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Framework for Generating Object-Oriented
Databases from Conceptual Specifications

Gyorgy Kovécs * Patrick van Bommel !

Abstract

When designing underlying databases of information systems, data are
first modelled on conceptual level, then the obtained conceptual data models
are transformed to database schemas. The focus of this paper is the trans-
formation of conceptual models into database systems with object-oriented
features. The transformation is captured within the framework of a two level
architecture. Conceptual models are first mapped to abstract intermediate
specifications, which are then transformed to database schemas in a given
target environment. This enables us to treat different target systems, such as
object-oriented and object-relational systems including the standards ODMG
and SQL3, in a uniform way. To express intermediate representations of con-
ceptual models we use F-logic, a logic-based abstract specification language
for object-oriented systems. We focus on the first step of the overall trans-
formation, i.e. the mapping of conceptual models into F-logic. Several trans-
formation alternatives are discussed, and a corresponding graphical notation
for specifying transformation alternatives is provided.

Keywords: database design, data transformation, conceptual data mod-
els, OO models

1 Introduction

It has been generally agreed on that conceptual data modelling is very important
when building information systems. This means that data must be modelled first
on conceptual level, and then the obtained conceptual model (conceptual schema)
must be translated to the external and internal level, according to the three level
architecture for information systems modelling ([15]). By doing so, the issues of
correctness and efficiency are well-separated, which is quite desirable. In this paper
we deal with the transformation of conceptual data models to the internal level.
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Internal (implementation-oriented) models are considered to be database models
that are supported by database management systems (DBMS) running on comput-
ers. It is also assumed (required) that some database language is provided for such
a model. The well-known relational model ([11], [36]) is the underlying database
model of today’s RDBMSs and the related database language is typically SQL (see
e.g. [13]). However, the relational technology is not always appropriate for some
real-life applications, e.g. multimedia or geographical applications, where usually
highly structured, complex objects must be stored and manipulated. To overcome
the limitations of the relational model, advanced database models have been devel-
oped, such as the nested relational model (see e.g. [30], {1], [5]) along with proposals
for nested SQL extensions (e.g. [27], [28], [23]) as well as database models with
object-oriented features. Database systems with object facilities serve as candidates
for next generation database systems. Although a number of such models and query
lahguages have been proposed (see e.g. [2], [32], [4], [31], [19]), there is no object-
oriented database model and language yet, that has been commonly accepted. This
fact is known and inspired people attempting to define the requirements for next
generation DBMSs ([3], [34], [20], [12]). Basically, two main approaches, the pure
object-oriented (OO) and the object-relational (OR), compete with each other and
seem to co-exist in the future. The same is reflected in the standardisation efforts
resulting in the ODMG-93 ([9]) de facto standard for truly object database systems
and SQL3 ([24]) for object-relational systems, though some compatibility between
them is also aimed.

For data modelling a number of semantic modelling techniques have been devel-
oped, such as (extended) ER ([10], [14]), NIAM ([26]) and PSM ([18], [16]). Seman-
tic modelling has been used in practice for long and has proved to be a powerful
technique. The mapping of resulting conceptual schemas into relational environ-
ments is well-defined (see e.g. [35], [26]) and this process is supported by many
CASE-tools. Also, a transformation mechanism to nested relational schemas has
been established ([8], [7]). Although there exist OO data modelling techniques, e.g.
OMT ([29]), for designig object-oriented databases, the use of traditional semantic
modelling will very likely not disappear from system design, but will remain as a
powerful alternative, especially in data intensive domains. Indeed, inn [33], where
semantic modelling (using extended ER) and OO data modelling are compared, it is
concluded that even when OO databases are designed the recommended strategy is:
(1) creating an EER (or e.g. NIAM) schema; (2) map it to an OO schema; and (3)
augment OO schema with behavioral constructs. As a consequence, a mechanism
for transforming semantic models into modern database systems is needed.

In this paper we deal with the problem of how fo transform conceptual data
models into somehow object-oriented database environments. Although valuable
previous work has been done on this topic (e.g. [25], [21], [6]), a general unify-
ing mechanism is still missing, which inspired our work. In general, a conceptual
data model (conceptual schema) consists of an information structure and a set of
integrity constraints, both of which require translation. In addition to the results
of existing proposals, advanced modelling constructs (set, types, list types, general-
isation) are to be considered as part of the structure translation process. Even for
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simple constructs additional tranformation alternatives can be recognized. More-
-over, a more comprehensive treatment of constrainis is necessary in general. _

In our approach (similarly to that of [6]) the transformation is captured within
the framework of a two level architecture. Conceptual schemas are first trans-
formed to abstract intermediate specifications (design step). Then the obtained in-
termediate specifications are translated into the final implementation environment
(implementation step). This means that in case of different target environments
the same design step can be applied and only the implementation step will differ.
That is, choosing a new target system requires only the implementation step to be
adapted. Thus, as the main benefit of this approach, we gain general applicability.
The common design decisions can be factored out in the first step. Here we focus
on the design step, the second step is discussed only in very general terms.

For expressing intermediate representations F-logic ([19]), a logic-based abstract
specification language for object-oriented systems, is used (cf. [6]). Conceptual
models are defined in terms of PSM (Predicator Set Model, [18], [16]), a fully
formalized extension of NIAM. However, our approach is easily applicable to other
conceptual modelling techniques (e.g. ER) due to the usage of similar constructs.

In the present paper we set up the framework for a general transformation
mechanism consisting of two steps as discussed above. It serves as a basis towards
working out a comprehensive method for designing modern (OO,0R) databases
based on conceptual (semantic) data modelling. We focus on structural aspects
and outline a number of alternatives for the translation of information structures
into OO systems. A corresponding graphical notation is introduced for illustration
purposes. Since the mapping of structures is influenced by simple uniqueness (key)
constraints, such constraints are also covered. However, the transformation of
complex conceptual constraints in general is beyond the scope of the present paper,
though it belongs to the whole picture and is seen as an essential part of the overall
transformation, which has to be worked out.

The rest of the paper is organized as follows. In section 2 our approach is
presented. In section 3 the conceptual data modelling technique PSM is summarized
to an extent needed for the purpose of the paper. Section 4 gives an overview of
F-logic, that is used for expressing intermediate specifications. Alternatives for the
transformation of conceptual information structures into F-logic (the design step)
are discussed in section 5. In section 6 the transformation of an example PSM
schema into F-logic is worked out in detail. The implementation step is discussed
in general terms in section 7, where also an example schema definition in ODMG-93
is provided. Section 8 contains the conclusions and topics for further work.

2 Approach

The expected end product of the transformation of a conceptual data model is some-
thing that can be run on a computer with a given target environment (DBMS) for
creating a database. That is, at the end a sequence of statements in the database
language of the assumed DBMS has to be generated to create the corresponding
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database schema. As it was already mentioned, in our approach the transformation
is captured in the framework of a two level architecture, i.e. it is performed in two
steps as shown in figure 1. Conceptual schemas are first transformed to abstract
intermediate specifications (design step). Then the obtained intermediate specifi-
cations are translated into the final implementation environment (implementation
step). The task of the second step is the generation of statements in a concrete
database language. In [6] a similar approach is taken.

Conceptual design Intermediate implementation | DB Language
data model step specification - step statements

Figure 1: Two level architecture for transformation
There are several advantages of a two level architecture approach, e.g.:

e Provided that the intermediate specification, language is general enough to
cover all the final target models that are intended to be considered, the design
step, which is the more complex and essential part of the whole transforma-
tion, becomes the same single task for different target environments and is

" independent of the choice of the actual target system. The different system
specific details must be dealt with in the implementation step only.

¢ Provided that conceptual models and intermediate specifications have under-
lying precise formalism, the transformation from the conceptual to the in-
termediate level can be given algorithmically in a formal framework. This is
very fundamental in order to have an automated transformation mechanism.

e Since a given conceptual model may have a number of correct representations
on the internal level and possibly the best candidate should be chosen, op-
timization is important. In a two level tlanstImdtlon optimization can be
incorporated at both levels.

We have already made it clear that to express data models on the conceptual
level, we will use the Predicator Set Model ([18], [16]), an extension of NIAM ([26]).
PSM is a fully formalized expressive modelling technique. It is briefly summarized
in section 3. As potential final target environments, truly object-oriented as well as
object-relational database systems are considered including the related standards
ODMG and SQL3, respectively. Fixing an appropriate specification language for
specifying intermediate models is a basic task. When doing so, the following re-
quirements are fundamental to be taken into account: \

e The chosen specification language should be implementation-oriented, i.e. it
should be able to deal with (important) concepts of implementation environ-
ments. At the same time it should provide a high level of abstraction to make
it possible for us not to deal with the irrelevant aspects in the design step.
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e It must be general enough and support object-oriented concepts to cover
object-relational and object-oriented target systems.

o It must be provided with sufficient support for constraint specifications. On
the one hand, because the transformation of structures often imply integrity
constraints in the target database to be specified. On the other hand, because
the translation of conceptual integrity constraints typically (but not always)
results in database constraints. Although the general treatment of constraints
and their translation is outside the scope of our present paper, this is a very
essential perspectival requirement.

e Tt must have formal syntax and semantics. This makes it possible to define
our transformation in a formal framework.

To sum it up, we need an abstract and formal database model with object-
oriented facilities, that also allows to specify integrity constraints. After investigat-
ing a number of proposals (e.g. [2], [32], [31], [19]) we have concluded that F-logic
([19]) is the one that fulfils our needs the best. Models of other proposals are not
general enough and/or are not provided with precise formal syntax and semantics
and/or do not deal with constraints at all. Consequently, we use F-logic as an
abstract intermediate specification language. In section 4 an overview of F-logic
is given based on [19], where it was presented. We note that F-logic has a pure
object-oriented view. However, it can serve as an abstract intermediate specifica-
tion language in case of object-relational database sytems as well. The picture of
figure 1 can now be refined to show our approach more concretely, which is depicted
in figure 2.

PSM

design
step

F-logic

/ o
impl.
R .

. ostep

ODMG-93

Figure 2: The concrete architecture

3 Conceptual data models

In this section we give a brief overview of the Predicator Set Model (PSM), that
is used for expressing conceptual data models, without going into formal details
(for details see [18] or [16]). A conceptual data model £ = (Z,C) consists of
an information structure Z and a set of integrity constraints C. An information
structure Z is a structure consisting of the following basic components:
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1. A set P of predicators. A predicator is intended to specify the role played by
an object type in a fact type (see below).

2. A set O of object types. Object types are classified as follows:

(a) Entity types (£) and label types (£). The difference is that labels can, in
contrast with entities, be represented (reproduced) on a communication
medium. D is a set of concrete domains (e.g. string, natno) associated
with label types via the function Dom : £L — D.

(b) Fact types (F). The set F is a partition of the set of predicators P. The
fact type that corresponds with a predicator is obtained by the auxiliary
function Fact : P — F.

(c) Power types (G) and sequence types (S). Power types are also called set
" types. The intention of sequence types is to model list structures.

3. A function Base : P — O specifying the object type associated to a predica-
tor.

4. A function Elt : GUS — O specifying the element type ofA-:power types and
sequence types.

5. A binary relation Spec on.object types, capturing specialisation. aSpecb is
interpreted- as "a is a subtype (specialisation) of ", or "b is a supertype of
a””. Specialisation of label types is prohibited, and only entity types can act
as subtypes (Spec C £ x O\L). Specialisation networks are acyclic.

6. A binary relation Gen on object types, capturing generalisation. a Genb is
interpreted as ”a is a generalisation of b”, or ”b is a specifier of a”. Gener-
alisation of label types is prohibited, and only entity types can act as gen-
eralised object types (Gen C & x O\L). Generalisation networks are acyclic.
Furthemore, to avoid conflicting situations, generalised object types cannot
be subtypes. The difference between generalisation and specialisation lies in
their population (see below).

The connection between (abstract) entity types and (concrete) label types is
established by so-called bridge types. A fact type f is called a bridge type only if
it has the form f = {p, ¢} with Base(p) € £ and Base(q) ¢ £. A fact type is called
an objectified fact type if it is the base object type of some predicator.

Figure 3 shows an example information structure. In this figure we have a
number of entity types, e.g. Person and Project, represented by circles. Label
types, also represented by circles, appear in parentheses, examples are Date and
Telnr. By convention, if a label type is an identifier for an entity type, then the
label type is represented within the same circle, see e.g. entity type Person and
its identifying label type P_id. Fact types consist of predicators represented by
boxes connected with circles for their base object types. For example, fact type
Employment is a binary fact type consisting of two predicators, employed_by and
employs. S
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Figure 3: Information structure with uniqueness constraints

Figure 3 also contains representatives of advanced modelling constructs.
We have power type Pr_group with element type Project and sequence type
Daily_activities with element type Activity. Power types and sequence types are
represented by circles and boxes, respectively, around their element type.. Entity
types Manager and Coworker are specialised object types (subtypes) represented
by solid arrows from subtypes to supertypes. Their common supertype is entity
type Person. Entity type Equipment is a generalised object type with entity
types Car and PC as its specifiers. Generalisations are represented by dashed ar-
rows from specifiers to generalised types. As distinguished fact types, for bridge
types many examples can be seen, e.g. {has.Cname,is_.Cname_of} connecting
entity type Company with label type C_name. As an example of objectified fact
types we have fact type Coworkership.

Populations and constraints

An information structure is used as a frame for some part of the (real or fictive)
world, the so-called Universe of Discourse (UoD). A state of the UoD corresponds
with a so-called instantiation or population of the information structure, and vice
versa. A population Pops of an information structure 7 is a value assignment to the
object types in O, conforming to the structure as prescribed in Z. The population
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of a label type comes from the corresponding concrete domain (e.g. string, natural
number), while the population of an entity type comes from an abstract domain
containing unstructured values.

These domains are part of the universe of instances 2, which is inductively de-
fined as follows. Firstly, all possible atomic instances are contained in . Secondly,
Q contains all possible composed instances such as (a) mappings from predicators to
instances, intended for the population of fact types, (b) sets of instances, intended
for the population of power types, (c) sequences of instances, intended for the pop-
ulation of sequence types. The basic difference between specialisation (subtyping)
and generalisation is that a subtype gets the population (and identification) from
its supertype using subtype defining rules, while the population of a generalised
object type is the union of the population of its specifiers. For a formal treatment,
of populations we refer to [17]. '

Forbidden populations are excluded by so-called (static) integrity constraints.
Uniqueness constraints require uniqueness of values in some set of predicators.
Graphically such uniquness constraints are represented by double-headed arrows
next to the predicators they belong to. For example, in figure 3 we have
unique(employed.by) expressing that a person may belong to one department only.
There is a variety of other constraints, such as total role, occurrence frequency, set,
enumneration, power type, sequence type, and specialization constraints. These are
not relevant for the purpose of the present paper.

4 F-logic

To express intermediate specifications we use F-logic, an abstract logic-based lan-
guage for OO systems. In this section we shortly summarize the parts relevant
for us. For a comprehensive description of F-logic we refer to [19], where it was
presented. In [22] an overview of F-logic from the perspective of our transformation
is given.

Basic elements in F-logic are id-terms, terms built from function symbols and
variables as usual. They denote objects, classes and methods. Ground id-terms
are variable-free id-terms playing the role of logical object identifiers (oid). By
means of id-terms F-molecules can be constructed, and from F-molecules more
complex formulas can be built. F-logic is provided with a model-theoretic semantics
defined by means of semantic structures called F-structures. F-structures and the
satisfaction of formulas are defined in such a way that the commonly known QO
features are incorporated. Along with the description of its syntax, below we give
an informal summary of the semantics of F-logic, for details see [19]." F-molecules
are defined as follows (C, D, O, M, R, A;-s, R;-s, AT;-s and RT;-s below are
id-terms, k,{ > 0).

Is-a assertions of the form C :: D and O: C stating that class C is a subclass of
class D and object O is a member of class C, respectively. Each class is subclass
and superclass of itself. The subclass relation is transitive, and subclass hierarchies
are acyclic. Objects belonging to a class also belong to any superclass of that class.
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Structures (signature expressions, see below) are inherited from superclasses.

Object mulecules of the form O a ’;-separated list of method expressions |. A
method expression can be a scalar date expression M@ A,,..., A, — R, a set-
valued data expression M @ Ay, ...,Ar—» {Ri,....,Ri}, a scalar signature ez-
pression M @ AT, ..., AT, = (RTy,...,RT}), or a set-valued signature expression.
M@AT,, ..., AT, = (RT\, ..., RT}). Here O denotes an object or a class. M cor-
responds to a method. In data expressions it denotes method invocation, while
in signature expressions it denotes the signature of some method. The syntactic
context of M indicates that the corresponding method is a scalar function (=, =)
or a set-valued function (—», =%). In scalar data expressions R represents the
output of the method M when invoked on object O with arguments Ay, ..., Ay. In
set-valued data expressions R;-s represent elements of the resulting set. In signa-
ture expressions RT;-s represent the types (classes) of the result (scalar case) or the
types of the elements of the result (set-valued case) of the method M when invoked
on an object of class O with arguments of types ATy, ..., AT;. The output (or the
elements of the output, resp.) of the method must belong to all the RT} classes.
When only one result type is specified the parentheses may be omitted.

From F-molecules complex formulas (F-formulae) can be built by means of
logical connectives (A, V, ) and quantifiers (V,3d) with their usual interpretation.
The implication connective ” ¢«— ” can also be used as usual, i.e. ¢ «— ) is a
shorthand for ¢ V —1.

F-logic databases (F-programs), well-typing

An F-logic database, also called an F-program, is basically an arbitrary set of F-
formulae. Since this definition is too general, restrictions on the form of the allowed
formulas are applied. An F-program P consists of a set of rules, statements of the
form head +— body, where head is an F-molecule and body is a conjunction of liter-
als (F-molecules or negated F-molecules). The semantics of F-programs is given by
Herbrand interpretation, more concretely by canonic Herbrand models (H-models).
An F-program can be structured in such a way that its schema (declaration) part
and data (object base) part are shown separately.

Example 4.1
Let’s suppose that we have a simple database about persons, employees and
projects. Such a database can be defined by the following F-program.:

Schema (declarations)
employee :: person
person [name = string;
age = integer ]
employee [ salary = integer;
works_for = project ]

project | title = string;
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budget = integer;
is_involved @ employee = boolean |

Object base

smith : person

jane: employee

natlang : project

dbopt : project

smith [name =" John Smith”;

age — 38]

jane[name —” Eva Jane”;
age — 22;
salary — 5100;
works_for —» {dbopt, natlang} |

natlang[title —»” Natural Language Processing”;
budget — 50000 ]

dbopt [title = 7 Database Optimization”;
budget — 65000; -
is_involved @ jane — true]

Note that class membership relations concerning simple objects, e.q.
38 :integer, are omitted in the example. O

In the schema part of example 4.1 we defined the classes person, employee and
project. The is-a assertion states that employee is a subclass of person. The object
molecules in the schema contain only signature expressions specifying argument and
result types of methods and attributes. For example, works_for is a set-valued
attribute in class employee returning a set of project objects for an employee.
1s-inwolved represents a scalar method with one argument of type employec. When
it is applied to a project with a given employee it returns true or false.

The data part of example 4.1 describes the actual content of the database.
Objects are identified by logical object identifiers. Is-a assertions represent class
memberships. For instance, the example shows that Eva Jane identified by jane is
an employee. For individual objects the values of attributes, or more generally the
results of method invocations with some arguments, are given by data expressions
, e.g. name — 7 Eva Jane” for employee jane, and is_inwvolved @ smith — true for
- project dbopt. .

The connection between data expressions and signature expressions is not cap-
tured by the defintion of F-structures. This link is provided at a meta level by ineans
of well-typing conditions. Informally, an F-program P is well-typed if canonic H-
models of P obey the type restrictions given by signature expressions occuring in
P. This means that (1) for any data expression on any object in P there exists a
covering signature expression (i.e. the method can be invoked on the object with
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the given arguments), and (2) the result of such a data expression is of type pre-
scribed by the covering signature expression. Note that the F-program of example
4.1 is well-typed.

Constraints

In database systems usually a set of integrity constraints is associated with a partic-
ular database to disallow invalid database states. F-logic itself does not define the
concept of integrity (semantic) constraints. In [6], however, it has been extended
for this purpose. We use the extension presented there. An integrity constraint in
F-logic is an arbitrary F-formula. An F-program with constraints is a tuple (P, IC),
where P is an F-program and IC is a set of integrity constraints (F-formulae). As a
syntactic convention, integrity constraints are preceded by the symbol ”!— 7. The
semantics of an F-program with constraints (P,IC) is defined by some canonic
H-model of P that is also a model of IC. In order to be a well-typed F-program
with constraints (P,IC), P must be well-typed.
Example 4.2

Let’s suppose that in the F-logic database of example 4.1 project titles must

be unique. The corresponding F-program now is extended to become an F-

program with constraints containing the single constraint as follows:

- X3 =Xy «— Xy:iproject(title = Y] A Xy:project [title — Y]
O

In the above example we used Xj:project|[title - Y] as a shorthaud for
X1 :project A Xy :[#itle = Y] (with X» analogously). This kind of shorthand is
often used in F-logic. The equality predicate = (defined in [19]) expresses that two
objects are identical.

In section 6.2 some macros (shorthands) will be introduced for specifying key,
mandatory and inverse constraints on F-logic level. Such constraints have to be
generated during the transformation of information structures in several situations.

Lists and sets

For the transformation of PSM sequence types we need an F-logic construct that
is usually known as list. F-logic itself is not provided with list data types, but lists
can be modelled by defining a parametric family of classes, see [19] or [22]. We also
need to translate PSM power types. Although the concept of set-valued attributes
(methods) enable to manage sets, its applicability is limited. Defining attributes of
nested sets (sets of sets) is not easy and natural. In [22] we defined a parametric
family of clagses for this purpose. From now on we assume that the aforementioned
parametric classes are defined in each F-program, and list(t) and set(t), where ¢ is
a ground id-term denoting a class, can be used in F-programs whenever needed.
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5 From PSM to F-logic: the design step

5.1 Framework

In this section we outline the essence of our approach to the transformation of
conceptnal models into F-logic (design step, see figure 2) by means of activity
graphs with different decomposition levels. States denoted by ellipses are input,
and/or output of activities denoted by rectangles.

Basicully, since the final goal is database schema generation, we are interested
in schema (data structure + integrity constraints) transformation. However, the
semantics of conceptual structures, and more particularly, the constraints are de-
fined in terms of populations. This means that we have to deal with population
transformation too. In fact, populations must be transformed anyway when our
approach is integrated in an executable transformation mechanism concerning also
operations and their transformation. Such an execution model is essential e.g. for
optimizatiorn.

- ~
4 \

PSM schema

'

i

. 1
Population 1
1

I

’

Database transformation (design step)

1

I

I

: Schema Population

I transformation transformation
I

1

!

F-progfam wi

F-program F-logic constraints

Figure 4: The design step

As depicted in figure 4, a PSM schema ¥ = (Z,C) together with a population
Popz (PSM database) is translated to an F-program with constraints (P,IC). The
activity graph of this figure already shows a first level decomposition to separate
the schema from the population and their transformations. The population is
represented in P (object base part), while the schema (structure + constraints)
is represented in P (declaration part) as well as in IC. For the transformation
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of populations and constraints (part of the schema) the result of the structure
transformation is needed. That is the reason for the upward-directed arrows.

Information
structure

Schema transformation

transformation transformation

I

i

t

I .

