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The diagram invariant problem for planar lattices
ROLAND JEGOU, RICHARD NOWAKOWSKI and IVAN RIVAL

Dedicated to the memory of Andrds P. Huhn

There are several graphical schemes in common use to represent a given
finite ordered set. Of these the two that are best known are the ‘comparability graph’
and the ‘diagram’.

The comparability graph of an ordered set P is the graph whose vertices are the
elements of P and in which a pair of vertices x, y is adjacent if either x<y or x=>y.
Much is known about the comparability graph: the characterization of compara-
bility graphs (A. GaouiLA-Houri [8], P. C. GILMORE and A. J. HOFFMAN [9]); the
description of the order theoretical properties that are invariant among all ordered
sets with the same comparability graph (M. Hasm [10]); the number of distinct
orientations of a given comparability graph (L. N. SEVRIN and N. D. FiLirrov [24]);
a structure theory for comparability graphs (T. GALLAl [7]). (These and many
further topics are treated closely in the recent survey articles of D. Kerry [13] and
R. H. MtERING [17].)

The diagram of a finite ordered set P is that plctonal representation of P in
the plane in which small circles, corresponding to the elements of P, are arranged
in such a way that, for a and b in P, the circle corresponding to a is higher than the
circle corresponding to b whenever a=>b and a straight line segment is drawn to
connect the two circles whenever a covers b. Say that @ covers b and write a>-b
if a=b. and if a=>c=b in P implies c=b. The diagram of P determines P up
to isomorphism. Its economy of presentation accounts for the evident: popularity
of the diagram in the order literature today. Nevertheless, much less is known about
it than about the comparablhty graph. (See 1. RivaL [23] for a recent survey of this
theme.)

Closely related to’ ‘the ‘dlagram is the ‘covering graph’. The covering graph of
a finite ordered set P’is the graph whose vertices are the elements of P and in which
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a pair x, y of vertices is adjacent if x>y or y>x. Not every graph is a covering
graph and even one that is may have numerous ‘orientations’, that is, there may be
many ordered sets with the same underlying covering graph. This article is inspired
by the question, still little explored, of the order theoretical properties, if any,
common to all of the ordered sets with the same covering graph. There seem to be
few such properties. As a matter of fact, besides the trivial properties, such as the
number of vertices or the number of edges we do not know even of one single prop-
erty which remains invariant among all of the orientations of a fixed, but arbitrary,
covering graph. Unlike the comparability graph none of these often studied numer-
ical properties of an ordered set are such invariants: width, length, dimension, jump
number. Indeed, there is even the intriguing possibility that there is no nontrivial
diagram invariant at all!

. Consider for example these common integer-valued functions defined on a
finite ordered set P: the width

w(P) = max {|4]| | 4 antichain in P};

the length
- I(p) = max {|C|—1|C chain in P};
the dimension '

) . ' .
dim P = min {m|L,, L,, ..., L,, linear extensions of P and () L; = P};
i=1
the jump number

‘$(P) = min {s(P, L)| L linear extension of P},
where o »
"s(P, L) = |{(a, b)e PXPla>b in L and a%b in P}. .

Suppose that P and P’ are ordered sets with graph isomorphic comparability graphs.
Then w(P)=w(P"), I(P)=I(P’), dim P=dim P’ and s(P)=s(P’) (cf. D. KELLY
and W.- T. TRoTTER [14], M. HaBB [10]). Quite different is the situation for the
covering graph — even for simple ordered sets. For instance, if P23 (see Figure 1)
the three-element chain and P’=2@®1 (see Figure 2) then the covering graphs of
P and P’ are, of course, graph isomorphic. However, w(3)=1<2=w(2®1), /(3)=
=2>1=I12@®1), dim3=1<2=dim 2¢1), and s(3)=0<1=s5(2®1). Actually the
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‘deviation’ can be much larger. For a positive integer n let P, stand for the ordered
set illustrated in Figure 3 and let P, stand for the 2n-cycle illustrated in Figure 4.
They have graph isomorphic covering graphs, yet w(P,})=2, w(P;))=n, I(P,)=n,
I(P)=1. s(P,)=1, and s(P;)=n. The dimension too differs, although for this pair
of ordered sets the ‘deviation’ is only 1: dim P,=2 and dim P,=3, provided that
n=3. A more sophisticated example does show that the dimension can also ‘deviate’
considerably. A suitable pair of examples can be fashioned from an example con-
structed by D. KELLY [12] to show that planar ordered sets can have arbitrarily
large dimension. Let 2" stand for the ordered set of all subsets of the n-element set.
The subset S,={1,2,...,n}U{l’,2,..,n"} of the ‘points’ and ‘copoints’
i'={1,2,...,i—1,i+1, ..., n} of 2" has dimension n and so, in particular, also the
subset of 2" consisting of

0,=S,U{lv2v..Vill=i=n—-1JU{AZA. AVl =i=n-1}.

