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On the generalized absolute summability of double series

Z. NEMETH

Dedicated to Professor Béla Csdkdny on his 60th birthday

1. Introduction. As usual we denote by ¢ the n-th Cesaro means of order « of a

series > a, and 7 the n-th Cesaro means of the sequence {na,}. The following
n=0

. definition is due to FLETT [3]: A series 3 a, is said to be summable |C,«,ul;,
u=0

a>—1, u=0, A=1, if the series

Za' n"‘“"‘lla,(,“) _ o.'(la_)lli. = Za' n).u—l |‘L‘,$a)|"
n=1 n=1
converges.

In this note we consider the following definition of the generalized absolute

Cesaro summability of double series

¢)) ‘ 2.0' k-

L, k=0

Let us denote by 6®® the (m, n)-th Cesaro mean of order (a, B) of series (1), that is,

@ ol =y
0

A9 AP %

n
ZAD APa;y, mon=-1,0,1, ..,
k=0

such that in the cases min (m, )=—1 we define ¢®#=0, where 4’ denotes the
(1+a)2+a)...(m+a)
m! ’

Cesaro numbers, namely, 4¥=1 and 4W= ax—1, —2,....
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Considering the notations

G = m(aS) —oGR),) =

m
(@-1) 4(8)
A#)A,(,ﬂ) ig(;kz Am i A k'al k>
m n
tad =nlog? =0 =~y 2 2 Akl kai
m n i=0k=0
and

r(“_ 8) .- mn(a’(’f’.ﬂ)_a(c.ﬁ) ~@D 4@, )=

i=0k=

A‘“’A(’) 2 ZA(‘ DAY ika; ,, m,n=0,1,2

series (1) is said to be summable |C, («, B), (4, v)|;,, where a, f>
=1 if

—1, u, v=0,
3 S i'“'-1|z§f§;f">|/1 oo
@) > O <oo
k=1
and
(5)

2.0' i).u—lki.u—ll,rlg’a‘;ﬁ)l). - oo
i, k=1

The concept of summability |C, (a, f), (0, 0)]; is well known (see e.g. [1], pp
209—214). The generalized absolute Cesaro summability of double series was in-

vestigated by MORIcz [7] and SZALAY [8]. The fundamental theorems of summability
[C, a, u], were proved by FLETT (see [3], Theorems 1, 3, 4 and 7)

2. Main results. The aim of this paper is to extend the fundamental theorems

for the double series (1). The author would like to thank I. Szalay for pointing
out this generalization and his valuable hints.

Theorem 1.* Let i=1, u, v=0, 0 >Au—1 and B=Av—1. If y, 6=0 then the sum-
mability |C, (&, B), (u, v)|, of series (1) implies the summability |C, (a+y, B+9), (1, v)|;,
moreover the inequalities

©) Sm

Au— 1|2(a+y ﬂ+a)|i. =K 2 m}u—llz(a p)li
m=1

M

8

Zlnzv-lltt(]:’z:y,ﬂ+6)ll =K 2”10—1“1(:5“';'
n= n

=1

*) Throughout this article X denotes a positive constant, not necessarily the same at each

-1
occurrence which does not depend on addition indices and the formal sum 3 means 0

i=0
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and
(8) S‘ S’mlu—lnlv—llrr(:ﬁy,ﬁ+a)ll =K S’ S’mlu—lnlv—llf'(:,ﬂ)ll
m=1n=1 ’ m=1n=1 i
hold.
Theorem 2. Let u,v=0, a=>Au~1 and B=lv—1. If
1) u=i=>1 and d=1/A—1/u
or

i) u=A=1 and 6=1[A—1/u
then the summability |C, (o, B), (4, v)|, of series (1) implies the summability
IC, (47, B+6), (u, v)l,, moreover the inequalities

(9) {Z muu—llzgz,ta,ﬂw)Iu}l/u = K{Z n1).u——1lz'(na’,oﬂ)|i.}1/l’

m=1 m=1
(10) {S'nuu—llt((’?;—&,ﬁ-(»«i)lu}]/u = K{S'nlv—llt((f;'ﬁ)ll}l/).

n=1 n=1
and
(11) {Z Z’ Inuu—lnuv—llt'(:’:o,ﬂ+J)|u}1/u = K{ 2 Z’ m).u—lnlu—li‘tgz’,f)ll}l/l
m=1n=1 m=1n=1

hold.