, Structure Constraint
I

I

I

I

1

~
\

Figure 5: Decomposition of schema. transformation

To illustrate the transformation of schemas in more detail, the corresponding
part of the diagram of figure 4 is decomposed as depicted in figure 5. The in-
formation structure Z becomes (the declaration) part of P on the one hand, and
some basic constraints (e.g. inverse constraints) are also generated. Figure 5 also
shows that the transformation of structures is influenced by uniqueness constraints.
Except simple uniqueness constraints (over single predicators), the conceptual con-
straints in C are translated to F-logic constraints in IC in general. The transforma-
tion of constraints takes both the conceptual structure and its internal counterpart,
as its input. In the rest of section 5 the transformation of information structures
is discussed.

5.2 Some preliminary issues

When transforming information structures, for all possible constructs of PSM we
have to define their counterparts in F-logic. Basically, an information structure is
mapped to F-logic class definitions, i.e. a set of object molecules with signature
expressions only. For simplicity, we do not deal with assigning concrete names
to the obtained F-logic components. Instead, an abstract notational convention
is used, indicating the kind of an F-logic component and the components of the
information structure it resulted from. For example, a class is denoted by Cy,
where X contains the PSM component(s) to which the class corresponds.



116 Gyorgy Kovdcs, Patrick van Bommel

In F-logic no difference is made between attributes and methods of classes.
An attribute is considered to be a method without arguments. This enables the
uniform treatment of (stored or derived) attributes and general methods. However,
in object-oriented database systems a clear distinction between them is often made.
This will be respected during our transformation, which is important also because,
due to the elimination of certain Kinds of redundancy during information analysis, a
conceptual (PSM) schema represents data to be stored. From now on, by attributes
we mean stored attributes. The distinction between (stored) attributes and general
methods, however, is made only on syntactic (notational) level, thus preserving
their uniform treatment in F-logic. Attributes and methods will be denoted in the
form of Attrx and Methy, respectively,

For certain kinds of PSM components the translation is quite straightforward,
but for others several alternatives are possible. The basic PSM components to be
transformed are: object types, predicators, specialisation and generalisation hierar-
chies. The notion of object types in PSM is very general, it covers a number of more
specific concepts, such as entity types, label types, fact types, set types, sequence
types. Below we discuss the transformation of different PSM constructs separately.
Some (simple) solutions have counterparts presented in [6] and [21], where the
transformation is discussed in terms of ER and BRM schemas, respectively. Trans-
formation alternatives presented in the rest of this section is discussed by means of
abstract figures. Figure 6 shows how arrows in such figures are interpreted.

Cx = Class resulting from PSM component(s) X.
O — = C = Object type O is represented in class C
Cl-=-==--~ = C2 =In class Cl a scalar-valued attribute of type C2 is defined
Cl------ » C2 =Inclass Cl a scalar- or set-valued attribute of type C2 is defined

: = Grouping indication

Figure 6: Graphical notation for specifying transformation alternatives

5.3 Entity types

By default, entity types are translated to F-logic classes. The corresponding class
definitions are object molecules with signature expressions only. As an initial step,
an empty object molecule is defined for each entity type. The structure of the class
corresponding to an entity type depends on how the fact types in which the entity
type is involved are transformed.

®————éCA

Figure 7: Entity types are mapped to classes

Sometimes an entity type simply models values of a label type connected with



Framework for Generating Object-Oriented Databases 117

it (see e.g. entity type Duration in figure 3). In such cases the elimination of the
counterpart, class of the entity type is reasonable. Then the corresponding class is
substituted with the concrete domain of the connected label type.

5.4 Label types and bridge types

A label type represents a set of simple values from a concrete domain. For simplicity,
we assume that each conrete domain has a counterpart class built-in F-logic. Since
the simple values represented by label types do not have independent existence and
may only occur as part of more complex objects, for a label type L, in contrast, with
entity types, no separate F-logic class is created. It is mapped to the (asswned)
built-in F-logic class that corresponds to its concrete domain Dom(L).

A bridge type is a special binary fact type connecting a non-label type with
a label type. Assuming that the involved non-label type is mapped to a class, a
bridge type is incorporated as an attribute in that class. If a uniqueness constraint,
is specified on the predicator with the non-label type as its base, then the attribute
is scalar-valued. Otherwise, it is defined to be set-valued. Situations when our
assumption does not hold will be mentioned and treated places where they may
arise. The translation of bridge types and the related label types is illustrated in

figure 8.
O
b ¢

CA ----------- = Dom (L)

Figure 8: Mapping of bridge types and label types

5.5 Fact types and predicators

In this section we consider non-bridge fact types, when discussing the mapping of
fact types into F-logic. The transformation of fact types is not straightforward,
there are several possibilities how to transform them and their predicators. The
translation of a fact type has a strong effect on the final F-logic counterparts of the
object types involved in the fact type via predicators. Alternatives are discussed
below.

5.5.1 Trivial mapping

The simplest solution is generating a separate F-logic (relation) class for each fact
type. Then each predicator of a fact type results in a scalar-valued attribute in the
corresponding class. Figure 9 illustrates this trivial translation.

This transformation is valid only if the base object type of each predicator in f
has a corresponding F-logic class. However, this is not necessarily the case, e.g. if
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{

P S

CAI - CAn

Figure 9: Illustration of trivial mapping

a base object type is a power type. Such cases will be discussed and treated later
at the appropriate places. )

Since the population of a fact type is a set of tuples, that are in turn total func-
tions, it has to be ensured that each attribute of a fact (relationship) object carries
some value. This can (has to) be forced by introducing appropriate constraints. On
the other hand, fact objects are value-based and are identified by the participating
objects. Therefore, a constraint has to be generated requiring that no two different,
fact objects may correspond to the same combination of participating objects (see
also [6]).

Although the trivial mapping is sufficient to store all data, in order to improve
query performance additional inverse attributes can be defined in any/all of the
classes that correspond to the participating object types. Then such an inverse
attribute stores references to relationship objects in which they participate (see
also [21]). The type of inverse attributes is influenced by uniqueness constraints.
Moreover, if inverse attributes are introduced, then also inverse constraints have to
be generated to guarantee integrity.

Introducing inverse attributes with appropriate inverse constraints is a general
option in the transformation. In principle, they can be generated in all alternatives
that will be discussed for the transformation of fact types. In the sequel we will
not explicitly mention the possibility again and again.

5.5.2 Incbrporation of fact types

Fact types can be translated in such a way that they are incorporated in classes
obtained for their object types, e.g. classes for entity types (see also [21]). In
this case fact types are represented as reference attributes in such classes. More
precisely, those attributes correspond to predicators constituting fact types.

Binary fact types

First we consider binary fact types as subjects of incorporation. As shown infig-
ure 10, a binary fact type f can be incorporated in any/both of the two classes
corresponding to its two base object types. The actual kind of reference attributes
(scalar-valued or set-valued) is guided by uniqueness constraints. If f is incorpo-
rated in both classes, then an inverse constraint is needed as well.

Note that this way of transforming binary fact types looks very much like the
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D .

CA “““““““ > CB CA ettt C B

Figure 10: Incorporation of binary fact types

transformation of bridge types (see section 5.4), which is not surprising, since bridge
types are always incorporated in the classes for the non-label types involved.

Relational view of incorporation

For binary fact types the incorporation mechanism can be combined with the trivial
mapping as follows. A class is introduced for the fact type f similarly to the
case of trivial mapping. At the same time, however, one of the two base object
types is chosen, around which the related objects are arranged, similarly to the
case of incorporation. Then the predicator with the ”central” base object type
becomes a scalar-valued attribute in the class corresponding to the fact type. The
other predicator becomes either a set-valued or a scalar-valued attribute. This new
alternative is depicted in figure 11.

PO OPC
| !

Figure 11: Relational incoporation of binary fact types

Note that if a uniqueness constraint is specified on the predicator with the ”cen-
tral” base object type, then the result is indentical to that of the trivial mapping.
The combination of trivial mapping with incorporation can be viewed as a uest,
operation performed on the result of the trivial mapping. The basic constraints
mentioned there are also needed here, but they have to be adapted according to
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the different structure.

We note that basically this alternative has relational nature. Since constructs
from object-orientation are involved as well (set-valued attributes) it fits in the
object-relational approach.

Fact types of higher degree

An n-ary fact type f (n > 2) can be incorporated in a class corresponding to a
base object type of a predicator in f, for which a uniqueness constraint is specified
(provided that each object type involved in f has a counterpart class, for now i is
assumed). The situation is depicted in firgure 12.

Figure 12: Incorporation of n-ary fact types

As opposed to the binary case, here the uniqueness constraint is required, be-
cause without that the concrete relationships between objects cannot be stored
unambigously. The result of this transformation is that a class in which [ is in-
corporated will have scalar-valued attributes for referencing related objects. The
basic constraints discussed for trivial mapping have to be defined conforming this
structure. If f is incorporated in more than one class, then inverse constraints are
needed as well.

For the transformation of binary fact types we considered the combination of
trivial mapping and incorporation. Since to incorporate fact types of higher de-
gree uniqueness constraints over single predicators are required, we would get back
exactly the trivial mapping when applying such a combination. Therefore, this
alternative is not considered at all.

Quasi-incorporation

Although our latest note is valid, for n-ary fact types, where n > 2, a way to
combine incorporation with the relational view can be recognized. The mechanism
is slightly different from what we had for binary fact types. It is shown in figure
13. Fact type f is represented in a class for one of its base object types as well
as in a subsidiary class denoted by Cys. The class C4, in which f is incorporated
has an attribute (scalar- or set-valued) for referencing objects of class C'y. Those
objects represent combinations of other objects that are related to a given Cly,
object via f. The attribute in Ca, is scalar-valued if uniqueness constraint, is on
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the predicator with base A;, otherwise set-valued. As usual, structure conforming
basic constraints are needed.

Figure 13: Tlustration of quasi-incorporation

Note that, in contrast with pure incorporation of n-ary fact types, here no
uniqueness constraint has been required. That is, this kind of transformation is
more generally applicable. Note furthermore that quasi-incorporation of binary fact
does not make sense, since it would produce a subsidiary class, as an unnecessary
extra shell, with a single attribute.

5.5.3 Grouping

Since during information analysis fact types are determined such that they represent
elementary recording types ([26]), most of them are binary or ternary in practice.
That is, applying e.g. the trivial transformation would result in small but many
object classes. Instead of transforming each fact type to a separate class, another
alternative is to perform some grouping of fact types that are joinable via common
object types before generating F-logic class definitions. Then for fact types in the
same group a single class is created.

The grouping mechanism is implemented by means of a so-called grouping pro-
file. A grouping profile is a set of groupings, where a grouping is a set of sets of
predicators satisfying certain wellformedness conditions, e.g. conditions that re-
quire the joinability (predicators in a set have the same object type as their base)
and connectivity of fact types to be grouped.

One particular grouping in the grouping profile implicitly specifies a set. of fact,
types to be grouped together. The result of grouping is that one class is generated
for the fact types in one group, and all those fact types are represented in that
class. The structure of the class is obtained in such a way that one (scalar-vaued)
attribute is defined for each set of predicators (corresponding to one object type)
in the grouping and one (scalar-vaued) attribute is defined for each non-grouping
predicator occuring in the grouped fact types.

" The grouping meachnism is illustrated in figure 14. According to the figure, the
grouping profile consists of a single (maximal) grouping. That grouping contains
two sets of predicators (with common object types).
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Figure 14: Illustration of the grouping mechanism

5.5.4 OR-like grouping

In section 5.5.2 we discussed the incorporation of fact types in classes corresponding
to base object types. For binary fact types the relational variant, resulting from
the combination of trivial mapping and incorporation, was also considered. In this
section we show how this combined alternative can be further integrated with a
restricted version of the grouping mechanism.

Figure 15: OR-like grouping

The situation is depicted in figure 15. The restrictions on the general grouping
(having flat behavior) means that a particular grouping in the grouping profile may
consist of only a single set of predicators with common base object type. (Note the
difference with figure 14 with respect to the grouping indication.) Similarly to the
relational incorporation for binary fact types (see figure 11), a central object type

* is chosen around which related data coming from several (grouped) fact types is
arranged. This gives some OO characteristic to this transformation, while keeping
also the relational view of grouping. From the alternatives discussed so far the
general idea illustrated by figure 15 can be seen.
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Grouping with quasi-incorporation

In figure 13 an alternative way to incorporate fact types of higher degree (called
quasi-incorporation) with some relational characteristic was illustrated. There sub-
sidiary classes have been introduced. That mechanism can be combined with (re-
stricted) grouping analogously with the combination presented in the previous sec-
tion, as shown in figure 16. Since only alternatives discussed earlier are combined
in a way that has also been described, we do not explain this combination in more
detail.

- -

TTEEGrehl

Figure 16: Grouping with quasi-incorporation

5.5.5 Objectification

As said in section 3, a fact type is objectified if it is the base object type of some
predicator. The transformation of objectified fact types must be examined with
some special care, since it has to be ensured that data attached to facts (and not
e.g. to entities) are storable as well. Now we consider how the alternatives for the
transformation of fact types are applicable to objectified fact types.

Objectification and trivial mapping

Obviously, the trivial mapping method can be applied to an objectified fact type
as to any fact type without problems, which is the most natural solution. During
the transtormation of the rest of the information structure any of the alternatives .
can be chosen. Then the (objectified) fact type behaves as if it was an entity type.

Objectification and grouping

In principle, an objectified fact type can be considered for grouping, but not. as it
stands. In order to be able to transform the other fact types it is involved in, first it
has to be unnested with respect to all those fact types. In many cases, however, the
same final result can be obtained by applying different transformation alternatives.
Therefore, we do not deal with providing an unnest operation for objectifications
and do not consider objectified fact types to be grouped in any way.
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Incorporation of objectified fact types

In section 5.5.2 the alternative of incorporating fact types in classes for their base
object types was discussed. Binary fact types can always be incorporated, but fact
types of higher degree can be considered for incorporation at presence of uniqueness
constraints over single predicators. Incorporation of objectified fact types is a
meaningful option in even more restrictive situations only. The rationale behind
this is that beside representation of (objectified) facts, we also have to deal with
the representability of facts attached to (objectified) facts.

Figure 17: Incorporation of objectified fact type

The mechanism of incorporating objectified fact types is illustrated in figure 17.
It shows that if an objectified fact type f is incorporated in the counterpart class
of one of its base object types, then the fact types in which f participates are also
incorporated in the same class. The unambigous representability is ensured by the
required uniqueness constraint (also when f is binary).

Obviously, this transformation requires the fact types with base object type f to
fulfill the condition for incorporation. If for any of those fact types this precondition
is not satisfied, then f cannot be incorporated either. This leads to a situation that
can be captured by recursive checking and evaluation.

At some earlier points of this paper we assumed the existence of classes for base
object types when describing transformation alternatives for fact types (also bridge
types). We also promised to highlight and treat situations when it’s not the case.
Now we reached such a situation, because the incorporation mechanism is applied to
fact types with base f, but no class for f exists. The special treatment here is that
we explicitly prescribed the class in which the incorporation has to be performed
instead of the class for f. Note, however, that during the incorporation of f the
existence of classes for its base object types is still an assumption (precondition).

The relational-like incorporation for binary fact types (see figure 11) is generally
not applicaple to objectified binary fact types, only when the trivial mapping is
obtained back due to the required uniqueness constraint. Otherwise the problemn
of unambigous representability arises.

For similar reason, quasi-incorporation of objectified fact types is only possible
at the presence of appropriate uniqueness constraints. The illustrating figure is
obtained as a combination of figures 13 and 17 and is presented in figure 18 without
further explanation.
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Figure 18: Quasi-incorporation of objectified fact type

5.6 Power types

Power types in PSM represent sets. An instance of a power type is a (non-empty)
set of instances of its element type and is identified by its elements. Since in F-logic
we have the concept of set-valued attribute, at first sight it might seem that power
types can be represented simply by means of set-valued attributes.

However, set-valued attributes have limited applicability. Nested power types
(power types of power types) cannot be expressed in F-logic in terms of set-valued
attributes. For instance, in our example in figure 3 if budgets belong to groups
of groups of projects, then that situation cannot be represented by set-valued at-
tributes. Therefore, for the transformation of power types the parametric class
set(C) (discussed in section 4), where the parameter C can be an arbitrary class,
will be used. ‘

OO

Cp -+ set(Ca) Ca set( Ca) Ca
(a) (b)

Figure 19: Alternatives for power types

A power type can be transformed such that it is simply represented as a set(...)
type wherever it occurs. An alternative solution is that a separate class in defined
for the power type with one attribute containing the set elements and possibly other
attributes holding references to related objects. The choice depends on its context
and/or the designer’s preference. This consideration, however, suggests that the
transformation of power types with or without defining counterpart classes can be
both reasonable solutions, which is shown in figure 19. Our manner of transforming
a power type P covers both alternatives in a uniform way. The procedure is as
follows:
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1. First, as an initial step, a class Cp is introduced with a single scalar-valued
attribute Attreiements of type set(Cey(p)) for containing the set elements.

2. During the transformation of the information structure consider P as if it was
an entity type (remember that entity types are always mapped to classes).

3. When the whole information structure has been translated, Cp will or will
not contain attributes other than Attrgements. If Cp contains no attribute
other than Attreiements, then optionally the class Cp can be eliminated by
substituting it with set(Cen(py) where it occurs.

As it can be seen, the translation of a power type requires its element type (not
necessarily entity type, it can be e.g. a fact type) to be mapped to a class. To
take this into account, it is required that if a fact type is the element type of a
power type, then the fact type has to result in a class, i.e. it has to be transformed
according to the trivial mapping. '

Furthermore, note that although at the end power types do not necessarily
result in classes, the assumption, made at several places before, that corresponding
classes for participating object types exist when fact types are mapped (see section
5.5) is not violated, because the elimination of the counterpart class for a power
type may be performed as a final step only.

5.7 Sequence types

The transformation of sequence types into F-logic is analogous to that of power
types, see figure 20. The only differences are that (1) instead of the parametric class
set(C) the parametric class list(C) is used, and (2) the implicit attribute is denoted
by Attrsequence instead of Attt eiements. In other aspects the procedure is identical,
therefore is not further detailed here. Moreover, similar considerations and notes
are valid for the mapping of sequence types what we had for the transformation of

power types.
O) (2
AN \

Cs--=lisCa) Ca list(CA) Ca
(a) )]

Figure 20: Alternatives for sequence types

5.8 Specialisation and generalisation

Specialisation and generalisation hierarchies of PSM models are translated to sub-
class hie;'archies in F-logic. Both ASpecB and B Gen A result in C4::Cp (C4 is
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subclass of Cg). As a consequence, participating object types have to be mapped
to classes. Taking the restrictions on Spec and Gen (see section 3) into account this
means that: (1) If B is a fact type, then it has to be translated according to trivial
mapping. (2) If B is either a power type or 4 sequence type, then its corresponding
class cannot be eliminated.

So far, specialisation and generalisation were treated in the same way. However,
they are different concepts, and the difference has to be reflected on F-logic level
as well. As mentioned in section 3, the difference lies in the way subtypes and
generalised object types get their identification, and in the way their population is
derived. A generalised object type inherits identification from its specifiers and its
population is the union of the populations of its specifiers. Therefore, in an F-logic
class hierarchy that corresponds to a generalisation hierarchy non-leaf level classes
may have only object instances that belong to some leaf level class. This can be
achieved by introducing appropriate constraints.

A subtype inherits identification from its supertype and its population is a
subset of the population of its subtype and is derived by means of a subtype defining
rule. When mapping a subtype relationship, the associated subtype defining rule
has be translated too, resulting in a rule in the corresponding F-program. - The
body of the rule is the subtype defining rule translated into F-logic, while the head
is an is-a assertion specifying class membership.

5.9 Methodization

In general, an attribute of a class carries direct reference(s) to related object(s),
which means that by means of attributes (methods without arguments) only rela-
tionships between two objects can be captured. However, it would often be useful
to have a device to enable that objects related to a given combination of other ob-
jects can be obtained. This can be achieved by defining general methods (method
with arguments). A mechanism, called methodization, can be introduced for this
purpose as a complementary device in order to provide efficient access (querying)
of data stored in attributes of classes.

For example, provided that a fact type is mapped to a class, facts (relationships)
become stored objects. The attributes of a relationship object contain references
to objects that are in relationship. If now we want to know what objects of a given
class are in relationship with some combination of objects of some classes, we have
to perform an appropriate query. Clearly, it can be very useful to define access
methods to make querying (traversing relationships) easier and more efficient.

The scale of choices for methods is quite wide. The signatures of methods are
strongly influenced by uniqueness constraints. The behavior of methods can be -
defined in terms of F-logic rules. In [6] a similar technique is introduced, which is
called pivoting.
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Inverse attributes vs methodization

It was said earlier that inverse attributes can be optionally defined beside attributes
needed for sufficient storage of data. It improves query performance, but makes
update more complex. To ensure integrity, introducing inverse attributes mmnst be
done along with generating inverse constraints.

Alternatively, stored inverse attributes can be substituted with methods without
arguments. In this case the inverse constraints needed for the inverse attributes
are converted to rules in the F-program. Those rules define the behavior of the
(inverse) methods.

6 Elaborated example

Until now we discussed possible ways to transform conceptual structures to OO
database schemas. In this section we transform the PSM schema in figure 3 into
F-logic. During this mapping object molecules defining only parts of classes are
obtained often. Since, according to the semantics of F-logic, they can be unified to
get. equivalent more complex object molecules, at the end we will also preseut the
unified result.

6.1 Declarations

Entity types are mapped to classes. As an initial step, for each entity type a an
empty object molecule is generated, i.e. we obtain:

CEr/ui'pmenf, [] CC'a'r [ ] CPC [] CPe'r.s'on [] C'M anager [ ]
CCmum‘l\:e'r [] CDept. [] CBu'il(ling H CP'I'O_'jcct [] CA?':‘.'i,r;Ir: ”

CC’ompnny [ ] C/lctivity [ ] CDurat'ion [ ] CA'm,on'n.f,_of-money [ ]

Furthermore, in the initial step a class is created for each power type and se-
quence type with a single attribute for containing the set and list elements, respec-
tively:

CP’I'-[]’I'O'[L[) [Att”'elements = Set(CProject) ]
CDain_aci.ivit'ies [Att"'sequence = l";St(CAct'L"uity) ]

Specialisation and generalisation relationship result in subclass relationships:

_CManage'r ::CPerson Coworker Cperson
CCm‘ o CEq'u.'ipment CPC I CEquip'ment

Bridge types are incorporated in classes obtained for the involved non-label
type. Suppose that with the occuring label types the following concrete domains,
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that are assumed to be built-in classes in F-logic, are associated:

Dom(Date) = Date

Dom(Dollars) = Dom(Hours) = Integer

Dom(Reg-nr) = Dom(PC _nr) = Dom(P_id) = Dom(P_name) = String
Dom(Pr_name) = Dom(D_name) = Dom(B_-code) = Dom(A_code) = String
Dom(C_code) = Dom(C_name) = Dom(Tel_nr) = Dom(A_descr) = String

For identifying bridge types the predicator with non-label baée object type X is

referred to as has_X. Then the mapping of bridge types yields the following object
molecules:

CPerson [Att"'has_P_id = St"'ing] CPerson [Att7'llas;P11a1ne = St""’:”g]
CEquiy')ment [Att"'bought_on = Date] Ccar [Attrhas_Reg_no = String]
Cpc [Att"'has_PC_nr = StTing] CPraject [Att"'has_Pr_name = St"'i”[]]

Cpept. [ AttThas_D name = String] CBuilding [ AttThes_B _code = String|
C articte [ AT has_A_code = String] C activity [ AttThas_A_deser = String |
Cpuration [ Attrhgs_Hour = Integer]  Cam. _of _m. | AttThas_Dottars = Integer ]
Ccompany | AttThas_C _code = String]  Ccompany | AttThas_Cname = String)

Ccompany | Attrhas_Teinr = String]

Finally, we transform (non-bridge) fact types. In section 5.5 a number of al-
ternatives were discussed. We transform the fact types of figure 3 such that we
cover as many alternatives as reasonable according to the complexity of the input
schema. In order to identify chosen alternatives unambigously we always refer to
the corresponding figures. The specified uniqueness constraints, of course, are taken
into account.

