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1 Introduction

The purpose of this work is to study the existence of positive solutions for the fourth order
elliptic equations:

A*u — <a+b/RN |Vu|2dx> Au+cu = f(u) (1.1)

where N > 4, A? is the biharmonic operator, and Vu denotes the spatial gradient of u, and
a, b, c are positive constants. Usually, the proof is based on either variational approach or
topological methods. For example, in [7, 8, 13], T. F. Ma, F. Wang et al. applied the varia-
tional methods to study the existence and multiplicity of solutions for a nonlocal fourth order
equation of Kirchhoff type:

u"" — M(fol \u’\zdx> = h(x)f(x,u),
u(0) =u(1l) =0, u”(0)=u"(1)=0,

and
Au— M( [ |[Vul?dx)Au = f(x,u), inQ,
u=Au=0, onoadQ),

where Q € RY is a bounded smooth domain, M: R — R is continuous, and satisfies
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(H) For some my > 0, M(t) > mop, V t > 0. In addition, there exist m’ > mg and ty > 0, such
that M(t) =m’, YVt > t.

In [10], by using the fixed point theorems in cones of ordered Banach spaces, T. F. Ma studied
the existence of positive solutions for

1
u" — M </ |u'|2dx> u" = h(x)f(x,u,u).
0

In [9, 11] also fourth order problems with nonlinear boundary conditions are studied. In this
case the Kirchhoff function is possibly degenerate and multiplies lower order terms rather
than the leading fourth order term. More recently, in [14], F. Wang et al. studied the existence
of nontrivial solutions for the fourth order elliptic equations:

Au—A(a+b [, |Vul?dx) Au = f(x,u), inQ,
u=0, Au=0, on dQ),

where A is a positive parameter, 4, b are positive constants, (2 C RN is a bounded smooth
domain, f: () x R — R is locally Lipschitz continuous. The authors show that there exists a
A* such that the fourth order elliptic equation has nontrival solutions for 0 < A < A* by using
the mountain pass techniques and the truncation method.

In addition, the problem treated here presents the Kirchhoff function multiplying a lower
order term, while in general it multiplies the leading (fourth order) operator. Some results
related to problems involving Kirchhoff functions in front of lower order terms are obtained
in [2, 3]. Some other Kirchhoff problems are also been studied. For example, in [1, 5, 6, 15], the
authors studied the existence of positive solutions of second order non-degenerate Kirchhoff-
type problems; in [4], F. Colasuonno and P. Pucci studied a higher order elliptic Kirchhoff
equation, under Dirichlet boundary conditions. The novelty there is to take the Kirchhoff
function possibly zero at zero, that is to cover also the degenerate case.

The object of this paper is to study the existence of a positive solution to the fourth order
elliptic equation (1.1) of Kirchhoff type on RN by using variational methods. In particular, we
use a cut-off functional to obtain bounded (PS)-sequences. The main result can be described
as follows.

Theorem 1.1. Assume that the following conditions hold:
(H1) f: R™ — R* is continuous, f(t) =0, if t < 0 and satisfies
f(t) <C(1+tP) VteRT,
where 1 < p < Y2 if N > 4;
(H1) lim; o £ = 0;
(H1) Timy 1o 82 = 4o,

Then there exists b* > 0 such that problem (1.1) has at least one positive solution for 0 < b < b*.
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2 Preliminaries

In this section, we show examples how theorems, definitions, lists and formulae should be
formatted.

Let H = {u € H?(RN) : u(x) is radial}, where H?(RY) is the usual Sobolev space. We
equip H with the inner product

(u,v) = /N(AuAv +aVuVo+ cuv)dx,
R
and the deduced norm
||u|\2:/ |Au|2dx+a/ IVul? + cu? dx.
RN RN

For the Kirchhoff problem (1.1), the associated function is defined on H as follows

) = 5wl + (/RN |Vu|2dx)2—/RNF(u)dx

where F(t fo s)ds. By (H1), we know that | is well defined, and is C!. To overcome
the d1ff1culty of fmdmg bounded Palais-Smale sequences for the associate functional |, we
modify the functional | as follows

1 = 2+ 2y (B (] wupax) —a [ R @

where T > 0, the cut-off functional ¢(t) is defined by

Y(t) =1, t € [0,1],
0<y(t) <1, te(1,2),
¥(t) =0, t € [2,+00),
[ (£) oo < 2.

