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Professor Ferenc Gécseg

Preface

This issue of Acta Cybernetica contains 15 papers dedicated to Professor Ferenc
Gécseg on the occasion of his 60th birthday.

Professor Gécseg has been a very active researcher. His scientific work includes
papers on universal algebra, automata, and formal languages. In automata theory,
he was mainly interested in various kinds of composition operations on automata.
In particular, he introduced a hierarchy of products between the cascade compo-
sition and the Glushkov-product, which has extensively been studied by himself
and several of his former students and other researchers. More recently, he has
extended these investigations to tree automata. His papers and three books (Alge-
braic Theory of Automata, coauthored by Istvan Pedk, Tree Automata, coauthored
by Magnus Steinby, and Products of Automata) have greatly influenced the research
in automata theory.

Professor Gécseg has contributed a great deal of time to the computer science
community by his work as an editor and by organizing several conferences: the
automata theory mini-conferences in Szeged in the 1970’s, the FCT conference
in 1981 and 1989, and the ICALP in 1995. He is the member of the editorial
board of several journals, and for almost two decades he was the Editor in Chief
of Acta Cybernetica. For several years, Professor Gécseg has been Vice-President



of the European Association for Theoretical Computer Science. He has received
the highest scientific recognition in Hungary. He is a member of the Hungarian
Academy of Sciences and a foreign member of the Finnish Academy of Sciences.

As a teacher, he has been greatly admired by students for his clear presentation
of the material. Several of us in Hungary now doing research in theoretical computer
science feel very priviliged to have been his former students. We wish Professor
Gécseg much success and happiness in the years to come.

Szeged, December 1998.

Jénos Csirik Zoltan Esik Zoltan Fiilsp Bal4zs Imreh
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On Some Cyclic Connectivity Properties of
Directed Graphs
(Examples and Problems) *

A. Adam 1

To Professor Ferenc Gécseg on his sixtieth birthday

Introduction

The essence of the paper consists in ten properties (each defining a class of finite
directed graphs) listed in § 2 and in open questions (relating to dependencies among
the properties) raised in §§ 8-10.

A number of dependence and independence assertions can be deduced easily or
follow trivially from the ten properties. The originality of the statements in §§ 3, 8,
9 and of the examples in §§ 6, 7 does not exceed the level of routine consequences
of the definitions.

Since the number of properties is ten, one can think “a priori” that the class
of graphs which possess at least one property is partitioned into 1023(= 210 — 1)
subclasses (called types). In fact, the dependency statements imply that there are
not more than twenty-one types; on the other hand, examples are got for ten types.
The 21 imaginable types correspond in a natural manner to the 21 independent
vertex sets of the hierarchy diagram shown in Figure 1. One of the types consists
of some connected graphs which are not strongly connected, the remaining < 20
types constitute a partition of the class of the strongly connected graphs.

A part of the open problems concerns to the existence of the eleven types whose
non-emptiness is not decided in the article. In the last section an exciting topics
is affected: the (fond?) hope for elaborating a structure theory of the strongly
connected (directed) graphs.

*Research partially supported by the Hungarian National Foundation for Scientific Research
(OTKA) grant, no. T 16389.
MTA Matematikai Kutatéintézet, H-1364 Budapest, P.O.Box 127., Hungary.
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I Notions and facts

§1

By a graph, we mean a finite directed graph G = (V| E) where V(# 0) is the set
of vertices and E(# 0) is the set of edges of G. We suppose that G is simple (in
detail: any edge joins two different vertices and there is at most one edge between
any fixed vertex pair) and connected. The outdegree and indegree of a(€ V) are
denoted by 67 (a) and 6% (a), respectively.

Throughout the paper we study graphs whose vertices satisfy! 6= (a)-67 (a) > 2;
hence transient vertices (i.e., vertices fulfilling §~(a) = 6% (a) = 1) are excluded.

A graph G is said to be strongly connected if, for each ordered vertex pair (a, b),
there exists a directed path from a to b.

As usual, we say that two edges e = (a,b) and § = (¢,d) of G are adjacent if
the number of different elements of the vertex set {a,b,c,d} is three. We say that
¢ and f are consecutively adjacent if b = ¢ or a = d holds; e and f are said to be
oppositely adjacent, if either a = cor b= d.

Remark 1 The assumption that transient vertices cannot occur is useful, and it is
not a serious restriction. The structure of cycles of a graph is not altered essentially
if a transient vertex and the two edges incident to it are replaced by a new edge.

§ 2

By a cycle Z of a graph G, we understand a sequence
ai,as,...,0¢ (2.1)
of pairwise different vertices such that ¢ > 3 and there exist the ¢ (directed) edges

(al,az),(ag,ag),...,(at_l,at),(at,al) (22)

in G. We say that the vertices in (2.1} and the edges in (2.2) are contained in Z
(or, equivalently, that they belong to Z). The cycles (2.1) and a5, as, ..., as,a; are
considered to equal. We say that the length of the cycle (2.1) is ¢. A cycle of length
3 is also called a cyclical triangle.

Let z be an element of either V or E. We say that z is cyclic if there is a
cycle Z which contains z. Two different elements z,y of V U E are called cyclically
completable if there exists a cycle Z such that both z and y belong to Z.

Next ten conditions (A), (B), ..., (K) will be introduced for a directed graph
G = (V,E).

(A) Any vertex of G is cyclic.
(B) Any edge of G is cyclic.

1 This condition implies that we do not deal with graphs being sheer cycles.
21f a1, a2, a3 are pairwise joined and they do not constitute a cyclical triangle, then they form
clearly a transitive triangle.
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(C) Any pair a,b of vertices of G is cyclically completable.
(D) Any pair a(€ V), e(€ E) is cyclically completable.

(E) Any pair e,f of edges of G is cyclically completable when ¢ and f are non-
adjacent or consecutively adjacent edges.

(F) There exists an a(€ V) such that any pair a,b(€ V — {a}) is cyclically com-
pletable.

(G) There exists an a(€ V') such that any pair a,e(€ E) is cyclically completable.
(H) There exists an ¢(€ E) such that any pair a(€ V), e is cyclically completable.

(J) There exists an e(€ E) such that any pair e, f(€ E — {e}) is cyclically com-
pletable.

(K) There exists an e¢(€ E) such that any pair e, f(€ E — {e}) is cyclically com-
pletable when ¢ and f are non-adjacent or consecutively adjacent edges.

The class of all (connected simple) graphs G which fulfil (A) is denoted by A.
The notations B, C, ..., K are used in an analogous sense.

Remark 2 It is well known that Condition (B) is equivalent to the strong con-
nectedness of G.

Remark 3 The condition "any pair of edges is cyclically completable” does not
occur among (A)—(K). This condition is not fulfilled by a connected simple graph
unless it is a single cycle (cf. Footnote 1).

§3

Our aim in the present section is to state thirteen inclusions for the graph classes
introduced above. The next ten inclusions follow immediately from how Conditions
(A)—(X) have been defined:?

BCACCF,GCF,HCF,
JCK,JCGECKDCCDCGDCH (3.1)
Lemma 1 Let ¢ = (b,c) be an edge of G such that any pair ¢,f(€ E — {e}) is

cyclically completable when e, are non-adjacent or consecutively adjacent edges.
Choose an arbitrary element a of V ~{b}. Then the pair a, ¢ is cyclically completable.

3The evident formulae F C A,D C B,J C H are omitted from (3.1). These are col;)sequences
of other assertions in this section (by the transitivity of inclusion). )
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Proof. From among the two possibilities ¢ = ¢ and a # c it suffices to treat the
second one. There are at least three edges incident to a, we can select an edge g
out of them such that g is either non-adjacent or consecutively adjacent to e. The
pair ¢, g is cyclically completable, hence the same holds for the pair ¢, a. O

Lemma 1 implies at once
Corollary 1 We have EC D and K C H. 0
Proposition 1 We have F C B.

Proof. Suppose G € F. Choose an arbitrary edge e = (¢,d) in G. By (F), a is
accessible from d and ¢ is accessible from a. It follows the accessibility of ¢ from d,
that is, the cyclicity of e. (Our idea remains valid even if a € {c, d}.) m|

I1 Hierarchy and examples

84

The assertions contained in § 3 (Corollary 1, Proposition 1 and the formulae in
(3.1)) determine a hierarchy of the graph classes A,B,...,K. This hierarchy is
shown in Figure 1. _

One can now pose the general problem whether there exists any further inter-
relation among the ten graph classes or not. A more particular question is whether
each of the thirteen inclusions is proper.

In what follows, the general problem is broken up into a number of subproblems.
We do-not succeed in carrying out a full discussion, a part of the subproblems will
be left open. It will be shown, however, that eleven of the thirteen inclusions
mentioned above are proper (Proposition 2).

§5

Figure 1 shows a cycle-free (directed) graph. There are nine maximal
independent? vertex sets in this graph:

{A},{B},{F} {C,J},{D,K},
{D,J},{E,J},{C,G,H}, {C,G,K}.
Thus there are twenty-one non-empty independent vertex sets:
{A}, {B}, {C}, {D}, {E},
{F}, {G}, {H}, {J}, {K},
{C,G}, {C,H}, {C,J}, {C,K}, (5.1)

{D’J}’ {D7K}7 {E7J}7 {G)H})
{G,K}, {C,G,H}, {C,GK}.

4Two vertices of a directed graph G = (V, E) are called independent if they are mutually
inaccessible (by directed paths). A subset of V is said to be independent if its elements are
pairwise independent. Maximality is understood with respect to set inclusion. It is clear that the
independent vertex sets are exactly the subsets of the maximal independent sets. Although the
empty set is independent, we shall disregard it.
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A
B
F
/\
C G H
D K
E J

Figure 1
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Whenever {Xi,Xa,..., X} is one of these twenty-one sets (where 1 < g < 3),
then we define a type of graphs in the following manner:
G is of (X1X, ... X )-type precisely if

(a) G belongs to X;NX,N...NX, and

(8) G does not belong to any of the classes (out of A, B, ..., K) which are inac-
cessible from the vertices Xy, X,..., X, in the graph of Figure 1.

For example, G is contained in the (CJ)-type exactly when

G belongs to CNJ (hence to A, B, F,G,H, K also), and

G does not belong to D (thus also G ¢ E).

In sense of this definition, the class of (connected) graphs fulfilling Condition
(A) is partitioned into at most twenty-one types.> The remaining two sections of
Chapter II are devoted to giving examples which show the non-emptiness of ten
types.

§6

We examine in this section some strongly connected graphs (without transient
vertices) which have four or five vertices. The outdegrees and indegrees of the
vertices of a graph are expressed by a matrix of form

( 5_(0.1) (5_(0.2) 6_(0,,,) )
0t (a1) 6V (az) ... 0%(ay)

where the vertices are numbered in such a manner that
(i) 6~ (a1) > 6~ (a2) > ... > 6 (a,) (where v = |V|), and
(i) 1 <i<w, 6 (a;) =8 (ai+1) imply 6 (a;) > 5+ (ais1).

Example 1 There is only one strongly connected tournament with four vertices
(apart from isomorphy), see Figure 2/a. The degree matrix of this graph is

2 211
112 2 )°

There is one cycle of length four: abed and there are two cyclical triangles: abd and
acd.
The fulfilment of Condition (C) is clear. (J) is satisfied with the edge (da). (D)
does not hold since the vertex b is not cyclically completable with the edge (ac).
We have got that the type of this graph is {CJ).

In the following five examples, graphs with five vertices and eight edges are
considered. The degree matrix of Examples 2-5 is

2 2 211
2112 2)°

5By (), the subclasses called types are pairwise disjoint. We used the words ”at most” because
it is not sure that all the types are non-empty.
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a b a b a
e e
d c d c d
(a) (b) (¢)
Figure 2
a b a b a
e e e
d c d ¢ d
(a) (b) (¢)
Figure 3

Example 2 In the graph of Figure 2/b there are four cyclic triangles: abe, cbe, cde
and ade. There is no cycle of length four or five. Condition (G) is satisfied with e.
The graph fulfils neither (C) nor (H). ((C) is false since with a and ¢ form a pair
which is not cyclically completable.)

The type of this graph is (G).

Example 3 The graph of Figure 2/c has five cycles; in detail, abede and abecd are
ones of length five, the length of abed is four, furthermore, abe and cde are cyclical
triangles. (J) is satisfied with the edge (ab), the fulfilment of (E) can be checked
easily.

The type of this graph is (EJ). It is contained in each of the classes A, B, ..., K.

Example 4 The length of any cycle of the graph of Figure 3/a is five or three.

There is one cycle containing all vertices: abede, and there are three cyclical trian-

gles: abe,ade and cde. Conditions (G), (K) are satisfied with e, (de), respectively;

the fulfilment of (C) is clear. (D) is false for this graph (for example, a and (ec)

are not cyclically completable). The falsity of (J) follows from the fact that, for an

arbitrary edge f, there is an edge g such that f, g are oppositely adjacent edges.
This graph is of type (CGK).
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Figure 4

Example 5 Any cycle of the graph of Figure 3/b is of length three or four. There
are two cycles whose length is four: abce and adce; there are two cyclical triangles:
abe and ced. (G) is satisfied with e, (K) is fulfilled with (ce). (C) is not valid because
b and d are not cyclically completable. (J) does not hold (by the same reason as in
the preceding example)!

The type of this graph is (GK).

Example 6 The degree matrix of the graph of Figure 3/c is

3 1

1 2 /)
There is no cycle of length five. Two cycles have length four: abce and adce; there
are two cyclical triangles: bece and ced. Condition (J) holds with (ce). Condition

(C) is not fulfilled since b and d are not cyclically completable.
The type of this graph is (J).

—
(SR

1
2

Example 7 Consider the graph of Figure 4. Each outdegree and indegree equals
2 in it. It is easy to see (without a detailed examination of the cycles) that this
highly symmetric tournament satisfies (E). Condition (J) is not fulfilled (similarly
to Examples 4 and 5).

We have got that this graph belongs to the type (E).

Remark 4 It seems that the remaining strongly connected graphs having five ver-
tices (each non-transient) do not represent any other type than the types to which
Examples 1-7 belong. For the reader who wants\to recapitulate the investigation
of these graphs, the following method can be advised:

first to get an overview of the possible degree matrices,

for any degree matrix, to construct all of its graph realizations,
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a b
(2)
(b)
Figure 5

if two graphs are dual® to each other, then to examine only one of them (because
duality does not alter the structure of cycles essentially).

§7

We have seen in § 6 some examples which were obtained by scanning all graphs
with a very small number of vertices, they show the non-emptiness of seven types.
In the present section examples for three additional types will be given.”

The fact that the type (A) of graphs is not empty is clear (it is well known
that the class of strongly connected graphs does not exhaust the class of connected
graphs in which every vertex is cyclic). For the sake of completeness of the treat-
ment, we put first an instance for this type. :

Example 8 Every vertex of the graph in Figure 5/a is cyclic, and (ab) is a non-
cyclic edge. Thus the graph belongs to the type (A).

Example 9 Figure 5/b shows a graph for which (B) is valid (or, equivalently, it is
strongly connected), but (F) does not hold. This means that the graph is of type

(B).

6Two directed graphs are said to be dual if one is obtained from the other by reversing the
orientation of all the edges. It may happen that a graph is isomorphic to its dual.

7In the course of constructing these graphs, the restriction that transient vertices are forbidden
needed to be regarded.
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Figure 6

Example 10 The graph in Figure 6 satisfies (F) (with the vertex a). It is easy to
see that (C) and (H) are not valid. (G) is not fulfilled also (observe that a and the
edge (bc) are not cyclically completable). Therefore this graph is of type (F).

III Overview and open questions

§8

Remember that twenty-one graph types have been introduced in § 5. We have
seen in Sections 6—7 examples for ten types. The question of the existence of the
remaining types is open:

Problem 1 Decide for any of the eleven types (C), (D), (H), (K), (CG), (CH),
(CK), (DJ), (DK), (GH), (CGH) - consisting of directed graphs — whether the type
is empty or not.

Problem 1 is a comprehensive question in the sense that the subsequent Problems
2 and 3 are (essentially) particular cases of it.

Recall the hierarchy shown in Figure 1. We are going to suggest some possibil-
ities for improving this hierarchy. Next we consider the pairs of graph classes (out
of A,B,...,K) for which the corresponding vertices are adjacent in Figure 1.

Proposition 2 We have the proper inclusions
BCAFCB,CCF,GCF,

HCcF,DcCC,DCG,DCH,
EcCcK,JCG,JCK.
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Proof. Examples 8, 9 show that B is properly included in A and F is properly
included in B, respectively. The inclusion C C F is guaranteed by® Example 2.
The remaining eight inclusions are ensured by Examples 10, 2, 1, 1, 1, 1, 2, 4,
respectively. O

We do not have examples for the strictness of the inclusions K C Hand E C D,
hence we can raise:

Problem 2 Decide the validity of the equalities K = H and E = D.

§9

There are nine independent vertex pairs in the graph of Figure 1. Our present
aim is to discuss the pairs of graph classes which correspond to these vertex pairs.
Examples 3, 6 and 7 guarantee the truth of the following assertions:

Proposition 3 The intersection ENJ is not empty and it is properly included both
by E and by J. The intersections DNJ and CNJ are proper in the same sense. O

Any of the formulae
GCK,GCHGCCHCCKCCKCD,

is disproved either by Example 2 or by Example 6; our examples leave open the
truth of the (strict) inclusions in the opposite sense. Thus we can pose:

Problem 3 Decide the validity of the inclusions
KcGHCGCcGCcHCCK,DcCK.

§ 10

We have throughout adopted in the above considerations that transient vertices
are forbidden. After determining the hierarchy completely (i.e., after solving Prob-
lem 1), the question may arise how the hierarchy changes when transient vertices
are allowed. The solution of this question does not seem to be difficult.

Now we turn to another possibility of varying the subject. In our former anal-
ysis, graphs having cut vertices® were not excluded. Cut vertices have occured in
Examples 8, 9, 10 actually. It is evident that Example 8 can be replaced by a
twofold connected graph; the same is, however, not trivial for Examples 9 and 10.
Consequently we formulate

Problem 4 Is the hierarchy of the graph classes B, C, ..., K modified if we restrict
ourselves to graphs without cut vertices? FEspecially, do the formulae F C B and
G C F remain valid after this restriction?

$Tnstead of Example 2, any of Examples 5, 6, 10 is suitable for this purpose. In what follows, we
mention only one instance in analogous situations, and the search for other appropriate examples
is left to the reader.

9In other words, exactly onefold connected graphs. The orientation of the edges is indifferent
in this notion.
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§ 11

In the hierarchy of graphs studied by us, the intersection ENJ is the common
part of all classes. It can be hoped that a structural description of this relatively
narrow graph class will be elaborated:

Problem 5 Characterize the structure of the graphs which belong to the type (EJ).

A bold challenge is initiated in the last open question of the paper. A complete
elucidation of this question would imply a systematization of the structure of all
finite directed graphs. Even if this goal will not prove to be successful, partial
solutions are of importance also:

Problem 6 Consider a graph class X from among the nine classes B,C, ..., K.
Let a constructive procedure be obtained how the members of the class X can be
produced from graphs belonging to classes which are proper subclasses of X (in the
hierarchy).

Remark 5 It is at once clear that the solution of Problem 6 for all the nine classes
yields the structural overview of the strongly connected graphs. This observation
can be supplemented by two well-known facts:

(1) any directed graph G admits a unique decomposition into a cycle-free graph
so that each maximal strongly connected subgraph of G is contracted into a
single vertex;

i) it is possible to get a good survey of the structure of cycle-free (directed
g
graphs.

Details may be found in Chapters 3 and 10 of the book [1] of Harary, Norman, and
Cartwright.

References
(1] Harary, F., Norman, R. Z., and Cartwright, D., Structural models: An in-

troduction to the theory of directed graphs, Wiley, New York, 1965. (French
translation: Dunod, Paris, 1968.)
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Two simple algorithms for bin covering

J. Csirik*  J.B.G.Frenkt M. Labbé*  S. Zhang

 Dedicated to Professor Ferenc Gécseg on the occasion of his 60th
birthday

Abstract

We define two simple algorithms for the bin covering problem and give
their asymptotic performance.

1 Introduction

In this chapter we consider the following version of bin packing sometimes called
dual bin packing or bin covering : given a list

L= (a1,az2,...,a,)
of items with size s{a;) for each item a;, and a bin capacity C,

C > 1Iéliasxn s(as),

pack the elements of L into a maximum number of bins so that the sum of sizes
in any bin is at least C. This means, that we have to fill as many bins as pos-
sible. It is clear, that we can normalize the problem so that C is equal to 1 and
s(a;) < 1 for every 1 <4 < n. The above problem was investigated for the first
time by Assmann (cf.[1]) and Assmann et al.(cf.[2]). In particular, they showed
that the problem is N P-hard. Furthermore, they provided the first approximation
algorithms and proved their worst-case performance. Some average-case analysis
was also performed.

We denote by OPT'(L) the optimal, i.e. the maximal number of filled bins for
a list

L = (a1,as,...,a,)
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and we define for every £ > 1
A(L
Ra(k) := min {% | OPT(L) = k} , (1)

where A(L) denotes the number of bins filled by algorithm A applied to the list L.
The performance ratio or asymptotic worst case ratio of A, denoted by R4, is now
given by
R, :=liminf R4 (k). (2)
k—o00

Clearly, R4(k) <1 for every k > 1, and hence R4 < 1.

For an equivalent definition of R4 we observe that R4 > K; if there exist two
constants K7 and K5 such that

A(L) > K1 -OPT(L) + K» (3)

for every list L. Clearly the largest possible K satisfying this inequality equals R4.
By this definition it is obvious that a heuristic A; is at least as good as heuristic
Ay (from a worst case point of view) if R4, > Ra,-

2 Preliminary results

It is very natural to adapt classical bin packing heuristics to the dual problem. So
the first heuristic is Dual Next Fit (DNF).

1. Put the first element into the first bin.

2. While there is an unpacked item, do the following: Let a; be the first unpacked
element, and let B; be the bin that is not yet filled (if all bins are filled, we
take a new empty bin as B;). Place a; in bin B;.

This algorithm has the nice property that it uses only one bin at a time and that
it works on-line. The algorithm runs in O(n) time. However, the asymptotic worst
case bound of DNF is not very good (cf.[2]).

Lemma 1 RpnF = 1/2.

From the ’bad’ lists for this algorithm it follows, that - contrary to classical
bin packing - sorting the items in nonincreasing order does not improve the per-
formance of the heuristic. This implies, that the heuristic Next Fit Decreasing
(NFD) of classical bin packing adapted to the dual bin packing problem also has
a performance ratio of 1/2.

The next idea is to use First Fit type heuristics instead of Next Fit, i.e. to use
all opened bins instead of the last one. However, it has no meaning in this case,
because after filling a bin, it is useless to place further items into it. That means
that neither First Fit nor First Fit Decreasing adapted to the dual bin packing
problem have a larger performance ratio than Next Fit.
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An improvement of the performance ratio of 1/2 was achieved by Assmann et
al.(cf.[2]) by defining an artificial upper bound on the sum of sizes of elements placed
into the same bin. This upper bound can be regarded as the capacity of a bin and
leads to some similarity with classical bin packing. However, after packing the
items by a good heuristic for the classical bin packing problem, it might happen
that in some of the bins the sum of item sizes is less than 1. Hence we can use -
a second step to fill these bins. The algorithm based on the above observation,
proposed by Assman et al., is called First Fit Decreasing with parameter r
(FFD,) and proceeds as follows:

Let 1 <r <2

Phase I. (*Classical FFD”)

1. Presort the items in L so that

s(a1) > s(az) > ... > s(an).

2. While there is still an unpacked element, do the following: Let a; be the first
unpacked item and let B; be the first (leftmost) unfilled bin with a current
total content smaller than or equal to r — s(a;). If such a bin exists, place a;
in B;, otherwise open a new empty bin and pack a; into this bin.

Phase I1. (Repacking unfilled bins)

1. While there is more than one open nonfilled bin, remove an item from the
rightmost such bin and add it to the leftmost one.

The time complexity of FFD, can be seen to be O(nlogn). For this algorithm the
following result holds (cf.[2]).

Lemma 2 Rppp, =2/3 for 4/3<r <3/2.

Assmann et al. also suggested a further improvement by defining a really sophis-
ticated algorithm, called Iterated Lowest Fit Decreasing (ILFD). To define
this heuristic we consider first the following problem: Given the list L and a fixed
number N of bins, what is the mazimum possible value for the minimum bin level
in a packing of L into N bins? From a good heuristic A for this problem we can
derive a good approximation algorithm for the bin covering problem by iteratively
applying this algorithm A. We denote by A(L, N) the minimum bin level in the
packing of L generated by the heuristic A if the number of bins is fixed by N. Now
the algorithm iteratively applying A proceeds as follows:

ITERATED ” A”

1. Let UB = 327, s(a;), LB = 1. (Clearly LB < OPT(L) < UB.)

2. While UB — LB > 1 take N = (LB + UB)/2| and apply heuristic A. If
A(L,N) > 1 take LB = N, otherwise UB = N.
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The resulting algorithm gives a feasible solution of the dual bin packing problem
with LB bins.

Clearly, the performance of this method depends on the choice of A. While the
problem to be solved by A is closely related to multiprocessor scheduling problems,
it seems natural to use for the heuristic A the Lowest Fit Decreasing (LFD)
algorithm, as studied by Graham (cf.[4]) and Deyermeyer et al.(cf.[3]). This algo-
rithm proceeds as follows:

1. Order L so that s(a;) > s(az) > ... > s(a,) and start with N empty bins.

2. While there is an unpacked item in L do the following: let a; be the first
unpacked item and let B; be the bin with minimum level (in case of ties,
choose the rightmost). Put a; into B;.

It is not difficult to verify that the time complexity of ILFD is O(nlog”n).
Furthermore, one can prove the following result (cf.[2]).

Lemma 3 RILF'D = 3/4

3 Two new simple algorithms

Now we will show that the same performance bounds can also be achieved by
simpler algorithms too. First we discuss the heuristic Slmple (SI). This algorithm
proceeds as follows:

1. Sort the items of list L into nonincreasing order, i.e. from now on we assume
that
s(a1) > saz) > ... > s(an).

2. Let ky denote the index satisfying

kq ki+1

Zs(ai) <1 and Z s(a;)) > 1

i=1 i=1
Pack the elements ai,as,...,a;, into the first bin. Fill the remaining space
in the bin with items from the end of the list, i.e. with a,,a,_1,... untill the

sum of sizes of items in the bin is at least equal to one and remove the packed
items from the list.

3. Renumber the indices of the remaining items and repeat step 2 untill the list
is empty.

Lemma 4 For all lists L,

SI(L) > = - OPT(L) -

OJIM
[SLR N ]
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Proof. Let us assume that the last item in the last filled bin is aj,s; and distinguish
the cases s(ajast) < 1/2 and s(ajast) > 1/2.

If s(aiast) < 1/2 then the total sum of item sizes in the last filled bin is bounded
above by 1 + s(ajast) < 3/2. Moreover, since all the last items in the remaining
filled bins are by the definition of SI always smaller than or equal to s(aj.st) we
obtain that the total sum of item sizes of all the filled bins is bounded above by
3/2. As we have at most one non-filled bin, this implies

3/2-SI{LYy+1>s(L).
Since s(L) > OPT(L) we obtain
SI(L) > g(OPT(L) -1)
for all lists L and so the lemma holds in this case.
If s(ajast) > 1/2, we only consider the case wilere all the opened bins are filled. If

this does not hold (i.e. we have one non-filled bin) the proof can be easily adapted.
Now it is clear that the SI-packing has the following structure:

a111 an2 ana o ank

an a'nl—l anz—l ank_l—l ank—-l ank—2 ank—SI(L)+k
ai az as (4° Q41 Q2 asi(L)
B B, B3 By Bk+1 Bk+2 BSI(L)

where Qny—SI(L)+k = Olast, Nk — SI(L) +k= SI(L) + 1, s(ank_SI(LHk) > 1/2 and
n>ng>ng >...>ng.

Call the elements apn,@n—1, .., Gn,+1,0n1—1s - 18notl, - 1@ngs_1—1) « -+ 0ng+1
type-A items and the remaining (i.e. the first and the last element in each bin)
type-B items, and consider the optimal packing. Define

k4 := # bins in the optimal packing with only type-A items,
kap := # bins in the optimal packing with exactly one type-B item,
kpp := # bins in the optimal packing with more than one type-B items.

Clearly
' OPT(L)=ks +kap + kpp. (4)

Moreover, by the definition of SI we observe that

k
Z s(a;) + Z s{a;) < k

i€type—A
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and this implies, since a1,as,...,a; are the biggest B-items, that kap < k. Ap-
plying the above inequality again and using s(a;) > 1/2, for every i < k, we get:

kap
ka+kap < Z s(a,-) + Z s(ai) <
i=1

i€type—A

k+k SI(L) +k
< AB (L) +kap . (5)
2 2
Finally, in order to obtain an upper bound for kgg we note that the total number
of type-B items in bins with more than one type-B item is given by 2-SI(L) —kap

and hence
< 2-SI(L) — kas

kpp < 5 (6)
By (4) and the upper bounds in (5) and (6) we obtain
SI(L) + k 2-SI(L) -k
OPT(L) < ( ); ap  2-51( 2) AB _ 3/2.SI(L).
and hence the desired result is proved.
’ a

In the above lemma we proved that Rs; > 2/3. Furthérmore, this lower bound
can be achieved, as will be shown by the next result.

Theorem 5 Rg; = 2/3.

Proof. Let us define the lists L,,n > 1 by the sizes of the elements and consider

31 1 1
Ln— Z;?_Ea§_67"'7§_i726’28""725
6n+lvtimes 3n times
If
cc L
24n
then
OPT(L,) = 3n +1
and

SI(L,) =2n+1.

Hence we obtain
SI(L,) 2 1

OPT(Ly) ~3 ' on+3
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and this implies limy,_ oo inlé%z—l—) = 2. Applying Lemma 4 finally yields the desired

result.
a

It is easy to see that similarly we can characterize the performance of the heuristic
ST if s(a;) < 1/k for all a;, where k is some positive integer. For this case the next
result holds.

Theorem 6 If s(a;) < 1/k for all items in L = (a1,a2,...,a,), where k is a

positive integer, then the worst case performance of the heuristic SI is at least ﬁ:%

Proof. The proof directly follows that of Lemma 4 .
Finally, we consider an improved version of the SI-heuristic. Before introducing

this so called Improved simple heuristic (ISI) we divide the list L into the
following three parts.

i) s(z1) > s{za) > s(zp) > 1/2 (X-sublist)
i) 1/2> s(y1) >s(y2) > ... > s(y,) > 1/3 (Y-sublist)
i) 1/3> s(z1)>s(z2) > ... > s(zm) (Z-sublist)

Clearly p +r + m = n. Now the ISI-heuristic is defined as follows.

Phase 1. If s(z1) > s(y1) + s(y2), then pack z; into an empty bin, otherwise pack
y1 and y» into an empty bin. Fill the just opened bin with elements from the
end of the Z-sublist, i.e. with z,,, 2z -1,-.. untill the bin is filled. Remove
the packed elements from the corresponding sublists and repeat packing untill
either X UY or Z is empty.

Phase 2. If after phase 1, X UY is empty, pack the remaining elements in the
Z-sublist according to the Next-Fit heuristic. Otherwise, if Z is empty, pack
the remaining z-elements by two in a bin and the remaining y-elements by
three.

For the above heuristic the next result holds.

Lemma 7 The worst case performance ratio of the heuristic IST is at least equal

to 8/4.

Proof. To verify the above result it is sufficient to prove that ISI(L) >
3/4(OPT(L) — 4) for all lists L. This is easy if X UY is empty after phase 1.
Observe that in this case the last elements of all filled bins (after the execution of
the heuristic) are elements from the Z-sublist and hence the sum of sizes in each
filled bin is bounded from above by 4/3. By an argument similar to that used in
the first part of Lemma 4 the desired inequality follows.
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Zy1,Z2,.- -, XL |, Ti41,-- -, Tp, Iy1y2;y3y4:~--,y2k—1y2k—| s Y2+t -5 Y,

1,22, -3 %m

Figure 1: The packing by Improved Simple.

Subsequently we consider the case where the Z-sublist is empty after phase 1
and assume that z1, 2, ...,z from the X-sublist and y1y2, ysy4, - - ., Y2k —1y2x from
the Y-sublist are used in the first phase (cf.Figure-1).

By the definition of the heuristic we obtain

p—1 T — 2k I kK p r
ISJ(L)21+1C+{2J+[ . J 125+5+5+5-3 (7)
We now have to derive an upper bound on OPT(L). In order to do so call
the elements of the Z-sublist, which were packed last in a filled bin by the ISI-
heuristic, B-items, and the remaining z-elements A-items and consider the optimal
packing. We now rename A-items A*-items if these A-items in the optimal packing
are packed either with only A-items or with one or two y-elements or with exactly
one z-element and define

ka+ := # bins in the optimal packing with only A* items,

ka+x := # bins in the optimal packing with only A* items and exactly one element
from the X-sublist,

ka-y := # bins in the optimal packing with only A* items and exactly one element
from the Y-sublist,

ka-yy := # bins in the optimal packing with only A* items and exactly two
elements from the Y-sublist,

kothers := # of other bins in the optimal packing.

Clearly,
OPT(L) = ka- + ka:x + ka-y + ka-yy + Kothers. (8)

To obtain an upper bound on the first four terms in (8) we note by the con-
struction of the ISI-packing that

> s(a) +Zs(xi) +Zs(yi) <l+k (9)

i€type—A*

Furthermore, if k4- +ka-x +ka-v +ka-yy > [ +k, it is possible by the feasibility
of the optimal packing and the definition of A* items to pack more than [ + k bins
in the first phase of the 15T heuristic and since this does not hold we get

ka- +ka-x +hary +ka-yy <l+k (10)
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To simplify notations, we now define I' := k4-x and 2k’ := kg-y + 2ka-yy. Then,
by (10), it follows immediately that

U+ k' <ka+kax tkasy +karyy <L+ k. (11)
It turns out that the inequality derived in (10) can be improved as follows. Clearly,

v 24/
kas + kasx +kary + karyy < z s(a:) + Zs(iﬂi) + Z s(yi).  (12)
i=1 i=1

iEtype— A*

By (9), it follows that the upper bound in (12) can be bounded from above by

v ! 2’ 2k
U:=l+k+ Z s(x;) — Z s(z;) + Z s(yi) — Zs(yi). (13)
i=1 i=1 =1 i=1

In order to bound U we distinguish the following four cases:

i) 1> and 2k > 2K,
i) I<! and 2k > 2K,
ili) 1> and 2k < 2K/,
iv) <!l and 2k < 2K

By (11) case (iv) will never occur and hence we only have to consider i), ii) and
iii).

Clearly, if i) holds,

{ 2k .
Usl+k= Y s@)- > s(w) (14)
i=l'+1 i=2k'+1

By the definition of IS (cf.Figure 1), we now observe that

2
s(zq) > s(z1) > s(yarg1) + s(Y2r42) > 3

for every i <[, if r > 2k + 2.

Moreover, if r < 2k + 1, then s(z;) might be smaller than 2/3 and hence the
remaining elements in the X-sublist after phase 1 are always smaller than 2/3.
This observation implies that in phase 2 the sum of the sizes in a filled bin is
bounded above by 4/3 and together with the argument that in phase 1 the sum of
sizes in a filled bin are also bounded above by 4/3 the desired inequality follows.
By this observation we may therefore assume that s(z;) > 2/3 for every ¢ < and
this yields, by (14),

2 1 1 2
U<itk—3(-1)=3(2k=2k) = s(+k) + 3("+ k) (15)
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If ii) holds we obtain by (13) that

! 2k
Us=l+k+ Y sl@)— Y. sy). (16)
i=l41 i=2k'+1

Observe by the definition of the first phase of the I SI-heuristic (cf.Figure 1) that
the sum of sizes of any two y; elements, ¢ = 2k’ + 1,...,2k is always bigger than
the size of any z;-element, : = [+ 1,...,!". This implies

I 2k +21' —21

Zs(zi)ﬁ Z s(yi)

=141 =2k +1
and since by (11) 2k’ + 21’ — 2] < 2k, we obtain

2k

U<ith— S sy §l+k——31-(2k—(2k’+21’—2l))
1=2k' 420" —21l+1
l+k 2
— - l, kl
5 + 3( + & (17)

which is the same as inequality (15).

In order to bound U by the same upper bound as in (17), when iii) holds, we
use a similar argument, i.e. we replace the remaining y-items by an z-item and
using the lower bound for z; yields the desired result.

Hence we have proved that in all cases the improved upper bound

l+k 2
U< % FIUE) (18)

holds.

By (8), we also need an upper bound on kotpers. These remaining koipers bins
contain p — I’ z-items, 7 — 2k’ y-items, | + k B-items and some A-items. By the
definition of k4~ these A-items are always contained in a bin with some of the above
elements and hence do not count in the computation of an upper bound for kotpers.
For this upper bound computation we consider four subcases.

A)l+k>p—1U'+ =28,

If this holds, the best we can hope for is to pack one X-element with one B-item,
two Y-elements with one B-item and the remaining B-items by four. Hence

r-zk'+l+k_(p—l'+r:;i’)

kothers S P—- l’ + 9 4

(19)
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and by (18) and (8) this implies

OPT(L) < —(l + k) + p+ gr — —(l’ + k').

Since by A) I' + k' > p+7r/2 — | — k we conclude by the above inequality that

2 1
OPT(L) < g(l +k+p)+ 3" (20)
y (7),(20) and the inequality r > 2k (cf.Figure 1) we finally obtain
4 4
§ISI( ) > g(l+p) §(k+r)—4ZOPT(L)—4. (21)

—2k'
B)p-lU'<l+k<p-1l'+2.

If this holdsr, the best we can hope for is to pack one X-element with one B-item,
the first part of the Y -elements by two with an additional B-item and the remaining
Y-elements by three. Hence

others <p—1"+ ((l + k) —(p— ll)) + %((r — 2]6’) - 2((l + k,‘) — (p - l’)))
k4 %((r Co) 2+ k) = (p—1))
and by (18) and (8) this yields

OPT(L) < S(l+k+p) +

Wi

Clearly this is the same upper bound as discussed in (20) and so (21) also holds.

Cyp—l'—(r-2k)y<l+k<p-1.

If this holds, it follows that r — 2k" — (p — I' — (I + k)) > 0 and so the best we can
hope for is to pack ! + k X-items with one additional B-item, the remaining part
of the X-items, i.e. p —1' — (I + k), with one additional Y-item and the rest of the
Y-items, i.e. r —2k' — (p —I' — (I + k)), by three. Hence

r=2k"—(p-1U'-(+k))
3

r—2k' - (p—1' — (L + k)
3

kotlLersSl+k+p_ll_(l+k)+

=p-1I+
and by (18) and (8) this implies

OPT(L) < (p+l+k)

OOIﬁ
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Clearly this is the same upper bound as discussed in (20) and so (21) also holds.
Dyl+k<p-Il'—(r—2K).

If this holds, the best we can hope for is to pack [ + k& X-items with one additional
B-item, r — 2k’ X-items with one additional Y-item and the remaining part of the
X-items, ie. p—=1'— ({ + k) — (r — 2k"), by two. Hence

U+ k)~ (r — 2K
2

kothers < l+k+’l‘—2k'+p
and by (18) and (8) this implies
~— 6 2 2 6 '
By D) it follows that I — 2k’ < p—r — I — k and substituting this in (22) yields

2
OPT(L) < g(l +k+p)+

Wl

Clearly this is the same upper bound as discussed in (20) and so (21) also holds.
This last subcase concludes the proof of our result.
0O

In the above lemma we proved that R;s; > 3/4. Furthermore, this lower bound
can be achieved, as will be shown by the next result.

Theorem 8 R;s; = 3/4.

Proof. Consider the lists L,, with

1 1 1 1
L, = —+En,§ +an,§ —25,“5—25”,...,5 —26,1,6671,6[:‘”,...,66”
. 4n times
12n+41 times

It is easy to verify that
OPT(L,)=4n+1.

If £,, is chosen in such a way that the first two items together with the last 4n items
do not fill the first bin then

ISI(Ly) = 3n+1.

Hence lim,_, OI—}S,IT((EL-'% = % and by Lemma 2 the desired result follows.

]
As a last remark we note that for the above lists the IS I-packing is essentially
the same as the simple packing.
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4 Open question

It would be interesting to find a heuristic with a performance ratio greater than
3/4.
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On =+1-representations of integers

Janos Demetrovics! Attila PethéTand Lajos Rényai*

This paper is dedicated to Professor Ferenc Gécseg on the occasion of
his 60th birthday.

1 Introduction

In public key cryptography cryptosystems employing elliptic curves are playing
an important role. Such systems are based on the elliptic version of the discrete
logarithm problem. Let K be a finite field, E = E(K) be an elliptic curve over K
and let P € E. If the binary expansion of n € N is

b;2', b;=0,1;5=1,...,5; b =1,

i
-

[=}

1=
then one can compute P(n) = nP by using the following algorithm:
1. P(n)«+ P

2. fori+ 1tol do
{P(n) < 2P(n),
if b,_; = 1 then P{n) + P(n) + P.}

This algorithm requires ! doubling and Ei;(l) b; addition steps. All operations are
performed of course on the curve E. The idea is quite old. In a recipe for integer
multiplication it appears in the Egyptian Rhind Papyrus dated from about 1650
B.C.

Observing that addition and subtraction on an elliptic curve have the same com-
plexity, Morain and Olivos [MO] developed another algorithm for the computation
of P(n). Their algorithm uses one of the representations

ll
n=>Y d2?, di=-1,01i=1,.,I5d =1, (1)
=0
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which we shall call a +1-representation of n. In the above algorithm only the
conditional statement should be changed to

if dir_; # 0 then P(n) « P(n) + dy_;P.

The new algorithm requlres U doublmg and Z ' |di| addition/subtraction

steps on the curve. As Zi=0 {d;| can be consxderably smaller than Ei:(l) b;, the
algorithm of Morain and Olivos may be more efficient, if I’ is not too big compared
to .

We will point out to another application of +1-representation of integers. Let
A = (aij)i=1,2;j=1,2 be a matrix with entries from a commutative ring, and with
determinant +1. As A~! = det(A)A7 the computation of A~ means in this case
only the swapping of a;> and as,;, and the replacement of the sign of entries of
AT whenever det(4) = 1.

In contrast to the binary expansion, the *1-representation of integers is not
at all unique. If, for example, the bitsequence of the binary expansion of n looks
like 01, then 20(—1)*1 are #1-representations of n for all k¥ > 0. (Here we listed
the digits in reverse compared to the usual representation.) Morain and Olivos
[MO] (see also Miiller [M]) describes two substitutions: 1¥ = ~10%~11,k > 2 and
1401 - —10%-11-10'"11 —» —10*~!—10"1, which result usually +1-representation
of smaller weight than the binary expansion. Moreover, both algorithms are linear
in logn. On the other hand, the length of the representation can be at most one
longer than the shortest representations. For example the numbers 011,k > 0
have weight 2 and length k + 2, but the algorithms of Morain and Olivos results
0% — 101, which has weight 2, but length k + 3.

We call a *1-representation optimal, if I' + Z‘L'—O id;| 1s minimal among the

+1-representations of n. Note that the quantity I' + Z o ldi| is actually one
more than the number of additions/subtractions in E requlred when using the +1-
representation (1) for computing nP. The aim of the present paper is to prove the
following theorem.

Theorem 1 There exists an algorithm which computes an optimal £1-represen-
tation of the integer n in O(log |n|) edditions and comparisons.

The proof of the theorem is constructive, i.e. we present a linear time algorithm
for the computation of an optimal +1-representation of integers. Our method is the
following: first we associate to the integer n an infinite, bipartite, directed acyclic
graph G(n) such that the *1-representations of n correspond to suitable directed
paths in G(n). Next we establish that to find an optimal +1-representation it suffices
to consider a subgraph of G(n) having at most 2log, n + 5 nodes. Our problem is
actually equivalent to a single source shortest paths problem in this graph, which
can be solved fast using a variant of the well known Dijkstra algorithm [D], [CLRJ.
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2 The construction and elementary properties of
G(n)

Let 0 # n € N and assume that 2 is the highest power of 2, which divides n. For
each k > 0 we consider the solutions z of the congruence

r=n (mod2F), —2F <z <2k 2)

This congruence has one solution, z = ng = 0, if 0 < k < v, and two solutions, if
k > v. In the latter case we denote the solutions by ng; and ny 2 and order them

as follows:
0< |nk,2| < gk—1 < |nk,1| < 2k, (3)

If Jng 1] = |nk,2| > O (which may happen only if k = v + 1), then put ng,; =2 and
ng,2 = —2%. The set of vertices V of G(n) is

V ={(k,ni) : 0 <k <v}U{(k,ng1),(k,ng2): k> v}

To lighten notation we shall refer to vertices (k,ny) simply as ny and (k,ng ;) as
nk,;. Thus, in the sequel we will use the notations ny and ng;,7 = 1,2 in two
meanings; either as vertices of G(n) or solutions of (2) satisfying the inequalities

3)-
The set of edges E of G(n) is the union of three sets, E1, E2, E3, where

E3 = {6;;11:sz(nk,nk+1)ZICZO,...I/—l},
E, = {Cu,l = (nmnu—i-l,l);ev,2 = (nv;nu—{-l,Z)},
Ey = {erjn = (MkjsMh+1,0) i Met1,n = Nkj + sk,j,th with

Ek,j,h € {_170>1}; k > 1/}.

Here e = (z,y) means that the directed edge e joins vertex z to vertex y.

Let d~(z), (resp. d*(z)) denote the indegree (the outdegree, resp.) of vertex
z € V, i.e. the number of edges having z as their endpoint (starting point, resp.).
Now we prove the following simple lemma.

Lemma 1 We have d™(ng) = d (ny41;) = 1, f 0 < k <v+1,5 = 1,2 and
d~(ng;) =74, ifk>v+1,7=1,2.

Proof: The first assertion is obvious. We consider therefore the second one. Let
k> v+ 1. An edge ending at vertex ny ;, has, by construction, ny_1,1 or ng_j 2 as
its starting point, and hence belongs to the set E;. Then there exists an h € {1,2}
and €4—1,,; € {—1,0,1} such that

Nk = Ngp_1,n + Ek—l,h,jzk—l-
Let first j = 1. If e = 0 or —sg(ng1)* then

Inka — €257 > Inga| > 2570 > il h=1,2

We denote by sg(n) the sign of the integer n.
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by (3). Hence there can be no edges, which correspond to these values of ¢, i.e.
d~(nx,1) < 1. On the other hand, if € = sg(n,1) then for u = ng, — sg(ng,1)2F!
we have

lu] = e ~ sg(nra)287t| < 2F — 251 = 2k=1
This implies that w = ng_;,; or u = ngx_; 2 and hence d™(ng,) > 1.

Let now be 7 = 2. If e = 0 or sg(ng,2) then
ks — €271 < |ng o] < 257

by (3). Hence there is one edge either from ng_;; or from ng_y 2 to ngs. If
€ = —sg(ng2) then, as
Ingo — 281 > 2k—1)

by (3), there is no edge, which corresponds to this value of e. Thus d=(ng2) = 2,
as asserted. O

- Now we associate weights to the edges of G(n). Let

0, if e€ E;3,
wle) = ¢ sg(nyr1j), if e=(ny,nuq1,;) € By,
sg(ek,jn), if €= (ng;j,nr41,n) € E1.

The following lemma shows that the network G(n) has a quite transparent struc-
ture.

Lemma 2 If k > v, then there exists for every € € {—1,0,1} ezactly one pair of
indices (7, h),1 < j,h <2 such that w(ex ;n) = €. Moreover, for an edge e jp we
have w(ek jn) =0 if and only if h =2 and d*(ng ;) = 1.

Remark 1 The second assertion of Lemma 2 means that if k > v then the subgraph
of G(n) spanned by the nodes on the k-th and k+1-th levels has one of the following
two types:

Nky11 @ ° Ng41,2
T2 1)
Nkl L4 L4 NE,2
Figure 1
or
Ng+1,1  ® ® TNpt1,2
0 M1
LT o o g2
Figure 2

This observation will be important in the computation of an optimal *1-
representation of n.
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Proof: We have seen in the proof of Lemma 1 that w(ex ;2),7 = 1,2 takes two
different values: 0 and sg(ng41,2), while w(eg,j1) = sg(ne+1,1). But sg(ng41,2) #
sg(ng+1,1), and both of them are different from 0, implying the first assertion.

(From what we established so far, we know that w{e ;) = 0 implies that
h = 2. It also follows from Lemma 1 that at level k£ one of the vertices has outdegree
1, the other has outdegree 2. Having all these, t6 prove the second assertion, it
sufﬁces to verify that w(eg,j2) = O implies that d*(ng ;) = 1. The cond1t1on on
the edge-weight gives that ngy1,2 = ng ;. Using this we have

[Pk+11 = kgl = kg1 — Rk 2| = 2591 > 25,

for any € € {1,0,—1}. This means that there can be no edge from ny ; to ngt1,1,
hence dt(ng ;) =1. O

We have constructed an, in one direction, infinite directed acyclic graph G(n).
Observe, that if 2¥ > |n|, then ngyj2 = n for all j > 1. We shall prove, that this
network describes completely the +1-representations of the integer n.

To be more precise, let U(n) denote the set of directed paths from 0 to the
nodes nyg ;, where ngj, =n, and let

W(n) = {(wleo,j ) s w(€wji1), W€r15usr,dura)s - W(EK—1,50 1,5k )
where the path €gj,,. -, €uj, 41> €utljuir,jvrer -1 €k—1jk_1.x € U(N)}.
Remark that j; = 1, if i < v and j; = 1 or 2, otherwise. Hence W(n) is the set
of sequences of weights of directed path from the vertex ny = 0 to the vertices
Nk,jp, — N
On the other hand, let
k—1
E(n) = {(do,...,dx_1), such that n. = > d;2", d; € {~1,0,1}},
=0
i.e. E(n) is the set of sequences of digits of the +1-representations of n. Now we
are in the position to prove the following theorem.

Theorem 2 Ifn # 0, then W(n) = E(n).