This ordered set @, of dimension n is illustrated in Figure 5 following the clever
drawing of it proposed by D. KeLLY [12]. A forty-five degree clockwise rotation of
this illustration produces a planar lattice @/, of dimension two. '

There is at least one residual positive fact. Let P and P’ be finite ordered sets
with graph isomorphic covering graphs. If P is a chain then dim P’—dim P=1.
We must prove that dim P’=2. To this end let P={x;<x,<...<x,}, n=3, and
suppose that P’ is not a chain. There is no loss in generality if we assume too that
x, is minimal in P’. We shall construct a chain decomposition C,, Cs,, ..., C,,
m=2, in this way. Let

Cr={x; < X, <. <X x5},
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1=i<n, where x,., is maximal in P”. Thus, x;,,>x;. Suppose that C;, C,, :..; C,
are already constructed and that P—-C, UCZU UG, #0. If

= {x; < x,+1 < xk}

where j=k, then choose the least mdex k+1515n such that X is nnmmal 1n

P’ and set : »

: Civi = {xy << Xpepn < Xy}

If, on the other hand,
= {x; <. <X X541 < x5},
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with j=k, then choose the least index k-+1=/=n -such that x,+1 is max1ma1
in P’ and, in thls case, put

. Cio1= {Hr1 <. < X1 < X3},
Finally, we can construct two linear extensions in two ways. First put’
L =CaCd...0C,.

Now, construct L, in a similar way starting through with a ‘dual’ labelling beginning
with x, instead. It is easy to verify that P’=L,N\L,.

Our aim in this article is to consider a special case of this theme. Which ‘order-
theoretical properties’ are diagram invariants among all lattice orientations of a
fixed, but arbitrary, covering graph of a planar lattice? Let P and P’ be finite lattices
with graph isomorphic covering graphs. If P is planar then must P’ be planar too?
The ordered sets illustrated in Figure 7 and Figure 8 show that this need not be the
case at all. (Notice, moreover, that P’ need not even be “dismantlable’ (cf. D. KELLY
and I. RIvaL [14]).) It is a well known and useful fact that a planar lattice has, on
either of its boundaries, elements which are both supremum irreducible and infimum
irreducible, that is, doubly irreducible (cf. K. A. BAKER, P. C. FisHBURN and F. S.
ROBERTS [2]). At least a fragment of this property is preserved by any lattice orien-
tation.

P P
Figure 7 Figure 8.

Theorem 1. Let P and P’ be finite lattices with graph isomorphic: eobering
graphs. If P is planar then P’ contains a doubly irreducible element too.

Thus, the existence of a doubly irreducible element is a diagram invafié_nt among
all lattice orientations of a planar lattice. To prove this result we shall make exten-
sive use of the geometric theory of planarity and planar embeddings for finite lattices
established in D. KeLLy and I. RIVAL [14] and in C. R. PraTT [20]. '

Theorem 2. Let P and P’ be finite planar lattices with graph isomorphic
covering graphs. If for some planar embedding e(P) of P every doubly irreducible
element of P lies on the boundary of e(P) then, for any planar embedding e(P’) of
P’, the set of faces of e(P’) eqguals the set of faces of e(P). '
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Thus, under these hypotheses, the set of faces of any planar embedding of any
planar lattice orientation of a planar lattice is a diagram invariant.

The problem to determine the lattice re-orientations of a fixed, but arbltrary,
covering graph of a lattice has been more extensively studied, especially for distri-
butive and modular lattices (cf. L. ALVAREZ (11, J. JakuBik [11], D. DurFus and
1. RivaL [5], I. RivaL [23]).

Planarity

The purpose of this section is to clarify the basic terms which we require to
prove Theorem 1 and Theorem 2. The important references for our point of view
are O. OrE [19], D. KELLY and 1. R1vAL [15) and C. R. PLATT [20)].