The following lemma is important to our arguments.

Lemma 2.1 ([12]). Let (X, || - ||) be a Banach space and I C R™ an interval. Consider the family of
C! functionals on X
Jo=A(u)—AB(u), A€l

with B nonnegative and either A(u) — oo or B(u) — oo as ||u|| — oo and such that J5(0) = 0.
For any A € 1, we set

Ty = {7y € C([0,1], X) : 7(0) =0, Ja7(1)) <0}
If for every A € I, the set 'y is nonempty and

= inf t)) >0,
er = inf tren[&ﬁh(v())

then for almost every A € I there is a sequence {u,} C X such that

(i) {uy,} is bounded;
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(i) Ja(un) = cy;
(iii) J\(un) — O in the dual X1 of X.

Throughout this paper, let

Au) = %H”HZ"' %[) <H;l,!2) (/RN ]Vu‘de>2, B(u) = /RN F(u)dx.

Now, we show that ]} satisfies the conditions of Lemma 2.1.
Lemma 2.2. Ty # @ forall A € I = [5,1], where 6 € (0,1) is a positive constant.

Proof. We choose ¢ € C3(RYN) satisfying the following conditions:

¢ >0,

el =1,
supp ¢ C B(0,R) for some R > 0.

By (H3), we have that for any C; > 0 with 6C; f B(OR) 4;2 dx > %, there exists C; > 0 such that
F(t) > Cit* —Cp, te€RT.
Then for 2 > 2T2, we have
1 b (ltel? ?
T _* 2, 7 2 _
) = 5leot+ o (V60 ([ 19t0)Rax) =2 [ Fegyas
_ 1 2
= 5ltgIP = A [ E(tg)dx

Lo 2.2
<t —/\/RNClt ¢ dx + Cs
< 1t2—/\C1t2/ P*dx + C3
2 B(O,R)
1
<—t2—5Ct2/ dx + Cs.
<3 1 BOR) ¢ 3
If ¢ is sufficiently large, we have JI (t¢) < 0. The proof is completed. O

Lemma 2.3. There exists a constant ¢ > 0 such that cy > ¢ > 0 forany A € L.

Proof. By (H1) and (H2), we see that for any € > 0, there exists a constant C. > 0 such that for
allt € R™, one has

1
F(t) < Estz + CetP L,

Furthermore, combining with the Sobolev inequality, we have

0 = 2+ o (V) ([ wwpac) 2 [ Fagas

1,2 € 2 p+1
ZEH”H _E/RNM dx—CE/RN]u] dx

1 € 2
- = _ p+1
2(2 z)uuu Ce [ Iul?*
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Then for e sufficiently small, there exists p > 0 such that JT(u) > 0forany A € [, u € H
with 0 < |Ju|| < p. In particular, for ||u|| = p, we have JT (u) > ¢ > 0. Fix A € I and 7y € T). By
the definition of Ty, ||y(1)|| > p. By continuity, there exists ¢, € (0,1) such that ||y(t,)|| = p.
Therefore, for any A € I, we have

cA>;grfh( v(ty)) = ¢ >0.

O]

Lemma 2.4. For any A € I and 8bT? < 1, each bounded (PS)-sequence of the functional ]I admits a
convergent subsequence.

Proof. Let A € I and {u,} be a bounded (PS)-sequence of I, namely

{u,} is bounded,
{JE(un)} is bounded,
(J5) (uy) — 0in H'.

Up to a subsequence, there exists u € H such that

u, = u inH,
U, — u in LPT1(RN),

U, - u a.e.in RN,

By the definition of ]{, we get

1+7¢ <”un” > </RNWM”|2dx>2] (1, Uy — 11)

+b¢<|\w;«2!|2>/ |Vun|2dx/RNVun-V(un—”)dx
—)\/ f un —L{)

/ (H%‘z) (frw |Vuf? dx) ’ < 8T%, 8bT? < 1, we easily obtain

(U1 ), 1 =) =

Furthermore, from

1+ﬁ‘/’ <HunH2> (/I{N\Vunpdx)zl (tty — 1, 1y — 1)
1—|——1/J (Hu"HZ> (/RN ]Vu,fdx)zl (u, uy — u)

