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Approximation theorems for modified Szász operators*) 

ZHU-RUI GUO and DING-XUAN ZHOU 

1. Introduction 

The Bernstein operators on C[0, 1] are given by 

(1.1) Bn(f, x) = 2/Wn){l) xk(l -xy-K 

In 1 9 7 2 , H . BERENS and G . G . LORENTZ [3] gave the pioneering theorem on 
Bernstein operators in the form 

(1.2) | Bn(f, x)-f(x)\ == M{x(\ -x)lny2 ~ o h ( f , t) = 0 ( f ) , 

where 0<oc<2, and 

(1.3) (o2(f,t)= sup sup \f(x-h)-2f(x)+f(x+h)\. 
Oshst HSxSl-h 

In 1 9 7 8 , M. BECKER [1] , R . J . NESSEL [ 2 ] gave similar results for Szász and 
Baskakov operators, Meyer—Konig and Zeller operators. 

Berens—Lorentz type theorems for all exponential-type operators were given 
by K . SATO [9] in 1 9 8 2 . All these exponential-type operators reproduce linear func-
tions, however if this is not the case, then similar Berens—Lorentz type results for 
non-Feller modified exponential-type operators have not been obtained till now. 

In this paper we shall give such a result for modified Szász operators defined 
i n 1 9 8 5 b y S . M . M A Z H A R a n d V . TOTIK [ 8 ] : 

oo
 0 0 

(1.4) Ln(f, x) = 2 (« / f(OPnA') dt) pn,k(x), 

where 
(1.5) p„ik(x) = e~"x(nxflk\. 

*) Supported by ZPSF and NSF of China. 
Received November 19, 1990 and in revised form January 29, 1991. 



312 Zhu-Rui Guo and Ding-Xuan Zhou 

Concerning these operators, Mazhar and Totik stated: "However it is far less 
obvious how the analogues of Theorem 2—3 look like in the case of Ln." Our interest 
stems from this problem. In fact, we will show a result, which, together with some 
known theorems, yields for 0<<x-=l 

\L„(f, *)-/(*)! s M{\ln+(xlnfiy*>\Sn(f, x)-f(x)\ s Mx(\ln + (xln?l*y 

IW> *)-/(*)! S M2(xlny'*o co^f, t) = 0 ( f ) , 

where S„(f, x) are the Szász operators given by 

(1-6) Sn(f,x)= 2fWn)p„,k(x). 
k = 0 

We shall also give an equivalence theorem involving the smoothness of func-
tions and the derivatives of the modified Szász operators. 

2. A Berens—Lorentz type theorem 

First let us give some identities. 

Lemma 1 [8]. For L„(f(t), x) given by (1.4), we have 

L„(t, x) = x+l/n-, 

(2.1) Ln ((t - x f , x) = 2x1 n + 2n~\ 

MAZHAR and TOTIK [8] gave the following direct theorem for modified Szász 
operators: 
(2.2) | L „ ( f , x) - f ( x ) | =s Kco, (((x +1 lri)lnfl% 
here 

<u(/,0 = sup sup \f(x + hl2)-f(x-hl2)\ OSh^txShli 

is the usual modulus of smoothness of / . 
: We have the Berens—Lorentz type inverse result as follows: 

Theorem 1 .Let /6C[0,<=°) be bounded. Then with 0 < a < l , 

(2.3) \Ln(f, x)-f(x)\ ^ M(xln + n-*y<2 (x is 0, 

holds if and only if 
(2.4) co^f, t) = 0 ( f ) (t > 0). 

