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On rings satisfying (x, y, 2)=(y, z, x)

YASH PAUL

Let R be an arbitrary nonassociative ring having a Peirce decomposition, into
a direct sum of Z modules, relative to nonzero idempotent e in the nucleus of R.
If R satisfies the identity (x,y, z)=(y, z, x) then (i) under certain conditions on
the Z modules, R is associative and (ii) if R is prime then e is the identity element
of R.

As usual, the associator (x,y,z) denotes (xy)z—x(yz) and the commutator
(x, y)=xy—yx. STERLING [3] has shown that semiprime rings satisfying

1) (x,3,2) = (y, 2, %)

are alternative. The nucleus N(R) of an arbitrary nonassociative ring R consists of
all elements » in R such that

(n,r,s)=0=(r,s,n) = (s,n,r) forall r,s in R

It is well known, see SCHAFER [2] p. 18, that N(R) is an associative subring of R.
We need an identity valid in all rings, the so-called Teichmiiller identity

(2) (wx, y, z)— (W, Xy, 2) + (W, x, yz) = w(x, y, 2) +(w, X, y) z.

We now take turns letting one of the four elements in (2) be in the nucleus. Thus

€) (nx,y, 2) = n(x, y, 2)
@) (wn, y, z) = (w,ny, 2)
(5) ‘ (w, xn, z) = (W, X, nz)
(6) (w, x, yn) = (W, x, y)n

for any element n in N(R) and the rest of the elements arbitrary in R.
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Lemma. Let R be a ring satisfying (1). Then
(R, N(R)) € N(R).
Proof. Let x, y, z be arbitrary elements of R and » be an element of N(R).
Using (1), (3), (5) and (6) we get
n(x,y,z) = (nx,y,z) = (y, z, nx) = (y, zn, x) = (x, y, zn) = (x, y, zZ)n.
Thus
(7 n(x, y, z) = (x, y, 2)n-
Again using (1), (3), (6) and (7) we get
(nx,y,2z) = n(x,,2) = (x,y, z2)n = (y, z, x)n = (y, z, xn) = (xn, y, ).

Thus ((x, n), y, z)=0. This implies that (R, N(R))SN(R).
A ring R is said to have a Peirce decomposition relative to the idempotent
e€ R if R can be decomposed into a direct sum of Z modules R;; (i, j=0, 1) where

R;; = {x€R: xe = jx and ex = ix}.

It is known, see JACOBSON [1], that if R is an associative ring and if e is an idempotent
in R then R has a Peirce decomposition relative to e. Also, if R has an identity ele-
ment 1 and if we write e;=e and e,=1-—e then R;;=e;Re;.

Let e€¢ N(R). Embed R into the ring R’=Z+R which contains an identity
element 1. Clearly, e and 1—e are in N(R). It follows that R=@R;; and
Ri;=e;Re; for i,j=0,1. Thus

Ri; Ry = (eiRej) (e, Rey) = e; R(e;e) Rey & 6j,.6i Rey = 6 Ry
for i,7, k,1=0,1 (6 denotes the Kronecker delta).

Theorem. Let R be a ring satisfying (1) with an idempotent e#0 in N(R).
(1) If R satisfies the condition

RijR;; =R; when i#j '
then R is associative.
(ii) If R is prime then e is the identity element of R.

Proof. (i) Ry=(e, Rig)=—(Ryy,€) and Ry =(Ry,e). Since e€N(R), by
the above Lemma, R,, and Ry EN(R). N(R is an associative subring of R. So
RiRy and RyR,,SN(R). By the given condition Ry, and Ry,SN(R). It fol-
lows that

R = Ry + Ryg+ Ry + Roo g N(R)-

Hence R is associative.
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(i) RygRy+ Ry R ¢yEN(R). This, together with the property R R, S0, Ry,
allows us to conclude that B=R;yRy+ Ryp+ Ry + Ry Ry is an ideal of R con-
tained in N(R). All rings R have an ideal A, called the associater ideal. It is defined
as the smallest ideal which contains all associators. It actually consists of all finite
sums of associators and right multiples of associators. The associator ideal is never
zero, except when R is associative. We shall show that BA=(0). Let b€B. Then
using Teichmiiller identity (2) we get

(bx, y, z)— (b, xy, 2) + (b, x, yz) = b(x, y, z) + (b, x, y) z.
Since B is an ideal contained in N(R) and b€B we have
(bx,y,2) = (b, xy,2) = (b, X, yz) = (b, x,y) = 0.
Thus, from the above equation, we get

b(x,y,2z) = 0.
Also, since b€ N(R),
b((x’y’ Z)W) = (b(x, y, 2))w = 0.

Thus we have proved that b4=(0) for all b in B. Hence BA=(0). But R is prime
and nonassociative. This implies that B=(0). So we have

R = R, ®Ry.
Thus, R,; and R,, are ideals of R such that

Ry, Ry = (0).

From the primeness of R again R;;=(0) or Ry=(0). But 0xecR,, so that
R, #(0). We must have Ry,=(0). This implies that e is the identity element of R.
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