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Completely bounded maps and hypo-Dirichlet algebras

R. G. DOUGLAS and V. I. PAULSEN

1. An important resnlt of voN NEUMANN [16] is the theorem that the closed
unit disk D~ is a spectral set for every contraction T defined on a complex Hilbert
space . Sz.-NaGy showed in [25] that every contraction T possesses a unitary dila-
tion U on some larger Hilbert space K, and thus obtained an alternate proof of
this. The investigation of the relation of T and U forms the basis for [26]. In [24]
Sz.-NAGY also proved that an invertible operator T satisfying sup {| T*||: k€Z}<
is similar to a unitary operator. His question of whether the assumption that
sup {|T*|: k=1,2; ...} <o, implies that T is similar to a contraction was shown
to have a negative answer by FOGUEL [6]. HALMOS then reformulated the question
[11] to ask if every polynomially bounded operator is similar to a contraction.

All of these results and questions can be reformulated to involve mappings
from a function algebra A to the algebra 2($) of bounded operators on a Hilbert
space . Von Neumann’s result concerns the extendibility of the mapping p(z)—~
-»p(T) to a contractive unital homomorphism from the disk algebra 4(D) to
£(9). Sz.-Nagy’s theorem shows that every such map dilates to a *-homomorphism
from C(dD) to 2(K) for some Hilbert space & containing §. Halmos’ question asks
whether every bounded unital homomorphism ¢ from 4(D) to 2(9) is similar to
a contractive unital homomorphism. ANDO [2] has shown that Sz.-Nagy’s dilation
theorem generalizes to the bidisk algebra A(D?), and on the basis of PARROTT’S
example [17], one can show that this is false for A(D") for n=>2 (cf. [26]). VARO-
POULOS showed in [28] that the analogous result is also false for the ball algebra
A®B") for n=2.

The above results form the core of dilation theory and the theory of spectral
sets. Dilation theory is concerned with which linear maps from a function algebra
to £(9) dilate to a representation of a self-adjoint algebra containing the function
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algebra, on some possibly larger Hilbert space. The theory of spectral sets is con-
<cerned with determining when a particular set Q is spectral for an operator T and
if it is, deciding whether or not T possesses a normal dilation whose spectrum is
contained in 9Q, i.e.,, a d2-normal dilation. That is, deciding whether or not the
induced contractive homomorphism; r(z)—r(T), on the uniform closure R(Q) of
the rational functions with poles off Q, dilates to C(922).

Foias in [7] and then independently BERGER [4] and LeBow [13] (cf. SARASON [21))
showed that if R(Q) is a Dirichlet algebra on 99, then all unital contractive homo-
morphisms on R(f2) dilate to C(09).

In this paper we investigate problems for mappings from function algebras
defined for finitely connected domains in C. Such domains yield algebras R(Q)
which are hypo-Dirichlet. We show, in Section 2, that operators having such domains
as spectral sets are similar to operators which have a normal dilation. We prove, more
generally, that all unital contractive homomorphisms of hypo-Dirichlet algebras are
similar to homomorphisms that dilate.

While these results still leave open the question of whether or not operators
having such domains as spectral sets have normal dilations, other results suggest
that perhaps this is the wrong question. The search for criteria which insure that a
set is spectral has been in some ways unsuccessful. SHIELDS [33] remarks that for
an invertible operator T, the annulus with radii determined by the norms of T and
T~ need not be spectral for T. In [14], MisrA shows that this occurs even when T
is a 2 by 2 matrix. However, in Section 3, we show that such an operator is always
similar to an operator for which the original annulus is spectral, and which more-
over possesses a normal dilation. Thus, criteria for a set to be a spectral set, up to
similarity, can be more readily obtainable. An analogous phenomenon occurs for
all multiply connected domains—adding a similarity allows one to consider simpler
domains.

In [3], ARVESON reformulated dilation theory and generalized some of the pre-
vious results, If ¢ is a linear mapping from a function algebra 4 to 2($), then there
is a natural linear mapping ¢, from M, (4) to M,(2($))=2(H®C"), where M,(4)
denotes the algebra of nXn matrices with entries from A, defined by applying ¢
entrywise. If ¢ is bounded, then so is ¢, and | @] =] @l =[@,=..., but it is not
necessarily true that [|@,[=[l¢ll or even that the sequence of norms is uniformly
bounded. When it is, the map is said to be completely bounded and we set
loll,=sup {le.ll: n=1, 2, ...}. The map is said to be n-contractive 1f To. =1 and
completely contractive if it is n-contractive for all n.

Generalizing earlier work of STINESPRING [23], ArvESON showed in [3] that
a unital contractive map is dilatable if and only if it is completely contractive. More-
over, he showed that all unital contractive maps on Dirichlét algebras are com-
pletely contractive, thus generalizing the results of Sz.-Nagy and Foias—Berger—
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Lebow. Ando’s result shows that all unital contractive homomorphisms on the
bidisk algebra are completely contractive, but the question for unital contractive
linear maps is open.

In Section 4, we show that Arveson’s result on Dirichlet algebras- does not
extend to hypo-Dirichlet algebras. We give an example for the annulus algebra of a
unital contraction which is not even a 2-contraction, although we leave unanswered
the question for homomorphisms. (See Note added in proof.)