Remark 1. The assumption t h a t / i s bounded is necessary, which can be seen 
from the following example: Let / ( x ) = ( x + l ) ln (x+1)—(x+l). Then c o ^ f t ) ^ 
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7±0(f) for a,—1/2. However (2.3) is satisfied: For x ^ l / n , we have 

I Lm{f,x)-f{x)\ = \ f'(x) L„(t—x, x) + Ln{ J (t - u)f"(u) du, x)| s 

S ln(* + 1)1,1+\\uf"(u)UL„((t-xflx, x) s 

Mx1'iln + 2ln + 2l(n2x) si (4 + M)(xln + n-2y*. 
For x < l / n we have 

\L„(f, x)-f(x) | =\Ln[f In (w+1) du, x)\ ^ 
X 

^ L„[f udu,x)^L„(t2 + x\x) = 
X 

= 2x2 + 4xln + 2n~2 ss 8(xln + n~2fi\ 

Thus we have proved that the boundedness cannot be dropped. 

P roof of Theorem 1. By (2.2) we shall only prove the necessity. For d>0, 
let 

(2.5) fi(x) = d-i / f ( x + s)ds. 
o 

Then we have for /£C[0, °°)nL„[0, °°) 

ll/d-/IU S oh{f,d)-, 

(2.6) l i y i l - S ^ 1 « ^ / , * * ) . 
Note that since 

O© 00 

(2.7) I I ( / , X) = «X-1 2 n f f(0pn,M dt (ikin - x)p„tk(x), 
k=0 o 

OO 00 

(2.8) =n2n j f(')(Pn,k+iO)~Pn,k('))dtp„,k(x), 
*=0 o 

we have 

I L ' „ ( f d - f , x)\ == nx-1 \\f-fi\U S„(\t-x\, x) ^ ( n l x f ' ^ i f , d)-, 

\K(fd-f,x)\ s 2n II/—/d[U, 
where we used that 

S„( | / -x | , x) (S„ ( (F -x ) 2 , x)f'2 = (X/H)1'2 (see, e.g. [ 1 , 1 2 ] ) . 
Hence 
(2.9) \ K ( f d - f , x)\ ^ 2co,(f, d) min {n/xf2, n). 
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From (2.8) and [7] we can also derive 

o© °° 

\L'„(fd,x)\ = In 2'J Pn,k+i(0fi(0dtpn,k(4 & d-^co^d). 1 «==o0
J 1 

Now for any 0 and x£(0, we get from (2.3) for any /i£N 

(2.10) I f(x+h)-f(x)\ m \f(x + h)-Ln(f, x + h)I +1 f(x)-L„(f, x)\ + 
h h 

+ 1/ W ^ + kH + I / L'n(f-fd,x + u)du\^ 
o o 

h 
s2M((x+h)ln + n-2)'"2+d-1(oi(f,d)h + 2(o1(f,d) f min {(nl(x+u))112, n}du =§ 

o 

^ 2M(d(n, x, K)Y + tha^tf, d)(d~1+\ld(n, x, h)), 

where d(n, x,h)=((x+h)/n+n~2)1/2. Note that d(n, x,h)^d(n + l, x, h)s 
^d(n,x,h)/2 for any N, hence for any 1/2><5 > 0 we can choose w£N such 
that 

2d(n, x, h) s 8 > d(n, x, h). 

With this choice we get from (2.10) the estimate 

\ f ( x + h) -/(*) | ^ 2MS' + 36hco1 ( / , d)IS, hence 

co 1 ( f , t) g 2M8" + 36/co1(/, <5)/<5 s (2M+36)(5" + to1(/, <5)/<5), (t, 8 > 0) 

which implies £0i(/, t)=0(f) (see [3, 6]). Our proof is complete. 

Remark 2. The same statement is true for Szasz operators, however we shall 
omit the proof since it is just the same. 

Remark 3. In [14], we have proved for Bernstein—Durrmeyer operators 

(2.11) £>„(/> x) = 1 [(« + 1 ) / / ( 0 (£) i*(l - t y - k t f ) ( l ) x*(l - * ) - ' , 

that for l < a < 2 there exist no functions { ^ . W } , ^ such that the following 
equivalence holds for /£C[0, 1] 

(2.12) <o2(f, t) = 0 ( f ) <=> \Dn(f, x)-f(x)| s Jl#B>a(x). 