Proof: If n < 0 then we have obviously W(-n) = —W(n) and E(-n) =
" —E(n). Hence it is enough to prove the theorem for n > 0, which we assume in the

sequel.
Let first
§= (w(eo,jl )7 RE) w(eV,ju+1)7w(el/+17]'u+1,ju+2)7 R w(ek—l,jk—l,jk)) € W(n)
Then .
€0,515 - 5 Cvdug1s Bl Gy g1, dutzr o o0 CR—1 5k 1,0k
- (HOanl)a"')(nll—lanll)i(nV}nV+1y,7'u+1)7

(nv+1,ju+1 ) nV+2yju+2)’ B (nk-—l,jk—l ) nk,jk) € U(n)
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We have the relations
_ h—1
Thjn = Mh—1jn_y T W(€A-14y_1,5a)2"

whenever h > v, by the definition of the vertices and the weights. Hence, as
Ng,j, =N, we have

k-1

h
n=npg, =wer, )2+ Y wlen, in)2"
h=v+1
Asw(eppy1) =0for h=0,...,v — 1 we obtain
v—1 k-1
n=ngg, =Y wlennt)2® +wlens, )27+ Y w(eh )2
h=0 h=v-+1

ie. s € E(n).
Assume now that s = (dp,...,dg-1) € E(n). Then

k-1 '
n = Z d121
=0
Let ng = 0, and if 0 < & < k, then ny = Y g d;2°. Then ny, = n,

nyp=n (mod 2")

and
h—1

[ng| < ZQi < 2k,
i=0

Thus, if & > v, then ng = ny, j, for jp = lor jo = 2. If h < k, then

Npy1 = 1 + dp2",
ie

Phtl,jhsr = Dhgn T dh2h'

This means that there exists an edge from np j, to npy15,,, and its weight is
w(eh’jh,th) = dh. Hence
(no’nl)a sy (TL,,_l,'I'I,,,), (71,,, nV+1,ju+1)7 (ny+1:jv+l’n"+21ju+2)i ceey ('n’k—lyjk—l’nk:jk)

is a directed path from ng = 0 to ng j, =n, i.e. s € W(n). The proof is complete.
O

We define the weight of a node ny ; of G(n) to be the minimum of the sums

Z;?:l |w(e?)|, where the edges e!,e?,...,eF form a directed path from 0 to ny ;.
We denote the weight of ny, ; by w(ng ;). In view of Theorem 2, our task of finding
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an optimal representation of n is equivalent to finding a node ny ; with k4 w(ng ;)
minimal among the nodes with ng; = n. (Please note that for an optimal node
nk,; a shortest path from 0 to ny ; can not end with an edge of weight zero, hence
for the +1-representation of type (1) obtained from the path we have I’ = k.)

To solve the latter optimization problem, we examine closely the lowest level of
G(n) where n appears as a vertex. Let k' = |logn] + 2. Then 2¥' =2 < n < 2¥' -1,
Hence ny—1,1 = np2 = n for all h > k', by (3). Moreover, only these vertices are
equal to n.

Lemma 3 If w(ng-1,1) < w(ng—12) + 1 then (a shortest path from 0 to) node
ng—1,1 provides an optimal representation of n. If w(ng _11) > w(ng_12) +1
then (a shortest path to) node ny o provides an optimal representation of n.

Proof: By Remark 1. the layer of G(n) comprising levels k' — 1,k" and k' + 1
looks like

Nk 41,1 hd o NE'+1,2 =N
T e 1 (0)
nk’,l ® ® nkI’Q =n
0 N1
n="nNg-11 * i Ngr-1,2.

Here the edges without label have weight +1. Using the fact that a directed
path from 0 to a node at level h > &' must pass through level &' — 1, we have

w(ng,;) > minf{w(ng —11), w(ng -1.2) + 1} = w(ng 2).

Hence if h > k' then h + w(n, ;) > k' + w(ng 2). ;From this we-see that the
optimum is attained at node ng _1,1 or ng .
If w(ng _1,1) <w(ng—12)+1 then

K —=1+whng-11) <k —1+wlne ) <k +wlng ),

hence ny_1,1 is the (only) optimal node.

On the other hand, if w(ng—1,1) > w(ng—1,2) + 1 then w(ng —11) > wlng 2),
and therefore k' — 1 + w(ng —11) > k' + w(ng 2). In this case ny 2 is an optimal
node. O

Note that the lemma implies in particular that the length I’ of an optimal +1-
representation (1) of n can have at most two values. The second alternative of the
Lemma 3 allows for the possibility of two optimal nodes. This may indeed happen,
as exemplified by the representations 7=4+2+1and 7=8 - 1.

Proof of Theorem 1. The algorithm now is quite straightforward to outline.
On input n > 0 we build the the first k' layers of the graph G(n) and calculate the
the edge weights. It is a directed acyclic graph (dag) with no more than 2log, n+5
vertices and 3log, n + 6 edges. Following the definition directly, this graph can be
built using O(logn) elementary operations.
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By Lemma 3 it suffices to compute the weights w(ng _1,1), w(ng 2) together
‘with with an appropriate path from 0 to ng 1,3 or to mg 2 which provides the
optimal weight. We can use here Dijkstra’s algorithm for the single source shortest
path problem. In doing this, we have to work with the absolute values of the original
edge-weights. Dijkstra’s method can be implemented in linear time for dag-s (see
for example section 25.4 in [CLR]), hence this phase can also be accomplished in
time O(logn). O

3 A detailed algorithm

Here we present a detailed and streamlined procedure which performs the tasks
sketched in the proof of Theorem 1. It computes an optimal +1-representation of
the input integer n > 0. In the following description we use a two-dimensional
array n(h, j),j = 1,2, to represent the vertices np ; of the network G(n). The value
of n(h,j) is a three-dimensional vector, whose i-th coordinate will be denoted by
n(h, )il

Upon termination n(h, j)[3] will store w(np ;). Moreover, n(h,j)[1] stores an
identifier of the next to last vertex of an optimal path to ny j, and n(h, 7)[2] contains
the weight of the last edge along this path. More formally, in the general situation
(i.e. if h > v) we intend to achieve the following:

n(h, j)[3] ‘min{n(h— 1, (3] + [w(en_1,50)l, where ex_1 ;¢ € G(n)},
n(h, 2] = wlen-1,58), if n(h,5)3] = n(h —1,0)[3] + jwlen_y,50)l,
n(h, 7)[1] 2, if n(h,7)[3] =n(h—1,0)[3] + |lwler—1,j.e)l

Algorithm

Input: 7 > 0 an integer »
Output: (dp,...,dr—1) an optimal +1-representation of n.

1. k' :=|logn) +2

2. Compute G(n) up tolevel &'

3. for h:=1 to v do n(h,1) := (1,0,0)
4. n(l/ + 17 1) = (1,1U(€y7,,+1’1),1);77.(1/+ 112) = (17w(el/,u+1,2)> 1)
5 forh:=v+2to k' do

ifen—11,1 € G(n) then begin

TL(h, 1) = (1,w(€1l_1’1’1),n(h -1, 1)[3] + 1)
n(h,2) := (2,0,n(h - 1,2)[3])

ifn(h —1,1)[3] + 1 < n{h,2)[3] then

n(h: 2) = (lyw(eh—l,lﬂ):n(h’ 1)[3])

end
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else begin _

n(h, 1) = (2, w(eh_l’z,l‘), n(h - 1, 2)[3] + ].)
n(h,2) := (1,0,n(h — 1,1)[3])

if n(h — 1,2)[3] + 1 < n(h, 2)[3] then

TL(}(I:{ 2) = (2,1.0(6}1_112!2),71(,1, 1)[3])

6. k:=k - 1;7 :=n(k,D[1];d := (n(k, 1)[2])
if n(k',2)[3] < n(k,1)[3] then k := k', j := n(k, 2)[1};d := (n(k, 2)[2])

7. while k # 0 do
d:=(n(k,j)[2],d); j:=n(kj{1]; k:i=k-1

8. output d.

Proposition 1 The preceding Algorithm computes an optimal +1-representation
of the integer n in O(logn) time.

Proof: It is clear that the algorithm terminates after O(logn) steps. Therefore,
it is enough to establish correctness. ‘
The basis of the calculation of w(ny ;) is the straightforward relation

w(ng,;) = min{w(nn-1,;) + [wler-1,4,4)|, where (np-1,i,nn;) € G(n)}.

As w(e) = 0 for e € E3, we have w(ny ;) = 0 for h < v. Thus n(h,1)[3] is
set correctly in Step 3 for 1 < h < v. The same is true for n(v + 1,5)[3],7 = 1,2,
because |w(e)| = 1 for e € Ep. If h > v + 2 then the h-th level of G(n) has one
of the shapes, presented on Figures 1 and 2. The value of n(h, 5)[3] is determined
in Step 5 according to these alternatives. Thus n(h, j)[3] = w(ns,;) for all h and
4 considered. By Lemma 3 it is enough to compute the weights up until level
[logn) + 2, hence k' is set properly in Step 1.

Lemma 3 shows also that in Step 6 the parameters k, j of an optimal node ny ;
are calculated correctly. In fact, we set k = k' — 1, if w(ng _1,1) < w(ng 2), and
k=K, if wng-11) > w(ng 2). Finally, by tracing backwards an optimal path
to ng; in loop 7, we compute the digits of an optimal +1-representation. The
proposition is proved. O
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Dedicated to Professor Ferenc Gécseg on his 60th birthday

Abstract

An automata network graph is said to be n-complete (under projection) if
every automata network having underlying graph with n vertices can be sim-
ulated (under projection) on it. In this paper n-complete automata network
graphs with minimal number of edges are completely characterized.

1 Basic Notions

Let f: X1 x...x X, = X be a mapping having n variables for some positive

integer m, moreover, let t € {1,...,n}. f is said to really depend on its t** variable
if there exist ©; € X1,...,2;.1 € Xt_l,fltt,xtl € Xt7l't+1 € Xt+1, oz, € X,
having f(z1,...,2n) # fl21,...,Z¢—1, T, Te41, ..., Tn). I f does not have this

property then we also say that f is really independent of its t** variable. Moreover,
if there is no danger of confusion then sometimes we omit the attribute “really”.
For a given non-empty set X and positive integer n denote by X™ the nt*
0 power of X. Given a k-element subset H of {1,...,n}, H = {i1,...,ix}
(iy < ... < iy), the H-projection of X™ is a mapping prg : X™ — X* defined by
pru(zy, ..., zn) = (Tiy, ..., 2, ), where (z1,...,2,) € X™ The function pry(F) :
C XE o XE with prg(F(z1, ..., 20)) = pru(F)(pra (@1, ..., 20)), (21, ..., 2,) € X™
is called the H-projection of F' : X™ — X" (if it exists). If H = {h} for
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some h € {1,...,n}, i.e,, H is a singleton then sometimes we use the expres-
sion h-projection (of a vector or function) in the same sense as the concept “H-
projection”. (And in this case sometimes we use the notation pr, instead of
pr{n}-) Moreover, for an arbitrary i € {1,...,n}, we define the it" component
of F: X" — X" as the function cp;(F) : X" — X with ¢p;(F)(z1,...,2,)) =
Wi(F($1,~-~,$n)) (1‘1,...,$n) € X"

For any pair F; : X™ — X™,¢ = 1,2, one denotes by Fj o Fp : X" — X the
function Fy o Fy(z1,...,Zn) = Fy (Fa(z1,...,20)), (£1,-..,Zn) € X™.

A (finite) directed graph (or, in short, a digraph) D = (V, E) (of order n > 0) is
a pair of the sets of vertices V = {v;,...,v,} and edges ECV x V. vy; € V is an
isolated vertez if ({v;} x VUV x {v;})NE = 0.If (v;,v;) € E and i = j then (v;,v;)
is called (self-) loop edge. The digraph D' = (V', E') is a subdigraph of D if V' is
a non-void subset of V, and E’ C E. D is said to be connected for v; € V if every
vertex v; € V has a (directed) path from v; to v;. D is called strongly connected if it
is connected for all of its vertices. Moreover, D is centralized if there exists a v; € V
with V x {v;} C E (including (v;,v;) € E). In addition, a digraph D = (V, E)
having a structure V. = {v1,...,un}, £ = {(vs,Vif1(moan)) : # = 1,...,n} is
called a cycle (with n length). We also say that a digraph D has a cycle (with
n length) if there is a subdigraph of D which forms a cycle (with n length). A
transformation F : X™ — X™ is said to be compatible with a digraph D = (V, E)
(of order n) if F' has the form F(z1,...,zs) = (fi(z1,...,2Zn),. .., falz1, ..., 20))
({(z1,...,zp) € X™) and f; : X™ - X, i =1,...,n may depend only on z; and
those ; for which (v;,v;) € E (including the case i = j). »

A word (over X) is a finite sequence of elements of some finite non-empty set
X. We call the set X an alphabet, the elements of X letters. If v and v are words
over an alphabet X, then their catenation uv is also a word over X. Especially,
for every word u over X, ul = Au = u, where )\ denotes the empty word having
no letters. The length |w| of a word w is the number of letters in w, where each
letter is counted as many times as it occurs. Thus |A| = 0. By the free monoid X*
generated by X we mean the set of all words (including the empty word A) having
catenation as multiplication. We set X* = X* \ {)\}, where the subsemigroup X+
of X* is said to be free semigroup generated by X.

By an automaton A = (A, X, ) we mean a finite automaton without outputs.
Here A is the-(finite non-empty) state set, X is the input alphabetand § : AxX — A
is the transition function. We also use 0 in an extended sense, i.e., as a mapping
§: Ax X* — A, where §(a, ) = a (a € A) and §(a,pz) = §(d(a,p),z) (a € A,p€
X*,z € X). For a given word p € X*, the transition induced by p is the function
dp : A — A that takes any state a € A to §(a,p).

If A= Z™ forsome|Z| > 1 and n > 1 (where |Z| denotes the cardinality, i.e., the
number of elements in Z) then we say that A is a finite state-0 automata network
(of size n with respect to the basic local state set Z). Then the underlying graph
Da=(Va,En) of Ais defined by V4 ={1,...,n},E4={(i,5) | 3z € X : ¢p;(dz)
really depends on its it* variable}. A is a D-network if D = (V, E) is a digraph
with V = V4 and E D E4. In other words, A is a D-network if every mapping
6, : A = A (z € X) is compatible with D. Note that a size n automata network
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may be regarded as comprising n component automata A; = (Z,;Z2™ x X,6;), 1 €
{1,...,n}, where the é; are defined by

6(2’,.’5) = (61(217 (271))a v )6ﬂ(zn7 (Z,.Z'))),

for 2 = (21,...,2n) € Z™, z € X. One may of course suppress the components of
Z™ in the inputs to A; upon which §; does not really depend.

If n =1 or |Z] = 1 then we say that A = (Z", X, ) is a trivial automata net-
work. The purpose of this paper is to investigate the state-homogeneous automata
networks having state sets of the form Z", for a positive integer n > 1 and fixed
finite set Z of cardinality at least two. Therefore, by an automata network we shall
mean a non-trivial finite state-homogeneous network.

Let A = (2™, X,6),B = (Z™,Y,¢') be networks (having the same basic set Z).
We say that B simulates A by projection if there exists an H C {1,...,m} such that
every 0, : Z™ = Z™ (z € X) is an H-projection of a mapping 4, : Z™ = Z™ (p €
Y1). If there exists a D-network B which simulates a given network A by projection
then it is said that A can be simulated on D by projection. A digraph D is called .
n-complete (with respect to simulation by projection) if every network of size n can
be simulated on D by projection. The n-complete digraph D = (V, E) has minimal
number of edges if for every n-complete digraph D' = (V', E’), |V| = |V'| implies
|B| < |B].

2 Preliminary results

We start with the following technical result.

Lemma 2.1.(see [2]) Given a finite group G, a positive integer n > 1, let us
define for every distinct 1,5 € {1,...,n} the functions Fi(,;) Gt = Gt =1,2,3,
Fj(4) :G" = G", and U j : G — G™ as follows.

' )
Fi(,j)(gla"'ﬂgn):(.917"'7gj—1;gigjagj+1:"'7gﬂ)7
F(2)( ) = ( . S
ii (G1y-- 5 9n) = (91,1 95-1,95 "G5> Gi+15 -+ - Gn),
F(3)(g )_( . . .
iJ 15---39n) = 917---ag]—lag1ag]+17"'7gn)a
4 _
Fj( )(g1>~~-7gn)=(gl;~-'7gj—1;gj 1agj+17""agn)a

Ui,j(gl,--~;gn) = (gla"')gi—l)gjagi+l)"'7gj-—-lag‘i)gj+17" 7g'n.)

Then for arbitrary, pairwise distinct 4,5,k € {1,...,n} we get

1 2 1 1 2
Fi(’].) = Fz’(,k) oF,g,j) o Fi(,k) o F,E,j),
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(2 (1 1 2 2
Fi,j) = Fi,k) ° Flg,j) o Fi(,k) ° Fls,j)’

3 (1) (1) 2 (2 2 3
Fi(,j) = Fk,j ° Fi,k ° Fé,j) ° Fi,k) ° Flg,j) OFIS,]')1
Uj = Fj(4) o Fi(,;‘) o F].(4) o Fi(4) o Fj(,‘i) o i(,;')'

O

Given a non-void set Y, a positive integer n, let 7y denote the full transfor-
mation semigroup of all functions from Y to ¥. In addition, for every subset
H C Ty, let < H > denote the subsemigroup of Ty generated by H. More-
over, for any finite set X with |X| > 1 and positive integer n > 1, denote Tx,,
the subsemigroup of all transformations of 7x» having the form F(zy,...,z,) =
(Te(1)s - - Za(n))s (T1, -, Zn) € XMt {1,...,n} = {1,...,n}, and let

Fxn = {FX" . i I F(Z‘l,...,l‘n) = (:1:1,...,mi_l,f(zi,zj),zi+1,...,:z:n),
where f: X% = X,i,j € {1,...,n},(z1,...,2,) € X"},

(It is understood that the case ¢ = j is allowed in the above definition of I'x~.)
Define the elementary collapsing t; 5 : {1,...,n} = {1,...,n} for 1 <j #k < n,

. j ifi=k
ik (i) = { 1 otherwise
Moreover, as usual we say that u; . : {1,...,n} = {1,...,n} for 1 < j# k< nis
a transposition if
j o ifi=k
wi(@)=<{ k ifi=j
1 otherwise

Let Fxn-1y{qy be the semigroup of functions {F € Txn» : F(z1,...,z,) €
X1 x{d}, z1,...,2n € X, F is really independent of its last variable}.

Lemma 2.2. (see [2]) fxn—lx{d} c< IFx» >.
Proof. Fix arbitrary ¢ # d € X and let (¢ci,...,¢h—1) € X1,
A (z1,-..,za) if (z1,...,2n) =(c1,---,Cn-1,0),
Flerenn) (@150 Zn) = { (Z1,.. -, Bp-1,d) i (z1,...,20) #(c1,. .., Cno1,C)

((z1,...,2n) € X™). First we prove that Fi., .._,) €<Tx~>.
If n = 2, then our statement holds by definition. Otherwise, n > 2 and for every
b € X, define

Oy, sy < f @ a1,€) o =bian=c,
FV(z1, .., 2q) —{ (z1,...,Zn_1,d) otherwise,
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where (z1,...,z,) € X™
For everyi € {1,...,n—1},(ci,-.-,Cn—1) € X" 7%, let

| (z1,.. ., Zaor,0) A (T, 20) = (G-, Cnm1,0),
F(Ci ,,,,, cn—l)(xl" ”m")_{ (z1,...,Zn-1,d) otherwise,

where z = (1,...,2,) € X"). It is clear that F.,_ ) = Fc(,?)_l. On the other
hand, for every i € {2,...,n =1}, Fie. ;. .cn_) = Fleiroveno) © Uicin—t © F(O_)1 o

Ci
Ui—1 n—1. Simultaneously, we have by definition that F’c(,.o_)1 € I'x» holds for every
i € {2,...,n — 1}. Moreover, using Lemma 2.1, it can be shown easily U;; € <
T'x» > . Thus we get our statement by induction.
Now we consider a pair (ci,...,¢n-1), (di,...,dn-1) € X* 1, d € X, ((c1,..
Cno1) = (d1,...,dn_1) is allowed), and define

)

(cl,...,cn_l,d) if(l'l,...,in_l):(dl,...,

W 1)
Fiol on i@ =9 (diyoydnoa,d) i (21,0, 200) = (a1,
cn—l),
(z1,...:%n-1,d) otherwise,
) (Cl,...,Cn_l,d) if(Il,...,l‘n_l):(dl,...,
F(cl ,,,,, Cn_l),(dh...,dn_l)(w) = dn—l)’_
(z1,...,%n-1,d) otherwise,
where z = (z1,...,2,) € X™.

(%) .
Next we show F(Clw,cn_l),(d1 ,,,,, dn_y) €< I'xn >,1=1,2.

We have ¢ € X arbitrary with ¢ # d and set F® () = (T1,..-,Tp_1,C),
F(gg)(w) =(z1,...,Zn-1,d), and

@ (cl,...,cn_l,c) if(xl,...,zn):(dl,...,
F(clr-'wcn—l)y(dly~-<:dn—1)($) = dn_l’?),
(z1,...,%n—1,d) otherwise
where = (21,...,2,) € X", c,d € X,c # d, moreover, consider F, . . as
before. In addition, let
(z1,...,Zn-1,€) if z,, = d,
FO(zy,. . z) =4 (z1,...,2n1,d) ifz,=c,
(z1,..-,%n-1,Tn) otherwise,

and let for every a € X,

N — if z,, = C
F(G) Ti,... = (',El’ yIn Z,G,Z‘n) if z, ,
e (T, .., Tn) (1, s Tn—1,Tn) otherwise

((z1,...,zn) € X™). It is clear that FC(B),Fd(B),F@),FéG) € I'x». Next we show
that F((:l),...,cn_x),(dl,...,dn_l) €< I'x» > . Indeed, by an easy computation we get
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F((:l),~-~,cn—1)w(d1,m,dn-l) = Un_zy’"—lo‘ . '°U2y71-1°U1,n—1OFlS?)OUl,n~1°F526)°U2,n—1°

o oUn_sn10F joUn 3 n 10FS) [0Fy,  4._,) On the other hand, by Lemma
2.1 we can see easily U;; € < I'x» > . But then F® = Fés) o

() (5] - (e1,en—1),{d1,....dn-1)
F i en)(dissdn—y) © Fe implies FEE s dndn_yy €< Tx» > . It remains

to prove that F((cll),...,c,,_l),(d,,‘.‘,d,,_l) € <T'x~» >. This connection, completing the
proof, comes from F((cll),...,c,,_l),(dl,...,d,._l) = Ff) o F((;l),...,d.._l),(q,...,c,._l) o F® o
((:1),.“,%_1),((11,...,d,._l) o F{?.
Finally, for every pair (c1,...,¢n-1),(d1,...,dn_1) € X1, let us consider the
mappings F(Cll,---;Cn—l);(dly---,dn—l)’ F(czl,-..,c,._l),(dl,...,dn_l) defined before. Observe
that F((cll)w’cn_l),( dy,.dn_y) BCtS BS 2 transposition in the permutation group over

the set X™' x {d}, while F®)
the transformation semigroup over the set X™~! x {d}. We have already proved that
all of these transpositions and elementary collapsings are in < I'x» >. Moreover,
it is well-known that the set of all transpositions and elementary collapsings on a
set generates all mappings on that set, so any map taking X™~! x {d} to itself may

be written as the restriction to X™~1 x {d} of a composite of the the above func-

tions. A moment’s reflections shows that the set of all these F (1)
@) (15 en=1),(d1,....drn 1)’
2

F(C1 ene () in fact generates all of Fxn-1x(4), since a function in the
latter is uniquely determined by its 0 on X! x {d}. In addition, it is clear that
Txn \ Fxn-1x{a} is non-void. This completes the proof. O

cne1)y(d1s.ondn ) 3CtS as an elementary collapsing in

Next we show

Lemma 2.3. Given a finite group G, a pair of relatively prime integers m,n
with 1 < m < n, let us define for every £ € {1,...,n}, the transformations Ti(o) :
G =G, T . G™ = Gk =1,2,3,4 as follows.

T(O)(gla"'agn) = (gnagla~~~:gn—1)7

1
Te( )(gl> s 1gn) = (gn;gl, - 98—2,9¢-m—1( mod n)9e—1,9¢, - - 'agn—l)7

2 -
T[( )(gl; e >gn) - (gﬂ)gl) R igf—Qvg[_l«m__l( mod n)gl—lageu AN -;gn—l),

3
Tg( )(91;- e :gn) = (g'n.;gla . -~;gl—2:g£—m—l( mod n)» 9, - - - )gn—l)a

4 _
Te( )(gla"'vgn) = (gn:gla"':gf—2:ge_117gla-' . ,gn—1)~
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Then for any fized £ € {1,...,n}, Tgn C< {T(O),Tl(k) 1 k=1,2,3,4} > .

Proof. For every i € {1,...,n}, k € {1,...,4}, T = (TO)n+i-t T o
(T(®)n+€=i Thus we shall show only T » g< {T(O),TZ('”) cfe{l,...,n}k =
1,2,3,4 > . It is clear that using the notions in Lemma 2.1, by the simple fact
that every permutation is a composite of transpositions, and moreover, transfor-
mations can be generated by permutations and elementary collapsings, we obtain
Tan C< { ”, Uij : 4,5 € {1,...,n} > . On the other hand, < {T(O),Tz(k) :
k=1,2,3,4¢=1,....,n} > \Tagn # 0 is clear. Thus it is enough to prove
that for every i,j € {1,...,n}, F\?,Us; €< {T©® ’"’ c k= 1,2,3,4,0 =

n} > - USlng 1+%] 1)m—1( mod n),i+jm—1({ mod n) = (T(O)) Tz(-:—iim( mod n)’
d =1,2,3,i€{l,...,n},7=0,1,..., by an inductive application of Lemma 2.1, we
have Ff zn 1 mod ), 4gm—1( mod m) €< (TO,TH .k =1,2,3,4,6=1,...,n} >
(ie{l,...,n },i=0,1...).

Therefore, because m and n are relatively prime, we receive Fi(j») €< {TO), Te(k) :
k=1,2,3,4,£0=1,...,n}> (d=1,2,3,5,j € {1,...,n}).

Moreover, we also have F*) = (T©®)»=1oT™ ¢ {1,... n}. Hence, applying

Lemma 2.1 again, we obtain U;; €< {T©®, T(k) k=1,...,4=1,...,n} >,
i,j € {1,...,n} and thus, havingF(3 C< {TO)T k) k—1234}> (i,7 €
{1,...,n}), the proof is complete. 0

We shall use the following

Lemma 2.4. (see [1], [2]) Given a positive integer n, let G =< g > de-
note a finite non-trivial cyclic group with a generator ¢ € G. There exists an

arrangement a1, ...,an, (m = |G|") of the elements in the n'® direct power G™
of G such that for every i = 1,...,m — 1 there is ¢ j € {1,...,n} with a;4; €
{(91:--,95-1,9597" 9541, -, 9n), (91, - 95-1, 959, gj+1, ---,9n)}, whenever
a; = (g1, --,9n) (€ G™). m|

Now we are ready to prove the following key lemma.

Lemma 2.5. For any fized £ € {1,...,n},Tx~ is generated by the union of
< {T(O),Tl(k) ck=1,...,4} > and the set of all functions F : X™ — X™ having

the form F(zy,...,zn) = (@1, Te—1, f(T1, .-, Z0), Tpg1,- -, Zn), [ X7 = X,
where 1,...,T, € X.
Proof. We can take out of consideration the trivial case |X| = 1. Thus we

assume |X| > 1.

It is clear that without loss of generality we may suppose Z = 1. On the other
hand, using Lemma 2.3, {U;; : 4,5 € {1,...,n}} C<{TO, ;Y 1 k=1,...,4> .
Thus it is enough to prove that the union of {Uij 1,5 €{1,. n}} and the set of
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all functions- F : X™ — X™ having the form F(zy,...,z,) = (f(z1,...,%0),Z2, .. .,
Tn), generates Txn.

For every pair ¢ € {1,...,n}, f : X® = X, define the function F;; : X™ —
X™ with Fi’f(.’B]_,...,l‘n) = (1'1,..‘,1'1‘_1,_)((:121,...,Zn),ﬁﬂi+1,...,$n) (zl,..,,zn
€ X). Thus, by letting f' = fo U, ;, we have Fj y = U, jo F; p oU; ;. So for every
pairi € {1,...,n}, f: X" 2 X, F; €< Tx,U{F: X" = X" | F(z1,...,Z,) =
(flz1,. s Tn)y T2, T3, .., Zn), 1 X" = X,xq,.. ., 2, € X} >

Let us identify X with a non-trivial finite cyclic group with generating ele-
ment g € X. Thus we also have that for any c¢1,...,¢, € X, F(l)e,j,(Cl ,,,,, cen)
F(Z)e,j,(cl,...,cn) € <TxnU{F: X" > X" | F(z1,...,2n) = (f(z1,...,Zn), Z2, T3,
o Zo ), [ X2 Xz = (21,...,2,) € X™} >, whenever € € {1, -1},

FOierren (@) =

(01,. .. ,Cn) if z = (Cl,. .. ,Cj_l,ngE,Cj_*_l, .. ,Cn),

(€15 --5€j=1,69% Cit1,---,¢n) iz =(c1,...,cn),

T - otherwise,

€ M —
2) _ (C1,...5€21,6595,Cig1, .-y cn) iz =(c1,...,¢n),
7 erenen) (@) { z otherwise,

where z = (z1,...,2n) € X" On the other hand, by Lemma 2.4, there ex-
ists an arrangement ai,...,am of X", such that for every k = 1,...,m — 1,

pr € {F(l)e,j,(cl,..-,cn) e € {~1,1},57 € {1,...,n},c1,...,cn, € X}, 4 €
{F(Z)e,j,(m,...,cn) €€ {'“1:1}aj € {L"':n}’cli'"’cn € X}, where

ar+1 it £ =k,
pr{ae) = ay fl=k+1,
ag otherwise,
_ Ap+1 if ¢ = k,
ti(ae) = { ag otherwise.
But then p1,...,pm-1 is a set of transpositions such that {p1,...,pm_1} generates

all permutations over X™. And simultaneously, #1,...,%,_1 is a set of elementary
collapsings over X™. Thus by the well-known fact that for every 7 =1,...,m — 1,
{p1,...,Pm—1,t;, } generates all transformations over X™, the proof is complete. O

3 Main Results

First we show the next statement.

Theorem 3.1. Given a positive integern > 1, D = (V,E) withV = {1,...,n}
is an n-complete digraph with minimal number of edges if and only if there exists
a permutation p : {1,...,n} = {1,...,n} such that E = {(p(2),p(4)) : 4,7 €
{1,...,n},p(j) = p(i + 1 mod n)} U{(p(:),p(1)) : i € {1,...,n}}.
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Proof. We may assume without loss of generality that the permutation p is
the identity. Then it is clear that for an arbitrary m € {1,...,n}, the functions
T(O),Tl(k) :k =1,2,3,4 defined in Lemma 2.3 are compatible with D. Suppose that
m is 3 such that it is relatively prime to n. Then the sufficiency of this statement
is a direct consequence of Lemma 2.5. To the necessity first we show the existence
of j € V with {(i,7) : 1 € V} C E, whenever D is n-complete.

Let T : X™ — X" such that |[{T(z1,...,2Zn) : T1,...,Zn € X}| = {X"| -
1. First we show that for every Fy,...,Fy, € Tx~, T = Fj o... o0 F,, implies
the existence of an index ¢ O the property [{Fi(z1,...,Zn) : Z1,...,2n € X}| =
| X" — 1. Of course, if Fy,...,Fy, are injective then T' = Fj o ... o Fy,; should
be also injective, a contradiction. On the other hand, T' = Fj o ... o F},, implies
{F(z1,...,Zn) 1 21,...,2Zn € X} < min{|{Fi(z1,...,25) 1 21,...,2p € X}| 14 =
1,...,m}. Therefore, we obtain our assumption regarding the existence of an index
i preserving the property [{Fi(z1,...,%Zn) 1 Z1,...,Zn € X}| = |X"| - 1.

Now we identify the elements of X in a fixed but arbitrary way with the elements
of {1,...,|X|} and consider X™ as a subset of the n* direct power of integers.
For every (aii,...,@1m)s -, (@m1,---ramn) € X™ let Y {(ai1,...,ain) : 1 =
Lo..,m} = (Cmain, - 2ty Gin). Let @ = (a1,...,a,), b = (by,...,b,) €
X" denote distinct elements with |F;~!(a)| = 0 and |F;"(b)| = 2. And let j €
{1,...,n} be an index with a; # b;.

Prove that |X| does not divide pr; (3 {Fi(x1,...,2Zs) : Z1,...,2, € X}). In-
deed, then pr;(> {Fi(z1,...,2n) : z1,...,2n € X}) = pri(C{(z1,...,2z5) :
T1,.--,Tn € XD +bj—aj) = |X""H( lk)ilo_l k)+bj—a;. Of course, by this equality
we received that | X| does not divide pr; (3 {Fi(z1,...,2Z2) : 21,..., 70 € X}).

Suppose that for every j € V there exists an ¢ € V with (¢,j) ¢ E. Consider the
set Dx of all functions of the form X™ — X™ which are compatible with D. Now we
show that for every F € Dx, |X| divides pr; 3 {F(z1,...,zn) 1 z1,...,2n € X}),
implying F; ¢ Dx.

By F € Dx we have that for an appropriate £ € {1,...,n},pr;(F(z1,...,2,)) =
pri(F (21, .., Te—1, Ty, Teg1,-- -, Za)) ((T1,...,T0) € XM, 2, € X, £ = j is allowed).
Therefore, for an arbitrary fixed ¢ € X, pri( 3" {F(z1,...,Zn) 1 21,...,2n € X}) =
| X1pr; Q- {F(z1,...,Te-1, €, Te1,---,Zn)) : T1,--.,Te—1,Te41,-..,Zn € X}. But
then |X| divides pr;(C{F(z1,...,Zn) : T1,...,2n € X}) for every j = 1,...,n.
Hence we get F; ¢ Dx. Consequently, there exists a T € Tx» whith T ¢< Dx > .
This ends the proof of the existence of j € V with {(,7) : ¢ € V} C E, whenever
D is n-complete. Then we are ready if we can prove the existence of a permutation
pi{L,...,n} = {1,...,n} having {(p(i),p(3)) : 5,3 € {1,...,n},p(j) = pli) +
1(modn)} C E.

Consider the mapping T : X® — X" defined by T (z;,...,z,) = (zn, 21,
ooy Tp—1) (21, ..., zn € X). To complete the proof of our theorem, we will show
T©) ¢ Dy if there exists no such a permutation p.

It is also clear that an n-complete digraph D, having n vertices, should be
strongly connected. Therefore, all vertices have (non-loop) incoming edges. Thus,
by the minimality of |E|, we get |E\ {(i,7) : # € V}| = n — 1. Simultaneously,
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the strongly connectivity of D implies {5} x (V \ {j}) N E # 0 (where j € V with
{(3,7) : 1 € V} C E). On the other hand, if there exists no permutation p having
the above discussed property, then by the strongly connectivity of D,V x {j} C E
and |E\{(4,7) : 1 € V}| =n—1, we can prove |{j} x (V \ {j}) N E| > 2, implying
the existence of two distinct vertices 41,42 € V with {({,i,) : r = 1,2, € V}
NE = {(j7i1)7 (.]’ 12)}

It is enough to prove that in this case T(®) ¢ Dy. Clearly, Fy € Dx implies the
existence of functions fr : X — X, k& = 1,2 with pry, (Fi(z1,-..,2n)) = fr(z;).
Therefore, the cardinality of {(y1,v2) : yx = pri. (FA(z1,..., zn)), 6 =1,2, z41,. ..,
T, € X} is not greater than | X|. In a similar way, for every F1,..., Fin € Dx,m > 1
there exist functions f : X = X,k = 1,2such that pry, (Fio...0Fp(z1,...,2,)) =
fr(prj(Fyo...0 Fa(z1,...,Tm))) implying that the cardinality of {(y1,y2) : yx =
pri(Fio...0o Fp(z1,...,2a)),k = 1,2,2y,...,2, € X} is not greater than |X]|.
On the other side, the cardinality of {(y1,%2) : y& = pri. (TO(z1,. .. 20)),k =
1,2, z1,...,%n € X} is |X|? yielding to T ¢ Dx. The proof is complete. a

Now we prove the following characterization.

Theorem 3.2. Given a positive integern > 1, D = (V,E) withV = {1,...,m},
m > n is an n-complete digraph with minimal number of edges if and only if there
exists a permutation p : {1,...,m} — {1,...,m} such that E = {(p(i),p(j)) :
p(E),p(5) € {L,...,n+1},p(f) = p(i+1 mod n + 1)} U{(p(i"), p())}, where ;' €
{1,...,n+1},|j =] # 1, moreover, |j' —i'| =1 and n+1 are relatively prime. NB:
The case i' = j' is not excluded. Moreover, if there are more than n + 1 vertices
then all ezcept for n + 1 are isolated.

Proof. To the sufficiency it is enough to prove for any n > 2 the n-completeness
of D=({1,...,n+1},{(4,¢+ 1(modn + 1)) : 4 € {1,...,n+1}} U{(1,r)}, where
r € {1,...,n+1},7 # 2, and in addition, r — 2 and n + 1 are relative primes.

Consider the set Dx of all functions of the form X"+l — X% which are
compatible with D. By definition, we obtain {T(O),Tl(k) tk=1,...,4,} ¢ Dx,
where T, T;k), k=1,...,4 are defined as in Lemma 2.3 (taking m of the lemma
to be r — 2). Identifying X with a finite group and using Lemma 2.3, then we get
Txn €< Dx >, too. On the other hand, we have by definition {F : X"+ —

X77.+1A| F(zly-”azn—i—l) = (:En-i-lazla" ':zr—laf(zlazr—l( mod n+1))1$T+1;" .,l’n),
f: X2 X,ie{l,...,n+1}, (%1, ...,Tns1) € X™'} € Dx. But then {F :
Xt o Xl | F(xla--':z’n.-{-l) = (2}1,...,21'_1, f(z‘iazi+l( mod n+1))a$i+1:---:

Tny1), f: X2 = X,ie{l,...,n+1}, (z1,...,Tnt1) € X"} U Tx nt1 € Dx
resulting Ty~ C Dx. Applying Lemma 2.2, this shows the n-completeness of D.
Using the obvious fact that n-complete digraph should have a strongly con-
nected n-complete subdigraph, by our minimality conditions, we will consider di-
graphs which have a strongly connected subdigraph and all vertices outside of
this digraph are isolated. Thus, the sufficiency of our statement implies that by
our minimality conditions, we can restrict our investigations to the strongly con-
nected n-complete digraphs having not more than n + 2 edges. {(We can take out
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of consideration the isolated vertices.) If we have n + 1 vertices and fewer than
n + 1 edges then our digraph is not strongly connected. On the other hand,
if we consider a strongly connected digraph D with n + 1 vertices and n + 1
edges, i.e., a cycle having n + 1 length, then for every F' €< Dx >, there ex-
ist £k € {1,...,n+1}, fi : X = X,i = 1,...,n+ 1 with F(z1,...,2,) =

(f1 (zx), f2(xk+1( mod (n+1)); e far1 (:L'n—f-k( mod n+1)) (T1,..., 2 € X) There-
fore, for any 1 < 41 < 4y < ... < iy < 0+ 1, pryy i (F(z1,...,Tn11))
= (fi] (mil-f—k( mod n+1)): sy fim (zim+k( mod n+1))): (Z'I: sy Tppl € X) which ob-

viously shows that this type of digraphs can not be n-complete.

Therefore, to the necessity of our statement, we can consider only strongly
connected digraphs having n + 1 vertices and n + 2 edges. _

By the strongly connectivity of D we may suppose that D = (V, E), with |V| =
n+1,|E| =n+2, has a cycle C = (V', E') with k length for some 1 <k <n+1,
where V' = {Ul, .. ,’Uk}(g V), E = {(vi,viﬂ( mod k)) | 1= 1, .. ,k}(g E)

Using the strongly connectivity of D again, for every V' C V there are distinct
(vi,vj), (Vs,v¢) € E with v, vy € V', v5,v; € V' \ V'. Therefore, by an induction we
get the structure of D in the following manner.

IfTk<n+1lthenV ={v,...,0%, V1, -, Unt1}, B = B'"U {(Vhti-1,Vksi) |
i=1,...,n—k+1}U{(vpt1,vs)}, where £ € {1,...,k} is arbitrarily fixed.

If £ = n + 1 then, of course, V = V', and E = E' U {(vp+1,vr)} for some
te{2,...,n+1}.

To complete the case k = n + 1, first we study digraphs having the form
D = ({v1,- -, Vns1} {6, Vig1(moa nt1)) & € {1,...,m 4+ 1}} U {(v1,v¢)}, where
e {1,....,n+1},¢ # 2, such that £ — 2(mod n + 1) and n + 1 are not rel-
ative primes. Then n 4+ 1 has a divisor d > 1 such that for any mapping
F e DX, F(CB}, . ,iEn+1) = (fl(mim R ,xil‘jl ), caey fn+1((l?i"+1’1, e 7min+l,jn+1)>
where for every w € {1,..., n+ 1}, u,v € {1,...,ju}, twu = tww(mod d), iy, =
w — 1(mod d) (z1,...,2, € X). These hold for compatible maps, i.e. if w # r
then f,, depends only on z,,_,, otherwise w = r and f,, depends only on z,_; and
z1. It is also clear that every composition of such functions preserves this property.
Therefore, for every F €< Dx > and i € {1,...,n+ 1}, pr;(F) depends on proper
divisor of n 4+ 1 many variables which is fewer than n. Therefore, digraphs having
this like structures are not n-complete.

It is remained to study the case ¥ < n + 1. Then V =
{vi, U Vkt1s - Vg ), B o= BU {(Vkgio1,Uh) 0= 1,00 ,n —k+ 1} U
{(vnt1,ve)}, where £ € {1,...,k} is arbitrarily fixed. Of course,if k=1lorf =1
then we have one of the cases discussed previously. Thus we assume k, £ # 1.

Given a set X with |X| > 2, let Mx = {F : X™ -5 X" : | X" -1 <
{F(z1,.--,2Zn) : (T1,.-.,2Zn) € X"}H(L |X™])}. Clearly, then for every F': X —
X" Fe<Mx >.

To complete our proof, now we show that there exists a network D' = (V'  E')
with |V'| = n, B' = V' xV'\{(v;,v;) : v; € V'} such that for every pair F €< Dx >,
H C {1,...,n+ 1}, |H| = n, the existence of pry (F) implies pry(F) €< D'x >
whenever prg(F) € Mx (where D'x denotes the set of all functions of the form
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F: X"+ X" to be compatible with D’).

Observe that for every F;, € Dx thereare f; : X = X,j=1,...,6-1,¢(+
L..,m+1,f: X* = X with Fop(z1,...,20) = (fi(ze), folm1), -, feoa(ze—s),
felze_1,Tns1), ferr(ze)s - s fae1(zn)) (21, . .-, Zne1) € X™F1). Therefore, H =
{1,...,n+1\{i}, i€ {1,...,n+1}\{{-1,n+1}and F = Flo.. .oF,, F,... . F, €
Dx implies [{pru(F)(z1,...,Zn) : (Z1,...,Zn) € X} < |X"7!|. Hence, in this
case pry(F) ¢ Mx. Thus we may assume H = {1,...,n+1}\{¢}, i € {{-1,n+1}.
In addition, it is clear that by the structure of D, for every T € Dx, ¢pi(T) and
cpr+1(T) may really depend only on the same kt* variable of F.

Let F = Fyo...0F, with Fy,..., F,, € Dy, such that, prg(F) € Mx exists
for a suitable H = {1,...,i—1,i+1,...,n+1}, i€ {{—-1,n+ 1}

First we suppose m = 1. Consider functions f; : X — X,j € {1,...,£ - 1,4+
1, - ,n+ 1},fg : ,}(2 — X with F(ZL‘I, .. .,(l)n+1) = (fl(mk),fg((lll), e ,f(_l(.’lig__g),
fe(ze—1,Tns1), fer1(me)s - -y Far1(zn)) (Z1, .-, Tnt1) € XY, Clearly, then i €
{1,k + 1} also holds provided pry(F) € Mx.

Suppose i = 1. Then in consequence of ¢ € {£—1,n+ 1}, we have £ = 2. Clearly,
then f» really may not depend on its first variable, i.e. there existsa g: X — X
with fo(z1,22) = g(z2) (z1,22 € X). Construct the function T : X™ — X" with
T(z1,...,%n) = (9(zn), f3(x1), .- ., far1(8n—1)) ((z1,...,24) € X™). Then we get
pru(F) =T. On the other side, T' € D’ x is also obvious.

Suppose i = k+1.By i € {{—1,n+1} and £ < k, this implies ¥ = n. On the other
side, then f, really may not depend on its second variable, i.e. thereexistsag: X —
X with fe(z1,22) = g(z1) (z1,22 € X): Let T : X™ — X™ with T(z1,...,2,) =
(filzn), fo(z1), .-, fer(ze—2), 9(we-1), frir(ze), -, fr(@a-1) ((z1,..-,zn)
€ X™). It is obvious that T € D’'x and pru(F) =T.

Now we turn to the case m > 1. Then first we define the mappings Fy,..., F! €
Dx in the following way. For every r = 1,...,m, define functions f,. : X —
X,9r + X = X with f(z) = pri(Fr(z1,. .., 21,2, k41, - -, Tnt1)), gr(T) =
ka+1(F7-(£I]1, ey 15T, L1y - - - ,$n+1)), ZT1y---3Tk—1,L,Tk+15---, Tntl e X.
(F, € Dx implies that f. and g, are well-defined.) In addition, let for every
r=1,...,m, prj(Fi(z1,...,Tn41)) =

fi(zr) ifr=1andj=1,
91(zx) ifr=1andj=k+1,
Tk ifr>1andyje{l,k+1},
pri(Fm(z1,- ., Tng1)) ifr=mandje{2,. . kk+2,. .. ,n+1}
prj(Fr(fr+1(fl'1),$2,...,.’I:k7
9r41(Th+1); Tha2,- -, Tny1)) Otherwise

(z1,...,Zn41 € X). By an easy computation we get Fyo...0F, = F/o... o F! .
Define for a fixed c € X, m =2, prj(F)(z1,-..,Zn))

_ pri(Fi(zy,...,%i-1,C,Zi,.. ., Zpn)) if1<j<i,
prizi{E (1, . Tim1, 6,24, .., 2n) 1< <n

(z1a~-~;-'1:n+1 EX,’I"=1,2).
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Similarly, for a fixed ¢ € X and m = 3, let prj(F}(z1,...,zn))

pri(Fl (g, T2, ..., Te—2,
Ty, To—1, -+ 3 Tn—1,T1)) ifi=¢-1,r=1 and
1<j<t-1,
priv1i(Fi(ze, T2, .., Te—2,
Ty Tom1ly-- -y Tn—1,T1)) ife=¢-1,r=1 and
= prj(F{(zp+1.%2,. .., 2n)) ifi=n+1,r=1and
1<j<n,
provi{Fy(z1,.. ,Tim1,6,24,...,2,)) ifr=2and j=1,
pri(Fy(zy, .., Tic1,C, T4y .. ., Tn)) ifr=2and 1<j<ji,
privi(Fy(21, ..., Tic1,6, %4, ..., 2,))  ifr=2andi<j<n,
pri(F3(zy,. .., 2im1,6, %4, ..., Tn)) fr=3and1<j<i,
| prjs1(Fa(zy, ..., 21,6,%4,...,%y)) Hfr=3andi<j<n,

(z1,. ., Zny1 € X,7=1,2,3).
In addition, let for a fixed ¢ € X and m > 3, prj(F'(z1,...,2,))

( pri(Fl(zg,T2,. .., Te-2, :

.’En,I[_.]_,...,QZn_l,.’El)) ifi:f—l,r:1,1§j<€—1,
ori=¢—1,1<7r<m-2and
l<j<e-1,

ij+1(F7I,(CEk,fE2,. T2,

Ty, To—1, -y Tn—1,T1)) fi=f-1r=1¢-1<j<n,
ori=f—1,1<r<m-2and
-1 S]Sna

prov (Fl(zg, T2, ..., Te—2,

T, To_1,.--yTn—1,%1)) ifi=¢—1,1<r<m-—2and

= J=1

o1 (Fi(Zes1, T2, .., Zn)) ifi=n+1,1<r<m-2and
Jj=1

pri(Fi(Tes1, T2, .., Tn)) fi=n+lr=11<j<n,
ort=n+11<7r<m-—2 and
1<j<n,

procy(Fo (21, ., %im1,6, T4, ..., 2,)) fr=m-—landj=1,

pri(Ep1(T1,- ., Zim1,6, %4, .. ., Tn)) ifr=m-1landl<j<i,

prizi{Fp_1(Z1, .. Tim1,6,%4,...,2,))  fr=m—-1landi<j<m,
pri(E) (Z1,. .1 Tic1,6, T4, -, Tn) ifr=mand1<j<zi,
L i (Fo (21,0, %im1,6, 24, -+, T0) ifr=mandi<j<n,

(z1, ... ,Znt1 € X,7 € {1,...,n})).

We remark that, of course, for every j = 2,...,m, the value of Fj'o ... 0
Fl'(z1,...,2Zm) (#1,...,2n € X) may depend of the value of (the above fixed)
c € X. But the value of F{'o... 0 F)\(z1,...,%m) (#1,-..,2, € X) may not depend
on the value of ¢ € X in question, because Fy = F{' o... 0 F} by definition.
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(Remember that the existence of pry(F) (= prua(Fio...0Fy),m > 1) is supposed
with H={1,...,i-1,i+1,...,n+ 1} forafixedi e {{-1,n+1}.)

By an elementary computation we can prove Fy', ..., F). € D'x. Applying The-
orem 3.1, D’ may not be n-complete because it is not centralized. Therefore,
there exists a T € Mx with T ¢< D'y > . But then for every F €< Dx >,
H={1,...,n+1}, |H| =n, pry(F) # T. Therefore, D can not be n-complete.