We remark that part i) of Theorem 2, together with Theorem 1 is sharper than
a former result of SzaLAY ([8], Theorem 1I).

Theorem 3. If A=1, u,0=0, a=lu—1, B=Av—1, Esu, n=v, y=t—u,
d=n—uv, a+y, p+3>=—1, and series (1) is |C, (=, B), (u, v)|; summable, then the
inequalities '

(12) 21 mH=tzGAr Pt = K 21 i P

m= m=
(13) St gfern DN = K 3 =t rim Pt

n=1 . n=1
and
(14) S’ S’mlé—ln}.n—llrf:’:r,ﬂ+6)ll =K Z.o' S’m}.u—lnlv—-li,t'(’t,f)ll
m=1n=1 m=1n=1

are valid.

Using Theorem 3, in the case of parameters u=v=0, —a=¢(=0, —f=n=0,
y=¢& and S=n and writing &'=—¢, n”=—n we have the following

7



100 Z. Németh

Corollary 1. If =1, 0=¢'=a, 0=n'=p and series (1) is |C, (a, B), (0, O)i,
summable, then the following inequalities

3
. i

m_l—i.g'lz;:j{'.ﬂ—n’)ll =K 2’ m"IIZ,(:,'cf)V',
m=1

—1=Ay (a{ﬂq)ls ~1[4(a,B) |2
2 |5 s K 3]

n=1 n=1

and
2 2m__l_u;'n—l—i.n'IT’(:,-;?.B—H')IA =K Z' Zm—ln_llrf:,'f)ll
m=1n=1 m=1n=1

hold.

Considering the case «=¢&’, f=n" a further specialization is the

Corollary 2. If Az=1, a,B=0 and series (1) is |C, (a, ), (0,0)|; sum-
" mable, then

fiA

oo oo
S g, t = K 3 m e,
m=1 m=1

A1 \gy b= K 3 )
n=1 n=1
and
2 va;.-l —dzp— 1_mla |/1 =K Z Z’m—ln—ll,r'(:’,'fi)li.
m=1n=1 m=1n=1
are valid.

The Corollary 2 is a useful necessary condition of the generalized absolute
Cesaro summability of double series and it is an extension of results of KOGBETLIANZ
(I5], Théoréme VI), FLETT ([2], Theorem 3) and ZaK and TiMAN ([11], § 3, Theo-
rem 3).

Theorem 4. If A=pu=1, u,v=0, a=>pu—1, f>pv—1, {=u, n=v, y>f—u,
6=>n—v and series (1) is |C, (o, B), (u, v)|, summable, then the inequalities

(15) {3 me= 2y PP = K{ 3 m G,
m= m=
(16) {ngl' n“"‘llt(‘,‘j‘,f””*")l“}”" = K{,,;l’ nlv—llt[()c’z;lﬂ)li.}l/i.
and
(17) {5 S' =1 =1 g e, B4 W K{Z' Z'm‘" ~1pho~1 [ B |41/

3
Il
-
3
I
-

m=1 n=

hold.
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We remark that in cases &, 7=0 Theorems 3 and 4 mean, in other words, that
if the suitable conditions are satisfied, the summability |C, («, B), (4, v)]; of series (1)
implies the summability [C, (a+y, B+6), ({,m|; and |C, (x+y, B+), (& M.,
respectively.

Series (1) is said to be summable (C, (, ), @, f=—1 to S, if the double
sequence (2) is bounded and converges to § in Pringsheim’s sense. Finally we have

Theorem 5. If A=>1,u, v=>0,a>u—1, f>v—1, y=>a—u—1/A=0 and 6=f—
—v—1/A=0 then the summability |C, («, B), (u, v)];, of series (1) implies the sum-
mability (C, (3, 9)).

Part 4 of this note contains some negative results. We show that Theorem 2 is
the best possible. In relation to Theorems 3 and 4 we show that the parameter u
(or v) of summability cannot be increased by no means and parameter A cannot
be decreased if parameters u, v are fixed.

