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On the joint Weyl spectrum, i n 
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Dedicated to Professor Tsuyoshi Ando on his 60th birthday 

1. Introduction. In [3], we proved that the Weyl theorem holds for a commuting 
pair of normal operators on a Hilbert space. In this paper we show, by a simple 
proof, that the Weyl theorem holds for a commuting «-tuple of normal operators 
and, moreover, its Weyl spectrum coincides with the essential spectrum. 

Let § be a complex Hilbert space. Let be the algebra of all bounded 
linear operators on §> and Jf (§) be the ideal of all compact operators on Let 
# (§ ) denote the Calkin algebra with corresponding Calkin map 
it: #(§) . Let T = ( 7 1 , . . . , Tn) be a commuting «-tuple of operators on 
Let c(T) be the (Taylor) joint spectrum of T. We refer the reader to [9] for the defi-
nition of <T(T). 

The joint Weyl spectrum a>(T) of T=(7i , ..., T„) is defined as the set 

<o(T) = f l M T + K): T + K = (Tx+Kxt ...,Tn + Kn) 

is a commuting «-tuple for K l t ..., Kn£JiT(%>)}. 

The joint essential spectrum ce(T) of T=(T1? ..., T„) is defined as the set 

<xe(T) = <T(7I(T)), 

where T T ( T ) = ( * ( ? ! ) , . . . , n(Tnj). 
For a commuting «-tuple T = ( 7 I , ..., T„), 7T00(T) is the set of all isolated points 

in CT(T) which are joint eigenvalues of finite multiplicity. 
2. Theorem. From Corollary 3.8 in [6] and Theorem 2.6 in [7], we have the 

following 
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Theorem 1. Let T=(7], ...,T„) be a doubly commuting n-tuple of hyponormal 
operators on H. Then z=(zlt ...,z„)£(rc(T) if and only if there exists a sequence 
{ x j of unit vectors in § with x t—0 weakly such that (Ti—zi)*xk—0 as 

Immediately, we have the following result. 

T h e o r e m 2. Let T = ( 7 1 , ...,T„) be a doubly commuting n-tuple of hyponormal 
operators on Then CTC(T)CCO(T). 

L e m m a 3. Let T=(T1 , ..., Tn) be a doubly commuting n-tuple of hyponormal 
operators on §>. If a=(cc1, ..., x„) is an isolated point of <X(T), then A is a joint eigen-
value of T. 

Proof . Let r be a surface |z—«|=e (s>0), whose interior has no point of 
<T(T) except a. Define 

Then P is a nonzero projection which commutes with every Tt ( /=1, ..., T„) (see 
[10]). Let T | P =(PT 1 P, PT„P). Then T I P is a doubly commuting «-tuple of 
hyponormal operators and a-(T|P)={ot}. By Theorem 3.4 in [5], a is a joint eigen-
value of T. 

T h e o r e m 4 . Let T = ( 7 ^ , . . . , Tn) be a doubly commuting n-tuple of hyponormal 
operators on Then CO(T)C=FF(T)-7I00(T). 

P r o o f . For every z=(z1, ..., zn)£C", T—z=(T1—z1, ..., Tn—z„) is a doubly 
commuting «-tuple of hyponormal operators. Hence we may only prove that if 
0<ETC00(T), then 0<£o>(T). Let 0 be in 7t00(T). Then 91=Ker (T*Tx + ... + T*T„) 
is a finite dimensional subspace. Let P denote the orthogonal projection of onto 
91. Since then P is a compact operator and PT,=T,P=0 ( / = 1 , . . . ,N) , T + P = 

= 171-1—=• P, P\ is a doubly commuting «-tuple of hyponormal opera-
in in ' 

tors. We let R=F(r1+JL. p) , ..., [T„+~ i>) 1 and S = F I R 1 + - ^ : . i>) , . . . 
(A \n /|si v \n >\*) H \n 'I«-1 

..., \ T„-\—= • P | . Since then 91 is a reducing subspace for every 7] (i— 1, . . . ,«), 
v in A»-1-J 

it follows that R and S are doubly commuting «-tuples of hyponormal operators on 
91 and 9lx respectively and a(T+P)=<r(R)UFF(S). It is clear that 0$<r(R). If 0£<t(S), 
then 0 is an isolated point of <r(S). Hence by Lemma 3, 0 is a joint eigenvalue of S 
and so of T. So there exists a nonzero vector x in 9lx such that 2]x=0 ( /= 1, ..., «). 
This is a contradiction. Therefore we have 0$<r(T+P). 
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Theorem 5. Let T=(7 \ , ..., Tn) be a commuting n-tuple of normal operators 
on Then ffe (T)=co (T)=a (T)—n00(T). 

Proof . By Theorems 2 and 4, we may only prove that 

<7(T)-7t00(T)C<7e(T). 

In [8], FiALKOwproved that if y is a nonisolated point of a(T), then y€ce(T). It is 
also clear that if y is a isolated point of c(T) with infinite multiplicity, then y£ae(T). 

Acknowledgement. We would like to express our thanke to Professor R. Curto 
for his advice. 
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