This ends the proof. O
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Trips on Trees

Joost Engelfriet* Hendrik Jan Hoogeboom™
Jan-Pascal Van Best *

Abstract
A “trip” is a triple (g,u,v) where g is, in general, a graph and » and v
are nodes of that graph. The trip is from u to v on the graph g. For the
special case that g is a tree (or even a string) we investigate ways of specifying
and implementing sets of trips. The main result is that a regular set of trips,
specified as a regular tree language, can be implemented by a tree-walking
automaton that uses marbles and one pebble.

1 Introduction

A specification of a function describes the result of the function in terms of its
argument. The goal of the programmer is to implement this specification by a
program that, for a given argument as input, produces the function result as output.
From an elementary point of view, the program can be seen as a device that walks
on a graph ¢g. The nodes of g are the possible contents of the program variables,
and there is an edge from node m to node n if m can be transformed into n by an
atomic programming statement, such as an assignment. The program should find
its way through this graph from the initial state u, determined by the input, to the
final state v, that determines the output.

In this paper we consider a special case of this general situation, viz. the
case that the graph is a finite tree (or even a finite string). In particular, the
specification describes a set of triples of the form (t,u,v) where t is a tree (over a
ranked alphabet) and u and v are nodes of t. Each such triple can be viewed as a
“trip” from u to v on the tree t. Thus, the specification describes a set of trips, i.e.,
a “trip type”. To simplify terminology we will also call this a trip. An example of
a trip (type) is: from the left-most leaf to the right-most leaf. This is, of course,
the set of all triples (¢,u,v) where ¢ is an arbitrary tree, u is its left-most leaf, and
v is its right-most leaf.

A set of triples (t,u,v) is said to be regulor if it forms a regular tree language
when, as is quite usual, the nodes w and v are indicated by special marks in ¢.
Thus, a regular trip can be specified by a finite tree automaton (that recognizes

*Department of Computer Science, Leiden University P.O.Box 9512, 2300 RA Leiden, The
Netherlands e-mail: engelfri@wi.leidenuniv.nl
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the trip) or a regular tree grammar (that generates the trip) or a regular expression
('that describes the trip). Moreover, as is well known from [Don, ThaWri| (and from
[Biic, Elg] for strings), it can be specified by a formula ¢(u,v) of monadic second-
order logic (on trees), with two free variables u and ». Thus, monadic second-order
logic is the highest-level specification language for regular trips.

Our main interest is the implementation of regular trip specifications. Given
such a specification of trips (¢,u,v), we wish to know how we can walk from u to
v on t. In other words, we are looking for a general type of automaton that, when
started at node u of ¢ can walk to node v along the edges of the tree. Thus, for
the trip mentioned above, the automaton should be able to walk to the right-most
leaf, whenever it is “dropped” at the left-most leaf (and go into a rejecting state
when dropped at any other node)..

It is known from [Blo, BloEng?2] that, in general, this cannot be done by a fi-
nite state tree-walking automaton (as used, in the form of ‘routing expressions’, in
[KlaSch] to specify data types consisting of trees with additional pointers). The
solution in [Blo, BloEng2, BloEngl] is to equip the finite state tree-walking au-
tomaton with more powerful tests; in fact, it is allowed to test any property of its
current node that can be expressed by a formula (with one free variable) of monadic
second-order logic. This is of course not a complete implementation because the
tests are still specified in logic. Thus, the question remained how these tests can
be implemented. Here we show that regular trips can be implemented by a finite
state tree-walking automaton that uses “marbles” and one pebble to find its way
through the tree (as Tom Thumb through the forest). The precise way of using
marbles and pebble will be explained in Section 4. In Section 3 we start with the
easier case of regular trips on strings, and show how to implement them by 2-way
finite state automata with one pebble (and no marbles). Section 2 contains the
formal definition of a trip. :

The results of this paper are part of the Master’s Thesis [vBest] of the last
author, where more detailed definitions and proofs can be found.

2 Trips and Sites

It should be clear that the reader is assumed to be familiar with formal language
theory, and in particular with tree language theory. Thus, the notions of regular tree
language and (bottom-up) finite tree automaton are assumed to be good friends of
the reader. This can be accomplished by reading [GécStel] and [GécSte2]. Shame
on the reader if he/she did not do so yet!

As explained in the introduction, we are interested in trips on trees.- These are
now formally defined. Let ¥ be a ranked alphabet.

Definition 2.1 A trip is a set of triples (t,u,v) where t is a tree over 3, and u
and v are nodes of t.

Trips go from sites tosites (or from sights to sights?). This is an auxiliary
notion that we will need too.
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Definition 2.2 A site is a set of pairs (t,u) where t is a tree over £ and u is a
node of t.

To define regular trips (and sites) we first have to show how nodes of trees
can be marked. As usual, to code (t,u,v), two booleans are added to the labels
of t, one for u and one for v. We define the “marked” ranked alphabet m(X) =
{(0,b1,b2) | 0 € Z,b1,b2 € {0,1}}, where (0,b1,b2) has the same rank as o.
We identify (o,0,0) with o; thus, for each ¢ € £, m(X) contains the symbols o,
(0,1,0), (5,0,1), and (0,1,1). Let ¢ be a tree over £ and let v and v be nodes
of t. We define mark(¢,u,v) to be the tree over m(X), with the same nodes and
edges as ¢t but with different node labels: if node z has label ¢ in ¢, then it has
label (0,2 = u,z = v) in mark(t,u,v). Thus, in mark(t,u,v), either u # v and »
is marked by (1,0) and v by (0,1), or v = v and it is marked by (1,1); the other
nodes are not marked. This defines the coding of trips as tree languages. To code
sites as tree languages, we define mark(t,u) = mark(t,u,u). Thus, for technical
convenience, a site (t,u) gets the same encoding as the “round-trip” (t,u,u). As
usual, for a trip 7', we define mark(T) = {mark(¢,u,v) | (¢t,u,v) € T}, and for a
site S, mark(S) = {mark(t,u) | (¢t,u) € S}.

Definition 2.3 A trip T is regular if mark(T) is a regular tree language. A site
S is regular if mark(S) is a regular tree language.

. As observed in the Introduction, it is well known from the classical results of
[Don, ThaWri] that a trip T is regular iff it can be defined by a formula ¢(z,y) of
monadic second-order logic, in the sense that T is the set of all (¢,u,v) such that
t = ¢(u,v). And similarly for sites and formulas ¢(z) with one free variable.

"We will be interested in particular in functional trips, i.e., trips in which the
destination is determined by the place of departure. We will show that functional
trips can be implemented by deterministic tree-walking automata. It is easy to see
that functionality is decidable for regular trips.

Definition 2.4 A trip T is functional if there are no triples (t,u,v1), ({,u,v2) € T
with v; # vs.

Finally, all the above definitions also apply to the case of strings over an (ordi-
nary) alphabet ¥, with the appropriate changes. Thus, a trip on strings is a set of
triples (w,u,v) with w € ¥* and u,v are positions of w (i.e., 1 < wu,v < |w|, where
lw| is the length of w). Note that w cannot be the empty string.

3 Trips on Strings

To find our way on strings we will use 2-way pebble automata. A 2-way pebble
automaton is an ordinary 2-way (nondeterministic) finite state automaton with one
pebble. The input string is surrounded by endmarkers on the input tape, and at
each moment the automaton is at a certain cell of the tape, in a certain state. It
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can test the input symbol at the current cell, and move one cell to the left or right,
changing state. Additionally, it can drop the pebble on the current cell, it can test
whether the pebble is at the current cell, and it can lift the pebble from the current
cell (when it lies there, of course). Initially the pebble is not on the input tape,
and it is also required that at the end of a computation the pebble is not on the
input tape. A 2-way pebble automaton A recognizes a language L(A4) in the usual
way, but we want to use it to compute a trip, as follows. The trip T(A) computed
by A consists of all triples (w, u,v) such that when A is started at position u of w
on the input tape, in its initial state, it can walk to position v, enter a final state,
and halt. In other words, if you want to make trip T'(A), catch automaton A!

It is well known that 2-way finite automata (without pebble) recognize the reg-
ular languages [RabSco, She]. In fact, a 2-way finite automaton A can be simulated
by an ordinary (1-way) finite automaton M that, at each cell, computes the transi-
tion table of A, i.e., the finite set of pairs (g, ¢') such that when A is started in state
q at this cell, it can make an excursion to the left, and return to the cell in state
¢'. The same technique of transition tables can be used to show that also 2-way
pebble automata recognize the regular languages ([BluHew]; cf. [Bir, GloHar] and
Exercise 3.19 of [HopUll]): a 2-way pebble automaton A can be simulated by a
2-way automaton A’ (without pebble) that at each cell computes two transition
tables of the automaton A (without the instructions that manipulate the pebble),
one for excursions to the left and one for excursions to the right. Instead of drop-
ping a pebble on a cell, making excursions to the left and right, and then lifting
the pebble again, A’ can just stay at the cell and compute A’s state change from
the two transition tables.

From this it is easy to see that every trip computed by a 2-way pebble automaton
is regular.

Lemma 3.1 For every 2-way pebble automnaton A, T(A) is a regular trip.

Proof. We have to show that mark(T(4)) = {mark(w,u,v) | (w,u,v) € T(A4)} is
a regular language. In fact, there is a 2-way pebble automaton A’ that recognizes
mark(T'(4)), i.e., L(A") = mark(T(A)). The automaton A’ first walks to u (which
is marked by (1, 0) or (1,1)), then simulates a successful walk of A (ignoring marks),
and finally checks that it is at v (which is marked by (0,1) or (1,1)). O

Determinism of 2-way pebble automata is defined in the usual way. It should
be clear that the trip T'(A4) computed by a deterministic 2-way pebble automaton
A is functional (cf. Definition 2.4). We now prove that every regular trip can
be computed by a 2-way pebble automaton, and in particular by a deterministic
automaton if the trip is functional.

Lemma 3.2 For every regular trip T on strings there is a 2-way pebble automaton
A with T(A) =T. Moreover, if T is functional, then A is deterministic.

Proof. Let M be an ordinary, deterministic finite automaton that recognizes
mark(T"). First we describe a nondeterministic automaton A that computes T.
The automaton A is started at position u of string w, and it has to walk to position
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v, with (w,u,v) € T. To do this, A first guesses whether v is to the left or to
the right of u, or v = u. Suppose that it guesses v to be to the right of u. A
drops the pebble at the start position v, walks to the head of the input tape, and
then simulates M walking to the right, until it detects the pebble. It picks up the
pebble and continues the simulation of M, treating the symbol o at position u as
(0,1,0). Then, nondeterministically, A drops the pebble at some position v, treats
the symbol ¢ at position v as (o,0,1), and continues the simulation of M until it
reaches the end of the input tape. If M is in a final state, A backs up until it
finds the pebble at position v, lifts the pebble, and goes into a final state. In the
case that v is to the left of u, A simulates a deterministic finite automaton that
recognizes the mirror image of mark(T), walking from the end to the beginning of
the input tape. The case that v = u is obvious.

Let us now assume that T is functional, and describe a deterministic automa-
ton A. It is a variation of the nondeterministic automaton A above. First we
argue that A can find out deterministically whether v is to the left or right of
u, or at u. Since mark(T) is a regular language, it should be clear that the
language {mark(w,u,v) | (w,u,v) € T and v is to the right of u} is regular too.
Hence, applying the string homomorphism that changes (o, 1,0) into (c,1,1), and
(0,0,1) into o, to this language, we obtain that the site § = {(w,u) | (w,u,v) €
T for some v to the right of u} is regular. Thus, A can test whether or not v is
to the right of u by testing whether or not (w,u) is in site .S, and it can do that
by dropping its pebble at u and simulating a deterministic finite automaton that
recognizes mark(S), treating the symbol ¢ at position u as (#,1,1). Obviously, A
can test in a similar way whether or not v is to the left of u, or at u. Suppose
now that v is to the right of u. A then behaves as in the nondeterministic case,
simulating M, until it picks up the pebble from u. After that, instead of guessing
v nondeterministically, A just tries out all positions v to the right of u, one by
one from left to right, moving its pebble from one v to the next. Note that, when
walking from v to the end of the tape, A should not only keep track of the current
state of M but also remember the state in which M arrived in v; this allows A to
continue the simulation of M with the next v. O

Altogether we have proved that the 2-way pebble automaton is the implemen-
tation model of regular trips on strings.

Theorem 3.3 A trip on strings is reqular iff it can be computed by a 2-way pebble
automaton. A functional trip on strings is regular iff it can be computed by a
deterministic 2-way pebble automaton.

Since a trip is regular iff it can be expressed in monadic second-order logic, this
theorem can be viewed as the generalization from languages to trips of the classical
result of Biichi and Elgot [Biic, Elg].

It is shown in {Blo, BloEng2] {for the more general case of trees) that 2-way
finite automata cannot compute all regular trips. Thus, the pebble is really needed.
We strengthen this result in Theorem 4.9. On the other hand, it is well known that
two pebbles are more powerful than one; a 2-way automaton with two pebbles can
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easily recognize, e.g., the language {wew | w € {a,b}"}, and thus also compute
non-regular trips.

4 Tree-Walking Automata

In the case of strings we have used 2-way automata to walk from one position of
a string to another. For trees we need an automaton that walks from one node of
a tree to another. Such tree-walking automata were introduced in [AhoUll], and
were studied, e.g., in [ERS, KamSlu]. A (nondeterministic) finite state tree-walking
automaton (or tw automaton, for short) is similar to a 2-way-automaton on strings.
At each moment the tw automaton is at a certain node of the input tree, in a
certain state. It can test the label of the current node, and move to the parent or
to one of the children of the node, changing state. A child can be specified by a
number between 1 and the rank of the current node label. The automaton can also
test whether the current node is the root of the input tree, and if not, what is its
“child number”, i.e., which child it is of its parent (specified by a number between
1 and the rank of the label of its parent). The language L(A) recognized by a
tree-walking automaton A consists of all trees on which A has a computation that
starts at the root of the input tree in its initial state, and ends in a final state. As
in the case of strings, it can be shown, using the technique of transition tables (for
excursions in a subtree), that every tree-walking automaton can be simulated by
an ordinary (bottom-up) finite tree automaton. However, as opposed to the case
of strings, it is not known whether every finite tree automaton can be simulated by
a tree-walking automaton!

Conjecture 4.1 The class of tree languages recognized by tree-walking automata
is a proper subclass of the regular tree languages.

It should be mentioned here that a statement similar to the one above is proved
in [KamSlu]. However, the tree-walking automata of [KamSlu] are weaker than
ours: they cannot test the child number of a node; and for this reason, as shown
in [KamSlu], they cannot even make a depth-first left-to-right search of the input
tree.

Clearly, a type of automaton that can compute all regular trips on trees, should
be able to recognize the regular tree languages: for every regular tree language L,
{(t,u,u) | t € L,u is the root of t} is a regular trip, and obviously, an automaton
that computes this trip also recognizes L. Thus we are led to an automaton that is
known to recognize the regular tree languages: the tree-walking marble automaton.

A tree-walking marble autornaton is a tree-walking automaton that, additionally,
can use “marbles” to drop on the nodes of the input tree. The difference between
a pebble and a marble is that the automaton has an unlimited supply of marbles
(i-e., a marbles bag of infinite size!). Moreover, we want our automaton to have
marbles of different colours (which is the reason to call them marbles). Thus, each
automaton has a fixed (but arbitrary) number of marble colours, and it has an
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unlimited supply of marbles of each colour. During its computation, the automaton
can drop a marble of a given colour on the current node (provided there is not yet
one of that colour), it can test whether a marble of a given colour is at the current
node, and it can lift a marble of a given colour from the current node {provided
there is one there). Note that there cannot be two marbles of the same colour on
a node. There is, however, an important additional restriction on the behaviour
of the tw marble automaton: if there are marbles on the current node, then the
automaton is not allowed to move up to the parent node. In other words, dropping
a marble on a node u closes off the context of u, in the sense that the automaton
can only visit # and its descendants, but has to lift all marbles from u to visit the
other nodes. Since the automaton starts its computation without marbles on the
input tree, this restriction implies that at each moment of time all marbles lie on
the path from the current node to the root.

It is shown in [KamSlu] (cf. also [ERS]) that the tw marble automaton rec-
ognizes exactly the regular tree languages. However, the model of tw marble au-
tomaton is described in a different way in these papers. Instead of marbles, the
tree-walking automaton has a pushdown, which has the same length as the path
from the current node to the root. The pushdown is synchronized with the move-
ments of the automaton on the tree: a symbol is pushed on the pushdown when
the automaton moves to a child, and the top symbol is popped from the pushdown
when the automaton moves to the parent. It should be clear that these two types
of automata recognize the same tree languages. Each symbol on the pushdown can
be simulated by a marble on the corresponding node, taking all pushdown symbols
as marble colours. Vice versa, the marbles on the -path from the current node to
the root can be simulated by a pushdown containing in each cell the colours of the
marbles that are on the corresponding node, taking all sets of marble colours as
pushdown symbols. The only reason that we have turned the tree-walking push-
down automaton into a tree-walking marble automaton is that the pushdown au-
tomaton is not suitable for the computation of trips: when started at a node of the
input tree, what would be the content of its pushdown?

The result of [KamSlu] is stated next, together with a sketch of the proof.

Proposition 4.2 Both the nondeterministic and the deterministic tw marble au-
tomata recognize the regular tree languages.

Proof. The fact that the language recognized by a nondeterministic tw marble
automaton is regular can be proved in the usual way using transition tables, and
we will not go into that (cf. the discussion before Lemma 3.1).

The other way around we sketch how a deterministic tw marble automaton A
can simulate a (deterministic, bottom-up) finite tree automaton M. Let us assume
for convenience that the input trees are binary, i.e., that the rank of an input symbol
is either 2 or 0. A traverses the input tree ¢ in a depth-first left-to-right fashion, and
uses the states of M as marble colours. At each node u of ¢ it determines the state
in which M arrives at u (in its own state), as follows. If u is a leaf, it determines
M’s state from the transition function of M. Otherwise, suppose it has determined
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the state g1 at the first child of u. It then drops a marble of colour ¢, on u, walks
down to the second child of u, and determines the state g2 at that child. Moving
up to u again, it picks up the marble ¢, and determines the state at u from ¢, and
g2, using M'’s transition function.

For arbitrary input trees, A uses as marble colours all pairs (7,¢), indicating
that g is the state of M at the i-th child of u. O

As in the case of strings, to obtain an implementation model for the regular
trips an additional pebble is needed. This finally leads us to the main automaton
model of this paper: the tree-walking marble/pebble automaton. A tree-walking
marble/pebble automaton is a tw marble automaton that uses one additional pebble.
The pebble can be dropped on a node, detected at a node, and lifted from a node, as
usual. Initially and finally, there are no marbles and no pebble on the input tree.
However, we need an additional restriction on the behaviour of this automaton,
because otherwise non-regular tree languages could be recognized (and hence non-
regular trips computed).

Example 4.3 Consider the non-reqular monadic tree language {a™cb"e | n > 0},
with a,b,c of rank 1 and e of rank 0. This language can be recognized as follows,
using the pebble and just one marble: put the marble at the root, and the pebble at
the lowest b; then move the marble one node down, and the pebble one node up;,
repeat this last step, until both the marble and the pebble are at the c-labeled node.

The additional restriction on the tw marble/pebble automaton is: the pebble
can only be dropped or lifted when there are no marbles on the tree. Note that the
automaton is able to keep track of this condition by giving a special colour to the
first marble it drops on the tree. At the end of this section we will discuss a less
restrictive definition.

The trip T(A) computed by a tw marble/pebble automaton A is defined just as
in the case of 2-way pebble automata on strings: T'(A) consists of all triples (¢, u, v)
such that when A is started at node w of input tree ¢, in its initial state, it can
walk to node v, enter a final state, and halt. So, for this trip you have to catch
marble/pebble automaton A!

We first want to prove that every trip computed by a tw marble/pebble au-
tomaton is regular. As in the case of strings (cf. Lemma 3.1), this easily follows
from the fact that the tree languages recognized by tw marble/pebble automata
are regular, i.e., that the above restriction has been effective.

We need some terminology on finite tree automata. Let M be a (deterministic,
bottom-up) finite tree automaton, and let w be a node of an input tree ¢. By
stateas,:(u) we denote the state in which M arrives at node u. By succp (u) we
denote the set of states ¢ of M such that M arrives in a final state at the root of
t when it is assumed to be in state ¢ at node u (and thus skips the processing of
the subtree with root u); such a state g is said to be “successful” at u. Note that,
for every node u, t € L(M) iff statep +(u) € succy 1 (u). Note also that, for a child
v of u, succar,(v) can be determined, using M’s transition function (for the label
of w), from succas,:(u) and the states stateps ((v') for all children v' # v of u: to
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determine whether state p is successful at v, one applies M’s transition function to
p and all stateps ;(v'), and checks whether the resulting state g is successful at u.

Theorem 4.4 The tw marble/pebble automata recognize the regular tree languages.

Proof. By Proposition 4.2 it suffices to show that every tw marble/pebble au-
tomaton A can be simulated by a tw marble automaton A’. Consider a part of a
computation of A which starts by dropping the pebble on node u of ¢, in state g,
and ends by lifting it again from u, in state ¢’. Note that at both moments there
are no marbles on t. When simulating A, A’ can of course not put a pebble on u
(and a marble would not help because it closes off the context of u). Instead it
should, somehow, test whether A can make one of the excursions described above,
where g is the current state of A and ¢ is any state of 4. In other words, it should
be able to test whether (¢,u) is in the site Sy o that consists of all pairs (¢,u) such
that A can make the excursion described above. We first observe that the site S,
is regular. In fact, it is quite clear that mark(S, ) can be recognized by a tw
marble automaton (and hence is regular by Proposition 4.2): the automaton first
walks to node u which is marked by (1,1), and then simulates A, starting in state
g, treating the mark (1,1) as the pebble of A, and ending in state ¢’ at u.

Thus, it now suffices to show that a tw marble automaton A’ can always be
modified in such a way that it can, at each moment, test whether its current node
belongs to a given site S. Moreover, the test should be done in a deterministic
way because, in the simulation above, several of these sites have to be tested se-
quentially, viz. Sg 4 for all ¢'. Let M be a bottom-up finite tree automaton that
recognizes mark(S). Note that the input alphabet of M is m(X) where ¥ is the
input alphabet of A’. Clearly, at node v of t, A’ can always compute statepr ¢ (u),
using the procedure described in the proof of Proposition 4.2 (first dropping a mar-
ble with a special colour on u, to recognize it after traversing the subtree). Let u
have label ¢ of rank k. To determine whether (¢,u) is in S, A’ visits the children
u1,...,ug of u, computes stateys¢(u;) for every 1 <4 < k, and returns to u. It
then computes q = stateps mark(s,u) (%), using M’s transition function for the sym-
bol (g,1,1). Finally, it checks whether ¢ € succas(u). Thus, it remains to explain
how the latter test can be implemented. During its computation, 4 keeps track of
succps ¢ (u) by using additional marbles that have the sets of states of M as colours;
in particular, there is a marble with colour succas¢(u') on every node u' on the
path from the current node to the root of t. When A moves from a node u to one
of its children v, it can compute succp¢(v) {i.e., the colour of the new marble) as
described just before this theorem, from succps,(u) (the colour of the marble at
u) and the states of M at the other children v' # v of u (which it can compute
as shown above). When A moves up to the parent of u, it of course first lifts the
“succ-marble” from u. Initially A puts a succ-marble with colour F on the root of
t, where F is the set of final states of M. O

It is now easy to prove the analogue of Lemma 3.1 for trees.

Lemma 4.5 For every tw marble/pebble automaton A, T(A) is a regular trip.
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Proof. By the previous theorem it suffices to show that there is a tw marble/pebble
automaton A’ that recognizes mark(T(A)). Just as in the proof of Lemma 3.1, A’
walks to u, simulates A, and checks that it is at v. O

Next we prove that regular trips can be computed by tw marble/pebble au-
tomata.

Lemma 4.6 For every regular trip T on trees there is a tw marble/pebble automa-
ton A with T(A) =T. Moreover, if T is functional, then A is deterministic.

Proof. Tt is shown in [Blo, BloEngl, BloEng?2] (using terminology from monadic
second-order logic) that regular trips can be computed by tree-walking automata
with regular site tests, i.e., tw automata that, additionally, have the ability to
test whether the current node belongs to a given regular site (for a fixed, but
arbitrary number of regular sites). Clearly, a tw marble/pebble automaton can
test whether (£,u) is in site S by dropping its pebble on u, checking (according to
Proposition 4.2) whether mark(¢, ) is in the regular tree language mark(S), with
the pebble treated as the mark (1,1), returning to u, and lifting the pebble. We
note that the tw automata with regular site tests are called tw automata with MSO
tests in [BloEngl, BloEng2]. :

For the reader who is not familiar with monadic second-order logic, we give a
second, direct proof of this lemma (essentially the same as the one in Theorem 8
of [BloEngl] and Theorem 13 of [BloEng2}]). Let M be a bottom-up finite tree
automaton that recognizes mark(7"). As in the proof of Lemma 3.2 we first describe
a nondeterministic automaton A that computes T. The automaton A is started at
node u of tree ¢, and it has to walk to node v, with (f,u,v) € T. Note that we
cannot use the same method as in the proof of Lemma 3.2; in fact, we cannot pick
up ‘the pebble from u during the simulation of M (during a depth-first traversal
of the tree), because there will in general be marbles on the tree at that moment.
Thus, a more clever simulation is needed. A walks straight from u to v, along the
shortest path in . At each node on that path it uses its pebble and marbles to
compute the relevant states of M. First, A guesses whether v is a descendant of
u, an ancestor of u, or neither of the two. Suppose that v is neither a descendant
nor an ancestor of u. Then A walks up to the least common ancestor z of © and v
(which it has to guess) and walks down to v, guessing its way down. On the way up
it computes stateps ¢ (z) for every node z between u and z, where t' = mark(t, u, v),
and on the way down it computes succp p (y) for every node y between z and wv;
finally it computes stateys s (v) and checks whether statey ¢ (v) € sucepry (v). Let
us see in more detail how A can do this. It starts by dropping the pebble on
and computing stateas, (u), using the procedure in the proof of Proposition 4.2
and treating the label o of u as (g, 1,0). It then lifts the pebble from %, moves one
node up, say to z, drops its pebble on z, computes stateas s (u') for all children
u' of z different from = (and note that this equals stateps :(u')), and applies the
state transition function of M to obtain statepa v (z). This step is repeated until
A arrives at a child, say zg, of the least common ancestor z. A then computes
succps ¢ (z) (which equals sucear, (2)) by dropping its pebble on 2z and, for every
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state ¢ of M, simulating M on ¢ under the assumption that M is in state g at
node z (and, of course, lifting the pebble from z after doing this). Let yo be the
child of z on the path from z to v. Now A computes statey ((w) for all children
w of z different from zo and yo, and uses these states, together with stateas ¢ (o)
and succps¢(z), to compute succy v (yo) as indicated just before Theorem 4.4. Let
y be the child of yo on the path from yo to v. A then computes statep :(y') for
all children y’ of yo different from y, and uses them, together with succas 4 (yo),
to compute succps,¢(y). This step is now repeated until A arrives in v. Finally
A computes stateps, (v), treating the label o of v as (,0,1), and checks whether
that state is in succps (V).

The cases that, v is a descendant or ancestor of u are similar (A just walks down,
or just walks up, respectively). They are therefore left to the reader.

It remains to show that A can be made deterministic if 7" is a functional trip
(cf. Theorem 9 of {BloEngl] and Theorem 14 of [BloEng2]). Note that since
the procedure in the proof of Proposition 4.2 is deterministic, the automaton A
only makes nondeterministic moves when there are no marbles or pebble on the
tree. Thus, it suffices to show that for such an automaton a deterministic tw
marble/pebble automaton A’ can be constructed that computes the same trip.
Suppose that A is at node w of ¢ in state ¢, and that A has several possible moves
mi,...,myg, of which, of course, at most one is successful, i.e., leads to a final
state of A (at the destination v). We claim that A’ can find out, for each of these
moves m, whether m is successful or not. Consider the site S, ., that consists of
all (t,w) such that A has a successful computation on ¢, starting at node w in
state ¢ with move m. Since there is a tw marble/pebble automaton that walks to
w and simulates A, starting with move m, it follows from Theorem 4.4 that S, .,
is a regular site. Thus, as explained in the first paragraph of this proof, A’ can
test whether (t,w) is in Sy, using the (deterministic) procedure in the proof of
Proposition 4.2. ]

Taking the last two lemmas together we can state the main result of this paper:
the tw marble/pebble automaton is the implementation model of regular trips on
trees.

Theorem 4.7 A trip on trees is regular iff it can be computed by a tw marble/pebble
automaton. A functional trip on trees is reqular iff it can be computed by a deter-
ministic tw marble/pebble automaton.

As in the case of strings, since a trip is regular iff it can be expressed in monadic
second-order logic, this theorem can be viewed as the generalization of the classical
result of Doner and Thatcher/Wright [Don, ThaWri] from tree languages to trips
on trees.

As mentioned in the definition of tw marble/pebble automaton, there is a less
severe restriction on the behaviour of the automaton that still serves our purposes.
To understand this new restriction, we first note that it can always be assumed
that there is at most one marble on each node (just take the sets of marble colours
as new colours and simulate a set of marbles by one marble). It is easy to see
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that, under this assumption, the life times of the marbles are nested, i.e., included
in one another or disjoint from one: another; this is due to the fact that a marble
closes off the context. Now, in our new definition of tw marble/pebble automaton,
rather than requiring that the pebble can only be dropped or lifted when there
are no marbles on the tree, we require that the life times of the marbles and the
pebble are nested (see [GloHar| for a similar nesting requirement). Intuitively it
means that when the pebble is lifted, the “marble configuration” on the tree has
to be exactly the same as when it was dropped (and the involved marbles have
not been touched in the mean time). It is shown in Theorem 20 of [vBest] that
Theorem 4.4 still holds for these more powerful tw marble/pebble automata, and
so does Theorem 4.7. We note that, under this nesting restriction, the restriction
that marbles close off the context cannot be dropped.

Example 4.8 The non-regular monadic tree language {a™cb™e | n > 0} of Exam-
ple 4.8 can be recognized as follows, using marbles only, with nested life times. Put
a red marble at the root, and a blue marble at the lowest b; then repeat the following
step: put a red marble just below the lowest red marble, and put a blue marble just
above the highest blue marble. Do this until both the red and blue marble are neig-
bours of the c-labeled node. Then remove all marbles in the reverse order as they

were laid doun (i.e., repeatedly the highest blue marble and the lowest red marble).
0

We end this paper by showing that Theorem 4.7 does not hold for tw marble
automata, i.e., the pebble is really necessary. Note that it is an open problem
whether the marbles are necessary, cf. the Conjecture in the beginning of this
section. The proof of the pebble necessity is similar to the one in [Blo, BloEng2]
(see Theorem 15 of [BloEng2]).

Theorem 4.9 There is a (functional) regular trip on trees that cannot be computed
by any (nondeterministic) tw marble automaton.

Proof. Consider the (monadic) ranked alphabet £ with symbols b and r of rank 1,
standing for “black” and “red”, respectively, and one symbol e of rank 0. Let T
be the trip consisting of all (#,u,v) such that either ¢t has a red root and v is the
root, or ¢ has a black root and v is the child of u (viewing the root as the child of
the leaf). Thus, either all trips are to the red root, or everybody visits its child.
It should be clear that T is regular. Let us now assume that there is a tw marble
automaton A that computes 7', and derive a contradiction. The idea is that when
A starts at any node u of a tree with a black root, it first has to visit the root to be
sure that it is not red. Since there is no way for A to remember its starting point
u, A cannot anymore find the child of . Note that when A is at the root, there
are no marbles on the tree, except on the root itself.

Formally, consider the tree ¢t = d™e with n > s - 2°, where s is the number of
states of A and ¢ the number of marble colours. Let t' = rb"~le. Thus, t' is ¢
with its root coloured red. Consider, for every node u of ¢, the successful walk of A
from u to its child. Clearly, during this computation A must visit the root, because



Trips on Trees 63

otherwise A could make the same computation on t'. As observed above, when A
is at the root, all marbles are at the root. Let, at that moment, ¢, be the state of A
and let M, be the set of marble(colour)s on the root. Thus, g, and M, determine
the configuration of A. Hence, by the choice of n, there must be two different nodes
u and u' such that, in the corresponding computations, ¢, = ¢ and M, = M,
and hence A visits the root in the same configuration in both computations. This
implies, however, that A can walk from u to the child of v/, a contradiction. D

One may argue that the tw marble/pebble automaton is not a very natural type
of automaton, with its rather artificial restrictions on the use of marbles and pebble.
The reader is invited to search for a more natural automaton; bread crumbs might
be an alternative to marbles and pebbles.
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Axiomatizing iteration categories

7. Esik*t

Dedicated to Ferenc Gécseg on his 60th birthday

Abstract

We associate an identity with every finite automaton and show that a
set of equations consiting of some classical identities as well as the equations
associated with a subclass of finite automata is complete for iteration theories
if and only if every finite simple group divides the semigroup of an automaton
in the given subclass. By taking a special subclass with this property, we
arrive at the final result of the paper.

1 Introduction

It has been shown in [3] that the axioms of iteration theories capture the equational
properties of the fixed point operation in computer science. For a recent overwiew
see also [5]. The first axiomatization of iteration theories was given in [8]. This
system was simplified in [9] by proving that some classical identities in conjunction
with an identity associated with each finite (simple) group is complete. This result
confirms a conjecture in [6] in a general setting. In the present paper we give a
further simplification of the iteration theory axioms. We associate an identity with
every finite automaton and show that a set of equations consiting of some classical
identities as well as the equations associated with a subclass of finite automata
is complete if and only if every finite simple group divides the semigroup of an
automaton in the given subclass. By taking a special subclass with this property,
we arrive at our final result.

In this paper, we define theories in a slightly more general way, so that in this
context, we prefer the term iteration categories to iteration theories.
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2 Preliminaries

2.1 Conway categories and iteration categories

In any category C, we denote composition by -. The identity morphism correspond-
ing to a C-object A will be written id 4, or just id.

We will consider cartesian categories C with explicit products. Thus we
assume that for any finite family of C-objects C;, i € [n] = {1,...,n} we are given
a product diagram

ﬂ'jCIX.”xcn . Cl X ... X Cn — C]7 ] € [TL]

with the usual universal property. When f; : A — C;, i@ € [n] is a family of
morphisms, the unique mediating morphism 4 — C; x ... x C,, will be denoted
(fi,---5 fn). This morphism is called the tupling of the f;. In particular, when
n = 0, the empty tuple is the unique morphism !4 : A — 1, where 1 is the specified
terminal object.

We will assume that product is associative on the nose so that A x (B x C) =
(A x B) x C, for all objects A, B,C, and diagrams such as

WAX(BXC)
Ax(BxCQC) 2 BxC
id | my ¢
(AxB)xC (AXB)=C C
b

commute. In particular, we assume that for each object A the projection morphism
7! 1 A — Ais the identity morphismid 4. It follows that (f) = fforall f : A — B.
We also assume that

(HN=0N=1

for all morphisms f: A — B.

In the sequel we will call tuplings of projections as base morphism. Note that
any base morphism A™ — A™ corresponds to a function p : {m] — [n]. In fact the
base morphism A™ — A™ determined by p is given by

A" An
(7r1p sy Tmp)-
We will call a base morphism corresponding to a permutation [n] — [n] a base
permutation.
For any cartesian category C we define the bifunctor C x C — C by

fxg = (f-a7*P, g-af*P),

1
forall f:C —> A,9: D — B.
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DEFINITION 2.1 A preiteration category is a carteswn category C equipped with
an external dagger operation

t.C(Ax B,A) — C(B,A),

see [4].

The Conway identities are the parameter (1), double dagger (2) and
composition identities (3) given below.

(f-Gdaxg)t = fl.g, 1
all f:AxB— A, g:C — B,
o= (F- (A xide)l, | (2)

where f: A x A x C — A and where A is the diagonal morphism (id 4, id A) A —
Ax A

(f Agm "Nt = f-llg-(f, BXC)) , 15, ()
forall f: BxC — A, g: Ax C — B. Note that the fixed point identity
fIo= fflide), f:AxC—A
is a particular subcase of the 'composition identity.

DEFINITION 2.2 [3] A Conway category is a preiteration category satisfying the
Conway identities.

Conway categories satisfy several other non-trivial identities including the
Bekit identity [1] (called the pairing identity in [3]):

ot = (1 (nhide), w,
foraﬂf:AxBxC—)Aandg:AxBxC’—)B,where
| h = g-(f1idsxc) : BxC — B,
We will also make use of the permutation identity
(m-f-(x P xide)t = = ff

for all f: A" x C — A™ and all base permutations 7 : A™ — A™. Another useful
identity is given by the next lemma.

LEMMA 2.3 In any Conway category C,
it = (f-(An x idp))fa

for all morphisms f : A™ x C.— A, where there are n > 1 consecutive daggers on
the left hand side and where A,, is the diagonal morphism (ida, .. .,id4) : A — A™.
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A full description of the valid identities of Conway categories is given in [2],
where it is proved that the problem of deciding whether an equation holds in all
Conway categories is PSPACE-complete. It is shown in [4] that the parameter
identity corresponds to a naturality condition and that the double dagger identity
to a dinaturality condition of the dagger operation.

As argued in [3], all of the fixed point models in computer science satisfy at least
the Conway identities. For example, for any set .S, the category Cpos of S-sorted
cpo’s and continuous functions satisfies the Conway identities. In this category,
there is a cpo Ay, corresponding to any word w € §*. When w = s1... sy, the ¢po
A, is determined by the cpo’s A,,, in fact A, is the product A, x ... x A, . The
morphisms A,, — A, are the continuous (or order preserving) functions 4,, — A,,
and the dagger operation is defined by least fixed points.

We give a semantic definition of iteration categories. For a syntactic character-
ization the reader is referred to Section 3.

DEFINITION 2.4 An iteration category is a preiteration category equipped with
a dagger operation which satisfies all of the identities that hold in the categories
Cpos.

It is shown in [3], see also [5], that the iteration category identities are the
standard identities of the fixed point operation in computer science.

2.2 Automata and semigroups

Except for free semigroups, all semigroups will be assumed to be finite. The product
of the elements s,t of a semigroup S will be written s o ¢, or just st. A subgroup of
a semigroup S is a subsemigroup of S which is a group. Following [7, 12], we say
that a semigroup S divides a semigroup S’, denoted S|S’, if S is a homomorphic
image of a subsemigroup of S’. It is known that the division relation is transitive
(and reflexive). Further, a group G divides a semigroup S if and only if G is
a homomorphic image of a subgroup of S. A group G is called simple if it is
nontrivial and has no proper nontrivial normal subgroup.

Suppose that X is a finite nonempty set. An X-automaton Q = (Q, X,0) isa
finite nonempty set @ equipped with a (right) action of X on Q:

o:@xX — Q
(g.2) = go=

We will usually write gz for ¢ o z and (@, X) for (Q,X,¢). The action of X on
@Q may be extended to an action of the free semigroup X+ of all finite nonempty
words over X such that

g(uz) = (qu)z

forallgeQ,ue X* andz € X.
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Suppose that Q = (@, X) is an automaton. A letter z € X is a permutation
letter (reset letter, respectively) if the function

q = qz, q€Q

induced by z is a permutation (constant map, respectively) on . We call Q a per-
mutation automaton (reset automaton, respectively) if each letter z € X is a
permutation letter (reset letter, respectively). Further, we call Q a permutation—
reset automaton if each z € X is either a permutation letter or a reset letter.
For example, the automaton U = ({¢1,¢2}, {z1,22,%3}) equipped with the action

qir; = Gj

q;T3 = (i, 7').7 € [2]a

is a permutation-reset automaton, called the two-state identity-reset automa-
ton. This automaton is important in the Krohn-Rhodes decomposition theorem,
see [11]. In our arguments we will also make use of counters. A counter of
length n is a (permutation) automaton (@, {z}) such that @ = {go,...,gn—1} has
n elements and letter z induces the cyclic permutation ¢; = ¢i+1 mod n- )

Homomorphisms, subautomata and congruences of automata are defined
in the usual way. The automaton (Q, X) is called a renaming of the automaton
(Q,Y) if there is a function ¢ : X — Y such that

gz = q(zp),

forallge @) and z € X.

Suppose that Q = (@, X) is an automaton. Recall that each word u € X+
induces a function @ — . Equipped with the operation of composition that we
now write in diagrammatic order, these functions form a semigroup denoted S(Q).
We call S(Q) the semigroup of Q. For example, the semigroup of a counter
of length n is a cyclic group of order n. When Q is a permutation automaton,
each element of S(Q) is a permutation of the set @, so that S(Q) is a group.
An automaton Q is called aperiodic [7], if each subgroup of S(Q) is trivial. For
example, each reset automaton, or more generally, each definite automaton [7] is
aperiodic. The automaton U is also aperiodic. We will denote the class of aperiodic
automata by AP.

The concept of aperiodic automata may be generalized. Suppose that G is a
class of simple groups closed under division. We let Qg denote the class of all
automata Q such that any simple group divisor of S(Q) is in G. Thus, when G is
empty, Qg is the class AP. When § is the class of all cyclic groups of prime order,
Qg is known as the class of solvable automata. We denote this class by SOL.
We will also make use of the following notation. Suppose that m > 1 is an integer.
Then we let SOL,, denote the class of all (solvable) automata Q such that any
simple group divisor of S(Q) is a cyclic group of prime order p which divides m.
Thus, SOL,,, = SOL,, if and only if m and n have the same prime divisors. Note
that SOL; = AP.
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When (@, X) is an automaton such that X = S is a semigroup and the action
is compatible with the semigroup operation, i.e.,

g(st) = (gs)t

for all ¢ € @ and s,t € S, we call the automaton (4, S) a transformation semi-
group. (Note that we are not requiring that the action is faithful.) When S is a
group with unit e and

ge = q,

for all ¢ € Q, (@, S) is a transformation group. See [7]. Note that each trans-
formation group is a permutation automaton.

For each semigroup S there is a corresponding transformation semigroup (S, S)
equipped with the natural self action (s,t) — st. When § is a group, (S,S5) is a
transformation group.

Following [11], we now define cascade compositions (or ap-products) of au-
tomata. For this reason, suppose that Q; = (Q;, X;), i € [n], n > 0, are given
automata. Moreover, suppose that X is a new finite nonempty set and for each
1 € [n] we are given a function

it QL X ... xQi1 x X — X,

Then the cascade composition
IT QilX, i
i€{n}

determined by the functions ¢; is the automaton (Hie[n] @;, X) equipped with the
X-action

(q1,--, @)z = (qy1,- -, Gnln)s

where y; = pi{q1,...,¢-1,z), for all . Note that when n = 1, a cascade com-
position is just a renaming of Q;. We will sometimes denote the above cascade
composition as

Q1 X ... XQn[X,(pl,...,(pn].

Two particular subcases of the cascade composition are also important, the
quasi-direct product and the direct product. We call the above cascade composi-
tion a quasi-direct product if each function ¢; is independent of its first 7 — 1
arguments, so that each ¢; can be considered as a function X — X;. If for each 2
also X = X and ¢; is the identity function X — X, then the quasi-direct product
is the direct product Hie[n] Q;.

We will say that an automaton (@), X) has an identity letter if some z € X
induces the identity function @ - Q. Given Q, we will denote by Q! an automaton
obtained from Q by adding a letter inducing the identity function Q@ — @, if Q
has no such letter. Otherwise Q! is just Q. This notation is extended to classes of
automata in a natural way.
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3 Review

In this section we review some of the results of [9] and [10].

Suppose that Q = (@, X) is a finite automaton such that @ = [n] and X = [m],
for some integers n and m. For each preiteration category C and object A in C,
we associate with Q the base morphisms pQ : A" — A™, g € Q. For each g, pQ
corresponds to the map

[m] — [n]
z — qr.

Thus,

Am Ar
qu = (Mg s Tgm)

(Recall that X = [m], so that for each ¢ € Q = [n] and ¢ € [m], ¢i is a state of
the automaton Q.) The morphisms qu, denoted sometimes just p,, are called the
basé morphisms associated with the automaton Q.

We define, for each g : A™ x C — A,

9@ = (g-(p1xidg),...,g-(pn xidg)) : A" x C — A™
DEFINITION 3.1 The automaton-identity I'(Q) associated with Q is the equation
(9)! = An-(¢9-(Anm xide))f, g:A™ xC — A. (4)

In preiteration categories satisfying the permutation identity we can associate an
equation with any automaton not just with those defined on sets of the form [m)].
In such categories, equations associated with isomorphic automata are equivalent.

Since any transformation semigroup is an automaton, the above definition asso-
ciates an identity I'(Q, S) with each transformation semigroup (@, S). When (Q, S)
is the transformation semigroup (S, S) equipped with the natural self action, we
denote I'(S,.S) by I'(S) and call this identity the semigroup-identity associated
with S. When S is group, ['(S) is a group-identity.

The above notation may be extended to classes of automata and semigroups.
When @ is a class of finite automata, I'(Q) consists of all identities ['(Q), Q € O.
When S is a class of finite semigroups, I'(S) is defined similarly.

The axiomatization of iteration categories given in the next theorem is a refor-
mulation of the main result of [8].

THEOREM 3.2 A Conway category C is an iteration category if and only if each
automaton identity holds in C.

The following stronger results were proved in [9] and [10].

THEOREM 3.3 Suppose that S is a given class of semigroups and Q is an automa-
ton. Then the automaton identity I'(Q) associated with Q holds in all Conway
categories satisfying the semigroup-identities I'(S) if and only if every simple group
dwisor. of S(Q) divides one of the semigroups in S.



72 7. Esik

In particular, an automaton identity I'(Q) holds in all Conway categories if and
only if Q € AP. And if G is any class of simple groups closed under division, then
I'(Q) holds in all Conway categories satisfying the group-identities I'(G) if and only
if Qe Qg.

COROLLARY 3.4 [9] A Conway category is an iteration category if and only if it
satisfies the group-identities. Given a class S of finite semigroups, consider the set
of equations TI'(S) associated with the semigroups in S. The system consisting of
the Conway identities and the equations ['(S) is complete for iteration categories if
and only if for every simple group G there is a semigroup S € S such that G|S.

In the course of proving Theorem 3.3, the following facts were established in [9].

LEMMA 3.5 Suppose that Q is a subautomaton or a renaming of Q'. IfC is a
Conway category with C = T'(Q') then C E T'(Q).

LEMMA 3.6 Let C be a Conway category and suppose that Q = Hie[n] Qi[X, ;) is
@ cascade composition. If C = T'(Qy) for all i € [n], then C = T'(Q). Moreover, if
1 is surjective and if C = T'(Q) and C ET(Qy) for alli > 1, then C ET(Qq).

4 Main results

The main results of this paper are Theorem 4.2, Corollary 4.4 and Theorem 4.5
below. In order to formulate these results, we need one more definition.

The powers f* : Ax C — A, k >0, of a morphism f : AxC — Aina
cartesian category are defined by induction: .

fO — ﬂ_fixc

L = Foft foc).
DEFINITION 4.1 For each m > 1, the mth power identity is the equation P,
(™t = 1, fAxC — A
Note that this identity is nontrivial only if m > 1. We will prove

THEOREM 4.2 Suppose that Q is a class of automatae and Q is an automaton such
that every simple group divisor of S(Q) divides the semigroup of some automaton
in Q. IfC is a Conway category satisfying the identities I'(Q) and a nontrivial
power identity, then C = T'(Q).

COROLLARY 4.3 Suppose that a renaming of some automaton in Q contains a
nontrivial counter as a subautomaton. Then the identity ['(Q) associated with an
automaton Q holds in all Conway categories satsifying the identities I'(Q) if and
only if every simple group divisor of S(Q) divides the semigroup of an automaton

n Q.
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From Corollary 4.3 and Theorem 3.2 we immediately have

COROLLARY 4.4 Suppose that a renaming of an automaton in Q contains a non-
trivial counter. If every (simple) group is a divisor of the semigroup of an au-
tomaton in Q, then the Conway identities and the automaton identites in S(Q) are
complete for iteration categories.

Conversely, if Q is any class of finite automata such that the Conway identities,
the power identities, and the automaton identities in I'(Q) are complete for iteration
categories, then every (simple) group divides the semigroup of an automaton in Q.

Let us now define, for each n > 3, the identity S,
(f (Az xide) - (f - (nfC, (FP72,78%C), af XN = (- (82 xide)),

where f is any morphism A% x C — A in a preiteration category. This identity
is a generalization of an identity of regular sets introduced by John Conway in [6].
As an application of Theorem 4.2, we will prove

THEOREM 4.5 The Conway identities and the equations S, for all n > 3, are
complete for iteration categories.

In order to establish these results, we need to derive the identity I'(G) associated
with a group G dividing the semigroup of an automaton Q from the the identity
['(Q), a nontrivial power identity, and the Conway identities.

5 Identities associated with solvable automata

In this section, we show that in Conway categories, the mth power identity is
equivalent to the identity associated with a counter of length m. We then proceed
to prove that an automaton identity I'(Q) holds in all Conway categories satisfying
the mth power identity if and only if Q € SOL,,,. We start with a technical lemma.

LEMMA 5.1 Suppose that C is a Conway category satisfying the identity I'(Q) as-
sociated with a finite automaton Q. Then C = T(QY).

Proof. Suppose that Q = (@, X). If Q has aletter inducing the identity function
Q@ — @ then Q! = Q and there is nothing to prove. Otherwise Q! = (Q,Y) with
Y = {y} U X such that y induces the identity function @ — @ and each z € X
induces the same function in Q as in Q!. In our argument, we assume that Q = [n],
X={i:2<i<m+1},sothat Y =[m+ 1] and y = 1.

Suppose that C is a Conway category and A and C are objects in C. Define

pi = piA" A"

1
o; = piQ DA™ — AT
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for all ¢ € [n]. Then we have
oi = (", pi), (5)

for all 7 € [n]. We complete the argument by using the following sublemma whose
proof is omitted.

SUBLEMMA 5.2 Suppose that f; : A" xC — A, i € [n] in a Conway category C.
Then

(fr - (nf " >Clidanxc)s - fo (T2 ¥Cidan o))t = (S, D

Suppose now that f : A'*™ x C — A. Then, by Sublemma 5.2, equation (5),
and the parameter identity,

(fa)t = (1 (o1 xide),. ., T+ (pn x ide))
= (g9q)",

where g is the morphism ff. Thus, since C |= I'(Q), we have

(fo)' = (gq)t
= An(ff(Am dec))T
= A, (f : (Am—i-l X idC))T7

where the last step follows from Lemma 2.3. O
The following fact is obvious.