A finite graph G is planar if it can be embedded in the plane R® using a Jordan
arc (that is, a homeomorphic image of the closed unit interval) for each edge such
that different edges have, at most their endpoints in common. We denote by e(G)
such a planar realization of G. A simple Jordan curve or, for brevity, a Jordan curve
in R?is a homeomorphic image of the unit circle. According to the well known Jordan
Curve Theorem any Jordan curve C partitions the rest of the plane into two open
sets, the interior Int C of C, and the exterior Ext C of C. Any Jordan arc connecting
two vertices in e(G) corresponds to an (elementary) path of G. Similarly, any Jordan
curve in e(G) corresponds to an (elementary) cycle of G.

We shall apply the Jordan Curve Theorem in this form. Let C be a Jordan
curve, let xCExtC, and let y€IntC. Then any Jordan arc connecting x and y
meets C in at least one point.

To each planar realization e(G) of G we associate a set of (connected) domains
{Fo, Fy, ..., F;} in R? called the faces of e(G). (For a definition of a ‘face’ see, for
example, O. ORrE [19].) There is just one unbounded domain F;, the exterior face
of e(G); the other domains defining the interior faces satisfy Int F;Ne(G)=0,
1=i=k, where Int F; stands for the topological interior of the domain F;.

Let w and y be two distinct points of a Jordan curve C. There are exactly two
Jordan arcs lying in C having only w and y in common, say A(w, y) and A(y, w).
Four distinct points of C constitute a quadrilateral (w, x,y,z) on C if x€A(w,y)
and z€A(y, w). This basic topological property is due to C. R. PLATT [20]. Let, C
be a Jordan curve and let (w, x, y, z) be aquadrilateralon C. Let E (respectively F)
be a Jordan arc with endpoints w and y (respectively x and z) and suppose that
E and F are both outside or both inside C. Then ENF#=0.

. We treat now some of the basic terminology concerning ‘planar’ ordered sets
as developed in D. KeLLy and 1. RivaL [15]. Let P be a finite ordered set. Let =,
and m, stand for the first and the second projections of R? onto R. A planar embedding
e(P) of P consists of
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(1) aninjection x—X from P to R?such that n,(X)<n,(¥) whenever x<y in P,
and :

(2) straight line segments Xy connecting X and y whenever x<y in P, and which
do not intersect except possibly at their endpoints.

For simplicity of notation we shall identify each point X in the plane with the cor-
responding point x in P and use x for both. P is planar if it has a planar embedding.
A planar representation e(P) of P is defined by (1) above and

(2) increasing Jordan arcs denoted by xy with endpoints x and y whénever
x~<y in P, and which do not intersect except possibly at their endpoints.

An increasing Jordan arc is defined by A={(f (), t)| t€[«, B}, where f is a con-
tinuous function from a closed interval [«, f] of R to R. A decreasing Jordan arc
is defined similarly. A

D. Kelly has proved that these two notions are equivalent, so we may speak
by turns of planar embeddings and planar representations. A maximal chain from
x to y in P, denoted by (x, y), is a sequence x=x,, X1, ..., x,=» of elements of P
with x;-<x;41, O0=i=n—1. In a planar representation e(P) of a planar.ordered
set P any increasing Jordan arc in e(P) connecting two vertices x and y and denoted
by 47 (x, y), corresponds to a maximal chain (x, y) of P.

Let G be a finite graph. We shall denote by 2(G), £(G) and Zp(G) the sets
of all ordered sets, all lattices and all planar lattices, respectively, each of whose
covering graphs is G. Obviously Zp(G)S ¥ (G)SP(G). G is called orientable
whenever Z(G)><0. If G is any connected orientable graph G having at least two
edges then Z(G)SP(G). On the other hand, if Zp(G)=0 the equality Z(G)=
=%p(G) need not hold at all (cf. Figure 7 and Figure 8).

Let G be a graph and suppose that Zp(G)#0. Let Le%p(G) and let e(L)
be a particular planar realization of G. Let

F(e(L)) = {Fy, Fu, ..., Fi}

denote the set of faces of e(L). It is a trivial consequence of the familiar Euler for-
mula relating the numbers of vertices, edges and faces that the number of faces is an
invariant of £p(G), that is, if L, L'¢%p(G) and e(L), e(L") are corresponding
planar representations then

[F(e@)] = [F(e))

The vertices corresponding to the (not necessarily elementary) cycle of G asso-
ciated with the exterior face F, of a planar representation e(L) of LELp(G) de-
termine the boundary B(e(L)) of e(L). We can define the left boundary and the right
boundary as the. maximal chains corresponding to the Jordan arcs 4;" (0, 1) and
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A7 (0, 1) of B(e(L)) connecting the images of the extremal elements of .L such that
for each x€4;7(0,1) and for each y€A}(0,1) satisfying mo(x)=mn,(y) then

(%) = m(y).