3. Proof of Theorems. If ¥ denotes the n-th (C,a) mean of the sequence
{na,} then it is well known that if a, B, a+y, f+d=—1, —2, ..., then

1 n
8 - 56—
(18) 7o) = VICOR 2 AL AP T,
n k=0
1 m n _ -
(19) T’(na‘:r,ﬂ-x-a) = VICEVIGEOR ZA,(ny_fl)A,Ea_kl)A,-(“)Aéﬂ) 1t§’a’;ﬂ)’
m n i=0k=0

n
A'(lﬁ.,_,;) — Z'A'(lxi—'-cl)AEﬁ) (n=20,1,2,..),
k=0
moreover

(20) A9t > UL (e+1) (1 — o).
In order to prove Theorems we require the following lemmas.

Lemma 1 (SzaLay [9]). If a, B, a+y, B+6#—1, =2, ..., then for any m,n=
=0,1,2, ... ’

1 m n
(@+7,840) — ______— . (y~1) 4(3~1) 4(a) 4(B) ,(a,B)
Zm,n . A’(:+y)A'(‘p+a) ié’lk:OAm‘l An—-k Al Ak Zz,k
and
nB4+) 1 S ST 4O-1) AG=1) 4@ 4(B) ;@B
s —_—— - - o a,
tr(:,ny ) = A(¢+y)A(p+6) 2 ZAn;}—-i An—k)Ai Akﬂ) ’x’.k ).
m n i=0k=0

Lemma 2 (HARDY—LITTLEWOOD—POLYA [6]). Let {d;};=, be a non-negative se-
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quence. If u=>i=1 and 6=1/A—1/u, then exists a K=K(, ) constant, such that

{mg (5 (m—l)a ld)“}lll‘ = K(Z’di)l/;

is valid for any M=0,1,2, ....
Lemma 3 (SzAray [10]). Let {d;})iu=0 be a non-negative double sequence.

If p=A=>1 and 6=1/2—1/u, then exists a K=K(A, n) constant, such that

m—1 n—

{2 Z(Z’ Z‘ (m—iy(n—k)y’~*d; )“}”“SK(Z’ Zd‘ O

m=0n=0
is valid for any M, N=0, 1,2, ....

Lemma 4 (Zak—TmAN [L1]). If series (1) is |C, (y, 6), (0, )}, summable, then it
is (C, (y, 6)) summable, too.

We remark that if A=>1 then the summability |C, (y, §), (0, 0); does not
imply the ordinary summability (C, (y, 6)).

Lemma 5. If a; ,=c; for k=0 and a; ;=0 otherwise, then the |C, (a, B), (u, v)|;
summability, of series (1) and |C, a, u], summability of the series S c; are equi-
i=0 )

valent. Similarly, if a; ,=c, for i=0 and a,,=0 otherwise, then the IC (o, B), (u, v)|,

summability of series (1) and |C, B, v|, summabzlzty of the series 2‘ ¢, are equi-
valent.

Proof. A fairly trivial calculation gives that for any »,

l n 1

@B (g )= —— AD AP
g a a;
m.n ( t,k) 4@ 1’('3) iZ(IJth; kG = A(“)

"and

2 Ar: iGi,0 = o.(a)(cl)

i=0

Z:(na, ﬂ)(ai,k) = 2 AGZ 1)"' = 1@ (c), f(ap)(az W= T(a ﬂ)(ai.k) =0,

1
AP £
so by (3)—(5) the statement is obvious.

Proof of Theorem 1. Considering (18) and Lemma 1, it is clear, that (&9

m,0 >

the m-th t-mean of order « of the single series 2 a; o, does not depend on f, hence

the mequahty (6) follows directly from FLETT s result (131, Theorem 1). The proof
of (7) is carried out analogously. In the case A=1, to verify (8) we use Holder’s
inequality with indices 2 and 2/(A—1). By (19) and (20) we obtain that for any
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M,N=1,2, ...

M=

M
Z' m).u—ln).v—ll,r'(nj..:y,ﬁll =
m=

-

(i
-

M=

=2

m=1n

i A
Au—1 pdv— »
lm u v [ yico Z' AC- 1)A'g¢) lfi(fnﬂ)l) =

A
= g' ZN'm}'“‘ln}'”“l( A(jﬂ’)) (Z'A(v—l)A(a) Ir(a,ﬁ)li.)(Z":’A’(}:E;)Al_(a))sz =
m=1n=1 i=o

-

@1

11[\4:

ZN' Ati—=1 Jv—l m—e=? Z(m_l+1)7 -1 alr(a,ﬁ)ll =

N
=K 2’ Av—1 Z’z“]t‘“’”’l‘ Z’m"“‘““y m—i+ 1y~ =

i=1 m=i

=K

llu -1 ).v llt(a,ﬂ)ll
n

M=
.“.Mz

13

because a routine calculation gives that if y=>0, then for any M=1,2
2"-m‘“-“‘7"1(m—i+ Iy-l=

2i
= Zmi.u-—-a 1~1(m__l+l)y—l+ 2 m/.u—z ¥— 1(m-—z+1)7 lsKlAu 1- x
m=i

m=2i

A similar method can be used if 6=0. In the case i=1, we prove (8) in the same
way, omitting the last factor in (21).

Proof of Theorem 2. Inequalities (9) and (10) follow directly from FLETT’S
result ([3], Theorem 1) by similar arguments to the proof of (6) and (7). Turning
to the proof of (11), we denote by S the sum of the series on the right side of (11)

In the case i), 6=1/A—1/u, by (19) we have

1 m n
5, B+ o— 3~ s
Ir,(,f‘,‘,*, B+d)) = VIGOWICED, 2 2A'(n_l_l)A:__kl)Alga)Aéﬂ)IT'g,akﬂ)l =
m n i=0 k=0

l mf2 n/2 m/2 n m nf2
= Al(n 9 A(ﬂ+6) (Z __Z'+12(,] k—2’n/2+12m'2k2+12m'/2k—27n/2)=

=T+ T+ T+ Tl
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By (20) we have
1 1 m/2 nj2

2’ 2 A(6 I)A(6 I)A(«)A(ﬂ)lf(u ﬂ)l =

TO —
m,n A’(:+6) A;ﬁh’) P

i m n

A(a+1) A(p+1 é; k=21 Alga)Aéﬂ)ltr(,aéﬁ)L
Let w be a number such that
max(—a—A+u, —B—-1/A4+2v) <0 < (A—-1)/A.

A routine calculation gives that
(22) {Zm' Z"'l-—m;./(;.-l)k—m)./(i.—l)}(ﬁ.—l)/;. = Km‘“’*“"l)/"n‘”’““l)/‘.
i=1 k=1
Applying the Holder inequality with indices p, A/(A—1), uA/(u—2), we obtain that

m n
T)PS}I)I = Km—a—ln—ﬂ—l Z; kZ' {l'z-}-w—(J.u—l)(u—l)/lukﬂ-{-w—(J.u—l)(y—).)/lul,rg,a,; p)ll/;;} e
i= 1

X{ i—k— w}{l(;u Vu—=2)/2p f(lo—1)(u— ).)/).ul,r(a.ﬁ)l(p ;.)/p} =

SKm‘“" _p—l{z Zvla,wwu —(Au—1)(p—2)/2 [-Bu+op—(Ao~1)(p- ;.)/).I.t(a.ﬂ)lz}l/;.
i=1k=

m n m n
X{lé;ké;i—mz/(l_l)k—mz/(z—1)}(4_1)/1{ig gv jAu—1pdv— 1|t(a.p)|;.}(u M <

n
= Ks(y—).)/).um-—a—w-l/).n-—ﬁ-—w—l/).{ va 2 iau+wy—(lu-1)(u—i.)/i.x

i=1k=1

X kﬂn+wu—(i.v—1)(n—).)li. lri(’a,;ﬂ)ll}l/p’
whence
(T,.Sll)“ = KSW-3/2,—ap—op—pjdy—fueop—p/i Zm' 2"' ilv-lklv—lx
’ iS16=1
X ‘tl(’a,;ﬂ)lli(dlu+wl[l—"1#+ll)/lk(ﬂlu+mlu—vlu+u)/1,

and for any M, N=1,2, ...

g' ZN' s — ln"”—’(T(D)“SKS(“ Ayn 2 Z'li.u—lk).u ll‘t(“’ﬁ)li'x

m=1n=1 i=1k=1
X j@A+odn—uip+ )AL (BAr+win—viut )[4 X

M N
X Z 2m—au—wu—u/i-+uu—1n-ﬂn—mu—u/l+;w—1 = KSu/).’