LEMMA 5.3 Suppose that C is a preiteration category and m,n > 1. If C & P,
and C =Py, then C |E Py

For the rest of this section, for each m > 1 we let K,, denote a counter of length
m.

LEMMA 5.4 For any Conway category C and m > 1, C = Py, if and only if C
T(K,,).

Proof. This is obvious if m = 1, so we assume m > 1. It is easy to see that
C = T(K,,) if and only if

" (k) = S
forall f: Ax C — A. But since C is a Conway category,
()t = (M
Indeed, we have

fkm = (@7 xide),...,f-(mph xide), f-(nf" xidg)) : A™ x C — A™.
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Define
g = (F- (" xide),...,f-@A” xidg)) : A™ x C — A™ L

Then

g™t = (ML) (AT xide).
Thus, by the fixed point identity,

g' = g™ (g" idaxe)

(F™ .. )i AxC — A™L

Thus, by the pairing identity,

m m—1 .
" (fxa)t = gt (Rt ide)
Fmt(htide),

where
ho= f-(@f" xide)- (g, idaxc)
= foymhapey
.
Thus, ht = (f™)t and
" (k) = TG ide)
(f™H,
by the composition identity. 0

Suppose that C is a Conway category satisfying the mth power identity P,,. Let
Zm denote the cyclic group Z/mZ of order m. In order to prove that C satisfies
the group-identity I'(Z,,) we need a technical consruction involving automata.

We represent Z,, as the set {0,...,m — 1} with group operation

(3,7) = i+ 7 modm.

Similarly, we represent K}, as the automaton (Z,,, X), where X = {0,1}, so that
X is a generating set of the group Z,,. The action of X on Z,, is defined by the
group operation. Define the quasi-direct product

A = (A, Zm) = (ern Zm) X (Zmy X)m—2[Zm7991; cae 7‘Pm—1]

by

.

je1 =

— 0 ifj%i
Jpi = {1 if § =i,
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for all j € {0,...,m — 1} and ¢ € {2,...,m — 1}. Moreover, define
B = (B)Z‘"l) = (ZmaX)m_l[Znh’lr/jlw"ad)m—l}

by

[0 g
i = {1 if j =1,

forall j € {0,...,m—1} and i € {1,...,m — 1}. Note that A =B = Z""1.

LEMMA 5.5 The automata A and B are isomorphic.

Proof. Define

u:B — A
m—1
(i1, yime1) = (D 50, iz, imen),
=1
where the sum is taken mod m. Then g is a bijection. Suppose that k& € {0,...,m—
1}, k # 0. Then, in B,
(ilyn-;im—l)ok = (i],---,ik'*‘l,---,im—'l)-
Moreover, in A,
m—1
pin,. . yime1) ok = (k+ > ij-4, G2, ik + 1, imoy),
_ =1
if k> 1, and
m-—1
/L(il,...,im_l)ok = (k+21]‘7’ ’1:2,...,7:,”_1),
j=t
if k = 1. In either case, pu preserves the action. O

Thus, by Lemmas 5.4, 5.1 and 3.6, if C is a Conway category satisfying the mth
power identity, then, T = I'(B). But by Lemma 5.5, A is isomorphic to B, so that
T =T(A). But then, again by Lemma 3.6, C = I'(Zn, Zm). We have proved

LEMMA 5.6 Suppose that C is a Conway category satisfying the mth power identity,
for some m > 1. Then C |=T'(Z,,).

THEOREM 5.7 Let m > 1 be any fized integer. The identity I'(Q) associated with
an automaton Q holds in all Conway categories satisfying the mth power identity

if and only if Q € SOL,,.
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Proof. Suppose that C is a Conway category with C = P,,,. Then, by Lemma 5.6
and Theorem 3.3, C satisfies the identity I'(Q) associated with any automaton
Q € SOL,,. On the other hand, if Q € SOL,,, then by Theorem 3.3 there is a
Conway category Co satisfying I'(Z,,) such that I'(Q) does not hold in Co. But by
Lemma 5.4, the mth power identity holds in Cy. ]

COROLLARY 5.8 The identity associated with an automaton Q holds in all Conway
categories satisfying all of power identities if and only if Q € SOL.

6 Proof of Theorem 4.2

Suppose that Q = (@, X) is an automaton having an identity letter. Recall that
X7 denotes the free semigroup of all nonempty words over X. Below we write X*
for X+ U {A}, where X is the empty word.

Let S denote the semigroup S(Q) and let G be a subgroup of S. Since Q has an
identity letter, S is a monoid whose unit is the identity function @ — Q. Moreover,
there is an integer kg > 0 such that for each k > kg, any function in S is induced
by a word in X of length k. For the rest of this section, for any integer n > 0, we
denote by X™ the set of all words u € X* of length ju| = n. Similarly, G™ is the
set of all words in G* of length n. .

- For a given word v € X*, we denote by @ the function @ — @ induced by u in
Q. Also, when v = ¢, ... ¢, € G, then we denote by T the composite gy o ... 0 gn
of the functions g1,...,9,. (Recall that we write composition in S from left to
right.) For a state ¢ € Q, we will just write qu for gu.

Fix an integer & > ko. There exists a function ¢ : G* — X% such that
7 = wi for all u € G*. Given such a function ), for every word u € G* we define
utpy = first; (uy) to be the first letter of u, and us = lasty_1 (u)) to be the suffix
of length k — 1 of uyp. Thus, uyp = (uhr)(urhs).

Let

R = {(,u,v,w):ic[k], ue G vec X we G v=Ilasty_;(wi)}.
We turn R into a G-automaton by defining

(1,u,v,w) o = (Z+Lug,v,w) fv=zv withzeX
1,1, 7, g = (1,9, uths,w) if o=\

LEMMA 6.1 The automaton R = (R,S) is isomorphic to a subautomaton of a
cascade composition of a counter of length k with aperiodic automata.

Proof. When k = 1 the automaton R is definite and hence our claim is obvious.
Thus, in the rest of the argument, we assume that & > 1. Let K denote the
counter ([k], {z}) such that z induces the cyclic permutation (12...%). Let Ry =
(G*,G x [k}]) and Ry = (X*~1, X U X*~1) be equipped with the following actions:

g1---9i-199i+1 - .- Gk lf'L#l

g1---gre(g,%) = {gg(/;-—l fi=1
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Ty...Lp—1°Z = ZTo...

!
Ty...Tg 10T)...Tfy = Z|...

where 1 € [k], g,9; € G, for all j € [k], and z,z;,2; € X, for all j € [k — 1], and
where go denotes a fixed element (say the unit element) of the group G. Moreover,
let R3 be the automaton (G*,G* U {z}) with action

UoVU = V

uocz = u,

for all u,v € G*.
Define the cascade composition R’ = K x R; x Ry X R3[G, 1,92, @3, 4] as
follows. For alli € [k], u€ G*, ve X* 1 and g€ G,

pi(g) = =z
. (g,i+1) ifi<k
Lpz(i,g) - { (g’ 1) if i =k

os(i,u,g) = ifi<k
wg(u) ifi=k
(iu,0,) = fi<k
©w4it,U,V,9 - ” leZk,

where zg is any fixed element of X. It follows that the map

(G,u,v,w) (i,ugo vz(’) L w),
where i € [k], u € G*, v € X**, w € G*, defines an injective homomorphism
R — R'. Moreover, all the automata R;, i = 1,2,3 are aperiodic, in fact Ry is
definite and Ry is an identity-reset automaton. (Alternatively, one may refer to the
Krohn-Rhodes theorem by showing that each of the automata R; can be embedded
in a cascade composition of U with itself.) O

COROLLARY 6.2 If C is a Conway category satisfying the identity Py, then C
r'R).

Proof. This is immediate from Lemmas 6.1, 3.5 and 3.6. O

Since G is a subgroup of S, there exists a nonempty set Q¢ C @ which is closed
under the functions in G and such that (Q¢, G), equipped with the natural action,
is a transformation group having a faithful action. See [11]. Thus, each g € G
defines a permutation Qg — @¢, moreover, the unit element of G defines the
identity function Q¢ — Qg, and finally, for all g1, 9, € G we have g; = g, if and
only if gg1 = qgo, for all ¢ € Q¢-

Now let M be the cascade composition

M = Rx Q[Ga<P1:<P2]
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determined by the identity function ¢; : G — G and the function 2 : RxG — X,

. z fv=zandzeX
gpg((l,u,v,w)ag) = u'(/)l ifv=2A

(Note that the definition of 3 does not depend on g.). Let M’ = (M',G) be the
subautomaton of M determined by those states

((i,u,v,w),q) € R x Q

such that there exists a q; € Q¢ with qv' = ¢, where v’ € X? is the word first; (w).
(Such a state ¢1 € Q¢ is unique, since v'v = wy induces a permutation of Q¢.)
Below we will denote q; by ¢~!. Note also that quu = ¢ 'w'vu = ¢ 'wu € Q.

LEMMA 6.3 Suppose that C is a Conway category satisfying P and the identity
I'(Q). Then C ET(M) and € ET(M').

Proof. This follows from Corollary 6.2, Lemma 3.6 and Lemma 3.5. 0O
Let Qg denote the transformation group (Q¢,G).

LEMMA 6.4 The automaton M' is isomorphic to the direct product R x Qg of R
and Qg. An isomorphism h: M' — R x Q¢ is given by the map

((i,u,v,w),q) = ((i,u,v,w),qvu), all ((i,u,v,w),q) € M,-

Proof. We have already noted that quu = ¢ 'wu € Q¢. Also, if ((i,u,v,w),q)
and {(¢,u,v,w),g2) are both in M’, then qfl # ¢, so that qou = q; fwu #
q5 Llyu = g2vu, since w and v induce permutations Q¢ — Q¢. This proves that h
is injective. To see that h is also surjective, suppose that ((Z,u,v,w),q¢') € R x Q¢.
Let ¢; be the state in Qg with qywu = ¢'. This state exists, since w and u
induce permutations Qg — Q¢. Then let ¢ = ¢1v’, where v'v = wiy. We have
(G, u,v,w),q) € M and h: ((i,u,v,w),q) = (({,u,v,w),q"). It is straightforward
to check that h is a homomorphism. O

COROLLARY 6.5 Suppose that C is a Conway category satisfying the kth power
identity. If C = T(Q), then C = T'(G).

Proof. By Lemma 6.3, we have C = I'(M'). Also, by Corollary 6.2, C = I'(R).
Thus, by Lemma 3.6 and Lemma 6.4, C = I'(Qg). Since the action of G on Qg is
faithful, S(Qg) is isomorphic to G, and thus the automaton (G, G), equipped with
the natural self action is isomorphic to a subautomaton of a direct power of Qg.
It follows that C = I'(G). m]

We are now ready to complete the proof of Theorem 4.2.

Proof of Theorem 4.2. Suppose that C is a Conway category satisfying the
identities in I'(Q) as well as the nth power identity for some n > 1. If Q €
Q, then by Lemma 5.1, C = I'(Q'). Also, by Lemma 5.3, C | P, for all
k > 1. Since for some k all functions in S(Q!) are induced by a word of Q!
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of length n*, by Corollary 6.5 we have ¢ = ['(G) for any subgroup G of S(Q).
Thus, by Theorem 3.3, C = I'(S(Q)). We conclude that C satisfies the identity
associated with the semigroup of any automaton in Q. From this the result follows
by Theorem 3.3. O

Proof of Corollary 4.3. One direction is obvious from Theorem 4.2.

For the other direction suppose that we have C = I'(Q) for all Conway categories
C with C = T'(Q). Let G denote the class of simple groups dividing the semigroups
of the automata in @. Then, by Theorem 3.3, C = I'(Q) holds for all Conway
categories C with C |= T'(G). Thus, again by Theorem 3.3, any simple group divisor
of S(Q) isin G. i

7 Proof of Theorem 4.5

For each n > 3, consider the automaton Q,, = ([n], X) such that X = {z,y} with
z inducing the transposition (12) and y inducing the cyclic permutation (12...n).
From Corollary 4.4 we immediately have

COROLLARY 7.1 The Conway identities and the equations I'(Q,,), n > 3 are com-
plete for iteration theories.

LEMMA 7.2 For each n > 3, and for any Conway category C,
CES., & CETQ,).

Proof. Let f : A2 x C — A in a Conway category C, and let g denote the
morphism on the left hand side of the equation defining S,,. Below we will write
72 for 7" and ! for ! 4+. Morphism A, is the diagonal (id4,id4) : A — A2. Note
that

fQ" = ('1 X f . (AgX!n_:; X idc), f (idAX!l X idAX!n_3 X idc),
f-(nm3,mg) xide), ..., f-((mp_y,m) xide), f- (71, 7]) x ide)).
We will show that

(an)f = (gu f'(g,(ff)n_2'<g,idc>,idc), (ff)n_2 '(gaidC)t

., f1{g,ide)). (6)
Indeed, by using Sublemma 5.2, one derives
o)t = (X f(Baxtas x idg), f-(idax!y X idaxth_s x idg),
f1e(f xide), ..., f1-(mnsy xide), 1 (] xido))!.
Thus, again by the Conway identities,
(fa.)T = (1 xf-(Aexla—s xide), f-(idax!y xidax!,_3 x id¢),
(2 (nf xide), .., (] xidg))!

(g’ 'f'(g’(ff)n_2'(g:id0):idc)7 (ff)n—2'(gaidc)7 EE] f)f(galdC))
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Thus, if S,, holds in C, then
- (fa)t = (- (A2 xide))t = M
But then,

ffdgide) = Fr-(fit,ide)
- fh‘

and by induction,
for all i > 1. Thus, also

g, (fH" 2 (g idc),ide) = f-(f1T, f1,ide)

f-(Ay xide) - ((f - (Ag x ide)T,ide)
(f - (Az x ide))!

fT‘r

Thus, if C = S, then, by (6),
(fa.)t = An-(F- (A2 xide)) = £,

proving C |= I'(Q,). The converse implication is now obvious. m]

Proof of Theorem 4.5. By Corollary 7.1, the Conway identities and the equations
I'(Qn), n > 3 are complete. But by Lemma, 7.2, in Conway categories each identity
I'(Q.) is equivalent to the equation S,,. O
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On One-Pass Term Rewriting

Zoltan Fiilop * Eija Jurvanen f Magnus Steinby
Sandor Vagvolgyis

Dedicated to Professor Ferenc Gécseg on the occasion of his 60th
birthday.

Abstract

Two restricted ways to apply a term rewriting system (TRS) to a tree are
considered. When the one-pass root-started strategy is followed, rewriting
starts from the root and continues stepwise towards the leaves without ever
rewriting a part of the current tree produced in a previous rewrite step. One-
pass leaf-started rewriting is defined similarly, but rewriting begins from the
leaves. In the sentential form inclusion problem one asks whether all trees
which can be obtained with a given TRS from the trees of some regular tree
language T belong to another given regular tree language U, and in the normal
form inclusion problem the same question is asked about the normal forms of
T. We show that for a left-linear TRS these problems can be decided for both
of our one-pass strategies. In all four cases the decision algorithm involves
the construction of a suitable tree recognizer.

1 Introduction

In general, reducing a term with a term rewriting system (TRS) is a highly non-
deterministic process in which many choices have to made, and usually no bound
for the lengths of the possible reduction sequences can be given in advance. In this
paper we consider two very restrictive strategies of term rewriting, one-pass root-
started rewriting and one-pass leaf-started rewriting. When the former strategy is
followed, rewriting starts at the root of the given term ¢ and proceeds continuously
towards the leaves without ever rewriting any part of the current term which has
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been produced in a previous rewrite step. When no more rewriting is possible,
a one-pass root-started normal form of the original term t has been reached. Of
course, such a normal form is not necessarily irreducible in the usual sense since a
rewrite rule may apply either in the part already rewritten or to a subtree rooted
at a position strictly below the nodes affected by the last rewriting steps. The
leaf-started version is similar, but the rewriting is initiated at the leaves and pro-
ceeds towards the root. The requirement that rewriting should always concern
positions immediately adjacent to parts of the term rewritten in previous steps
distinguishes our rewriting strategies from the IO and OI rewriting schemes consid-
ered in [ES77, ES78] or [DDC87]. It also implies that the top-down and bottom-up
cases are different even for a linear TRS.

Both of the one-pass modes of rewriting are defined formally by associating with
any given TRS an auxiliary TRS in which a new separator mark restricts rewriting
in the intended way.

Let us now describe the problems concerning one-pass rewriting considered in
this paper. Since the problems involve regular tree languages, we find it convenient
to use the terminology of the theory of tree languages. Let R = (¥, R) be a TRS
over a ranked alphabet . For any X-tree language T' (C Tx), we denote the sets
of one-pass root-started sentential forms, one-pass root-started normal forms, one-
pass leaf-started sentential forms and one-pass leaf-started normal forms of trees
in T by 1rSg(T), 1rNg(T), 1£Sr(T) and 1£Nz(T), respectively. We show that
all of the following inclusion problems, in which the input consists of a left-linear
TRS R = (X, R) and two regular X-tree languages Ty and T (effectively given by
tree recognizers, for example), are decidable.

The one-pass root-started sentential form inclusion problem: 1rSp(Ty) C 157
The one-pass root-started normal form inclusion problem: 1rNg (1T}) C Ty?
The one-pass leaf-started sentential form inclusion problem: 1Sy (Ty) C Ty?
The one-pass leaf-started normal form inclusion problem: 1€ Ng(T)) C Ty?

In [GT95] the sentential form inclusion problem for ordinary sentential forms
is called the second-order reachability problem and the problem is shown to be
decidable for a TRS R which preserves recognizability, i.e. if the set Sg(7T") of
sentential forms of the trees of any recognizable tree language T' is also recognizable.

Many questions concerning term rewriting systems have been studied, and
solved, using tree automata and tree languages; cf. [DDC87, DG89, Gil91, GT95,
GV98, HH94, KT95, VG92], for example. Also here tree automata are used: in
all four cases the decidability of the problem is proved by showing how one may
construct from R and the given tree recognizers of 77 and T a new tree recognizer
C such that the question can be answered by checking whether the tree language
T'(C) recognized by C is empty. To simplify these constructions we introduce gener-
alized top-down and generalized bottom-up tree recognizers. It is easy to see that
both of these new types of recognizers recognize exactly the regular tree languages
and that their emptiness problems are decidable.
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The paper is essentially self-contained since all special concepts used, as well
as many general notions, are completely defined. However, for further information
about term rewriting systems and tree automata, we refer the reader to [Ave95],
[DJ90], [Hue80], [GS84] and [GS97].

A conference version of this paper has appeared as [FJSV98]. This research
was supported by the exchange program of the University of Turku and the Jdzsef
Attila University, and by the grants MKM 665/96 and FKFP 0095/97.

2 Preliminaries

Throughout this paper X is a ranked alphabet, i.e. a finite set of operation symbols.
For each m > 0, the set of m-ary symbols in ¥ is denoted by X,,. We say that
Y is unary if ¥ = ¥, i.e., if every symbol f € ¥ has rank 1. If Y is an alphabet
disjoint with X, then the set Tx(Y) of X-terms with variables in Y is the smallest
set U of strings such that

(1) Y UZo C U and
(2) f(t1,...,tm) €U whenever m > 1, f € X, and ty,...,t,, € U.

Sometimes we consider terms f(t1,...,t,) with mm > 0. For m = 0, this is in-
terpreted as f. The set Tx(0) of ground X-terms is denoted by Tx. Terms are
viewed in the usual way as formal representations of trees, and we also call them
trees. In particular, ground ¥-terms and subsets of Ty are called X-trees and X-tree
languages, respectively.

The height hg(t) of a tree t € Tx(Y) is defined so that hg(t) =0 for t € Y U Xy,
and hg(t) = max{hg(t1),...,hg(tn)}+1fort = f(t1,...,tm). The set var(t) (CY)
of variables appearing in t is also defined as usual (cf. [GS97], for example).

Let X = {z1,%2,...} be a countably infinite set of variables. For every n > 0,
we put X, = {z1,...,2,} and abbreviate T (X},) to Ty ». A tree t € Ty, is called
linear if each z;, 1 <4 < n, appears at most once in t.

We introduce a subset Tt , of Tx.,, as follows. A tree ¢t € Ty , belongs to Tg,n
if and only if each of z1, ..., z, occurs in ¢ exactly once and their left-to-right order
is 1,...,Zn. Hence the elements of T¥; ,, are special linear trees. In addition, let
Tox =U2oTemn K f€Sm, m>1andty,... tm € T x, then |[f(t1, ..., tm)l|
is the unique tree in Tg, x obtained from f(t1,...,%y,) by renaming the variables.

A substitution 0: X — Tx(X) is extended to a mapping o: Tx(X) — Tx(X)
so that o(t) = f(o(t1),...,0(tn)) for any t = f(t1,...,tm). Hence, for any tree
t € Tx(X), o(t) is the tree obtained from ¢ when every occurrence of each variable
x € var(t) is replaced by the corresponding tree o(z). If, in particular, t € Tgp
and o(z;) =¢; (¢ =1,2,...,n), we write a(t) = t[t1, ..., tn]-

Let ¥ be a ranked alphabet. A term rewriting system (TRS, for short) over
¥ is a system R = (X, R), where R is a finite subset of Tx(X) x Tx(X) such
that var(r) C var(p) and p ¢ X for each (p,r) € R. Note that since R is finite,
R C Tx(X,) x Ts(Xy,) for some n > 0. The elements of R are called (rewrite)
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rules and written in the form p(z1,...,2,) = 7(z1,...,z,) or just as p = 7. A
rule p = 7 of a TRS R is called ground if both p and r are ground trees.

A TRS R induces a binary relation = in Ty defined as follows: for any ¢,
u € Ty, t =7 u if v is obtained from ¢ by replacing an occurrence of a subtree of ¢
of the form pft;, ..., ¢,] by r[t1,...,ts], wherep o r € Rand ¢1,...,t, € Tx. The
reflexive, transitive closure of = is denoted by =3,. Hence s =73, ¢ if and only if
there exists a reduction sequence

lo=rti=>R...=@2Ris

in R such that n >0, {p = s and ¢, = ¢.

A TRS R is left-linear if, for every rule p — r in R, p is a linear tree. A TRS is
in standard form if for every rule p — 7 in it, p € Ty ,, for some n > 0. Obviously
one can construct for every left-linear TRS R a standard form TRS R’ such that
SR =R :

We define the set of lefi-hand sides of a TRS R = (X, R) as 1hs(R) = {p |
(Fr)p—orekR}.

An element s € Ty, is irreducible with respect to R if there exists no u such that
s=>pu. A I-tree s is a normal form of a X-tree t if t =3 s and s is irreducible.
The set of all normal forms of a -tree ¢ is denoted by Nz (t). The set of sentential
forms of t is defined by

Sr(t)={s|t=xs}

Moreover, for a tree language T' C Ty, we put

Sr(T) = | Sr(2),

teT

Ne(T) = U Ng(t).
teT

A TRS R over ¥ is terminating if there are no infinite reduction sequences
ty >Rt =g, cf. [Hue80], [DJY0] and [Ave9s).

Let us recall the two basic types of tree recognizers which both define the same
family of recognizable tree languages. To facilitate our proofs, we also introduce
certain generalized versions of both types. All of these recognizers can be defined
conveniently as special term rewriting systems.

In a top-down E-recognizer A = (A, X, P, o)

(1) A is a (finite) unary ranked alphabet of states such that ANE = 0,
(2) P is a finite set of rewrite rules, the transition rules, each of the form

(a) a(f(z1,-.-,zm)) = flar(z1),-..,am{zm)), also written simply a(f) —
flay,...,am), wherem >0, f € £, and a, a1, ..., a, € A, or of the
form '

(b) a(c) = ¢, where ¢ € g and a € A, and
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(3) ap € A is the initial state.

We treat A as the TRS (X U A, P) and the rewrite relation = 4 C Tsua X Txua
is defined accordingly. For each a € A, let T(A4,a) = {t € Tx | a(t)=>%t}. In
particular, the tree language recognized by A is the set T'(A) = T'(A, ag).

A tree language T' C Tx is recognizable or regular if there exists a top-down
Y-recognizer A such that T'(A) = T. The class of all recognizable ¥-tree languages
is denoted by REC.

In a generalized top-down %-recognizer A = (A, %, P, ag)

(1) A is a (finite) unary ranked alphabet of states such that ANX =0,
(2) P is a finite set of rewrite rules, the transition rules of A, of the form
al{t(z1,...,2,)) = tlar(z1),. .., an(zn)),
wheren >0,a,ay,...,a, € A and t € T27n, and
(3) ap € A is the initial state.

The rewrite relation = 4 C Txua X Tsua and its reflexive, transitive closure =%
are defined in the natural way. The tree language recognized by A is the set

T(A) = {t € Tx | ao(t) =% t 1.

It is clear that also the generalized top-down X-recognizers recognize exactly the
regular X-tree languages.

Next we define tree recognizers which read their inputs from the leaves to the
root.

A bottom-up T-recognizer is a quadruple A = (4, %, P, Ay), where

(1) A is a finite set of states of rank 0, XN A = 0,
(2) P is a finite set of rewrite rules of the form
flay,...,am) = a
withm >0, f € X, a1,...,0m, a € A, and
(3) Ay (C A) is the set of final states.

We say that A4 is total deterministic if for all f € £,,, m >0, a1, ..., am € A,
there is exactly one rule of the form f(ai,...,am) = a.

When we treat A as the rewriting system (SUA, P), the tree language recognized
by it can be defined as the set

T(A) ={teTs|(Bac Af)t=%a).

For any bottom-up X-recognizer A4, one can effectively construct a total determin-
istic bottom-up X-recognizer B such that T'(A4) = T(B). If A is total deterministic,
there is for each X-tree ¢ exactly one state a € A such that ¢t =% a.
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A generalized bottom-up X-recognizer is a system A = (A, X, P, Ay), where A,
¥ and Ay arc as in the case of a bottom-up ¥-recognizer, but P is now a finite set
of rewrite rules of the form

tlar, ... ,an] o a,

where n > 0, t € Tvg,n and aj,...,an, a € A. Hence there may be rules of
the form ¢ — b in P, where a, b € A. The tree language recognized by A is
TA) ={teTx|(Bac Af)t=}a}l.

It is not hard to see that the class of -tree languages recognized by generalized
bottom-up I-recognizers is RECy,. Moreover, the emptiness problem “T'(A4) = (7>
is obviously decidable for both generalized top-down and generalized bottom-up
recognizers.

3 One-pass Term Rewriting

The first of our two modes of one-pass rewriting may be described as follows.

Let R = (X, R) be a TRS and ¢ the X-tree to be rewritten. The rewriting starts
at the root of ¢ and the portion first rewritten should include the root. Rewriting
then proceeds as far as possible towards the leaves so that each rewrite step applies
to a root segment of some maximal unprocessed subtree but never involves any
part of the tree produced by a previous rewrite step. For the formal definition we
associate with R a TRS in which a new special symbol forces this mode of rewriting.

Definition 3.1. The one-pass root-started TRS associated with a given TRS R =
(2,R) is the TRS Ry = (X U {#}, Rg), where # is a new unary symbol, the
separator mark, and Ry is the set of all rewrite rules

#(p(@1, . zn)) = r{#(z1), o #(2n)]

obtained from a rule p(zi,...,z,) = r{z1,...,%,) in R by adding # to the root
of the left-hand side and above the variables in the right-hand side.

Example 3.2. Suppose that ¥ consists of the binary symbol f, the unary symbol
¢ and the nullary symbol c. If R = (X, R) is the TRS, where

R ={f(g(z1),22) = f(z1,9(2)), g(z1) = fle,z1), g(z1) = g(c) },

then the rule set of the associated one-pass root-started TRS Ry is

Ry = {#(f(9(z1),%2)) = f(F#(21), 9(F(z2))),
#(9(z1)) = fe, #(z1)), #(9(z1)) = 9(c) }-

For any TRS R, the associated one-pass root-started TRS Ry is terminating.
For recovering the one-pass root-started reduction sequences of R from the reduc-
tion sequences of Ry, we introduce the tree homomorphism §: Txy(x} — Tx which
erases the separator marks:
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(1) 8(c) = ¢ for any c € Zo;
(2) 6(#(t)) = 6(¢) for any t € Tsy(gy;

(3) 6(t) = f(8(t1),...,0(tm)) for t = f(t1,...,tm), where m > 0, f € &,, and
t; € TEU{#}-

Ift € Ty, and
#(t):>73#t1 SRul2 DRy - TRy bk

is a reduction sequence with R, then
t=>R () =R {t) =R ... =R 6(ty)

is a one-pass root-started reduction sequence with R. The terms ¢, §(t1), ..., §(tx)
are called one-pass root-started sentential forms of t in R. If t; is irreducible in
Ry, then 6(ty) is a one-pass root-started normal form of ¢ in R. The sets of all
one-pass root-started sentential forms and normal forms of a X-tree ¢ are denoted
by 17Sr(t) and 1rNx(t), respectively. This notation is extended to sets of T-trees
in the natural way.

Note that for any TRS R = (X, R) and any t € Ty, the sets 1rSg(t) and
1rNz(t) are finite and effectively computable but that 17Sz(T) and 17N (T) are
not necessarily regular even for a regular X-tree language T'.

The mode of one-pass rewriting which starts from the leaves is also formalized by
associating with the given TRS a special one-pass TRS. This TRS is constructed in
two stages. First we add to the original TRS all rules obtained by instantiating any
variables in the original rules as constants. In the second stage the extended TRS
is turned into a one-pass TRS by introducing a separator mark and by labelling
the symbols of the right-hand sides so that the rewriting cannot be restarted from
leaves which have already been processed.

Definition 3.3. Let R = (3, R) be a TRS. First we extend R to the set R, of all
rules
p[yh' .. 71/71] — Q[yla s 7yn]

such that p(zy,...,z,) — ¢(z1,...,2,) € R, with p, ¢ € Tx,, and for each
i, 1 <4 < n, either y; € X or y; € 3o, and ply1,...,ys] € TVZ,X. Now let
Y ={f'|fe€ X} bea disjoint copy of ¥ such that for any f € X, f and f'
have the same rank. The one-pass leaf-started TRS associated with R is the TRS
R* = (S U X U {#}, R¥), where # is a new unary symbol, the separator mark,
and R¥ consists of all rules

p[#(.’l?l), teey #(.’L‘n)] — #(TI("L'I? LR 'TTL))’

where p — r € R,, with p, r € Tx ,, and 7’ is obtained from r by replacing every
symbol f € ¥ by the corresponding symbol f' in ¥/.

For every left-linear TRS R, the one-pass TRS R¥ is in standard form.
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Example 3.4. Let £ = {f, g,c}, where f is binary, g unary and ¢ nullary, and let
R = (%, R) be the TRS with

R ={f{9(z1),22) = f(@1,9(x2)), g9(c) > flc,0) }-

Then X' = {f',¢',c'} and the one-pass leaf-started TRS associated with R is the
TRS R¥ = (ZU ' U {#}, R¥) where R* is

R* = { f(9(#(21)), #(22)) = #(f'(z1,9'(22))),

flgle), #(z1)) = #(f'(, ¢'(z1))),

fla(#(z1)), ) = #(f'(z1,9'(c))),

flgle), ) = #(F'(c, g'())), g9(c) = #(f'(',¢)) }.

It is clear that the TRS R, = (T, R.) is always equivalent to the original TRS

R in the sense that =, = =x. The connection between R and R#¥ is the
following. The reduction sequences of R# represent such reduction sequences of R
which start at the leaves of a term and proceed towards the root of it in such a
way that symbols introduced by a previous rewrite step never form a part of the
left-hand side of the rule applied next. At the same time the rewrite places are
joined together by the separator mark. Moreover, R¥ can make only one pass over
the term because the left-hand sides and the right-hand sides of its rules are over
disjoint ranked alphabets. The one-pass reduction sequence of R represented by
a reduction sequence of R¥ is recovered by applying a tree homomorphism which
erases the #-marks and the primes from the symbols f' € ¥'. Formally we define
8: TEUE’U{#} — Tx so that

(1) 8(c") = é(c) = c for every ¢ € Ty;
(2) 8(#(t)) = o(t) for every t € Txyusiu(#};

(3) 6(f(t11 s atTTL)) = é(f,(tla <o ’tWE)) = f((s(tl)a e 76(tm)) for any f € Em;
m>1,and ty,...,t, € TEUE’U{#}-

Then each reduction sequence
t=>pi b1 ps by pe ... Spx by
with R¥ starting from a Y-tree t yields the one-pass leaf-started reduction sequence
t=>RI(t1)=2R(t) =R - . =R 6(tk)

with R. Moreover, the set of one-pass leaf-started sentential forms and the set of
one-pass leaf-started normal forms of ¢ with respect to R are defined by

16Sr(t) = {8(s) | s € Sgx(t) },

and
LUNR(t) = {6(s) | s € Ng#(t) },
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respectively. Finally, for a tree language T' C Ty, we put

1£Sr(T) = | ] 1£SR (1),

teT

and
14N (T) = | ] 16Nz(t).
teT

The extenided TRS R, may seem redundant, but without the new rules in
R. \ R many natural one-pass leaf-started rewriting sequences would be missed.
In particular, if R contains no ground rules, such as the rule g(¢) — f(c,c), no
non-trivial one-pass leaf-started rewriting sequence could be initiated since the
left-hand sides of all rules of R#¥ would contain the symbol #. Hence we would
have 1£Sg (t) = 14 Ng(t) = {¢} for every t € Tx.

4 The one-pass root-started inclusion problems

First we define the one-pass root-started normal form inclusion problem for a TRS
R = (X, R). It is assumed that the recognizable tree languages are given in the
form of tree recognizers.

Theorem 4.1. For any left-linear TRS R = (X, R), the following one-pass root-
started normal form inclusion problem is decidable.

Instance: Recognizable ¥-tree languages 71 and T5.

Question: 1rNg(T1) C 137

For proving Theorem 4.1, we need the following auxiliary notations. For a set
A of unary symbols such that ANY = @ and any alphabet Y, let T (A(Y)) be the
least, subset 1" of T4 (Y) for which

(1) Lo CT,
(2) aly) e T forallae A,y €Y, and
B)ym>1, feXn, t1, ..., tm €T implies f(t1,...,tm) €T.

Let A = (A, X, P,ap) be a top-down X-recognizer. For any a € A, n > 0 and
any t € Tx ,, the set A(a,t) (C Tx(A(X,))) is defined so that

(1) A(a,z;) = {a(z;)} for all z; € X,,,
(2) for c € g, Ala,c) = {c} if a(¢c) = ¢ € P, and A(a,c) = 0 otherwise, and
(3) form>1,t= f(t1,...,tm),

A(a,t)y = { f(s1,..-,5m) | 51 € Ala1,t1),...,5m € Alam,tm),
a(f) = f(ai,...,am) € P}.
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For any s € Tx(A(X)) and any variable z; € X, we denote by st(s,z;) the set of
states b € A such that b(z;) appears as a subterm in s.

Clearly, A(a,t) # 0 if and only if there is a computation of A which starts
at the root of ¢ and continues successfully along all paths to the leaves of t, and
moreover, if A reaches in a state b (€ A) a leaf labelled by a nullary symbol ¢, then
the rule b(c) — ¢ is in P. Each term s in A(a,t) represents the situation when
such a successful computation has been completed so that all leaves labelled with
a nullary symbol have also been processed. If ¢ € Ty, ,,, then every s € A(aop, t) is of
the form s = t[a1(z1),...,an(z,)] and for any ¢y, ..., t, € T%, the tree s appears
in a computation of A4 on t[t1,...,t,] of the form

ao(t[tr, ... tn)) 2% tlar(tr), .. an(tn)] = sft1, ..., ta] % -

in which each subterm t; is processed starting in the corresponding state a;. How-
ever, if ¢ is not linear, then a variable z; may appear in a term s € A(ao, t) together
with more than one state symbol, and then the corresponding subterm ¢; should
be accepted by a computation starting with each a € st(s, z;).

Proof of Theorem 4.1. Consider a left-linear TRS R = (X, R) and any recog-
nizable ¥-tree languages Ty and T». Let A = (A4,%, P1,a0) and B = (B, X, Py, by)
be top-down E-recognizers for which T{(A) = T} and T'(B) = T§ (= Tx \ Tb). We
construct a generalized top-down ¥-recognizer C such that for any Z-term ¢,

teT(C) iff te€T(A) andse T(B) for some s € 1rNg(t). (%)

Then 1rNg (T1) C T if and only if T(C) = @, and the latter condition is decidable.
Let C = (C, X, P, (ap, {bo})) be the generalized top-down X-recognizer with the
state set
C = (Axp(B))U (A4 x p(B)),

where p(B) is the power set of B and A = {a|a € A} is a disjoint copy of A, and
the set P of transition rules is defined as follows. The rules are of three different
types.

Type 1. If p(z1,...,2n) = 7r(z1,...,2,) is arule in R and (e, H) € A x p(B),
where H = {by,..., b}, we include in P any rule

(aa H)(p(zla cee :zn)) - p[(aliHl)(zl)J R (an,Hn)(zn)]
where

(a) plai(z1),-..,an(zy)] € Afa,p) and
(b) there are terms s; € B(by,r), ..., s € B(bx,7) such that, for all i = 1,
Ly,
Hi =st(s1,z:) U - - Ust(sg, z;).
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For H = @ (k = 0), this is interpreted to mean that H, = --- = H, = 0
should hold, and if p — r is a ground rule (n = 0), we include (a, H)(p) = p
in P iff a(p) =% pand bi(r)=>prforalli=1,... k.

Type 2. Let NI be the set of all terms g € Tz, x such that

(1) hg(g) < max{hg(p) |p €lhs(R)} +1, and
(2) o(q) # o'(p) for all p € ths(R) and all substitutions o and o’.

For each p(z1,...,z,) € NI and any (a, H) € Axp(B) with H = {by,..., b},
we include in P any rule

(a,H)(p(zl, ce 75571)) - p[(alaHl)(xl)i R (anaHn)(mn)],

where

(a) p[al(azl), ey an(xn)] [ A(a,p), and

(b) there are terms sy € B(b1,p), ..., sk € B(bx,p) such that, for all ¢ =1,
o, T,
H; =st(s1,z;) U-- - Ust(sg, ;).

The cases H = § and n = 0 are treated similarly as above.

Type 8. For each (a, H) € A x p(B), where H = {b1,...,bs}, we add to P rules as
follows. .

(1) For ¢ € ¥y, we include in P the rule
(@, H)(c) > c

if and only if a(¢) — c is in P; and P, contains b;(c) — c¢ for every
b, € H.

(2) For f € ¥, m > 0, we add to P all rules

((-I,H)(f(.'tl, cee :"I"Tll)) - f((a'liHl)(zl): sy (dmaHm)(mm))

where

(a) a(f(z1,..-,2m)) = flar(z1),...,am(zm)) isin P, and
(b) there are rules b;(f(z1,...,Zm)) = f(ba(z1),.. . bim(zm)) (¢ = 1,
..., k) such that for each j =1, ..., m, H; = {b1;,...,bg;}-

We can show that C has the property described in (x). If ¢ € T(C), then
(a0, {bo}}(t) =%t and this derivation can be split into two parts

(a0, {bo})(t) 2% (a1, H1)(t1), - - -, (an, Hp) (tn)] =5 Ht1, - - - tn] = 8, (%)



94 Zoltan Filop, Eija Jurvanen, Magnus Steinby, Sdindor Vagvélgyi

wheren > 0, t € Tg,n and, for every 1 <7< mn, t; € Tx and (fzi,Hi) € A x p(B).
In the first part of () only Type 1 rules are used, and hence t[a; (1), ..., a,(z,)]
€ A(ap,t). Moreover, for some k >0, 5§ € Ts, and sy, ... , 5, € Ty,

#(t) = #(t.[tl, ) PRy - TRy S[#(s1)s .- F#(sk)] = s,

where every s; is a copy of exactly one of the t;. (Of course, s; may be equal to

more than one t;.) Foreachi=1,...,n,let K(i) = {j|s; is a copy of ¢; }. Then
for some u € B(bg,3), Hi = U{st(u,z;) | jE K@E) }foralli=1,...,n.
In the second part of (x+), it is first checked using Type 2 rules that §[s;, ..., s]

€ 1rNg(t), and the computations (a;, H;)(t;) = t; are finished using Type 3 rules.
That means for every ¢ = 1,...,n, that (a) ¢; € T(A,a;) and (b) ¢; € T(B,b) for
all b € H;. Therefore

ao(t) :>j4 f[al (tl), e ,an(tn)] :>j4 f[tl, . tn] =t

and there are by, ..., by € B such that
bo(3[s1,-- -, sk]) =B S[br(s1),. .-, bi(sk) =B 8ls1,-- -5 51
The converse of () can be proved similarly. O

The corresponding result for sentential forms can be proved by modifying suit-
ably the definition of the recognizer C.

Theorem 4.2. For any left-linear TRS R = (X, R), the following one-pass root-
started sentential form inclusion problem is decidable.

Instance: Recognizable ¥-tree languages 77 and T5.

Question: 1rSg(T1) C 17 O

Proof. Consider a left-linear TRS R = (£, R) and any recognizable Y-tree lan-
guages Ty and Tp. Let A = (A,%,P1,00) and B = (B, L, P, bg) be top-down
Y-recognizers for which T(A) = T1 and T(B) = T§. We shall now construct a
generalized top-down X-recognizer D such that for any ¥-term ¢,

te T(D) iff teT(A) and se T(B) for some s € 1Sz (¢).

Then 178 (T1) C Ty if and only if T(D) = 0, and the latter condition is decidable.

Let D = (C,Z, P’, (ag, {bo})) be the generalized top-down L-recognizer, where
the state set is that of the recognizer C used in the proof of Theorem 4.1 and the set
P’ of transition rules is defined as follows. All rules of C of Type 1 or of Type 3 will
be included also in P’. The rules of Type 2 are replaced by the rules (a, H)(c) = ¢
and

(a,H)(f(:L'I, e amm)) - f((‘_"laHl)(-'El); S (‘_Lm:Hm)(zm))

which are identical to the Type 3 rules of C except that the a’s have no bars in the
left-hand sides.

The recognizer D is almost the same as C, but it may stop following the chosen
one-pass root-started reduction of R at any moment and switch to states in which
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it checks whether the input tree is in T(A) and whether the one-pass root-started
sentential form produced by the corresponding simulated reduction sequence of R
is in T(B). O

5 The one-pass leaf-started inclusion problems

First we consider the one-pass leaf-started sentential form inclusion problem. Again
the tree languages are assumed to be given in the form of tree recognizers.

Theorem 5.1. For any left-linear TRS R = (£, R), the following one-pass leaf-
started sentential form inclusion problem is decidable.

Instance: Recognizable 3-tree languages 77 and T5.

Question: 1£Sg(T1) C T»7

Proof. Let A = (A,%,P,A;) and B = (B,%,P,,Bf) be bottom-up X-
recognizers that recognize the tree languages 17 and T3, respectively. We may
assume that B is total deterministic. We construct a generalized bottom-up X-
recognizer C such that T(C) = 0 if and only if 1£Sx(T1) C T5. This recognizer
C = (C,%,P,Cy) is defined as follows.

(1) Let C = (Ax BYU(A x B), where A={a|a€ A} and B={b|bc B}.
(2) The set P consists of the following rules which are of three different types.

Type 1. For every rule p = r € R, with p, r € Ty ,, » > 0, and for all states
ai, ..., Gn, a € A, by, ..., by, b € Bsuch that pla;,...,a,] =% a and
r[b1,...,bn] =5 b, let P contain the rule p[(a1,b1), ..., (an,bn)] = (a,b).

Type 2. For all a € A and b € B, let (a,b) = (a,b) be in P.

Type 3. For all f € £, with m >0, all a1,...,am,a € Aand by,...,bp, b€ B
such that f(ai,...,am) = a € P, and f(b1,...,bm) = b € Py, let P

contain the rule f((@y,b1),..., (@m,bm)) ~ (@,b).
(3) Let C; = {alac A} x {b|be (B\By)}.

The way C processes a 2-tree ¢t can be described as follows. First C, using rules
of Type 1, follows some one-pass leaf-started rewriting sequences by R on subtrees
of t computing in the first components of its states the evaluations by A of these
subtrees and in the second components the evaluations by B of the translations of
the subtrees produced by these one-pass leaf-started rewriting sequences. At any
time C may switch by rules of Type 2 to a mode in which it by rules of Type 3
computes in the first components of its states the evaluation of £ by A and in the
second components the evaluation by B of the one-pass leaf-started sentential form
of t produced by R when the rewriting sequences on the subtrees are combined.
This means that for any t € Ty, a € A and b € B,

t=23(a,b) iff t="aand s=}%b for some s € 1£Sx(t).
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By recalling the definition of C; we see that the above equivalence implies imme-
diately that T'(C) = 0 if and only if 1£Sz(T1) C T>, as required. O
Finally we consider the one-pass leaf-started normal form inclusion problem.

Theorem 5.2. For any left-linear TRS R = (I, R), the following one-pass leaf-
started normal form inclusion problem is decidable.

Instance: Recognizable X-tree languages 71 and 5.

Question: 14Nx (1) C T»7

Proof. Let A = (A,L,P,Af) and B = (B, X, P, By) be total deterministic
bottom-up Z-recognizers such that T'(A) = Ty and T'(B) = T,. We shall construct a
generalized bottom-up E-recognizer C such that T(C) = @ if and only if 1{ Ng (T}) C
Ts. N
Let mz = max{hg(p) | p € 1hs(R.) } and let Ty = {t € T x | hg(t) < mz }.
Now we define C = (C, X, P,Cy) as follows.

(1) C = (A x BYU (A x B x (Trnz U {0k})), where A = {@ | a € A} and
B={b|beB}.

(2) P consists of the following rules which are of five different types.

-Type 1. For every rule p - r € R, with p, r € Tx»,, and any states a,
., Gn, @ € A, by, ..., by, b € B such that pla;,...,an] =% a and
r[b1,...,bn] =5 b, let P contain the rule p[(ai,b1),...,(an,bn)] = (a,b).

Type 2. For alla € A and b € B, let (a,b) = (@,b,z,) be in P.

Type 8. For any f € ¥, withm >0,ay, ... ,am,a € A, b1,..., by, b€ B and
Ul ..., Um € Tz such that f(ay,...,am) 2> a € P, f(b1,...,0m) =
b€ Py, u=|f(u1,...,un)|| and v € Ty, \ 1hs(R,), let P contain the
rule £((@1,b1,u1), .- -, (@m, b, um ) — (@, b, u).

In case m = 0, the rule has the form f — (a,b, f).

Type 4. For any f € Z,, with m > 0, a1, ..., am, @ € A, by, ..., by,

b€ Band w, ..., um € Tpe such that f(er,...,an) = a € P,

fb1,...,bm) = b € Py and ||f(u1,...,um)|| € Tz, let P contain the
rule f((@1,b1,u1),- -, (@m, by um)) — (@, b, ok). '

Type 5. For any f € £,, withm > 1, a1, ... ,am, a € A, by, ..., by, b € B,
and sequence yi, ..., Ym € Tmz U {0k} such that ok € {y1,...,ym},
fai,...,am) ~ a € Py, f(b1,...,bm) = b € P, let P contain the rule
f((c"tl,bl,yl),. R (C—Lm,bm,ym)) - ((_l,b, Ok)

(3) Let C; = {alac A;} x {b]be (B\By)} X (Tma U {0k}).

The recognizer C evaluates an input tree ¢ by rules of Type 1 so that it simulates
both the computation by A on subtrees of ¢ and the computation by B on the
translations of those subtrees produced by R. Then C checks that the sentential
form produced from ¢ by the computation with R is a normal form. For this C
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switches by rules of Type 2 into a mode in which it, by rules of Type 3, forms in
the third components of its states sufficiently large portions of the tree above the
nodes where the rewriting with R ended. If one of these parts turns out to be the
left-hand side of a rule of R, then the evaluation by C stops and ¢ is rejected. If not,
then the sentential form produced by R is a normal form, which is acknowledged by
rules of Type 4 by putting ok in the third components of the corresponding states
of C. Then C evaluates t in the same way as it was done in the proof of Theorem
5.1 by rules of Type 3.
This means that for any t € Tx, a € A, b€ B, and y € Ty, U {0k},

t=5(a,b,y) iff t=%aand s=};b for some s € 1¢Ng ().

Thus T(C) = @ if and only if 1{ Nz (T1) C Ts. O
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A note on the star-product*

Baldzs Imreh t Masami Ito

Dedicated to Professor Ferenc Gécseg on the occasion of his 60th
birthday '

Abstract
In this paper, we compare the repesenting power of the star-product and
the members of two product hierarchies, namely, the a;-products, i = 0,1, ...
and the v;-products, § = 1,2,.... In particular, it is proved that the star-
product is not isomorphically (homomorphically) more general than any mem-
ber of this two product families.

The family of the a,-products, 1 = 0,1,..., is introduced by F. Gécseg in [3],
and a systematic summarizing of the results concerning this product family can be
found in the monography [4]. Another product family, the v;-products, 7 = 1,2,. ..
appears in [2]. Finally, a further product called star-product is studied by M.
Tchuente in {8]. The comparison of the representing power of different compositions
was initiated by F. Gécseg in [3]. Here, following the idea suggested by him, we
compare the representing power of the star-product and the members of the two
product families for both the isomorphic and homomorphic representations, and
it is shown that the star-product is not isomorphically (homomorphically) more
general than the members of the considered families. The inverse problems remain
open.

The paper is organized as follows. First, we recall the basic notions and notation.
Then, we compare the star-product with the a;-products, finally, we compare the
star-product with the v;-products.

By an automaton we mean a triplet A = (A, X,§) where A and X are finite
nonempty sets, the set of the states and the set of the input symbols, respectively,
and 6 : A x X — A is the transition function. An automaton A can be also defined
as an algebra A = (A,X) in which each input symbol is realized as the unary
operation z# : A — A, a — 6(a, z). Using the latter definition, the notions such as
subautomaton, isomorphism, and homomorphism can be defined in the usual way.
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To define the a;-product, let © > 0 be an arbitrarily fixed integer. Let A, =
(A, Xy), t = 1,...,k, be automata. Take a nonempty finite set X and a family
of mappings ¢y : Ay X --- X Appic1 X X = X, t = 1,..., k. By the a;-product
B= Hle A;(X, ) we mean the automata (Hf:1 Ay, X) defined by

(al,...,ak):cB = (al.'c{“,...,akzkA")

where z; = (a1, ..., at0i-1,%), t = 1,...,k, for all (a;,...,ak) € Hle A; and
z € X. We note that ¢, has the form ¢; : X — X; when i =0.

