Acta Sci. Math., 53 (1989), 119—122

A spectral dilation of some non-Dirichlet .'al’_ge,br‘a o

TAKAHIKO NAKAZI*)

Let X be a compact Hausdorff space, let C(X) be the algebra'of éompléx-\ialhéd
continuous functions on X, and let A be a uniform algebra on X. Let $ be a com-
plex Hilbert space and L($) the algebra of all bounded linear operators on §. I'is
the identity operator in $. An algebra homomorphism f—»Tf of 4 in L(9), Wthh
satisfies

T,=1 and |T| =|f]

is called a representation of A on 9. A representation &—~U, of C(X) ona Hilberi
space K is called a spectral dilation of the representation f—T, of Aon Hif His a
Hilbert subspace of | and

T,x=PU,x for f€A and x€9

where P is the orthogonal projection of & on $. .

If 4 is a Dirichlet algebra on X and f-T, a representatlon of A on S), then
there exists a spectral dilation. This was proved by Folas and Suctu (cf. [3, Theo-
rem 8.7]). However, it is unknown whether any representation-of a: non-Dmchlet
algebra has a spectral dilation. In this paper we give an example of a umform alge-
bra which has a spectral dilation for any operator representatlon and is a subalgebra
of a disc algebra, of codimension one.

If f—~T; is a representation of 4 on a Hilbert space 5 with the inner product
(x,y) (x,y€PH), then there are measures pu, , (x,y€9H)- such that Ilu,,,llsllxllll ¥l
for x, y¢$ and

Trx, y) = ffdux y for fcA and. x,ye9

(see [3, p. 173]). Let t be in the maximal ideal space of A4 and G the Gleason ‘part
of 7. We say that the representation f~T,:of 4 is G-continuous (G-singular) if
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there exists a system of finite measures {u, ,} such that p, , is G-absolutely con-
tinuous (G-singular) and (T, x, y) f fdu,,, for all fcA4 dnd all x,y€9 (cf. [2,
p. 182]). We need the following three lemmas to give a theorem. The first one is a
theorem of MLAK {2, Theorem 2.3] and the second one is one result of Foias and
Suctu (cf. {3, p. 173)).

Lemma, 1. Let f~T; be a representation of A on $. Then f—T, is a unigue
orthogonal sum T;=T{@ T} where the representation f—~T% (f~T ?) of Ais G-abso-
lutely continuous (G-singular).

Lemma 2. Let f~T, be a representation of A on §. Then there are measures
Huz (x, y€D) such that | =I5yl for x,pe9 and
((Tf+T*)x, y) f(f+g) dux ¥y

for f,8€A4 and x,y€9H.
A family 4., (x,y€9H) of measures on X is called semispectral if it satisfies
the following properties:

O unttpss = G s Bl

@ - fed,,=[8d,, (scC(X)
3) 2z =0,

@ S A = iyl

where a and § are complex numbers, and y is a posmve number.

" Now we ‘can give an example of a uniform algebra which has a spectral dila-
tion for any operator representation and is not a Dirichlet algebra. Let T be the
unit circle and & the algebra of those continuous functions on T which have ana-
lytic extensions f to the interior such that f(0)=f(1): Then & is a uniform algebra
on T ‘and T is the Shilov boundary of <. The complex homomorphism T on o
is defined by 7(f) =f(0)=f(1). Both d0/2r and the unit point mass §, at 1 represent
the- ‘same linear functional 7 on /. Therefore o is not a logmodular algebra and
heénce not a Dirichlet algebra on T (cf. {1, p. 38]). -

Lemma 3. If p is an annihilating measure on T for .sz¢+§ then du=
'_c(d0/21r—d51) Jfor some constant c.

Proof. We may assume that g is a real measureon T. If anmhllates .xd .then
fzdy =fz2du ==fz3d/4 =...
because the functions z—2z2 z2—2% 2*—z% ... are all in /. Hence for any positive

integer n :
f 2"(dp—c, déy) = 0,
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where c1=fzdy. By a theorem of F. and M. Riesz (cf. [1, p. 45]), du—c,ds;=
=hd0/2n for some h in the usual Hardy space H'. The absolutely continuous
part of u with respect to d8/2r is a real measure and coincides with h d0f2z. Since
H! has not nonconstant real functions, A is constant. Thus du=c df/2n+¢,d5, and
¢=—c, because fl di=0.

Theorem. Let f>T, be a representation of </ on a Hilbert space H. There
exists a spectral dilation &—~U, of f-T;. '

Proof. By Lemma 1 we may assume that the representation f—T, of </ is
G-continuous or G-singular, where G is the Gleason part of 7 in the maximal ideal
space of <. Suppose the representation is G-continuous. By Lemma 2 there are
measures f,,, (x, y€9) such that ||g, =[x | y| and (T,+T)x, y)= f (f+8)dus,,
for f,gcs/ and x, y€$H. Since the representation of & is G-continuous, by the
definition g, , is absolutely continuous with respect to d6/2n+dd,. Hence

du,,, = hy,,d0)2n+c,,, dé,

where h, , is in the usual Lebesgue space L'(df/2n) and c,,, is constant.
Put
dh, , = (h,,+c.,,) dOf2m.
We shall prove that the family Z,,, (x, y€9) of measures on T is semispectral, that
is, it satisfies (1)—(4). (4) is clear. du,.ypy,.—(x du,, ,+P dy, ) annihilates of/+.of.
Therefore by Lemma 3 for some constant a, , .
d,uax+ 0)',2;'(‘1 d.ux,z+ﬂ dll’y,z) = ax,y,z(do/zn—dal)’
consequently

hxx+ﬂ.v,z_(ahx,:+ﬂh}’ﬂ) =iy,z
and

Cax+By,z —(acx.z +ﬁCY.=) == lyy,z

This implies (1). dp,, ,—dji, . annihilates &/ + .
Therefore by Lemma 3 for some constant b, ,

dpt,,y—dfi,, . = b, ,(d0)2n —dé;)
consequently

hx,y*h-y.x = bx,.v and Cry—Cyx = —bx.y'

This implies (2). By Proposition 7.8 in [3], if f¢s/ and Ref=0 then Re T,=0.
Hence if u€sZ+ o and uz=0 then fudux,xéo. Thus for u€sf+4 with u=0

Judhe.= [ulhe te,)db2n = [uh,  dO/2n+c, . [udof2n =
= f uh,,, d0/2n+c, . f uds, = f udy, , =0,
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By the Riemann—Lebesgue lemma we know that z"—0 in the weak* topology
of L>(df/2r). Hence the functions z, z2,z% ... are all in the weak*-closure of &/
because z¥=(zF—z*-Y)+...4+(z"—z""1)—2" for n>k. Therefore for ucC(T) with
uz0[ udl, =0 and this implies (3).

Since the family 4, , (x,¥€9) of measures on T is semispectral, there is a
positive definite map ®~T of C(T) in L($) (cf. {3, Theorem 7.1]). By a dilation
theorem of Naimark (cf. [3, Theorem 7.5]), we obtain a representation @ -U,,
of C(T) on a Hilbert space & which is a spectral dilation of ®—Tg. If f€.s/, then
[ £d6/2n=[ fd8,=0 and hence :

(T, 9) = [F by = [ fhey dOf2n= [ fdu, = T;%,9) (x, YES).
Thus T;=T, if fcso/ and the representation ®—~U, is the spectral dilation
of f~T,.
If the representation is G-singular, the family u, , (x,y€9) is singular with
respect to df/2n+dd,. Then Lemma 3 implies that it is semispectral immediately,
and the proof can be completed as above.
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