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A characterization of the Radon transform 
and its dual on Euclidean space 

Ä. KURUSA 

A . HERTLE [3] gave a characterization of the Radon transform by investigating 
its behaviour under rotations, dilations and translations and making some restric-
tions on its range. In this paper we present an alternative characterization of the 
Radon transform R, for which we do not need any restriction on its range. We 
also consider the boomerang transform B [5], which is essentially the dual of the 
Radon transform. 

By definition 

where <u€-S"_1, dx and dm is the surface measure, h a n d / are good enough 
functions on R" (for example continuous functions with compact support) and 

One can easily verify (see [4]), that the boomerang transform has the following 
properties: 

(5) If / f c - / locally uniformly on R" then B(fk\x)^B(f\x) for any xgR", 

where a l 5 a2^R,f,f1,f2,fk are functions on R", U is an orthogonal transformation, 
0«5£R and x,j>ÇR". 

^(/)(«,,p) = / /(*) dx, B(h\x)= f h((co,x)co)dco, 

S»-1 = {cotS"-1: (o), x) = 0}. 

(1) BfaA + aJJ = aMù + aMJ 

(2) B(foU) = B(f)oU 

(3) B{f(,5x))w = B(J\iy) 
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T h e o r e m I. If a nonzero function-transformation fi has properties (1)—(5) then 

P=W)B C(RnX{0})-
P r o o f . Let / • ( * ) = T h e following simple equations prove, that /?(/•)= 

~fi' ci> where the constants c[ depends only on N. 

/KA*o = P W y ) ) w = W J o o 

P(fi\ux) = P{fi(Uy)\x) = HJdw 

This implies that if / is even 

cKf + M)' = P(fd(x+(.,/|«D) = P(fi(y + tey(ey, ex))\x) = 

7=0 V ' 

x 
where ex=— and f€ R. Since this is an equality of two polynomials, we have 

\x\ 

obtained for even i that 

( * ) c'jfj(x) = p(\y\J(ex:eyy-%y 

Now this equation and the condition (4) imply 

P((e, ey)%0) = 0((e, ey)%+ec) = c'lt 

where e, e0 are unit vectors. Let c ;=2? (/•)//•. The integration of our last equation 
over SJ"1 gives 

c'tB(l) - f P((e, ey)%eo) de = fi( f (e, ej'de^ = P(c,)M = c,P( 1). 

This way, we have derived the following equation for any even i: 

Furthermore if i is even 

P(fi(x+y)) = P((x+y, x+yy+*) 

= Zm (k)
l{2 J 2m W^-PQyl^iex, «,)"), 

where k+l+m=i/2 and k,l,m£N. Taking into account ( * ) this gives rise to 
(by calculating B(f(x+y))) 

P(Mx+y)) = -^B(fi(x+y)). 
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Since the translates of radial polynomials are locally uniformly dense in C(R") this 
completes the proof. 

Theorem 2. If a nonzero function-transformation Q has the following properties 
then Q=CR on Cc(R"), the compactly supported continuous functions, for 
some c£R. 

(5') If fk—f locally uniformly on R" then e(fk)~"Q(f) (with common support). 

The notations are the same as in Theorem 1. 

Proof . Let f=B(g(f)). Then we have 

(a) (fli fi + a2f,y = axft + a2 ?2 

(b) (foU)" =foU 

(c) (f(8x)Y{y) = d'-f(8y) 

(d) ( f ( x + y ) y ( z ) = K z + y ) ' 
(e) If fk—f locally uniformly on R" then ?k-*f (with common support). 

It is well known [1], that if a transform satisfies (a), (d) and (e) then there is a func-
tion g on R" such that 

where d is a suitable constant. This implies by [2, p. 104] that f(x)=cB(R(f)) for 
some constant c. Thus we have for any function / that 

From Theorem 1.3 of [4] we know the invertibility of the boomerang transform on 
the set of radial continuous functions. So if we prove that the continuity of / im-
plies the continuity of Q(f) then we shall obtain that Q is equal to cR on the con-
tinuous radial functions. Since the translates of radial continuous functions are 
locally uniformly dense in Cc(R") this will imply the theorem. 

(!') ^(^1/1 + 02/2) = a1Q(f1) + a2g ( f 2 ) 

(2') e(foU) = Q(f)oU 

(30 = 
(40 e(/(*+7))(ffl,r) = Qif\o>,rH<o,y)) 

/(*)= ff(y)g(x-y)dy. 
R" 

A short calculation with (b) and (c) gives that 

B(e(f)-cR(f)) = 0. 
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Thus to finish the proof we only have to prove the continuity of e ( f ) for any 
continuous radial function f . For any E >0 we have 

eCAr+o-eCArt = e ( [ ^ " / ( ^ t 1 *))w
_i?(/)(r) = 

If e tends to zero then 

uniformly on supp ( / ) . This just means that e ( f ) is a continuous function. 
Theorem 1 (resp. Theorem 2) is valid for any other function space in which 

C(R"\{0}) (resp. Ce(R")) is dense. 
The author would like to thank L. Feher for making valuable suggestions on 

the form of this article. 
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