A further product family, the v;-products, 7 = 1,2,..., was introduced in {2].
To define this kind of product, let ;7 be an arbitrary positive integer. Then, the
vj-product of automata can be defined in a similar way as the a;-products, but the
family of mappings has the following form:

pr Ay X XA x X o Xy, t=1,... )k,

where each mapping depends on at most j state variables.
A summarizing on the comparisons of the members of the two product families
under both isomorphic and homomorphic representations can be found in [1].

. To define the star-product, let the automata A; = (A;, X,), t =1,..., k, be
given. Take a nonemty finite set X and a family of mappings ¢ : A1 x --- x Ag %
X—Xiandy, : A; x Ay x X = X;,t=2,...,k. By a star-product A = (A, X) =
Hle A (X,p) (see e.g. [6] or [8]) we mean the automaton (]‘[f:1 A¢, X) where
A — (

(a1,...,08)% azf‘,...,akm,?")

with £, = ¢1(ai,...,ar,z) and z; = @ar,ae,2), t = 2,...,k, for all z € X and
(aly s )ak) € H::l As-

Now, let 8 denote one of the products defined above. If in a S-product each
component automaton is equal to a given automaton, then this S-product is called
a B-power. For an arbitrary set K of automata, let us denote by

Sp(K) the S-products of automata from K,

H(K) the homomorphic images of automata from K,

I(K) the isomorphic images of automata from X,

S(K) the subautoma of automata from K.

The class K is called isomorphically (homomorphically) complete with respect to
the B-product if ISP(K) (HSPs(K)) is the class of all automata.

Let v denote one of the products introduced in this paper and which differs
from §. It is said that 8 is isomorphically (homomorphically) more general than
the y-product if ISP,(K) C ISP3(K) (HSP,(K) C HSP3(K)) is valid for every set
K of automata, moreover, there exists a set Ko of automata such that ISP, (Ko) C
ISPs(Ko) (HSP,(Ko) C HSP3(Kyp)).
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Now, we are ready to present our results. Regarding the o;-products and iso-
morphic representation, the following statement is valid.

Theorem 1. The star-product is not isomorphically more general than the a;-
product, for all i, =0,1....

Proof. For an arbitrary positive integer n, let us define the automaton I, =
({1,...,n},{z}) by nz'» =nand jz'» = j+ 1,5 =1,...,n — 1. Furthermore, let
the automaton E = ({0,1}, {z,y}) be defined by 0y® = 0, 0z® = 12F = 1yE = 1.
It is known (cf. [4] or [7]) that K = {E} is isomorphically complete for the class of
nilpotent automata with respect to the ag-product, i.e., every nilpotent automaton
can be embedded isomorphically into an ag-power of E. Hence, I,, € ISP,,({E}),
for every positive integer n.

Now, we will show that if I, € ISP, ({E}), then n < 4. For this purpose,
let us suppose that I, can be embedded isomorphically into a star-power A =
[Ti-; E:({z},¢) where E; denotes the t-th copy of E. Without loss of generality,
we may assume that s is minimal with this property, i.e., if I, is isomorphic to a
subautomaton of a star-power of E, then the number of the factors of the star-power
considered is at least s. Let u be a suitable isomorphism and p(j) = (aj1,...,as),
j=1,...,n. Ifay, =1forsomet e {l,...,s}, thena;; =1, =1,...,n, by the
definition of E. Then, E; can be omitted from the star-product A which contradicts
the minimality of s. Consequently, we may assume that a1y = 0, ¢ = 1,...,s.
Furthermore, let us observe that if a;, = aj, j = 1,...,n, for some integers
r#te{l,...,s}, then omitting one of the automata E, and E;, the automaton I,
can be embedded isomorphically into the remaining star-product which contradicts
the minimality of s. Therefore, we may assume that the vectors (ais, ast, . .., an:)7,
t=1,...,s, are pairwise different and none of them is equal to the n-dimensional
zero vector. Now, let us classify the automata E, Es, ..., E, into the classes M;
and M, dependig on the values of the mappings @2, ¥s, ..., s as follows:

My ={E;:2<t<s & ¢(0,0,z) =z},

My={E;:2<t<s & ¢(0,0,2) = y}.

If E; € M, then let us observe that (ays,...,an:)T = (0,1,...,1), and hence, the
star-product A may contain at most one element from M;, by the minimality of
s. If By € My, then there are two possibilities for ¢:(1,0,z). If ¢;(1,0,z) = v,
then (ais,---,an)? = (0,...,0), and therefore, ¢;(1,0,2) = z must hold, by the
minimality of s. But in this case, a1y = asf = ... a2 =0, @1t = ... = ant = 1
for some 7 > 2, provided that @)1 = a3 = ... = 6,21 =0and a;_11 = ... =
an1 = 1. Hence, the star-product A may contain only one automaton from M,.
Consequently, s < 3. Now, it is easy to see that starting from the 3-dimensional zero
vector, (0,0,0)(zz)* = (1,1,1) if as; = 1 and (0,0,0)(zzz)” = (1,1,1) if ag; = 0
and az; = 1, furthermore, as; = as; = 0 is impossible. Thus, n < 4 which yields
that ISPy, ({E}) € IS Fsar({E}). On the other hand, ISP, ({E}) C ISP,,({E}),
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for all ¢, ¢« = 0,1,..., and hence, ISP,,({E}) € ISP.ua({E}) is valid for every
nonnegative integer . This completes the proof of our statement.

Remark 1. It is an open problem whether there exists a nonnegative integer 14
such that the q;-product is isomorphically more general than the star-product.

Regarding the homomorphic representation, the following statement is valid.

Theorem 2. The star-product is not Lomormorphically more general than the a;-
product, for alli,1=20,1,....

Proof. TFor arbitrary integers £ > 0 and { > 0, let the automaton J; =
({1,...,k,k+1,...,k+1},{z}) be defined by (k + D)o =k and jzter = j +1,
j=1,...,k+1—1. Then, it can be easily secen that I,, € HSPs. ({E}) if and
only if Ji; € ISPy, ({E}) for some k > n and I > 0. By the proof of Theorem 1,
Ji1 € ISPyar ({E}) implies k < 4. Therefore, I, € HS Py ({E}) yields that n < 4.
On the other hand, ISP, ({E}) C HSP,,({E}), and thus, I, € HSP,, ({E}) for
every positive integer n. Now, we can obtain the validity of Theorem 2 in a similar

way as above.

Remark 2. It is an open problem whether there is a nonnegative integer ¢ such
that the o;-product is homomorphically more general than the star-product.

Regarding the v;-products, we have the following assertion for the isomorphic
representation.

Theorem 3. The ster-product is not isomorphically more general than the v;-
product, for all 3, 7 =1,2,.... . '

Proof. For an arbitrary positive integer n, let us define the automaton C, =
({0,1,...,n—1},{x}) by iz®* =i4-1 (mod n). C, is called a counter of length n.
Furthermore, let B = ({0,1}, {z,y}) be defined by 0zB = 128 =1, 14® = 0yB = 0.
We show that C, € ISP, ({B}) is valid for every positive integer n. For this
purpose, let 7 be an arbitrary positive integer. Let us form the v;-power B™({z}, )
as follows. For every (ay,...,as) € {0,1}* and ¢ € {2,...,n}, let

: _ N_Jav fa_1=1,
Soi(a]7~"aa'7laz) —‘(;ox‘,(ut—l;‘l:) —_ {y Othel'Wise)
and

N _.7 ifa, =1,
r(ar; -, an, 2) = @1 (0n, ) B { y otherwise.

Then, it is easy to prove that C, can be embedded isomorphically into the
defined v-power, B*({z}, ). For example, p1 is an appropriate isomorphism where
u is defined by )

1(0) = (1,0,0,...,0,0)
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/l'(l) = (011701"'>171)

p(n—l):(0,0,0,...,O,l)

Now, we show that if C,, € ISPsa({B}), then n < 22°~1  For this pur-
pose, let us suppose that C, can be embedded isomorphically into a star-power
A = TI;_, B:({z},¢) where B; denotes the t-th copy of B. We may assume
that s is minimal with this property. Let u be a suitable isomorphism and
() = (@i, ..., ais),1 =0,1,...n—1. Let us classify the automata By, Bs, ..., B;,
into the classes My ;) 25.25,24, 7 € {0,1}, 21 € {z,y}, Il =1,...,4 where

Moy zazszs = (Bt :2<t<s & r=ap: & ¢(0,0,2) =2, &

0i(0,1,2) =20 & i(1,0,2) = 23 & i(1,1,2) = 24}

It is easy to show that if B, and B, are the same class for some integers u,v €
{2,3,...,s}, then one of them can be omitted from the star-product considered
which contradicts the minimality of s. Consequently, A may contain at most one
factor from each class. Then, s < 2% + 1, and therefore, n < 92°+1 From this
it follows that ISP,,({B}) € ISP ({B}). On the other hand, by the definition
of the vj-products, ISP, ({B}) C ISP,,({B}), for all j, j = 1,2,..., and hence,
ISP, ({B}) € ISPy ({B}) is valid for every positive integer j.

Remark 3. It remains an open problem whether there exists a positive integer j
such that the v;-product is isomorphically more general than the star-product.

For the homomorphic representation, we can conclude the following assertion.

Theorem 4. The star-product is not homomorphically more general than the v;-
product, for all 3,7 =1,2,....

Proof. Since ISP,,({B}) C HSP,,({B}), we have C, € HSP, ({B}), for every
positive integer n. On the other hand, it is easy to see that C, € HSPs, {({B})
if and only if C,;, € ISPy ({B}) for some multiple m of n. Thus, by the proof of
Theorem 3, we obtain that C,, € HS Py, ({B}) implies n < 92°+1 Thig results in
HSP, ({B}) € HSPy.({B}), and then, by the definition of the v;-product, we
obtain the validity of Theorem 4.

Remark 4. It is an open problem whether there is a positive integer 7 such that
the vj-product is homomorphically more general than the star-product.

Conjecture. We think so that the problems presented as open ones have nega-
tive answers, and thus, the star-product is incomparable with the members of the
considered product families with respect to both the isomorphic and homomorphic
representations. The proof of this conjecture may need further deep investigations.
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Directable nondeterministic automata*

B. Imreh f M. Steinby *

Dedicated to Professor Ferenc Gécseg on the occasion of his 60th
birthday

Abstract

An automaton is directable if it has a directing word which takes it from every
state to the same state. For nondeterministic (n.d.) automata directability
can be defined in several meaningful ways. We consider three such notions.
An input word w of an n.d. automaton A is

(1) D1-directing if the set of states aw in which A may be after reading
w consists of the same single state ¢ for all initial states a;

(2) D2-directing if the set aw is independent of the initial state a;

(3) D3-directing if some state ¢ appears in all of the sets aw.
We cousider the sets of D1-, D2- and D3-directing words of a given n.d.
automaton, and compare the classes of D1-, D2- and D3-directable n.d. au-
tomata with each other. We also estimate the lengths of the longest possible
minimum-length D1-, D2- and D3-directing words of an n-state n.d. automa-
ton. All questions are studied separately for n.d. automata which have at
least one next state for every input-state pair.

1 Introduction

An input word w is called a directing (or synchronizing) word of an automaton A
if it takes A from every state to the same fixed state, i.e. if there is a state ¢ such
that aw = c for all states a of A. An automaton is directable if it has a directing
word. Directable automata and directing words have been studied extensively in the
literature from various points of view {(cf. [1],[3], [4],18],[9], [10},[11], for example).
The main challenge from the very beginning has been Cerny’s Conjecture [3] which
claims that any n-state (n > 1) directable automaton has a directing word of length
(n — 1)% or less. The bound suggested by the conjecture is the lowest possible,

but the best known upper bounds are of order O(n?), and the conjecture remains
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unsettled. On the other hand, for some special classes of automata even better and
accurate bounds have been found (cf. [8],(9],[10],).

For nondeterministic (n.d.) automata directability can be defined in several
meaningful ways three of which we will study here. An input word w of an n.d.
automaton A is

(1) D1l-directing if the set of states ew in which 4 may be after reading w
consists of the same single state ¢ whatever the initial state a is;

(2) D2-directing if the set aw is independent of the initial state a;

(3) D3-directing if there exists a state ¢ which appears in all sets aw.

The Dl-directability of complete n.d. automata was already studied by
Burkhard [1]. In a paper [6] on games of composing relations on a finite set Goralcik
et al., in effect, considered D1- and D3-directability and also two special types of
D2-directability for general n.d. automata. In [1] an exact exponential bound for
the length of minimum-length D1-directing words of complete n.d. automata was
given, and in [6] it was shown that neither for D1- nor for D3-directing words the
bound can be polynomial for general n.d. automata, and that the same holds for
the two special types of D2-directability considered. On the other hand, Carpi [2]
has found O(n?) bounds for D1-directing words of unambiguous automata and for
synchronizing pairs of maximal rational codes recognized by such automata.

In this paper we consider the three types of directability from several points of
view both for complete n.d. automata and for general n.d. automata. Section 2
contains the general preliminaries. In Section 3 we give the formal definitions of
D1-, D2 and D3-directing words and study the sets of Di-directing words of a given
automaton (¢ = 1,2,3). Moreover, a diagram showing the inclusion relationships
between the various classes of directable n.d. automata is presented. In Section 4
we study the preservation of directability properties when one forms subautomata,
epimorphic images or finite direct products of n.d. automata. Finally, in Section 5
we derive lower and upper bounds for the lengths of the shortest directing words
of the three different types. For D1-directing words it only remained to note that
Burkhard’s exact value applies also to general n.d. automata. For D2- and D3-
directing words exponential lower bounds are obtained by utilizing an idea used in
[6], and by ‘considering recognizers of the sets of D2- or D3-directing words of a
given automaton we get also upper bounds for them. The gaps between the lower
bounds and the upper bounds are, however, considerable. Here the D3-directing
words of complete n.d. automata form a notable exception: for them we obtain a
lower bound of order O(n?) and an upper bound of order O(n?).

2 Preliminaries
The cardinality of a set A is denoted by [A]. If f : A — B is a mapping, the image

f(a) of an element a € A is often denoted by af. Similarly, we may write H f for
f(H)={af :a € H} when H C A. The composition of two mappings f : A — B
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and g : B = C is the mapping fg: A = C, a = (af)g, and the product of two
relations § C A x B and p C B x C is the relation

6p = {(a,c) € Ax C: (3b € B) abb, bpc}

from A to C; that (a,b) € 8 holds is also expressed by writing a8b.

In what follows, X is always a finite nonempty alphabet. The set of all (finite)
words over X is denoted by X* and the empty word by €. The length of a word w
is denoted by lg(w).

An automaton is a system A = (A4, X,6), where A is a finite nonempty set of
states, X is the input alphabet, and § : A x X — A is the transition function. The
transition function is extended to A x X* in the usual way. A recognizer is a system
A = (A,X,8,a0, F), where (4, X,4) is an automaton, ag(€ A) is the initial state,
and F(C A) is the set of final states. The language recognized by A is the set

L(A) ={w € X* : §(ag,w) € F}.

A language is called recognizable, or regular, if it is recognized by some recognizer.
The set of all recognizable languages over the alphabet X is denoted by Rec(X).

An automaton A = (A, X,6) can also be defined as an algebra A = (4, X) in
which each input letter  is realized as the unary operation z#4 : A = A, a
8(a,z). Nondeterministic automata may then be introduced as generalized au-
tomata in which the unary operations are replaced by binary relations. Hence
a nondeterministic (n.d.) automaton is a system A = (A4,X) where A is a fi-
nite nonempty set of states, X is the input alphabet, and each letter z{e X) is
realized as a binary relation z4(C A x A) on A. For any a € A and z € X,
az? = {b € A : (a,b) € "} is the set of states into which A may enter from
state a by reading the input letter z. For any C C A and z € X, we set
CzA = J{az? : a € C}. Forw € X* and C C A, Cw* is obtained inductively
thus:

(1) CeA = C;
(2) Cwt = (Cv*)z# for w =vz, v € X* and z € X.

If we X* and a € A, let aw? = {a}w?. This means that if w = z 25 ...z, then
wA = zfzg' .. 2 (C A x A). If C is the set in which A could be at a certain
moment, then by the usual interpretation of nondeterminism Cw? is the set of
possible states after 4 has received the input word w. When A is known from the
context, we usually write simply aw and Cw for aw* and Cw, respectively.

An n.d. automaton A = (4, X) is complete if ax* # @ for alla € A and z € X.
Complete n.d. automata are called c.n.d. automata for short. In what follows,

we denote a deterministic automaton by A = (A4, X,§) and a nondeterministic
automaton by A = (A4, X).
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3 Directable nondeterministic automata

An automaton A = (A4, X,4) is said to be directable if it has a directing word
w(€ X*) such that 6(a,w) = §(b,w) for all a,b € A (cf. [3],[4], [8],[11], for ex-
ample). Hence a directing word sends the automaton to a known state which is
independent. of the present state. This idea can be extended to n.d. automata
in several nonequivalent ways. In the following definition three natural notions of
directability of n.d. automata are introduced.

Definition 3.1. Let A = (A, X) be an n.d. automaton. For any word w € X* we
consider the following three conditions:

(D1) (3c € A)(Va € A)(aw = {c});
(D2) (VYa,b € A){aw = bw);
(D3) (3c € A)(Va € A)(c € aw).

If w satisfies (Di), then w is a Di-directing word of A (i = 1,2,3). For each
i = 1,2, 3, the set of Di-directing words of A is denoted by D;(A4), and A is called
Di-directable if D;(A) # 0. The classes of Di-directable n.d. automata and c.n.d.
automata are denoted by Dir(¢) and CDir(z), respectively.

A D1-directing word drives the n.d. automaton from any state, or any nonempty
set of states, to some fixed state. D2-directability generalizes the notion of di-
rectability in the sense that after reading a D2-directing word the set of possible
states is independent of the starting state. In fact, if w € D(A), then the set Cw*
is independent of C(C A) as long as C # 0. Finally, if w is a D3-directing word
of A = (A, X), then at least one state in Cw# is known even if the initial set C
of possible states is unknown, but nonempty. Of course, if the n.d. automaton is
complete, the current set of possible states is always nonempty.

In [1] Burkhard considered D1-directing words (”homogeneous experiments”)
for complete n.d. automata. The game of composing a constant relation from a
set of relations studied in [6] amounts to the forming of a D1-directing word for an
n.d. antomaton, and other variants of such games correspond our D3-directability
and two special types of D2-directability.

Let us begin the study of the relationships between the various notions of di-
rectibility by considering the directing words of a given n.d. automaton 4 = (4, X).
For this purpose and future use we define the n.d. automata A;, A,, A3 and 4,4
by the following transition tables:

A | = A |z y
1 2 1 2 -
2 (1,2 2 1 —

It is clear that any D1-directing word is also D2- and D3-directing. Moreover,
the inclusion Dy (A;) € D2 (A;)ND3(A;y) is proper since the word zz is D2- and D3-
directing, but not D1-directing. That Dy(A4) and D3(A) may be incomparable can
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be seen by considering the n.d. automaton Aj4; obviously = € D3(A4) \ D2(A4) and
y € Dy (A4) \ D3(A4). On the other hand, it is clear that D1 (A) C Dy(A) C D3(A)
for any c.n.d. automaton A. That both of these inclusions may be proper can be
seen by considering the c.n.d. automaton A4;. These observations may be summed
up as follows.

Remark 3.2. For any n.d. automaton 4, D;(A) C D2(A) ND3(A), and if A is
complete, then D;(A) C D2(A) C D3(A). Moreover, any one of the inclusions may
be proper.

The following observations are also easily verified.

Remark 3.3. For any n.d. automaton 4 = (A4,X), Da(A)X* = Dy(A). If A
is complete, then X*D;(A) = D1(A), X*Dy(A)X* = D2(A), and X*D3(A)X* =
Ds(A).

Next we note that the directing words of each type of any given n.d. automaton
form a regular language.

Proposition 3.4. For any n.d. automaton A, the languages D;(A), D2(A) and
D3(A) are (effectively) recognizable.

Proof. Let A = (A,X) be any n.d. automaton. Suppose that A has n states
and let A = {aj,...,a,}. First we define an automaton B = (B, X,d) so that
B = {{au?,...,apu?} ;v € X*} and 6({C1, ..., Ck},z) = {C1z4,...,CrzA} for
all {C1,...,Cr} € B and x € X. Furthermore, let by = {{a1},...,{an}}(€ B). It
is clear that 8(bp,u) = {a1u?, ..., anu?} for every u € X*. Hence L(B;) = D;(A)
for B; = (B, X,68,b,F;), i = 1,2,3, when we set F1 = {{{c}} : c € A} N B,
F={{C}:CCA}NnBand F3 = {{Cy,...,Cx}: CiN...NCx # 0} N B. The
constructions of the recognizers B;, B, and Bg are clearly effective.

Corollary 3.5. The DI1-, D2- and D3-directability of an n.d. automaton are
decidable properties.

Next we investigate the relationships between the various classes Dir(i) and
CDir(z).

Proposition 3.6 The pairwise inclusion relations between the classes Dir(i) and
CDir(z), i = 1,2,3, are given by the Hasse diagram shown in Figure 1. All inclu-
sions are proper and the pairwise intersections are as indicated by the diagram.

Proof. Since As € Dir(2)\Dir(3) and A3 € Dir(3)\Dir(2), the classes Dir(2) and
Dir(3) are incomparable and Dir(2)NDir(3) is contained properly in both of them.
The inclusion Dir(1) C Dir(2)NDir(3) follows from Remark 3.2, and its properness
is witnessed by A;. The inclusions CDir(1) C CDir(2) C CDir(3), also implied by
Remark 3.2, are proper since 4; € CDir(2)\CDir(1) and A3 € CDir(3)\CDir(2).
It is clear that CDir(¢) C Dir(i) for every 1 = 1,2,3, and it follows now directly
from the definitions that the intersections of all pairs of classes are correctly given
by the diagram.
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Dir(2) Dir(3)

NN

Dir(2) N Dir(3) CDir(3)

/S N/

Dir(1) CDir(2)

N/

CDir(1)

Figure 1:

4 Algebraic constructions and directability

In [8] it was noted that subautomata, epimorphic images and finite direct products
of directable automata are directable. Here we consider these matters for nonde-
terministic automata. Throughout this section A = (A, X) and B = (B, X) are
n.d. automata which have the same input alphabet.

Let us call B a subautomaton of A if B C A and bz® = bz for all b € B and
z € X. It is easy to show that if B is a subautomaton of A, then bw® = bw* for
all b € B and w € X*. This observation yields immediately the following facts.

Proposition 4.1. If B is a subautomaton of an n.d. automaton A, then D;(A) C
D;(B), and hence every subautomaton of a Di-directable n.d. automaton is Di-
directable, i1 = 1,2, 3.

In [5] a weaker notion of subautomaton was used which can be derived from the
general notion of a substructure (cf. [7], for example). Let us say that B is a weak
subautomaton of Aif BC A and bzB = bzANBforallbe B and z € X. None of
the claims of Proposition 4.1 holds for weak subautomata.

Example 4.2. The nd. automaton A = ({1,2,3},{z}), where z# =
{(1,2),(2,3),(3,3)} is D1-, D2- and D3-directable, but the weak subautomaton
corresponding to the subset {1,3} has none of these properties. The c.n.d. au-
tomaton B = ({1,2,3}, {z}), where z8 = {(1,2),(2,1),(2,3),(3,2),(3,3)} is D2-
and D3-directable, but the weak subautomaton ({1,2},{(1,2),(2,1)}) is neither
D2- nor D3-directable although it is complete.

Also homomorphisms of n.d. automata can be defined in different ways. We
consider a notion used in [5}: a mapping ¢ : A — B is a morphism from A to
B, and we express this by writing ¢ : A = B, if az¢ = apz?® for all a € A
and z € X. A surjective morphism is an epimorphism, and if there exists an
epimorphism ¢ : A — B, then B is an ¢mage of A.

It is clear that if ¢ : A — B is a morphism of n.d. automata, then Cz4yp =
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Cpz® whenever C C A and z € X, and hence aw“y = apw? for all a € A and
w € X*. Using this observation one proves easily the following proposition.

Proposition 4.3. If ¢ : A — B is an epimorphism of n.d. automata, then
D;(A) C Dy(B), and hence any image of a Di-directable n.d. automaton is Di-
directable (i = 1,2,3). -

The direct product of A and B is the n.d. automaton Ax B = (Ax B, X} defined
so that (a,b)zA*B = az? x bz® for all (a,b) € A x B and z € X. Of course, this
definition could be formulated more generally to give the direct product of n (n > 0)
n.d. automata. It is easy to show that

(a, D)w**B = aw? x bw®

for all (a,b) € A x B and w € X*. It is also obvious that A x B is complete iff A
and B both are complete.

For ordinary automata the catenation wv of a directing word u of A and a
directing word v of B is a directing word of A x B. In the case of D1- and D3-
directability this construction does not always work since bu® may be empty for
some b € B, and it may fail even for complete D1-directable n.d. automata because
(au?)v* is not necessarily a singleton set. Indeed, it is easy to show by examples
that the classes Dir(1), CDir(1), Dir(2), Dir(3) and Dir(2)NDir(3) are not closed
under direct products. For the two remaining classes the following positive results
can be noted.

Proposition 4.4. The direct product of two D2-directable c.n.d. automata is
D2-directable, and the direct product of any two D3-directable c.n.d. automata is
D3-directable.

Proof. Let A= (4,X) and B = (B, X) be complete n.d. automata.

If A and B are D2-directable, then there are words u, v € X* and subsets C C A
and D C B such that au® = C and bv® = D for all a € A and b € B. Then for all
(a,b) € Ax B,

(a, B)uv?*B = (C x bul)A*B = Co? x (buP)v? = CvA x D,

and hence uv € Dy(A x B). Here we naturally need the fact that bu® # @ for all
be B.

Assume now that u € D3(A) and v € D3(B), and that ¢ € au? and d € bv® for
all a € A and b € B. Then for all (a,b) € A x B,
(a,D)uv™*F = (autyv? x (huB)v?

contains the state (c’,d), where ¢’ is any given state from cv*.
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5 Minimum-length directing words
If A=(A,X) € Dir(:) for some i, 1 <7 <3, let

di(A) = min{lg(w) : w € D;(A4)}.

For all i = 1,2,3 and n > 1, we set

d;(n) = max{d;(A) : A € Dir(s), |4]| = n},

and

cd;(n) = max{d;(A) : A € CDir(z), |A| =n},

Moreover, we denote by d(n) the usual maximal length of the minimum-length
directing words of a deterministic n-state directable automaton as defined in [3],
[4] or [8], for example.

It is clear that d(n) < cdij(n) < di(n), for all » > 1 and < = 1,2,3. In [1]
Burkhard proved that cd;(n) = 2® —n — 1 for n > 2. To obtain this result he
constructs for each n > 2 an n-state c.n.d. automaton for which the shortest D1-
directing words are of length 2 — n — 1. On the other hand, he observes that if
W =121 ...TmTms+1 1S & minimum-length D1-directing word of a ¢.n.d. automaton
A = (4,X), then Aw is a singleton set and the sequence Azq,..., Az, ...z,
consists of pairwise different subsets of A with at least two elements. Hence, lg(w) <
2™ —n — 1. Since this observation is valid also for general n.d. automata, the
functions cd; (n) and d;(n) are as follows. Moreover, the bound is accurate also for
n = 1 since the empty word is a D1-directing word of any 1-state n.d. automaton.

Proposition 5.1. (Burkhard 1976) For any n > 1, c¢dy(n) = dy(n) = 2® —n — 1.

In [6] Goralcik et al. proved that the number of factors needed to form a
constant relation as a product of some given relations on an mn-element set may
grow exponentially with n. This result gives exponential lower bounds for d; (n)
and ds(n). Since we already have an exact expression for d; (n), we use the example
of [6], in a slightly modified form, to obtain a lower estimate for d3(n). By changing
the construction suitably we obtain such lower bounds also for da(n) and cd,(n).

For any n > 2, let w(n) denote the maximal order of any permutation on the
set [n] = {1,...,n}. In [6] it was shown that w(n) > | ¥/n]! when n is the sum of
the first k primes for some k. From this it is easy to infer that w(n) > | ¥/n — 1]!
for every n > 2.

Proposition 5.2. For any n > 2,

(a) L7~ 1)1 < edy(m) < (2",; 1),

and
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(v) wa-1r<am <> ()
k=2

Proof. First we establish both of the lower bounds. Since they are obviously valid
for all small values of n, we may suppose that the permutations on [n — 1] of
maximal order w(n) consist of at least two cycles. Let o be such a permutation and
Cy,...,C, its cycles. Obviously, we may also assume that the lengths mq,...,m,
of these cycles are relative primes. Let us now define an n-state c.n.d. automaton
A = ([n], {z,v,z}) as follows.

Firstly, let 4 = {(1,0(1)),...,{n—1,6(n—1)),(n,n)}. In each cycle C; we fix
arbitrarily an element a; and set b; = o'(a;). Now y* is defined so that ay* = {b;}
ifa€eC; (1<i<r),and ny? = {n}. Finally, 24 is defined so that

4_ [{n} ifac€{a,..., ar,n},
R o2 ifae Ci\{a;}, (1<i<r).

Clearly, nw? = {n} for all words w € {z,y, z}*. On the other hand, aw* = {n}
also for all other states a € [n — 1] only in case we may write w = uzv, where u
is such a word that for all 1 < ¢ < r and a € C;, au? = a;. It should now be
clear that yz™ ™2™ =17 is the shortest D2-directing word of A, and its length is
wn)+1> [¥n-1]JL

The upper bounds are obtained simply by estimating in each case the number
of non-final states of the recognizer By defined in the proof of Propsition 3.4.

Remark. For values of n less than 1331=(11%) the lower bounds of Proposition
5.2 are well below the bound (n — 1)? given by Cerny’s well-known automata.

Proposition 5.3. For anyn > 1, (n —1)? <cds(n) < in(n—1)(n —2)+ 1.
Proof. Since the D3-directing words of an ordinary automaton are exactly its
directing words, the lower bound is given by Cerny’s {3] well-known examples of
n-state automata (n > 1) for which the the shortest directing words are of length
(n —1)2.
A word w (€ X™) is said to D3-merge two distinct states a,b of an n.d. automa-
ton A= (4, X) if aw Nbw # @. We have the following lemmas.

Lemma 5.4. A c.n.d. automaton A = (A, X) is D3-directable if and only if there
1s a D3-merging word for every pair of distinct states a,b € A.

Proof. The condition is necessary since any D3-directing word D3-merges every
pair of states of 4. Suppose now that for each pair a,b € A, a # b, there is a
D3-merging word w, 5, and let A = {1,...,n}. We define inductively a sequence
v, V1,...,Vn-1 Of words as follows. Foreacht =1,...,n—1, let

M('L) = 11/1'—1 n 2’/1'—1 n...N iVi_]_.

1. Let vg = €. Then M(1) # 0.
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2. Suppose that for some ¢, 1 < i < n — 2, we have defined a word v;_; (€ X*)
such that M) # 0. If M(E) N (i + v~y # 0, then let v; = v;_;. Otherwise,
choose any a € M (i) and any b € (2 + 1)v;—1 and set v; = v;_jw, . In both cases
M(i+1) # 0, and hence v,_; € D3(A).

Lemma 5.5. Let A = (A,X) be an n-state n.d. automaton. If a pair a,b € A,
a # b of states has a D3-merging word, then it has a D3-merging word of length

< ()
Proof. W w = z;...xz4 is a D3-merging word for a,b € A, then there are
sequences of states ag, a1, ...,ar and bg, by, ..., by such.that

(1) ap = a, b() = b,
(2) ai € a;1z; and b; € b1z foralli =1,...,k, and

(3) ap = bk.
If w is of a minimal length, the pairs {aqg,bo},. .., {ar—1,bk—1} are all distinct and
k< (3)-

We may now complete the proof of Proposition 5.3. If a nontrivial c.n.d. au-
tomaton A = (A, X) is D3-directable, there must exist a pair of states a,b € A,
a # b such that axz Nbz # O for some z € X. By appending to such an z n — 2 D3-

n

merging words of length < (%) as in the proof of Lemma, 5.4 we get a D3-directing
word of length <1+ (n —2)(}). It is clear that the bound is valid also for n = 1.

Proposition 5.6. For anyn > 1,

. n om _q n m(k) n gn-—r
wa-t<amsy (M) -2 e (1) (7).
k=2 k=2 r=1

where m(k) = max{i : k < 2"},

Proof. For the lower bound it suffices to modify the construction of the automaton
A used in the proof of Proposition 5.2 so that az4 =0 ifa € C; \ {a;} (1 <4 < 7).
The upper bound is obtained by considering any n-state D3-directable automaton
A = (4, X)) and estimating the number of possible non-final states of the recognizer
B3 (defined in the proof of Proposition 3.4) from which a final state can be reached.
First of all, we may discard all states containing the empty set. On the other hand,
any state consisting of just one non-empty set is final. These two observations yield
the first sum expression. From this number we should subtract the number of final
states consisting of at least two subsets of A. Consider any &k, 2 < k < n. By the
Principle of Inclusion and Exclusion the number of states {Cy,...,Cr} of B3 such
that CyN...NCy # B is given by

() -G)C) = r e (i) (70)

The double sum to be subtracted from the first sum is now obtained by forming
the sum of theses sums for k =2,... n.
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Syntactic Monoids of Codes*

H. Jiirgensen'

Abstract

A general characterization theorem for syntactic monoids of codes that satisfy
independence conditions of a special form is proved. This result provides in-
sight in some known characterizations of classes of codes via syntactic monoids
and provides a general mechanism for deriving new characterizations for other
classes of languages.

1 Introduction

Many of the combinatorial properties of codes related to issues in information
transmission, like synchronization delays or error resistance, can be expressed alge-
braically in terms of properties of the syntactic monoids of the codes themselves or
of the syntactic monoids of the set of messages generated by the codes. Obtaining
these algebraic characterizations is an important, but difficult problem.

Quite a few partial results have been obtained for various classes of codes,
for example, for infix codes [15], outfix codes [9], and hypercodes [28], [30]. For a
general overview, the reader should consult the books [2] and [25], the survey paper
[12], and the other references listed at the end of this paper. A new characterization
for infix codes and hypercodes has been obtained in [23]. In the present paper we
extract and formulate a general characterization method from those specialized
results which applies to all classes of codes that can be defined in a certain way.
Thus, results analogous to those of [23] can now be obtained using this method for
a large variety of classes of codes simply by proving that their definitions satisfy
certain formal criteria.

While this method is applicable to any class of codes satisfying these criteria, its
most elegant consequences seem to arise when it is applied to subclasses of the class
~ of infix codes. We discuss the special cases of infix codes, infix codes which are also
outfix codes, infix-shuffle codes of index n, hypercodes, solid codes, and reflective

*This research has been supported by the Natural Sciences and Engineering Research Council
of Canada, Grant OGP0000243. An earlier version of this paper was presented at the Second
International Colloquium on Words, Languages, and Combinatorics, Kyoto, 25-28 August, 1992
[11]. A summary of the results of the present paper is presented in Chapter 8 of [12].
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N6A 5B7 and Institut fiir Informatik Universitdt Potsdam Am Neuen Palais 10 D-14469 Potsdam,
Germany, e-mail: helmut@uwo.ca.
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codes. We also show why there is no such characterization for the intercodes of
index 1, that is, the comma-free codes.

The paper is organized as follows: In Section 2, we introduce basic notions and
notation. In Section 3, we investigate how conditions defining a class of codes are
reflected in the syntactic monoids. In Sections 4 and 5, we then focus on classes
of codes contained in the class of infix codes. Finally, Section 6 contains a few
concluding remarks.

2 Basic Notions and Notation

In this section, we review the basic notions and introduce some notation. For further
information regarding codes and their syntactic monoids the reader is referred to
the books (2] and [25] and the survey paper [12].

An alphabet is a non-empty set.! Let X be an alphabet. Then X* denotes the
free monoid generated by X, that is, the set of all words over X, including the
empty word 1, with concatenation as the multiplication.

Let M be a monoid. With every subset L of M one associates its principal
congruence Pp, given by

u=v(Py) < (Vz,y € M (zuy € L +— zvy € L)).

The factor monoid M/Py, is the syntactic monoid of L and is denoted by syn L.
For u € M, let [u]; denote the Pp-class of u. The canonical morphism of M onto
syn L, that is, the morphism oy, : u — [u]L, is called the syntactic morphism. The
set L is said to be disjunctive if Py, is the equality relation. The residue of L is the
set W ={u|lueMAMuMNL=0}

A language over X is a subset of X*. A language over a finite alphabet is said
to be regular if it is accepted by a deterministic finite automaton. The syntac-
tic monoid of a regular language is isomorphic with the transition monoid of the
reduced complete finite automaton accepting the language.

A language L is said to be a code if the submonoid of X*, which L generates,
is freely generated by L. For the study of codes, the case of | X| = 1 is trivial and
it is, therefore, common to assume without special mention that |X| > 1.

Let M be a monoid with zero element, |M| > 2. We denote the identity and
the zero elements by 1 and 0, respectively. The intersection of all non-zero ideals,
if it is different from {0}, is called the core of M, denoted by core(M). The set
annihil(M) = {c | Vz € M \ {1} zc = cz = 0} is the set of annihilators of M.

A pointed monoid? is a pair (M, L) where M is a monoid and L is a subset of M.
Let (M, L) and (M', L") be pointed monoids. A pointed-monoid morphism of (M, L)
into (M',L') is a semigroup morphism ¢ of M into M’ such that ¢~'(L') = L.
Such a pointed-monoid morphism ¢ is surjective, injective, bijective if it is so as a

!In the literature on formal languages, alphabets are usually assumed to be finite. In this
paper, the finiteness condition would not make an important difference. It is, therefore, omitted
as in [23].

2Called p-monoid in [24].
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semigroup morphism of M into M'; it is non-erasing if o= (1pr) = {17} Let P
denote the category of pointed monoids.

If (M, L) is a pointed monoid then oy, is a surjective pointed-monoid morphism
onto {(synL,or(L)). Moreover, if ¢ is a surjective pointed-monoid morphism of
(M, L) onto (M', L") then there is a unique surjective pointed-monoid morphism
of (M', L") onto (synL,or(L)) such that, for all u € M, o, (u) = ¥(p(u)).

A predicate P on [P is said to be invariant if, for any pointed monoid (M, L),
P satisfies the following conditions:

e For any surjective pointed-monoid morphism ¢ of (M,L), P is true on
(p(M), (L)) if P is true on (M, L).

e For any surjective non-erasing pointed-monoid morphism ¢ of (M, L), P is
true on (M, L) if it is true on (p(M), ¢(L)).

The results of this paper are based on the following observation concerning predi-
cates on the category of pointed monoids.

Theorem 1 Let P be an invariant predicate on P and let Lp be the class of lan-
guages L over X for which P is true on (X*, L). The following statements are
true:

(1) If o1 is non-erasing then L € Lp if and only if P is true on the pointed
monoid (synL,or(L)). '

(2) If P is decidable on finite pointed monoids, L is (constructively) regular,
and o, 1s non-erasing, then it is decidable whether L € Lp.

Proof: The first claim is just a restatement of the definition of invariance, applied
to or,. For the second claim, if L is constructively given as a regular language then
one can compute the syntactic monoid syn L and the set o (L). Note that oy, is a
pointed-monoid morphism. The fact that L is regular implies that syn L is finite.
Therefore, P is decidable on (syn L, o1 (L)). The invariance of P implies that it is
decidable whether L € Lp. O

To apply Theorem 1 to a given predicate P, one has to establish that P is invari-
ant and decidable on finite pointed monoids. In this paper we focus on predicates
on [P which can be expressed in a special form called implicational independence
condition.

3 Codes and Independence Conditions
Let X be an alphabet with |X| > 1. Many natural classes of codes over X are

characterized by independence conditions on the free monoid X*. A systematic
study of this characterization method is presented in [17] and [18]; see also [12].
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The independence conditions can be presented in various forms. The most gen-
eral approach uses abstract dependence systems in the sense of universal algebra®
with possible restrictions to finitely based dependence systems [12]. Incomparabil-
ity with respect to certain partial orders, like the prefiz order

u<v < veuX”,
P

as studied in [4], [14], and [25] is a quite special case of this approach. In this
paper we only consider independence conditions that can be expressed in the form
of implications involving equations over X*.

‘Recall, for example, that the prefix order <, defines the class £, of all prefix
codes over X by

LeLl, &< LC Xt AVu,weL (uﬁv—)u;v).
P

This condition could also be expressed as
LCXtTAVu,ze X* (u€LAuz€Ll)—>z=1).

We now turn to defining this latter form of independence condition in more abstract
terms.

Let M be an arbitrary monoid, let M be a finite set of subsets? of M, and let
V be a set of variable symbols, such that M NV = (). Moreover, let A denote a set
variable ranging over all the subsets® of M.

In the sequel we need to consider words built from elements of M and V, that
is, words in (M UV)*. An equation over M takes the form v = v and an inclusion
takes the form u € A, where u and v are words over (M UV). A basic implicational
independence condition has the form

(quantifier prefix)({formula) — (formula))
where the quantifier prefix and the formule satisfy the following conditions:

(I1) The quantifier prefix specifies, for each variable symbol in V, its range ex-

~ plicitly, that is, as one of the sets in M. Moreover, the quantifier prefix may

include quantification over the number of variables used. It involves only
universal quantifiers.

(I12) The formula are disjunctions of conjunctions of equations and inclusions over
M.

The first formula will be referred to as the premiss, the second one as the
conclusion of the basic implicational independence condition.

3See [3], [5], and [6].
“4In all our examples below we have M = {M}.
5More precisely, the range of A is the set of all subsets of whichever monoid is being considered.
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These still rather informal definitions can obviously be expressed rigorously.® An
implicational independence condition is a conjunction of basic implicational inde-
pendence conditions.

If I is an implicational independence condition on the monoid M and L C M,
then I is satisfied on the pointed monoid (M, L) if I is true on M for A = L.

We list a few natural examples of implicational independence conditions for the
case of M = X* where X is an alphabet with at least two elements and M = {X*}.

Example 1 Let X be an alphabet with |X| > 1. In Table 1 we ezhibit a list of
implicational independence conditions defining classes of languages over X studied
in the context of codes. Each implicational independence condition is identified by
its property name which is also used to identify the corresponding class of languages.
The prefiz-shuffle codes, suffiz-shuffle codes, infiz-shuffle codes, and outfiz-shuffle
codes of index n = 1 are the prefiz codes Ly, suffiz codes Ls, infix codes L;, and
outfiz codes Lo, respectively, in the usual sense.” The infiz-shuffle codes of index
n are called n-shuffle codes in [17] and elsewhere; in [19], [20] they are called n-
infiz codes; see also [22], [21]. The shuffle codes of index n as well as some of the
other types of codes listed in Table 1 may look like mathematical artifacts; they do,
however, capture tmportant aspects of error detection; for details, see [12]. The
relation between the classes of codes listed in Table 1 is shown in Figures 1 and 2.
The n-codes shown there, for n > 2, are languages such that every subset of up to
n elements is a code [7], [10]; the n-ps-codes are languages, such that every subset
of up to n elements is a prefix code or a suffic code [8]. For details on infiz and
outfiz codes and the classes Ly and Ly see [9].

Many natural classes of codes or code-related languages can be defined using
implicational independence conditions. There are, however, some natural classes
of codes characterized by finitely based dependence systems for which it seems to
be impossible to express the independence condition in terms of an implicational
independence condition; the class of uniform codes or block codes, that is, of codes
all elements of which have the same length, seems to be an example of this kind.

Suppose that ¢ is a morphism of M onto a monoid M’, and that I is an
implicational independence condition on M. Then ¢ induces an implicational in-
dependence condition on M’, denoted by ¢(I), as follows:

(I3) If I is a conjunction of basic implicational independence conditions then let
©(I) be the conjunction of the images, under y, of these basic implicational
independence conditions. Let M’ be the set of the images of the sets in M.
In the quantifier prefixes of I, replace any range in M by its image in M".

(I4) For a word u over (M UV), let ¢(u) be the word over (M'U V) obtained by
mapping the elements of M into M’ according to ¢ and leaving all variables

81n particular, quantification over the number of variables would need to be expanded.

"In some cases, as in that of the prefix codes, one would have to require explicitly that L cx+t
to rule out the trivial case of L = {1} in which L is not a code. On the other hand, including this
degenerate case allows for a simpler statement of the results.
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Family Name Implicational condition
YmVYnVzi,...,Tm,¥1, - ,Yn € X
C d I ((z1€EAN...Azm EAANYLEAAN. ..
codes codes code
ode od AYn EAATL  Tm = Y1 Un)
S T1= Y1, Tn = Yn)
Vu,v((u EAAY EAAUY = vu)
£2‘codey 2-codes 12-code N u((= ‘U)
Vu,z,y (L EAANuUT EAAYyU EA
Lo.5s, 2-ps-cod 1o
2P ps-codes Zes Auz=yu) 2 z=y=1)
VZ1,. 3 Tn, Y1, Yn
Ly, , prefix-shuffle I ((z1--za €A
codes of index n P AZ1Y1Z2Y2 - TnlYn € A)
Sp==ya=1)
Li" ’ Co,. 1 Lsn )
infix-, outfix-, suffix-
? : L., 1. .1 analo to £
shuffle codes of fnyfentEn nalogous Lo Len
index n
Lp, N L, Iy, 6 Ip, N lsp,
Ly, bifix codes I see Lp, NL,, forn=1
Ein n Lon Iin on ]in A Ion
VNVZo, .-y Zny Y1y« Yn € X7
Lh, hypercodes I, ((zo- - zn E AANZOYIZIY2 - - YnTn € A)
S Yyr = =yYn =1)
L.en, reflecti .
1, retiective Iient V,y € X* (zy €A = yz € A)
languages
 Lpi, p-infix codes I Vu,z,y((t EAAZUY €EA) 5 y=1)
L, s-infix codes I Yu,z,5((u€AAzZuy €AYy 2z =1)
Vul, .. Unt1, V1.3 Un, T, ¥
((u1 EAA---Aung1 €EA
Linter,, , intercodes AVI EAAN---ANvn EA
. [intern —
of index n AU Ungl =TV Uny)
4 ((T=1AY=uns1)
Viz=u Ay =1)))
Loi-free, Overlap-free I Vz,y,z((zy E ANyz € A)
languages ol-free S>(z=1vz=1vy=1))
Lsolid, solid codes Teolia Ii A Tol-gree

Table 1: Implicational conditions for some of the language classes.
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Sn41

Pn+41 n+1

Figure 1: The relation between the shuffle codes.

unchanged.® For an equation u = v over M let ¢(u = v) be the equation
p(u) = p(v) over M'. For an inclusion u € A, let ¢(u € A) be the inclusion
o(u) € A. A formula over M is mapped by ¢ onto the corresponding formula
of the images of the equations and inclusions.

This mechanism of induced implicational independence conditions is to be used in
subsequent sections of this paper, to carry implicational independence conditions
on X* defining certain classes of languages into the syntactic monoids of these
languages. Hence we consider the following two properties of an implicational
independence condition I on a pointed monoid (M, L).

(I5) For any surjective pointed-monoid morphism ¢ of (M, L), if a premiss of I
is false for some assignment of values to the variables then the image of that
premiss is also false in (¢(M), (L)) for the corresponding value assignment.

(I6) For any surjective non-erasing pointed-monoid morphism ¢ of (M, L), if a
conclusion of I is false for some assignment of values to the variables then the
image of that conclusion is also false in (¢(M), (L)) for the corresponding
value assignment.

BWe assume that M’ NV =90.



124 H. Jiirgensen

L3-code

¢ L3 code

Lo- :
2-ps " n-codes

‘ ACt:oz:l:

Linter

shuffie codes

intercodes
of index m

Linter; =

comma-free

Lsolid

Ly N Lsotia

Figure 2: The relation between the classes of languages introduced in Table 1. Lines
indicate (known) proper inclusions. Dotted lines indicate hierarchies. Intersections
and unions are not, in general, indicated.
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Theorem 2 Let (M,L) be a pointed monoid and let I be an implicational inde-
pendence condition on (M,L). Let ¢ be a surjective pointed-monoid morphism of
(M,L). If I has property I5 and is satisfied on (M, L) then o(I) is satisfied on
(p(M),p(L)). Conversely, when ¢ is also non-erasing, if I has property I6 and
(1) is satisfied on (p(M), (L)) then I is satisfied on (M, L).

Proof: Let (M, L) be a pointed monoid and ¢ be a surjective pointed-monoid mor-
phism of (M, L) onto the pointed monoid (M',L’). As I is a conjunction of basic
implicational independence conditions, I is satisfied on (M, L) if and only if each
of its basic components is satisfied on (M, L). Therefore, we only need to prove the
claim for I a basic implicational independence condition.

First note that if f is a formula appearing in I and f is true for some assign-
ment of values to the variable symbols then ¢(f) is also true for the corresponding
assignment of values. Indeed, if v and v are words over (M UV) and u = v for
some value assignment then (u) = (v) for the corresponding value assignment;
this follows from the fact that ¢ is a semigroup morphism. Similarly, if u € L then
w(u) € (L) = L' as y is surjective and p~}(L') = L, hence p(L) = L'. Thus, as f
is a disjunction of conjunctions of equations and inclusions, if f is true on (M, L)
for some value assignment then also o(f) is true on (M’, L') for the corresponding
value assignment. Moreover, as ¢ is surjective, every value assignment in (M'L')
corresponds to — that is, is the image of — a value assignment in (M, L).

Let p and ¢ be the premiss and conclusion of I, respectively, and suppose that
I has property 15 and is satisfied on (M, L}. Consider an assignment of values in
M to the variable symbols occurring in p and c¢. If the premiss p is false under this
assignment then also ¢(p) is false under the corresponding assignment in (M’, L")
by I5. On the other hand, if the premiss p is true under this assignment, then also
the conclusion ¢ must be true under this assignment. But then also ¢(p) and ¢(c)
are true under the corresponding assignment. Hence, as the implication p — ¢ is
true under any value assignment also the implication ¢(p) — ¢(¢) is true under
any value assignment. Thus ¢([) is satisfied on (M', L").