Generalized absolute summability 105

because, with standard computation,

M
j(aAnt0ip—uiutp)/d —ap—op—-pfi+pu—1
(23) i >m =K.
m=i
2
T = a3 5 AP AU AP AP 5P| =
’ Ay(:H) Ay(.ﬁ+ ) & k=n/2 ’
= Ky 3 3 A8 A K- efy )
‘ A,(:“) i=0 k=nj2 ! ’
and
m n
Ve ® = K— v A(aﬂ) 2 2/2 (n—k+1)=1 4@ ko~ [1&h)| =
n,

m n—1
= K—ary 3 5 (1= KP= A (k+ D91 4
m i=0k=0

1 m _
+K_—_—A("+1) Z(') AP oA B = TED L TED,
m 1=

Applying Lemma 2, with the single sequence

dim = (k+ 1)1 3 AP (250,
i=1

we obtain that for any N=1,2, ...
N N n-—-1
2 (TP = Km—r 3 3 (n—k)°~dmy =
n=1 n=0 k=0

N m
= Km~r=t{ 3 (e+ 17°7( 3 AP a5 Py

Applying the Holder inequality with indices A and 1/(1—1), by (22) we have

m m
2 APIGP = K 2 {Ere ey P} =
i=1 i=0
m m
(24) = K{ 2; i““"’l‘f.-(f'iﬂ)ll}m{ Z; i—wl/(l—l)}(l-l)/). =
= 1=

m
= Km—m+().—1)/}.{.21' ila+lm|.r’g,a,;ﬂ)ll}l/1,
i=
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and, by Hélder’s inequality with indices py/2 and u/(y—7) we have
q y
N o : N m P . )
"g; (T"(l’.’,ll))ll = Km—#2—p—op+G-1)u/ {kg; ig (k+ l)).v-l,/.z+ 'm|T.§fZIEB)|"}""' —

(25) : Km—#2—=#— up+(l~l)ﬂ/)[2 2{(/( ' ])()u—l)//ulzz-(»-/w (m—l)(u—/)/ux

k=0 i=1

X ,T.'(;IIE ﬁ)';.:/p} {(k+ ])(}.v—-l)(;l—}.)/ﬂi().u—l)(y—/'.)/pI,l.i(’zéﬁ)l(#—i.)i./u}]u/l =

= Km—m—#-— wu+(}-1)u/as(u iyu 2 Z(k'{‘l)“_ jap 4o~ (Au— 1)(""")/"|‘t(“"’)|’
k=0 i=

Finally, by uvsing (23), for any M=1,2, ...

2 2’ - I(T(Z 1));4 = KS(“ A Z lena—l(k+])Au—llr(a,ﬂ)ll

m=1n= k=0 i=1

M
Xl‘zu+wu—:uu+u//‘. an—zu-wu~u/).+uu—l. = KS‘(/)._

By (24) we obtain that for any N=1,2, ...

N

(2 DN = Kpp—Ha—s =i (@) (0 )Y <
P Z (ZA fei%21)

N
= K”,’-—uz-ﬂ—wu+().—1)u/). 2 n(v—l/l)u( S’ i).a+).w|,r'§:z';ﬂ)|}.)u/i..
i=1

n=1

It is known that if ;=0 and O<p=1 then

(26) (ay+ar+ ... +aq)y =al+ab+.. +af,
whence
N
ZL(T(2,2))11 = Km—He—#—wnt(G-1)p/ { 21' Zl'n/.v 1 /a+l¢u|t(az,ﬁ)| }u/).
n= n=1 1=

and we may finish the estimate as in (25). This completes the proof of

M N
2 2 mig T T = KSHA
m=1n=1

and, by similar arguments, we have that

MON

S S m i T = KSHA,

m=1n=1
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Now let us consider T\*).

1 m
@ _ - (5 1) (6-1) f(@) 4(B) |2(0:8)| =
T = TR, 3,5, M A AP AL ) =
SN -p—0 4(6-1)
=K 3 2 ik AQTP ALY 115,
i=m/2 k=n/2
and
- n—1
mt— 1/unv l/uT(4) <K Z 2 (m—l)é 1(,1 )a—ll-u—-l/}.kv—l/,tl.[i(szﬁ)l+
i=m/2 k=n|2

m-—1 n—1
+Kno~YA 3 (m— i)t e @B - K YR 3 (n— k)P kYA |t 8P| +

i=m =n/2
+Ilz{mu..1:;. v 1/A|T(a,ﬁ)| = (4 - 1) _|_T(4k2)i*_T(4,3) +T(4 +4)
Applying Lemma 3, with the double sequence
| dip = (4 1)+ 1P~ 2y )
we obtain that for any M, N=1,2, ...
M

3 Zagy=k 3 3(3 S i - bpa,

me=1n=1 m=1 i=0

=

A

= K(Z 2(l+l)"“ Lk + 1)=& D)t = KSH2,

i=1k=1

Applying Lemma 2, with the single sequence
d® = (i+ 1)1 )|

we obtain that for any M=1,2, ...