The objectified fact type Coworkership is mapped according to the trivial map-
ping (figure 9), which results in:

CC’owm'kership [Att"'works_for = CPerson; AttThas_as_coworker = CProject ]

The binary fact type Cow-dur is incorporated (figure 10) in the class obtained
for the base object type of its predicator has_as_-duration yielding:

CCoworkership [Att"'has_as_duration = CDurat,ion ]

Incorporation of binary fact types in one of the two classes corresponding
to their base object types is applied to other fact types as well. Fact types
Salary, Activities and Budget are incorporated in classes Ccoworker, Chranager
and Cp,_group, respectively. The following object molecules are generated:

CCoworkeT [ Att"'ear'ns = CAmount_of _money ]
CManager [Att"'performes = CDaily-activities ]

CPr_group [Att7'1nay_spend = CAmount-of_money ]
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Fact type Car_usage is incorporated in both classes corresponding to the in-
volved object types (figure 10, alternative (c)), namely in Ccar and Caranager- TWO
object molecules are obtained:

CCar [Att"'used-by = CIVIanayer ]
CMmmyer [Atm'uses = G,Cur ]

In figure 11 a relational-like way of incorporating binary fact types, as the
combination of trivial mapping and incorporation (alternatively seen as nesting on
the result of trivial mapping), has been shown. Fact type Location is mapped
according to this way of transformation. Object type Dept. is chosen as the central
object type. This results in: )

CLocation [Attris_located_at = CDept.; Attraccomodates = CBuilding ]

To illustrate the alternative coming from the combination of incorporation (OO
nature) with restricted grouping (relational nature), fact types Employment and
PC _usage with common object type Person are grouped according to the OR-
like grouping shown in figure 15. The following single class (object molecule) is
generated:

C{E'rn-ployment, PC;_usage} [ Attr{emplayed-by, works_on} = Cl’erson;
Att"'employs = CDept.§ Att"’bclonys_f-o = Cpc ]

The combination of OR-like grouping and quasi-incorporation has been depicted
in Figure 16. To set an example for this mechanism, fact types AManagement and
Supply are grouped together via object type Project such that for fact type Supply
a subsidiary class Cgypy, 18 introduced. Beside this subsidiary class, a relation
class is also defined representing fact type Management and partially fact type
Supply. The obtained object molecules are the following:

CSupply' [Att"’supplies = CC’O‘mpany; Att"'is_suppl'ie(l = C/\'r:‘,icle ]

- 1 -
C{]\/Ianagement, Supply} [ Attr {managed_by, receives} = CP-roject;
AttTmmmges == CPerson§ Attryeceives = CSum)l;:/' ]

By now, each fact type of figure 3 has been translated. We did not exploit
every particular alternative discussed in section 5.5 coming from different kinds of
combinations. However, all the basic building blocks used in some combination,
such as trivial mapping, incorporation, quasi-incorporation, grouping, have been
covered.

Class elimination

After completing the transformation of the PSM structure of figure 3, the elimina-
tion of classes for power types and sequence types can be considered (see sections 5.6
and 5.7). Since the class Cpr_group contains an attribute other than Attreepients,
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it cannot be eliminated. The elimination of class Cpaity_activities, hOWever, is rea-
sonable. The class is substituted with [ist(Cactivsty) and is removed.

As mentioned in section 5.3, classes for entity types with label type nature can
also be eliminated. In our example such classes are Cpuration and Camount_of _maoney
at least. They are, therefore, eliminated. Occurrences are replaced with the built-in
classes for the concrete domains of their corresponding label types.

Unified declarations

Due to the fact that in some cases above different parts of class definitions were
obtained at different points of the transformation, some classes are defined by means
of more than one object molecule. The separate parts can now be put together as
presented below. The class eliminations above are taken into account. Clearly,
the input schema does not cover all the details of the application domain, which
lead to simple (entity) classes in many cases. Those classes likely have additional
attributes, which is also indicated below. During the above transformation we used
denotations rather than names for classes and attributes. In order to make the
example more readable we also give names to classes and attributes now.

Person [ P_id = String; name = String;...]

Manager :: Person

Manager [ daily activities = list( Activity); uses_car= Car;...]
Coworker :: Person,

Coworker [ salary = Integer; ... ]

Equipment [bought_on = Date; ... ]

Car :: Equipment

Car [reg-nr = String; used_by = Manager; ...]

PC :: Equipment

PC [penr = String; ... ]

Project|title= String; ... ]

Department [name = String; ...]

Building [ B_code = String; ... ]

Article[ A_code = String; ... ]

Activity [ deseription = String; ... ]

Company [ C_code = String; name = String; tel_nrs==» Siring;...]
Pr_group [projects = set(Project); budget = Integer;...] .

Coworkership [ employee = Person; project = Project; duration = Integer]
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Dept loc|dept = Department; building == Building]
Employment [employee = Person; dept = Department; works_on ==> PC']
Supply [ supplier = Company; article=> Article]

Project_rel [proj'ect = Project; managers == Person; receives == Supply]

6.2 Constraints

The result of the transformation of the information structure in figure 3 was influ-
enced by simple conceptual uniqueness constraints. On the other hand, in addition
to class definitions, the structure transformation results in some kinds of basic con-
straints in F-logic, such as key, mandatory and inverse constraints. In this section
we provide these constraints for our example.

Uniqueness constraints

F-logic uniqueness (key) constraints are obtained in two ways. Firstly, from the
unique representation of facts (relationships) (see also [6]). Secondly, the simple
conceptual uniqueness constraints in figure 3 are translated as well. For uniqueness
constraints the macro ”!1— Key(C, {41, ...,4n})” is defined as follows:

= X=2Y ¢+ X:C[A1=2(=») RBy;...; A= (=) R,] A
V:C[A; =(-») Ry;..; 4, = (=) R,
The notation A; —(—») R; means that if A; is scalar-valued, then — is used,

otherwise —%. In our example the following F-logic uniqueness constraints are
generated:

'— Key(Person,{P_id}) -~ Key(Manager, {uses_car})

'— Key(Car, {regnr}) '— Key(Car, {used by})

I— Key(PC, {pcnr}) - Key(Project, {title})

'— Key(Department, {name}) - Key(Building, { B_code})

'— Key(Article, {A_code}) _ I— Key(Activity, {description})
'— Key(Company, {C_code}) = Key(Pr_group, {projects})

I— Key(Cow.ship, {employee, project}) '— Key(Dept_loc,{dept})

- Key(Employment, {employee}) I— Key(Employment, {works_on})
I— Key(Supply, {supplier, article}) = Key(Project_rel, {project})

Mandatory constraints

Since the population of fact types consists of total functions, it has to be en-
sured that if a class corresponds to a fact type, then each attribute of a mem-
ber of that class (fact object) carries some value. Again, a general macro
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?1— Mandatory(C, {44, ..., A»})” is introduced to serve as a shorthand for the fol-
lowing:
- AY)X [A1 () Y] — X:C

- (AV)X A, = (») Y] «— X:C
In the case of our example the following mandatory constraints are necessary:

!— Mandatory(Coworkership, {employee, project})
!— Mandatory(Dept_loc, {dept, building})
'— Mandatory(Supply, {supplier, article})

Inverse constraints

When two attributes are considered to be inverses of each other, inverse constraints
have to be defined. According to the possible kinds of relationship types between
two classes we introduce the following three macros:

I— Inversel-1(Cy, 41, Cy, An) S 1= Y:Cy[Ar o X] ¢— X:Ci[A =Y
- Y:CI[A1—>X] — /YZCZ[A-_Z—)YV}
I~ Inversel-N(Cy, A1, Cy, A) Y 1= Y:iCy[Ar = X ]| «— X:C1[A; —» Y]
1— Y:Cl[A]—)-)X] — JYIC;)[AQ—-)yy]
I— lnverseM-N(Cy, A1, C, A2) % 1= V:Cy[Ay » X ] +— X:C1[A1—» V]
1— YZC1 [AJ_>‘>.X] — X:Cg[Ag—»)/]

In our example fact type Car_usage has been incorporated in both classes ob-
tained for the two involved entity types, namely in classes Manager and Car,
yielding one attribute in each being inverses of each other. Therefore, an inverse
constraint is also required as follows:

I— Inversel-1{M anager, uses car, Car, used.by)

Effects of specialisation and generalisation

The population of subtypes (specialisation) is defined by subtype defining rule.
This mechanisin has to be translated into F-logic. In our example we have
Manager Spec Person and Coworker Spec Person. Let Waranager and Wemorker
denote the F-logic counterpart of the subtype defining rules for subtypes Manager
and Coworker, respectively. Then we introduce the following two constraints:

I— X :Manager +— X :Person A VUpanager(X)
I— X :Coworker «— X:Person A Ycoworker(N)
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The subtype defining rules are: A person is a manager if he/she plays the role
manages. A person is a coworker if he/she plays the role works_for. It has effect
on the final result of the translation of fact types Management and Coworkership.
In class Project_rel the result type Person is replaced with Manager:

Project_rel [project = Project; managers == Manager; receives == Supply]
In class Coworkership the result type Person is replaced with Coworker:
Cow.ship|employee = Coworker; project = Project, duration = Integer |

In case of generalisation it has to be ensured that every instance in the popu-
lation of a generalised type belongs to the population of one of its specifiers. This
can be expressed in terms of constraints on F-logic level. In our example we obtain:

I— (X :Car v X:PC) «— X:Equipment

6.3 Inverse attributes and methods

As said in section 5.9, a wide range of introducing inverse attributes with inverse
constraints as well as methods with the definition of their behavior is possible.
To illustrate these general mechanisms, now we introduce an additional inverse
attribute and a method. Class Coworker is augmented with attribute involved_in
containing references to Coworkership objects in which a given person is involved.
The following additional object molecule, that can be unified with the existing one
for class Coworker, and inverse constraint are defined:

Coworker [involved_in == Coworkership|

I— Inversel-N(Coworker, involved_in, Coworkership, employee)

As an example of an access method, the method suppliers is introduced in
class Project returning the companies that supply a given article for the project
on which the method is invoked. The object molecule defining the signature of the
method is the following:

Project | suppliers @ Article =C ompany |
The semantics of the method is given by means of the following F-logic rule:
Y [suppliers@W » V] +— X :P7'oject_7'el [project = Y; receives —» Z | A
Z : Supply | supplier = V; article » W]
7 About the implementation step

The second step of the transformation (the implementation step, see figure 2) is
the translation of intermediate models defined in terms of F-logic into a OO final
target environment, e.g. SQL3 or ODMG-93. A sequence of DDL statements in the
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corresponding database language has to be generated from F-logic specifications.
Unlike in the design step, in the implementation step separate translations have
to be defined for different target environments, where all the system specific de-
tails must be dealt with. This can be implemented by means of translation tables,
containing all the system specific information (e.g. supported data types, corre-
spondece between F-logic ”built-in” classes and system specific data types) needed
for the generation of DDL statements.

Since in the present paper the main focus is on the design step, we do not further
elaborate on the implementation step. However, in the section below an example
is given in terms of ODMG-93.

7.1 Example in ODMG-93

Next the F-logic schema in section 6 obtained for the PSM schema of figure 3
is translated into ODMG-93. Beside class declarations (including the additional
inverse attribute and method), uniqueness and inverse constraints are translated.
Specifying other constraints is not supported directly in ODMG-93, therefore they
are not considered here. For the syntax and semantics of ODMG-93 we refer to [9].

interface Person
( extent Persons

keys P_id" ) : persistent
{ attribute string P.id ;

attribute string name ; ... };

interface Manager : Person

( extent Managers
keys uses.car ) : persistent

{ relationship List<Activity> daily_activities ;
relationship Car used_car ’

inverse Car:: used.by ; ... };

interface Coworker : Person »
(  extent Coworkers ) : persistent
{ attribute integer salary ;
relationship Set<Coworkership> involved_in
inverse Coworkership:: employee ; ... };

interface Activity
(  extent Activities

keys description ) : persistent
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{ attribute string description ; ... };

interface Project
( extent Projects

keys title ) : persistent
{ attribute string title ;

Set<Company> suppliers( in Article art ) ; };

interface Article
(  extent Articles
keys A_code ) : persistent
. { attribute string A_code; ... };

interface Cbmpany
(  extent Companies
keys C_code ) : persistent
{ attribute string C_code ;
attribute string name ;

attribute Set<string> telnrs; ... };

interface Coworkership
(  extent Coworkerships
keys (employee, project) ) : persistent
{ attribute integer duration ;
relationship Coworker employee
inverse Coworker:: involved_in ;

relationship Project project ; } ;

interface Supply
( extent Supplies

keys (supplier; article) ) : persistent
{ relationship Company supplier ;

relationship Article article ; } ;

interface Pl‘b_jeCtJ‘el

( extent Projectrels
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keys project ) : persistent

{ relationship Project project ;
relationship Set<Manager>> managers ;
relationship Set<Supply> receives ; 1} ;

8 Conclusions and further research

In this paper we dealt with the transformation of conceptual data models into
database environments with object-oriented features, such as ODMG-93 and SQL3.
In our approach this transformation is captured within the framework of a two
level architecture. Conceptual models are first mapped to intermediate specifica-
tions (design step). Then the obtained intermediate specifications are translated
into the database language of a given target database system (implementation
step). For expressing conceptual models we used the object-role modelling tech-
nique PSM (Predicator Set Model}, a formalized extension of NIAM. Intermediate
specifications are expressed in terms of F-logic, a logic-based abstract specification
language for object-oriented systems. The advantages of a two step tranformation
mechanism have been discussed.

Here we focused on the first step of the overall transformation. A number of
alternatives for the transformation of conceptual structures have been presented, re-
sulting in a collection of design options. Such alternatives were discussed by means
of illustrating figures. The mapping of information structures is often influenced
by simple uniqueness constraints. Also, transforming structures often imply basic
(e.g. key) integrity constraints in the target model to be generated. The treatment,
of these aspects has been incorporated. The transformation of a real life exam-
ple conceptual schema into F-logic has been worked out in detail. Moreover, the
obtained F-logic specification has been partially translated into ODMG-93, thus
illustrating the applicability of the transformation process in practice.

For further research the most fundamental topic is the full formalization of the
first (design) step of our transformation mechanism according to the formalisms
of PSM and F-logic. Beside the mapping of information structures, the transfor-
mation of populations in a formal framework is also essential, since the semantics
of an information structure is defined in terms of its possible populations. This is
important in order to prove the correctness of the transformation formally. The
general treatment of conceptual constraints, that are parts of conceptual schemas,
and their translation are to be addressed. Furthermore, issues concerning the sec-
ond (implementation) step of the overall transformation have to be worked out in
more detail. Our present paper has set up the framework and provides the basis
for a general automated transformation mechanism that covers all the aspects just
desrcibed.
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CD Grammar Systems and Trajectories®

Alexandru Mateescut

Abstract

In this paper we consider constraints, as a new research area for cooperat-
ing distributed (CD) grammar systems. Constraints are based on the notion
of a trajectory. The flexible approach provides a framework to study some
interesting properties of a CD grammar system like fairness or parallelization
of languages. The use of teams in the derivations of words is also considered.

1 Introduction

The cooperating distributed (CD) grammar systems were introduced in [2] with
motivations from Artificial Intelligence (the so-called blackboard model in problem
solving, [22]). For more details see the monograph [3].

Such a system consists of several ordinary grammars working by turns on the
same sentential form; at each moment, one component is active, the others are

“waiting. Natural variants are systems in which more components (a team) are
active at the same time. Teams can be with prescribed number of elements, non-
deterministically chosen. The notion was introduced in [8].

In this paper we consider constraints that involve the general strategy to switch
from one component (team) to another component (team).

Usually, the operation is modelled by the shuffle operation or restrictions of this
operation, such as literal shuffle, insertion, etc.

Syntactic constraints, we consider here, are based on the notion of a trajectory,
introduced in [16]. Roughly speaking, a trajectory is a segment of a line in the
plane, starting in the origin of axes and continuing parallel with the axis Oz or Oy.
The line can change its direction only in points of non-negative integer coordinates.

A trajectory defines how to skip from a component {(team) to another component,
(team) during the derivation operation.

Languages consisting of trajectories are a special case of picture languages in-
troduced in [20].

*The work reported here has been supported by the Academy of Finland, Project 137358.
Presented. at the workshop Grammar Systems: Recent Results and Perspectives, July 26-27,
1996, Budapest. :

tDepartment of Mathematics, University of Bucharest, Romania and Department of Mathe-
matics, University of Turku, Finland
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2 Basic definitions

The reader is referred to {25] for basic elements of formal language theory and to
[3] for détails about grammar systems.

For an alphabet ¥, we denote by £* the free mon01d generated by ¥ under the
operation of concatenation; A is the empty string and |z| is the length of = € £*.
If o € ¥ and w € ¥*, then |w|, denotes the number of occurrences of the symbol a
in w.

The anti-catenation operation, denoted by “°”, is defined as: ©°v = vu, for any
u,v € L*.

<A generalized sequential machine (GSM) is a 6-tuple M = (Q, %, A, 4, q0, F),
where () is a finite set of states, ¥ is the input alphabet, A is the output alphabet,
qo € @ is the initial state, FF C Q is the set of final states, and ¢ is the transition
function, i.e., a function from @ x X to finite subsets of @ x A*. Let w = wiuy ... up
be a word from ¥*, where u; € ¥, 1 <1 < n. The set of all output words of u by
M, denoted M (u), is:

M) ={w|w=ww;...wy, wherew; € §(¢;_1,u;),1 <i<m,

and 6(gp—1,un) € F}.

If L C ¥* is a language, then:

M(L) = | M(u).
wEL

For more informations about GSM, the reader is referred to [24].
A CD grammar system (of degree n,n > 1) is a construct

I'=(N,5,P,PR,...,P,S),

where N is a (nonterminal) alphabet, ¥ is a (terminal) alphabet disjoint from N,
S € N and F; are finite sets of context-free rules over NU X1 <4 < n.

For a given P;, the direct derivation == p, is defined in the usual way; we
denote by :>,:;‘_"', :>§ik, ———>12,',k, =% ———>§)i a derivation in P; consisting of exactly
k steps, at most k, at least k steps, £ > 1, of any number of steps and as long as
possible, respectively (z =>§;', y means that z =7}, y and there is no z such that
y=>p, z).

For f € {xt}U{< k,=k,> k| k > 1} we denote by L;(T') the language
generated by I in the f mode, that is

LiT)={z€% | S=} m =} .=} =0

im

1<4;<n,1<j<m,m>1}

and by CD(f) the family of such languages. (Note that we do not distinguish here
between systems with A-free and with arbitrary components.)
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Given a grammar system [' = (N, X, Py, ..., Py, w) with components N, X, P,
..., P, as above but with a string axiom w € (N U X)* instead of a symbol S € N,
and given a natural number s > 1, a subset Q@ = {P,,,..., P, } of {P,...,P,} is
called an s-team. For such an s-team ) and for z,y € (N U X)*, we write

=gy il z=z1A1zs..  Assqr1,y=T10102 .. Ysilot1,

Then the relations ::>5k,:>§k, =>5k,=:>*Q,:>29,k: > 1, can be defined as
above, with the clarification that in the ¢ case the derivation is correct when no
more rules of any of the team components can be used.

In the sequel we recall some operations from formal languages that simulate the
parallel composition of words.

The shuffle operation, denoted by LU, is defined recursively by:

aulbv = a{ulUbv) U b(aulllv),

and
ulhh = AMlu = {u},

where w ,v € X*anda b€ X .
The shuffle of two languages Ly and Lo is:

LWLy = U ul Ly,
welq,vEL,

The literal shuffle, denoted by Ly, is defined as follows:

arbrasby .. anbybyir .. by, ifn<m
W10 o LDy by by = nennd " . =7

arbyasby .. by -0, if mo<m,
where a;,0; € X.

(ulA) = (AMgu) = {u},
where v € X*.

The balanced literal shuffle, denoted by Uy, is defined in the next way:

a1brazbs ... ayb, ifn=m
aiasy ... Wby ... by, = { ntn, s

B, if n#m,

where a;,0; € X.
The insertion operation, see [7], denoted by «—, is defined as:

w— v = {v'vu" | v'u" =u,u' v € T}

All the above operations are extended in the usual way to operations with
languages.
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3 Trajectories and constraints

In this section we introduce the notion of the trajectory and that of the shuftle
on trajectories, and study their basic properties which are necessary in the sequel.
The shuffle of two words has a natural geometrical interpretation related to latticial
points in the plane (points with nonnegative integer coordinates) and with a certain-
“walk” in the plane defined by each trajectory.

Definition 3.1 Consider the alphabet V = {r,u}. We say thatr and u are versors
in the plane: 1 stands for the right direction, whereas w stands for the up direction.
A trajectory is an element t, t € V*.

O

Definition 3.2 Let ¥ be an alphabet and let t be a trajectory, t = tyts ... &, where
t; € V,1 <i<n. LetapB betwo words over &, o = ayaa...ay, = biba... by,
where a;,b; € 8,1 <i<pandl1 <j<q.

The shuffle of o with 8 on the trajectory t, denoted allsf3, is defined as follows:
if lal # |t or |B] # |tlu, then a8 =0, else

allliff = ¢1¢a ... Cpyq, where, if |tita.. ticile = k1 and |tity .. tisi|u = ko,
then

o = ag,+1, if t; =,
“t bryt1s if t; =u.

If T is a set of trajectories, the shuffle of a with 8 on the set T of trajectories,
denoted allpg, is:

ClLLITﬂ = U arLthﬂ.

teT

The above operation is extended to languages over ¥, if L, L, C T*, then we
define

Lywwurl, = U allrf.
a€ly,BEL:

Example 3.1 Let « and B be the words o = ajazazaqasasarag, B = by0203babs
and assume that t = r3ulr3ururu. The shuffle of a with B on the trajectory t is:

aLLJt[i = {(110.20,3b1bga4a5a6b3a7b4a8b5}.

The result has the following geometrical interpretation (see Figure 1): the tra-
jectory t defines a line starting in the origin and continuing one unit to the right
or up, depending of the definition of ¢. In our case, first there are three units right,
then two units up, then three units right, etc. Assign « on the Oz axis and f
on the Oy axis of the plane. Observe that the trajectory ends in the point with
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coordinates (8,5) (denoted by E in Figure 1) that is exactly the upper right corner
of the rectangle defined by « and g, i.e., the rectangle OAEB in Figure 1. Hence,
the result of the shuffle of @ with 8 on the trajectory ¢ is nonempty. The result
can be read following the line defined by the trajectory ¢: that is, when being in a
lattice point of the trajectory, with the trajectory going right, one should pick up
the corresponding letter from «, otherwise, if the trajectory is going up, then one
should add to the result the corresponding letter from £. Hence, the trajectory ¢
defines a line in the rectangle OAEB, on which one has “to walk” starting from
the corner O, the origin, and ending in the corner E, the exit point. In each lattice
point one has to follow one of the versors r or u, according to the definition of 7.
Assume now that t' is another trajectory, say:

5.3 2
t' = wr®ulrur’.