Conversely, assume that ¢ is also non-erasing and that I has property 16, and
suppose ¢(I) is satisfied on (M’, L'). Hence, for a value assignment either ¢(p) is
false or both ¢(p) and (c) are true. If p(p) is false then, for any value assignment
in (M, L) that is mapped onto the given one by ¢, also p is false. Suppose now
that both ¢(p) and ¢(c) are true. Consider a value assignment in (M, L) which is
mapped onto the given one by ¢. If p is false under this assignment then p — ¢ is
true as needed. If p is true under this assignment then, by 16, ¢ cannot be false as
¢(c) is true. This shows that I is satisfied on (M, L). Q

An implicational independence condition I on a monoid M is said to be free if
the only element of M occurring in I is 1 and if M = {M}. A free implicational
independence condition can be interpreted over any pointed monoid (M, L'). One
treats M as a variable symbol for monoids, M having the value M’ in this case,
and 1 as denoting the identity element of the monoid under consideration. For a
free implicational independence condition I let £; be the class if pointed monoids
(X*,L), with X an alphabet, on which I is satisfied.
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Theorem 3 Let P be a predicate on P, defined by a free implicational independence
condition I. If I satisfies 15 and I6 for all pointed monoids then P is invariant.

Proof: Consider a pointed monoid (M, L) and a surjective pointed-monoid mor-
phism ¢ of (M, L) onto (M', L'). Suppose P is true on (M, L). Then I is satisfied
on (M, L) as P is defined by I and I is free. By I5, using Theorem 2, (1) is true
on (M',L'). Thus P is true on (M’, L').

For the converse, assume that ¢ is also non-erasing and that P is true on
(M’,L"). Then () is satisfied on (M', L') and, by 16 and Theorem 2, I is satisfied
on (M, L), hence P is true on (M, L). : O

When [ is a free implicational independence condition, instead of saying that

w(I) is satisfied on (M, L}, it is more convenient to say that I is satisfied on
(M, L). Since this is unambiguous, we make this simplification in the sequel.®

Lemma 1 Let (M, L) be a pointed monoid and let I be an implicational indepen-
dence condition on M. The following statements hold true:

(1) Suppose that, if a premiss p of I is false for some value assignment, then
also o1,(p) is false for the corresponding value assignment. Then I satisfies
I5.

(2) Suppose that o, is non-erasing and that, if a conclusion c of I is false for
some value assignment, then also op(c) is false for the corresponding value
assignment. Then I satisfies I6.

Proof: To prove (1), consider a surjective pointed-monoid morphism ¢ of (M, L)
onto (M',L"). Then there is a surjective pointed-monoid morphism  of (M’, L")
onto (syn L,a (L)) such that or(u) = ¥(p(u)) for all w € M. Suppose a premiss
p of I is false; hence o (p) is false by assumption; if, however, ¢(p) were true then
also ¥(p(p)) would have to be true, a contradiction. Hence, ¢(p) is false. Thus I
satisfies I5.

The proof of (2) is analogous; one only notes that o, being non-erasing implies
that v has to be non-erasing. 0

By Lemmma 1, it is sufficient to check I5 and 16 for syntactic morphisms.
Invariance in general can be established by proving it for syntactic morphisms.

Lemma 2 Let I be a free implicational independence condition. The following
statements hold true:

(1) If the premisses of I contain only inclusions then I satisfies I5 on any
pointed monoid.

(2) If the conclusions of I contain only inclusions or equations of the form
u =1 then I satisfies I6 on any pointed monoid.

9For a completely rigorous treatment,, one should build the category of pointed monoids from
the category of monoids in such a way that the identity element is treated as a nullary operation
symbol. In this way, a free implicational independence condition would not refer to any specific
pointed monoid any more.
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Proof: Let (M, L) and (M’, L'} be pointed monoids and let ¢ be a surjective pointed-
monoid morphism of (M, L) onto (M', L).

First consider an inclusion u € A. If this inclusion is true on (M’, L') for some
value assignment then, because of ¢~1(L') = L, this inclusion must be true on
(M, L) for any pre-image, under ¢, of this value assignment.

Suppose now that a premiss p of I consists solely of inclusions. If p is false for
some value assignment on (M, L) then, by the preceding argument, »(p) must be
false on (M', L").

Finally assume that ¢ is also non-erasing. Then u = 1 can only be true in
(M', L") if it is true in (M, L). Thus, if a conclusion ¢ of I consists only of inclusions
and equations of the form w = 1 then, if it is false on (M, L), it is also false on
(M',L"). a

We now examine some of the implicational independence conditions of Exam-
ple 1 to determine which of these satisfy I5 or I5 and I6.

Theorem 4 Let X be an alphabet with |X| > 1. Consider the implicational inde-
pendence conditions listed in Ezample 1. The following statements hold true.

(a) Tcode and Linter; do mot satisfy I5.
(b) Ipn’ ISnJ Ii'n.’ IOn‘? Ii,.,o,.,v Ipn,sn; I, Isolia; Iren satisfy 15 and I6.

- Proof: By Lemma 1 it is sufficient to consider syntactic morphisms.

We first prove statement (a): Let L be an infix code with |L| > 1. Clearly, L
satisfies Ieoqe- By [15], o1 (L) is a single element ¢ in syn L, and ¢ is an annihilator
different from 0. Let u,v € L, u # v. Then u? # v However, oy (u?) =c? =0 =
o1 (v?). Therefore, Icoqe does not satisfy I5.

Now consider Iinter;- Every intercode of index 1 is an infix code [27]. Let L
be an intercode of index 1. Therefore, the implicational independence condition
oL {Linter,) T€duces to

Ve, y (czzmcy—>:c:1Vy:1)

where z and y range over the syntactic monoid of L. As ¢ is an annihilator,
¢ = zcy = 0 for all choices of x and y except x = y = 1. On the other hand,
this premiss need not be true in X*. For instance, let X = {a,b} and L = {ab};
by [16], L is a solid code, hence an intercode of index 1. Let x = y = a. The
only choice for u,v,w is u = v = w = ab. Hence uv = abab # aaba = zwy, but
op(uv) =0 = o (zwy).

Statement (b) follows by Lemma 2. O

Note that the argument used to prove statement (b) does not apply in the cases
of Lo-code; L2-ps, O Linter, a8, in all these cases, the implicational independence
condition provided in Example 1 contains an equation in the premiss.

Theorem 5 Let M be a monoid such that M\ {1} is a subsemigroup of M. Let I
be a free implicational independence condition satisfying I5 and I6 on any pointed
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monoid. Then M is isomorphic with the syntactic monoid of a language L over an
alphabet X such that I is satisfied on (X*, L) if and only if M has a disjunctive
subset L' such that I is satisfied on (M, L').

Proof: Suppose L C X* is such that I is satisfied on (X*, L) and that M ~ syn L.
Then o5 (L) is disjunctive in syn L and I is satisfied on (syn L,o (L)) by I5.
Conversely, let L’ be a disjunctive subset of M such that [ is satisfied on (M, L').
Let X C M \ {1} be a set of generators of M. The embedding of X in M induces
a morphism ¢ of X* onto M. Let L = ¢~ 1(L'). Then ¢ = oy, v is non-erasing,
and I is satisfied on (X*, L) by I6. |

Thus, many classes of languages defined by independence conditions have a
characterization by syntactic monoids in the following sense: M is the syntactic
monoid of such a language if and only if M contains a disjunctive subset which
satisfies the conditions that characterize the respective class of languages. In the
next sections of this paper, we apply this property to subclasses of the class of infix
codes. '

We conclude the present section with an interesting consequence of Theorem 5
regarding the decidability of language properties.

Theorem 6 Let I be a free implicational independence condition satisfying I5
and I6 on all pointed monoids. Let X be an alphabet and let L be a regular language
over X. If L is given effectively and oy, is non-erasing then it is decidable whether
I is satisfied on (X*,L).

Proof: Let L be a regular language, given in some effective way. Construct the
reduced complete deterministic finite automaton A accepting L. Then syn L is
isomorphic with the transition monoid of A. Moreover, one can compute o, (L).
Since syn L is finite one can check whether I is satisfied on (syn L, o (L)). If so I
is satisfied on (X*, L); otherwise it is not. O

With Theorem 6, we have a general proof of the decidability of certain code
properties which, so far, has only been obtained for special cases with a special
proof for each case. Another quite different general technique for proving such
decidability results is provided in [13].

4 Infix Codes

In this section, we consider classes of codes “low in the hierarchy,” that is, classes
of codes contained in the class £;, the class of infix codes. The syntactic monoids of
infix codes have some special properties which render it particularly easy to express
implicational independence conditions in them.

The following characterization of monoids which are isomorphic with syntactic
monoids of infix codes is given in [23]. Note that some of the conditions imply that
the monoid be subdirectly irreducible (see also [15]). In stating this result, we refer
to the following list of properties of a monoid M.
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(M;) M\ {1} is a subsemigroup of M.
(M5) M has a zero.
(M3) M has a disjunctive element ¢ distinct from 1 and 0 such that ¢ = zcy implies
z=y=1
(M4) M has a disjunctive zero.
(Ms) There is an element ¢ € annihil(M) distinct from 0 such that éore(M ) =
{c,0}.
(Mg) There is an element ¢ distinct from 0 such that ¢ € core(M) N annihil(M).
Theorem 7 [23] The following conditions on a monoid M are equivalent.
(1) M is isomorphic with the syntactic monoid of an infiz code.
(2) M has the properties M1, Ma, and Ms.
(8) M has the properties M1, My, and Ms.
(4) M has the properties My, My, and Mg.

If L is an infix code and ¢ € synZL is the element of condition M3, Ms, or
Mg then ¢ = o1 (L). Hence, condition My states in particular that ¢ satisfies the
implicational independence condition [;. This observation allows the following gen-
eralization of Theorem 7. For an arbitrary implicational independence condition,
let I(c) be the implicational independence condition obtained by substituting the
symbols ‘= ¢’ for every occurence of the symbols ‘€ A’

Theorem 8 Let I be an implicational independence condition satisfying I5 and 16
on all pointed monoids. If L; C L; then the following conditions on a monoid M
are equivalent.

(1) M is isomorphic with the syntactic monoid syn L of some L with (X*,L) €
L.

(2) M has the properties My, Ma, M3, and I(c).
(8) M has the properties My, My, M5, and I(c).
(4) M has the properties My, My, Mg, and I{c).

Proof: If M is isomorphic with the syntactic monoid syn L of some language L with
(X*,L) € L; then L is an infix code, and M has the properties M;, M> and M;.
As ¢ = o (L), also I(c) holds true.

For infix codes, statements (2), (3), and (4) are equivalent by Theorem 7. More-
over, the proof shows that in each of M3, Ms, and Mg, the element ¢ is actually the
same element of M. Hence, these statements are also equivalent for the class £;.

By Theorem 7, statement (4) implies that A is isomorphic with the syntactic
monoid of an infix code L. Moreover, from the proof it follows that (L) = ¢. As
w(I), for A = L, is equivalent to I(c), it follows that I is satisfied on (X*,L). O
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Thus, Theorem 8 provides for a general method of characterizing the syntactic
monoids of those classes of codes which are contained in the class of infix codes
and are given by an implicational independence condition satisfying I5 and 16. In
particular, this includes all the cases listed in Theorem 4(b) except the prefix and
the suffix codes.

5 Infix and Outfix Codes

In (23], Corollary 1, a characterization of the syntactic monoids of hypercodes is
derived which in part forms a special case of Theorem 8. In this section we show that
also the remaining parts of that result can be obtained as a special case from a quite
general theorem. For the result of [23] on hypercodes, the following observation is
crucial: For a hypercode L, every Pr-class different from Wy is a hypercode. A
similar statement can be made about other classes of codes contained in the class of
outfix codes. See Figure 1 for the hierarchy of shuffle codes. In essence, we consider
the classes contained in £; N L, = Li; N L,,. This class is characterized by the free
implicational independence condition

Vu,z,y € X* (€ ANzuy e A) sz =y =1)
A((zy € AN zuy € A) > u=1))

which satisfies I6 and 16 on all pointed monoids. Thus, also the syntactic monoids
of codes in £; N £, can be characterized using Theorem 8.

Theorem 9 The following statements hold true.

(a) If L is an outfiz code then every Pr-class different from the residue of L
is an outfir code.

(b) If L is an infiz-shuffle code of index n with n > 3 then every Pr-class
different from the residue of L is an infiz-shuffle code of indezx n — 2.

(c) If L is a hypercode then every Py -class different from the residue of L is
a hypercode.

Proof: The proof of (a) is given in [9].

Let L be an infix-shuffle code of index n with n > 3, and consider Pp-equivalent
words u, v such that u is not in the residue of L. Hence, there are s and ¢ such
that sut € L and, therefore, also sut € L. Suppose that

U= UU2 " Upn—z and v =viuU1VaUs3 " Vp_oUn_2Un_1.

Letting s = wvp, t = up—; and v, = 1, one obtains sut = svt from the fact that L
is an infix-shuffle code of index n. This implies © = v. Thus, the class of u is an
infix-shuffle code of index n — 2.

The statement concerning hypercodes is proved in [23]. It is, of course, also an
immediate consequence of (b) as a language is a hypercode if and only if it is an
infix-shuffle code of index n for every n. ]
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By Theorem 9(b) and Figure 1, if L € LiNLy, L€ Ly, L €L, , L €L,
LeL,,,or Le Ly forn> 2, then every Pr-class different from the residue is an
outfix code.

In view of Theorem 9, the result of [23] on hypercodes can be generalized sig-

nificantly.

Theorem 10 Let I be an implicational independence condition satisfying I5 and
I6 on all pointed monoids and such that Ly C L;.

Let I' be an implicational independence condition satisfying I5 and I6 on all
elements of L; and such that I implies I' and I' implies I.

Suppose that, if (X*,L) € Ly, for every Pr-class L' different from Wy, I' is
satisfied on (X* ,L'). Then the following conditions on a monoid M are equivalent.

(1) M is isomorphic with the syntactic monoid of a code in L;.

(2) M has the properties My, Ma, M3, and I{c) and every element = € M\{O}
satisfies I'(x).

(8) M has the properties My, My, Mg, and I(c).

Proof: The assumption about the Pp-classes different from Wiy, implies that I'(z)
holds true for every z € M \ {0}. Thus, (1) implies (2). Obviously, statement (3)
follows from (2). The remaining implication is already stated in Theorem 8. O

The case of hypercodes [23] is a special case of this result as are the cases of
infix-shuffle codes of index n and of those infix codes which are also outfix codes.

6 Concluding Remarks

The main result of this paper is a general method for characterizing the syntactic
monoids of codes when the class of codes is defined in a special formal way. The
main application is to classes of codes, low in the hierarchy, that is, below the
classes of infix codes and outfix codes.

The properties of infix codes and outfix codes that lead to particularly simple
characterizations are the following: The syntactic monoid of an infix code has a
disjunctive element. Every syntactic class of an outfix code is an outfix code. The
obvious next step seems to be to abstract these properties and extend the results
to higher regions of the hierarchy in possibly some restricted form.
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Tree Transducers and Formal Tree Series*

Werner Kuich f

Gécseg Ferenc baradtomnak 60. sziiletésnapja alkalmabol

Abstract
We introduce tree transducers over formal tree series as a generaliza-
tion of a restricted type of root-to-frontier tree transducers and show that
linear nondeleting recognizable tree transducers do preserve recognizabil-
ity of tree series.

1 Introduction and preliminaries

In this paper we give a uniform treatment of tree transducers and tree automata
in terms of tree series and matrices.

In Section 2 we define tree transducers that map tree series into tree series.
These tree transducers are a generalization of a restricted type of root-to-frontier
tree transducers as described in Gécseg, Steinby [4, 5].

In Section 3 we consider linear and nondeleting tree representations and
show certain algebraic properties of these tree representations.

In the last section we consider linear nondeleting recognizable tree transduc-
ers. Intuitively, these are generalizations of linear nondeleting root-to-frontier
tree transducers with infinitely many productions whose right sides form recog-
nizable tree languages. The main result of Section 4 is that linear nondeleting
recognizable tree transducers do preserve recognizability of tree series. Our main
result is a generalization of the following theorem of Thatcher [10]: Linear root-
to-frontier tree transducers preserve recognizability (see also Gécseg, Steinby [4],
Corollary 1V.6.6).

It is assumed that the reader is familiar with the basics of semiring theory
(see Kuich, Salomaa [9] and Kuich [6], Section 2). Throughout the paper,
(A, +,-,0,1) denotes a commutative continuous semiring. This means:

(o) the multiplication - is commutative;

*Partially supported by the “Stiftung Aktion ésterreich-Ungarn”.
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(i) A is partially ordered by the relation C: a C b iff there exists a ¢ such
that a + ¢ = b,

(ii) (4,+,-,0,1) is a complete semiring,

(i) Yerai =sup(Djcpai | £ C I, E finite), a; € A, i € [, for an arbitrary
index set I, where sup denotes the least upper bound with respect to C.

In the sequel, we denote (A, +,-,0,1) briefly by A.

Furthermore, ¥ = ¥qUX1U. . .UX,U. .. will always denote a ranked alphabet,
where X, k > 0, contains the symbols of rank k¥ and X will denote an alphabet
of leaf symbols. By Tx(X) we denote the set of trees formed by £ U X. This set
Ts(X) is the smallest set formed according to the following conventions:

(i) if we g U X then w € Ty (X),
(ii) fwe Xy, k> 1, and ty,...,t € Tx(X) then w(ty,...,t) € Tn(X).

If 3 # 0 then X may be the empty set.

By A{(T%(X))) we denote the set of formal tree series over Tx(X), i. e., the
set of mappings s : Tx(X) — A written in the form 37,7 (s, )¢, where the
coefficient (s,t) is the value of s for the tree t € T (X). For a formal tree series
s € A(Tx(X))), we define the support of s, supp(s) = {t € Tx(X) | (s,t) # 0}.
By A(Tx(X)) we denote the set of tree series in A{Tx(X))) that have finite
support. A power series with finite support is termed polynomial. (For more
definitions see Kuich {7}.)

Formal tree series induce continuous mappings called substitutions as follows.
Let Y. denote a set of variables, where Y N (X U X) = @ (0 denotes the empty
set), and consider a mapping h : Y — A(T=(X UY))). This mapping can be
extended to a mapping h: Tx(X UY) - A(T=(XUY)) by h(z) =z, z € X,
and

hw(ty, ..., ) =@h{tr),. .., h(ts)) =
Zt’l ,,,,, t’kETE(XUY)(h‘(tl)J tll) s (h(tk‘): t;w)w( Il: s 7t;\,) )

for w € &y and tq,...,t; € Te(X UY), £ > 0. One more extension of A
yields a mapping b : A(T2(X UY))) — A{(Tx(X UY)) by defining h(s) =
2 ieTs(xuy) (s, t)h(t). This last extension of / is a complete semiring morphism
from A{(Te(X UY)) into A(Tx(X UY)). It is a continuous mapping (see
Corollary 2.15 of Kuich [7]).

Let now s € A(Tx(X UY))). Then, by definition, the formal tree series
s induces a mapping s : (A(Ts(X UY)))Y — A(Ts(X UY)) as follows:
given b : Y — A(T=(X UY))), the value of s with argument h is simply h(s),
where h is the extended mapping. If Y = {y1,...,yn} is finite, we use the
following notation: h : Y — A{(T»(X UY)), where h(y;) = s;, 1 <1 < mn,is
denoted by (s;, 1 <1 <n) or (s1,...,8,) and the value of s with argument h
is denoted by s(s;, 1 <i < mn) or s(s1,...,5,). Intuitively, this is simply the
substitution of the formal tree series s; € A{(Tx (X UY))) into the variables y;,
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1<i<mofse A(Ts(X UY)). The mapping s : (A{(Ts(X UY)))Y —
A{Ts(X UY))), i. e., the substitution of formal tree series into the variables
of Y, is a continuous mapping (see Theorem 2.18 of Kuich [7]). Observe that
8(51,---,8n) = Diern(xuy) (5:DE(s1, - .-, 5n).

In certain situations, formulae are easier readable if we use the notation
s[si/yi, 1 < i < n] for the substitution of the formal tree series s; into the
variables y;, 1 <1 < n, of s instead of the notation s(s;, 1 <i <n). So we will
use sometimes this notation ss;/y;, 1 <i < n).

In the same way, s € A{Tx(X UY)) also induces a mapping s
(A(TE (DN — AT

Our tree automata and tree transducers will be defined by transition ma-
trices. Let Y = {y1,...,yr}, ¥ > 1, and Y be sets of variables. A matriz
M e (A(Ts(X U Yk))))fl"’k, k > 1, I' and I arbitrary index sets, induces a

mapping
M (AT (X UM x o ox (AT (X UY)ND = (A(Te(X UY))T >

(there are k argument vectors), defined by the entries of the resulting vector as
follows: For Py, ..., Py € (A{(Ts(X UY)))!*! we define, for all i € I',

M(Py, .. P} =300 oer Mign,.i) (P)iyy s (Pr)iy) =
Zil,...,ikEI ZteTE(XUYk)(Mi,(il,...,ik)a t)t((Pl)il yre s (Pk)ik) .

Throughout the whole paper, I (resp. @) will denote an arbitrary (resp. a
finite) index set.

2 Tree transducers

In this section we introduce tree transducers based on formal tree series and
matrices. We show that these tree transducers are a generalization of a restricted
type of root-to-frontier tree transducers as described in Gécseg, Steinby [4, 5].

In the sequel, £ and ¥’ denote finite ranked alphabets, X and X’ denote
leaf alphabets and Z = {z; | ¢ > 1} denotes an alphabet, of variables. We denote
Zy={2z:|1<i<k},k>1 and Zp = 0.

A tree representation (w1th state set (J) is a mapping u from ¥ U X into
matrices with entries in A{Ts (X' U Z))) such that

S = (AT (XU Z)Y) R, k> 1,
i Yo UX — (A(Ts (X)X

For f € By, k > 1, u(f) induces a mapping
u(f) : (ALTs (X'UZ)NP %X (A(Ter (XUZ))) P = (A(Te (X'02Z))) 2

(there are k argument vectors), defined by the entries of the resulting vector
as follows: For Pi,..., P € (A{(Ts (X' U Z)))9*! and q € Q, the mapping is
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given by

AP, Pg= Y #Patarea) (Pass s (Pida) -

91,9k €Q

Observe that for P, ..., P, € (A{(Ts (X")))9*1, the vector u(f)( P, ..., P) is
again in (A{Tx (X)))9*. This means that

(AT (XU ZIND, (u(f) | | € D)) and (A(Te (XN, (u(f) | f € £))

are S-algebras. Hence, the mapping p : X — (A{(Ts (X")))2*! can be uniquely
extended to a morphism

p Te(X) = (AT (XN
This morphic extension is defined inductively as follows:

p(f(t, - te)) = p(H)(pt), -, p(te))

for f € g, t1,...,t; € Txn(X).

A tree representation p is called polynomial iff u(f) € (A(Tg (X'UZ,)))@*Q"
for f € Tk, k > 1, and p(f) € (AT (X"))@*! for f € o U X. Observe that,
for |Q] = 1 and A = B, our polynomial tree representations are nothing else
than tree homomorphisms (see Gécseg, Steinby [5], page 18).

For s € A(Tx(X))) we define u(s) = ZteTE(X)(S’t) ® u(t), where ® denotes
the Kronecker product (see Kuich, Salomaa [9], Section 4). We are now in the
position to define the notion of a tree transducer.

A tree transducer (with input alphabet X, input leaf alphabet X, output
alphabet X', output leaf alphabet X)

T=(Q:nS)
is given by
(i) a nonempty finite set @ of states,
(ii) a tree representation p with state set @,
(i) S € (A{(Ts (X'U Z,)) %9, called the initial state vector.

The mapping ||3]] : AT (X)) = A{(Ts (X)) realized by a tree transducer
T = (Q, p, S) is defined by

ITI(s) = S(u(s) = S( D (s,0) @ p(t)).

teTs (.X)

A tree transducer T = (@, u, S) is called polynomial iff is a polynomial
tree representation, and the entries of S are of the form S, = a4z1, a, € A,

q€Q.
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We now connect our notion of tree transducer with the root-to-frontier tree
transducers. By Gécseg, Steinby [5], a root-to-frontier tree transducer

91 = (Z?XJQJ EI7Xl7P7QI)
is a system, where

(1) %X, X', Q are specified in the same way as in the definition of our
tree transducer;

(2) P is a finite set of productions of the following types:
(i) gz = t, wherege @,z € X, t € Tss (X");
(i) ¢f(z1,...,2z1) = t, whereqe Q, f € 4, k>0, t € T/ (X' UQZy);

(3) Q' C Q is the set of initial states.

A root-to-frontier tree transducer 2 is called nondeterministically sim-
ple iff for each production of type (ii) qf(z1,...,2x) — t there exists a set
Cos—t = {¢i121, ..., ¢, zc} such that t € Tx (X' U Cypt). (Compare with
Gécseg, Steinby) [4], Exercise 4 on page 213.) Observe that not all elements
i, 21, - - - » i, 2 Of Cqp¢ have to appear in ¢, i. e., A needs not to be nondeleting.

For the forthcoming considerations in this section, our basic semiring is the
Boolean semiring B and we use without mentioning the isomorphism between
B(Tx (X)) and P(Tx(X)). Given a nondeterministically simple root-to-frontier
tree transducer % = (L, X,Q,Y, X', P,Q"), we construct a polynomial tree
transducer ¥ = (@, i, S) that behaves analogous to 2. The polynomial tree
representation p is defined as follows:

(i) Forze X,qeQ,te T (X)), (u(z)g,t)=1if gz >t € P.

(11) For f € Eky Gy Qi -5 iy, € Qa t(Zl,...,Zk) € TE'(XI U Zk)7
k 2 0; (ﬂ(f)q,(qx'l,w,qik)at(zla'"7216)) = 1 if Qf(zl,--.,Zk) —
t(qi1217 e 7qikzk) € P a‘nd qu—)t = {Qilzh e ;Qikzk}~

The initial state vector S is defined by S, =2 if g€ @', S, =0if g€ Q — Q".
We claim that, for s € Tn(X), t € T (X') and g € Q

(u(s)q, t)y =1iff gs =™ ¢

and prove it by induction on the form of trees in Tx;(X). Clearly, the claim holds
true for trees in X U Xo. Let now f € Xy for some &k > 1, s1,...,s; € T(X),
and ¢ = f(s1,...,8¢). By induction hypothesis, we have (u(s;)q;,t;) = 1 iff
g;s; =% tj, g, €Q,t; € T (X'),1<j<k. Let now (u(f(sl,...,sk))q,t) =1,
i. e., for some qy,...,qx € Q

() ariar gy (B(51)grs - - 5 (88D, )5 t) = 1.

139
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‘Then there exist v € Tx/(X' U Z;) and ¢1,...,t € Tx/(X') such that
W Hatarrnn):¥) = 1 ((s5)g;5t5) = 1,1 < 5 < k, and t = v(ty,..., ).
This implies

qf(slu"‘ >Sk) =7 7)(([131,. . 'ansk) =* U(tla" -atk) =t.

Similarly, we can show that ¢f(sy,...,sg) =* ¢ implies (u(f(s1,...,5¢))q: 1) =
1. This yields our first theorem.

Theorem 1 Let 2 be a nondeterministically simple root-to-frontier tree trans-
ducer and T be the polynomial tree transducer constructed from UA. Let
L C Tx(X) be a tree language. Then A maps L to the tree language
supp(||Zl|(char(L))) C Tx (X).

3 Linear and nondeleting tree transducers

In this section we introduce linear and nondeleting tree representations and
tree transducers. The main result of this section is that a linear nondeleting
representation can be extended to a morphism over matrices of formal tree
series.

A treet € Te(X U Z;), k > 1, is called linear iff the variable z; appears
at most once in ¢, 1 < j < k. Atreet € Tn(X U Z;), k > 1, is called
nondeleting iff the variable z; appears at least oncein ¢, 1 < j < k. A tree series
s € A(Ts(X U Zy))), k > 1, is called linear or nondeleting iff all t € supp(s)
are linear or nondeleting, respectively. A tree representation u is called linear
or nondeleting iff all entries of pu(f), f € g, & > 1, are linear or nondeleting
tree series, respectively. A tree transducer ¥ = (Q,pu,S) is called linear or
nondeleting iff ¢ is linear or nondeleting, respectively, and the entries of S are
of the form S, = aqz1, a4 € A, ¢ € Q.

Before we can state and prove our main result of this section we need a series
of technical lemmas.

Lemma 2 Let, for some k> 1,t € Te(X UZy), and s; € A(Tx (X)), a; € 4,
1 < j £ k. Assume that the variable z; appears m; > 0 times in t, 1 < j < k.
Then

tla1sy,. .., apsk) = a7 . oaptt(s1, ..., sk).

Proof. The proof is by induction on the form of trees in Tx(X U Z;). The
lemma is trivial for ¢t = z or t = 2;, 1 € j < k. Let now ¢ be of the form
f(ti,...,tm), where f € %, for some m > 1, and ¢1,...,tm € Te(X U Z3).
Let z; appear u;; times in ¢;, 1 < 7 < k, 1 < ¢ < m. Then we have by

induction hypothesis t;(a1s1,...,aksk) = a}'...af*¢i(s1,...,8), 1 < i <
m. Hence, t(a1s1,-..,arst) = f(ti(aisy,...,axsk), ..., tm(a181,...,a55;)) =
f(a;‘“ ...a}f”‘tl(sl,.. .,S[w.),...,(l,lll"‘1 . ..a}:"‘”tm(sl,. ..,.S‘k)) = a’l‘“+'"+“"“
azlk+--i+umkf(t1(sl;'":Sk)u"')tnl(slu"')sk)) = a"1111+"'+1lvnl ”'a'l’;“lk*"“‘i‘“mk

t(Sl,...,Sk). 0
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Lemma 3 Let, for somek > 1, s € A(Tx (X UZ)) be linear and nondeleting,
and s; € A(T=(X))), a;j € A for 1< j <k. Then

s(a151,...,axs5) = ay ... ags(sy,. .., 8¢) -

Proof. We have s = ZtETE(XUZk)(S’ t)t. Since s is linear and nondeleting, we
obtain, by Lemma 2, t(a;s1,...,a55%) = a1 ...agt(s1,...,8,) forallt € Tp(XU
Zy) such that (s,t) # 0. Hence s(aisy,...,ars%) = ZtGTz(XUZk) ai...ag(s,t)
t(s1,...,88) = @a1...aps(s1,...,8k). a

Lemma 4 Assume that the variable 2, appears exactly once int € Tx(X U Zy),
k>1. Lets; € A(Ts(X)) fori €I and ro,...,1x € A{Ts(X))). Then

t(zsi,T2,~--,Tk) =Zt(3ia"'2;~--;7‘k)'

il el
Proof. The proof is by induction on the form of trees in Tx(X U Z;). The
lemma, is trivial for ¢ = z;. Let now ¢ be of the form f(¢1,...,¢n), where

feXn, and ty,... bty € T(X U Zy). The variable z; appears in exactly one
of the subtrees t;, 1 < j < k, say in t,. By induction hypothesis we have

t(Dier 86725 - \Th) = Zie] tu(si,72,...,7). Hence,
f(tl(ZiEI Si77‘27‘":rk)7“‘>tu(2iel 8,72y« ,7‘k), cey
tm(ziel SiyT25- - a’rk)) =
F(r,ra, o me), - D ser tul8i, 2, o Th)s ot (1, T2 T)) =
ziel f(tl(Tl,’l’Q,. .. ,rk),...,tu(si,rg,.. . ,’I‘k),...,tm(’l‘l,'r‘g,. .. ,'I‘k))

for all r; € A{(Tx(X))). Hence, the last sum is equal to

Zie[f(tl('shr.?:" '1rk)1"'atu(sigr21“'1rk)a-"7tnL($i7T2;~--77'k)) =
Ziel(f(tl,...,tu,...,tm))(si,r-z,...,rk) = Zie] t(si,rz,...,rk).
O

Lemma 5 Let, for somek > 1, s € A{Ts (X UZL)) be linear and nondeleting,
and s; € AT (X)), fori € I. Moreover, let r2,...,7 € A(Ts(X)). Then

S(Zsi,rg,...,rk) = ZS(Si,Tz,..-,Tk).

wed i€l
Proof. We have,
by Lemma 4, s(X ;s Si,72, -, Th) = Lpergxuz) (S ier SisT2, -, 78) =
it 2teTs(xuz (S s T2, ) = Y iep 8(86,72, ). a

Clearly, Lemma 5 also holds for argument places different from one.

Theorem 6 Let, for somek > 1, s € A{(Tx(XUZg)) be linear and nondeleting,
and si; € A(T= (X)), ai; € A fori; € I;, 1 <j < k. Then

S(Z Qi Siyy oy Z aiksik)z Z Z Qa;, ...aiks(sil,...,sik).

welh i€l ireh i€l
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Proof. By Lemmas 3 and 5. ]
Given a tree representation p, we now extend u to mappings

e (AEN T = (AT (X0 Z))) ¥ for k >0,

and
p: (A(Te(ON) Y = ((A(Te (X)))@xt) <
by
p(M) =S (M, fY@u(f), M e (AN, k>0,
fEX,
and

wP)= Y (Ptyep(t), Pe(A(Te(X)))".
teTe(X)

Observe that (M), M € (A(SN™", k > 0, induces a map-
ping, (M) : ((A(Te (XN x ox (AT (XN
(A(Tg (X)))*1) L (there are k argument, vectors). The next theorem im-
plies that a linear nondeleting tree representation p is a morphism from the
3-algebra

(ALTS (XN, (M | f € %)), for some My € (A(Si)'™", f€ e, k20,
into the ¥-algebra

(((ALTe (XN, (w(My) | f € Z)).

Theorem 7 Let M € (A((Ek)))]“k, Pi,...,P, € (A(Ts(XOM'*Y for some
k> 1, and p be a linear nondeleting tree representation with state set Q. Then

/‘L(M)(/J’(Pl)iall‘(Pk)) :H‘(]V[(Plaapk))

Proof. We first. compute the left side of the equality of the theorem for indices
1€l and g€ Q:

((M)((Pr), .- 1(Pr))i)g =
Zil,...,ikel quy..,,quQ(:u’(M)i,(il,---;ik))q,((ha-‘-:Qk)
(P )grs -5 ((Pr)iy )ar) =
Zil,...,ikel qu,..,,qkeQ((ZfeEk (M, f)® ﬂ(f))i,(il,...,ik))q,(ql ..... )
(((ZtleTg(X)(Pl ) tl) ® /J‘(tl))il)fh PR ((ZtkET):(X)(Pkﬂ tk) ® .u'(tk))ik)lh-) =
Zil,...,ikel qu,...,quQ ZfEEk (M, f)i,(in-.,ik)/‘(f)q,(qx yeer k)
Lete(x) P18y “(tl)qn'"’ZtkeTz(X)(Pk; th)in 16(th)g) =
Zil,...,ikel qu,...,quQ Z:fe):,c Ztl,...,tkETz(X)(M: f)i,(’l;l:-n:ik)
(Platl)ix cee (Pka tk)ix- P'(f)q:(ih,---,Qk)(p‘(tl)fh s al"(tk)f)k) .
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Here the last equality follows by Theorem 6. We now compute the right side of
the equality of the theorem for indices 7 € [ and q € @:

(WM (Py,. .., Py))i)g =
ZteTE(X)(M(Ph oo Pi)s t)ip(t)g =
Tiere(x) i ieer Mi (i i) (PL)irs -+ (Pr)i ), D) ult) g =
YoteTs(x) 2oiyoined 2o sesy (Miy,in) I (Pr)ins -, (Pr)i ), D) (t)g
Ztl ,,,,, theTs(X) Zh,.“,ikel Zfezk (M (iy,...ix)> )
(P)iyst1) - (Pr)igs ti)p(f (81, -5 tk))q

Ztl,...,tkeTg(X) Zil,...,ikel Zfezk qu,...,quQ(Mi,(ilwwilc)7f)

(Pr)as t1) - (P i, () g, (a1 ,eiai) (BE D grs - -+ 1(E8) ) -

Here the fourth equality follows by the fact that (f((P1)i,--.,(Pr)s,),t) is
unequal to 0 only if ¢ is of the form f(#1,...,t).

Since both sides of the equation of our theorem coincide, the theorem is
proven. a

4 Recognizable tree transducers and recogniz-
able tree series

It is easy to see that our tree transducers do not preserve the recognizabil-
ity of tree series. (See the example in the last paragraph of page 18 of Gec-
seg, Steinby [5].) On the other hand, linear root-to-frontier tree transducers
do preserve recognizability of tree languages. (See Thatcher [10]; and Gécseg,
Steinby [4], Theorem 2.7, Lemma 6.5 and Corollary 6.6.) In this section we show
that linear nondeleting recognizable tree transducers do preserve recognizability
of tree series. We show this by two different constructions: one is based on finite
linear systems, the other is based on finite tree automata.

We start with the construction based on finite linear systems.

A finite linear system (see Berstel, Reutenauer [1], Bozapalidis [2, 3],
Kuich [7, 8]) is a system of formal equations z; = p;, 1 < i < n, for some
n > 1, where each p; is in A(Tx(X U Z,))). A solution to the finite lin-
ear system z = p;, 1 < i < m, is given by 0 € (A{T=(X)))™*! such that
g; = pi(o1,...,0n), 1 <4 <mn. A solution ¢ of z; = p;, 1 <14 < n, is termed
least solution iff o C 7 for all solutions 7 of z; = p;, 1 < i <n. The approzima-
tion sequence (07 | j €N), a7 € (A{(Ts(X)))™*1, 7 > 0, associated to the finite
linear system z; = p;, 1 <1 < n, is defined as follows:

0 =0, ol =pilo],...,00), 1<i<n, j>0.
The least upper bound ¢ = sup(¢? | 5 € N) of the approximation sequence
exists and is the least solution of the finite linear system.

A finite linear system z; = p;, 1 < ¢ < n is called proper iff (p;,z;) = 0 for -
all 1 <j < n,i e, iff there do not appear linear terms in p;.
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A finite linear system z; = p;, 1 < ¢ < n is called polynomial iff each p; is
in A(Tx,(X U Z,)). The collection of all the components of least solutions of
finite polynomial linear systems is denoted by A™¢({(T(X))). The tree series in
Aree(Tx; (X)) are called recognizable tree series.

A finite linear system z; = p;, 1 < ¢ < n is called recognizable iff each p; is
in A" (T (X U Z,))).

An adaption of the proof of Proposition 6.1 of Berstel, Reutenauer [1} yields
the following result.

Theorem 8 For each finite (resp. recognizable finite or polynomial finite) linear
system there exists a proper finite (resp. proper recognizable finite or proper
polynomial finite) linear system with the same least solution. A proper finite
linear system has a unique solution.

We now show that the least solution of a recognizable finite linear system
has recognizable components.

Theorem 9 Let z; = p;, 1 <1 <n, be a recognizable finite linear system with
least solution o. Then o; € A (Tx (X)) for all 1 <i < n.

Proof. Without loss of generality let z; = p;, 1 < ¢ < n, be a proper recognizable
finite linear system. Since p; € A™(Te(XUZ,))), 1 <1 < n, there exist proper
polynomial finite linear systems y;; = ¢;;, 1 < j < m;, m; > 1, where the Yij
are new variables and ¢;; € AT (X U Zo U{yir, .-, ¥im: }))s 1 <1 < n, such
that the g¢;;-components of their least solutions 7; are equal to p;. Consider
now the polynomial finite linear system z; = g;1(21,.. ., Zn, Yil, - - -, Yims), Yij =
¢ij(z1, -, Zn, Yil, - ¥img ), 1 < § < my, 1 < 4 < n, and observe that this
polynomial finite linear system has a unique solution. We claim that this unique
solution is given by aU((7:);(01,...,00) | 1 < j < m;, 1 <4 < n). Substitution
of this vector yields, for 1 < j <m;, 1 <i<n,

(],'1(0’1,...,O'n,(Ti)l(O'],...,O’n),...,(Ti)m_.(o’l,...,O‘n)) =
(rtih(o1, ... 00) =pilo1,...,00) =04,
@5(01, 500, (1)1(01, -y 00), -, (T)mi (01, -y 00)) = (10) (01, - -, 0m) -
Hence o U ((7);{01,...,0n) | 1 <j <my;, 1 <4< n)is the unique solution of
the polynomial finite linear system and o € (A™¢{(Tx(X)))"*". O

Let Y = {y; | © > 1} be an alphabet of new variables and denote ¥, =
{vi,..,yxh, k> 1, Yy =0. Let s{yy,...,ux) € AT (X UY,)) and 75 €
A (T (X UYE)), 1 < j < k. Then, by Bozapalidis [2], s{7,...,7,) is again
in A" (T (X UYR)), i e, A™¢{(Tx(X UY}))) is closed under substitution.

Theorem 10 A™{(Tx(X UY%)), k > 1, is closed under substitution.

Consider a finite linear system y; = p;(y1,...,yn), 1 < i < n, where p; €
A{Ts (X UY,)), and a tree representation p with state set @, where p: & —
(AT (X'UZN)?*9" k> 1, and i1 BeUX — (AT (X)))2*1. Let (3:),,
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1<i<mn,q€ @, benew variables and denote Yc’j ={(yi)e 11 <i<k, g€ Q}.
Extend the definition of i to the domain YU X UY,,, by

o Yo = (AT (YN @,
where pu(y;)q = (), 1 £ J <n, g € Q. By this extension, we obtain that
pTe(X UY,) = (A(Ts (X UYL,

Lemma 11 Consider s(y1,...,un) € A(Ts(X UY,)) and a linear nondeleting
tree representation p with domain TU X UY,. Let s1,...,5, € A(T=(X)).
Then

w(8)[(si)e/Wi)g, 1 <3 <n, g€ Q] = p(s(s1,-..,8n)).

Proof. We first consider a tree t € T (X UY,,) and show by induction on the
form of t that p(t)[u(s;)e/(¥j)e, 1 <5< n, ¢ € Q)= pu(t(st, ..., 8n))-

(i) For t = y;, 1 <1 < n, we obtain pu(y:)[u(s;)/u(y;), 1 <j <nl = p(s) =
tu‘(yi(sla Tt sn))'

(ii) For t = z, € g U X, we obtain u(z){u(s;)/ply;), 1 <j<n]=pulz) =
/J'('T(Sly ) sn))-

(iii) For t = f(t1,...,te), f € Bk, t1,.. ., te € T(X UYn), k > 1, we obtain

(1,5 te))mls;)/ p(y;
)t} [ids5)/mly;), 1
)( (t1($1,...,8n))

(tl(Sl,...,Sn), tk( S1,
(f(tl,...,tk))(sl,.. Sn))

Here we have applied the induction hypothesis in the second equality and The-
orem 7 in the third equality.
Finally, we obtain

1<j<n]=
j<nl,opte)lu(s;)/my;), 1<j <n]) =
( (51")5)'7371))) =

u(f ),
u(f <
p(f b
u(f

1(

w()u(s;)/imy;), 1 <j <n]=

LteTs(xuy,) (58 @ u(t)pu(s;)/n(y;), 1 <j<n]=
LteTs(xuy,)(51) @ pt(sy, ..., 8n)) =
“(ZteTg(XuYn)(S: t)i(s1,. -, 50)) = p(s(s1,- -, 5n)) -

a
Theorem 12 Consider a linear nondeleting tree representation u with domain
SUXUY,. Lety; = pi(yr,---,yn), 1 <i < n, where p; € A(Ts(X UYL)), be

a finite linear system with least solution o. Then p(o) is the least solution of
the finite linear system p(y;) = w(pi(y1,---,yn)), 1 <1 < n.

Proof. Let (¢7 | j € N) and (77 | j € N) be the approximation sequences of
yi = pi(yr, - yn), 1 <4 < myoand p(ys) = p(pi(yrs---,9a)), 1 <1 < o,
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respectively. We claim that Tij = p(af ), 1 €4 < mn, j >0, and show it by

induction on j. The case j = 0 is clear. Let 7 > 0. Th yfor1 <i<m,

7 = wpi(yr, - ya))d o), 1<k < =

w(pi(y, - - ,yn))[u(ak)/u(yk) 1<k<n]=

wpi(of,...,08)) = ple?™).
Here we have applied the induction hypothesis in the second equality and
Lemma 11 in the third equality. The claim now implies our theorem. O

A tree representation g is called recognizable iff p(f) € (A™{(Ts (X' U

ZeM@*Q" for f € i, k> 1, and pu(f) € (A™(Ts (X)) for f € ToUX.
A tree transducer T = (Q, 1, .S) is called recognizable iff p is a recognizable tree
representation and the entries of S are of the form S; = a421, a4 € 4, ¢ € Q.

Corollary 13 Consider a linear nondeleting recognizable tree representation p.
Let s be in A™(Tx(X)). Then u(s) is in (A™(Ts (X)))L*1.

Corollary 14 Consider a linear nondeleting recognizable tree transducer T and
a recognizable tree series s. Then ||T}|(s) is again recognizable.

We now turn to the automata-based construction.

Our tree automata are a generalization of the nondeterministic root-
to-frontier tree recognizers (see Gécseg, Steinby [4, 5]) and are defined in
Kuich [7, 8]. A tree automaton (with input alphabet ¥ and leaf alphabet X)

A=(I,M,S,P)
is given by
(i) a nonempty set I of states,

(ii) a sequence M = (M | k > 1) of transition matrices
My € (A(Ts(X U Y k2 1,

(iii) S € (A{Ts(X UY))NT*, called the initial state vector,
(iv) P € (A{T=(X)))!*!, called the final state vector.

The approzimation sequence (o7 | j € N), o7 € (A(Ts(X)M*L, 5 > 0,
associated to 2 is defined as follows:

a®=0, oM =Y Mol,... .09+ P, j20.
k>1

The behavior ||A|| € A(Tx(X))) of the tree automaton 2 is defined by

2l = 3 Si(o) = S(0),

i€l
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where 0 € (A{(Ts(X)))*! is the least upper bound of the approximation se-
quence associated to .

A tree automaton 2 = (I, (M | k > 1), S, P) is termed simple iff the entries
of the transition matrices My, k > 1, of the initial state vector S and of the
final state vector P have the following specific form:

(1) the entries of My, k > 2, are of the form .y .aff(yl, S Yk), af € A;
(ii) the entries of M are of the form }_ v asf(y1) +ayi, ay,a € 4;
(iii) the entries of P are of the form s | x Guw; aw € A;
(iv) the entries of S are of the form dy;, d € A.

A tree automaton A = (I, (M | k > 1), S, P) is termed proper iff the entries
of M; do not contain a linear term ay;, a € A.

A tree automaton A = (I, M, S, P) is called polynomial (resp. recognizable)
iff the following conditions are satisfied:

(i) M = (M |1 <k < k)is a finite sequence of transition matrices M}, whose
entries are polynomials in A(Ts (X UY})) (resp. tree series in A™¢({(Ts(X U
Yi))), 1 < k < k. (Technically speaking, this means that all transition
matrices My, ,;, j > 1, are equal to the zero matrix.) Moreover, the
matrices My, 1 < k < k, are row finite.

(ii) The entries of the initial state vector S are of the form S; = d;y1, 4 € 1.
Moreover, S is row finite.

(iii) The entries of the final state vector P are polynomials in A(Tx (X)) (resp.
recognizable tree series in A™(Tx(X)))).

By Bozapalidis [2], by Kuich [7], and by Theorem 9 we obtain the following
result.

Theorem 15 The following statements on a formal tree series in A(Tx (X))
are equivalent:

(i) s €A (T (X)),

(i) there exists a polynomial tree automaton A with finite state set such that
s = |12]I,

(iil) there exists a simple proper polynomial tree automaton 2 with finite state
set such that s = |||,

(iv) there exists o recognizable tree automaton U with finite state set such that
s = [|2];

(v) there exists a proper recognizable tree automaton 2 with finite state set
such that s = |||,
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Let 2 = (I,(My | k > 1), S, P) be a simple tree automaton and ¥ = (Q, i, R)
be a tree transducer such that R, = aqy;, 0y € A, g € Q. Then T(A) is defined
to be the tree automaton

TR) = (I xQ, (M) | k=>1),S® R, u(P)).

Theorem 16 Let A = (I,(My | k > 1), 5, P) be a simple tree automaton and
T = (Q, 1, R) be a linear nondeleting tree transducer. Then

IO = 1= -

Proof. Consider the approximation sequences (67 | 7 € N) and (77 | j € N) of 2
and T(A) with upper bounds o and 7, respectively. Then we prove by inducion
on j that 77 = pu(0?), j > 0. The induction basis being clear, we proceed with
the induction step. Let 7 > 0. Then

Tt = ZL>1 N(Mk)(l{(oj), o i(69) + p(P) =
Szt H(Mi(o?,. S0N)) +u(P) =
Wiy Mo, 09) + P) = o).

Here the second equality follows by Theorem 7. Hence, we obtam T = p(o).
We now compute the behavior of T(2):

ITEO) = (S®R)(T) = Xier 2 geq((S ® R)i)q(1(0)i)g =
quQ ZzEIR Si ZtETz(X)(U“ t)p (t)q =

quQ R, ZtETg()() Ziel(siai: Oult)g =

240 Ba 2iers ) (IR, plt)g =

2 qeo Ban(l12)q = [IZIAIA] -

(]

Corollary 17 Let 2 be a simple polynomial tree automaton with finite state set
and T be a linear nondeleting recognizable tree transducer. Then ||T||(||2]) s
in AT (T5(X)).

Acknowledgement. Many thanks are due to Ferenc Gécseg for discussions on
root-to-frontier tree transducers.
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Duplication Grammars *

Carlos MARTIN-VIDE f Gheorghe PAUN 1

Abstract

Motivated by the abundance of duplication operations appearing in nat-
ural languages and in the genetic area, we introduce a generative mechanism
based on duplication operations: one starts from a given finite set of strings
and one produces new strings by copying certain substrings, according to a
set of given rules (which specify contexts where duplicated substrings can be
inserted). We mainly investigate the power of such devices, comparing the
obtained families of languages to each other and with families in the Chomsky
hierarchy. In this context, we also solve a problem left open in a paper by
Dassow and Mitrana, [1], even giving a stronger results: the iterated dupli-
cation with rules of only one type (see formal definitions in the sequel) can
generate non-context-free languages (even non-matrix languages).