A region of e(L) is a subset of L consisting of all elements of L in the area of the
plane bounded by the Jordan arcs corresponding to the maximal chains C and D
having the same extremal elements. A subset S of an ordered set P is cover-preserving
if x<y in S implies x<y in P. A region is a planar cover-preserving sublattice of
L (D. KeLLY and 1. RivaL [15)).

Call a region a strict region if it is defined by two maximal chains having only
their extremal elements in common. Therefore, the geometric curve in e(L) cor-
responding to'such a region R is a Jordan curve consisting of two increasing Jordan
arcs having only their extremal elements in common. These endpoints are the images
in e(L) of the least and greatest elements of R. Any interior face of e(L) is a strict
region of L whose interior contains no vertices or edges of L (D. KeLLy and L
RrvaL [15)). '

In what follows we assume that, for L€.%5(G) and for one of its embeddings
e(L), B(e(L)) is a strict region. Otherwise, L can be decomposed into a linear sum
LidL,®...8L, in which the top element of L; is the bottom element of L.,
for each i=1, 2, ..., k—1. In that case we can apply this more general result.

Proposition 3. If Le #(G) is a linear sum

L=L..0L
then, for any L'¢ % (G),

L'=L{®..0L, or L*=L{&..0L,,
where each L; and L] have the same covering graph and the same extremal elements.

Proof. It is enough to prove this property with L=L,®L,. Let us denote
by a the greatest element of L,; it is also the least element of L,. Let L€ Z(G).
The element a cannot be either the least element 0’.of L or the greatest element 1
of L’. For, if a=(’, say, then we may consider the element 0V1 in L’, where 0
and 1 are the least and greatest elements of L. Using maximal chains (0, 0V1)
and (1, 0V 1) in L” we can construct a path from 0 to 1 in L’ which does not contain
a. This is a contradiction, since every maximal chain in L from 0 to 1 must contain a.

We can suppose that there exists x in L satisfying x<a, in L and x<a in L,
for otherwise we consider L, the dual of L". _

Let y.be any element of L;—{a}, thatis, y>a. There is at least one maximal
chain in L from x to y and all such maximal chains contain a. Consequently, any
path from x to y in L’ contains a. We claim that y=a in L’: Otherwise, consider
xAy in I’. There exist-two maximal chains in L’ not containing a, (xAy, x) and
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(xAy, y). Then we can construct in L’ a path from x to y not containing a either.
That is a contradiction.
Similarly, if z<a in L then z<a in L’. This completes the proof.

Now, we consider LE%p(G), any one of its planar embeddings e(L) and
F¢F(e(L)). For any L'€Z2(G), let D'(F) denote the subdiagram of L’ induced
by the elementary cycle of G corresponding to F.

Proposition 4. Let LeZp(G), let e(L) be a planar embedding of L, let
FeF(e(L)) and let '€ #(G). Then D’(F) is a planar lattice.

Proof. We must show that D’(F) consists of two maximal chains of L". For
contradictions suppose not. Then D’(F) has at least two maximal and at least two
minimal elements. (D’(F) is an elementary cycle.) Let w and y be two distinct min-
imal elements of D’(F) such that h(w)=h(y) where h is the height function of
L’ and let x, z be the two elements on the cycle adjacent to y.

There exist four maximal chains (0, w), (0’, »), (x, 1°) and (z, 1) in L’, where
(', 1’ are, respectively, the bottom, top elements of L’ satisfying

O, WNx, 1) =0, O, wN(z1)=0,
0, »N(x,1)=0 and (O, N(z 1) =0.

Figure 9

Using the Jordan arcs corresponding to these chains in e(L) we can easily construct
two Jordan arcs 4(w, y) and A(x, z) of e(L) which are inside C (the Jordan curve
corresponding to F in e(L)) if F is the exterior face, or outside, otherwise (Fig. 10).