In Figure 1, the trajectory t’ is depicted by a much bolder line than the trajectory
t. Observe that:
C!LLJ,L/,B = {bmla2a3a4a5bgbgb4a6b5a7ag}.

Consider the set of trajectories, T = {t,t'}. The shuffle of & with 3 on the set T'
of trajectories is:

Uy = {alagagblbga4a5a6b3a7b4agb5, blalagaga4a5bgbgb4a6b5a7a8}.

0 oy as as ay o ag ar ags A - x

Figure 1
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Remark 3.1 One can easily observe that the follounng known operations for the
parallel composition of words are particular cases of the operation of shuffle on
trajectories.

1. Let T be the set T = {r,u}*. Then for the shuffle operation LLI, Ulp = L1,

2. Assume that T = (ru)*(r* Uu*). Note that in this case Ul = Uy, the literal

shuffle.

3. Consider T = (ru)*. Then Wyt = Wy, where Wy is the balanced literal
-shuffle. ’

4. Define T = r*u*r* and note that Wy =¢—, where «— refers to the the
insertion operation.

Assume that T = v*u*. It follows that Wy = -, where - s the catenation
operation.

N

o]

6. Consider T = u*r* and observe thet Wy =°, where
catenation operation.

denotes the anti-

0
The following two theorems are representation results for the languages of the
form LWy Ly. We omit their rather straightforward proofs.

Theorem 3.1 For all languages Ly and Ly, Ly, Ly C £, and for all sets T of
trajectories, there exist a gsm M and two letter-to-letter morphisms g and I such
that

LlLLlTLg = M(’L(Ll)l_U(j(Lg)LUT)

Our next theorem is a variant of Theorem 3.1.

Theorem 3.2 For all languages L1 and Ls, Ly, Ly C £, and for all sets T of
trajectorics, there exist a morphism ¢ and two letter-to-letter morphisms g and h,
g: L — I7 and h: & — X% where £y and Xy are two copies of X, and o requlor
language R, such that

Lylip Ly = o((h(L1)Wg(L2)LLT) N R).
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4 Constraints and CD grammar systems

Now we consider only CD grammar systems with two components. Moreover, we
assume that the rules of each component have distinct labels. The case of CD
grammar systems with more than two components can be easily obtained as a
generalization.

Let I' = (N,X,S, P, P;) be a CD grammar system with two components and
let T C {r,u}* be a set of trajectories. The constraint language generated by I is
the set of all words w € * such that w can be generated by I following a trajectory
from T, i.e. the components P; and P, are used according to a trajectory t € T'.
Whenever 7 does occur in ¢ the component Py is used, otherwise, if 4 does occur
in t, then the component P; is used.

Additionaly, one may consider constraint languages associated to each compo-
nent. These languages are shuffled on the set T" of trajectories. '

Example 4.1 LetT' = (N, %, S, Pi, P2) bé the following CD grammar system: N =
{S,X}, £ ={a,b,c},

Plz{p1:5—)aS,pg:X—)cX,m:X—))\}

Pzz{q1:5—>b5',q2:5'—)X}.

The constraint language associated to the component Py is Ly = {ppips | n > 1}
and the constraint language associated to the component Py is Ly = {g}'q2 | n > 1}.
The set of trajectories is T = {r™u™T1r"*l | n > 1}, The constraint language
associated to the CD grammar system [ is

Liwr Ly = {pTqi'g2p5p3 | 0 > 1}

One can easily verify that the language generated by the CD grammar system T
with the above constraints is:

L) = {a™"c" | n > 1}.

O

. Note that the language generated is non-context-free, but also the set 7' of

trajectories is a non-context-free language. However we will see in the next section
that this language can be generated also using only context-free constraints.

5 Regular and context-free trajectories

It is well known that the shuffle of two regular languages is a regular language.
Moreover, given two finite automata A; and A one can effectively find a finite
automaton A such that L(A) = L(A;)WL(A,).

The following theorem provides a characterization of those sets of trajectories
T for which LiUly Ly is a regular language, whenever L, L, are regular languages.
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Theorem 5.1 Let T be a set of trajectories, T C {r,u}*. The following assertions
are equivalent:

(i) for all reqular languages Ly, Ly, LiUlr Ly is a reqular language.

(i) T is a regular language.

Proof. (1) = (ii) Assume that L = 7* and L, = w* and note that LWL, =
T. It follows that T is a regular language. '

(iz) = (i) Assume that T is a regular language. Consider two regular languages
Ly, Ly. Without loss of generality, we may assume that L; and L, are over the
same alphabet ©. Let 4; = (Q;,Z,d;, ¢, Fi) be a finite deterministic automaton
such that L(A;) = L;, i = 1,2. Also, let Ay = (Qr, {r,u},d7,q3, Fr) be a finite
deterministic automaton such that L(Ar) = T.

We define a finite nondeterministic automaton 4 = (Q, X, 8, Qo, F) such that
L(A) = LitlrL,. Informally, A, on an input w € ¥*, simulates nondeterminis-
tically A; or A, and from time to time changes the simulation from A4; to A, or
from A, to A;. Each change determines a transition in Ay as follows: a change
from A, to A, is interpreted as u and a change from A, to Ay is interpreted as 7.
The input w is accepted by A iff A;, Ay and Ar accept.

Formally, @ = @1 X Q1 X @2, Qo = {(qé,qOT,qg)}, F = Fy x Fr x F,. The
definition of § is:

5(((]1:([) q2)aa) = {(61((]17(L):5T(d1 7'):(]2)! ((Ila(ST(d: “)7(52((12:‘1))}:

where, ¢; € Q1,d € Qr,92 € Q2,0 € L.
One can easily verify that L(A) = LiWyLs and hence Lijtlir Ly is a regular
language.
O
Next theorem gives a similar result as Theorem 5.1, but for context-free sets of
trajectories.

Theorem 5.2 Let T be a set of trajectories, T C {r,u}*. The following assertions
are equivalent:

(i) for all regular languages Ly, Ly, LiWiT Ly is (LACO'llte.’I.'t-fI‘GC language.

(i) T is a context-free language.

Proof. (i) = (i1) Assume that L; = +* and Ly = «* and note that LUy L, =
T. Therefore T is a context-free language.

(11) = (1) Assume that T is a context-free language. Consider two regular lan-
guages Ly, Ly. Without loss of generality, we may assume that L; and L, are over
the same alphabet . Let A; = (Q;, T, 8;, g5, F;) be a finite deterministic automa-
ton such that L(A;) = L;, i = 1,2. Also, let Pr = (Q+,T7,{r,u},dr,ql , Z7, Fr)
be a pushdown automaton such that L(Pr) =T.
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We define a pushdown automaton P = (Q,T', X, 4, Qo, Z, F') such that L{P) =
LilrLy. Informally, P, behaves as the automaton A from the proof of The-
orem 5.1, except that on the second component of the states, P simulates the
pushdown automaton Pr. That is, on an input w € ¥*, P simulates nondetermin-
istically A4; or A, and from time to time changes the simulation from 4; to A, or
from As to A;. Each change determines a transition in Pr as follows: a change
from A; to A, is interpreted as u and a change from As to A; is interpreted as .
The input w is accepted by P iff A, A, and Pr accept.

Formally, @ = Q1 x Qr x Q2, Qo = {(a}, &, @)}, F = Fy x Fy x F5, T =T'p,
Z = Zp. The definition of § is:

(5(((11 ) d) q?)a a, X) = U(s,a)EtST((l,'I',X)(((Sl ((11 ) (1), 5, qZ); Q)U

U(s’ ,a’)eéT(d,u,X)«qla Sla 6'2 ((J'Z7 a); a’)}

where, (1 € Q1,d€ Q1,2 €Q2,a€ X, X e, ac .
Additionally,

6((q1,d, 42), A, X) = Us,ayesrianx) (@1, 5, q2), @)
where, g1 € Q1, d € Qr, @2 € @2, X €T, € T,

One can verify that L(P) = LilWrLy and hence LilpL, is a context-free
language. 0
Theorem 5.3 Let T be a set of trajectories, T C {r,u}* such that T is a regular
language. :

(i) If Ly is a context-free language and if Ly -is a regular language, then LWL,
is o context-free language.

(ii) If Ly is a reqular language and if Ly is a context-free language, then Lillir Ly
s a context-free language.

Proof. The proof is similar with the proof of Theorem 5.2. For the case (i) the
pushdown automaton is simulated on the first component of the states, whereas for
the case (i1) the pushdown automaton is simulated on the third component of the
states. ]
Alternative proofs for Theorems 5.1 - 5.3 can be obtained using Theorem 3.1 or
Theorem . 3.2.

From Theorems 5.1 - 5.3 we obtain the following corollary:
Corollary 5.1 Let Ly, Ly and T, T C {r,u}* be three languages.

(i) if all three languages are regular languages, then LiUrLy is a regular lan-
guage.

(i1) if two languages are regular languages and the third one is a content-free
language, then Lilip Ly is a contert-free language.
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6 Fairness

Fairness is a property of the parallel composition of processes that, roughly speak-
ing, says that each action of a process is performed with not too much delay with
respect to performing actions from another process. That is, the parallel composi-
tion is “fair”with both processes that are performed.

Definition 6.1 Let T C {r,u}* be a set of trajectories and let n. be an integer,
n > 1. T has the n-fairness property iff for ¢ll t € T and for all t' such that -
t = t't" for some t" € {r,u}*, it follows that:

1], = [t |< n.

0
This means that all trajectories from T are contained in the region of the plane
bounded by the line y =  — n and the line y = z + n, see Figure 2, for n = 4.

Example 6.1 The balanced literal shuffle (L), ) has the n-fairness property for all
n, n> 1.

The following operations: shuffle (1)), catenation (-), insertion (+—) do not
have the n-fairness property for anyn, n > 1.

For instance, note that the catenation means shuffle on the set T of trajectories,
where (sec also Remark 8.1, 5.):

T =r*u* = {r'v? |i,j > 0}.
Therefore,
{11 = ¥l || 't € T for some t"} = {|i—j|l4,5 > 0}.

Because the values | 4 — § |, where i,j > 0, cannot be bounded by any fived constant
n, n > 1, it follows that the catenation is not n-fair for any n > 1.

A similar argument is valid to prove that shuffle and insertion operations do
not have the n-fairness property for any n, n > 1. '
Definition 6.2 Let n be a fivzed number, n > 1. Define the language Fy, by:

F, = {te VI — 1t |€n, for allt' such that t = ¢'t" ¢" € V*}.

O

Remark 6.1 Note that a set T of trajectories has the n-fairness property if and
only if T C F.

We omit the straightforward proof of the following statement.
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Proposition 6.1 For every n, n > 1, the language F, is o regular language.

Corollary 6.1 Let T be a set of trajectories. If T is a context-free or o simple
matriz language and 1 is a fized number, n > 1, then it is decidable whether or not
T has the n-fairness property.

Proof. 1t is easy to observe that for the above families of languages the problem
if a language from a family is contained in a regular language is a decidable problem.

Hence, from Proposition 6.1, this corollary follows. 0
Y
4
Ol 4 x
Figure 2

Comment. For a context-free language T C V™ it is decidable whether or not
there exists a non-negative integer n, such that T has the n-fairness property, see
[19]. However, in general it is an open problem for what families £ of languages it
is decidable this problem.

Now we use the fairness concept in connection with CD grammar systems. Let
I be a CD grammar system,

I'= (N7EvP17P.37"~aPm:S)'

Assume that the components of I' are labelled, such that P; has the label e,
1 <4 < m. Let E be the set of labels, E = {e1,ea,...,e}.

In order to extend the notion of fairness for the general case of CD grammar
systems with m components, m > 2, firstly we define the notion of a m-trajectory.
A m-trajectory is an element ¢t € E*, i.e., a word over the m letters alphabet,

{61762: ey em}'
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Definition 6.3 Let T C E* be a set of m-trajectories and let n be an integer,
n > 1. T has the n-fairness property iff for all t € T and for all ¥ such that
t =t't" for some t' € E*, it follows that:

| [E]e; = 1t']e; 1< 7,
foralll1 <4,5 <m.
A CD grammar I' has the n-fairness property iff for all terminal derivations
S =>e.-1 wy :8{2 wy =>e,'3 ce. =>e;k wy,

the corresponding trajectory e €i, . .. €5, has the n-fairness property.
A language L is n-fair, n. > 1, iff there exists a CD grammar system ' with the
n-fairness property such that L(I') = L.

O

Theorem 6.1 If a language L can be generated by a CD grammar system T such
that T' has the n-fairness property for some n > 1, then L can be generated by a
CD grammar system I in the < k mode of derivation.

The converse is not true.

Proof. Observe that for k = n the CD grammar system I' has the property that
L« (T') = L. Hence, one can simply define the CD grammar system I'" as being T.
" The converse is not, true since a CD grammar system I' can generate terminal
strings in the < k mode, just by alternating two of its components and without,
using the other components. Thus, such a derivation is not n-fair for any . O

Theorem 6.2 There ezists a non-context-free and semilinear language L such that:
(i) L can be generated by ¢ CD grammar system in the t mode of derivation.
(ii) L cannot be generated by any n-fair CD grammar system for any n > 1.

P'r()of. (7) Let L be the following non-context-free and semilinear language:
L = {a'b'd | 1<i <34}
Let T’ be the following CD grammar system:
I'=(N,X,P, Py, P;, Py, S),
where: N = {S, X, X", Y,Y',Y", Z), ¥ = {a,b,c}, and the components:
P ={S — XY,§ — XY § - X'V},
Pr={X — aX'h,Y — Y'Y — V"),
Py ={X'— aXbY' — YV, Y" — c¢Z},

Pr={X'"— abY" — ¢, Y" — c¥"}.
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One can easily verify that L;(T) = L.

(#2) In order to prove this statement, assume by contrary that L can be generated
by a CD grammar system I' that has the n-fairness property for some n > 1.

Clearly, I’ must have a component, say «, that increases the number of occur-
rences of the symbol a at least by one. Similarly, I" should have a component, say
-, that increase the number of occurrences of the symbol ¢ by s. Assume that s is
the maximumn of the number of ¢ symbols that can be produced by a component,
when it is applied only once.

Since the CD grammar system T is n-fair for some fixed n > 1, it follows that,
after each 1. consecutive steps in a derivation the number of occurrences of the
symbol a is increased with at least 1 and the number of occurrences of the symbol
¢ with at most (n — 1)s.

Therefore, if a terminal derivation has length p, where p = ng + r, such that
0 < r < n, then the derived word has at least ¢ occurrences of the symbol a and at
most q(n — 1)s + rs occurrences of the symbol c.

Assume that this derivation produces the terminal word w = *b*¢/. Note that
q < i and that j < g{n —1)s+rs < g(n — 1)s + ns. Therefore j < i(n — 1)s + ns.
Note that n and s are fixed constants.

It follows that the CD grammar system ' cannot generate words ab’c’ with
j > 4(n —1)s +ns. This contradicts our assumption that L(T') = L. 0

Comment. The above theorem is similar with another, well-known result from
the theory of CD grammar-systems, see [3]. The derivation mode = k gives also
some idea of fairness. However, it is known that the language

L={a*|n>1)}

can be generated by a CD grammar system in the # mode, but L cannot be generated
by any CD grammar system in the mode = &.

Theorem 6.2 provides an example of a language that can be generated by a CD
grammar system in mode ¢, but it cannot be generated by any n-fair CD grammar
system for any n > 1.

7 Parallelization of CD grammar systems

In the following we shall deal with parallelization of languages using shufile on
trajectories.

lems, such that each subproblem can be solved by a processor, i.e., the subproblems
are solved in parallel and, finally, the partial results are collected and assembled
in the auswer of the initial problem by a processor. Solving problems in this way
increases the time efficiency. It is known that not every problem can be parallelized.
Also, no general methods are known for the parallelization of problems.

Here we formulate the problem in terms of languages and shuffle on trajectories,
and present some examples.
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The parallelization of a language L consists in finding languages Ly, Ly and T,
T C V*, such that L = LyUWlrLs and moreover, the complexity of Ly, L, and T
is in some sense smaller than the complexity of L. In the sequel the complexity
of a language L refers to the Chomsky class of L, i.e., regular languages are less
complex than context-free languages that are less complex than context-sensitive
languages.

One can easily see that every language L, L C {a,b}* can be written as L =
a*Urb* for some set T of trajectories. However, this is not a parallelization of L
since the complexity of T is the same with the complexity of L.

In view of Corollary 5.1 there are non-context-free languages L such that L =
L uJr L, for some context-free languages Ly, Ly and T'. Moreover, one of those
three languages can be even a regular language. Note that this is a parallelization -
of L.

As a first example we consider the non-context-free language L C {a,b, c}*,
L=Aw]||wle=|wlp=]|wlc}

Consider the languages: L1 C {a,b}*, L1 = {v || v |o=] v s}, Lx = ¢* and
T={tllth=2]¢tl}.

One can easily verify that L = L1y Ly, Moreover, note that Ly and 7" are
context-free languages, whereas Ly is a regular language. Hence this is a paral-
lelization of L. As a consequence of Corollary 5.1 one cannot expect a significant
improvement of this result, for instance to have only one context-free language and
two regular languages in the decomposition of L.

Now we consider the case of CD grammar systems. Next example shows how
one can define context-free constraints to generate a non-context-free language.

Exami)le 71 Let T' = (N,X,5,P,, Py) be the following CD grammar system.:
N ={S}, £ ={a,b,¢},

P={p;:S —aS,p2: S — bS}
Pz:{q1:S—)cS’,q2:S—>)\}.

The constraint language essociated to the component Py is L1 = {p}p% | n > 1}
and the constraint language associated to the component Py is Ly = {q'q2 | n > 1}.
The set of trajectories is T = {r*"u"*! | n > 1}. The constraint language associ-
ated to the CD grammar system T is

Lz Ly = {ppraiq: | n > 1}.
One can easily verify that the language generated by the CD grammar system T
unith the above constraints is:

L(T) = {a™b"c" | n > 1}.

O

Each set T of trajectories from the above examples concerning CD grammar

systems does not, have the fairness property. However it is not known if the language

L = {a™"¢"™ | n > 1} can be generated by a CD grammar system using constraints
with the fairness property.
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8 Conclusions

We considered the notion of trajectory in connection with CD grammar systems.
The use of trajectories in the theory of CD grammar systems offers some new pos-
sibilities to investigate this area. The concept of fairness can be introduced at the
level of the components of a CD grammar system, at the level of the productions
of a CD grammar system or at the level of the teams used in the derivations of a
CD grammar system. For the case of teams, one should put labels to all possible
teams and consider as valid only those derivations that follow trajectories from a
certain, fixed set of trajectories. Mixed fairness constraints are also possible. For
a given CD grammar system, the valid derivations can be defined as being those
derivations that satisfy a certain fairness constraint at the level of components and
another fairness constraint at the level of productions, etc. Therefore, this frame-
work offers a great flexibility in modelling the fairness phenomenon with respect to
CD grammar systems.

Fairness is a natural property of a CD grammar system and it leads to new
interesting properties. For instance, it is not known the generative power of the
CD grammar systems that use constraints with the fairness property.

There are different natural variants of the fairness property. The fairness prop-
erty can be considered also with respect to only a part (a fixed subset) of the
components (or of productions or teams) of a CD grammar system.

The fairness property can be relaxed or modified in other, different ways. For
instance one can consider the restriction that there exists a fixed 7 > 1 such that
in any terminal derivation, in any n consecutive steps of it, each component, does
occur at least once, but it does not occur more than & times, where k is a fixed
number.

The interrelations between the fairness property and the generative modes #,
=k, <k and # are subjected for further research.

A more general approach, based on geometric considerations, can be considered.
Assume that we fix two regions A and B in a many dimensional space (the number
of dimensions is equal with the number of versors that encode the trajectories).
The regions A and B are not necessarily disjoint. A derivation is considered valid
iff the associated trajectory is contained in the region A but it avoids the region B.
Note that this approach is an extensions of the notion of fairness depicted in Figure
2. There the region A is the band of the plane bounded by the lines y = 2 + 4 and
y = = — 4 whereas the region B is empty or any region outside of A.

The idea behind this considerations is also the existence of non-critical sections
(devices) described by the region A and of critical sections (devices) described by
the region B.

Another important problem is the problem of parallelization of languages, i.c., to
express a language as the shuffle of two (or more) other languages over a certain set,
(or sets) of trajectories. The possibility of decomposing a language as the parallel
composition of other, less complex, languages is of theoretical but especially of
practical interest. This problem leads to the possibility to perform the parsing
operation or other operations, by a parallel machine.



156 Alexandru Mateescu

It is an open problem to decide for a given language L (L defined using a CD
grammar system) whether or not there exist two languages Ly and L, and a set T
of trajectories, such that L = LWy Lo.

The problem of parallelization of languages opens new connections between CD
grammar systems and the theory of parallel computation.
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On Hybrid Connectionist-Symbolic Models *

Petr Sosik

Abstract

There are many similarities between grammar systems and artificial neural
networks: parallelism, independently working elements (grammars/neurons),
communication of the elements, absence of centralized control. On the other
hand, there are crucial differences between symbolic and quantitative data
processing.

We will try to give a brief overview of the methods of “building bridges”
between symbolic and connectionist paradigm and to propose some recent
results. After that, we will touch some essential problems, concerning in-
corporation of accepting/generating grammar systems and neural network
models.

Keywords: grammar system, artificial neural network, finite automaton,
grammatical inference.

1 Introduction

First let’s recall some characteristics of the constructions we intend to deal with,
emphasizing their aspects important for the following discussion. This is not to
replace broad and exact descriptions in the basic literature referred to.

Moreover, we restrict our attention to rather theoretical aspects of interactions
of neural nets and grammars/grammar systems in hybrid models. For a broader
discussion of linking symbolic and subsymbolic systems we refer e.g. to [38].

Speaking about some types of distributed systems, we will use the term “agent”
for some simple, but subsystem, interacting with the environment (including other
agents) [14]. In terms of grammar systems the agent represents usually a grammar
(Chomsky, Lindenmayer or other type [27]), in terms of neural network it represents
one neuron or a small group of them.

Let’s keep in mind that the artificial neural networks are (not only) biologically
motivated, so that each model is looked at as a mathematical machine, possibly
physically implementable. That’s why this “implementing” point of view will be
emphasized in the following paragraphs.

*Presented at workshop Grammar Systems: Recent Results and Perspectives, July 26-27, 1996,
Budapest.

fInstitute of Mathematics and Computer Science, Silesian University at Opava, Bezruv covo
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1.1 Automata

A formal automaton is an accepting device, which is primarily intended to classify
strings as accepted or rejected. Its input string (over a finite alphabet) is accessed
sequentially. At each step the automaton reads one symbol of the string (and
eventually performs some other actions), at the next step it can read the neighboring
symbol only. Generally it needs a read/write memory of an unlimited size, but in
the most cases of interest in this paper (languages within the context-sensitive
class), the amount of memory actually needed can be limited to the length of the
processed string. For basic description of formal automata and grammars we refer
to [19], [39].

