C U, choice-I and
-1 of X as follows:

Hp(X)=XNn{ACU|(U-X)— A€ F} (1)
Cr(X)=U-{ACU|U-X)— A€ F} (2)
It can be seen the following Propositions.

Proposition 3.11. Let F be a set of functional dependencies and X —» Y an
functional dependency. Then X - Y € F iff Y ¢ Cp(U — X).

Proposition 3.12. Let F be a set of functional dependencies and X — Y an
functional dependency. Then X - Y € F andY ¢ X iff Y C Hp(U — X).

Now we move to compute Cp(X) and Hp(X). First of all, we now mention
about the Algorithm of computing a closure from a set of functional dependencies
and X a set of attributes.

" In [BB], we were known the Algorithm to computing closure operation, by
using relation between choice functions and closure operation,; we can easily build
Algorithm to compute choice functions.

Even though we already have an algorithm to compute closure of X, from the
Theorem 3.4 above as follows: Let L; and L; be closure operations on U. A
composite function of L; and Ly, denoted as LjLs, is a closure operation if and

" only if :
L1L2L1 = L1L2.

Open problems are set up as following:
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Open Problem 1. Let s =< U, F > and t =< U,V > two relation schemes, where
U is a set of attributes and F and V are two different sets of FDs over U. We define
F* and V* be a set of all FDs that can be derived from F and V respectively.

1) Is it possible build a closure L; and a closure L from F+ and V* respectively
such that L1L2 = L1L2L1?

2) If so, how can we design Ly Ly ? In other word, how can we design a relation
scheme w =< U, H > from which we can build H*+ , from which we can
design the closure LyLg = LiLsLq?

3) If so, is it possible to generalize this design for more than two closure opera-
tions?

Open Problem 2. A similar problem as above, but for choice -I and -II of X.

Open Problem 3. Algorithm problems related to union and intersection for choice
-I and -II and closures.

Open Problem 4. Generalize those theories presented in this paper to mutilvalued
dependencies.
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