Now, (w, x, y, z) forms a quadrilateral on C and that is a contradiction since
then A(w,y) and A(x, z) intersect in a point which is not a vertex of L. Then
D’(F) is formed by two maximal chains of L having in common only their endpoints.

In the case that L'€ #(G) we derive this consequence.
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e(L)

Figure 10

Corollary 5. Let L,L'c %p(G) and let e(L), e(L’) be corresponding planar
representations. Then any face of e(L) is a strict region of e(L’).

~ The subset corresponding to a face of e(L) is a planar, cover-preserving sub-
lattice of L and is transformed to a planar, cover-preserving sublattice of L’. But
this does not hold if we consider any planar, cover-preserving sublattice of L. The
next figure, Figure 11, illustrates an example in which a sublattice of L is not trans-
formed to a sublattice of L.

e(L) e(l’)

Figure 11

Irreducible elements

An element of a lattice L is doubly irreducible in L if it has at most one lower
cover and at most one upper cover. Let Irr (L) denote the set of all doubly irreduc-
ible elements of L. This fact was in a sense the start of the theory of planar lattices.
Any planar lattice has at least one doubly irreducible on the left boundary of any of its
planar embeddings (K. A. BAkeR, P. C. FisHBURN, and F. S. ROBERTS [2]).

Proposition 6. If L and L’ are lattice orientations of the same covering
graph G, then

=2

[lTre (D)) = [Ter (1))
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Proof. Let us consider T(G)={x€¥V | deg(x)=2} where V is the vertex set
of G and deg x is the degree of x. Then Irr (L)S T(G) and

IT(G) -2 = Irr ()] = |T(G)|
because the greatest and the least elements of L can be in T(G).

The number of doubly irreducible elements is not an invariant. In Figure 12
we illustrate three planar lattice orientations of the same covering graph having
respectively 3, 4 and 5 doubly irreducible elements.

Figure 12

We are ready to prove our first principal result concerning doubly irreducible
elements. '

Theorem 1. If £p(G)#=0 then for each L'€ £ (G), Irr (L')#0.

Proof. Consider LEZp(G) and let e(L) be one of its planar embeddings.
If {Irr (L)|=3 the result is obvious according to the Proposition. Hence we can
suppose that Irr (L)={a,, a,} with a, on the left boundary of e(L), say.

Now consider L’€.#(G) and suppose that Irr(L)=0. Then L’ cannot be
planar and a, and a, must be the least and the greatest elements of L’. Our aim
now will be to construct a planar embedding of L’, which is a contradiction.

Let F; be the face containing a, in L and let us use F; too to denote the corre-
sponding path in L’. According to Proposition 4, F, can have only one maximal
element in L’.

Suppose that we have constructed in L’ the subset corresponding to the faces
F,,F,....F, k=1, of L. F,U...UF; is a planar subset of L. Let us denote by
B, (L) the path corresponding to its boundary, with respect to e(L).

We shall show that the subset ‘generated’ by {F;, ..., Fi} in L’ is planar and its
boundary B, (L) is exactly the path B,(L).

The assertion is true for k=1. We proceed by induction on k. Let us denote
by S the set of vertices of B,(L) which are contained in new faces of e(L) in the
sense that each vertex of S is adjacent to a vertex in Ext B, (L). Let x, be a vertex
of S of minimum height in L’. If F;, is a new face containing x,; in L we can write

Fk+1 = {xla Xay coos Xps Xpgas oeey xm}
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B(L)

F
Xy k+1

Figure 13

such that n=3, m=n, {x,, Xp415 ---» Xm> X1 }S B (L) and x,, ..., x,-1¢B,(L) (and
possibly x,=x,=x,). Notice that, since Irr (L")=#, there can be no face within
this new face F, ., (cf. Figure 13).

Then the subset of L’ generated by F;., has exactly one maximal element x;
and one minimal element x; such that 1=i=n and, n=j=m or j=1.

Now x,>x,; in L’. Otherwise there exists a maximal chain (ay, ..., X, x,)
from a, to x; in L". If y is the last point of intersection of this chain with B, (L")=B, (L)
then y€S and we have a contradiction because h(y)<h(x,)<h(x;) in L’, where
h is the height function of L'.

On the other hand, if x,#x, we have x,,,<x, in L. Indeed, if x,,,>x,
then consider three maximal chains (a,, x,), (@, x,) and (x,.y, @)- Since x,£S,
h(x))=h(x,)<h(x,11), (@1, X1) (x40, a:)=0 and also (ay, x,) (X115 G2)=0.