1.2 Grammars

A formal grammar is a form of syntactical description of some formal language.
The most important component is a set of rewriting rules (over some finite alpha-
bet). We can interpret it as a generating device, at each step applying some of its
rules to a processed sentential form. Due to the fact, that such a device must be
eventually able to produce any string of its (often infinite) language, it is mostly
nondeterministic (which concern the selection of a rule and a position within the
processed string where it is applied). An implementation of a grammar would re-
quire an unlimited size memory for reading/writing the string just generated. The
memory must allow in principle random access, i.e. at each step any symbol(s) of
the string generated can be processed. Some types of grammars can be transformed
to a normal form suffering with sequential access. Moreover, the memory must be
able to insert new symbols into a processed string.

1.3 Neural networks

An artificial neural network (ANN) is a finite set of interconnected autonomous
agents — neurons. There exist also models of infinite size, but they are rather
special [37]. Typically all neurons in the network compute the same function (1),
where «; are the inputs, the y; is the output of i-th neuron in the network, 8; is the
threshold function, see Fig.1. Constants w;; are called weights of the inputs. For a
more detailed description we refer to [18], [34].

N
yi = 0:()  wijz;) (1)
j=1

The input of ANN is some n-tuple and the output some m-tuple of real-valued
signals. There is no relation between n and m. The neurons are often grouped to
layers, each layer being connected by its inputs to its lower and by its outputs to its
upper neighbor. Then the topmost layer is called the output layer, connecting its
outputs to the outer environment, the most bottom one with its inputs incoming
from the environmen is the input layer and the others are the hidden ones. Within
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Figure 1: The basic model of neuron and the common types of threshold function.

one-layer networks, the same categorization can be applied to single neurons. There
are also intra-layer or bidirectional connections in some models. '

The topology of the network (with respect to the paths of passing signals) can
be feedforward or feedback. In the later case, the existence of the feedback loops
can lead to the complex dynamical behavior of the network.

There is a pre-defined communication graph of the neurons. It can evolve during
a training process (some new connections can appear, some old ones can vanish,
existing ones can change their strength), but generally these changes are much
slower than the normal flow of information (signal levels) through the network.

Thus we distinguish between the learning mode of the network when the weights
(and sometimes other parameters or even topology) change, and the recall mode,
when only signal level changes. There is a lot of learning (training) algorithms,
various heuristics, which we will not discuss here in general, although it is just the
training algorithm, what mostly influences the network behavior.

From another point of view, it is possible to use ANNs with a certain set of
threshold functions for approximating any real function with arbitrary small error
[23], [30], but this approach is far from symbolic information processing we intend
to deal with.

In the most of the known models all the neurons operate in parallel (except,
for instance, Hopfield network with asynchronous mode) and there is no centralized
control of the network activity; the neuron’s behavior is influenced by its neighbours
only. Neurons can operate in both continuous and discrete time, in the latter case
often with a common clock.
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1.4 Grammar systems

A grammar system usually consists of some set of (relatively autonomous) com-
ponents (grammars, agents), performing some operations with a processed string.
The notion, originally, was introduced for modelling syntactic properties of multi-
agent systems (for details see [6] and [9]), but many variants of grammars (rewriting
systems) with regulation and/or modularization can be considered as grammar sys-
tems, too (confer to [31], [8]). Here we only emphasize some special capabilities of
grammar systems, different from those of single grammars.

e Parallelism: while grammars with parallel derivation are rather special, some
of basic grammar system models are inherently parallel, e.g. Lindenmayer
systems (although they are rather a kind of parallel grammar than a grammar
system [27]), parallel communicating grammar systems (PCGS), ....

e In the case of these parallel grammar systems, a memory for storing the
processed string must allow multiple agents to access different parts of the
string at the same time.

e In some models (Lindenmayer systems [31], colonies with terminal mode of
rewriting [21], ...) there is a virtually unlimited potential of rewriting rules
(each rule must be simultaneously at arbitrary number of symbols in gener-
ated string).

e There are various forms of communication between agents; the simplest form
is probably synchronization. A communication graph of agents can be prede-
fined (e.g. colonies, eco-grammar systems [5]) or dynamically defined during
the work of the system (e.g. PCGS).

Especially the requirements for the dynamic communication graph, the unlim-
ited potential of rules, but also for the parallel memory capable of inserting symbols
can be a source of implementational difficulties [24]. Among physically existing sys-
tems, most close to these requirements seem to be those with a great nunber of
elements moving freely (immune system [29], splicing systems [12], ...).

Accepting grammar systems have also been defined [10], [11], relaxing some
of these requirements (from the implementation point of view) of the generating
systems: the degree of nondeterminism (however its definition could be problematic
[10]) is often lower, there is no necessity of inserting new symbols into the processed
string if we do not admit A-rules. i

2 A motivation for hybrid models

2.1 Goals and expectations

Both grammar and neural systems, representing symbolic and quantitative data
manipulation, are inspired (partially) from the areas of AI and AL. Indeed in bio-
logical systems we can find connection of both approaches. For example: specific
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immunity could well be viewed as a competition between grammars, generating
polysaccharide strings covering the antigen; and lymphocyte automata attempting
0 recognize them. And this competition causes ddapfdflOll of both of theso sy stems
[29]. | ¥ - -

‘Among the advanfagjes of Al\'Ns the most import mt are adaptablhf g,( nerali-
zability, massive parallelism, noise tolerance and graceful degradation (IObusm(\ss)
Main disadvantages are dlfﬁcult understanding and explanation of the results and
time-consuming learning. The symbol processing systems have their strength in
easy manipulation with symbolic and rule knowledge and wide base of theoretical
results, their weaknesses dwell in sensitivity to noise and difficult, often almost
impossible adaptation to a novel data. As the disadvantages of one type systems
are balanced by the advantages of second type ones, the hybrid architectures seem
to be a very promising way [4]. Another advantage of hybrid architectures can
be their scalability. Finally, some authors find them crucial to understanding and
constructing cognitive models [17].

2.2 Some basic ideas

The first step of a neural symbolic processing is to find a proper coding of symbols.
In animal nerves all signals are of the same amplitude and stimuli intensity is
expressed by their frequency [25]. Moreover, coding via the signal intensity leads
to loss of robustness due to the necessity of distinguishing between close signal
levels. Symbols are coded most often by a group of parallel stimuli, each with
clearly distinguishable intensity levels (typically binary). Very often a “oune-hot”
coding is used (each symbol is assigned a separate input of the ANN).

With a piece of abstraction we can think about symbol-processing structures
within the brain, with their abilities having been obtained by training. Training is .
mostly much more effective with a teacher: a neural network obtains some stimuli
and after processing them gives output. Then the teacher produces a training -
signal, expressing the difference between desired output and output given by net.
This signal is utilized by the to change its internal structure slightly, so that, after
‘many such cycles, resulting changes converge to correct (desired) outputs. From
this point of view it seems that the trainable neural network should be closer to an
accepting symbolic system than a generating one, because it is easier to obtain a
training signal in the accepting case. This is indeed the approach of [1], [2], [16],
[36] and many others. _

Now, how complex languages can biological neural nets “recognize”? Strictly -
speaking, all the languages we can ever recognize should be regular; because at some
moment, we are able to keep in mind only a limited amount of information. Really
most of the languages we recognize (for example languages of syntactical description
of visual images, which we know the brain uses [13]) are finite or without the need
of recurrent. application of the same rule(s) many times, which is typical for formal
languages. This, on the one hand, could in an extreme case lead to an impression
of the brain as a system of finite state automate (FSA). On the other hand, the
effectiveness of neural processing of such languages clearly couldn’t be by using FSA
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machinery. To give a rather expressive example, we know how long the transfer of
one stimulus through the neuron and the following relaxation takes — something
like “neural step” [3]. A _simple reflex reaction, of a child who suddenly runs into
the road, takes only about 40-60 sich time steps [20], done of course massively
parallel!

We often perform tasks that are clearly non-regular. Hardly anybody is capable
of multiplying two arbitrary ten digit numbers in his mind, even after long training
— this seems to be a rather “nonneural” task. The most primitive tool we can use
is paper and pencil — external memory for symbol manipulation. Imagine, how we
would recognize e.g. strings of language {0”1"|n € A'}. Moreover, the brain also
contains some very specialized structures, created not by training of an individual, °
but by evolution [25].

To conclude, we use specialized tools for accepting non-regular language, that
were not created by a simple training within our brains. This again leads us to the
necessity of hybrid architectures, already expressed in the previous sectiou.

2.3 Theoretical computational power of the neural nets

Now, let’s briefly characterize ANN models with enough computational power to
accept four basic classes of formal languages. The models are size-independent, ou
the length of the processed string. In the later text a recurrent newral network
(RNN) is referred to. It is one-layer fully interconnected ANN with N neurons
and 7 inputs, with a dynamics characterized by the equation (2). In addition
to (1), u; aie the inputs of the network with weights v;; for 4-th neuron, ¢; is the
threshold value. In the following four cases of equivalence the bottom-left threshold
functions of the Fig.1 has The network operates in discrete time and the input string
is presented sequentially, i.e. one symbol at each step. The precise definition of
language acceptance can be found in [32], [33]. Here we only note, that the used
RNN has two binary outputs,.the “data” one with accepted/rejected signal and the
“validation” one, stating when the data are valid.

l/tH_l)_()(Z’U)”?jj +Zv u +c. i=1,2,...,N. (2)

1. Acceptance of regular languages: RNN with discrete outputs of all neurons,
l.e. output of each neuron is 0 or 1. A result (output of the network: ac-
cepted/rejected) is provided in the next step after the last input symbol hag
been presented. This well-known result can be found in [22]..

2. Context-free languages: RNN with rational-valued outputs and weights of the
neurons. As above, a result is provided immediately after the input string has
been presented. The precision of computations needed is dependent, on (a,nd
limited by) the length of the input string. This is rather trivial consequence
of the proof of the main result in [32], the principle of w hich is given in section
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3.1. It is clear, that the stack of a pushdown automaton could be implemented
by the same way as the tape of a Turing mechine (TM) in [32].

3. Context-sensitive languages: RNN with rational-valued outputs and weights
of the neurons, providing a result after some delay after the input string has
been presented. Again the precision of computations needed is by the length
of the input string. For deriving this result from [32], it is enough to note the
difference between TM and the linear-bounded automaton [39)].

4. Recursively enumerable languages: recurrent ANN with rational-valued out-
puts and weights of the neurons, providing a result after a delay, which can
grow over any limit. The necessary precision of computation is also un-
bounded. This is proven in [32].

3 An overview of hybrid architectures

Architectures coupling symbolic and “neural” methods contain mostly separate
neural and symbolic modules. The input of neural net has usually a form of sym-
bolic knowledge (a string or a set of them, properly coded), its output is again
interpreted in terms of symbolic knowledge (rules, semantic knowledge...) [3§].
Rarely we can meet direct incorporating of symbolic and neural computation prin-
ciples in one module [22], [35],

3.1 Computational power studies

The aim of these studies is mostly to give a proof of computational power of partic- -
ular type of ANN. The proofs are constructive, i.e. the result is an ANN modelling
the behavior of the the original system (usually some formal automaton), with-
out care of computational complexity and/or model size. Some models are even
of infinite size, although the original system is finite [37]. As an example of this
approach we present results in [32]. The authors proved that RNN restricted to
rational-valued weights and signals has the universal computational power, by con-
structing a neural model of any TM. The principle of the model (highly simplified)
is as follows: First, the tape alphabet is coded by a set of natural numbers less
than some b, the empty symbol being coded as 0. Then any string 15 ... 75 over
the tape alphabet can be coded as

k

Clrrs...1q) = ;T € (0,1). (3)
i=1

(In fact the coding is more complicated to avoid the necessity of distinguishing

between two very close numbers.) Now let p be the position of the head on the

tape of TM. Let output value of neuron « code the portion 7p4 17,42 . .. of the tape

by the coding (3). Let code portion 7172 ...7, of the tape in reverse order. Then

we can extract the representation of the symbol read hy the head as |bog], where
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op is the output value of neuron 8. Movement head to the right is represented by
setting

og = (0g + [boa])/b,  0a :=hoa — |boa], (4)

and analogously to the left. Here |z] is the integer part of z. Rules of TM are
then represented by groups of neurons realizing proper logic function. The whole
mode! consists of a fixed number (some hundreds) of neurons. The neurons «, /3
play the role of wheels rewinding the TM tape, the head being placed between
themn. Thus the unbounded length of tape is replaced by the unbounded precision
of rational number.

If we extend domain of computation to real numbers, we obtain even more
powerful (from the computational complexity point of view) devices than TMs
(the power equals to TN consulting sparse oracle) [33].

There are (from the implementational point of view) two major drawbacks of
this approach: Firstly, there is the necessity of unbounded precise rational number
computation. Secondly, the architecture is “hardwired” and practically involves no
adaptation. Moreover, it would be very difficult to extend this approach towards
parallel working grammar system due to sequential access to the processed string.

3.2 Topology preserving models

These models are topologically similar to the original system, including both mun-
ber of clements (neurons, states, rules) and the connections between them. Typi-
cally each element of one system is modelled by one or a group of the model. The
advantage of this approach is often the possibility of and giving a proof of functional
equivalence of the systems in both directions, with respect to the computational
complexity. Also direct manipulation with a symbolic knowledge within the ANN
is then possible.

As an example the classical paper [22] can be presented, establishing equivalence
between finite automata and RNNs with discrete-valued outputs. In [15], neural
structures equivalent to the state transitions of FSA are used for inserting symbolic
knowledge into a RNN. Also some of the models referred to in [38] have this prop-
erty, what can lead to using a-priori training (see end of this section). In {35] (see
Fig. 2) we deal with computational equivalence of eco-grammar systems and ANNs
in both directions. Here parallel data processing is fully preserved, which allows to
construct model of computational complexity very close to original systeu.

Again, the disadvantage of this approach is the fact that neural structures topo-
logically similar to the original system are often heterogeneous, what can cause
problems with learning, because the most of learning algorithms require a (compu-
tationally) homogeneous network for propagating a learning signal through it and
making gradient-directed steps towards the solution.
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Figure 2: The neural model of an eco-grammar system.
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3.3 Adaptive models

These models are clearly the most promising ones and are often applied o the
grammatical inference problems, natural language understanding or as a part of
knowledge and reasoning systems [38], [4].

A lot, of recent works deal with a grammatical inference of some accepting device,
as FSA [1], [15], or deterministic pushdoun automaton (PDA) [36]. This approach
seems to be most suitable for studying interactions of neural and symbolic parts of
the systems, for instance methods for extracting FSA or PDA from trained RNN
of various orders. It seems that if one step of the modelled accepting device is
governed by n factors (for PDA n = 3 : a state, a tape symbol, a stack symbol),
n-th order neurons suit best [16], {36]. More complex languages (context-sensitive)
accepting devices can be also inferred using RNNs, but in these cases extending
“nonneural” inferring algorithms are used [2].

As an example we present the results in [1], using the extraction of unbiased
FSA from the trained homogeneous first order RNN:

First, RNN (with one output unit giving value in (0, 1), which corresponds to
rejecting/accepting of input string) is trained using positive and negative exainples.
Then a prefix tree of these strings is built and its nodes are identified with the states
of an unbiased FSA (UFSA - its definition is given in [1]). Bach state is assigned a
set, of corresponding hidden layer neuron output values, forming a cluster (initially
consisting of a single point) in the state space of the hidden layer neuron outputs.
Then, a hierarchical clustering in this space is performed. Whenever two clusters
are merged, parallel merging of their associated states is performed in the UFSA
representation. After each step the consistency of the UFSA with the training set, is
tested. Whenever an inconsistency occurs, the process is stopped. The advantage
of this approach is that there is no estimation of the number of the UFSA states,
minimal cluster distance and so on; only the metric for cluster distance must be
defined.

A lot of similar results cited above lead us to the opinion that (from the adapt-
ability poiut. of view) there is no need for topological equivalence of the original
system and the model. The most natural representation of one state of the UFSA
in RNN is a cluster of neuron states, which has nothing to do with the net topology.
Generally, even if we haven’t any prior knowledge of the complexity of the gramimar
inferred, the RNN can create a model of this grammar in the space of its internal
states. Then we apply some heuristic algorithm for extracting this grammar mak-
ing it as simple as possible to be consistent with the set of training strings. The
drawback of this approach is again the problematic interpretation of the results of
ANN and its transformation to a symbolic knowledge.

4 Hybrid models with grammar systems
One possible way of constructing such models could be incorporating some sym-

bol manipulating principles into the neural nets, what’s in opposite to usual ap-
proaches, integrating neural nets as a part of rather complex symbolic knowledge
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manipulating architectures. Some problems of this intention are discussed here.

First, a communication between agents in distributed systems (including various
kinds of systems from multicomputers to neural nets) could in general be charac-
terized as by request (when the agents are passive until any external stimulus) or
by command (when the agents activelly offers their free cappacity and/or results).
The terminology is inspired by [7], [28], where PCGSs are studied. It seems, that
the communication by request is closer to the nature of ANNs, when every agent
(neuron), through the weights of its connection, can decide which other agents it
gets information from.

As it was mentioned in section 1, dynamically defined and parallel comnuni-
cation between agents and parallel access of the agents to different parts of the
processed string is typical for some types of grammar systems. This is contrasted
to the nature of ANNs with fixed communication graphs. To introduce a “commu-
nication dynamics” into ANNs, one have to create highly interconnected structures
(including all possible communication branches) equipped with a mechanism of
dynamic activation of the connections needed. (This can be directed e.g. by an
occurance of some patterns in the string(s) processed by the system) Due to the con-
clusions in section 2, pre-defined specialized structures allowing this dynamics need
to be used as a part of NN. See [36] where a “neural PDA” is presented, equipped
with external continuous stack. Unfortunately, the existence of such structures is
often in contradiction with the request for homogenity of network dynamics, he-
cause many training algorithms require differentiability of the transfer function of
the neurons and groups of neurons.

Another problem can be caused by the fact that the recurrent application of the
same rule (group of rules) to the generated or accepted string is typical for grammars
(and thus also agents of grammar systems). ANNs, in contrast, obviously reach a
stable state in a few steps, due to their nature as an asymptotically stable dynamical
system. In the models described in section 3.3 this problem has been overcome by
the sequential reading of the input string, providing stimuli not allowing the system
dynamics to stabilize. This solution leads nevertheless to the lack of parallelisin.

Also a memory for storing the processed string, capable of replacing some sub-
strings by ones of different length, is a very “nonneural” device. Both these prob-
lems seem to be best solved by adding another special structure integrating the
one-step actions of agents into the processed string and re-loading the result into
net inputs. During the phase of learning, such a network could be “unfolded in
time”, just as in the Backpropagation algorithin [18], [36] and similar ones, giving
promising results.

5 Conclusion

Although there have been many successfully working hybrid neural-symbolic ai-
chitectures referred to in the last two sections, it still seems to be possible to find
a closer connection of grammar systems and ANNs, particularly exploiting mas-
sive parallelism and no need of centralized control in both systewn types. A highly
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interconnected RNN looks as a promising way of construciing trainable “néural”
accepting symbol-processing system, eventually. with a lot of autonomous modules,
equipped with some special structures for symbol storing, transfer and some other
tasks which are inherently “nonneural”. Tt would be capable of parallel string
processing and inter-agent communication. ' -

There are many open problems, including the definition of training hybrid sys-
tems and proofs of their stability and convergence. Some of them have been par--
tially solved already, as the training of ANNs is only now beginning to be deeper
understood task [4]. Anyway, parallelism and decentralized processing are the main
features of present computer architecture trends.
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Various Communications in PC Grammar Systems *

Gyorgy Vaszil 1

Abstract
A slightly modified communication protocol called immediate communica-
tion is introduced for PC grammar systems and the generative power of these
systems is shown to be equal to what we call homogeneous systems, systems
with queries of a special form. To acquire this result we also introduce a
generalization of returning systems, called systems with returning languages.

1 :Introductic')n :

Parallel communicating grammar systems (PC grammar systems) were introduced
in 6] as a grammatical description of the so-called classroom model of problem
solving. The agents of the classroom are generative grammars, which all operate
on their own sentential form, these represent the subsolutions of the overall solution
which is the language generated by the whole system. During their operation the
agents may communicate, they may exchange their strings with each other. The
language generated by the system is the language generated by the classroom leader
which is one of the component grammars, usually called the master grammar of
the system.

Parallel communicating grammar systems have been the subject of detailed
study over the past.few years. See [3], [4], [5] for results on their generative power,
and [2] on their size parameters. A summary of their properties can be found in
the monograph [1].

The power of PC grammar systems is measured by their generative capacity,
which may depend on a number of factors. The type of the component gramiars
and the number of the components are obviously very important among these
factors, but there are many others to be considered.

In their paper [6], Gh. Paun and L. Santean considered variants with a universal
clock and two basic methods for communication. The presence of the universal clock
means that all components use their rules synchronized in time, one derivatiou step
is taken by the system with all components using one of their rewriting rules.
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Communication in this construction is realized with the aid of special nonter-
minals, the so-called query symbols. Each of these symbols points to one of the
component grammars of the system, and when one of them appears in a sentential
form, it has to be replaced with the current sentential form of the component it
refers to.

This is communication by request, which has two basic variants. One is called
returning communication: after a component sends its string to an other compo-
nent, it must return to its start symbol (or axiom) and begin to generate a new
string. The other is called non-returning communication: the component which
sends its string keeps a copy for itself and continues to process it after communi-
cation.

In the following we keep the basic features of the original model. We will
consider synchronized systems with communication by request, but propose a slight
change in the communication protocol introducing immediate communications, and
investigate the impact of this modification on the generative power. To do this,
we also generalize the notion of a returning communication by introducing systems
with returning languages.

The results we obtain will show that the languages generated with immediate
communication can be generated with a very much simplified form of query rules
using the original protocol. This simple form of queries is what we call homogeneous.

2 Preliminaries

The reader is assumed to be familiar with the basics of formal language theory;
further details can be found in [7]. )

The set of all words over an alphabet V' and the empty word are denoted by
V* and € respectively, the family of regular, linear and context-free grammars by
REG, LIN and CF, respectively. | w | and | w |x denotes the length of a word w
and the number of occurences of symbols from set X in w, respectively.

Now we recall the notion of parallel communicating grammar systems frow [6},
for more material see the monograph [1].

Definition 2.1 A parallel communicating grammar system with n components,
where n > 1, (a PC grammar system, for short), is an (n + 3)-tuple I' =
(N, K, T, Gy,..., Gn), where N is a nonterminal alphabet, T is a terminal alpha-
bet and K = {Q1, Q2,...,Q,} is an-alphabet of query symbols. N, T, and K are
pairwise disjoint sets, G; = (NUK, T, F;, S;), 1 <1 < n, called a component of T,
is a usual Chomsky grammar with nonterminal alphabet N U K, terminal alphabet
T, a set of rewriting rules P; and an axiom or (a start symbol) S;. G 1s said to be
the master (grammar) of T'.