Mz

( '4,2))11 = Knth-#/t 2’ (2’ (m )6 ld(n))u <

1 m=1 i=0

m
M

= Knvu—ull( 2’ i+ l)l“‘llr,(f‘,; ﬂ)|i-)u/l’
i=1

and, by (26), for any N=1, 2, ...

2‘ 2(7*(4,2)):1 <K{2 Z'(H_])lu —1,A0— 1|T(a,ﬁ)|l}ﬂ/i = KSH*

m=1n=1 i=1ln=

By similar arguments we have

M N
3 Z@edy = Kse
=1 n=1
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and, finally, using (26) again

49y < uh—pfA por—pit| (2, B) 18 <
ZZ’(T ) KZZM [t |

m=1n=

= K(3 3 me-ipho-t@ D = KSH,
m=1 n=1
Estimates for i=1,2,3, 4

M N
2 et (D) = KS

complete the proof of (11) in the case i), for 6=1/1—1/u.
In the case ii) for 6=1/A—1/u=1—1/u, by (19), we have that for any M, N=
=1,2,...

M N
m“"“n“"‘llr,(::”"”")l“ = K 2 Zmuu—l—-;u—ydnuu—l—uﬁ—péx
’ m=1n=1

(WS
M=

3
1
-
s
I
-

}{ 2 Zm—it 1=k + 1010k 2P|
i=1k=1
Applying Holder’s inequality with indices u and u/(u—1) we obtain that
2 3 m— it 1P =k D1 af5P) =
i=1k=1

{ —i+ 1)"‘1(n-k+ 1)6—1ia—-(u—l)(#—l)/ukﬂ—(v—l)(u—l)/u |T,§,az,;p)|1/u} X

[\,_1:

P

i=1k

1
X {i(u—-l)(u—l)/uk(v-l)(u-1)/u |r,§f',;p)|(“"1)/“} =

; 5— S—1yu jau~(u—1)(p— ~(v-1)(n~
(m—l+1)( 1)"(n—k+l)( Hujan~(w—1)(r—1) [Bu—~(v—-1)(n 1)|Ti(,“éﬂ)|}1/”><

)
s
MH

-
[
[y
x*
)
-

n
,,21 l‘u—lkv—lI,ri(,a,;ﬁ)l}(ﬂ—l)/ﬂ,

x{,

1Mz

and

pu—1,pu0—11 (243,844
LA (S Sl

Mz
™M=

1n

N
Z’ 11 I'C.-(,aé ﬂ)| ,‘w—uu+ukﬂn—vu+nx
k=1

Ks#-1

i

EM:

M N
X Z’ Z' (m—i+ 1)5"—1‘(n_k+ l)éu--umuu-l—ua—udnnv~1—#ﬂ—u6 = KS*,
m=i n=k
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since

(27) ,z#—uuﬂt(z + 2 )(m_,+1)6u Hppu—l—pe—pé

m=2i

i o
= Kjr—or-1 > mPE—B . ek —untp > mhtu=l-pe < g

m=1 m=i

Proof of Theorem 3. Inequalities (12) and (13) follow directly from Flett’s
result ([3], Theorem 3), by similar arguments to the proof of (6) and (7). In the
proof of (14), considering Theorem 1, we may assume that y=f—u<0 and 6= =n-
—~v=<0.