In view of this result we cannot expect a similar characterization theorem by the 
modified Szdsz operators for functions satisfying 

co2(f, t) = 0 { f ) with 1 < a < 2. 
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3. Derivatives and smoothness 

Some results on the relation between the order of derivatives and smoothness 
have been obtained in [5, 7], most of which characterize the Ditzian—Totik modulus 
of smoothness. Z. DITZIAN gave a result on the characterization of the usual modulus 
of smoothness by the derivatives of Bernstein polynomials [4]. Recently one of the 
authors gave similar results for higher order of smoothness [14]. 

Let 
co2(f, t) = sup sup | / (x ) - 2f(x + h) +f(x + 2h)\. 

Ociisr xeO 

For the modified Sz&sz operators, we can prove 

Theorem 2. For /<EC[0, °°)nL«[0, «0, 0 « x < 2 , we have 

(3.1) ©,(/ , t) = 0(f) o \L"n(f, *)| s M(min {n\ nfx})«-»*. 

Theorem 3. For /£C[0,°°)nL«, , 0 < a < l , we have 

(3.2) (o.if, t) = 0(f) o | L ' a ( f , x)| M(min {n\ 

Proof of Theorem 2. Proof of the direction "=>": Suppose m 2 ( f , t ) ^ M f . 
By simple calculation one can get 

oo 00 

(3.3) L"n(g, x) = r? 2 (« J g(0(P.,*(0-2/>„,*+1 (0 +/>„,*+ 2(0)dt)pn , ,(x) 
t=0 Q 

(3.4) = 2 (« f g(')PnA')dt) {(kln-xf-kn-*)p„tk(x), 
k = 0 Q 

hence 
(3.5) l ^ t e . ^ l s ^ H g i u , 
and 
(3.6) \K(g,x)\ ^2nlx\\g\U. 

Now for /€C[0, °°)nz„„(0, let us define the Steklov function as 
d/2 

(3-7) fd(x) 4d~* J f (2f(x+u + v)-/(x+2u + 2v))dudv. 
o 

Then 
(3.8) I I / - / J S ^ ( f , d), 
and 

(3.9) \\fJ'\\s9d-*cot(f,d). 

For fd one can verify (see [7]) 

(3.10) \K(fd, x)\S\2n f pn,k+2(t)fd"(t) dtpn,k(x) I 9d-*a>i(f, d). 
*=o 0 
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Thus, we have for d=(min {n2, n/x})~112 

| K ( f , x) ш | K ( f d , x)| + \L"H(f-fd, x)\ s 

== 9d~2w2(f, d) + 4 min {n2, n/x) a)2(f, d) s 

SE 13M(min [n2, п/х})1-"'2. 

Proof of the direction "<=": To prove this part, we need the combination of 
{Ln} defined as 
(3.11) LnA(f, x) = a0(n)Lno(f, x) + ai(n)Lni(f, x), 

where |a0(w)l + lfli(")l—-S» п ^ щ о г ^ А п , with А, В absolute constants, having 
the property 

(3.12) ¿ „ Д (Л x) = i = 0 ,1 (see e.g. [7]). 

Then we have for /¡ЕС[0, °°)П£оо[0, °°) by the method from [1, 3] 

(3.13) IAi,i(/> x)-f(x)| s Мй>а(/, 1 ln + (xln)42). 
Now we can give our proof, where the commutativity of {£„} is crucial (see [7]). 

For n, x€(0, we have 
(3.14) 

|Lm(/, x)-2Lm(/, x+h) + Lm(f,x + 2h)\ s 4Mco2{Lmf, 1/„ + ((х + 2 В Д 1 / 2 ) + 

+//|L:(£n>1(/), и + v)\ dudv 
о 

Now we shall estimate the second term. First we have 

\Ll{LniX(f),x + u + v)\ s KxCOlU ^ 25(^n)2"«. 