In L, using the Jordan arcs A(qy, x;) and A(a,, x,) corresponding to (a,, x;)
and (a,, x,), respectively, we can construct a Jordan arc 4(x;, x,).

If a,¢F,,, then the Jordan curve C=A(xy, x,) UA(Xy, X,, ..., x,) (the latter
part corresponding to the path (x,, X,, ..., X,) of Fy41), has x, . in its inside which
is a contradiction since A(x,.,, a,), the Jordan arc associated with (x,,, a.) would
cut C in a point which is not a vertex of L (see Figure 14).

o) . e e(L)

Figure 14 e R Figure 15
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If a;€F,,, then (x;, @, x,,, X,+1) is a quadrilateral on F,,, since x;#a, and
x,#d,. The previous Jordan arcs 4(x,, x,) and A(x,,;, a.) mustcut outside F;,,
which is contradiction (cf. Figure 15). '

We conclude by verifying that By, (L)=(By(L)—{xp415 ---s Xm U
Ufxe, v X1} =Bisa (D). ».

So, if FU...UF, has a planar embedding in L', then FU...UF,,, also
has a planar embedding i L. Thus we obtain a planar embeddmg of L.

The converse of Theorem 1 is false. There are finite graphs G such that, for
each L€ #(G), Irr (L')#9, and yet there is no planar lattice orientation of G at
all (see Figure 16).

_ Figure 16

Faces

Let G be a graph such that Z,(G)=9 and let L, L'€¢ #,(G). We denote by.
0, 1 and 0, 1’ the extremal elements of L and L’, respectively. In this section we
consider relations that exist between the faces of planar representations e(L) and
e(L),of Land I". = :

We shall require this.

Lemma 7. If there exists L in £p(G) such that Irr (L)CB(e(L)) for a
planar embedding e(L) of L then B(e(L))=B(e(L)) for any planar, embeddmg
e(L) of any L' in Zp(G).

-Proof. According to the Proposition 3 we can suppose that the exterior face.
Fy of e(L) is a strict region of L. Hence this property is also true for L". Using the
Corollary 5 the Jordan curve C; corresponding to the image of F, in L’ defines
a strict region, so it'is a planar, cover-preserving sublattice of L’. . '

Let us assume that B(e(L’))B(e(L)). By hypothesis, there exist at least two
elements a, b B(e(L))NB(e(L)) such that a, beIrr (L), ais on the left boundary
of L’ and b is on.the right boundary of L". Let us denote by x, , z, ¢ respectively’
the four elements on the path of L’ corresponding to A(a, b)SC, such-that
1€ A(a,b), y. is the first element'not’in-B(e(L")), x is its predecessor, ¢ is-the first
element after y. on-B(e(L)) and 'z is its: predecessor, if the path is directed from a’

8*
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(ii) (iii)

Figure 17

to b. In this way we get three different configurations as illustrated schematically
in Figure 17. In the case (ii) u is the greatest element of the sublattice defined by
C, in L’ and « is the first common element of a maximal chain from « to 1’ in L.

In each of these three cases the shaded strict regions must be planar, cover-
preserving sublattices of L’ and thus have at least one doubly irreducible element
on their left boundaries, for cases (i) and (ii), and on the right boundary too. Hence
we obtain a contradiction because the doubly irreducible elements of L’ are neces-
sarily on C;. Therefore B(e(L"))=B(e(L)).

Theorem 2. If there exists L in £p(G) such that Irr (L)S B(e(L)) for some
planar embedding e(L) of L then any planar embedding e(L’) of any L'€%p(G)
sati.sﬁes F(e(L))=F(e(L)).

. Proof. The previous lemma 1mphes the invariance of the exterxor face and
thus Irr (L’)CB(e(L’))

Let F be any interior face of L. In L’ the image of F defines a planar cover-
preserving sublattice, say L’(F). Let O; and 1 denote its least and greatest elements,
respectively.

.. Let us suppose that L’(F) is not a face of e(L’).

If x and y are, respectively, elements on the left and on the right boundanes
of L’(F) then we claim that every path in L’(F) from x to y contains either 0} or
1%..Indeed if such a path p(x, y) does not exist, let (15, 1°) and (¢, 0;) be two ma-
ximal chains from 17 to-1” and from 0’ to 0y, respectively, in L’. We have (0’, 05)N
Np(x, »)=0 and (I}, 1)Np(x, )=0.

