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Convergence of Hermite—Fejér interpolation at zeros
of generalized Jacobi polynomials

PAUL NEVAI*) and PETER VERTESI

1. Introduction

The aim of this paper is to find necessary and sufficient conditions for uniform
convergence of Hermite—Fejér interpolating processes based at the zeros of gen-
eralized Jacobi polynomials. As a by-product of our investigation we also give an
answer to a question raised by P.-TURAN [35, Problem XXVII, p. 47] (cf. [36, Sec-
tions 2.3.1 and 3.6, pp. 337—338]). If fis a bounded function and w is a nonnegative
integrable weight function on the real line, and x,,(W)=xX,,(W)>...>x,,(w) are
the zeros of the orthonormal polynomials p,(w) corresponding to w, then the as-
sociated Hermite—Fejér interpolating polynomial H,(w,f) is defined to be the
unique polynomial of degree at most 2n—1 which satisfies

H,,(W,f, xkn(w)) =f(xkn(w)) and Hr,;(waf; xkn(w)) =0, k=12,..,n

Ever since the work of L. Fejér, G. Griinwald and G. Szeg8 there has been a
great deal of research performed in conjunction with convergence properties of
these polynomials in terms of the weight function w, the point system {x,,} and
the function f. In particular, when {x,,(w*'®)} are the zeros of the Jacobi poly-
nomials  p®® which are orthonormal with respect to the Jacobi weight w(*» de-
fined by '

—x)(1+x)* for x€[-1,1]

o _ (1
wl b)(x) = {0 for XQ(— 1, 1)9
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a>—1, b= —1, one has a complete description of the conditions assuring uniform
convergence of the corresponding Hermite—Fejér polynomials H,(w@?, f),
Namely, roughly speaking, for negative parameters a and b lim H, (W, f)=f
uniformly for all continuous functions f, whereas for nonnegative a and b
lim H,(w®, f)=f takes place uniformly only under additional conditions on f.
An accurate synthesis of the results we are interested in is given by the following five
statements.

Proposition 1.1. Let a>—1,b>—1 and O=e<]1. Then

lim max |f(x)—H,(w"", f,x)| =0

Jor every function f continuous in [—1, 1].
Proposition 1.2. Let b>—1 and —1<e<1. Then

sup max [H, (W), f, X)| <oo

n=1 &=
Jor every function f bounded in [—1, 1} if and only if —1<a=0.
Proposition 1.3. Let b>—1 and —1<e<]1. Then
lim max [f(x)—H,wD f, x)| =

neoo g=Xx
Jor every function f continuous in [—1, 1] if and only if —1<a<0.

The above three theorems are condensed from {4, Vol. 11, pp. 9—48, 285—317,
361—417, 502—512, 527—562, 767—801], [28, p. 138], [32, Theorem 14.6, pp. 340—
344] and [33, Vol. 1, pp. 335—362]. _

By Markov’s theorem on the derivatives of algebraic polynomials (cf. [16,
§ VL. 6, p. 141]) if {Q,} (deg O,=n) is a uniformly convergent sequence of algebraic
polynomials in an interval, then O is O(n*) in the same interval for r=1,2, ....
In view of this observation the following result whose special case of Legendre
zeros (@=b=0) was also treated by A. SCHONHAGE [27] and J. SzaBaDOS [29] is
especially satisfying.

Proposition 1.4 [38, Theorem 2.1, p. 84). Let —l<g¢=<1 and let f be con-
tinuousin [—1,1]. Let ac[s—1,s) for afixed positive integer s, and let b> —1. Then

lim Jnax If(x)—-H, WD, f,x)| = 0

holds if and only if
lim H,(w®Y, £, 1) = f(1)
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and (if a=1)
lim n=¥[HOWED, £, X))l =0

n—>co

for r=1,2,...,s—1.

The following result of J. Szabados is the culmination of research by several
authors including L. Festr [4, Vol. I, pp. 22 and 40], E. EGervARI and P. TURAN [3],
A. SCHONHAGE [27] and G. FreupD 9]

Proposition 1.5 [29, Theorems 1 and 3, pp. 470 and 457). Let b>—1 and
—l=<g<1. Let f be continuous in [—1,1]. Then

lim H,w®", £, 1) = (1+b)27>~* flf(t)W‘ (6 dr,

and
lim max |f(x)—H, WD, f, x)| =

n—>co g=X=

holds if and only if o
) =Q+0)2701 [ fweD () dr.
-1

“In what follows the function w is a generalized Jacobi weight if it can be re-
presented as

= gw®b) where g(= O)EC1 and g'cLipl on [-1,1]

for some a=>—1 and b= —1. Because of J. Korous’ theorem yielding bounds for
the corresponding generalized Jacobi polynomials p,(w) (cf. [32, Theorem 7.1.3,
p.'162]) one expects a close relationship between Jacobi and generalized Jacobi
polynomials, in particular, between associated approximation procedures. This is
indeed the case as shown in the research conducted by V. M. Badkov, A. Mité,
V. Totik and us (cf. [1], [2], [11}—{15], [18]—[22] and [24]).

In [24] we dealt with characterlzmg weighted mean convergencé properties of
Hermite—Fejér interpolating sequences associated with generalized Jacobi poly-
nomials and we proved the followma

Proposition 1.6 [24, TheoremS p 55] Let O<p<oo, and let w be a gen-
eralized Jacobi weight. Let u be an unrelated Jacobi weight function. Then

. }112 H,(w; f) =f in Ly(w) in [-11]

for every function f contmuous in [ 1, 1] lf and only if w"leL (u) in the interval

[(-11].
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2. Main results

As announced in [23], we can generahze and/or extend the prev1ous siX proposi-
tions as follows.