On the other hand, note that by 

1*1_в/2£м(/> *)l ^ MABn1-"2 

we have 

\x^l2L"m{LnA{f), x)| = Ix1-/* j > J pm,k+2(0L'Uf, t)dtPm>k(x)I =§ 1 *=o о 1 

S МАВп1'*!2 хг~*>г 2 m { f Pn,k+i(t)r^tY~m ( f pm,k+2(t)dtf2pm,k(x)^ 
*"=° о о 

MABn1-"'2 x1-*'2 ( 2 mPm,k(x)l(k + 2))1-*/2 =g MABn1'*'2, 
k = 0 

hence 
h h 

ff\L^(Ln>1(f),x + u + v)\dudv s MABn^2 f j ( x + u + vf'2'1 dudv s 
о 0 

S MABrf-^tf (Мгh2l(x+2h)f-^2 s Msh*(nl(x + 2h)y-l\ 
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here we have used the fact that 
h 

f f ll(x+u + v)dudv sS M1h2/(x + 2h), 0 < A s l , x g O 
o 

(see [1]). Thus, combining the above estimates with (3.14), we have 

(3.15) \Lm(f, x) - 2Lm(f, x+h) + Lm(f,x + 2h)\ ^ 

S 4Mco2(Laf 1 In + ((x + 2h)ln)1'2) + Mzh2(\ln + ((* + 2/j)/«)1'2)^2, 

where M3 is a constant independent of n, x, h and m. 

Let C be a constant which will be determined later. Since 

lln + ((x+2h)lny8 < 1 l{n-\) + {{x + 2h)!(n- l))1'2 s 2(\ln + ((x + 2h)ln)112), 

we can choose n£N, such that 

tl(2C) s lln + ((x + 2h)ln)1't s t/C. 

Then we get from (3.15) by induction 

(oz(Lmf, t) s 4Mco2(Lmf, tlC) + (2C) ( 2 - a ) M 3 t x S 
s . . . 

S (4M)ka>t(Lmf, tC~k) + (2C)2~"M3t* 2(4MC~'f s 
1=0 

S t2(4MfC-2k\\(Lnfr\\00 + (2Cf-'M3t'CI(C'-4M). 

Now if we take here C = ( l +4M)1/", and let fc—«>, we obtain 

co2(Lmf, t) 4CiM3t"l(C'-4M), 
which implies oj2(f, t) — 0 ( f ) , since the constant 4CiM3/(C"—4M) is independent 
of m€ N. 

Our proof is complete. We shall omit the proof of Theorem 3, since it is almost 
the same as the proof of Theorem 2. 

4. A direct theorem for uniform approximation 

When treating uniform approximation we shall always assume the boundedness 
of the functions. Let CB be the set of bounded and continuous functions on [0, 

Theorem 4. Forf£CB, L„(f, x) given by (1.4), we have 

(4.1) | | L B f - f U ^ C « ( / , n-^U + uM, n~i) + n-111/11»), 

where C is a constant independent of n, and (o\(f, n~1,2)„ is the so-called Ditzian— 

8 
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Totik modulus of smoothness defined as 

(4.2) <o%(f, 0 » = sup \\AIJ\U, 
0<ftsr 

cp(x) = хг'\ 

A\№ = f(x-h)-2f(x)+f(x + h), x ^ h; 

Ahfix) = otherwise. 

Remark 4 . In view of the characterization theorems of M A Z H A R and TOTIK 

[8] on the saturation and non-optimal approximation, we can see that our result 
is of some value. 

P roof of Theorem 4. For Szasz operators given by (1.6), we have for f£CB 

(see [6]) 
(4.3) II W ) " / I U ^ M(col(f n - v % + n - i ll/IU). 