Definition 2.2 Let I' = (N, K, T,G4,...,Gyp), n > 1, be a PC grammar system
as above. An n-tuple (z),...,z,), where z; € (NUT U K)*, 1 <4< n,is called
a configuration of T'. (S1,...,S,) is said to be the initial configuration.
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PC grammar systems change their configurations by performing direct derivation
steps. g

Definition 2.3 Let I' = (N, K, T,G1,...,G,), n > 1, be a PC grammar sys-
tem and let (z1,...,2,) and (Jl, .. .,Yn) be two configurations of T'. We say that
(1, ..., %n) directly derives (31,...,yn), denoted by (x1,...,2n) = (y1,---,yn), if
one of the next two cases hold:

1. There is no z; which contains any query symbol, that is, z; € (N U T)* for
1 <4 < n. In this case z; =¢, v;. For z; € T* we have z; = y;. The system is
blocked, if there is an z; with | z; |x¥# 0 and none of the rules of P; can be applied
to ;. : :

2. There is some z;, 1 <1 < n, which contains at least one occurrence of query
symbols. Let z; be of the form z; = 21Qi,22Q4,, .. ., 2¢Q4, z141, where z; € (N U
T, 1<j<t+land @y € K, 1 <1<t Inthiscase y; = 2124, 22%4; - . - 2605, Z41,
where z;,, 1 <1 <t does not contain any query symbol. In returning systems y,, =
Si, 1 <1 <t,in non-returning systems y;, = z;,, 1 <1 <t. If some z;, contains
at least one occurrence of query symbols, then y; = 2; and also y;, = z;,, 1 <1 < t.

If for all z; with | z; |k# 0,2, = 21Qi, 22Q4,, - . ., 2¢Qi, Ze41 there is at least one
Qi;, 1 < j <t that z;; also contains a query symbol, then the system is blocked
due to a circular query.

For all 4, 1 <1 < n, for which y; is not spemﬁed above, y; = x;.

The first case is the description of a rewriting step: If no query symbols are present
in any of the sentential forms, then each component grammar uses one of its rewrit-
ing rules except those which have already produced a terminal string. The deriva-
tion is blocked if a sentential form is not a terminal string, but no rule can be
applied to it.

The second case describes a communication: If some query symbol, say @Q;,
appears in a sentential form, then the rewriting stops and a communication step
must be performed. The symbol @J; must be replaced by the current sentential form
of component G;, say x;, supposing that z; does not contain any query symbol.
If this sentential form also contains some query symbols, then first these symbols
must be replaced with the requested sentential forms. If this condition cannot be
fulfilled (a circular query appeared), then the derivation is blocked.

Let = e and = .om a denote a rewriting and a communication step respectively.

If the sentential form of a component was communicated to another, this com-
ponent can continue its own work in two ways: In so-called returning systems, the
component must return to its axiom and begin to generate a new string. In non-
returning systems the components do not return to their axiom, but continue to
process the current string.

A system is centralized if only the component G is allowed to introduce query
symbols, otherwise it is non-centralized.

By the word query we refer to a sentential form containing at least one query
symbol. A query is satisfied by a communication replacing the query symbols with
the requested sentential forms. This may be done in one or more communication
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steps. The phrase communication step is used to denote the process of satisfying
the query symbols, which can be satisfied in ”parallel”. For example the returning
communication prescribed by (@2, Q3, a, Q3) takes two communication steps to
realise: first we get (@2, a, S3, ), and then (o, S2, S3, a). The two consecutive
steps together will be referred to as a communication sequence.

Let =% and =* denote the transitive, and the reflexive, transitive closure of
= respectively.

Definition 2.4 Let k be a natural number, & > 1 and let the k step derivations of
a PC grammar system be denoted by (S1,...,S,) = (af,...,a%) =% (af,. .., o®
where (o,...,ak) is the configuration reached by the system in k steps. Tlu.z

language generated by a PC grammar system I is
LD) ={c¥ e T* | (S1,...,Sn) =F (aF,...,ab),0d ¢ T* 1 <j <k}

Thus, the generated language consists of the terminal strings first appearing as
sentential forms of the master grammar, Gp.

Let the classes of returning and non-returning PC grammar systems with at
most . components of type X, X € {REG, LIN, CF} and n > 1 and the
corresponding language classes be denoted by PC,X, NPC,X and L(PC,X), -
L(NPC,X) for non-centralized systems and CPC, X, NCPC,X, L(CPC,X),
L(NCPC,X) for centralized systems, respectively . When an arbitrary number of -
components is considered we use * instead of n '

3 PC grammar systems with immediate commu-
nications

In the communication protocol of [6] the query symbols occurring in one string can
only be replaced in one communication step. If it is not possible, the system has to
wait until all the query symbols of a sentential form can be replaced. For examnple
the queries {((02Q3, @3, a) are satisfied in the returning mode with the following fwo
steps:

(Q Q3,03 ) = com (Q Qs,aq, S3) = com (0.53,52;53). Observe that Q4 of the
query @2@3 did not get replaced in the first step.

In the immediate communication mode we allow the replacement of all qumy
symbols that request sentential forms not containing other query symbols. The
query above will be satisfied with:

(Q?Qli; QB: (") =com (Qza, a, 53) = com (aa, SZ; SS)

Definition 3.1 Let I' = (N, K, T,G4,...,G,), n > 1, be a usual PC grammar
system and let (#1,...,z,) and (31, - .., yn) be two configurations of I'. We say that
(x1,...,m) directly derives (y1,...,yn), with immediate communications if one of
the next two cases holds:



Various Communications in PC Grammar Systems 177

1. There is no z; which contains query symbols, z; € (NUT)* for 1 <4 <
n. In this case the system performs a rewriting step denoted by (zq,...,%,) =
(y1,--.,Yn), where z; = y; in G;. For z; € T* we have z; = y; and the system is
blocked if there is an z; with | z; |y# 0 and no rule of P; can be applied to ;.

2. There is some z;, 1 < 7 < n, which contains at least one occurrence of
query symbols. In this case, the system performs an immediate communication
step denoted by (z1,...,%n) = (Y1,---,¥n), in the following way:

Let z; be of the form z; = 21Q4, 22Q,, - - -, 2eQ, 2241, Where z; € (NUT)*, 1 <
j<t+1land Q; € K, 1 <1 <t Now y; = 204,200, ... 20;, 2041, where
d;,, 1 <1 < tiszy if z; does not contain any query symbol, or §;, is Q;, if =,
contains at least one query symbol. If §;, = z;,, then in refurning systems y;, = S,,,
in non-returning systems y;, = z;,, 1 <1<t If §;, = @), theny;, =z, 1 <1 <t
in both type of systems. The derivation is blocked by a circular query if for all 4
with | Ty IK# 0, z; = n Qz’l ZQQiz, ce ,ZtQi,,ZH—l and y; = 316,;] Z-_gtsiz . Zt(s.i' Zi41,
there is a §;, = @4, for some [, 1 <1 <t

The first case is the description of a usual rewriting step, the second case describes
an immediate communication: if more query symbols, say Q;, ();, appear in a sen-
tential form and xz;, the current sentential form of component G;, does not, contain
query symbols, then Q; must be replaced by =;, even if ; can not be replaced
by w;, the current sentential form of G; in the same step, because it contains
further queries. In short, strings without query symbols must be communicated
immediately.

Let the class of PC grammar systems of type X with immediate communi-
cations and n components of type Y and the corresponding language classes be
denoted by fX,Y and L{fX,Y) respectively, X € {PC, NPC,CPC,CNPC},
Y € {REG,LIN,CF}. If an arbitrary number of components is considered we put
x instead of n.

In a communication sequence with immediate communication, the strings requested
by other components are always sent to their destination without any delay if they
do not contain further queries. Using the usual communication protocol, if is
possible that a sentential form is requested by two other components, but sent to
only one of them. For example, if 2; is requested by z; = Q;@; and z; = Q;, but,
#; = @ also contains a query symbol, then z; can not be sent to zj, until the
query symbol of z;, the other requested sentential form is replaced. This makes it
possible in returning systems, that a query symbol is replaced by the axiom of the
queried component instead of the string present at the appearance of the query.
In the example above the result of the communication sequence is the following:
yr = Sitm, Y1 = %;, while using immediate communication it would be vy = x;,,,
Y = 2.

In a number of cases this difference can not influence the results of a commu-
nication sequence. For example, nonreturning systems do not return to their ax-
iom during the communication sequence, centralized systems never request strings
containing query symbols and regular or linear components have sentential forms
containing at most one query symbol. In these cases the generative capacity of
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immediate communications coincides with the usual communication modes.

Observation 1
1. L(/NPC,X) = L(NPC,X), X € {REG, LIN,CF}
9. L(fPC,X) = L(PC,X), X € {REG,LIN}
3. L(fCPC,X) = L(CPC,X), X € {REG,LIN,CF}

In the next section we will investigate the generative power of the remaining case,
the case of non-centralized context-free returning systems.

4 The power of returning systems with immediate
communications

In this section we study the generative capacity of contezt-free non-centralized re-
turning systems with itmmeditae communications, but first we introduce the notion
of PC grammar systems with returning languages which will be of help in our
investigations. '

A PC grammar system with returning languages is a natural extension of a
returniing system. Each component has an associated language, the so-called re-
turning language. After communication they are allowed to start a new derivation
with any word of this language instead of starting with their axiom again.

Definition 4.1 A PC grammar system with returning la,ﬁy'u.ages is a (2n+ 3)-tuple
I'=(N,K;T,Ry,...,R.,G1,...,Gy), where N, K, T and G, ..., G, are the same
as usual, and Ry, ..., R, are non-empty sets of words over (N UT), the so-called
returning languages. (R C(NUT)*, R; # {e},B; # 8,1 <i < n). ‘

The system works like a usual returning system, but after communication com-
ponents may start a new derivation with any word of their returning language.

Let the class of context-free PC grammar systems with returning languages of
n components of type X, X € {PC, fPC} and the corresponding language classes
be denoted by »X,,CF and L(rX,,CF), respectively.

With the aid of systems with returning languages we will be able to prove our
theorem about the power of immediately communicating systems, which will turn
ont to be the same as that of usual returning systems with a certain form of queries,
which we will call homogeneous queries.

Definition 4.2 Let us call a query homogeneous, if all query symbols contained in
the corresponding sentential form request the same string, that is, the sentential
form is of type oy Q;a2Q; ... i1 Qicxy, where 1 < i < m, 2 <t and a;j € (N U
T)*, 1<j<t.

A component with homogeneous queries is a component grammar G, 1 < i < n,
which is allowed to introduce only homogeneous queries, it has no rule of the form
X = aQiBQjvy, withi #j, a,,y€ (NUTUK)*.
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A PC grammar system is called homogeneous, if it has components with homo-
geneous queries only.

Let the class of homogeneous PC grammar systems of type X with n context-
free components and the corresponding language classes be denoted by hX,CF
and L(hX, CF) respectively, where X € {PC,NPC}.

The following inclusion is obvious because communication sequences with homoge-
neous queries produce the same result in the usual and in the immediate comm-
nication modes.

Observation 2 L(hPC,CF) C L(fPC,CF)

Qur aim is to prove also the converse inclusion. First we present a lemma about
systems with returning languages.

Lemma 4.1 Let T be a returning PC grammar system with tmmediate communico-
tions, having n context-free components and finite returning languages R; consisting
of only nonterminal symbols, R; C N, 1 <1< n,

If these conditions hold, then there exists I'', a returning system with immediate
communications and 4n components which generates the same language as T

Proof: Let I' = (N, K, T, Gl,Rl,..A.,Gﬂ,R.,,,) € rfPC,CF with nonterminal
alphabet N, set of query symbols K, terminal alphabet T', n context-free compo-
nents Gy, ..., G,, and returning languages Ry,..., R,, R; T N, 1 <i <un. Now
let T € fPCy,,CF be the following: )
I'=(N',K\T,Gi,..,G,GY,..,G5,GY, ., GELGE L GE)

n?

where
N' = {8}, 82, 5¢,8v 8¢ 8 " |1<i<m}u
{X, [X]| X € N},
Pl = {S] - Q? S 5 Qi tU{X =5 [X]| X s a€P),
P2 = {S25QMU{X]=alX saeP,ac(NUT)}U
{[X] - cyl();:lag .. Q;zat_H | X = anQj 00 ... Qj,c441 € P,
aq e (NUT),1<I<t+1},
P o= {S¢o[Si],5% > S¢S - [Y]|Y € R;} and
Pl = (St S S - 8IS 5 Qi u{lY] - YL Y] = QF | Y € Ry}

for 1 <i<n.

The systern has four n-tuples of component grammars, and the rules X — « €
P;, 1 <4 <mnof I are broken into two parts X — [X] and [X] = «. G},...,G),
contain the first parts X — [X] and G3,..., G2 the second parts [X] — o.
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They work in the following way: all G} use the first part of some rules while
G7 introduce the queries Q!. Now the sentential forms of G} replace the query
symbols in G3, where the application of the rules is finished using their second
parts. Next the sentential forms are communicated to G} and the process starts all
over again. The assistant components G and G% are used to simulate the return
of a component to some symbol of the returning language, 1 <4 < n.

First we show how the initial derivation step of I is simulated by V. We start
from a configuration

(s},...,8L S3,...,82, S¢,...,8¢%, St,...,Sh)
and get

(', .. .,8L, QL,...,QL, 6,88, SH, ... 5L,

where 6! is either Q? or Qf If some 6} = Q3 then the derivation is blocked by a
circular query. 62 is either [S;] or S&'. If some §¢ = S’ then the derivation is also
blocked since 8¢ is passed to G7 and P? does not contain rules to rewrite S*'. So
we must have

(@QF, Q% Q1. QL [S1],. . [Sal, ST, S8,

After one communication step we get

(S1,..., 8L, 1S, [Suls .88 8t S,
1 . i n
and then

(8L,...,8%, o2,..., a2, 6¢,...,6%, St ... St").

Here of differ only in the indices of the query symbols from the strings pro-
duced by G; of ', 1 < i < n, through the first rewriting step. More precisely if -
(81,.:80) Srew (1, ., an), then of = oy if | a; [k= 0, of = @, Q} vy, ...Q, n,,
if o; = Q4 iy...Qj,cvi,. The 8! are either QF or Q7 and §¢ are either S’ «
[Si], 1 <5< n If 5} = @f for some j, 1 < j < n, then the system is going to be
blocked after the next rewriting step, when G§ introduces Qf}, because Pf does not
contain rules to rewrite [S;] or SJ‘-”. If 6} = Q? for all i, 1 <4 < m, then §¢ = S¢'
for all 4, 1 <4 < n, because [S;] can not be rewritten with the rules of P*. So we
must have

2 2 2 al a’ i 2y
(Q];"‘*Qn) a]a"'7an7 S]: S S "'>S7:, ))
and then after a number of communication steps we get

(ﬁl:"'wﬁln ‘13’_“’5;.3'7 Sn’)“ Snl St” "'7511‘1.”):

mn

where the 3; = v, if (71, ..., ) are the sentential forms of I' produced by the initial
rewriting step and the possibly following communication sequence and ~; & R;. 1
v € Ry for some j, 1 < j < n, then g; = SJI-. If no o contains query symbols
(there are no communication steps following the initial rewriting step in I"), then
fi = ai. If By is terminal then the system can stop here, if it is not, then the
simulation must go on. We start with
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2 2 ! 1 L !
(o, y@n, ST, S5, SP, ..., 8%, SE, ..., SE),

nd I n J
where cv; € (NUT)*U {S-l} and get
((SJ]‘-,"' m Ql n: [Yl] ‘7[Yn]7 .chlu'“: (zﬁ)

with §} = [c;] where [a.L-] is o; with one of its nonterminals X rewritten to [X] or
if a; € T* then [e;] = ;. If some communication occured in the previous step and
the j-th sentential form was sent to an other component, then o; = Sj and 4] i
either QF or Q]. If (5'1 = Q for some 7, 1 < j < n, then the system is blod\(‘(l l)y
a circular query, so if a; = S1 for some 7, then we must have

([a}]:7 (7‘7;[an]7 Q% n,) [lf] a[l{n]; QT?:QZ)v
with ¥; € R;, 1 <14 < n. After a communication step we get
(St,.... 8L laal, - 5] o [am], ST,..., 88, ], -, [Ya))-

Now the system continues the derivation as if G} has have returned to Y; instead
of its start symbol. We get

((5111’ n’ /61 ":/3,17 n.i [)/] '1[),;1]I)7

where 0} and 6¢ are the same as above and 7 differ only in the indices of the query
symbols from the strings produced by G; of T',; 1 <4 <, as described above. The
d} are either Qf or QF and 6f are either S¢' or [S;], 1 < j < n. If §f = Q4 for
some j, 1 < j < n, then p1ev1ously descubed situation arises, the syqtom is going
to be blocked” aftel the next rewriting step, when G% introduces @4, because Pj
does not contain rules to rewrite [S;] or S¢'. If §} = Q,L for all i, 1< i < n, thul
8¢ = S¢' for all 4, 1 <4 < n again, because [S;] can not be rewritten with the rules
of P#. So we must have

(Q%F,...,Q3% Bi,....0%, St .. ..S%, i),...,[Va]).
After the communication sequence we get
Vs, ST 82, SE LSy T, L D,

where «y; are the results of the communication sequence prescribed by the f3; sen-
tential forms with v; = S} if the sentential form of G} has been sent to an other
component during the cofnmumcahon sequence. If v, € T* the system stops or
else it can continue to simulate I in the same manner. O

Let the systems satisfying the conditions of the lemma and the corresponding lan-
guage classes be denoted by 7X,,CF and L(TX,CF), X € {PC, fPC}, respec-
tively. Note that this proof is based on the fact that using immediate commuuica-
tions each component sends its string only once during a communication sequence,
in other words the strings a component, has returned to after a commuuication
step are never communicated in the same communication sequence. Since hoinoge-
neous systems also have this property and since the simulating system constructed
according to the previous theorem is homogeneous if we simulate a homogencous
systetn, we have the following:
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Corollary 4.2 L(FThPC.CF) = L(hPC.CF).

Before we proceed, we need some further observations about the nature of deriva-
tions in PC grammar systems. In the proof of our main theorem we would like to
treat the communication sequences of a derivation as “units” together. This means
that we will assume that terminal words of the master appear only as a result of
a rewriting step or as a result of a whole communication sequence, so we need to
prove that all languages of PC grammar systems can also be generated this way,
where the details of communication sequences are “hidden”.

Definition 4.3 Let I" be a PC grammar system. The language generated by I’
with hidden communications is

L/L(F) = {Ld € T | (51)52)"'1‘8”) =>* (wya‘.la s aan)})

where | @; k=0, 2 <i<mor ay,...,a, contain a circular query. In other words,
the generated language consists of terminal strings present as sentential forms of
the first component either after a rewriting step which does not introduce queries,
or at the end of a communication sequence, or in a final blocking configuration.

Let. the class of languages generated with hidden communications by X type
PC grammar systems with n context-free components be denoted by £, (X,,CF),
X e {fPC,7fPC}.

Lemma 4.3 If L is a language generated by a context-free PC grammar system.
Te X,CF, X e {PC, fPC}, L =L(T), then L can also be generated by o system
with returning languages T € TXo,,+2CF with hidden communications, L = I, (T").
Proof: Let T'= (N, K, T,G4,...,Gy) with N, K, T and G, 1 <4 < n as usual and
let T = (N',K',T,Go,Ro,G}, R} ... ,GL,RL G2, R? ..., G2, R?,G,,, R,), where
Gy is the master grammar and

N' = {X,[X]] X € NYU{Ao, 50,50, SasSh: S0, Si, S | 1< i <y
{‘40}:

fgq
I

Py = {X > X|XeNIU{S =S, = Qitu{d = Qi},
Ri = {A}}, :

Pl = {S] = [Si], 4] » Qi}u{X = [X]| X e N},

R} = {S},

P} = {SI-QI}u{X]=a|X>ach,|a|xk=0}U

{[X] = alQi .. .atQi a1 | X =2 o1Qi a0 Q004 € F,
a; € (NUT)", 1< <t+1},
R, =, {Sn}a
P, = {S.—8.,S, = 8,8 QS,}

for 1 <4< m.
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This TV system starts with the initial configuration
(SO:S]lu" 511125127755,:5(1)

After a rewriting step we get
(S(I),[Sl],...,[Sn],Q}_,... mS )

and after a communication
(S{):AJI:" m[Sl] $[S11]7Srl1)'

Now a rewriting step follows producing

(Q.f7Q.{7"'7Q$),’all"" ’Il’S”)

where of = o; i S; = a; € Py and | o k= Oorif | o |xk# 0, o, =
i, @, iy Qi then of = oy, QF ay,..QF i, After the communication we
have
2 "
(607,[}1;-4 ﬂn, 7"':Sn7Sn,),
where [3; are the results of the communication sequence prescribed by «f, ..., ),

with 8; = S1 if the j-th component has returned to its axiom and dq is either (3
or if By = S} then &y is the string which was sent by G} during the communication
before it has returned to its axiom. If g is terminal T¥ stops here, otherwise its
work continues. After a rewriting step we get

(507[ﬂl]7-i'u[ﬂ?l]aQ%a"' naQOSI)

where [3;] is f; with one of its nonterminals X in brackets X138 =[S it B = S})
or if it does not contain any nonterminals then [£;] = f; and Jp is the same as above.
Now we get,

(A()a A{) . ns [ﬂl] 3 [ﬁn]) (50‘5':1)

and then

(Qf)a szw N Q,Zp’}’i; e 7’)/7’17505(111)7
where v, = v if §; =, 1 with one rewriting step and | v |x= 0, or if | v; | #
0, ¥ = Vi Qj, Vin---Qj. Y, » then v} = i, Q) i, --QJ, i, - After the communication
sequence we get

(6075] yroee 76”’5‘.12) . ,Si,éSﬁ,’),

where d;, 1 <4 < n are the results of the communication sequence prescribed by
Vi, With §; = S} if the j-th component has returned to its axiom and dy
is either &; or if 4; = S§ then & is the string which was sent by G} during the
communication before it has returned to its axiom. If dp 1s t(,unmal IV stops here,
otherwise its work continues in the same manner. O

Now we need to define a notion we will use in the proof of the next lemma.
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Definition 4.4 Let ' = (N, K, T,G,,. .., G,) a context-free PC grammar systemn
with K = {Q1,...,Qn}andletabea query, o= Q;0Q,. .. Qi ppy, fog] i =
0, 1<k<t+1,1<4;<n, 1<;5<H.

We define the j-th portion 1 < § < t+1 of this query in the following way: If
7 <t —1 then the j-th portion is a;@Q;;. Moreover, if j = #, then it is a,Qrcvry.

Now we are ready to prove the following:

Lemma 4.4 L,,(FfPC.CF) C LFhPC.CF)

Proof: LetT'= (N, K, T, Ry,...,Rn, G1,...,G,) € 7fPC,CF be a PC gramimar
system with immediate communications, nonterminal alphabet N, set of query
symbols K, terminal alphabet T, returning languages R,..., R, and n context-
free components Gy, ..., G,,.

Now we construct [V € FhPC,,,CF, which generates the same language as T™.
Here . = (t + 2)n + 2u + 3, where ¢t and u are the following: ¢ is the number of
possible rule combinations that we can try to apply to the sentential forms of T,
w is the sum of u*, 1 < k < t, where u* is the sum of w¥, 1 < i < m and u¥
is the number of query symbol occurrences on the right- hancl side of the i-th rule
of the k-th rule combination. Formally ¢ = |P1| [T, (P +1). If we denote the
rules of the k-th rule combination with Xf — of, ..., X¥ — of | then u = Z;:,,:l T
ub = Z“ " u’” I,i” = IaHK.

i sunulates the application of each rule combination of I' in a different -
tuple of simulating components with the aid of assistants assigned to each of the
simulating n-tuples. First an integer k, 1 < k& < t is selected and the application
of the k-th rule combination is simulated in the k-th n-tuple and in the k-th set of
assistant components in p steps, with rules using only homogeneous queries. The
integer p must be twice the number of necessary communication steps, which is at
most p = 2n — 2. The simulating system contains the following components:

FI = ( NI,I(,,T,RI, ...... ;Rb;
Giy..,Gn, Gl oy G}l,G"T..,Gﬁ‘,....C"'
G]l: Gl 1,G)],.

lug Cnl » o Ml

GaysGays G, . G;,,Gl,,. Gt .Gy )

IHL

’u

where the n-tuples simulating the k-th rule combination are denoted by G¥, 1 <
i < m with their assistant components G¥,,...,G¥ .. G,, and G, are involved in
selecting the number of the rule combination to be sillnulated, Gl,...,G,, are needed
to help in sending back the sentential forms to Gi,..., G, after the simulation
of a rule combination, G};, - G,f:“:‘ are used to force a restart of the components
1, Cfm, by querying them when necessary and G, makes sure the system blocks
if it, sunulatcs a rule combination which produces a circular query.