Theorem 2:1. Let w be a generalized Jacobi wezght and let O<e<1. Then
hm max |f(x) —H, (w,f x)| 0

—o00 —gIS
for every function f continuous in [—1, 1].
Theorem 2.2. Let w be a generalized Jacobi weight. Then for every fixed non-

negative integer m there exists a polynomial I1 such that R defined by R(x)=
=1-x)"I(x) satlsﬁes :

llmmfn‘2"|R(1) H,(w, R, 1)] = 1.

Theorem 2.3. Let w be a generalized Jacobi weight, and let —1<g<1. Then

sup max |H,(w, f, x)| <<

n=1¢
for every function f bounded n [= 1, 17 if and only if w(1)=0.

Theorem 2.4. Let w -gw‘" ") be a generalized Jacobz weight function, and let

“l=<g<]. Then
hm emax | f(x)— H (w, /i x)l

for every functton f continuous in [—1, 1] zf and only if w(1)=oo

_ Th corem 2.5. Let w=gw@® be a generaltzed Jacobi welght Sfunction, -and let
—l<g<l. Let f_be,contmuous in [—1,1). Let a€[s—1,s) for a fixed positive
integer s, and let b>—1. Then.

lim max |lfx)—H,(w, f, x)| =

n->e g=x

holds if and only if A .
‘ im H,(w, £, 1) = f(1)

and (if a=1) N
lim n=¥[H® W, f, X)]lx=1 =0
fb;"rA=1,2,,...,s,—l. B ‘ .

Theorem 2.6. Let w=gw®® be a generalized Jacobi werght function, and let
—1<g=<1, Let f be continuous in [ 1, 1] Then

hm H (W, f 1) _(2w(1))- j f(t) d[w(t)(1+t)]
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Hence,
lim max l f (x) H, (W,f, x)l =

holds if ;znd only if‘ o
1
) = @w)™ [ f@ydiw@®(1-+)].

Needless to say that analogous results can be proved in the interval [—1, ] as
well, and therefore oné can formulate results that are concerned with convergence
in the entire interval [—1, 1].

3. Notations

" As a rule of thumb, all positive constants whose value is irrelevant and which -
are independent of the variables in consideration are denoted by “K”. Each time
“K” is used it may (or may not) take a different value. The symbol “~” is used
to indicate that if 4 and B are two expressions depending on some variables then
A~Bes|AB~Y =K and |471B|=K. We use N and R to denote the set of pos1t1ve
integers and real numbers, respectively.

Given a weight function w, the leading coefficient of the correspondmg ortho-
normal polynomial p,,(w) is denoted by 7,(w). K, (w) is the associated reproducmg
kernel function, that is

3.1 o &W&0=gmMﬂmM&‘

In terms of the Christoffel —Darboux formula (cf. [32 Theorem 3.2, 2 p. 43]) K (w)
can be expressed as

(B2 K,(w,x,0)=(1,- 1(W)/vn(W))[p,.(w, X)Pra(W, )~ p..—l(ws X)p..(w, t)]/(X*t)
The Christoffel function 2, - (w) is 'defined by R ' '
3.3) 2w, x) = K71(w, x, x).

The Cotes numbers A,,(w) in the Gauss—Jacobi quadrature formula are given by
(3 4) o daw(W) = Ay (W, Xkn (W))

The fundamental polynomials of Lagrange mterpolatlon t’,,,,(w) assomated w1th the
zeros of. p,,(w) are deﬁned by .

(3.5 LW, X) = P, (W, %)] [p,.(w xk,.(W))(x xk,.(W))]

6
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Another useful expresswn for £,,(w) is the followmg

(36) (kn (W, x) (Yn -1 (W)/')’,, (W)) ) *kn (W)Pn -1 (W, Xin (W)) Dn (W x)/(x Xn (W))

(cf. [32, formula (3.4.7), p. 48]). :
The usual way of expressing the Hermite—Fejér interpolating polynomial
H,(w,f) is in terms of the fundamental polynomials £,,(w), and it is given by

BD. o HmSD = S () D502
where v,,(w) is defined by

38 a9, %) = 1= (0, 340 (9)) [ (0, 320 )]~ (¥ — 310 )

(cf. [32, p. 330—331]). For special orthogonal polynomial systems due to available
differential equations pj(w, x,,(W))[p, (W, x:,(w))]* can be expressed explicitly in
terms of the weight function and the zeros of the orthogonal polynomials, the above
.exp:rﬁessionAis_‘conv,e:nient when investigating Hermite—Fejér interpolation. How-
ever, for general weight functions it is difficult (if not impossible) to handle the
derivatives of orthogonal polynomials, and thus this formula is of limited value.
On the other hand, G. Freud’s formula

Gy vk,(uj,' x) = 1+4;(w, X1a(9)) i (0) ™ (= X1 (W)

(cf. [5, p. 113]) involves the Christoffel functions and their derivatives which are
much more suitable when the weight function is not one of the classical ones (cf.
[5,8,24]).If Pisa polynom1a1 of degree at most 2n—1 then in view of the Hermite
1nterp01at10n formula (cf [32 pp- 330—331]) we can write

310y " P(x) = H,(w, P, x)+#,(w, P’, %)
where c _
G. 11) -W (W f x) Z' f (Vk,.(W))(x xkn (W))/ i,.(w, x).

4. Technicalities .

Here, in addition to formulating some useful 4nd known properties of generalized
Jacobi polynomlals which run parallel to those of Jacobi polynomials, we will
also prové a few’ proposmons of technical nature that will subsequently be applied
to demonstrate our prmcxpal results In what follows w is a generalized Jacobi
weight. : : :
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If X (W) =cos (0, (W) wherte x,,(W)=1, X, ;(w)=-~1 and 0=0,,(W)=n then
4.1 T O 41,0 (W)= O (W)~ 1/n1..

uniformly for 0=k=n and n€N (cf. [18, Theorem 3; p: 367]).