Let A=1. Using (19), we have that

m n
mynalf,(,ﬁ’;y’ﬁ+")| = Km—*n—#8 PAPA IAy(nr——il)lIAp(,d—-l}l)li“kﬁfT,-(ﬁ’cﬁ)]-
i=1k=

Let @w be a number such that

max (—oe—1/A4+u, —f—1/A+v) = 0 < (A-1)/A

Applying Hélder’s inequality with indices 2, 1/(2—1) we obtain that

Ayn).a|,[(a+7 ﬁ+6)|). = Km-—a}.n—[m{ 2' Z' IA(y 1)| IA( )Illa+).wk;./1-r).w|,c(u p)lz}x
i=1k=1

2"' |A1(J—_i1)l lA'(l&_—kl)l i—wl/().—l)k-w}./().-—l)}(i.—-1)'
k=1

\\VE

x{

Il
-

i
A routine calculation gives that

m

Z'IA(y 1)ll-w;./(/1 1)5K2(m_1+1)7 1;~0d/(2~ 1)SK(Z+ 2' }§

i=1 i=1 i=m/2

= Km'? Z' 1—0))./(2. 1)+Km_m/(i. 1) 2 (m—l—i—l)"‘l = Km'— wAf(A— 1)

i=1 i=mi2
whence
(28) m""n""ltﬁ,ﬁ,“’*‘”ﬁ = Km—eh—0ip—Br—0dy

m

X 2 2"’("7—14-1)y 1(n k 4 1)8=1 0+ a0 [ +Ao (e B3

i=1k=1
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and for any M, N=1,2, ...

M N
Mu+)—1,4(04+8)—1 | (a+7, MNiA
2 2 mHEIn =il b o) <
m=1n=1
N
N’ Z'mlu—l—al—m).nlu—l—lll—wlx
m=1n=1

m n
X 3 S (m—i+ 1) (n—k+ -1+ iogisio|en|i =
i=1k=1

M N
— =1 LAv—=1| (2 B)|AjAa+ 20— Au+l AR+ A0 —Av+1
=K Z'kzlz k#o=t|gfo )2 jAatdo—dutipdB+ X

-

X Z‘ Z(m_,+1)y l(n k+ )a ~lyfu~l-si-wlpiv—1-zi-wl <

m=i n=

N
2 Aty— 1k2v 1[T(a,ﬂ)‘z
k=1

HA
M:

I
—

i

because

l)a+lm ).u-{-l(Z + 2)(("1-—1-{—1)7 1 i.u-—l-—a). w1)<

m=i m=2i

(29) = KZ (m_l+l)v—1+KlAa+).w —u41 2' (m_1+1)lu 2—al—-wd+y =

m=2i

i oo
§K Z' m'y—l +Ki).a+).m—).u+1 2 nllu—z—al—m).q-y = K
= m=i+1

In the case of A=1 we set w=0 and the inequality (28) remains valid and we
obtain (29) in this case, too, so our proof is complete.

-Proof of Theorem 4. Inequalities (15) and (16) follow directly from Flett’s
result ([3], Theorem 4), by similar arguments to the proof of (6) and (7). In the
proof of (17), thinking about Theorem 1, we may assume that y, §<0. Using (14)
we have that

oo

(30) g’ S'mi.(y+u)—1n/1(6+u)—1|,r’(:-:-'y,ﬁ+6)|). =K S’ Z'mi.u—ln}.u—llt(a,nﬁ)ll
) —_ . m, .

m=1n=1 m=1n=

-
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Applying Hélder’s inequality with indices Afu and A/(A—pu), we obtain that

=1, up—1) (at+y, B+d)|p
s~ |Tm’n7ﬂ )| —

M3
M:

in

I
o

n

X{m—1~u(r+u—§—1/i.)n—1-—u(a+u—n—1/;.)} =

E]
I

{mu(7+u—1/l)nu(6+v—1/1) I‘E,(,‘,’:Y’ﬁ”)l"} X

uMg

= {Z_v Zm).(v+u)—1ni.(6+u)—1IT'('gz’-;y,ﬂ+6)ll}n/).X
X{Zj' 2"m—l—lu(7+u—§)i(l—u)n—l—-l#(d+v—n)/(l—u)}(l—u)/’._

The last factor is bounded, because y+u—¢, d+v—n are positive, and inequality
(17) follows from this and (30).

Proof of Theorem 5. We can observe that if the conditions are satisfied,
applying Theorem 4, we obtain that the summability |C, («, ), (u, v)|, of series
(1) implies the summability |C, (y, d), (0,0)|;. Now Theorem 5 follows from
Lemma 4.

4, Negative results. First we show that Theorem 2 is the best possible in the
following sense:

a) If y=A=1 and min (y, 8)<1/A—1/u, then forany & #=0 the summability
IC, (a, B), (u,'v)|; does not imply the summability |C, (x+7y, B+9), (&, n)l,.