<||”"H2) /RN qun\de/NVu-V(un —u)dx+A/RNf(un)(“n —u)dx

TZ
. (Hunuz) (], mﬂzdx)zl (1 — )

by <||”T”2H2> /RN ]Vun|2dx/RN Vu-V(un—M)dx‘i‘)\/RNf(”n)(”n—“)dx'

= (U5 (), 00 =) =

by

< (U1 () 1w =) =
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Firstly, it is clear to know that ((JT)’(u,), u, — u) — 0; secondly, since u, — u in H, then

we have
1—|—721P H H / |Vbln| dx (Ll Mn—bl)—)O‘
21 RN / /

thirdly, by the fact that the imbedding H — H is continuous (see [6, p- 2287]), where H =
{ue LZ(RN) Vu € [L2(RN)]V} is endowed with the norm ||ul|g = ([xn |Vu|?dx)?, we have
Uy — u in H and this implies

2
bl[)(”u"H >/ |Vun]2dx/ Vu-V(u, —u)dx — 0.
RN RN

Finally, from (H1) and (H2), it follows that for any & > 0, there exists a constant Cc > 0
such that for all + € R, one has

f(t) <et+Celt|?.

Then, we obtain

o f () (uy —u)dx

< [P 1 = )] dx
< €|ty |p2|uy — ulp2 +C€/ |ty |P |ty — 1] dx

< ellunll[Jun — wll + Cefun|[y o |tn — ulpa

— 0.

Therefore, we can get

b ual? / 2\’ B N
1+2T21./J< RN|Vun| dx (uy —u,uy —u) — 0,

which implies that u, — u in H. O

From Lemmas 2.1-2.4, we obtain the following result.

Lemma 2.5. Let 8bT? < 1, then for almost every A € I, there exists uy € H\{0} such that
(J1)'(ur) = 0 and T} (up) = cx.

Lemma 2.6. Let N > 5. If u € H is a critical point of ]I (1), namely, u a weak solution of

<1+2T2¢ <HMH2> (/RN |Vu\2dx>2> by <HMH2> /RN (Vul2dx Au = Af(u),

where Lu = A?u — aAu + cu, then the following Pohozaev identity holds:

[ Fe =02 (B (1 wupan) s (L L (140))

x (N—4)/ |Au\2dx~|—a(N—2)/ |Vu|2dx+cN/ uf?dx| .
RN RN RN
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Proof. Let T(t): H — H be a family of transformations such that

T(Hu(x) = u (f

), >0,
I

and consequently
T(1) =id.

If u € H is a critical point of ]{, then we have

]T(T(t)u)—ﬁ ]Au|2dx+atN72 |Vu|2dx+—/ |u|? dx
A 2 JrN 2 RN
2N—4 tN—A A 2 tNFQ \v4 2 tN' Zd 2
e (e AP + atT VU + ctul dx [ IVufdx
4 TQ RN
—/\tN/ F(u)dx
RN
and

= 1T (Ew)

:N_4/ ]Au\zdx—i—a(N_z)/ ]Vu\zdx—i—CN/ |u|? dx
2 RN 2 RN 2

LN (R (1 |Vu\2dx> v (1) () \Vulzdx>2 .

><<(N—4)/ |Au]2dx—|-a(N—2)/ |Vu\2dx—|—cN/ |u]2dx)
RN RN RN

—AN/ F(u)dx
RN

Then, if N > 5, the Pohozaev identity of the fourth order elliptic equation:

<1+2T21/J (HMHZ> </RN ]Vu]zdx)2> [A%u — alu + cu]

— by <||u|]2> /RN |Vul?dxAu = Af(u),

takes the form

AN RNF(“>dx: (1 4T2¢ <HMH2)) .

X [(N—4)/ |Au|2dx+a(N—2)/ |Vu|2dx+cN/ |u|2dx}
RN RN RN

B () (o)

O

Lemma 2.7. Let u, be a critical point of ]/{1 at level c),. Then for T > 0 sufficiently large, there exists
b* = b*(T) with 8b*T* < 1 such that for any b € [0,b*), up to a subsequence, ||u,|| < T.
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Proof. According to Lemma 2.5, there exists a sequence {A,} C I withA, — 17, and {u,} CH
such that

]/7\; (un) = cp,, (]:{n)/ (uy) =0.