Using Korous™ theorem (cf. [32, Theorem 1.1.3, p. 162]), similarly to Jacobi
polynomials, the generalized Jacobi polynomials can be estimated-in terms of the
weight function as follows:

wx)(1—x®)V~2  for xe[; 14+n7% 1—n"7
4.2) |pa(O¥, X)| = K n2[w(1—n~3)]"¥2  for x€[l-n"2 1]
' ' A2 w(—1+n"2]" V2 for x€[-1,—1+4n"1,

uniformly for néN (cf. [32, Theorem7322 p. 169] or [1, p 226])

4.3)
11X =X, (W W (x)(1 =x2)*2]712 for 2x€[—14+x,,(W), 14+ x1,(W)]
[pa(w, X)) ~§ n2[w(l —n—2)]~ 12 . for 2xe[l+x5,(w), 2]
2 w(—1+n"2))"1/2 for 2x¢€[-2,-—1 +x,,,,(w)],

uniformly. for n€ N where 1 is the index of the zero x,,(w) which is (one of thc)
closest to x (cf [19, Theorem 9.33, p. 171]), and

@44) = - < [Pa=1(9s Xien (WD)~ W (360 (W) ~V2(1 = X, (PR

uniformly for I=k=n and neN (cf. [19, Theorem 9.31, p. 170]).
The derivatives of generalized Jacobi polynonnals at +1 satlsfy "

4.5) I[p,. 1w, +1)]“’| = Kn¥| pyt (w, + )| A _
uniformly for #€N (cf. [20, formula (23), p. 674]). Writing pr®=(p7 1)(p,. 1), and
using (4.5) and the product differentiation rule (Leibnitz’s formula) we' obtain
(4.6) lpx 2(W il)l("l SKn”II),. 2w, il)l

umformly for nEN A
For the Christoffel functions and Cotes numbers we have the followmg esti-
mates : -
. n‘ln{(x)(l —x2)1/2 for ‘xG,[— 1+ ,,—-2, l-—n“"]
@n . LWwx)~ntw(l=n"®  for x€[l-n"%1}
I nrw(=1 +n‘2) for x¢[-1,—1+4n"7,

uniformly for nGN (cf (17, p. 336]) and
(4.8) R ) B lw(xkn(w))(l—xkn(w)2)1/2 ‘
umformly for.. ISkSn and. n€N. (this follows 1mmed1ately frorn estimites (4. 1)

6*
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and (4.7).(cf. 3.4)). The‘derivatives .of the Christoffel functions satisfy -
n~lw(x)(1 - 'x25-1/2- for x€[—1+n~2 1—n"2

(4.9) 12w, x)| = Kyw(l—n~?) . for x€[l1-n7% 1]

L T~ 1+n"2) - for x€[—1, —14n77,
unlformly for” nEN (cf [24; formula (23), p. 36]) and
(4.10) A (w, xk,,(w)) = Kn‘lw(xk,,(w))(l — X (W)?) /2

umformly for”™ 1<k<n and nEN (cf. [24, formula (24), p. 36)).

A weight | functlon w is said to belong to Szegd’s class (weS) if it is supported
in [—1,1] and logw(cos 0)¢L, in [0, n]. For instance; all generalized Jacobi
weights are in Szég8’s class. According to the Szegd Theory (cf. [32, Theorem 12.7.1,
p. 309]) the leading coefficients y,(w) of the orthogonal polynomials p,(w) satisfy

(4f'i' 1) 6= i 24'*'y;,(w) = n~Zexp {(21:)—1 f log w(cos 6) dO} <oo
.n-ﬂl\o : - . 0 .

wheneve'r" wes.
" The following proposition is a 51mple but unexpected generahzatlon of (4. 2)
and 4.9). -

Lemma 4.1. Let wy=g,w™® and w,=g;w'*® be two -(not necessarily dif-
Jerent) generalized Jacobi weights corresponding to the same parameters a=—1
and b>—1. T hen for every fixed integer { we have

(4.12) IP,.+:(W1, xkn(w2))l = Kw (i (w9) V3 (1 — X (wo) )1
umfo;mlyfor 1<kSn and nEN
Proof By Korous theorem (cf [32, Theorem 7.1.3, p. 162]) we have
[Pnte(W1s x)l = K[an+z(Wzs XN+ 1Pa+e-1(we, X)I]

for x€[—1,1]. Being orthogonal polynomials, the generallzed Jacob1 polynomlals
sat1sfy the three “term recurrence

xpn(w’ x) = an+1(W)Pn+1(W, X)—i-b (W)Pn(w, x)+a (W)Pn l(w’ x)
and since w>0 almost everywhere mn [— l 1], we have lim a,(w)=1/2 and
lim b,(w)=0 (cf. [25], [26] [12, p. 68], [22, Sections 4.5 and 4.13] and (4. 11)). Hence
by repeated application of the recurrence formula we obtain
1Pt 10025 )| = Kl1pyy (0 x)|+1pn(w2, DL, *x€[-1,1),

for all fixed j. Now mequallty (4 12) follows from (4 4) applied with w=w,.
:1.~The next step is to‘compare Christoffel functions of generalized Jacobi weights.
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Lemma 4.2. Let w,=g,w'*? and w,=g,w*?. be two generalized Jicobi
weights corresponding to the same parameters a>—1 and b>—1.-Then . -

@13 (e 00) e (90) ™ = (X O92)) A O92) 2| =
= Kwy (% (w) 11— X, (W1)2]” 2
holds uniformly for 1=k=n and neN. .
Proof. Let w,=gw,. Then the identity

g(x)i;l(wl,x)—l;‘(wz,X) fK(wl,x, K, (wz,x, t)[g(X) g(t)lwz(t)dt

is a straightforward consequence of orthogonahty relat1ons S1nce we have g €L1p I,

we can write g(x)—g(t)=g'(x)(x— t)+0([v ).’ Hence ‘the prev1ous formula'
becomes . L v : :