Without loss of generality, we can assume that y<1/A—1/u and O0=u, v=1/A

Applying Lemma 5, let S’c- be a single series, such that @=m"? if m=2"

and t@=0 otherwise, where 2/(1—ul)<p</ and u=>0. The series Zc is
summable |C, a, u|;, since

oo

2 ,nlu—lf,r'(nz)l). — S’zv(ul—l—l/p) < oo,
v=0

but not summable |C, a+y,0},, since

2 m-1-w |T(a)|u — 2’ (=1—py+p/p) — oo,

m=1
and we may use Corollary 1. Thus the assertion is proved, because it is clear that the
summability |C, (x+7y, B+0), (£, n)l, implies the summability |C, (¢ +7, §+6), (0, 0)],.
In the case =0, the assertion was proved by Flett ({2], part 2.7).
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b) If u>Ji=1 and min (y, §)=1—1/u then for any ¢, n=0 the summability
IC, (a, B), (4, v)|, does not imply the summability |C, (a, B), (¢, #)l,.

Without loss of generality, we can assume that y=1+1/u and ¢=0. If u=0,
the proof is carried out analogously to the proof of preceding assertion. In the case
u#=0, by using Lemma 5, let f’ c; beasingle series such that 1@ = p2l, if m=1,=

i=0
=2% and t@=0 otherwise. It is clear, that

2m P = Fpt<
=1 p=1

so the series f’ ¢; is summable |C, a, 0|,. On the other hand, from (18), with the
i=0 .
notation n=1[,+1, 0=r=l, i

1'(.a+r) = l A,,__,/“)A(“)T(“) =K@+1)~ llﬂlllup—2
and
2”' llr(a+y)|u = S' 2’ n_l‘r(“”) =K Z 2(1 +0)t+ 1) 1 p—2u =
n=1 p=1n= P p=1t=

oo

l oo
=K Zp ™ J(+) sK 3 0p =,
t=0 p=1

and therefore this series is not summable |C, a+y, 0],. We remark that this example
is due to Flett [4], in connection with strong summability [C, «];.

Now we investigate the parameters u, v. The following result shows that the
parameters u, v cannot be increased. (It is clear that ones can be decreased.)

o If 4, u=l1, u,v=0, a=u—1, f>v—1 and &>u or n=v then for any
o, Pilay=E—1, By=>n—1) the summability |C, («, f), (u, v)|, does not imply the

Summablhty IC, (al’ ﬂl)s (69 ﬂ)lu
We can assume that ¢>u. Applying Lemma 5, with ¢;=i~?, where u+1<

<p<£E+1, we obtain that the series 2, ¢; is summable |C, a, u;, since

i=0
Z m}.u—llr,("a)li. =K Z’ ml(u+1—p)——1 <o,
m=1

m=1

but is not summable |C, «,, £|,, since

2 mié= ll‘t(“‘)l” =K 2 mpG+1-p) -1 —
m=1

Finally we prove that the parameter A cannot be decreased if parameters u, v are
fixed.
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d) If 2>u=1 and u, v=0, then for any a,a,, B, B, (a, &, >u—1, B, py=v—1)
the summability |C, (a, B), (4, v)|; does not imply the summability |C, (x;, By), (4, V),
We apply Lemma 5, with a single series S’ ¢; such that ©P=(log m)~""m~",

i=0

t®@=0, where p<p<J. Since

2 m’““lh,(:)]" — 2 m~1(log m)—/l/p <oo,
m=1 m=1 .

the series D ¢; is summable |C, a, u|,. On the other hand, using (18), a routine
i=0

calculation gives that

1 g .
) = D AL174-D D@ = Km—* 2; (m—i+ ey
m i=

m/2 m
Xi*(logi)~YPi~" = 3+ 3 =T +TP,

2

1 i=mf2
and therefore

m/2
TV = Km=**(log m)~*? > i*=* = Km~"(log m)~"/?
i=1
and
m/2 )
T® = Km—a*e=4(logm)~Y? 3 i=*~1 = Km~*(log m)~"?,
i=1

furthermore

S mel e = K 3 mT (log m) TP =,
m=1

m=1

so the series > ¢; is not summable |C, oy, ul,.
i=0

1
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