- Now consider 4(x,y), A(1;,1") and A4(0’, 0;), the Jordan arcs in e(L) cor-
responding to these paths. We know that 0’ and-1’ lie on the boundary of L (be-
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cause B(e(L))=B(e(L")). - Thus we can consider A(0’, 1'), a Jordan arc connecting
¢’ and 1’ and having only these two points in common with e(L). Therefore

A(OF, IF) A(OF, 0’)UA(0’ 1')UA(1’ 1) and A(x, y)

are two Jordan arcs lying outs;de of the Jordan curve C corresponding to F in.e(L).
Now, using the quadrilateral (0%, y, 13, x) on C these two Jordan arcs must
cross at a point which is not a vertex of L. That is a contradiction (see Figure 18).

A0, 1)

Figure 18

Now consider the UPPET COVETS Xy, Xp, ..., X, k=2, of 05 in L'(F). In L'(F),
{x;, X;41), 1=i<k, are in the same face, say F;. Then there is 1=i=k—1 such
that 1.€F;. For otherwise, for each 1=i=k—1, 1.¢F; and there is a path from
X, to x; containing néithei' 0r nor 17, a contradiction according to the previous
property. B . . _ o

The region R defined by the left boundaries of L'(F) and F; (see Figure 19)
is a planar sublattice of L’. Then it must have at least one doubly irreducible element
on its right boundary, which is impossible because Irr (L)YESB(e (L’))

Figure. 19
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Then L’(F) cannot contain an element in its msnde and it: must be a_face of
e(L). . . . .

The converse of Theorem 2 is false. The planar lattlce illustrated in Frgure 20
has essentially just one- planar lattice orientation and, in partlcu]ar the set of faces
is invariant. Nevertheless, not all of its doubly 1rreduc1ble elements lie on the

boundary

Figure 20

A conjecture' :

An understanding of the re-orientations of planar lattices may well advance
our knowledge of the orientations of covering graphs 'Are ‘there ‘canonical opera-
tions’ which ‘transform’ one planar lattice orientation to another"

D. Keiry and I. RivaL [15] have descnbed a procedure call it permutation-
reflection, which can be applied to produce all planar embeddings from any fixed
planar embedding of a planar lattice. Loosely speakmg the idea is to consider a, b€ L
such that a<b and all regions Ry, R,, .;.‘ w1th a and b as extremal elements. If
RNR;={a,b}, we.permute R,—{a, b} with R —{a, b} (aocordmg to the linear
order deﬁned by considering the projections on the x-axis), without affecting the
planarity itself (cf. Figure 21). Every planar embedding of L

b b
a o a
L

LI

L’ is obtained from L by permutation-reflections
Figure 21
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is produced from any fixed one by a sequence of permutatlon-reﬁectlon transfor-
mations. -

For L,L'c¥%,(G) we say that L’ is obtained from L by a rotation of L pro-
vided there are planar embeddings e(L), e(L) of L, L’, respectively, such that
F(e(L))=F(e(L))). For instance, under the hypotheses of Theorem 2, every planar
lattice orientation 'L’ is obtained from L by a rotation (cf. Figure 22).

=
]

L’ is obtained from L by a rotation
Figure 22

The stereographic projection from the sphere to the plane and its inverse
obtained by selecting the north pole in some face F produces a different planar
embedding of a planar graph with F as its exterior face (cf. O. ORe[19], C. R. PLATT
[20]). This transformation which we shall call inversion leaves fixed the set of faces
(see Figure 23). This transformation applied to an arbitrary face of a planar em-
bedding of a planar lattice will not necessarily produce another planar lattice embed-
ding. We do not at this time yet know which faces of a planar lattice embedding can
be the exterior faces of a planar lattice embedding, obtained by inversion.

L’ is obtained from L by inversion
Figure 23 '
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Here is our conjecture. Any planar embedding e(L’) of any L'€ %p(G) is
obtained from any L€%p(G) by a sequence of transformations each either a permu-
tation-reflection, or a rotation, or an inversion.

Added in proof. Theorem 1 has an important extension to dismantlable lattices
(cf. D. KerLy and L. RivaL [14], [15]).

Corollary. Let P and P’ be finite lattices with graph isomorphic covering
graphs. If P is dismantlable then P’ contains a doubly irreducible.