(4.14) g AT (wy, X)—dy H(wp, X) =
=2’ (x) [ K.(w1, X, DK, (W, X, D(x— ) wy(e) dt +
R

+0(1) f 1K, 091, %, DK, (0, 3, O] (v t)éwg(t) d'tf

In view of (3.2) the first integral here can explicitly be evaluated interms -of . the,
orthogonal polynomials involved and their leading coefficients. We have-
(4.15) ‘

f K, (W, %, DK, (g, x, Y(x— ) wo(t) dt = (v, l(wl)/vnovz))p,. 1091, 2) Pa (s, x)

Usmg Schwarz’s inequality, w,=Kw;, (3.2) and again. orthogonallty relatlons, we
can estimate the second mtegral as follows

(4.16) [ f 1K, (w3, %, DK, (W, %, 1) (x-t)2w2(t) dt]
= K [ Kiwi, x, )(x— 0Pwy(1) dt [ KE(wa, X, )(x= 1) wy(6) dt =
R R . .

= K[pn-1 WD)y WP PR =1 (W15 x) +pi (w1, X)) X
X [Pu-1(92)/7a W) P[P -1 (W35 X)+ P (W, X)),

Since generalized Jacobi weights w are in Szeg8’s class, we can-use (4.11) to estimate
the ratios of the leading coefficients of generahzed Jacobi polynomlals Usmg thlS
observation and inserting (4.15) and (4.16) into’ (4.14), we ‘obtain

AT (wyy X) =2 (W, X)| =
= Kl|pa-1 015 X+ 1pa(ws, XM par(wz, )+ 7w, D).+
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Applying this inequality with x=x,,(w;) (cf. (3.4)) and using Lemma 1 (cf. (4. 12))
Lemma 4.2 follows immediately.

Our next goal is to estimate ,(w, x) (cf. (3.7)—(3.9)) via improving (4 10)
regarding the derivatives of the Christoffel functions. For Jacobi polynomials
we have

o

4.17) Ty (WD), X) = l-—[1—xﬁ,,]‘l[a—b+(a+b+2)xk,,](x—xk,,-)’ I

(%=X (W ™)) (cf. [32, formula (14.5.2), p. 339]). In what follows we will show
that the right-hand side of (4.17) is the principal contribution to v,(w, x) as well.

Lemma 4.3. Let w=gw'®"® be a generalized Jacobi weight. Then
(4.18)  12(w, xk;,(w))lkn(w)‘1+[i ——xk,,(w)zl"l[a~b+(a+b+2)xk"(w)]l =K
uniformly for 1=k=n and n€N.

Proof The crux of the matter is the inequality

g ()KL (w, x, ) — K; (WD), x, x)| =
= K[1pu-o WD, X)|+1py 1 (W™D, 1) +[p, (WD, X)[1X
X121 (WD, )+ pr @D, )] (x€[~1, 1]),

€N, which is a special case of a general inequality proved in [24, Lemma 1, p. 31].
Setting here x=x,,(w) we can apply Lemma 4.1 to estimate p,,,(w?, x;, ().
Moreover, since :

Pa(W®, x) = const p,_; (W +10FD, )

where the constant is of precise order n (cf. [32, formula (4.21.7), p. 63]), we can use
(4.1) and (4.2) to estimate p], (w2, X (W), We obtam

(4.19) | (ean () K (9, Xin (9, X (9)) = K (WD, X, (9, X (w))l =
= Knw (%, (W) (1 — X (W)?) ~1/2

for 1=k=n and n€N. Now the point is that K,(w®®, x,, (), X,,(w)) can be
evaluated. By (3.2)

Kl; (W) ('yn ~1 (w)/Yn (W)) [p (W) pn 1 (W) pn (W) P (W)],
and since the Jacobi polynomials satisfy the differential equation

(1=x)Y" =—n(n+a+b+ Y +[a—b+(a+b+2)x]Y’
(cf. [32 Theorem 4.2.1, p. 60]) we obtain ) A .
K, (WP, x, x) = (1-x)"{[a—b+(a+b+2x]K, (w(" ) x, X)~
~ (P2 WD)y, (W@ )) 21+ G+0) ppy (WD, x) py(w'?, x)}



Convergence of Hermite—Fejér interpolation 8T

(which, as a matter of fact, immediately yields formula (4.¥7)). We have.
Va1 (WO D)y, (WD) >1/2, n—+ oo (cf. (4.11)). Therefore, substituting:x =x,,(w) here:
and applying Lemma 4.1, we get . .

(4.20) K2 0959, 5300, 50a00) [ =3I 2K
X[a—b+(a+ b+2) X (WK, (", x,(W), X, (W))| =
. = Knw(x, (W) 11—, WP TV2 0 SR
for 1=k=n and n€N. Inequalities (4.19) and (4.20) enable us to conclude
lg (xin () Ky (w, Xien (W), xkn(w)) [1- xkn(w)Z] X
X[a—b+(a+b+2)x,(WIK, (w(" 0 xk,,(w), xk,,(w))l =
= Knw=(x,(w)) (1 = X, (w)?)~ 12 '

for 1=k=n and ncN. Now we apply Lemma42 with welghts wl_.w and'
w,=w(®?, We obtain :

lK,{ (Ws Xiw (W) Xpu (W) —[1 — X, (W)zl_lx
X[a—b-+(@+b+2) % (WK, (W, X (W)s Xia(W))| =,
= Knw (%, (W) (L = X, (w)2) "2

'

for 1=k=n and néN. Since K,=A;' so that K//K,=—4i)[4,, _and since the

nght-hand side here is precisely of order 2 ,m(w)‘1 (cf (4 8)) the latter 1nequa11ty

is equivalent to (4.18) what we had to prove. :
Freud’s formula (3.9) and Lemma 4.3 immediately yield

Lemma 4.4. Let w=gw@®? 4be 'c.z generaliéed Jacobi weight. Then
a9, ) — 1 =1 =y ][ b (a+ b+ 2D X W (=W =
= K|x—x,(W)|
uniforinly for xe[—1, 1], 1<k<n and neN.