We now need the Szasz—Kantorovich operators given by 

(4.4) s:xfix)= 2" J / ( 0 d t p n k ( x ) . 

k=0 kfn 

For these operators, we can easily deduce from (4.3) the direct result as 

(4-5) | | 5 * ( Л - f \ U ^ М « ( / , + coAf, 1/«) + n-1 H/IU). 

We shall use the identities 

(4.6) SZ(t,x) = x+ll(2n), S»*((t-xy,x) = xln+3-1n-\ 

By (4.5), we only need to prove 
I | 2 ( / - s : ( f ) ) - ( f - L n f ) \ \ „ s С(ю»(/, n - ^ + n-1 ll/IU). 

Using the Ditzian—Totik ^-functional 

0 ~ = inf { | | / - g i u + i(ll5iu + | | < ? v i u ) + i 2 i n u } . 

and its equivalence to со2, it is sufficient for us to prove for g£D = CB: g'd A.C.,oc, 
£•"€£==[0, °°)} the estimate 

( 4 . 7 ) | | 2 ( G - S „ * ( I 0 ) - T E - A . G 0 ) | | ~ ^ С ( ( | | G | | » + | | Ф 2 Л 1 ~ ) / Л + И ~ 2 | | G " I U ) . 
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From the above identities, we have for g£D, x s n " 1 

| 2 ( g ( * ) - S ; f e , x))-(g(x)-Ln(g, x))| = 

= \La{f (t-u)g"(u)du,x)-2S?{f (t-u)g"(u)du, x)| =§ 
X X 

S \\cp*g"U{Ln({t-xflx, x) + is:{{t-xflx, X)) S 12 \\<p2g"WJn. 

For 0<X<1/H, we have 

\2(g(x) - Sa*(g, x)) - (g(x) - Ln(g, x))| s 

Thus we have obtained (4.7) and our proof of Theorem 4 is complete. 

R e m a r k 5. The second term on the rihgt of (4.1) is necessary, which can be 
seen from the following example: Let 

fx] 
(4.8) m = { 0 ) 

Then we have rln 
(4.9) / ' ( x ) = {0> 

f l / 
(4-10) •>"(*) = to, 

x lnx—x 2 / 2+ 1/2, for x£[0,1); 
otherwise. 

l n x - x + 1 , for x€(0,1); 
otherwise. 

1 / x - l , for xe(0,1); 
otherwise. 

Therefore we obtain a function / € C B which satisfies 

«*( / , «" 1 / 2 ) - = 0(1/72) n - 1 ll/IU = 0(1/»), 
and 

/'<*£„. 

On the other hand, from the saturation class of the modified Szisz operators 
{L„} [8] we have 

\\L„f-f\U * 0(Un). 

Thus we have proved that the second term w ^ f , 1/w) is necessary. 
We can also give the weak-type inverse estimates for the moduli. 
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Lemma 2. For L„(f,x) given by (1.4), N, we have 

(4.11) \\{Lnm~ + \\Lnf\U^ Mn*\\fU, / €C B ; 

(4.12) \\<p\LnfrU + \\Lnf\U^Mn\\f\U, f£CB-, 

( 4 . 1 3 ) \ \ { L T T M ~ N L N F U ^ M { \ \ R U + \ \ F \ \ - ) > 

(4.14) \\<p\LJ)"|U + \\LJU ^ M(||<p2/"|U + ll/IU), <P !/"€L„, 

where M is a constant independent of n andf. 

The proof can be easily obtained from the representations of the derivatives of 
LJ in [7]. 

Theorem 5. For f(LCB, L„(f,x) given by (1.4), we have 

(4.15) < ( / , M1n~1 i I I A / - / I U + » -
1

 ll/IU; 

( 4 . 1 6 ) a t f , n~l) s M , « - 1 ( 1 « £ » / - / « - • + LL/IU)-

W/IERE M X W independent of f and N £ N . 

The proof is the same as given by D I T Z I A N and T O T I K [ 6 ] , (see also [ 1 0 ] ) , so we 
shall omit it. 
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