Firstly, since (]){H ) (1n) = 0, from Lemma 2.6, it follows that

AHN/Z;NF Uy ) dx
b(2N —4 a2 2 1 e
- () ([ ) o (5)

X (N—4)/ ]Aun\zdx+a(N—2)/ |Vun\2dx+cN/ |y | dx| .
RN RN RN

Secondly, using ])Tn (un) = cy,, we have that

2 2
gﬂunHz—k—lp <Hu”H > (/ \Vunlzdx) —A N/ (up)dx =c), N (2.3)

Finally, from (2.2) and (2.3), we have

2 2
<2+T21,b <||MnH ))/ |Au\2dx+a<1+2T21/J <HunH ))/RN|Vu|2dx

|| b(2N —4) [ |un]? 2
= Sl g’ (V5 g2 POy (L) (19t

—AN/ (uy) dx

N a2 2 PN =4) (]2 20\
=Vl + ot ( ol 4+ = () (] IV
N 2 Nb |4 |2 2 2
+ca, N EH“nH 41/J< T2 /RNW“n’ dx

Nb o ( Il 2 BIN=4) ([ 2.\
:%N+4T2¢,/< e L e G N

Now we show some estimates on the right-hand side.

¢y, < max Jj (tp)

2 2
< max 1 ||tq>||2+ ¢<”t"’” ></RN|th>)]2dx> —/\/RNFt

g /\/ Cit?*¢*dx + Cs

1 b [t 2
< I 2/ 2 4 / 4
< mtaxzt ACqt B(O,R)¢ dx + Cs3 —I—mtax41,b <T2> < - |Vq>|dx> t

1 b [t
< 1o 2/ 2 Col N4
< mtaxzt 0Cqt BOR) ¢~ dx 4+ C3 +mtax4lp (Tz) t
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Since ¢ (%) = 0 for t? > 2T2, we can obtain

cr, < C3+0bTH,

Nb ul|?
T211[)/ <|| H ) HMHZ < Nb

-, (IIL;ZZ\F) </RN Wun,zdx)z N BT

Then we have

z/N \Aun\zdx—l—a/N Vit|? dx < Cs + bT* + b(N — 4)T* + Nb.
R R

Finally, we show that there exists T > 0 such that ||u,|| < T. On the contrary, there exists
no subsequence of {u,} which is uniformly bounded by T, namely, ||u,| > T. By (H1) and
(H2), we have

2 2 2
et (B ([ e e+ () (] )

= Ay /RNf(un)un dx

< 8’”n|%2 + Ce‘un %;*

Furthermore, we have

w112 . 2
=l < Coult =gt () (19wt ) il
< C4|Vuy|?, + 8bT?

4 o 4
§C4<C3+bT £ B(N —4)T* + Nb

5
2
) + 8bT2.
a

Then we get the following inequality
T < [Jun|| < Cs (c3 F BT+ b(N — 4)T* +Nb) + 8bT2.

However, this inequality in not true for sufficiently large T with 86T? < 1, and this implies
the conclusion. ]

Proof of Theorem 1.1. Let T and b* = 8T2 be defined as in Lemma 2.7, and u;,, be a critical point
for ]{n at level ¢, . Then from Lemma 2.7, we know that ||u,| < T. So

Uy 2 2
) = gl 3 (V) ([ 19mfax) = Au [ P
—lﬂu HZ—FQ / |V, |? dx 2—/\ / F(uy)dx
_2 n 4 RN n n RN n .

Since A, — 1, we have

(w),0) = (UF) (0),0) + (e =1) [ flu)odz, veh,
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which implies that J'(u,) — 0. Then combining with the boundedness of {u,}, we show that
{u,} also is a (PS)-sequence of J. By Lemma 2.4, {u,} has a convergent subsequence {u,, }
with u,, — u. Consequently, J'(1) = 0. According to Lemma 2.3, we have

J(u) = im J(up) = lim J{ (up,) >c >0,
k—o00 k—00 k

and u is a positive solution of (1.1) by (H1). The proof is completed. O
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