The followmg three purely technical lemmas deal w1th Lebesgue function type
estimates.

"Lemma 4.5. Let w —gw(" ) be ageneraltzed Jacobi welght and let c€ R. T hen
the asymptotics .

@) 2 —x,m<w)1-°[x—xkn(w)12'f§"<w, NI

U for a—c+2 >0,
~pu(w, x)n"tlogn  for a—c+2 =0,
! p2le—a—6/2)- fQP‘,_. "d—'-c’:+2 L O,
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holds uniformly for n€N.-and x€R. In addition, analogous estimates hold when
[l ~x (W)€ is replaced by [1-+x;,(W)l~° in the left-hand side of (4.21).
Proof. By (3.6) we have
[l =X W]~ [x = X1 (W) (W, X) p°w, X) =
= (Vn-1(W)/Pa (W) {1 ~ X (W]~ 2a (W)? P71 (W, X (W)
Since lim [y,—y(W)/v.(W]=1/2 (cf. (4.11)), we can use (4.4) and (4.8) to obtain
[1 =X (W =[x — X W) £ (w, X) p 2 (W, X)~
W= (W)] S+ L ()02

for n€éN, and then (4.21) follows from (4.1) via routine estimates.

Lemma 4.6, Let w=gw™" be a generalized.Jacobi weight function, and let
O<e<l. Then

(4.22) sup max Z[I-x,m(w)] g, )12 (o0, ) <

wml —EEXEE [
for c=a+3/2 and
(4.23) Jim max 2 [1 =%, ()] =41 — Xin (W) Ein (W, X) =
Jor c<a+5/2. V

. Proof. First let ¢=0. For ¢=0 formula (4.23) was proved in [24, Lemma 4,
(36), p. 40]. The proof of (4.22) with ¢=0 is based on

(4.249) " sup max Z’ f,,,,(w, X) <oo

pz=1 TESXTeE o

which was verlﬁed in [24, Lemma 4 (35), p- 40]. We write

4.25) .
2N W, N (W, x) = 5 oW, O w, )+ 5 g (v, )| £ (W, ).
k=1 2fxp,|<1+e 2lxp, _1+5

By Freud’s formula (3.9) and by Lemma 4.3 (cf. (4.18)), [0 (W, X)| =K for 2|x,,|<
<1+4¢& and —e=x=¢ Hence (4.24) can be used to estimate the first sum on the
right-hand side of (4.25). For 2|x,|=1+¢ and —e=x=¢ we can apply again
(3.9) and (4.18) to obtain |v,,(w, x)| =K{[l —x,,(w)?]~". Now, in view of (4.4) and
(4.8), A(WIPE_ (W, Xy W) =X, (W) ' ~n~L.  Therefore, the Gauss—Jacobi
quadrature formula (cf. [32, Theorem 3.4.1, p. 47]), (3.6) and (4.11) yield

2 |Paln )Ny, x).= KnTpi(w, %) Z hu(w) =

alxylzl+e 2|xp,lz14e

= Kn '3, %) 2 Pea(W) = Kni=pw, %) [w
R
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for —e=x=¢ and neN. By (4.3) the generalized Jacobi polynomials are uniformly
bounded for —e=x=¢. Therefore, the second sum on the right-hand side of (4.25)
converges to 0 as n— o uniformly for —e=x=¢. Consequently (4.22) and (4.23)
hold for ¢=0 which naturally implies their validity for all ¢<0 as well. The ex-
tension of (4.22) and (4.23) to all permlssab]e values of c¢ is done via Lemma 4 5 as
follows. We write . : ' -

g"' l xkn(w) Clvkn(ws x)|fl%n(w, X) = 2 [l —Xk,,(W)]—cI?)kn(W, x)]’%n(wa X)+

2| xpnl<1+e

. U N (T e T O /A S W
2 x4 .

To prove (4.22), we can estimate the first sum on the right-hand side here by (4.22)
applied with ¢=0, whereas for the second sum Lemma 4.5 can be used in the fol-
lowing way. First, we can assume that ¢=a-+1. Second, we do not need to con-
cern ourselves with ‘p%(w, x) since by (4.2) it is uniformly bounded in the interval
[—e&, ¢]. Thirdly, we note as before that |v,,(w, x)| =K[1—x,(w)*]™1 (cf. (3.9) and
(4.18)). Thus applying (4.21) with c¢+1 instead of ¢, inequality (4.22) follows.
Formula (4.23) can be proved in a similar way from (4.21) applied with ¢ and then
from (4.23) applied with ¢=0. :

Lemma 4.7. Let w=gw»® be a generalized Jacobi weight function, and let
—l<e<|1. Then for every nonnegative c we have

426) sup max (1-3)° 3 [1—x, (]2 (w, x) <eo
. nz1 ESX= B . k=1 . .-

if c=52<a<c,
(427)  sup max (1—x)° 3 [1 =% (0]~ |x = X (9| £5a 00, 2) <o
n=1 ESX=E . k=1

if c=32=a<c, and .

@28)  lim max (1=9° 3 (1= %u(0)]=1x— s £2a(w, ) = O

if c—5/2<a<c.