1 Introduction

The duplication of strings or of parts of strings is a common operation both in
natural languages and in the genetic languages. We refer to [12], [15] for discus-
sions about this topic from the linguistical point of view; it is interesting to note
that it seems that reduplication, which is a non-context-free type of operation, is
more abundant in natural languages than mirror-image constructions, which can
be handled by linear Chomsky grammars. This is an argument supporting the
thesis that Chomsky grammars and their classification is not an adequate model of
the syntax of natural languages. Details about operations appearing in the genetic
area, duplication included, can be found, for instance, in [2], [10], [11], [18], or in
the first chapter of [14].

We start here from the approach in [1] to duplication in the DNA area. In
that paper, one considers duplication rules of the form (u1,v,uy), where u1, v, us
are strings (over the DNA alphabet, but the operation can be defined in general,
over any finite alphabet); the idea is that the string v can be inserted in between
the strings u;,us, providing that it already appears in the processed string. This

*Research supported by the Direccié General de Recerca, Generalitat de Catalunya (PIV)

tResearch Group in Mathematical Linguistics and Language Engineering Rovira i Virgili Uni-
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amounts to a duplication of v. Both the one-step operation of this type and the
iterated operation are considered in [1], where one proves that the non-iterated
operation preserves the regular and the context-free languages. It is stated as an
open problem in [1] the question whether or not the iterated duplication preserves
the context-freeness.

We distinguish here three types of duplications: taking v from the left of the
place where a copy of it will be produced, from the right of that place, or duplicating
v near an already existing copy of it; in all cases, the context (u1,us) controls
the operation. We prove that in each of these cases, the iterated duplication can
lead finite languages to languages which cannot be generated by matrix languages
(without appearance checking). This solves the problem in [1}, in a stronger form.
The result is not surprising, because of the context-sensitivity of the operations we
use (the presence of the context (u,us) associated with each string v which can be
duplicated); this also corresponds to the situation met for the so-called insertion
grammars of [5], where the string to be inserted is not necessarily a substring of
the current string (see the corresponding chapter in [13]). Somewhat unexpected is
the fact that non-context-free languages can be also produced when starting from
finite languages and using duplication operations in the restricted case when the
copy of the duplicated string is produced adjacent to the string itself.

2 Formal Language Theory Prerequisites

We introduce a few notions and notations necessary in the sequel; for details, the
reader is referred to [16].

For an alphabet V', we denote by V* the set of all strings over V| including the
empty one, denoted by \; the set of non-empty strings over V is denoted by V7.
The length of z € V* is denoted by |z| and the number of occurrences of a symbol
a € V in a string z € V* is denoted by |z|,. The left derivative of a language
L C V* with respect to a string € V*is 8,(L) = {w € V* | 2w € L} and the
right derivative is 0% (L) = {w € V* |wz € L}.

A context-free grammar is a construct G = (N, T, S, P), where N is the non-
terminal alphabet, T' is the terminal alphabet, S € N is the axiom, and P is the
set of production rules, pairs of the form (A4,z) with A € Nz € (N UT)* (writ-
ten in the form A — z). For z,y € (NUT)*, we write £ =— y if and only if
z = T1AT2,y = T12T2, for some z, 0 € (NUT)* and A - 2z € P. By =*
we denote the reflexive and transitive closure of the relation =—>. The language
generated by G is defined by L(G) = {z € T* | S =" z}.

By FIN, REG, LIN, CF, CS, RE we denote the families of finite, regular, linear,
context-free, context-sensitive, and recursively enumerable languages, respectively.
This is the Chomsky hierarchy, the standard test bed for any new type of language
generating devices.
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3 Duplication Grammars

We now introduce the main object of our study, in several variants.

A duplication grammar is a construct
A= (Vle; D‘I‘yDO:A))

where V is an alphabet, D;, D,, Dy are finite subsets of V* x V* x V* and A is a
finite language over V.
The elements of the sets Dy, D,, Dqg are called duplication rules, those of A are
called azioms. Note that the duplication rules have the second element non-empty.
With respect to such a grammar, for z,y € V* we define:

T ﬁD, y iff z= T1UIU2T2VT3, Y = T1UIVUQT2VI],
' for some z1, 22,23 € V*, (u1,v,u2) € Dy,
T =>p,y Iff 2=mzvruusz3,y = T1VTIUVULTS,
for some z1,2z2,23 € V", (u1,v,us) € D,
r=p,y iff z=z1u1vU222,y = T1U1VVULT,,

for some zy,zg € V*, (u1,v,u3) € Dy.

We write => for denoting any of these relations = ,; the reflexive and transitive
closure of == is denoted by =>*. Then, the language generated by the grammar
A is defined by

LA)={w e V" |z="w, for some z € A}.

In words, one starts from strings in A and one iteratively duplicates subtrings as
allowed by the triples in the sets Dy, D,, Dy. In all cases, a copy of a substring of
the current string is produced, to the left of its former occurrence, to the right, or
adjacent to that occurrence, respectively.

Because one or two of the three sets Dy, D,., Dy can be empty, we obtain in this
way seven classes of grammars and, correspondingly, seven families of languages.
We denote by DUPL(a) the family of languages generated by duplication gram-
mars containing rules of the type a, where a can be one of {,r,0,lr,10, 70, lr0; the
absence of one of the symbols {, r, 0 means that the corresponding sets of duplication
rules is empty.

Several duplication grammars and languages generated by them will be consid-
ered in the following sections, hence we do not give here examples.

4 Generative Capacity

We compare the families DUPL(a) to each other and to families of languages in
the Chomsky hierarchy.
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Note that each duplication language has the bounded growth property: for
each infinite language L there is a constant k such that if x € L, then there is
y € L,y #z, with ||z| - ly|]| < k.

Directly from the definitions, we obtain the relations in the diagram in Figure
1 (an arrow from a lower family to an upper family indicates an inclusion which is
not necessarily proper). This diagram will be useful below when investigating the
relationships between these families.

/\

DUPL(Ir0)
DUPL(ir)  DUPL(l0)  DUPL(r0) LIN
"DUPL(l) DUPL(r DUPL(0)

Figure 1

Lemma 1. Let V be an alphabet containing at least three symbols. The language
V* is in DUPL()) " DUPL(r), but not in DUPL(0).

Proof. For the duplication grammars A = (V, Dy, D, 0, A), where one of D;, D,
is empty and the other is equal to {(\,a,)) | a € V}, and
A={zeV"||z|], <1foreachae V},

we obviously have L(A) =
The language V* cannot be generated by a duplication grammar which uses
only rules in Dy, because at each step of the form z = p, y we produce a string y
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of the form y = y,vvys for some v € V*. However, for V containing at least three
symbols, there are arbitrarily long square-free strings in V'*, [19], [17)]. O

Remark 1. (Suggested to us, without a proof, by V. Mitrana) The language
V¥ for V = {a,b} is in DUPL(0), that is, the previous result cannot be improved
by considering V with only two symbols. Indeed, the duplication grammar

A= ({(l,b}, wa @1D07A)7
A = {a,b,ab, aba, ba, bab},
Do = {(Aa, ), (A\b,A), (A ab,A), (A ba,A)},

generates V*. The inclusion L(A) C V7 is obvious, the converse inclusion can
be proved as follows. For a string ¢ = ¢{'ci?...c,r > 1,¢; € {a,b},i; > 1,
for all 1 < j < 7, with ¢; # ¢jy1, 1 < 7 < r — 1, we denote by red(z) the
(reduced) string cics ... ¢ (all blocks of symbols @ and b are reduced to one symbol).
Clearly, starting from strings in A and using the rules (A, ab, A), (A, ba, \), we can
generate all strings w € V1, w = red(z), for some z € V*. Then, by using rules
(X, a,\), (A, b, X)), we can pass from red(z) to z, for any z € V1.

It is easy to see that {a,b}™ € DUPL(l) N DUPL(r), too, and that at €
DUPL(a) for all & € {I,r,0}.

Lemma 2. (i) {aba”b" | n > 1} € DUPL(r) — DUPL(]). (ii) {a™b"ab | n >
1} € DUPL(l) — DUPL(r).

Proof. (1) The duplication grammar
A = ({a,b},0,{(a,ab,b)}, 0, {abab})

obviously generates the language {aba™b™ | n > 1}.

This language cannot be generated by a duplication grammar which uses only
rules in Dy: in order to produce strings aba™b™ with arbitrarily large n we need to
use triples of the form (a?,a’b?, b*) € .Dy; such a triple can be used for introducing
a’b? in only one position of a string aba™b™, namely in between a™ and b™; there
is no occurrence of a*b’ to the right of that position, as requested by the definition
of the relation == p,.

Assertion (ii) can be proved in the same way. ]

Lemma 3. {a"b" | n > 1} ¢ DUPL(ir0).

Proof. No derivation step is possible starting from a string of the form a™b"
because no substring of such a string can be duplicated. O

In [1] one asks whether or not the context-freeness is preserved by the iterated
duplication of types =>p,,=p, (in fact, in [1] one uses only one set D of rules,
applied both “to the left” and to “to the right”, in the sense of Dy, D, respectively).
We prove below that the answer is negative: even finite languages are led to non-
context-free languages by iteratively duplicating substrings of them. This is one of
the main results of our paper.
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Lemma 4. DUPL(0) — CF # 0.

Proof. Let us consider the duplication grammar
A = ({au ba C}, 05 wa D0> A))

where Dy contains the following rules

r1 = (ca,ab,baabbaabb),
ro = (aababba, ab,b),

rs = (caa,b,abbaabab),

ry = (caabb,a,bbaabab),
rs = (bbaabb,a,bbaabab),
r¢ = (aabbaa,b,abbaabab),
r7 = (aabbaa,b,abbc),

T8 (bbaabb, a, bbc),

and
A = {caabbaabbaabbc}.

Consider also the regular language
R = c(aabb)tc,

and examine the intersection L(A) N R.
Starting from a string of the form c(aabb)™c (initially, we have n = 3), the rules
r1,72 double the substrings ab, from left to right:
caabbaabbaabb . . . aabbe
= p, caababbaabbaabd...aabbc
=>p, caababbaababbaabb...aabbc

=>p, caababbaababbaababb ...aababbc.

The rules 3 — rg can be applied to a string obtained in this way in order to double
all occurrences of @ and b which are not double. This is also done from left to right:
caababbaababbaababb . . . aababbe
=>p, caabbabbaababbaababb ... aababbc
=>p, caabbaabbaababbaababb...aababbc

—>p, caabbaabbaabbaabbaabbaabb ... aabbaabbc.

In this way, each substring aabb is doubled: we pass from aabb to aababb and
then to aabbaabb. Thus, the obtained string is c(aabb)*™c. The process can be
repeated.
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In order to obtain a string in R, the operations of doubling the substrings ab
and then of doubling the symbols a, b which are not appearing in substrings aa, bb,
respectively, must be completed. Indeed, consider the case of a string of the form

w = caababb . . . aababbaababbaabbaabb . . . aabbe,

that is, obtained after some steps where rules 1,79 were applied. Start now to use
the other rules. The rules r3,74,75, 76 can be used from the left to the right and the
symbols a, b not appearing in blocks aa, bb are doubled. Assume that we perform
this operation the maximal possible number of times, that is we double also the
underlined symbols in the string w; we obtain the string

w' = caabbaabb . . . aabbaabbaababbaabbaabb . . . aabbe.

No further application of rules r5,7¢ is possible, hence no further occurrence of
a,b can be doubled. We have first to continue with the rule ro, doubling new
occurrences of ab and making possible the identification of the right contexts of
rules 75, 7g in the current string.

Symmetrically, consider a string obtained after some steps where symbols a,b
were doubled:

z = caabbaabb . . . aabbaabbaababbaababb . . . aababbe.

From the left, we can start doubling substrings ab; this must be done step by step,
but cannot proceed ahead of the doubling of the symbols a, b. For instance, we can
obtain the string

2 = caababbaababb . . . aababbaababbaababbaababb . . . aababbe,

but we cannot go further, with the underlined substring ab. Again we have to
continue with the previous operation of doubling (now, that of doubling the symbols
a and b appearing separately).

Consequently, in order to get a string in R we have to perform complete “trans-
lations” of the string, that is doublings of the number of occurrences of the blocks
aabb. This implies the equality

L(A) N R = {c(aabb)** ¢ | n > 0}.

Clearly, this is not a context-free language, hence L(A) is non-context-free either.
O

The family of languages generated by matrix (programmed, controlled, etc)
grammars with context-free rules (without using appearance checking) is closed
under intersection with regular languages and under morphisms, [3]. Moreover,
each one-letter matrix language is regular, [9]. This proves that the language L(A)
in the previous proof is not a matrix one (with the morphism h defined by h(a) =
h(b) = h(c) = a we obtain h(L{A)NR) = {a'*>?"*+2 | n > 0}, which is not regular).
Thus, we can conclude that DUPL(0) contains non-matrix languages.
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Corollary 1. DUPL(l) - CF #0, DUPL(r) — CF # 0.

Proof. Let A = ({a,b,¢},0,0, Do, {caabbaabbaabbc}) be the duplication gram-
mar constructed in the previous proof and consider the following grammar:

A, = ({a,b,¢},0, D,,0, {abcacbbaabbaabbc}),
DT = {(UI’U,’U,’UQ) I (u17v)u2) [S DO}

For the regular language R, = abc(aabb)¥c we obtain
L(A)N R, = {ab}(L(A) N R).

(The rules in the set D, of A, lead to duplications identical to those controlled by
the rules in the set Dg of A; the string ab in the left end of the strings provides the
necessary strings a, b, ab for duplications.) This proves that the language L(A,) is
not context-free.

A similar modification of A leads to a grammar A, (with only the set D; non-
empty) generating a non-context-free language (we take the axiom c{aabb)3cab and
Ry = c(aabb)tcab). O

Clearly, if we allow the use of each triple (u;,v,u2) in the above grammars
A, A, in any mode =>p,_,==p,, then the generated language is not modified,
hence the problem in [1] is answered: the iterated duplication does not preserve
the context-freeness.

We combine these results in a synthesis theorem:

Theorem 1. (i) The families DUPL(l), DUPL(r) are incomparable.
The families LIN,CF are incomparable with all families DUPL(a),a €
{l,7,0,1r,10,70,1r0}; REG is incomparable with DUPL(0).

(ii) All families DUPL(a),a € {l,r,0,lr,10,70,lr0}, are strictly included in
CS.

(iii)  The inclusions DUPL(]l) C DUPL(lr), DUPL(r) C
DUPL(ir), DUPL(0) C DUPL(I0), DUPL(0) C DUPL(r0) are proper.

It remains as an open problem to clarify the relationships between the families
DUPL(0), REG and the families DUPL(a) with @ # 0. Is REG included in
DUPL(«) ? The next result provides a partial answer to this problem.

Theorem 2. For every regular longuage L there is a string w such that {w}L €
DUPL(r) and L{w} € DUPL(l).

Proof. Let L be a regular language and let M = (K, V, qo, F,§) be the minimal
deterministic finite automaton recognizing L (K is the set of states, VV is the al-
phabet, g is the initial state, F' is the set of final states, and § : K x V — K is
the transition mapping).

For each z € V*, we define the mapping p, : K — K by

p:(q) = ¢ iff §(g,z) =¢q', e K.
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Obviously, if z1,z2 € V* are such that py, = pz,, then for every u,v € V*, uzqv is
in L if and only if uzsv is in L.

The set of mappings from K to K is finite. Hence the set of mappings p, as
above is finite. Let 79 be their number. We construct the duplication grammar
A, = (VU{cd},0,D,,0,A), where ¢, d are two symbols not in V,

D, = {(zu1,0,A) | puy = Pusv, for uy,v € V¥, |ugl, Jv| < no,
and either z = dz',2' € V*,|2'u1| < ng, or z € V*, |zu1| = ng + 1},

and A is constructed as follows. Take all strings ¢ € V* of length at most ng,
concatenate each of them with ¢ at both ends, then concatenate all the obtained
strings, in any given order; denote by w' the obtained string and consider w = w'd.
Then,

A={wz |z €L,|z|] <no+1}.

Therefore, the string w provides substrings v for duplication, as requested by
the rules in D,. These rules cannot be applied to the substrings of w, because of
the presence of symbols ¢: the left context of each rule in D, is of a length greater
than ng, or it begins with d, hence this context cannot be found in w.

From the definition of mappings p, and the definitions of A and D,., it follows
immediately that L(A) C {w}L.

Assume that the converse inclusion is not true and let wu € {w}L — L(A) be
a string of minimal length with this property. Thus wu ¢ A. Hence |u| > ng + 2.
Let u = zz' with |2/| = ng and z € V*. If 2/ = ayas...an,, then it has ng + 1
prefixes, namely A, a1,Q142,...,01...04,,. There are only ng different mappings
pe- Therefore there are two prefixes uy,us of 2’ such that u; # us and py,, = py,-
With no loss in generality we may assume that ju;| < |uz|. By substituting us by
u3 we obtain a string «' which is also in L. As |u/| < |u| and wu was of minimal
length in {w}L — L(A), we obtain wu' € L(A). However, |ua| — |u1| < |ua| < ng,
so if uy = wyv, then (zu;,v,A) € D,, where either z; = 2z and begins by d, or z;
is a suffix of z such that |zu;| = ng + 1. This implies that wu' =>p_ wu, that is
wu € L{A), a contradiction. In conclusion, {w}L C L(A).

In the same way we can prove that L{dw'} € DUPL(]). O

Corollary 2. FEach reqular language L can be written as the left derivative of
a language in DUPL(r) or as the right derivative of o language in DUPL(I).

Proof. With the notations in the previous proof, we have L = &% (L(A)) =
" (L(A")), where A is the duplication grammar constructed above and A’ is its
version for the DUPL(I) case. O

If we also use a projection (é, morphism which erases certain symbols and leaves
the other symbols unchanged), then a representation result like that in this corollary
can be obtained for linear languages, too.

Theorem 3. For each linear language L, there is a string w, a language L' €
DUPL(r), and a language L" € DUPL(l) such that L = h(0,(L")) = h(dI,(L")).
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Proof. Consider a linear grammar, G = (N,T,S, P) and two new symbols,
c,d. Each rule X — z in P is replaced by X — czc (in this way, all terminal
strings appearing in the right hand side of rules are non-empty and each right-
hand member of a rule is bounded by ¢). Denote by P’ the set of rules obtained
in this way. For each rule X — uYv € P’ we consider the string uYYwv. Let
w' be the string obtained by concatenating these strings, for all rules in P’, then
concatenating also the strings appearing in the right hand side of terminal rules in
P'. Moreover, each string is considered only once, even if two rules have the same
right hand side. Then, the string w we look for is w = w'd.

We
now construct the duplication grammar A = (N UT U {¢,d},0,D,,0, {wSS}),
with

D, = {{(X,uYYv,X)| X 2 uYveP, nonterminal rule}
U {(X,z,X)| X = ¢ € P', terminal rule}.

From the previous construction, one can easily see that L(A) consists of strings
of the form

w'dSu1X1u2 - Xn_luana:Xnann_l .. .U2X1’Uls,

with n > 1, X; € N,u; € {c}T*,v; € T*{c}, for all i, and z € {c}T*{c}, such that
S = wr X101, Xs = U1 Xip10i4q, for 1 <4 < n~1, and X,, = z are rules in
P'. (For each derivation step we can find the string to be inserted as a substring
of w. Moreover, no duplication rule can be applied for inserting a string in w,
because of the presence of symbols ¢ bounding the substrings to be duplicated and
because of the fact that such substrings appear only once in w.) Therefore, the
string w1y - . . UnZUp . . . V201 can be generated by using the rules in P’

With the projection morphism A : (NUT U {¢,d})* — T* defind by h(a) = a
for a € T, and h(b) = X for a ¢ T, we obtain L = h(8.,(L(A)).

The case of DUPL(l) can be treated in the same way. O

5 Decidability and Complexity

The fact that the family C'F is incomparable with all families DUPL(«) makes
interesting several decidability questions. We solve here only one of them, the
others remain open. Two examples: Is the regularity or the context-freeness of
duplication languages decidable 7 Given a regular language, can we decide whether
or not it is in a family DUPL(a) ?

Theorem 4. It is not decidable whether or not a context-free language is in a
family DUPL(a), for any o € {l,7,0,1r,10,70,Ir0}.

Proof. Let G be an arbitrary context-free grammar with the terminal alphabet
{a, b} and construct the language

L=L(G){c,d}" U {a,b}*{c"d" | n > 1}.
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If L(G) = {a,b}*, then L = {a, b}*{c,d}*, therefore L € DUPL{«a),x € {{,7,0}
(this can be easily seen for a € {l,7} — see also the proof of Lemma 1 — and can be
proved for o = 0 by following the idea used in Remark 1).

If L(G) # {a,b}*, then take a string w € {a,b}* — L(G) and consider all
strings of the form wc™d™,n > 1. They are in {a,b}*{c'd" | i > 1}, hence in L.
Assume that, in these circumstances, I = L(A), for some duplication grammar
A = ({a,b,¢,d}, Dy, D,, Dy, A). Consider a derivation step 2,2, = wc™d™, where
z1 € {a,b}*, 22 € {¢,d}*, and the applied rule introduces a string in z,. That is,
21 = w and 23 => ¢"*d". There are such derivation steps, with 2z, # ¢™d", because
A is finite and the set of strings as above is infinite. However, no string z, with
this property can exist: we must have z; = ¢™dP with one of m, p equal to n and
the other one strictly smaller than n, and such a string wz; is not in L (on the one
hand, w ¢ L(G), on the other hand, c™dP ¢ {c'd’ | i > 1}). '

1t follows that L ¢ DUPL(a), for all values of a. .

Consequently, L € DUPL(a),a € {l,r,0,1r,10,70,[r0}, if and only if L(G) =
{a,b}*, which is undecidable. a

The complexity of a duplication grammar can be estimated from several points
of view. We consider here some of them. ’
For a duplication grammar A = (V, Dy, D,, Do, A) we denote

az(A) = card(A),

azm(A) = max{|z| | z € A},

rul(A) = card(Dy) + card(D,) + card(Dy),

ins(A) = max{|v] | (u1,v,u2) € D;U D, U Do},

rad(A) = max{|u| | (u1,v,uz) € D;U D, UDg,u=1u; or u=1us}.
(These parameters count the number of axioms, the maximum length of an axiom,
the number of rules, the maximum length of a string to be inserted, the maximum
length of a context string — the radius —, respectively.)

For a language L in a family DUPL(a) and a measure M €
{az,azm,rul,ins,rad} we define

My(L) = min{M(A) | L = L(A), A is of type a},

where a € {I,7,0,Ir,10,70,1r0}.
As it is expected (as it is customary in the descriptional complexity area, see
[8]), each of these parameters defines an infinite hierarchy of languages, for each a.

Theorem 5. For each measure M € {az,azm,rul,ins,rad}, for each n > 0,
and for each a, there is a language L,, such that M,(L,) = n.

Proof. For n > 0, consider the languages

Loy = Logm = {a, a?, ... ,a'},
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Lrul = U(abia)(abia)+,
i=1
Lins = an(an)—i-;

Lraq = {a®1}U {a‘z(n+1)+2i |5 > 0}

Clearly, no rule can be applied to a string in the first language (otherwise, an
infinite language is produced), hence each string must be introduced as an axiom.
Thus, we need n axioms, the longest one being a™.

In order to generate the second language, we need rules containing as strings to
be inserted strings of the form (ab‘a)’ with j > 1, foreachi = 1,2,...,n (we cannot
modify a block b in a string (ab*a)(ab’a)”™,r > 1, hence we can only introduce new
blocks aba). That is, we need at least n duplication rules.

In the case of the third language it is also clear that the inserted strings must be
of the form a™ k > 1, that is, at least n symbols must be simultaneously inserted.

Grammars with n rules and with a string of length n to be inserted, respectively,
can generate these languages.

For the fourth language, starting from the axioms -

A= {a2n+l,a2(n+1)’ a2(n+1)+2}’
and using the rule (a”*!,a?,a™*!) in any mode /,7, or 0, we can generate this
language. However, we cannot generate this language by using rules (a™,a?,a?)
with m, ¢ < n: any such a rule must have p even, p = 2k, k > 1; applying it to the
string a®>"*! we produce the string a?**1+2% which is not in L4, a contradiction.

These remarks are valid for all variants of duplication grammars. Consequently,
for each M we have M, (L) = n. a

A natural problem concerns the closure properties of families DUPL(«). We do
not consider it here, but we only point out that the families DUPL(l), DUPL(r)
are not closed under mirror image — a consequence of Lemma 2.

6 Final Remarks

We have considered here duplication operations suggested by similar operations
met in linguistics and in the genetic area. Some other variants can be defined, for
instance, with a transformation applied to the copy of the duplicated string (point
mutations, reversal, etc). Also variants of applying the replication rules can be of
interest: leftmost use of rules, parallel application, priority relations among rules
and so on. The area deserves further investigations, expecially for those variants of
the replication operation which are met in DNA transformation/evolution.

In general, the operations on strings inspired from biochemistry were success-
fully extended to various bi- or multi-dimensional structures, such as trees, graphs
in general, arrays. (The reader is referred to [4], [6], [7] for modern accounts on
these areas.) This happens, for instance, with the splicing operation ([10}) and it is
probably true also for the duplication operations considered here. The case of trees
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is particularly important, because the DNA molecules are known to often take a
branching structure.
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Some Properties of Duplication Grammars

Victor MITRANA * Grzegorz ROZENBERG

Abstract
This paper considers context-free variants of duplication grammars. We
investigate their generative capacity, their mutual relationship, and their rela-
tionship to the context-sensitive duplication grammars. We solve some prob-
lems left open in [6], e.g., proving that all regular languages can be generated
by nearly all types of context-sensitive duplication grammars. We also con-
sider some decision problems.

1 Introduction

String duplications or duplications of segments of strings are rather frequent in
both natural and genetic languages. We refer to [1], [2] and [10] for discussions
of duplication, and other operations related to the language of nucleic acids. For
motivations coming from linguistics, we refer to [5] and [9].

Based on [1], Martin-Vidé and P3un introduced in [6] a generative mechanism
(similar to the one considered.in [2]) based only on duplication: one starts with a
given finite set of strings and produces new strings by copying specified substrings
to certain places in a string, according to a finite set of duplication rules. This
mechanism is studied in [6] from the generative power point of view. The present
paper considers the context-free versions of duplication grammars - this formalizes
a possible hypothesis that duplications appear more or less at random within the
genome in the course of its evolution. We solve some problems left open in [6], prove
new results concerning the generative power of context-sensitive and context-free
duplication grammars, and compare the two classes of grammars. Finally, some
decision problems are discussed.

A context-sensitive duplication ruleis a triple whose components are strings over
a given alphabet { in the case of DNA the alphabet consists of the four nucleotids),
say (u,z,v), which has the following interpretation:

e the string x, which appears to the left of wv in the processed string, is inserted
in between u and v;
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e the string z, which appears to the right of wv in the processed string, is
inserted in between u and v;

e the string = which appears in between v and v is doubled.

A context-free duplication rule is a string over the given alphabet, say z, whose
effect is the duplication of z either to the right of, or to the left of, or immediately
after, an already existing copy of z. Clearly, context-free duplication rules may be
viewed as context sensitive duplication rules whose contexts are empty.

In vivo, cross-over takes place just between homologous chromosomes (chromo-
somes of the same type and of the same length), see [4]. A model of a cross-over
between a DNA molecule and its replicated version is considered in [3] - this is a
model for a cross-over between “sister” chromatides. One specifies an initial finite
set of strings and a finite set of cross-over rules of the form (a,3,v,6). It is as-
sumed that every initial string is replicated so that two identical copies of every
initial string are available. The first copy is cut between the segments a and 3 and
the other one is cut between v and §. Now, the last segment of the second string
gets attached to the first segment of the first string, and a new string is obtained.
More generally, another string is also generated, by linking the first segment of the
second string with the last segment of the first string. Iterating the procedure, one
gets a language. The main idea of this approach is schematically presented in the
Figure 1.

z o Jé) Y
! | | L
w t l T T 1
S | ! —]
w | i T f ]
z Y ) t
Figure 1

Hence, the splicing operation introduced by T. Head, see, e.g., [7] is performed
here between identical strings. It is easily seen that one obtains the insertion of a
substring of w in w; this induces a duplication of some chromosomes into genome.
This type of recombination is considered to be the main way of producing tandem
repeats or block deletions in chromosomes.
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2 Basic definitions

In this section we give the basic notions and notations needed in the sequel. For
basic formal language theory we refer to [7] or [8]. We use the following basic
notation. The length of a word z is denoted by |z|, the empty string is denoted
by €; we have |¢| = 0. The mirror image of a word z is denoted by z®. The set
of all words over V is denoted by V*, and V* = V*\ {e}. For sets X and Y,
X\ 'Y denotes the set-theoretic difference of X and Y. If X is finite, then card(X)
denotes its cardinality; § denotes the empty set.

Here is the main notion of this paper.

A (context-sensitive) duplication grammar is a construct

A =(V,D;,D,, Dg, A),

where V is an alphabet, Dj, D, Dy are finite subsets of V* x V* x V*, and A
is a finite subset of V. The elements of D;, D, and Dy are context-sensitive
duplication rules, and elements of A are called axioms.

Given a duplication grammar as above and two words z,y € V1, we define the
following three types of direct derivation relations in A:

z =>»p, y ffc=zwwzezes, y=T1UsVT2223,
with zy, 29,23 € V*, and (u, z,v) € Dy,
z =>p, y it =z zzuves, y = z1282uz2v13,
with z1, 29,23 € V*, and (u,z,v) € D,.,
z =>p, y iff z =xzuzves, ¥y = z1uz201,,
with 1,z2,23 € V*, and (u, z,v) € Dy.

The union of these relations is the direct derivation relation of A, denoted by
=, and the reflexive and transitive closure of = is the derivation relation of
A, denoted by =>*. The language generated by the duplication grammar A is
defined by

LAY={yeV*|z=>"y, for some z € A}.

Thus, the language of A consists of all words obtained by beginning with strings in
A, and applying iteratively duplication rules from D; U D, U Dy. The application
of a rule to a string means to copy one of its substrings to the left of, or to the
right of, or next to its “given” occurrence. Because each of the three sets of rules
may be empty, one obtains seven families of languages denoted by DUPL(X), X €
{{,7,0,1r,10,70,1r0}; the presence of a letter within X means that the corresponding
set of rules is non-empty, e.g., for X =10, D; # 0, Dy # 0 and D, = 0.
Analogously, we define a context-free duplication grammar as a construct A =
(V,Dy,D,, Dy, A), where V and A have the same interpretation as above, but
Dy, D, Dy are finite subsets of V¥ whose elements are context-free duplication
rules. Given a context-free duplication grammar as above and two words z,y € V¥,
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we define three types of direct derivation relations:

z kEp, y ffz=2z129223, y = T1279223, with z1,25,23 € V*, and z € Dy,

z Ep, y iffz=z20003, y=T1220223, With z1,25,2z3 € V", and z € D,,

T l:Do y iff z =229, Y = T122%9, With z1,20,23 € V* and z € Dyg.
Again, the union of these relations is the direct derivation relation, denoted by f=,
and the reflexive and transitive closure of |= is the derivation relation, denoted by
E=*. The language generated by the context-free duplication grammar A is defined

by
L(A)={yeV* |z "y, for some z € A}.

Again, we get seven families of languages denoted by CFDUPL(X), X €
{l,7,0,1r,10,70,1r0}.

3 A short comparison

We begin by settling the relationships among the seven families of context-free
duplication languages.

Theorem 1. The relations in the following diagram hold, where an arrow indicates
a strict inclusion and a dotted line links two incomparable families.

CFDUPL(])

N

AN
CFDUPL(I0
‘ \ L(10) \

\ CFDUPL(0) CFDUPL(ir0) ~— CFDUPL(l

L
| /

CFDUPL(r)

/  CFDUPL(r0)

Proof. The language {a"b™aPb?n,m,p,q > 1} is in CFDUPL(0) (one starts
with abab and doubles either an occurrence of a or an occurrence of b) but not in
CFDUPL(lr). To see the latter, we note that each context-free duplication gram-
mar having just left and right duplication rules generates strings in a*bTatbtatbt;
a contradiction.

By a similar reasoning, the language {a™t™|n,m > 1} belongs to
CFDUPL(I0) N CFDUPL(r0) N CFDUPL(lr) but not to CFDUPL(l) U
CFDUPL(r). ‘
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The language {a,b,c}™ is in CFDUPL(r) N CFDUPL(I) (the initial set con-
tains all strings of length at most 3, each letter a,b, ¢ appearing at most once;
duplication rules allow copying of any letter to the right/left of one of its occur-
rences.) Because there are arbitrarily long square-free strings in {a,b,c}*, [11], it
follows that {a,b,c}™ ¢ CFDUPL(0).

Finally,

{a,b,c}"{$}*{d,e, f}* € CFDUPL(Ir0) \ (CFDUPL(l0) U CFDUPL(r0))

which concludes the proof. O

The following result concerning the relationships among the context-sensitive
families of duplication languages has been proved in [6].

Theorem 2.[6]
1. The families DUPL({l) and DUPL(r) are incomparable.
2. The following inclusions

DUPL(r) UDUPL(l) C DUPL(lr)
DUPL(0) C (DUPL(r0) n DU PL(I0))

are proper.

Tt is an open problem whether or not DUPL(0) is included in DUPL(I) or in
DUPL(r). However, we have

Proposition 1. CFDUPL(0) is strictly included in DUPL(Ir).

Proof. Let A = (V,0,0,Dy, A) be a duplication grammar with Dy =
{Z1,%2,...,2n}. Construct a duplication grammar A’ = (V, D,, D,., ¢, A"), where

Di=D = {(zi,zi,6)|1 <i<n},
A" = {z € L(A)| each z; has at most two non-overlapped occurrences
in z}.
It is easy to see that A’ is a finite set, and L(A) = L(A'). O

Along the same lines, we have
Theorem 3. CFDUPL(X) C DUPL(X), for oll X € {0,1,7,10,70,lr,lr0}.

Proof. Tt suffices to provide languages that prove all inclusions to be strict.

The dupli-
cation grammar A = ({a,b},{(,q,qa), (c,b,b)},0,0, {ab, a®h, ab?, a®b?} generates
Ly = {a”0™|n,m > 1}. Hence L, is in DUPL(!) (also in DUPL(r)) but not in
(CFDUPL(l)U CFDUPL(r).

Similarly, {a"b™aPb?|n, m,p,q > 1} € DUPL(lr) \ CFDUPL(ir).

One can show that {a"b"abln > 1} cannot be generated by any context-free
duplication grammar. On the other hand, {a"b"abln > 1} € DUPL(Ir0) ( see [6]).
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Take now the language Lr = {ab"c™dPe|l < n,m,p < 3}*. This language can
be obtained by starting with the string abcde and iteratively applying rules from
the set

DO = {(57 adee’ E)) (a’ b7 C)’ (abi b’ c)’ (b’ c’ d)7 (bc’ c’ d)’ (c7 dJ e)) (Cd7 d7 e)}’

Consider the homomorphism h : {a,b,c}* — {a,b,c,d,e}* defined by h(a) =
abdcde, h(b) = abc3de, h(c) = abcd®e. Let z be an arbitrarily long square-free
string over {a,b,c}. The string A(z) is in L,. It is easy to notice that the ad-
jacent identical substrings in h(z) are only the letters from {a,b,c}. If L, were
in CFDUPL(0), then any context-free duplication grammar generating Ly would
generate strings containing arbitrarily many adjacent occurrences of the same letter
from {a, b, c}; a contradiction. D

4 Observations on the generative power

We start by considering unary alphabets. We will prove that in this case the gen-
erative power of duplication grammars equals the accepting power of deterministic
finite automata. To this end, we prove the following lemma.

Lemma 1. Quer the unary alphabet, the equality DUPL(X) = CFDUPL(0) holds
for any X € {l,7,0,lr,10,r0,Ir0}.

Proof. Let A = ({a}, D, D,, Do, A) be a duplication grammar. Let

Dy = {(w,a",u)l <l<n},
D, = {(z,d,y)l <1< m},
DO = {(zlyak")wl)ll S [ g p}

Take
a = maz({juzv| : (u,z,v) € DLUD, UDg}U {|z| : z € A}.

Consider now the context-free duplication grammar

A= ({a}: @,@,DG,A'),

where
A = {alo € L(A),|o] < 3a},
n m p
Dy = {aqlq:Zasis+ Bojs + Y sks, a < g < 2a}.
s=1 s=1 s=1

We claim that L(A) = L(A'). Note that each rule in Dj is applicable to strings
of length at least a. Furthermore, each application of a rule in Dy simulates the
application of a sequence of rules from D;U D, U Dy. Consequently, L(A') C L(A).
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All strings of length at most 3a from L(A) are also in L{A’). Let z be the
shortest string in L(A) such that |z| > 3a. Then there exists a derivation in A’

z =+ y ="z
with
(%) z €A,
(1)  a<|y <3e
(ii)) o<l -yl < 20

Because y € A’ one may write y =>p; 2, and so z € L(A"). Inductively, L(A)

C
L(AY). o

Theorem 4. A language over a unary alphabet is regular if and only if it is gen-
erated by a duplication grammar.

Proof. By the previous lemma, it suffices to consider duplication grammars with
just context-free duplication rules whose effect is to double an occurrence of a
substring. Let L C {a}* be a regular language. Then, there exist a finite set F' and
the positive integers k;,1 < ¢ < m, and ¢ > maz{#(z)|z € F} such that

m
L=Fu|J{a"*n > 1}
i=1

This can be easily seen if one considers a deterministic finite automaton accepting
L, for which the transition function is defined everywhere.
Consider now the duplication grammar:

A = ({a},0,0,{a}, F U {a*"91 <i <m}.

Clearly, L = L(A). Duplications can never be carried out on words of F.
Conversely, let us consider a duplication grammar A = ({a},0, 0, Dy, A), with
Do = {a",a%2,...,a%}. Let
p= gcd(dl,dg, . ,dm,cl,CQ, .. .Cn),

where gcd means the greatest common divisor. If L(A) is finite, then it is obviously
regular. If L(A) is an infinite set, then there are t;,1 < i <s, s < p, such that

L(a) = Fu [ J{a"**?|k > 0},
i=1

for some finite set F'. Consequently, L(A) is regular which completes the proof. O
The next result settles a problem left open in [6].

Theorem 5. All regular languages are in DUPL(X), X € {l,r,10,70,lr,1r0}.
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Proof. We present a proof for DU PL(r), the proofs for other cases are analogous.
Let R be a regular language recognized by the deterministic finite automaton M =
(@Q,V,9,q0, F) with the total transition function 4. Let for each state g, C; be
defined as follows:

C, = {z € V*|8(q,z) = q by passing each state, different from g, at most once}.
For strings x,y € V*, we define the equivalence relation ~p as follows:
(z ~p ) iff (uzv € R iff uyv € R), for any u,v € V*.

It is well-known (see e.g. [8]) that V*/ ~g (the quotient of V* by ~g) is finite; let
k be the cardinality of V*/ ~g (the index of ~g).
Now, one constructs the duplication grammar A = (V,0, D,, 0, A), where

D, = U {(z,y,€)|lzy ~r z, |z| < k,y € Cy}, and
(IEQqu¢0
A = {w € R|for each ¢ € Q, each string in C,

has at most k non-overlapping occurrences in w}.

We claim that A4 is finite. Indeed, no word longer than (k -+ 1){- card(Q), where
| = maz{card(Cy)|q € @}, is in A. To see this, assume that such a word, say w, is
in 4; so |w| =p > (k+ 1) -card(Q). Let go,q1,---,9p, gp € F, be the sequence of
states that accepts w. At least (k + 1) states in this sequence must be the same;
assume that ¢ is such a state. But then w contains at least k41 identical substrings
in Cy; a contradiction.

Clearly, L(A) C R. Let z be the shortest word in R\ L(A). Thus, there exists
z € Cy, for some g € @, such that z occurs more than k times in z. Let z = wzy,
with jw| > k, where the given occurrence of z is the last (rightmost) occurrence of
z in z. Let z = uwvzy with jv| = k. Thus v has k + 1 prefixes, and so there are
two prefixes vy, vy of v such that v; ~g v and |v1]| < |va|. We choose the closest
pair of such prefixes. By replacing v» by v1 in v we get a string wv'zy which is
in L(A) because it is in R and it is shorter than z. Moreover, v, = v1t, where ¢
must be in C,, for some ¢ € @ (because of the choice of v; and v;). Consequently,
(v1,t,€) € Dy, and so wv'zy =>p_ z. Thus z € L{A); a contradiction.

Analogously one proves that each regular language is in DUPL(l). ]

We recall that the family DU PL(0) is incomparable with the family of regular
languages.

The position of the class of regular languages with respect to the classes of
context-free duplication languages is given by the next theorem.

Theorem 6. The family of regular languages is incomparable with any of the fam-
ilies CFDUPL(X),X #0.

Proof. The regular language V*{c}*V™*, where V contains at least three symbols
and c ¢ V, cannot be generated by any context-free duplication grammar. Indeed,
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if a context-free duplication grammar generates all strings in V*{c}*V*, then it
must contain left /right duplication rules involving strings in V+ + ¢*. Therefore,
also strings in V¥ {c}*V*{c}*TV™* can be generated.

Consider now the Dyck language over {a,b}, denoted by D,;, and the non-
regular language L = {ab}Dgyp. This language is in CFDUPL(r). The context-
free duplication grammar A = ({a, b},0, {ab}, 0, {abab}) with only right duplication
rules generates L. Clearly, L(A) C L; let z be the shortest string in L \ L(A). If
z = abzy, with z,y € Dy, then ab yields z in A as follows:

ab E* aby E* abzxy. -

If z = abazb, with « € Dy, then the derivation ab = abab |=* abazb is possible in

A. Consequently, L(A) = L. ' O
The relation between CFDUPL(0) and the class of regular languages remains
open.

Recall that a homomorphism which erases some symbols and leaves the others
symbols unchanged is called a projection. A projection h: (V UV')* — V* that
erases the symbols in V' only is the projection of V, denoted by pry.

Theorem 7. For each contezt-free language L € V*, there ezists a language L in
CFDUPL(r) (CFDUPL(l)) and a homomorphism h such that L = pry (h=1(L")).

Proof. Let G = (N,V, S, P) be a context-free grammar generating L. Assume that
P=J{A — i l1<j<m},
=1

with § = A;. Furthermore, we assume that e ¢ L. Let V' = NUV U {¢|1 <i <
n} U {d}, where ¢;,d, are new symbols. Let then A be the duplication grammar
(Vl) 0: DT; ma A)J where

D, = {(azijl1<i<n,1<j<r}, and
A = {C:ElyldCIL'l,zd. . dCZ‘l,TldCiEQJd. . .dC:lJnyrn dAl}

Now, let h be the homomorphism

h:(VU{5,jll1<i<n,1<j<nr}tu{all<i<n}— (V)*

such that
R[5, 3]) = cizijd,1 <i<n, 1<j <,
hic;) = A1 <i<n, and
ha) = a,aeV.

It is easy to see that pry(h™'(L(A))) = L(G). Clearly, whenever a substring
¢iT;,; is copied, this is done somewhere to the right of the last occurrence of d -
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otherwise one gets a string “rejected” by applying the inverse homomorphism A.
Also, all strings that contain nonterminal occurrences that are not immediately
followed by some ¢;, to the right of the last occurrence of d, are rejected in the
same way. Moreover, every occurrence of a nonterminal A;, situated to the right
of the last occurrence of d, has to be followed by just one occurrence of ¢;. In this
way duplication rules simulate the application of production rules in G. O

5 Decision problems

We discuss in this section some basic decision problems. We begin by pointing out
that the “totality problem” is decidable for all families of duplication languages.

Theorem 8. Let A be a duplication grammar over the alphabet V. It is decidable
whether or not L(A) = V*.

Proof. We will consider duplication grammars having only left duplication rules
- the other types of duplication grammars can be treated in a similar way. Let
A = (V,D,0,0, A) be a duplication grammar. The main point of our argument is
the following property

L(A)y=V*ifand onlyif {z € V* : |z] <k + 1} C L(4Q),

where k = maz{|z| : z € A}. :

The “only if’ part is obvious. For the “f part of the proof, assume that z is a
shortest word in V*\ L(A). This word can be written as z = ya with o € V. Hence
y € L(A)\ 4, and so there exists z € A such that z =>7, y. Because |za| < |yal,
it follows that za € L(A). But, also za =>D ya = z. To conclude, it suffices
to note that the inclusion {z € V* : |z] < k + 1} C L(A) is decidable due to the
decidabilty of the membership problem. 0O

It is proved in [6] that the membership of a context-free language in the family
of languages DUPL(X), X # 0, is not decidable. Our next theorem extends this
result to the families of context-free duplication languages, as well as to DU PL{(0).

Theorem 9. It is not decidable whether or not a context-free language is in a family
CFDUPL(X), X ¢ {r,1}.

Proof. The proof is similar to the one in [6]. Let G be an arbitrary context-free
grammar with the terminal alphabet {a,b}, and let

L = L(G){c,d}* U{a,b}*{c"d"|n > 1}.

If I(G) = {a,b}", then L = {a,b}*{c,d}* which is in CFDUPL(X), for all X ¢
{r,1}. Tt is easily seen that the grammar A = ({a,b,¢,d},0,0, Do, A), with

Dy = {a,b,c,d,ab,ba,cd,dc}, and A = {a,b,c,d, ab, aba, ba, bab, cd, cdc, dc, ded },
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generates {a,b}*{c,d}*. The reader my casily chieck this assertion.

If L(G) # {a,b}*, then L cannot be generated by any context sensitive duplica-
tion grammar (see the proof of Theorem 4 in [6]). Consequently, I, € CFDUPL{X)
for X ¢ {r,1}, if and only if L(G) = {«,b}*, which is undecidable. O

This result can be also extendad to the families CFDUPL(r) and CFDUPL(I).

Theorem 10. It is not decidalile whether o 2ok a context-free language is in a
family CFDUPL(X), X € 1) I}

Proof. 'The proof is based on = reduction to the Post Correspondence Problem
(PCP). Take an arbitrary instance of PCP; i.e., two ar bltrmy n-tuples of nonempty
strings over the alphabet {a,b}:

o= (21,Ts,...,C5),
y =%, ,Yn)
Then, consider the languages:
L. = {ba"'ba® .. ba"czy, . oz |k > 1) :.'fq_l"z € {z,y},
L. = {w cwsewle Ry & Lo LY i
s = {wy cwscwy awywy, ey € {6,017}, and
L (u Y= bep™ ~ (Lo {eh Lo 0 Lg).

1t is known thet L(z, 2} is a coptaxt-free language. For every solution (i, 4s, . . ., 4%)
of PC'P(z, 1) the strivgs
ba'tba® .. ha*ew, g m ophyl y,’f ca™b. . ba**ba®' b

are not in L{z,y).

Clearly, when L{z,y) = [{a,b,c}", then L(z,y) is in CFDUPL(r) N
CFDUPL().
Now, it is sufficient to prove Lha‘r L{xc,y) ¢ CFDUPL(l) U CFDUPL(r) if
( :,/ ;é {(l b C} ’
Let us suppose that L(x,y) = I ._A), A = ({u b, VJ,\O D,,#;A). We choose a

solution (iy,4s, .. .1} such that
|25, Tip_y - - ;I;i‘\' >‘7i1a'a;{|'w[ lw € A}~ -
For {a, b} C L(A) anw }&‘Qru a word u E 4 such that
yliyft. Jz,c € L(A).
By the choice of the solutiou (i1, iz, .., %) the word
» z = ha“ba®? .. ba'* CLiy, - - - Tiy :nt-lcwca"""b ... ba*2ba’ b

is in L(A).
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Therefore, we get
z E* ba™ba’ .. battexy, .. iy T, cyﬁyﬁ . .yf:ca““b ... ba*ba™ b,

a contradiction. Hence the theorem holds. O
Finally, we consider “nonemptiness of the intersection problem” for
DUPL(X),X #0. :

Theorem 11. It is undecidable whether or not Ly N Ly = 07 for arbitrary two
duplication languages in DUPL(X), X # 0. ’

Proof. Let £ = (z1,Z2,...,%n),y = (Y1,¥2,-..,Yn) be an instance -of PCP, and let
Ly = {w$cd*$cd™ ... Scdzi, ... zipzi|k>1,1<4; <n,1 <5<k}
U {wScd$cd™ ... Scd™S$zi, ... Tipziy |k >1,1<4; <n,1< 5 <k},

where w = cdz) cdy,cd’zycd’ys . . . cd*zhcd™y,. L, is defined analogously.
Clearly, the duplication grammar A = ({a, b;¢,d,$,#},0,D,,0, {w$#}), with

D, = {(§,cd'z;,#)|1 <i<n}u {($,cdiz¢;X)|1 <i<n,X € {a,b}}
U {(d,8$,a),(d,8,b)}

generates L.
This concludes the proof, because Ly N L, = 0 if and only if the instance (z,y)
of PCP has no solution. . : O
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Watson-Crick Walks and Roads on DOL Graphs*

Arto Salomaa !

Abstract

Apart from the massive parallelism of DNA strands, the phenomenon
known as Watson-Crick complementarity, is basic both in the experiments
and theory of DNA computing. The parallelism makes exhaustive searches
possible, whereas the complementarity is a powerful computational tool. This
paper investigates complementarity as a language-theoretic operation: “bad”
words obtained through a generative process are replaced by their comple-
mentary ones. While this idea is applicable to any generative process, it seems
particularly suitable for Lindenmayer systems. DOL systems augmented with
a specific complementarity transition, “Watson-Crick DOL systems”, are in-
vestigated in this paper. Many issues involved are conveniently expressed in
terms of certain paths, “Watson- Crick walks”, in an associated digraph.

Keywords: DNA computing, Lindenmayer systems, DOL sequences, Watson-
Crick complementarity.

1 Introduction

Adleman’s celebrated experiment, [1], demonstrated how methods of molecular
biology can possibly be applied to problems intractable by ordinary computational
methods. Since then the interest in “DNA computing” has been growing rapidly,
see the list of references in {6]. The impact of the resulting new notions and ideas
to the theory of formal languages is visible from the recent Handbook, [8].