Let C C {1,...,t} be the set of those integers which number rule combinations

that introduce urcul(u queries and let the start symbol of the component G? 4 be
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A8
N' = {Z B, FYU{(l)y,(1),(S)? |1<I<t,1<j<p+21<i< vuf}u
{Sf]',S{;'" [1<k<t,1<m<p+21<i<nl<j<uf}u
{557 | Gh ., is a component of T'}U{X,[X]| X € N} and
I?fi., = {8}, where wa is a component of I",
P, = {A; - SYU{X o [X]|X 2 a€P}U{S, = [X]| X e R;}uU
{Si = (S)1 (S = (Si)7, (S = Q111 <5 <p},
Pl = LU U{S! = Qur 4 = QaysSar = Sar, () = Qi} U
{(k) = (k)" (k) = (B)FY, (k)PP = Qu, | L <k <tk # 4,
1<i<p+1}
foralll1<i<n, 1<j<tand
Pt = L2§,U{Sf = Qa,, A}, = Qay, Say = Say, (k) = (k)'} U
{(l) H11<I<t1#k}
foralll<k<t 1<i<n, 1<j<ub
P, = {Aa > (k),8q, = (k),Sa = Sa, |1 <k <t}
P, = {Ada, = Qu;, S, = Qays Say = iy (k) = (k) |1 < & < 8},
P = (X5 X|XeWNU{S,DIU{k) = QF|1<k<t}U
{Aj = S5, 81— 1,81 = SPPYSY 5 Quy |1 <1< p—1},
for 1 <4<,
PE = (AN o Sk Sk o sE' KT o sETTT SETT L gk,

[1<m <p+1}U

{(1) = SE' S0y = SE" |1 £k, 1< 1< 1)
forall1 < k<t 1<i<n, 1<j<ufand
P, = {A,— 8,8 = S, S = ST SP = Qu,

{j)» B,B=>F|jeC}U

{() =G =S¢ C)

We construct the sets Llf and LQi-”'j 1<i<n, 1<j <l in the following way:
Let us fix a k& and observe the n rules of the k-th rule combination.

The right sides of the rules determine the communication sequence that would
follow after rewriting with our certain rule combination.

We say that a sentential form contains e query at a certain point. of the commu-
nication sequence if it contains query symbols which are not yet leplaced at that
point, of the communication sequence.

If our k-th rule combination produces a circular query, we modify the rules. We
replace those query symbols which participate in the circle with a new nonterminal
Z and execute the following algorithm on this modified rule combination. (See the

1<i<p-1}U
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example at the end of this section.)

For each m, 1 < m < p/2, we repeat the following steps. (Note that p/2
is the maximal number of communication steps in I'.) If the j-th rule of our
rule combination is the empty rule, then Ll;?' is empty since u;“ = 0, no assistant
components G;”?i are present, so we do not need to construct LQ;?',, During the
following algorithm we consider the j-th sentential form only if the j-th rule of the
combination is not empty.

1.a. If the i-th sentential form does not contain a query at the beginning of the
m-th communication step and it is not communicated in the m-th communication
step then we put the rule {X;] = a;[X;]! in L1¥ where X; — «; is the i-th rule of
the k-th rule combination if n = 1 and the rule [X;}*"~% — [X;]*™~! for all other
m. .
1.b. If the i-th sentential form does not contain a query and it is communicated
in the m-th step, then we put [X;] = a; in L¥ if m = 1 and [X;*"2 — ¢ for all
other m.

2. If the i-th sentential form contains a query which is not yet satisfied i fho
beginning of the m-th communication step, then we put [/\L] = [X])" in L1k if
m =1 and [X;]*"~2 = [X,]*™! for all other m.

2.a. If the j-th query symbol of this query is replaced in the m-th communi-
cation step then we put (k)*"~' — aQfB(k)*™ in L2};, where aQ,f is the j-th
portion of the right side of the i-th rule of the k-th combination.

2.b. If the j-th query symbol was or will be replaced in a step different from
the m-th, then we put (k)*™~! — (k)™ in L2},

3. There must be queries that are complctely satisfied during the m-th com-
munication step. If the i-th sentential form contains a query which is satisfied
completely during the m-th communication step, we put, (X2t = QF in L1k
and we put (k)2 — Ql( 1) i L2} for alt 1 <j <wf —1and (k)™ — [X;]* in

L2k,

IIL

4. For all i we did not deal with in point 3, we put [X;)*" ! — [X;)*™ in L1¥. If
the 4-th sentential form contains a query which is not yet satisfied completely during
the m-th communication step, we put (k)" — (k)*"*! in all L')U, 1< <uk

After repeating these steps for all 1 < m < p/2, finally add [X};]? — e to L1¥,
1<2<n.

Now we turn to the proof of our lemma. First we concentrate on the overall
architecture of the simulating system and show how it works. We will see how it
provides p steps for simulating each rule combination with the rules of the sets L1¥
and LQQ‘,I- 1<hk<t, 1<i<n, 1<y <ub IV starts with the initial conhgumtwn

1 1 t
(A1, ., A, AL, AL At At
1 1
AlJ_:" 41u - Anl:~7 nula
' ' i
A(llaAﬂz: Alﬂ' An.J 11? 41111‘ ’Ab)'

After one rewriting step we get

(Sl PR ] S'!L: Qan'-; in PR} Qala a3 Qala
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Q(L] 3 Q(ll 3. :Qa17"> Q(h:

k), Qa,, Si,., 80, SLT .8 8,),

nut,’

where the component G, introduced the nonterminal (k) 1 < k < n. This selection
of k means that the system will try to apply the k-th rule combination. Now a
communication follows

(St, s Sy (K), ey (), ooy (B), -, (K),
0,000,
Sars (k), Styes Sy SH oy SEne L S1),

7

where k, 1 < k <t is the number of the rule combination to be applied to the start
symbols. Next we get

(01, ey 00y (B (B)Y sy Q1yoy Qs ey (K)o (R),
(k‘)m(/ﬁ) v ()Y ()Y (R), ey (B),
Sy, (k), SY, . SY SLP S 5t SH,

70 nul I

where §; is either (Si)1 or [S;], 1 <i<mnandd,, is either So, or (I), 1 <1<t If
8; is (S;)* or 8., is (I) then the system will get blocked, since G¥ do not have rules
with (S;)* and G,, does not have rules with (I) on the left side. So we must have

(1L s [Suls () (B sy Qusy @y (B) s (R)Y,
(k), .., (k) ,..., (k)L (k)l . (k ) ,(k),
Sy (), SV, SY, S,y 812 5.

nut ?

The assistant grammars G%,...,G% for the k-th rule combination introduced
@1, ..., Qn, they will receive the sentential forms of G;, 1 <4 <n and G, preserves
the value of k for later use. After the communication we have

(St Sy (k;)l,..,l(k:)J ooy [S1] o [Sn] s ooes ()Y ()Y,
(B, s () 5oy (B)Ys s (B (B, s (),
Suys (B), S]J;’,.. s},’, SL 8¢ 5h.

If the k-th rule combination is not applicable to the start symbols, then the 1les
of P} are not applicable to [S;], 1 <4 < n. In this case the system is blocked, so
let us assume that the k-th rule combination is applicable.

In the next rewriting step the system starts to simulate the effect of the k-th
rule combination in p rewriting steps. We are going to show that if the k-th vule
combination is applicable to the current sentential forms, then the system provides
time for the simulation, takes the resulting sentential forms back to the first n-tuple
and starts the process all over again with an other rule combination. The details of
the simulation of the rule combinations will be discussed later, for now we denote
the sentential forms of the active simulating components G¥ and their assistants
G, 1<m<uk bya'z and,(i'li, 1<i<n, 1<I<uk 1<j<yp.

We are only interested in the effect the active simulating components and their
assistants can have on the rest of the system and this is the following: After com-
munication they return to their axioms and then introduce the query symbol Q,,
querying the “outside world”, the component G, .

t
nu;’
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If they receive S,, then they use the rule S,, — S,, and at the end of the p
steps this nonterminal will be sent back to G;, 1 <4 < n with the other simulation
result, where it behaves exactly as the original start symbol. We show that the
system is blocked if they receive an other symbol. After one rewriting step we get

(61, -, On, (k)" , (k) " e a},..,a,ll (k)Q,..,(k;)z,
(K), (k) ﬂl,.,ﬂuk ey (K)y s (),
Suss (k), S, 82, 81, .., ke, 1 SP),

nu‘ ’

where d; is either [S;] or (S;)!, 1 <4 < m and d,, iseither S,, or (I), 1 <1 <+t Ifd;
is [S;] or 84, is (1), then the system is blocked since P; and P,, does not contain rules
with [S;] or (I) on the left side, respectively and no other component (not even the
active simulating components G’" and their assistants G”, 1<i<m, 1<j<ub)
could introduce queries requesting one of these d; or J,, sentential fome. So we
continue from

((S1), - (Sn)Ys (B, (R)? 5oy gy ey 5o (B)2, s (R,
(’\1):--:(’») s Bl ﬂik (/") , (k)
SM:U"): SiZ’ . S;L’a Sll y e St t 752)’

i,

and get

((S))2, ., ( ,,) (R)3, (k)3 .., 02, a2, (k)P ., (k)
(k‘) (k) f ::Buk L] (k) (k)
Say, (k), S3',., 83" su' . st S3).

"o nu‘ )

where §,, is the same as above. We claim that rewriting steps follow in this manner
providing the time for the simulation of the rule combination:

((51)2,..,(5'”)2, k)3, (k) ..., a%,..,ai sy (B)3, (B3,
(k:),..,(k-) o B B (k) o (k),
Buy, (), S, 83, SH', .., St SH = .. =
(S, ., (S)P T, (k)” ._,(k)v sy 0T e (R)P, (R,
(k-) (k) BTN LB (R, (R),

(L) S,)l ] Sp/ Sl’p+1’ St'w}-l S,,)

(I n.u

To verify our claim we show that the active simulating components and their assis-
tants can not, interfere with the work of the other components. To do this we have
to observe their rule sets.

If one of the simulating components G¥, 1 < i < n returns to its axiom during
this series of rewriting steps, it introduces Q,, and receives §,, from G,,. If 4,
is S,, then it uses the rule S, — S,,. If dq, is (1), I # k, then it uses its rules
(1) = (DY and ()* = (1), 1 <4 < p+1. If &, is (k), then it introduces @; in
the next rewriting step and receive (S;)™, 1 <m < p—2 from G;. In this case the
system is blocked since the simmulating components do not have rules with (.S;)™ on
the left side.
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Now let us look at the assistants of the simulating components ij, 1< <
n, 1 < j < uf. If one of them returns to its axiom it also introduces Q., and
receives d,, from G,,. U d,, is So, or (1), | # k then the same things happen
as we explained above. If §,, is (k) then it is rewritten to (k)' and then rules of
L2f7. must be used. These rules can only query the active simulating components
or their assistants, so they do not interfere with the rest of the system.

From these considerations we see that the system is either blocked, or it reaches
the following configuration:

<(sl>v-1,..,<s P KPR o el (R (R)P,
(k) oy (K) 5oy BYTH, ﬁui, (%), ..,(),
bur, (), SV, S,’i’, sli’”‘, ,Shet ,SP),

nu.

where o ™" and /3;)_1, 1 <i<n,1<j <uf can be sentential forms of components
that either returned to their axioms or not. If they did not, then we assume the
sentential forms to be correct, if they did, then o?~' and A" can be either S,
@), " or @i, 1<I<t, 1<i<n, 1<m<p-—1 If any of them is Q; then a
communication step follows and the system is blocked. In the other cases rewriting
is possible, so we get

((S1)7, ., (Sn)?, (k)”+1 L (RPTE L ool

(B), - (k) ooy B, BEn oy (K)o (K),

tp+2 ' 42
(Snl ) (]") Q!u: . 7an7 Sllp 3o n::,,t Qa2)

apd then after a communication
((S1)75 -, (Sn)?, (R)PHL, L (R)PYE L, o, ol
(k), ., (k) ..., BY,.. ::k ,2..., (k),..,(k’),
. Suar (K), - (), S St (k)),

3 (k:)1)+1 FEEH (k")p.*.'l )

ey (RPN (R,

where o and ] are correct by our assumption (if their component, grammars never
returned to their axioms), or af and 87 can be either S,,, (1), ()™ or Q;, 1 <i <

, 1 <m < p. If any of them is @; then after the replacement of this symbol the
system is blocked. In the other cases rewriting is possible again, so we get

S| 71+17._7(S” p+17 k 1)+2’_.’ L)p+2 o a”‘*—l,..,(..kﬁ"lﬂ' oy (K 7)+2’“,(]‘.;)]!+3’
1 n

(), .. (k) ;- ﬂ"“ B (R), - (R),
5“17 ) Q]"'a 71’ Qll?' 'anm;)(sb):

and then after communication

(ST, oy (Su)PF, (R)PF2, . (k)2 oy SE, . SE oy (B2, ()2,

t
Sl]"" Snu’ ?
' p+1 p+1 R p+1 41 R
anS(L27 (11 ) '7a£1 b (k)w":ﬁl 3 3711 J"':(l"):(sh);

where J;, is either B if the system should block after the simulation of the k-th rule
combination or (k)! if it should not. Now if any of the o™, 1 < i < n whose
component grammar has returned to its axiom is not S,, or some ,B{"H was not,
Sa, before the communication, then the system is blocked. Otherwise we get
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(QI], n) Qﬂl 303 Qﬂl 3
Qﬂl S Q(l]:

p+1 +1 t”
day; Qay, @, .08 Su,.. )

nul >’

and then

p+1 1
((1 3 ':ag)z_*- } 6“1)'"a6ﬂ1>

Bays s 0nys
C ' ' 1'l ¢’ /
Sa”bun Sl:' Sn7 11 >~ S‘n'u.‘ 4 )

where 4, is either S,, or (), 1 < <t Ifitis S, then the system is blocked,
since G, does not have a rule with S,, on the left. So we have

(@t ot ), .., (1),
(1), (1), o
Saw(l)7 i:":S;za S%l 3 St )

nul,?

where a”“, 1 <7 < nis the result of the k-th rule combination with S, insteal

of S; if the i-th' component has returned to its axiom after a communication ancd
g, is either F or Sp. If oy is terminal the system stops here, if it is not, then it
can continue in the same manner with the simulation of the {-th rule combination
if §; is not. F. &} is F only if the k-th rule combination introduces a circular query
in I' in which case I should be blocked. If a?“ = S, ‘for some j, then the j-th
component should return to an element of R;. This is simulated by using a rule
Se; — [X], X € R in the next step.

Now we show how the p step simulation of the rule combinations is done. We
have two cases. If the rule combination to be simulated does not introduce a query,
then no assistant components are present. At the beginning of the simulation we

get,
(. [S1]; -5 [Sa), ) = (oSt o anlSalts ),
in G¥ using the rules of LE 1 <4 < n, where o; are the right sides of the .rules of
the k-th rule combination. Now p rewriting step follows, we get
Cosar[Si o an[Sult, ) = o= (L an[Sh)P, -, an[Sh]?,

and in the next step

(00,0, )

using the rules [S;}? — €, 1 < i < n. Here o, is the result of the application
of the i-th rule of the simulated rule combination, the systent deals with it as we
previously described.

If the k-th rule combination introduces queries, the situation is more compli-
cated. At the beginning the sentential forms of the simulating n-tuple and the
assistants are

Cons[Si]s s [Sals ooy ()L oy ()Y, ).
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The sentential forms of the components G¥ and ij after the [-th rewriting step
will be denoted by o' and i, 1 <i<mn, 1<j<ub, 1<i<p+1.

After the first rewriting step, the sentential forms of the simulating n-tuple and
their assistants are the following:

If the #-th sentential form in ' is communicated in the first step then the sen-
tential form of G¥, o;! is w;, the right side of the i-th rule of the rule combination:

(o0, o Wiy s ey 0y (B) 2, (R)2, 200D,

If the i-th sentential form in I’ does not contain a query and it is not, communicated
in the first step then a;' is w;[Si]!, w; is as above:

(08, Wiy s, Wiy [Si?]l, ok (k)R (R L.

In these two cases uik = (0, so there are no corresponding assistant components.

If the 4-th sentential form of I' contains a query and the j-th query symbol of
this query is replaced in the first step, then ;! = [S;]!, and the sentential forin of
the assistant component corresponding to this query symbol, a,j s oy QF s (k)?,
where « Q vy 1s the j-th portion of righthand side of the i-th rule:

(..,of, ., wi, ,.,wh[Si.z]l), s [Sishy el
2 : p 2
ceey (]i:)", ey Cl’,lQ{”ag(k)“, iy (l\",)“, )
If the j-th query symbol of the 2-th sentential form is not replaced in the first step,

then ;' = (k)*:

(oo wiyy o win [Siu ]t o [Sis] -

o () s Q ey (B2 oy (R)2, o, ()2 ).

Now a communication follows in TV. If the I-th sentential form replaces the j-th
query symbol of the i-th sentential form in the first communication step of T'; then
in ' ;' becomes SF, a;! remains [S;]' and ;' becomes agaytans (k)

(..., (111, ) S‘i1 R A.,w,iz[si,‘,_]l‘), . [Si"‘»ll’ s a}!‘,
o (B)2 L caws o (k)2 (k)2 -, (K)2 ).

Now a rewriting step follows in I". If the -th sentential form was communicatel
in the first step then a? = Q,,.

If the 4-th sentential form was not communicated in the first step and it does
not contain a query, then af = w;[S;]>.

If the 4-th sentential form contains a query but it is not completely satisfied in
the first step, then o? = [S;]?. If the j-th sentential form of this query was replaced
in the first step then oy;* = aratas (k)

("’) (-Y.Iza ".Q!'Ll y ey Wiy [S'iz]gj sy [Sialza ")al;)u
(B2 oaws an(B)3, ., (R)3, ., (K)3, L),

If the i-th sentential form contains a query which is completely satisfied in the first
1<j<uf—1and ol , = w,[Si

step, then o = Qu"* and o, = wi Q¥ 11y

where wy, 1 <1 < u¥ is the satisfied I-th portion of the righthand side of the query
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of the i-th rule. In this case a communication step follows in which the resulis of
the query are collected and passed back from the assistants to G¥:

(...,a'i’,...,Qal,. wiy [Sip]?, ., QF 0, .
.,(k)‘g,,.,le“_,wg[SH] s (k)3,..,(k)3,...),

(...,a%,..‘,éil,. w12[f,2]‘) u;lw-z[Si%]Z,..,a;"l,...
'1(}‘:)37“1 14175142 ( ) 7’(k) 7"')’

where d;, 1s either S,,, (!) with | # k or (k).

Now the simulation of the first communication step of ' is complete, the system
begins to simulate the second one in the same manner. A rewriting step follows. If
the i-th sentential form in T' is communicated in the second step then [S;]? is erased
from the sentential form of G¥. If the i-th sentential form in ' does not contain a
query after the first communication step and it is not communicated in the second
step then either [S;)? is changed to [S;]? or if the i-th component has returned to its
axiom after the first communication step of I' then there are three possibilities. If
@., was replaced by S,,, then it is not changed. If Q,, was replaced by (1), I # k,
then it is rewritten to (I)'. If Q,, was replaced by (k), then it is rewritten to QL
and after this communication no further rewriting will be possible:

(..., (_‘Y%, ..,6}1 yory Wigy ey [Sis] y ..,w1w2[5i4]3, oy Oéfl, ......... ),

where 6], is either S,,, (I) with I # kor Q;,. If ), = (4, then the system is blocked
after the communication.

Now let us look at the assistant components. If u¥ # 0 (the i-th sentential form
containcd a query which was completely satisfied in the first step), then G"’ ;1<
4 < uk, the assistant components of G¥ have also returned to their axiom au(l now
have Qul as their sentential form. If Qa1 is replaced by S,, or by (1), | # &, then
it will not be changed later. It @, is replaced by (k), then it will be rewritten to
(k)! and the assistant will begin to repeat what it previously had done. This will
not interfere with the rest of the simulation process, since the i-th sentential form
was already communicated.

If the i-th sentential form of ' contains a query and the j-th query symbol of
this query is replaced in the second step, then a;® = [S;]?, and the sentential form of
the assistant component corresponding to this query symbol, a;;? is oy QF s (k)*,
where a1Q e is the j-th portion of righthand side of the 4-th rule. If the j-th
query symbol of the i-th sentential form is not replaced in the second step, then
aij:j — (.1{:)4

3

(...,ai’, . (51 cy Winy ooy [Si3]3, ..,w1WQ[Si4]3, sy Oy e

> Yy

S (B4, Qays Qars - 01 QF an(k)4, ., (K)%,.0).

Now a communication follows in T'. If the [-th sentential form replaces the j-th
query symbol of the i-th sentential form in the second communication step of T,
then in I «y;® becomes S}, a;® remains [S;]® and «;;* becomes ay s (k)7

(... a'l,. ,6111,.., Ha o [Sis ), o wiwa[Si, 2, 0,

oy (B 80,1, 0002, - cwi, ca (B)4 L (R)4, L),
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Now a rewriting step follows in I'V. If the i-th sentential form was communicated in
the second step then af = Q,,. If the i-th sentential form was not communicated
in the second step and it does not contain a query, then [S;]® is changed to [S;]* in
ol

If the i-th sentential form contains a query but it is not completely satisfied
in the second step, then af = [S;]*. If the j-th sentential form of this query was
replaced in the second step then a;;* = ajo3as(k)®.

If the i-th senten‘ridl form contains a query which is compl@tely sa‘risﬁed in the
first step, then af = Qi1* and o ;= ijf(jH), 1<j<ub-1and aw = Wy (S
where wy, 1 <1 < ui' is the satlsﬁed l-th portion of the righthand 31de of the 4-th
rule:

(.. a]‘,‘ , L1 . Qm, ..,lel, eywiwa[Si )4, e,

(k) . 1417 “2,< ,alwlzag[Sis]“,..,(k)5,...).

In this case a communication step follows in which the results of the query are
collected and passed back from the assistants to G¥:

( (11,. (5) . Lz,.,alwizm[Sis] w1w>[514] 71”

711:

(k‘) 141’ 14 : 12]" (k)‘3 )

Now the simulation of the second communication step of I is complete, the system
begins to simulate the third one in the same manner, and so on.

If the simulation of all communication step is complete, then the systemn uses
the rules [S;]" = [SiJ™*!, 1 <4< n, 1 <m < p-—1, and finally when G/, get
ready. to receive the result, it erases [S;]P, 1 <4 <.

It is clear that all our arguments about the simulation of the first rewriting
step and the following communication sequence of I' by I also hold for all other
rewriting steps and communication sequences, where all of the sentential forms
contain at least one non-terminal.