Proof. Unfortunately, we were unable to find a nontechnical proof, not even
one with partially soft features. On the other hand, the computation yielding (4.26)—
(4.28) is totally routine, and thus we can (and must) save the reader from the details.
Instead, we provide a few hints and instructions as to the nature of the computa-
tions. Thus, let ¢=0 satisfy the appropriate conditions. First, by Lemma 4.6 we
can assume e=1/2. Second, in view of Lemma 4,5 and inequality (4.2), one needs
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to consider only those values of k in (4.26)—(4.28) for which x,,(w) is positive.
Third, since

L2089, X) S D) 3 Lo (W Xy (0) ™ = 2 (W) 257, %)

(cf. (3.3) and (7, formula (1.4.7), p. 25]), we have by (4.1), (4.7) and (4.8) -~

sup max (1 —x)°[1 —x,,(W)]~£2,, (v, x) <o,

"218 X=

sup max (l —x)c[l - Ym"(”))] e 1lx_—xmn (‘v)lfmn(‘v’ x) =ee

n=1 e=x=

and
lim max (1 —x)°[1 —x,,, (W)])~¢|x —x,,,(W)| £2,,(w, x) =0

n—+oo gBx=}

for all nonnegative c¢. Here (and in what follows) m is the index of one of the zeros
X (w) which are closest to x. Hence it is sufficient to estimate the sums in (4.26)—
(4.28) for which x=1/2, x,,(w)=0 and k>m. For such values of x and x,,(w)
we can use (4.1) to verify (1—x)=K(m/n)?, (1—x;,,(W))~(k/n)? and [x—x,,(W)|~
~|m*—k?n—2. Moreover, in view of expression (3.6) for the fundamental poly-
nomials £,(w), we also need inequalities for y,_y(W)/7,()s A (W), | Do (W, Xen(W))|
and |p,(w,x)l. The required estimates are given by formulas (4.11), (4.8), (4.4)
and (4.2), respectively (cf. (4.1) as well). Putting all the pieces together, the proof of
the lemma is reduced to showing

(4.29) sup max m~—329+2-1 Z k=243 |2 k2 ~? <oo
nzl 1=ms=n k=1
k#m

if ¢—5/2<a=c,

(4.30) Slill) 123"?;‘,, m—2a+2— 1k2; k.a 2c+1|m2 k2, l oo
n =
k#m

if ¢c—3/2=a<c, and

4.31) lim max n—2m—2+2-1 Z’k“ 43|12 k2"l = Q
n—ecol=m=n k=1
k#m

if ¢c—5/2<a<c. Estimating sums such as the ones in (4.29)—4.31) is a routine
exercise, and it is easily accomplished via splitting up the range of the index k into
four subsets given by the inequalities 1=k=[m/2], [m/2l<k<m, m<k<2m and
2m=k=n. Or, as an alternative, one can apply [19, Lemma 6.3, p. 109] from which
(4.29)—4.31) follow immediately.
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5. Underlying ideas (Part I)

Even though a significant portion of results concerning Hermite—Fejér inter-
polation is proved via hard analysis, such an approach is not always capable of
producing the right result. For instance, if one tries to prove the uniform boundedness
of the Hermite—Fejér interpolating polynomials associated with the zeros of Legendre
polynomials in [—1, 1] by splitting up the interpolating polynomials and by at-
tempting to prove the uniform boundedness of 3 |x—xl(1—x},)71¢;,(x) and
2 ¢%.(x) which comes to one’s mind when examining (3.7) and (4.17) with a=b=0,
then_one is. destined to fail since the maximums of the latter two expressions are
of precise order log n, and thus they are unbounded. In other words, Proposition 1.2
with a=b=0 holds for more delicate reasons. These reasons are of the soft variety
related to the positivity of the operator sequence {H,(w®”)}. Since for generalized
Jacobi weights of the form w=gw®? both sequences

2 =X W (L —Xin(W)H) 7245, (W, ¥)

and J /;,(w, x) are also unbounded on [e, 1], one is forced again into finding a
more sensible and sensitive approach to estimating {H,(w, f)}. This is the subject
of this section, and we will accomplish it via soft analysis which is based on some_
quasi-positivity properties of the former sequence.

Theorem 5.1. Let w=gw®® be a generalized Jacobi weight function, and let
—1l<g<|1. Then
sup max IH W, f, X)| <o

n=1 €

for every function f bounded in [—1, 1].

Proof. According to (3.7) we have to prove

(5.1) sup max 2 [0 (Wy XY £, (W, X) <oo.

n=1 e=x=1

Step 1. Here we will show quasi-positivity of v,m(w) in some sense which helps
to reduce the Lebesgue function in (5.1) to an expression which can be subjected to
rougher handling without ruining its essential behavior. Our main tool is Lemma 4.4
applied with a=0 according to which

52" v 1) = 1)L =X (D) (1430 9) =K (1 =X ().

Hence there exists d€[—1,¢) such that o,(w, )=1 for —1<x,,(w)=d. But
U4, (W) 1is a linear function which takes the value 1 at x,,(w). Consequently,

(5.3) Vi (W, X) =1 for —1< Xgp(w)=d and x€[e, 1].
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If d<x,,(w)<1 then by (5.2)
V(W 1) = — K(1 —x,,,(W)),

and by (3.9), (4.8) and (4.10) we have |v,(w, x)|=K(1—x,, (W)~ Therefore
we obtain

Vw05 X) = —K(1 — 2, (W) ~
5.9 ~RA—-x)(1—x,w)~t for d<x,w)<1 and x€[e, 1]

with an appropriate positive constant K. Now by (5.3) and (5.4) we have

2 12, NCE(w, X) = 3 oW, N0, )+ J [0, (9, D¢ E (w, X) =

= X n=d Xrn™>

= Z vkn(wa x)l?m(w, x) + 2 vkn (W, x)’lzm(wy x)+

x,m_d Xpen™

+2K 2’ (1 — x4 (W) 2 (w, x) +2K(1 —x) - 2 (1—xp,(w)) 243 ,,(y'v,x)=b, .