A keynote in theoretical studies about DNA computing is a phenomenon known
as Watson-Crick complementarity. DNA (deoxyribonucleic acid) consists of poly-
mer chains, referred to as DNA strands. A chain is composed of nucleotides or
bases. The four DNA bases are customarily denoted by A (adenine), C (cytosine),
G (guanine) and T (thymine). A DNA strand can be viewed as a word over the -
DNA alphabet Xpya = {A,C,G,T}. The familiar DNA double helix arises by
the boundage of two strands. The Watson-Crick complementarity comes into the

*Dedicated to Ferenc Gécseg on his 60th birthday. My “Super-Brother Feri” has been an
invaluable companion on the paths of science and a true friend in everyday life. I owe him much
and wish him sunny days on the road ahead.

TAcademy of Finland and Turku Centre for Computer Science Lemminkiisenkatu 14 A FIN-
20520 Turku, Finland, e-mail: asalomaa@utu.fi.
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picture in the formation of such double strands. The bases A and T are comple-
mentary, and so are the bases C and G. Bonding occurs only if the bases in the
corresponding positions in the two strands are complementary.

Consider the letter-to-letter endomorphism hy of £}, 4 defined by
hw(A) =T, hw(T) = A, hw(G) =C, hw(C)=G.

The morphism Ay will be referred to as the Watson-Crick morhism. Thus, a DNA
strand X bonds with hy (z) to form a double strand. (We ignore here the orien-
tation of the strands, indicated customarily by speaking of the 5'- and 3'-ends of a
strand. We also would like to point out that we use the nowadays standard term
“DNA computing” although, in our estimation, “DNA-based computing” would
be more appropriate.) The complementarity of two strands leads (under appropri-
ate conditions) to bondage. By encoding information on the original strands in a
clever way, far-reaching conclusions can be made from the mere fact that bondage
has occurred. This means that the phenomenon of complementarity provides com-
puting power. The idea of using the fundamental knowledge, concerning how the
double strands have possibly come into being, is central in Adleman’s experiment,
[1]. The idea is also behind the computational universality of many models of DNA
computing, (9], [6].

Complementarity can be viewed also as a language-theoretic operation. As such
hw 1is only a morphism of a special kind. However, the operational complementarity
can be considered also as a tool in a developmental model: undesirable conditions in
a string trigger a transition to the complementary string. Thus, the class of “bad”
strings is somehow specified. Whenever a bad string z is about to be produced by a
generative process, the string hyw (x) is taken instead of z. If the generative process
produces a unique sequence of strings (words), the sequence continues from hy ().
The class of bad strings has to satisfy the following soundness condition: whenever
z is bad, the complementary string hy (z) is not bad. This condition guarantees
that no bad strings are produced.

While the operational complementarity can be investigated in connection with
any generative process for words, it seems particularly suitable for Lindenmayer
systems, the systems themselves being developmental models. The simplest L sys-
tem, namely the DOL system, has been thoroughly investigated, [7]. A DOL system
generates a sequence of words. When it is augmented with a trigger for complemen-
tarity transitions, as described above, the resulting sequences contain no bad words.
The study of such “Watson-Crick DOL systems” was begun in [4] and [5], and will
be continued in the present paper. The present paper is largely self-contained.
In particular, no knowledge of [4] and [5] is required on the part of the reader.
For more information about formal languages, L systems or DNA computing, the
references [10], [7] or [6], respectively, may be consulted.

The formal definitions will be given below. An important remark should be
made already at this stage. So far we have spoken only of the four-letter DNA
alphabet but in our theoretical considerations below the size of the alphabet will
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be arbitrary. Indeed, we will consider DNA-like alphabets
So=1{a1, -.., @n, @1, ..., Gn} (N >2)

and refer to the letters a; and @;, 7 =1, ..., n, as complementary. The endomor-
phism hw of X} defined by

’Lw(ai) = Gy, /lvy((_li) =a;,1=1, ..., n,

is also now referred to as the Watson-Crick morphism. When we view the original
DNA alphabet in this way, the association of letters is as follows:

al:A: a"Z:G: (_]fl:T; (—LZZC

(Observe that this conforms with the two definitions of hw.) The nucleotides A and
G are purines, whereas T' and C are pyrimidines. This terminology is extended to
concern DNA-like alphabets: the non-barred letters a;, ..., a, are called purines,
and the barred letters @;, ..., @, are called pyrimidines. The class of bad words,
considered most frequently in the sequel, consists of words where the pyrimidines
form a majority.

In spite of their formal simplicity, Watson-Crick DOL systems have quite re-
markable properties. This observation made already in [4] and [5] will be further
substantiated in this paper. In particular, we will be concerned with basic decision
problems. The following decision problem turns out to be very significant.

Problem Z,,;. Decide whether or not a negative number appears in a given
Z-rational sequence of integers.

The decidability status of Z,,s is open, although the problem is generally be-
lieved to be decidable. The input is of course assumed to be given by some effective
means such a linear recurrence with integer coefficients, or a square matrix M with
integer entries such that the sequence is read from the upper right corners of the
" powers M*, i =1,2,3,.... Further discussion about this problem and its different
representations can be found in [3] and [7].

Ordinary DOL systems have been widely investigated and their properties are
fairly well understood, whereas rather little is known about Watson-Crick DOL
systems. It was already observed in [5] that graphs associated to them, as well
as certain paths in such graphs, are very useful for studying the systems. Such
“Watson-Crick walks and roads” will be investigated in this paper from a more
general point of view.

2 Graphs associated to DOL systems

We will use standard language-theoretic notation. In particular, A is the empty
word, |w| is the length of the word w, and |w|, (resp. |w|g) is the number of
occurrences of a (resp. letters of ¥) in w. The minimal alphabet of a word w is
denoted by alph{w).
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An equivalence relation = on X* is called a morphic equivalence if it preserves
all endomorphisms of ¥*, that is, whenever h is an endomorphism of ¥* and z = y
then also h(z) = h(y). Typical examples of morphic equivalences are:

(i) alph(z) = alph(y),
(ii) z and y are powers of the same primitive root,
(ii1)) z and y have the same Parikh vector.

Of (i)-(iii), only (i) is of finite index. Note also that the equivalence defined by
|z] = |y| is not morphic.

A DOL system is a triple G = (%, g,wp), where ¥ is an alphabet, wg € &*
(the aziom) and g is an endomorphism of £*. (In the sequel g is often defined in
terms of productions, indicating the image of each letter.) A DOL system defines
the sequence S(G) of words w;, i > 0, where w;+1 = g(w;), for all 7 > 0. It defines
also the language L(G), consisting of all words in S(G), the length sequence |w;],
1 > 0, as well as the growth function f(i) = |w;.

Given a DOL system G = (I, ¢, wp) and a morphic equivalence = on ¥*, the
associated graph H(G, =) is defined as follows. As a preparation for the sequel, we
give this simple definition inductively, denoting the equivalence class of a word w
by [w]. First the initial node of H, labeled by the equivalence class [wp], is created.
Whenever a node labeled by [w;] has been created but no node labeled by [g(w;)]
has been created, then the latter node is created and an arrow labeled by 0 is drawn
from the former to the latter node. If the node labeled by the equivalence class
[9(w;)] has already been created and denoted by, say, {w;] then an arrow labeled
by 0 is drawn from the node [w;] to the node [w;].

Thus, all arrows (edges) in the (di)graph H are labeled by 0. (This is because
H is a special case of the definition in the next section, where two labels are needed
for the arrows.) The graph H is infinite if all words in S(G) belong to different
equivalence classes of =. Starting from the initial node, an i-step walk (path) ends
at a node labeled by the equivalence class [w;], where w; is the ith word in the
sequence S(G). If = is of finite index, the digraph H is finite and can be separated
into an “initial mess” and a “loop” in the customary fashion. This fact can also be
expressed as the following theorem.

Theorem 2.1 Let G be a DOL system and = a morphic equivalence (with the same
alphabet) of finite index. Then the equivalence classes represented by the words in
S(G) form an ultimately periodic sequence.

Proof. The claim follows by the construction of the graph H. Since = is
of finite index, some word in the sequence S(G), say w; = g(w;—1), represents an
equivalence class already represented by w;, for some j < i. If 7 has its smallest
possible value, the words wo, ..., w;_ represent equivalence classes in the “initial
mess” and the words w;, ..., w; equivalence classes in the “loop” of the ultimately
periodic sequence. O
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Theorem 2.1 is a general formulation of many known periodicity results concern-
ing DOL sequences. For instance, the alphabets alph{w;) and prefixes or suffices of
fixed lengths form ultimately periodic sequences, {7]. Such results are immediate
corollaries of Theorem 2.1.

Observe that the graph H may be finite although = is of infinite index. For
instance, assume that z = y iff z and y are powers of the same primitive root
and that the DOL system G is determined by the axiom ab and produtions a —
aba, b — a. Then the graph H(G,=) cousists of only one node because all words
in the sequence S(G) are powers of the word ab.

Assume now that the alphabet ¥ of the given DOL system G = (X, g, wo)
actually is a DNA-like alphabet, ¥ = ¥,,, and that the Watson-Crick morphism
hw is defined as in Section 1. (Observe that some letters of ¥,, might not occur in
S(G).) Then we define the Watson-Crick graph Hw (G,=) associated to G and a
morphic equivalence = as follows. We are now dealing with two morphisms: ¢ and
the composition hw g (meaning that first g, then hy is applied). The edge labels
0 and 1, respectively, are associated to these morphisms, respectively.

To construct Hw (G, =), we again first create the initial node labeled by [wp].
Assume that a node labeled by [w] has already been created and no node labeled
by [g(w)] (resp. [hwg(w)]) has been created, then the latter node is created and
an arrow labeled by 0 (resp. by 1) is drawn from the node [w] to the newly created
node. If a node labeled by [g(w)] (resp.[hwg(w)]) has been created and denoted
by, say, [w'] (resp. {w"]) then an arrow labeled by 0 (resp. by 1) is drawn from the
node [w] to [w'] (resp. to [w"]).

Thus, Hyw is a (possibly infinite) (di)graph, where exactly two arrows emanate
from each node. A sufficient but not necessary condition for the finiteness of Hw is
that the morphic equivalence = is of finite index. The smallest possible graph Hy
consists of a single node [wg] with two arrows, labeled by 0 and 1, emanating from
and going into [wp]. This situation arises, for instance, if z = y is defined by the
condition alph(z) = alph(y), and every letter of £ occurs in every word of S(G).
(It is easy to verify that in such a case an application of hw g never leads to smaller
alphabets.) This smallest possible graph Hw (G, =) is referred to as trivial.

A walk W in the graph Hw (G, =) is any finite path beginning from the initial
node. Walks in graphs H(G,=) can be described (equivalently) either by the
sequence of nodes or by the sequence of edges because there is only one possibility
at each node. In graphs Hw (G, =) there are two possibilities, perhaps both leading
to the same node (as is the case, for instance, with the trivial graph). Consequently,
walks in Hy must be described by listing the sequence of edges visited. In this
fashion, we get a one-to-one correspondence between walks in Hyw and words over
the binary alphabet {0, 1}.

Many types of questions can be asked concerning the notions introduced in this
paper — we will focus on some decision problems. Therefore, the following general
observation is significant. Consider decision problems (for instance, the emptiness
problem) involving languages of the form LNK, where L is 3 DOL language and K is
in one of the classes of the Chomsky hierarchy. Such problems are usually decidable
(resp. undecidable) if K ranges over regular (resp. context-sensitive) languages.
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If K ranges over context-free languages, the decidability is often hard to settle,
although intuitively the problem might seem to be decidable. Such problems are
often algorithmically equivalent to the problem Z,;.

3 Watson-Crick DOL systems

Consider again a DNA-like alphabet ¥, and the Watson-Crick morphism hy . A
trigger T R is any recursive subset of X7, satisfying the following condition: whenever
z is in TR, then hy (z) is in the complement of TR, that is, in £ —TR.

According to our terminology in the Introduction, T'R consists of “bad” strings.
The restriction imposed on TR is our soundness condition: no “bad” strings result
if emerging “bad” words are always replaced by their complementary ones. We now
come to our central definitions.

A Watson-Crick DOL system is a construct

Gw = (G, TR),
where G = (Z,, g, wo) is a DOL system, TR is a trigger and wo € X}, — TR. The
sequence S(Gw), consisting of words w;, ¢ =0, 1, ..., is defined by the condition
S ho(g(w;)) if g(w;) € TR,
LT g(w;) otherwise,

for all « > 0. The language, length sequence and growth function of Gy are defined
for S(Gw) as for ordinary DOL systems.

The Watson-Crick graph Hw (Gw, =) associated to a Watson-Crick DOL
system Gw = (G,TR) and morphic equivalence = equals, by definition, the
Watson-Crick graph Hy (G,=). (Thus, Hw(Gw, =) is independent of the trig-
ger.) A Watson-Crick walk WW(Gw, =) associated to Gw and = is the walk in
Hy (Gw, =) determined by the binary word u, ...u, such that, for 1 < ¢ < k,
u; = 0 (resp. u; = 1) if w; = g(w;—1) (resp. w; = hw(g(wi-1))) in S(Gw ).

Thus, the binary word u; ...u;, determining the sequence of edges visited, is
actually independent of the equivalence =. If we are only interested in the sequence
of edges, we may speak of the Watson-Crick walk of Gw, without specifying the
equivalence. The latter becomes important if we are interested in the sequence of
nodes visited. Observe that, viewed as a sequence of edges, the Watson-Crick walk
in the trivial graph can be quite complicated. This is exemplified in Theorem 3.3
below. The next theorem follows directly from the definitions.

Theorem 3.1 Viewed as binary words, all Watson-Crick walks WW (Gw, =) are
prefizes of the same infinite (binary) word WW(Gw). Thus, each Watson-Crick
walk of Gw is completely determined by its length. O

The infinite word WW(Gw) is called the Watson-Crick road of Gyw. Two
Watson-Crick DOL systems are called road equivalent if they have the same Watson-
Crick road. A Watson-Crick DOL system Gw is called stable if its Watson-Crick
road equals 0“ (that is, the infinite word consisting of 0s).
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Thus, the Watson-Crick road completely characterizes the complementarity
transitions: letters 1 occur in positions such that a transition takes place at the.
corresponding step. A system being stable means that no complementarity transi-
tions occur, that is, the sequence is obtained as in an ordinary DOL system. The
stability problem is basic in the study of Watson-Crick DOL systems. In general,
the problem is undecidable. We have the following more specific results.

Theorem 3.2 The stability problem is decidable for Watson-Crick DOL systems
with reqular trigger but undecidable for systems with context-sensitive triggers.

Proof. A Watson-Crick DOL system Gw = (G, TR) is stable iff the intersec-
tion L(G) N TR is empty, where L(G) is the language of G, viewed as an ordinary
DOL system. But the emptiness of such an intersection is decidable (resp. unde-
cidable) for regular (resp. context-sensitive) triggers TR, see [7] (resp. [2]). a

We now show that Watson-Crick roads can be arbitrarily complex, even if at-
tention is restricted to systems whose Watson-Crick graph is trivial. Let ¢ be a
recursive function mapping the set of positive integers into {0, 1}. We denote by
u, the infinite binary word whose ith letter equals 1 exactly in case ¢(i) = 1, for
all 2 > 1.

Theorem 3.3 For every recursive function ¢, a Watson-Crick DOL system whose
Watson-Crick road equals u, can be effectively constructed. Moreover, the items
involved can always be chosen in such a way that the morphic equivalence is defined
by the relation alph(z) = alph(y) and that the associated Watson-Crick graph is
trivial.

Proof. Given ¢, we construct a Watson-Crick DOL system Gw = (G, TR) as
follows. The alphabet of the DOL system G is ¥ = {a1, a2, @1, @2}. We prefer
to write Xy as the original DNA alphabet {4, T, C, G} in the way indicated in
Section 1 (trusting that the slight notational ambiguity causes no confusion). The
axiom of the system is ACGT, and the morphism ¢ is defined by the rules

A=A C-oC%, GG THT.

The morphic equivalence is defined by the condition: z = y iff alph(z) = alph(y).
Then (independently of T'R which we have not yet defined) the Watson-Crick graph
Hw(Gw, =) is trivial. This follows because each word in the sequence S(Gw)
equals either wy (i) = AC¥ G* T or w(i) = TG? C? A, for some 3.

We now define the trigger by

TR = {wi(3), wa(@)li € ¢~ (1)}.

Clearly, TR is recursive. It is also easy to verify that this construction satisfies the
theorem. o
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A very natural trigger (and the only one considered in [5]) is the set of words,
where the pyramidines (barred letters) are in strict majority. Thus, we denote
Xpyr = {1, ..., Gn} and consider the language

PYR={we X, ||wl,,. > l%)—l )
Clearly, PY R satisfies the soundness condition. Watson-Crick DOL systems
(G, PYR) will be referred to as steandard. Consequently, for a standard system
Gw, in every word of S(Gw) there are at least as many purines as pyrimidines.
Observe that PY R and its complement are context-free nonregular languages.
Thus, considering Theorem 3.2, we are closer to the borderline between decidability
and undecidability. Indeed, the following result was established in [5].

Theorem 3.4 The stability problem for standard Watson-Crick DOL systems is
algorithmically equivalent to the problem Z,s. 0

An infinite binary word is referred to as ultimately periodic if it is of the form
uv?, where u € {0, 1}* and v € {0, 1}*. The trigger used in the general result
Theorem 3.3 is very complicated. However, all ultimately periodic roads can be
realized with simpler triggers.

Theorem 3.5 Every ultimately periodic Watson-Crick road can be expressed in
the form WW(Gw) where Gw_ 1is standard (resp. Gw has o finite trigger).

Proof. Assume uv* is the given word, where
U,:bl...bk, ’U=bk+1...b[, kZO, l2k+1, b]' S {0, 1}

We construct a Watson-Crick DOL system Gw = (G, TR). The alphabet of G
equals {aq, ..., ai, @o, ..., G}, the axiom is ap and the morphism is defined by
the productions

a; = aj41 Or a; = @4, depending whether b; 1, =0 or bj4; =1,
0<j<i-§

a; = Qgg1 Or @y — ag1, depending whether b1 =0 or by = 1;
a; »a;, 0<3 <L

If we now choose TR = PYRor TR = {@1, ..., @}, the resulting system Gw
has the Watson-Crick road uv®. o

For any Watson-Crick DOL system Gw and any morphic equivalence =, every
node in the graph Hw(Gw, =) is reachable in the sense that there is a walk
ending with that node. This follows by the construction of Hyw . However, the
Watson-Crick road of Gw does not necessarily pass through all nodes of Gw .By
the reachability problem we understand the problem of deciding, given Gy, = and
anode N in Hw, whether or not the Watson-Crick road of Gw passes through V.
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In this context we assume that the morphic equivalence is defined by the condition
alph(z) = alph(g), implying that Hy is finite. Examples can be given of cases,
where N actually is reachable but the shortest prefix of the Watson-Crick road of
Gw ending with N is very long (for instance, in terms of the number of nodes of
Hy). This is natural, in view of the following theorem.

Theorem 3.6 The reachability problem is undecidable. For standard Watson-
Crick DOL systems Gw, any algorithm for solving the reachability problem can
be converted into an algorithm for solving the problem Zp,,.

Proof. The second sentence has been established in [5]. To prove the first
sentence, we show that the decidability of the problem would imply the decidability
of the emptiness problem for languages L(G)N K, where K is context-sensitive and
G is a DOL system. However, the latter problem is known to be undecidable.

Given K and G over the alphabet ¥ = {a1, ..., an}, we construct a Watson-
Crick DOL system Gw = (G', K). (Without loss of generality, we assume that
the language K does not contain A.) The DOL system G’ is almost the same
as (; we only extend the alphabet ¥ to the DNA-like alphabet ¥, and add the
productions @; — @;, 1 < i < n. Clearly, K satisfies the soundness condition for
triggers because, for € K, hw(xz) consists of pyramidines and K contains no such
words.

Two possibilities arise. If L(G) N K = ¢ then S(Gw) = S(G) because no
complementarity transition takes place. If L(G) N K # ¢ and w; is the first word
in S(G) belonging to K (we may assume that w; is not the axiom), then S(Gw)
coincides with S{G) up to w;—,, after which S(Gw) consists of only repetitions
of ;. Because of our agreement concerning the morphic equivalence, the latter
alternative occurs exactly in case the Watson-Crick road of Gw passes through
some node in Hy labeled by pyramidines. This is a question we can settle if we
can decide the reachability problem. )

We conclude this section with an example of a standard Watson-Crick DOL
system Gw, due originally to [4]. The alphabet of Gy is X3, the axiom is aja,as,
and the productions are

a; = ap, Gz ~ az, az — as, a1 — 14z, Ay — 4z, a3 = C_I,g.

The graph Hw (Gw, =) where = is again defined as in Theorem 3.6, consists of
two nodes: the initial node Ny labeled by {a1, a2, @3}, and the node N, labeled
by {@,, @2, as}. The arrows labeled by 0 preserve both nodes, whereas the arrows
labeled by 1 interchange them. The Watson-Crick road of Gw begins with the
word 10110°1101711. In general, there is an exponentially growing sequence of Os
between words 11. Explicitly, after the first position the bit 1 occurs exactly in
positions 3! + 4 and 3¢ + i + 1, for all 4 > 0. It is interesting to note that only
three of the four arrows of Hy, are used on the Watson-Crick road; the arrow from
Ny to itself is never used. The example shows the validity of the following theorem.

Theorem 3.7 The Watson-Crick road of a standard system is not necessarily ul-
timately periodic. 0
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Theorem 3.7 should be contrasted to the many results about context-free lan-
guage showing ultimate periodicity; recall that the trigger in a standard system is
context-free.

The growth function of the system Gw fluctuates between a linear function
(due to the productions G; — @12, G2 — Gz2) and an exponential function (due to
@3 — a3). Such a fluctuation is not possible for DOL growth functions. Indeed, it
is shown in [4] that the growth function of Gw is not Z-rational. The system Gy
is the smallest standard system with these properties (strange growth function and
nonperiodicity) we have been able to find. It would be interesting to have similar
examples with the original DNA alphabet or, equivalently, .

4 Equivalence problems

The decidability of various equivalence problems constitutes a central chapter in
the history of L systems, see [7]. We use here the standard terminology. Thus, the
sequence (resp. growth) equivalence problem for DOL systems consists of deciding
of two given DOL systems whether or not they generate the same sequence (resp.
growth function). For DOL systems, the decidability of the growth equivalence
problem was settled first. It was also shown quite early, that the decidability of the
sequence equivalence implies the decidability of the language equivalence and vice
versa, whereas the decidability itself remained as a celebrated open problem, until
it was finally settled in the late 70s, see [7].

" Clearly, the sequence, language and growth equivalence problems can be formu-
lated for Watson-Crick DOL systems exactly as for ordinary DOL systems. In
addition, we have the very natural road equivalence problem for Watson-Crick DOL
systems: given two systems, decide whether or not they define the same Watson-
Crick road. Thus, the road equivalence of two Watson-Crick DOL systems means
only that the complementarity transitions occur in the two sequences at the same
steps; the two sequences themselves can be very different. For instance, two stable
systems are always road equivalent.

Thus, road equivalence does not imply sequence, language or growth equiv-
alence. On the other hand, sequence equivalence (which implies language and
growth equivalence) does not imply road equivalence. For instance, consider two
standard Watson-Crick DOL systems G, and G2 over the DNA alphabet. The
axiom of both systems is AG. The productions in G; are

A>T, G=C, C—C? T-T?
whereas in G2 they are
A=A G-G, C=C T-T

Then S(G,) = S(G2) but G; and G are not road equivalent. In fact, the Watson-
Crick roads of Gy and G are 1¥ and 0¥, respectively. (Observe that it is irrelevant
in both systems how we choose the productions for C' and T'.)
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It is also possible that two systems are sequence equivalent when viewed as
ordinary DOL systems but not as Watson-Crick DOL systems, and vice versa. We
have seen that the above systems G; and G are sequence equivalent when viewed
as standard (implying that TR = PY R) Watson-Crick DOL systems. They are
clearly not sequence equivalent when viewed as ordinary DOL systems: after the
axiom the two sequences differ at every step, and even the word lengths differ from
the third word on. On the other hand, consider two systems GG3 and G4 with the
axiom A, where the productions in G5 are

A= CTC, C—oCTC, T— )\ G- G,
and those in G4 are _
A CTC, C=C, T—-TCCT, G- G

Viewed as ordinary DOL systems, Gz and G4 are sequence equivalent. Indeed,
S(G3) = S(G4) begins with A, followed by the words (CTC)%, i > 0. If Gs is
viewed as a standard Watson-Crick DOL system, the sequence S(G3) consists of

the words " R
A, GAG, G3CTCG?, G¥  (CTC)* G, i>1.

If G4 is viewed similarly, the sequence S(G4) consists of the words

A, GAG, G*cTCGY, GY7(cTe)¥ Y™, i> 1.
Consequently, G3 and G4 are not sequence equivalent. Observe, however, that G
and G4 are road equivalent: both define the Watson- Crick road 10%.

The above examples serve the purpose of illustrating the great variety of prob-
lems of new types brought forward by the different notions of equivalence. Indeed,
some challenging decision problems in this area remain open. According to the
general observation made at the end of Section 2, it is to be expected that equiv-
alence problems involving arbitrary (resp. regular) triggers are undecidable (resp.
decidable). The case of arbitrary (context-sensitive) triggers will be dealt with in
Theorem 4.1, whereas we hope to return to regular triggers in a forthcoming paper.
Equivalence problems involving context-free triggers (as is the case with standard
systems) are very challenging. Intuitively, the problems seem to be decidable. But,
as shown in Theorem 4.2, they are at least as hard as the problem Zp;.

Theorem 4.1 The road, growth, sequence and language equivalence problems are
all undecidable for Watson-Crick DOL systems with contezt-sensilive triggers.

Proof. We use again the undecidability of the emptiness of the intersection
L(G)Y N K, where G is an ordinary DOL system and K is a context-sensitive lan-
guage. Indeed, the argument is similar to the one used in the proof of Theorem
3.6.

Assume that we are given a DOL system G and a context-sensitive language K
over the alphabet ¥. Without loss of generality, we assume that L(G) is infinite
and that the axiom of G is not in K. We can also find a word u € £T not in L(G).
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We now construct two Watson-Crick DOL systems G' and G" by taking the
axiom of G, extending the alphabet ¥ to a DNA-like alphabet X, by adding to &
the barred version a of each letter a and, finally, by adding to G all productions
@ — a, where a € ¥. The systems G'and G" are identical except that G’ has the
trigger {u}, whereas K is the trigger of G"'.

It is now easy to verify, exactly as in the proof of Theorem 3.6, that G'and G”
are road, growth, sequence or language equivalent exactly in case L(G) N K = ¢.
Indeed, the Watson-Crick road of G’ equals 0%, and the growth function, sequence
and language of G’ coincide with that of G. Each of these statements holds for G”
exactly in case G” is stable, that is, L(G) N K = ¢. (Our assumption concerning
the infinity of L(G) is needed to justify this conclusion for growth functions.) 0

Theorem 4.2 Any algorithm for solving the road, growth, sequence or language
equivalence problem for standard Watson-Crick DOL systems can be converted into
an algorithm for solving the problem Z,,;.

Proof. By Theorem 3.4, it suffices to show that an algorithm for solving any
of the four equivalence problems for standard Watson-Crick DOL systems can be
converted into an algorithm for solving the stability of standard Watson-Crick DOL
systems.

Thus, we have to decide whether or not a given Watson-Crick DOL system
Gw = (G, PYR) is stable, where G = (%,,, g, wg) is a DOL system. Here %,
is a DNA-like alphabet and, thus, consists of 2n letters. We now extend T, to a
DNA-like alphabet ¥5, = £,, U £,,, where £,, consists of barred versions of letters
of ¥,,. (The new bars should not be confused with those appearing in letters of
%..) In connection with Zs,, the letters of £, are considered pyrimidines and
the set PYR C X3, is defined accordingly. Consider also the extension g’ of g
to £3,, where ¢g'(a) = a for all a € £, and define the standard Watson-Crick
DOL system Gy, = (G', PYR), where G' = (Z2,, ¢', wo) and PY R is defined
in connection with X,,. Clearly, Gj; is stable and defines the Watson-Crick road
0¢. Consequently, Gy is stable exactly in case Gw and G, are road, sequence or
language equivalent. This means that an algorithm for deciding one of these three
equivalence problems decides also the stability problem.

The same conclusion cannot be made directly as regards the growth equiva-
lence problem: it is conceivable that Gw and GYy;, are growth equivalent although
complementarity transitions take place in Gyw. However, the proof of Theorem 3.4
in [5] is easily modified to exclude this possibility. In this proof, the Z-rational
sequence (given for the problem Z,,;) was expressed as the difference of two DOL
length sequences, generated by systems both having n letters. When the systems
are run simultaneously and the letters of the original systems are viewed as purines
and pyrimidines, the combined system is stable exactly in case the Z-rational se-
quence assumes never a negative value. We now consider two new letters a,;
and @49, as well as their complementary ones @,+; and a,y». The axiom of the
combined system is catenated with the word a? . @%_, ,, where the new letters have

the productions any1 — al,, and @nq2 — @, 42- Here ¢ and j are large enough
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for the new letters to dominate the growth function of the combined system. (The
new letters contribute the same number of purines and pyrimidines and, thus, do
not affect membership in PYR.) The choice @nyy — ‘_131]4-1: Gnya — ai’H now
guarantees that a complementarity transition changes the growth function. O

We do not know whether Theorem 4.2 holds in the reverse order, that is, whether
an algorithm for solving the problem Z,,s; can be converted into an algorithm for
solving the equivalence problems.

5 Conclusion

In Watson-Crick DOL systems one investigates a classical topic, Lindenmayer sys-
tems, from the new angle provided by the idea of complementarity in DNA com-
puting. In this paper we have focused our attention to the fundamental information
brought forward by the associated Watson-Crick road. Many problems in this area
are very challenging, especially because of their interconnection with some cele-
brated open problems. It would be a fascinating project to apply DNA computing
itself towards the solution of these problems.
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Generalized fairness and context-free languages

Kai Salomaa* Sheng Yu"t

Abstract

The notion of fairness for generalized shuffle operations was introduced in
[10). The n-fairness property requires, roughly speaking, that in any prefix
of a word the difference of the numbers of occurrences of two symbols is at
most n. Here we give a new simplified proof for the decidability of uniform
n-fairness for context-free languages. Also, we show that the more general,
linear or logarithmic, fairness notions are decidable.

1 Introduction

Fairness constraints can be used to restrict the behavior of concurrent processes.
For a state sequence to be fair, a minimal requirement is that a process that is
enabled infinitely often will occur infinitely often. Many different notions of fairness
have been studied in modeling concurrency [3], some recent references are [2, 5, 14].
Fairness of automata on infinite objects and of cooperating grammar systems is
considered in [8, 13, 15].

Questions of fairness in formal language theory were initiated by the study of
trajectories [9, 10]. A trajectory is a word over a two-letter alphabet that is used
to “control” the shuflle operation on given words. Trajectories yield very general
operations of parallel composition of words and languages and have applications
in the parallelization of languages, in representing a language in terms of simpler
components.

A trajectory t € {b,c}* is said to be n-fair if the difference in the number of
occurrences of the symbols b and ¢ in any prefix of ¢ is at most n. The shuffle of
two words that is controlled by an n-fair trajectory satisfies thus the property that
at any point neither word is more than “n steps ahead”. It is easy to see that for
a context-free set of trajectories T we can effectively decide whether or not T is
n-fair. The uniform fairness question asks, for a given set of trajectories T', whether
or not there exists an integer n such that 7" is n-fair.

*Department of Computer Science, University of Western Ontario, London, Ontario N6A 5B7,
Canada, Email: {ksalomaa, syu}@csd.uwo.ca

tResearch supported by the Natural Sciences and Engineering Research Council of Canada
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It was shown in {11] that also the uniform fairness property is decidable for
context-free languages. The proof establishes that for a given context-free gram-
mar G there exists a constant m¢ such that the uniform fairness of L(G) can be
verified by checking only the derivation trees of height at most m¢g. The result-
ing algorithm is not efficient since it uses an exhaustive search of an exponential
number of derivation trees (in terms of the size of the grammar). Furthermore, the
argument used to establish the existence of the constant m¢ uses fairly complicated
operations on the derivation trees.

Here we give a new proof for the decidability of uniform fairness for context-free
languages. The fairness property for a context-free language L is determined by
considering a regular language that is letter-equivalent to the prefix-language of L
and thus it is, essentially, sufficient to decide the property for a regular language.
The argument for the correctness of the algorithm is much simpler than in the
original proof that relies directly on properties of context-free derivations. Here
the adjective “simpler” naturally ignores the fact that we are using the powerful
result of Parikh’s theorem [12, 4, 16]. Another drawback is that the size of the
nondeterministic finite automaton (or regular grammar) obtained by Parikh’s the-
orem to accept a language letter-equivalent to the given context-free language can
be much larger than the size of the original context-free grammar. Furthermore,
although the algorithm is now conceptually simpler, in the worst case it needs to
check an exponential number of cycles in the automaton.

An advantage of the new decidability proof is that exactly the same method
allows us to decide the generalized (linear or logarithmic) fairness conditions for
context-free languages that were left open in [10].

2 Definitions

Here we present some definitions needed later. More details on formal languages
and finite automata can be found e.g. in [1, 4, 16, 17]. For all unexplained notions
we refer the reader to these references.

The symbol IN denotes the set of non-negative integers. The cardinality of
a finite set S is denoted #S. The set of words over an alphabet ¥ is £* and
£+ = £* — {A}. Here A denotes the empty word. If not otherwise mentioned, by
an alphabet we mean always a finite alphabet. A word w; is a prefiz of w € T* if
we can write w = wyws, (w1, we € ¥*). For L C ¥* the prefix-language of L is
defined as

pref(L) = {w e T* | 3w’ € T*) ww' € L}.

The length of a word w € ¥* is |w| and, for a symbol ¢ € £, |w|. denotes the
number of occurrences of ¢ in the word w.

Words wy,we € E* are said to be letter-equivalent if for each ¢ € ¥ we have
|wi]e = jwe|e. Languages Ly and L» (C 3*) are letter-equivalent if for each wy € L,
there exists w2 € Lo such that w; and ws are letter-equivalent, and vice versa. This
means that the words of L, are exactly some permutations of the words of L;.
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A finite automaton is a four-tuple A = (@, %,s,Q',8) where Q is the finite
set of states, ¥ is the input alphabet, s € @ is the initial state, Q' C Q is the
set of accepting final states, and § C @ x ¥ x @ is the transition relation. Note
that for given ¢ € Q and @ € ¥ there may exist more than one state ¢’ such that
(g,a,q’) € 4, that is, the automaton is allowed to be nondeterministic.

The transition relation is extended in the natural way from symbols of ¥ to
arbitrary words of ¥* and we denote also the extended transtion relation (C @ %
¥* x Q) by the same symbol §. The language accepted by A is

L(A)={weX"| (g€ Q) (s,w,q) €4}
A path of the automaton A is a sequence
a=(ql,a1,qQ,a2,...,am_1,qm) (1)

wherem >1,¢, € Q,i=1,....,m,a; €X,j=1,...,m—1, and (g;,a;j,¢j+1) €
forall j € {1,...,m —1}.

The above path is said to be accepting if ¢ = s and ¢, € Q'. The automaton
A is said to be reduced if all states of Q) occur in some accepting path of A. It
is well known that we can determine the unnecessary states of an automaton and,
thus, we can effectively transform A into an equivalent reduced automaton. The
underlying word of a path « as in (1) is

word(a) = ajas - - a1 € L.

A path (1) is said to be a cycle if m > 2 and ¢; = ¢,,,. Note that a sequence
(q1) consisting of a single state (with no transitions) is a path but not a cycle. A
cycle as in (1) is said to be primitive if for no (4,5) # (1,m), 1 <i < j < m, the
sequence

(¢ @is Qi1 Qi1 - - - Q-1 G5) (2)
is a cycle. A path as in (1) is said to be primitive, if for no 1 < i < 7 < m, the
sequence (2) is a cycle.

Intuitively, a primitive cycle does not contain any proper subcycles and a prim-
itive path does not contain any subcycles. In (1) the ¢;’s need not be distinct and,
thus, an automaton A may have an infinite number of cycles (or paths). However,
the number of primitive cycles and paths is always finite.

We can define in the natural way the catenation of two paths provided that the
first one “ends” with the same state as the second one “begins” with. Let « be as
in (1) and

/g = (pla bl; R br—l;pr):
where p; € @, b; € 8,1 <i<r, 1 <j<r—1 If g = p; then the catenation of
the paths a and 3 is defined to be

@ IB = (q1,al,q2,a2,. "1am—17qm7blap27'":br—l;pr)-

If g # p1 then the catenation of a and f is not defined. Note that a cycle can
always be catenated with itself.
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Finally we fix the notation used for context-free grammars. A context-free gram-
mar is a four-tuple G = (N,%, S, P), where N is the nonterminal alphabet, ¥
is the terminal alphabet, (N NX = @), S € N is the initial nonterminal, and
P C N x (N UZX)* is the finite set of productions. A production (X,w) € P is de-
noted as X — w. The productions define in the standard way the rewrite relation
of the grammar =¢C (N U X)* x (N U X)*, and the language generated by G is
L(G) ={we L*| S =% w}

A context-free grammar G = (N, X, S, P) is in Chomsky normal form if all
productions of P are of the form X — YZ or X — b where X,Y,Z € N and
b € . The grammar G is said to be regular (or right-linear) if all productions of
P are of the form X — wY or X — w where X and Y are nonterminals and w
is a terminal string. Every context-free language not containing the empty word
can be generated by a grammar in Chomsky normal form. The regular grammars
generate exactly the regular languages.

When speaking about the complexity of determining some property of context-
free grammars, by the size of the grammar we mean the length of an encoding
over a fixed (e.g. a binary) alphabet of the nonterminals, the terminals and the
productions of the grammar. Similarly, the size of a finite automaton is determined
by an encoding of the states, the input alphabet and the transition relation.

3 Generalized fairness

The n-fairness condition [10, 11] requires that for any distinct symbols b and ¢ and
any prefix w' of a given word w, the difference between the numbers of occurrences
of b and ¢ in w' is bounded by n. A more general notion of fairness was also
informally discussed in [11]. Below we present the more general definition.

Definition 3.1 Let g : IN = IN be a function. We say that a language L C T*
has the g-fairness property if the following condition holds. For all b,c € T, if
w=wiwy € L then

| o le — fwale | < g(lwnl).

The definition requires that the difference between the numbers of occurrences
of distinct symbols in any prefix of a word belonging to the language is bounded
by the g-image of the length of the prefix. As a special case we get the notion of
n-fairness, n € IN, by choosing ¢ to be the function with constant value n.

When we are using a fairness condition as given in Definition 3.1, the function
g is referred to as the fairness function associated with the condition.

It is a straightforward observation that given a context-free language L and
n € IN the question whether or not L is n-fair is decidable [10]. The uniform
constant-fairness question asks for a given language L whether or not there exists
n € IN such that L is n-fair. The following result was shown in [11].

Theorem 3.1 The uniform constant-fairness problem is decidable for context-free
languages.
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Below we give a new simplified proof for Theorem 3.1. We will use the following
two propositions. A proof of Parikh’s theorem can be found for instance in [12,
4, 16]. A more elegant proof using equations over a commutative semigroup is
presented in [1, 7].

Proposition 3.1 (Parikh’s Theorem) Each context-free language is letter-
equivalent to a regular language. Given a contexi-free grammar we can effectively
construct a reqular grammar (or finite automaton) for a letter-equivalent regular
language.

Proposition 3.2 The prefiz-language of a context-free language is context-free.

Proposition 3.2 follows from the observation that if a language L is generated by
a grammar G = (N, %, S, P) in Chomsky normal form (with possibly an additional
production S — A) then pref(L) is generated by the grammar G’ defined as follows.
Denote N'={X'| X € N} and let G' = (NUN', £,5', PUP') where

P = {(X'-2YZ , X'-5Y'|X>YZeP; X,Y,Z€ N}
U{X'>b|X 2beP;, XeN, beZ}U{S - A}

We assume that S, and hence also S’, does not appear in the right side of any
production.

Now we can prove Theorem 3.1 relying on the above results.
Proof of Theorem 3.1. Let G be a given context-free grammar with terminal
alphabet ¥. By Proposition 3.2 there exists effectively a context-free grammar G’
such that L(G') = pref(L(G)). Now there exists n € IN such that L(G) has the
n-fairness property iff there exists n € IN such that for all w € L(G'),

(Vb,c € Z) [ |wlp — |wle| < m. 3)

By Parikh’s theorem there exists effectively a finite automaton A such that L(A) is
letter-equivalent to L(G'). This means that, given n € IN, the condition (3) holds
for all w € L(G") iff the same condition holds for all w € L(A).

Without loss of generality we can assume that A is reduced. Let n € IN be fixed.
We claim that the condition (3) holds for all w € L{A) iff the below conditions (i)
and (ii) hold.

(i) For all accepting primitive paths o of A, and all b,c€ £,

| [word(a)|s ~ [word(a)|. | < n.

(ii) For all primitive cycles § of A, and all b,c € ¥,

|word(8)|s = |word(B)|e.



198 Kai Salomaa, Sheng Yu

For the “only if” part assume that (3) holds for all w € L(A). Consider arbitrary
b,c € ¥. Now (i) follows from the fact that word(a) € L(4) if a is an accepting
path. For the sake of contradiction assume that

,B = (ql;ala cee ;qm.—lya'nl—laql)7
G €Q,a; €%,1<4,j<m—1,m>2,isa (primitive) cycle where, for instance,
|word(B)}s > |word(B)]c.

Since A is reduced, the state ¢; is reachable from the initial state and a final state
is reachable from ¢;. Thus, there exists an accepting path of A that can be written
in the form =, - 8 - 72. Denote

= | lword(m1 - 72)lo — Iword(m1 - 72)le |-

Then
n=m- oy
is an accepting path such that word(n) does not satisfy (3).

Conversely, assume that the conditions (i) and (ii) hold and let b,c € T be
arbitrary. Starting from an arbitrary cycle we can delete primitive cycles one-by-
one without changing the difference between the numbers of occurrences of the
symbols b and c¢. The process eventually results in a primitive cycle and, thus, it
follows that any cycle of A has equally many occurrences of the symbols b and c.
An arbitrary accepting path can be written in the form

Mo Y2 k=1 Yk,

where k> 1,7, 1 <i<k—1,isacycleand v, -y2-... 7 is a primitive accepting
path. This completes the proof since the words of L(A) are exactly the underlying
words of accepting paths of A. O

In the above proof, the answer for a reduced automaton A is “yes” for sufficiently
large n iff the condition (ii) holds, that is, the condition (i) would not be needed at
all. The condition (i) was included only to make more transparent the idea that the
same method can be used below for the linear and logarithmic fairness functions.
When considering a fixed fairness function, we need to have some condition also
for the accepting primitive paths.

The above proof of Theorem 3.1 is quite simple when compared to the proof
given in [11], at least if we ignore the fact that we are relying on Parikh’s theorem.
On the other hand, the algorithm obtained from the original proof is more efficient,
although it also requires exponential time. Note that the construction that for a
given context-free grammar G produces a regular grammar generating a language
letter-equivalent to L(G) greatly increases the size of the grammar [4, 12, 16]. We
do not know whether the construction could be improved in this respect.

The construction using Chomsky normal form grammars outlined above for
the proof of Proposition 3.2 also increases the size of a given grammar since the
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Chomsky normal form can have many more nonterminals and productions than
the original grammar. However, this overhead could be avoided. The construction
in the proof of Proposition 3.2 does not require that the grammar is in Chomsky
normal form if one uses more carefully defined rules to determine the behavior of
the primed nonterminal that denotes the end of the prefix in the derivation tree.
Also, the assumption that the given finite automaton is reduced is not problematic
since this property can be tested in low polynomial time.

Although it is perhaps intuitively simpler than the construction of [11] that de-
termines properties of context-free derivations, the algorithm testing the primitive
loops of a finite automaton still requires exponential time. This follows from the
below example.

Example 3.1 Let n € IN and consider the finite automaton A, = (Q,X%,s,Q’',d)
where & = {a,b}, @ = {1,2,...,n}, s = 1, Q' = {n}, and § consists of the
transitions (i,z,1+ 1), (n,z,1) wherei=1,...,n—1 and z € {a,b}. Then the size
of Ap is O(n -logn) and the number of primitive cycles in A, is O(2™).

By the above remarks, the decision algorithm given by the proof of Theorem 3.1
is extremely inefficient. However, it is useful because with small modifications the
same method allows us to show that also the generalized (logarithmic or polyno-
mial) fairness condition is decidable. This question was left open in [11]. First we
consider the case where the fairness function is linear.

Theorem 3.2 Let g(z) = 72+ Kk be a linear function where T and s are constants.
For a given context-free grammar G we can effectively decide whether or not L(G)
has the g-fairness property.

Proof. Let ¥ be the terminal alphabet of G. Similarly as in the proof of Theo-
rem 3.1, by Propositions 3.1 and 3.2, it is sufficient to check, for a reduced finite
automaton A, and for each pair of symbols b, ¢ € X, whether or not

(Vw € L(A)) | |wlp = |wl|c | < 7|w| + &. (4)

If 7 is negative, we can decide (4) by determining whether L(A) contains a word w
that makes 7|w| + k negative and then going through the finite number of shorter
words. Thus, we can assume that 7 is non-negative in the following.

We claim that (4) is equivalent to the below two conditions:

(i) For all accepting primitive paths a of A,

I lword(a)|p — |word(a)|. | < T|word(a)| + .

(ii) For all primitive cycles 3 of A,

H word(8)]p — lword(B)l. | < T]word(B)|.
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First assume (4). This directly implies (i) since word(a) € L(A) for all accepting
paths «. If (ii) would not hold then there exists a cycle 8 such that

| [word(B)]s — [word(B)|. | > T|word(B)].

Since A is reduced, it follows that A has an accepting path of the form v, - 8- 5.
(This is seen using a similar argument as in the proof of Theorem 3.1.) Since
word(y - 12) € L(A), we have

| [word(v1 - 72)|s — [word(m - ¥2)lc | £ Tlword(y; - y2)| + &.
Denote the constant 7|word(y; - 2)] by D, and let
n(m)=m-B" 7, meNN.

Then
word(n(2D + 2k + 1)) € L(A)

violates the condition (4).

For the converse part assume the conditions (i) and (ii). Similarly as in the
proof of Theorem 3.1, we observe that an arbitrary accepting path of A can be
written in the form

VoMY e Yk (5)
where k > 1,7, 1 <i<k—1,is acycleand 7, - y2-- -y is a primitive accepting
path. The inequality of condition (ii) extends to arbitrary cycles and, thus, the
underlying word of (5) has to satisfy (4). O

We can naturally consider also the uniform linear fairness question: Given a
context-free grammar G decide whether or not there exist constants 7 and & such
that L{(G) has the (rz + k)-fairness property. From the proof of Theorem 3.2
it follows that the answer to this question is “yes” iff all primitive cycles of the
constructed automaton A contain occurrences of each symbol of .

As a corollary we see that also the logarithmic and polynomial fairness con-
ditions are decidable for context-free languages. The question of logarithmic or
polynomial fairness is reduced, essentially, to the linear casc by testing separately
a finite number of special cases.

Corollary 3.1 For a context-free language L it is decidable whether or not L has
the log-fairness property.

Proof. Let ¥ be the alphabet of L. Exactly as in the first part of the proof of
Theorem 3.2, in order to decide the log-fairness property for L, it is sufficient to
decide for a reduced finite automaton A, and for all b, ¢ € ¥, whether or not

(Vw € L(4)) | fwly ~ wle | < log(lw]). (6)
Let b,c € ¥ be fixed. We first observe that if for some cycle a of A we have

|word(a)|y # |word(a)|. (7
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then the condition (6) does not hold. To see this observe that since A is reduced,
there exists an accepting path v; - - v, and, by pumping the cycle a sufficiently
many times, we obtain an accepting path such that the corresponding underlying
word violates (6).

We can effectively test that no cycle a satisfies (7) just by going through the
primitive cycles. If this is the case, then we can determine whether or not (6) holds
by checking the finite number of primitive accepting paths. O

Note that the above proof relies only on the fact that the fairness function grows
asymptotically slower than any linear function.

Corollary 3.2 Let p : IN = IN be a polynomial function. For a contezt-free lan-
guage L over an alphabet ¥ it is decidable whether or not L has the p-fairness

property.

Proof. Since the linear case was considered above we can assume that the rank of
p(x) is at least two. Furthermore, we may assume that the coefficient of the term
of highest rank in p(z) is positive because otherwise any infinite language would
not have the p(z)-fairness property. (Note that we can effectively decide whether
or not a given context-free language is infinite.)

Again it is sufficient to decide for a reduced finite automaton A, and for all
b,c € %, whether or not

(Vw € L(A4)) | hwls — |wle | < p(|w]). (8)

In the following let b, ¢ € T be fixed. By our assumptions concerning the polynomial
p(z) we can effectively find M € IN such that

p(z) >z forallz > M.

Since | |w|p — |w]. | cannot be greater than |w|, in order to decide (8), it is sufficient
to test the condition for words of L(A) of length at most M. O

Intuitively, we can say that a super-linear fairness condition is satisfied unless
it is violated by some word of constant length, where the constant depends only
on the fairness function. It can be noted that the decision algorithm given by the
above proof is extremely inefficient since it uses an exhaustive search over all words
of at most a certain length.

Finally, we may note that [11] considered also a notion called initial fairness,
where the fairness condition for symbols b,¢ € ¥ is required to hold only “as long
as” the remaining suffix contains occurrences of both symbols b and c. It was
shown that the uniform initial contant-fairness question is decidable for context-
free languages. The proof of Theorem 3.2 could fairly easily be modified to show
that also the initial linear fairness (or polynomial fairness) condition is decidable.
However, we feel that the notion of initial fairness is well motivated, perhaps, only
in the constant case. The reason is that the standard constant fairness condition
by itself is very restrictive as it requires that all words contain almost the same
number of occurrences of arbitrary symbols b and c.
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