Proof. If P is planar then the assertion is precisely Theorem t. If P is non-
planar then the dimension of P is at least three (cf. [15]). In this case P contains
at least three doubly irreducible elements (cf. Theorem 6.11, [15]). Then, as in
Proposition 6, P’ must contain a doubly irreducible element as well.

References

[1] L. ALvArez, Undirected graphs as graphs of modular lattices, Canad. J. Math., 17 (1965),
923—932.
[2] K. A. BAKER, P. C. FisuBURN and F. S. RoBerTS, Partial orders of dimension 2, Networks, 2
-(1971), 11—28. ‘
[3] M. CHEIN and P. MARTIN, Sur le nombre de sauts d’une forét, C. R. Acad. Sci. Paris, 275 (1972),
159—161.
[4] M. CaElN and M. HaBig, The jump number of dags and posets: an introduction, Ann. Discrete
Math., 9 (1980), 189—194.
[5] D. Durrus and 1. RivaL, Path length in the covering graph of a lattice, Discrete Math., 19
(1977), 139—158.
[6] B. DusanNIk and E. W. MILLER, Partially ordered sets, Amer. J. Math., 63 (1941), 600—610.
[71 T. GALLAL, Transitiv orientierbare Graphen, Acta Math. Acad. Sci. Hungar., 18 (1967), 25—66.
[8] A. GrouiLA-Hourli, Caractérisation des graphes non orientés dont on peut orienter les arétes
de maniére A obtenir le graphe d’une relation d’ordre, C. R. Acad. Sci., Paris, Sér. A—B,
254 (1962), 1370—1371.
[9] P. C. GiLmoRE and A. J. HOFFMAN, A characterization of comparability graphs and of interval
graphs, Canad. J. Math., 16 (1964), 539—548.
[10] M. HagB, Comparability invariants, in: Orders: Descriptions et Réles (eds. M. Pouzet and
D. Richard), North-Holland, (Amsterdam 1984); pp. 371—386.
[11] J. JakuBik, Unoriented graphs of modular lattices, Czechoslovak Math. J., 25 {1975), 240—246.
[12] D. KBLLY, Fundamentals of planar ordered sets, Discrete Math., to appear.
[13] D. KeLLy, Comparability graphs, in: Graphs and Order (L. Rival, ed.), D. Reidel (Dordrecht,
1985); pp. 3—40.
[14] D. KeLry and I. RivaL, Crowns, fences, and dismantlable lattices, Canad. J. Math., 26 (1974),
1257—1271.
[15]) D. KeLLy and 1. RivaL, Planar lattices, Canad. J. Math., 27 (1975), 636—665.
{16] D. KeLLY and W. T. TrRoOTTER, Dimension theory for ordered sets, in: Ordered sets (1. Rival,
ed.), D. Reidel (Dordrecht, 1982); pp. 171211,



The diagram invariant problem for planar lattices 121

[17] R. H. MOHRING, Algorithmic aspects of comparability graphs and interval orders, in: Graphs
and Order (1. Rival, ed.), D. Reidel (Dordrecht, 1985); pp. 41—101.

[18] O. ORE, Theory of Graphs, Amer. Math. Soc. (Providence, 1962).

[19] O. OrE, The four color problem, Academic Press (New York, 1967).

[20] C. R. PLATT, Planar lattices and planar graphs, J. Comb. Th. Ser B., 21 (1976), 30—39.

[21] W. R. PULLEYBLANK, On minimizing setups in precedence constrained scheduling, Discrete
Applied Math., to appear.

[22] I. RivAL, Optimal linear extensions by interchanging chains, Proc. Amer. Math. Soc., 89 (1983),
387—394.

23] 1. RivaL, The diagram, in: Graphs and Order (1. Rival, ed.), D. Reidel (Dordrecht, 1985); pp.
103—133.

[24] L. N. SEVRIN and N. D. FiLIPPOV, Partially ordered sets and their comparability graphs, Sibirsk:
Mat. Z., 11 (1970), 648—667. (Russian)

R. J. (. R)
ECOLE DES MINES UNIVERSITY OF OTTAWA
SAINT-ETIENNE, FRANCE DEPARTMENT OF COMPUTER SCIENCE

OTTAWA, KIN 9B4, CANADA

(R. N.)
DALHOUSIE UNIVERSITY
HALIFAX, CANADA