Xkn™ Xpen™

= 142K 2 (1 =X (W) £3, (w, x)+2K (1 —x) Z’ (1 =X (W) 122, 0w, X)

knX>d Xen™
since Hermite—Fejér interpolation preserves the constant function. Using the
asymptotics for the Cotes numbers (4.8) we obtain from here

(5.5 Zn’ VW, X)| €5 (W, x) = 14+Kn~1 j (1 =X W12 D (W) 7242, (W, X) +
k=1 k=1
FR L1 —x) 3 (L 0 () Y2 24 (9)1L50 (9, X)
k=1

which is the inequality we were to establish in the first step of the proof.

Step 2. The first sum on the right-hand side of (5.5) can be estimated by
applying the same techniques that led to (4.26) in Lemma4.7. However,
we will proceed in a different way which consists of evaluating the sum
S (1 =x, (W) (W) 72L2 (w, x) in a closed form. We have

2(1 xkn(W))lkn(W) w7 n(W5 x) =(1-%) Zlkn(w) Hn(w, X) +

+ 2 (x— an(W)))k”(W) lf (ws X)

Here the ﬁrst sum on the right-hand side equals l‘l(w x) (cf 17, formula (1.4. 7)
p. 25]), whereas the second one can be obtained from (3.6) and the Lagrange inter-
polation formula. We get :

3 (1= 50 () (09) a0, ) =

= (L=X) 2710, )+ (Pa= 10930 () Py, X) s (9, %).
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Thus, applying (4.2), (4.7) and (4.11) we obtain

sup max n -1 2(1 Xy (W) Ay (W) "2LE, (W, X) <oo

n=1 eSXxsS

from which the inequality

(5.6) - ~ sup max n -1 2(1 Xien (W) g (W) 2 L3 (W, X) <o

nz=1 ES=XE
follows as well.

Step 3. The umform boundedness of the second sum on the right-hand side
of (5.5) was established in Lemma 4.7 (cf. (4.26)). This can also be shown via re-
placing computations by some propertles of Chrlstoﬂ'el functlons as follows. By
Cauchy’s inequality

[2 (1= X ()~ Y2 D ()22 o9, O] = 2 Aan (W) 1£2, (9, X)X

><2 (1= X0 (9)) 2 (9) " 1E20 0y X) = Joa (9, %) Ayoa (O, X)

(here w is defined by Ww(x)=(1—x)w(x)) where we used two identities involving
Christoffel functions (cf. [7, formula (1.4.7), p. 25}, [6, Lemma 2, formula (15),
p. 251] and [19, Lemma 6.1.4, p. 59]). Since both w and W are generalized Jacobi
weights, we can use (4.7) to obtain

(7 sup max n(1-) 2"(l—xkn(w))-lfzzk,,(w)“v \05,) <.

Inequahty 5.1 follows from (5 5)—(. 7) and so does the theorem

6. Underlying ideas (Part II)

" Here we will be concerned about the connection between uniform convergence
of Hermite—Fejér interpolation and its behavior at one single point. In other
words, we look behmd the scenes that govern the phenomenon described in Theo-
rem 5.1.

For s nonnegatlve integer define the function w by U (v) (1—x)°. Then it
turns out that under certain circumstances it is more convenient to approxmlate
feCl—1,1] by u H,(w,fu7') then by H.(w,f). Since the former vanishes at
x=1 for s>0, it can only approximate such functions f which also vanish at
x=1. What is aga.inst H,(w,f) is that if w(l)_‘:=0 then the sequence of the cor-
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responding Lebesgue functions becomes unbounded at 1 and .thus lim H,(w, f)=f
cannot be expected at the point 1 or uniformly in a neighborhood of 1. What
u H,(w, fu;') does is that it tempers the quick growth of p,(w) in such a way
that and operator U, H,(w)U;* (where U ! is the multiplication operator defined
by the formula U,(g)=u,g) becomes appropriately balanced with .the right
choice of s.

The real role of u,H,(w, fu7') is that it is the principal term in the Hermite—
Fejér type interpolating polynomial H, ((w,f) defined by

Hn s(lv ./; xkn(w)) f(xkn(w)) Hn v('vsf; xkn (\‘V)) = 03

k=1,2,...,n, and
' HAw,£,1) =0

for j=0,1, ...,s—1. The closed formula for H, (w,f) is.given by

(6.1) H, s, f) = uH,(w, fug )+ u, H,w, flu5])

(cf. (3.7) and (3.11)) which is easy to verify directly (cf.' [38, Section 3.2, p. 88]).

It was E. EGERVARY and P. TURAN [3] who first realized how H, ,(w,f) can be

used to investigate uniform convergence of H,(w,f) for the Legendre weight func-

tion w=w®% The process H, (w*?,f) was fully investigated in [38] where

it was shown that it can be used to prove necessary and sufficient conditions for

uniform convergence of Hermite—Fejér interpolation at zeros of Jacobi poly-

nomials. The reason-for the usefulness of u H,(iv, fu;') and H, ,(w,f) lies in the

representation :

(6.2) _ » |
Hyw, £, %) = Hy s (0, £, %)+ 020w, %) 2 (/KD H, (w, £, D pi 2w, DI (x— 1)}

which provides a direct link between H,(w, f), u; H,(w, fu;*), p,(w) and H,(w, f, ).
The verification of (6.2) is again easily done by checking out the interpolation con-
ditions. The following is not only a tool necessary for proving one our main results
(cf. Theorem 2.5) but the special case s=1 is also a de facto solution of P. Turan’s
Problem XXVII in his collection of “On some open problems of approximation
theory” (cf [35, p. 47)).

- Theorem 6.1. Let w=gw®® be a generalized Jacobi weight function, and let
—1<e<1. Let f be continuous in [—1,1] such that f(1)=0. Let a=0, b>—1,
and let s be a fixed positive integer such that a€l[s—1,s). Then

63 lim max /)=, () Hy(w, fuz, 2)] = 0
and
64 © - lm max ) —Ho, 0l =0.
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Proof. In view of (3.11), (6.1) and Lemma 4.7 we have

lim max |Hy, s W5 £ ) —u(X)H, (w, fu;*, x)| =0

n-—+-oo BS X

so that it is sufficient to prove (6.3).