Now let, us consider the case when one or more of the sentential founs QU ey (X,
of Gy, ...,G, is terminal and the system chose to simulate the application ot a rule
combination to these sentential forms.

If a; is terminal for some j and the j-th rule of the chosen combination is
empty, the simulation is'correct. Now we show that the simulation is also correct,
if a; is terminal and the j-th rule of the chosen combination is not empty, but it is
Xj — Wy
il = 0, the j-th rule does not introduce queries, then the simulation
would consist of rewriting [X;] to w;[X;]!, w;[X;]? and so on, until the bracketed
nonterminal [X;]! is finally erased. Using these rules on ¢; € T* has the same etfect,
as if the chosen combination contained the empty rule instead of X; — w;.

If |w. ,| i # 0, the j-th rule introduces queries, then the assistant components
©» begin to collect the result of the query. The system will get blocked
.l

1

Gk
when they are ready to send the result to G;‘f‘, because Gf;'l can not rewrite the
bracketed nonterminals [X;]', 1 <1< p. ]

419 ..,
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We demonstrate this construction on a simple example.

Example Consider the following PC grammar system I' € 7fPC4CF generating
the language {aa}.
r'= (IV) I(:T)Rlu"';R‘l;Gl; "'7G4): N= {Sz I 1 S { S 4}, T= {("‘: b}:

P = {S] — Q;;Qg}, P = {S_) — Q3}, P = {Sf; — (L}, Py = {54 — 1)}

Since we have only one rule in each rule set, our rule combinations contain the rule
of P, and we are free to choose the empty rule instead of one or more rules of the
other components. This gives us a total number of 8 combinations, of which only
that, one is applicable which contains the four rules of the four components. Let
this one be the 8-th one and let us concentrate only on this combination.

Now t =8, u=20, u§ =2, «§ =1, u§ =0, v} =0, the simulating system
I € ThPCg3CF contains the following components:

I =( N',K'T,Ri,.,R,
Gi,.,G4, G}, ..,GL,.....GY, .., GS,
Gi]"":G;l’ G?I:G%.ZaGﬁl)
Ga,,Gay, Gy Gl GYL LGS Gy ).

mn?

The longest communication sequence of the original system contains 2 counnumni-
cations steps so the choise of p = 4 is appropriate. The rest of the system I'
is: '

N = {5, [Si]|1<i<4}u {Sij,Agw | vavls a component of T'} U
k ! k m . p y ) & ]
{S5;,5; 11<k<8,1<i<4,1<j<wy, 1<m<6HU
{O,(1)7,(S)) 11<1<8,1<j <6, 1<i<4}U
{Z’B,F},
RS (S8 +h G#_ is a component of I,

P, = {A; > SYu{S;— [Si]}U{Se, =[S}V
{S; —» S!,8! —» 87,82 =582 8 — S}, S — 87,57 - @i},
P} = LUEUU{S! = Qus A = Qay, () = Qiy Say = Say U
{(k) —» (B)Y, (W)Y = (K)2, (k) = (K)3, (k) = (), (k) = (k)",
(k) = ()%, (£)° = Qa, | 1< k <8,k #4},
forall1<i<4, 1 <j<8and
Pt = L2%U{Sf = Qa,, Al = Qa,, (k) = (£)',Su, = Sa, }U
{) > W18 1 # kY,
forall1<k<8,1<i<4,1<j<ub.
P,, = {Aq, = (k),Sa, = (k),Sa, = Sa, |1 <k <8},
P, = {A4a, 2 Qa;, S, = QaysSay = Sgy, (k) = () |1 <k <8},
Pl = {Si— 5,8, = Sa, JU{A; = S, (k) = Q¥ | 1<k <8}U
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f ! / (Y] 3! 43! ' '
{Si—8},SH = 87,88 - 8¥,87 - 85,8 = Qa,}
for 1 <4 <4 and
¥ w Il ! WL
Pt = {Ay - S5 Sk - S5 SE
j1<m<5}uU
gt k!t
{Q) =S S, =S5 [1#k1<1L 8},
forall 1< k<8 1<i<4,1<j<ub
P, = {4 - Sb,Sb — S}, S8 = 82,82 = 82,88 = Sp, St = Qast U
{() = WLG)' =S |1<j <8}

Now if we construct the sets L1% and L2§j according to the algorithm given above,
we get the following result:

m ym+1

, 6
= 55 SSED =

LJ

LY = {[S1] = [Si]' [Si]* = [Su)%, [ =[S (S = QF1, (S1)* = e},
L§ = {[Se] = [S2]', [Se]' = @5, [S2]? — €},
L§ = {[Ss] = a,(Ss]" = [S3]?, [Ss]? = [S5]*, [Ss]® = [S5]", [Ss]" — €},
L§ = {[Sa] = V[Sa]", [Sa]' — [Sa]?, [Sa]® = [Sa]®, [Sa]® — [Sa]", [Ss]" — €},
L2%) = {(8)' = Q}(8)%,(8)* = (8)°,(8)* = (&), (8)" = Q%,},
= {(8)! = (8)%,(8)* = (8)*(8)° — Q3(8)", (8)" — [S1]'},
L2%, = {(8)' = Q5(8)%,(8)> = [S:]*}- =

By corollary 4.2, lemma 4.3 | lemma 4.4 and by observation 2 we have the following
theoreni:

Theorem 4.5 L(fPC.CF) = L(hPC,CF)

Proof: The inclusion L(hPC.CF) C L(fPC.CF) holds by observation 2. To
show the converse inclusion, we have L{f PC.CF) C £;,(TfPC.CF) by lemma 4.3,
L,(FfPC.CF) C L(ThPC.CF) by lemma 4.4 and L(ThPC., CF) = L(WPC.CF)
by corollary 4.2. O

5 Conclusion

In this paper we have introduced immediate communication in parallel comninu-
nicating grammar systems. Since it differs only slightly from previously existing
communications, the generative power of these systems do not change in most cases.
To study the generative power of non-centralized, returning systems, we general-
ized the idea of “returning to the axiom after communication” and we have shown
. that the use of immediate communications in non-centralized returning PC gram-
mar systems results in the same generative power as if we only used homeogencous
queries with the usual communication protocol.
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On Two-Step Methods for Stochastic
Differential Equations

Rézsa Horvath Bokor *t

Abstract

The paper introduces a new two-step method. Its order of strong conver-
gence is proved. In the approximation of solutions of some stochastic differ-
ential equations, this multistep method converges faster in mean E|X — Yn|
than the One-step Milstein scheme with order 1.0 or Two-step Milstein scheme
with order 1.0.

Keywords: Stochastic differential equations, strong solutions, numerical
schemes

1 Introduction

The problem considered in this article is that of approximating strong solutions of
the following type of the It stochastic differential equation:

dX, = a(t,X;)dt+b(t,X;)dW;, for 0 <t <T, X; € RY, (1)

where
a = ((l] . CLd)T,I) = (bl - b(l)r,)(() = ‘Y(E Rd)

The above system is driven by the one-dimensional Brownian motion. Details
about this stochastic object and corresponding calculus can be found in Karatzas
and Shreve [2].

We suppose that throughout this paper E || Xo ||> < +00 and Xj is independent
of F; = o{Ws : 0 < s < t}, the o-algebra generated by the underlying process.
Also, suppose that coefficients a(t, z) and b(¢, z) satisty conditions which guarantee
the existence of the unique, strong solution of the stochastic differential equation.

The approximations considered here are evaluated at points of regular partition
of the interval [0, T; these have the form (0,A,2A,..., NA), where N is a natural
number and A = 1—1(,- We denote nA by 7, forn=20,1,..., N.

*Department of Mathematics University of Zagreb, Bijemicka 30, 10000 Zagreb, Croatia, email:
bokor@math.hr

tWork supported by the Central Research Found of the Hungarian Academy of Sciences {Grant
No. T014548)
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Here we shall use the abbreviation Y;, to denote the value of the approximation
at time nA and the following operators

o 8

L’ = —+Zak bEpt , (2)
Lt klzl Oz 07,
d

L' = Z azk (3)

To classify different methods with respect to the rate of strong convergence as in [3]
we say that a discrete time approximation Y2 converges with strong order y > 0 if
there exist constants Ag € (0,+00) and K < +00, not depending on A, such that
we have a mean global error

Eps(T) =

| < KAY for all A C (0, Ag).

The widely used method of order 1.0 is the Milstein method, which has the form

VM =Y M +a(ma, M)A + b(ry, Y, AW, + L b(Tn; YMY((AW,)? — A), (4)

with Y¥ = X,. The two-step Milstein strong scheme, for which the k-th component,
in the general multidimensional case d = 1,2, ... is given by

YET = (1= )YET 4 Yo + o (r, YA+ VE (5)

3

+ '}%l((l—ak)ak(Tn,YnT)—i-aka’”(Tn 1,.Y, 1))A+V’” 1

with

=
*
I

] 1., ‘
Ve (1, Y)Y AW,, + 5le’v(Tn,YﬂT (AW,,)? — A),
Y |

XO: }/1T = YlMa

where AW, =W, ., - W, ,n=0,1,..., N~1,k=1,...,d, and o, € [0,1].
In the general multidimensional case with d = 1,2,... the kth component of
the new multistep scheme takes the form

Vi = Q—)YF + Y +af(m, Ya)A + 08 (r, Yo) AW,
1 ,
+ -élek(Tn,Yn)((AWn)z —A)

+ Yk l:((l - ak)ak (T'n.y Yn) + akak(rn—lay;L—l)> A

[N

(bk (Tn’ )/n) + bk(Tn—l ) Yn—l)) AI/Vn—ly
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1 .
- Elek(Tn—IJYn—l)A ) (6)
Yo = Xo, Yi=YM,

where AW,, = Weph ~We, A= —m,n=0,1,..., N-1,k=1,...,dand
ar, s € {0,1].

During the last years several authors have proposed multistep methods for
stochastic differential equations with respect to strong convergence criterious.

I refer here to the books of Kloeden and Platen [3], Boulean and Lépingle [1]
and the paper of Lépingle and Ribémont [4].

2 The Main Results

Now we are able to state the corresponding convergence theorem for the multistep
method (6):

Theorem 2.1 Consider the Ité equation (1). Let

0u o a0 0b % 5%
8% 5%b 8%b

d d
G50t 5.0, Dwidm;omy © CoUOTI X RLRY,

be given for all 1 < i,j,k < d, where Cy([0,T] x R% RY) denotes the sct
of continuous and bounded functions from [0,T] x R? to R, and functions
Lo, L%, L'a, L°L b, LY L'b fulfill the linear growth condition

I f(t2) I < KL+ 11D,

for every t € [0,T),z € R%, where K1 is a positive constant. Under the assumptions
the multistep method converges with strong order v = 1.0, that is for all n =
0,1,...,N and step size A= 5 N=23...

E(| X, - Yall) K1+ E}| X0 [)A?,
where K, does not depend on A.

Remarks 2.2 (1) In computation, the boundedness assumption is no restriction
since any number generated by the computer is bounded by the capacity of the
computer.

(2) |-l is a norm in R

(3) We would prove the statement of the theorem for the scheme (6), where ay, =
0.0. For ay, € (0,1] we prove the statement of the theorem on the same way.
For oy, = 0.0 the scheme (5) equals ({) if YL = YM and Y{¥ = ¥YM.
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To prove Theorem (2.1), we recall the following lemmas:

Lemma 2.3 For all natural number N = 1,2,... and for all k = 0,1,...,N are
valid the next inequalities

E(IYM I”) < Ks(1+ El| XolP),
E(Y{I7) < Ks(1 + E|| XolP).

Lemma 2.4 Under the assumptions of Theorem 2.1 the Milstein approxzimation
Y M converges with strong order 1.0 that is

E|| Xy - YN I’ < KA (1 + E|| Xo ") + KeE || Xo — Y5 |
where the constants K5, K¢ do not depend on A.
Proof

Since the first-order partial derivatives of a and b are bounded, there exists a
K7 < +o0o such that for all z,y € R%, (see details in Newton [5])

lla(t,z) —alt,y)ll < Krllz-yl,

ot,z) — bt )l < Kellz—yll,

| L't ) = Lot ) | < Krllz-yll,

lla(t,z) |+ 116, =) | + 11 L0t 2) || < Kz(1+ =),

We introduce the Milstein approximation (4) in the form

v o= ( — V) YEM 4 aF (1, VM)A + (7, VM) AW,
+ lel‘("’m V) (AW, ) —A) '*"YkYTf’M

(1 — ) YoM Lok YMA + 05 (r,, Y, AW,

il

+ %lek(Tn; Y (AWn)? = A) + 7 (Yk 2+ (e, YA

. 1.,
+ bk(Tn_l,Ynﬂil)AWn_l+§L1b’~(rn_l,YM])((AWH )2 —A))

Taylor’s expansion is used to give the term b*(7,,_1,Y;} ) around (7,,,¥,™) and
k M k M 8
b (-1, Y2,) = b (Tn,Y )+ 5 b (T, Y Y (1o — )
Obk

(Tn, Y)Y 2M — Vo M)

oz;
=1 i
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1 621)"’ * 2
+ 5 8{3 ( "’Y Al)(Tn 1 T7.)‘
- o M M ;
i Z otox; (o, Yo" ) (1 — T'n,)()f,: 1 —ynM
i=1 4
1 d bk o ‘ .
t 5 2 e (e OO YR -
i,j=1 z
and
abk 8bk (9 bk *, % ¥ %
Ox; (T“7 }/M) - %(Tn“l’ n— 1) * 5iom otdx; (Tn—] ) /n’_l’M)(TvL
~ O M M M
*® % Y* * Y] j, .
+ 7:216'1,]6 ;L(Tn IR )( ao =Y )

Also; used the fact that

Y/ M

s M
n—1 )n

—ad (1,21, ;1 )A
1 . .
§le](7'n—1> Ynnzl)((AI’Vn—l)z - A).

When these are substituted into the expression
orem are used we get

Yo, = (1 - 1) (Y, = Y,2M) + (a*(r, Vi)
bk (Tn 3 K{‘d))AWn

Yn-i-l

kM
) n+l —

(blL (Tll.a }/n) -

% (lek (7'”, Ya) - lek("'m Y;{M)> ((AVVH)Z - A)

- U‘k(Tna Y,{W))A

'7]”(}/”’7 1 YLM"*‘(GI (7-n I;YTI 1)_0‘ (T“ 1’)7{\/]]))A

1 ‘ :
5 [lek(fn_l, Y1) = LY*(m_y,

FL(Tnet, T, YL Y MNA - AW, Z))

Fo(Tne1, T, Y.ML Y MY (A2 - AW, 1)

f3(Tn=1,Tn, Yoo 1,YM)(A (AW, _1)?)

Fa(Tn1, T, Yol 1, V) (AW, 1)?

fo(Tna1,mn, Y30 1,YM)(A (AW2_,))
My(AW,

Y1)

)

+ 4+ + + 4+ o+

fG(Tn—l,Tn: 17 n n— l)

- I)] (T‘ll-l ) }/nAZ] )AWn—l

1], .
E[bk(Tn>Yn) *bk(’rn; )+bk(Tn 1; n— 1) _b (T'n 17Y )
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- Y,

- Tn—‘l)

and assumptions of the the-

AW,,_;
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where ” fl(Tﬂ 1 T”HYMD n )” < C (1 + ll )n 1 “2)5" = 1:2;3:4:5;6'
Squaring both sides of the equation, taking expectation and from Lemma (2.3)
we get
E(I1YE, =Y 7)< E(1Y = YEMIP)(Ks + Ko + K1pA?)
+ E(IVE, =Y I (K + KiaA + KizA?) + K4AY,

n—1

where Kg, Ky, K10, K11, K12, K13 and K14 do not depend on A.
Using for the starting routine Milstein approximation i.e. Y§ = )’},""M and
Y = ¥ we get that for alln = 0,1,...,N

E(|Y;F - YoM |y < K502,

where K15 does not depend on A.
From Lemma 2.4

E(| X, - YM ) < Kis(1 + E || Xo|)A2,

where K15 does not depend on A (see in [3]), we apply these results to prove finally
the strong order v = 1.0 of the multistep method, as is claimed in Theorer 1.

3 Some Experiments

Let us consider the Milstein approximation (4), two-step order 1.0 strong scheme
(5) and the approximation set out above (6). The three approximations set out
above were each tested on the following examples.

Example 3.1

dXt 15Xtdt + Xf,(lI/Vf, (7)
Xo = 10,

where (W) is a Wiener process.
The solution of (7) is Xy = Xo exp(t + W)

Example 3.2
- aX, - a - [
Xo = 10anda=2.0

where (W) is o Wiener process. :
The solution of (8) is Xy = (1 +1t)> (W, +t + 1.0)
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In each case the mean-square error E|| X, — Y} ||° at the final time (T = 1) is
estimated in the following way. A set of 20 blocks, each cousisting of 100 outcoines
(1 <7<20, 1< j<100), were simulated and for each block the estimator

100

1 2

) €= 105 Z Il X1 (wi ;) = Yov (wiy) |l
=1

was found. Next the means and variances of these estimators were themselves

estimated in the usual way:

and

According to the central limit theorem, the g; should be nearly Gaussian and so
approximate 90 percent confidence limits for E|| X; — Vv ||” can be found from the
Gaussian distribution; these were calculated according to the formula e £1.73. %

The results of the simulations for Examples 3.1 and 3.2 are shown in Table
1 and 2. These results are gotten for @ = 0, v = 1.0 in Example 3.1 and for
a=0, vy=10and &« = 0.5, v = 1.0 in Example 3.2. There is no sense to take.y
near zero, because then the new term can be neglected, so the new scheme behaves
as Milstein 1.0. The meaning of the headers in the tables is:

A - time step size of the strong approximation;
€ - absolute errors for different time step sizes;

L - half of the confidence interval lengths.

For example, we can see from the tables that in Example 3.2 for A = 27% and

o = 0.0 and v = 1.0 the absolute error by Milstein method (4) is 3.42858 - 1072,
by Two-step Milstein method (5) is 9.45832 - 107*, while by the new scheme (6)
is 6.81161 - 1073, Also, the length of the confidence interval by the new scheme is
smaller than by Milstein 1.0 and Two-step Milstein methods. This statement, is
also true for the Example 3.1.
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Table 1: Example 3.1
Milstein method (4).

A € L |
1.00000E+00 | 2.27665E+00 | 1.47186E-01
5.00000E-01 | 1.97078E+00 | 2.40568E-01
2.50000E-01 | 1.20429E+00 | 8.45154E-02
1.25000E-01 | 7.37239E-01 | 5.64921E-02
6.25000E-02 | 3.82413E-01 | 3.99189E-02
3.12500E-02 | 2.39074E-01 | 6.31194E-02
1.56250E-02 | 1.10807E-01 | 1.27486E-02
7.81250E-03 | 5.60566E-02 | 8.09157E-03
3.90625E-03 | 2.53057E-02 | 3.36756E-03
Multistep method (6) for « = 0 and v = 1.0.

[ A 3 L. ‘
1.00000E+00 | 2.51146E+00 | 1.98164E-01
5.00000E-01 | 1.41485E+00 | 9.57135E-02
2.50000E-01 | 6.39612E-01 | 5.46793E-02
1.25000E-01 | 3.21211E-01 | 2.94124E-02
6.25000E-02 | 1.50961E-01 | 8.22891E-03
3.12500E-02 | 7.51688E-02 | 5.73330E-03
1.56250E-02 | 3.92063E-02 | 2.09849E-03
7.81250E-03 | 2.00488E-02 | 1.25050E-03
3.90625E-03 | 9.94833E-03 | 6.94911E-04
Two-step Milstein (5) for &« =0 and v = 1.0.

I A € L ]
1.00000E400 | 2.37813E+400 | 1.87704E-01
5.00000E-01 | 1.45746E+00 | 1.12863E-01
2.50000E-01 | 8.02364E-01 | 9.384G8E-02
1.25000E-01 | 4.91936E-01 | 6.26155E-02
6.25000E-02 | 2.36993E-01 | 2.86351E-02
3.12500E-02 | 1.22735E-01 | 6.91430E-03
1.56250E-02 | 6.22639E-02 | 5.80727E-03
7.81250E-03 | 3.31988E-02 | 2.88916E-03
3.90625E-03 | 1.65349E-02 | 1.28400E-03
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Table 2: Example 3.2
Milstein method (4).

L4 | £ l L l

1.00000E+400 | 4.21558E-+00 | 9.211294E-02
5.00000E-01 | 2.90298E+00 | 7.181054E-02
2.50000E-01 | 1.77082E+00 | 4.158990E-02
1.25000E-01 | 9.78134E-01 | 2.936154E-02
6.25000E-02 | 5.27383E-01 | 1.338104E-02
3.12500E-02 | 2.75086E-01 | 7.950747E-03
1.56250E-02 | 1.36424E-01 | 3.334465E-03
7.81250E-03 | 6.97031E-02 | 1.644745E-03
3.42858E-02 | 7.971471E-04

3.90625E-03

Multistep method (6) for & = 0 and v = 1.0.

L8 | £ | L ]
1.00000E+400 | 4.27766E+00 | 1.03425E-01
5.00000E-01 | 1.70013E+00 | 3.85968E-02
2.50000E-01 | 6.21525E-01 | 1.72348E-02
1.25000E-01 | 2.60004E-01 | 8.05579E-03
6.25000E-02 | 1.16169E-01 | 3.57810E-03
3.12500E-02 { 5.50517E-02 | 1.51257E-03
1.56250E-02 | 2.71983E-02 | 9.70674E-04
7.81250E-03 | 1.33966E-02 | 4.02296E-04
3.90625E-03 | 6.81160E-03 | 2.22766E-04

Multistep method (6) for & = 0.5 and v = 1.0.

[ A € L ]
1.00000E+400 | 4.17855E+00 1.05099E-01
5.00000E-01 | 2.22505E+00 4.56814E-02
2.50000E-01 | 1.15922E+00 3.09267E-02
1.25000E-01 5.91574E-01 1.29769E-02
6.25000E-02 2.90397E-01 5.80337E-03
3.12500E-02 1.43653E-01 3.21847E-03
1.56250E-02 7.27217E-02 2.00281E-03
7.81250E-03 3.50626E-02 8.46181E-04
3.90625E-03 1.77133E-02 3.59233E-04
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Two-step Milstein (5) for « =0 and v = 1.0.

| A € L ]
1.00000E+00 | 4.24832E400 | 9.85367E-02
5.00000E-01 | 1.77406E+-00 5.03204E-02
2.50000E-01 7.62093E-01 1.71932E-02
1.25000E-01 3.37591E-01 1.07679E-02
6.25000E-02 | 1.60081E-01 | 5.27565E-03
3.12500E-02 7.77709E-02 2.43576E-03
1.56250E-02 3.73556 E-02 1.02419E-03
7.81250E-03 1.96293E-02 5.93383E-04
3.90625E-03 9.45832E-03 2.41391E-04

Two-step Milstein (5) for @« = 0.5 and v = 1.0.
& | £ I L l

1.00000E+00 | 4.23623E+00 8.01164E-02
~5.00000E-01 | 2.28984E+00 4.36308E-02
2.50000E-01 | 1.21665E+00 3.63160E-(2
1.25000E-01 | 6.34940E-01 1.90075E-02
6.25000E-02 | 3.13706E-01 8.61972E-03
3.12500E-02 | 1.60810E-01 4.54545E-03
1.56250E-02 | 8.02790E-02 2.21567E-03
7.81250E-03 | 4.09332E-02 1.03573E-03
3.90625E-03 | 2.04743E-02 4.97450E-04
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