Step 1. First we prove (6.3) for the special case when the function f'is given by
f(x)=1-—x. Then

f(x)—us(x)Hn(W3fus_l’ x) = ul(x)[l —us—l(x)Hn(w’ (us—l)—la x)]
so that applying (6.1) and (6.2) with f=1 and s—1 we obtain
f(x)_us(x) Hn(wsfus_l’ X) = ul(x)[l —Hn,s—l(w5 19 X)+us_1(X)3ﬁ,(W, [us_—1]]’9 x)] =

=y (x) par (W, X) :_g_;z (/&) [pa-+(w, DI® (x~ 1*+ 14y ()[4 1 (x) 5, (w, [u524]'5 %))

Here the first term on the right-hand side can be estimated using (4.2) and (4.6),
while the second one by Lemma 4.7 (cf. (3.11) and (4.28) applied with c=s). ThlS
proves (6. 3) for f=u,.

Step 2. Now let f be continuous and f(1)=0. The point is that the sequence
of operators from C[—1,1] into C[e, 1] given by f—u H,(w,fu;") is uniformly
bounded by (3.7), (3.9), (4.8), (4.10) and Lemma 4.7 (cf. (4.26) and (4.27) applied
with c=s). Therefore we can finish the proof in the routine fashion as follows.
Given 6=0 there exists a polynomial P such that P(1)=0 and | f(x)—P(x)|=06
for x€[—1, 1] (cf. [34, Theorem 2, p. 259]). Write P=u, Q. With this polynomial
P we have

(6 5) f(x) us(X)H,,(W fu_l’ -x) = [f(x)—P(x)]—u (x)H (W, (f_P)us—ls X)‘-'
=, () Ho (w, [Q = Q] [15-217, %)+ Q) [ () — 0, (X) Hy (9, 10,457, ).
By_i(3.7), (3.9), (4.8), (4.10) and Lemma 4.7 (cf. (4.28) applied with c=s)

lim max |uts () Ho (0, [Q — Q) [t-1) 7% %)| =

n—>co g3ZX

since |Q(xx)— Q)| =K|xy,—x|, whereas the last term on the right-hand side
was taken care of in the first part of the proof. Therefore lettmg n—oo in (6 5)
we obtain : -

lim sup max 1£(x)~u, () H, (w, fus%, x)| = K&

fror“nv which (6.3) follows.
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7. The proofs

On the basis of the results in Sections 4—6 this can be accomplished virtually in
a few lines.

Proof of Theorem 2.1. This follows from Lemma 4.6 applied with ¢=0.
The details are as follows. By (3.7) and (4.22) the sequence of Hermite—Fejér inter-
polating polynomials is a bounded sequence of operators from C[—1,1] to
C[—¢, ). By (3:10), (3.11) and (4.23) it converges for polynomials, that is for a dense
set of function in C{—1, 1]. A

Proof of Theorem 2.2. This was de facto proved in [24, Lemma 5, formula
(46), p--43] where it is given with n~* replaced by np, 2(w, 1). However, in view of
(4.3), they are of the same order.

Proof of Theorem 2.3. First let w(l)=c. Then by (3.7), (3.9), (4.2), (4.8),
(4.10), Lemma 4.5 and Lemma 4.7 (cf. (4.26) and (4.27) applied with ¢=0) the
Hermite—Fejér -interpolating polynomials are uniformly bounded in [, 1]
(here inequality (4.2) and Lemma4.5 are needed to estimate the expression
> [+ xm (W] x — X, (W)] 45, (W, X)). If O<w(1)<eo then this is given in Theo-
rem 5.1.-The necessity of the condition w(1)>=0 follows from Theorem 2.2,

" Proof of Theorem 24. If w(l)=c then by formulas (3.7), (3.10), (3.11)
and Lemma4 7 (cf. (4 28) applied with ¢=0) the Hermite—Fejér interpolating
polynomlals H,(w, P) converge uniformly in [g, 1] for every fixed polynomial
P' Thus Theorem 2.3 yields convergence for every continuous function. The neces-
51ty of the condition w(l1)=c “for uniform convergence in [g, 1] fol]ows from
Theorem 2.2.

Proof of Theorem 2.5. If lim H,(w, f)=f uniformly.in a left neighborhood
of the point 1 then by Markov’s theorem (cf. [16, § VL6, p. 141]) the r-th derivative
of H,(w, f) is o(n*) in the same interval for every r=1,2,.... On the other hand,
if we have information concerning the behavior of H,(w, f ) at 1 then we can use
Theorem 6.1 (either of (6.3) and (6.4)) and formulas (6.1) and (6.2). First, we can
assume without loss of generality that f(1)=0 (cf. (3.7), (3.10) and (3.11)). We
need to prove o
lim maXPn(W, x) Z' (l/k')[H w, f, 1)17,72("’, DIB(x—-1)* = 0

Th1s follows 1mmed1ately by stralghtforward apphcatlon of inequalities (4.2), (4 6)
and the conditions H(’)(w f l) O(nz’), r=0,1,

Proof of Theorem 2.6. We use an observatlon by G FREUD in [9, formula
(2), p. 176] according to which since H.(w,f) vanishes at the zeros of p,(w) we
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have H(w,f)=p,(w)Q,_, where Q,_, is a polynomial of degree at- most n— -2,
Thus by orthogonality

1 N - -
[ Hiow, £, 0w )1+ dt =0,
-1
and integration by parts yields

H,w,f,1) = 2w())™! [ HoOw, £, 9 dIw(D(1+9)]

(cf. [9, formula (4), p. 176]). Now we can use Proposition 1.6 applied with u=w
to pass to the limit of the integral which together with Theorem 2.5 proves Theo-
rem 2.6.
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