A necessary condition that a homomorphism be similar to a dilatable homo-
morphism is that it be completely bounded. Extending the work of ARVESON [3],
and HAapwin [10], the second author has shown that this is also sufficient [18] (see
also, [9], [31], [32]). In fact, if ¢ is a umital completely bounded homomorphism
then there is always a similarity S, with [S|-[|S~Y|=|l¢|, such that SpS—! is
completely contractive [19]. Thus, in particular an operator T is similar to a contrac-
tion if and only if the mapping p(z)—p(T) extends to be completely bounded on
A(D). The problem of whether T being polynomially bounded implies that the
resulting map is completely bounded is still unsolved. ‘

2. A uniformly closed unital subalgebra 4 of C(X) is said to be hypo-Dirichlet
of codimension n, if the closure € of 4+A4 is of finite codimension n in C(X).
A Dirichlet algebra is obviously hypo-Dirichlet as is the algebra R(Q) generated
by the rational function on a finitely connected domain in C. We consider in this
section the problem of dilating unital contractive mappings from a hypo-Dirichlet
algebra 4 to £(9). In Section 4 we present an example showing that Arveson’s
result doesn’t extend even to the annulus algebra although our example is not a
homomorphism. We show instead that for ¢: A—2(9) a unital contraction, one
has |¢|l,=2n+1, where n is the codimension of &€ in C(X). In particular, this
implies that if ¢: A-2(9) is a unital contractive homomorphism, . then there
exists an invertible operator § such that ||S~1|||S|=2n+1 and the mapping
@,: A—~2(9) defined by

0:(f) = S1e(f)S
is dilatable to C(X).

We begin with the following lemma about bases in finite dimensional Banach
spaces.

Lemma 2.1, Let 4 be a unital C*-algebra and let ' 1¢SS A be a self-adjoint
subspace of codimension n. Then for every £>0 there exists a positive map ¢: A+G
and a positive linear functional s on S such that |ell=n+1+¢, |si=n+e, and

e(NN=f+s(H-1 for f in &.

“Proof. Let n: A—~AfS be the quotient map. It is not difficult to show that
there exist self-adjoint linear functionals /;, I, ..., [, on A4/& and self-adjoint ele-
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ments ki, k3, ...,H, in A/© which form a basis, such that [[ff|=|hl=1 and
K (K)=4,;, the Kronecker delta. Let hy, ks, ..., h, be self-adjoint elements in 4 such
that n(h)=Hh; and |h|=1+¢/n. Also, let ;=Ion, so that &={fc4: L(f)=0,
i=1,2,...,n} with [ii=1 and L(h)=4,.

By [20, 1.14.3] we can write /;=p;—q;, where |pfi=1|lqll=1 and |p;+qi=1
with p; and g¢; positive linear functionals in 4. For every g in 4

f= g—hZ";l.-(g)hi,
is in.AG. We define a positive map ¢: A-€ by
0@ =g+ 2 a@Anl+h) + 3 pie) ki —h)

Since ‘each of the three expressions defines a positive map, we need only check that
the ié’nge of ¢ is contained in &. An easy calculation shows for g=f+ Z"' L(g2h;
i=1

that e(g)=f+'_=2"; (pi(@+a:(@) Al If we set S(g)=i=2"1(p.-(g)+qi(g)) IAdl, then

sl = é I+l [ = n-+e

and Q(f)—-f+s(j) 1 for fin &. Fmally, since g is positive we have || g]| —llg(l)ll =
=1+s()l=n+1+-e.

Theorem 2.2. If ASC(X) is a hypo-Dirichlet algebra of codimension n, and
(p A—»Q(Sj) is a unital contraction, then |ol||_,=2n+1.

- Proof. Fix >0, let & be the closure of A+ A4 in C(X) andlet o: CX)~&
and s be as in the previous Lemma. If we extend ¢ to @$: S—~82(9) by F(f+8)=
=¢(f)+¢(g)*, then @ will be positive by [3, pp- 152—153]. Thus @og: C(X)—~
—-Q(9) is positive and hence completely positive [23). Finally for fin A4, we have

. o(f)=goe(f)—s(f)-1s
so that,

ol =16 0elpt+sles = [¢0e(D] +[s()] =2n+1+2¢,
since gop and s are completely positive (see [3; Proposition 1.2.10]).

Corollary 2.3. If ASC(X) is a hypo-Dirichlet algebra of codimension n, and

@: A~2(9) is a unital contractive homomorphism, then ¢ is similar to a homo-
morphxsm that dilates to C(X). Furthermore, the szmllanty S may be chosen such
that ||S).[|S="=2n+1.
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Corollary 2.4 Let Q be a spectral set for T in 2(9) with R(L2) a hypo-Dirichlet
subalgebra of C(0R) of codimension n. Then there exists an invertible operator S
on H with ||S||-1S-Y=2n+1 such that STTS has a 082-normal dilation.

We are unable to determine whether these results are the best one can do even
in the case of the annulus.

3. As we mentioned in the first section the prototypical example of a hypo-
Dirichlet algebra is R(Q) for Q the closure of a finitely connected domain in C.
As might be expected a more natural proof of Corollary 2.4 is possible in this case
which has other consequences that we explore. We make no attempt at working
with the most general domains possible.

A compact subset 2 of C is said to be a K-spectral set for T in 2($) if ¢(T)S Q
and || f(D)|=K| f for fin R(LQ), where [ f| denotes the supremum norm on
0Q. We call Q a complete K-spectral set for T if, in addition, ’

(£ )| = KD

for all matrices (f; ;) in M,,(R(Q)), where [[(f;, )l denotes the supremum of the
matrix norm on dQ and (f; ;(T)) denotes the operator in M,(2(9))=L(H®C").
For K=1 we obtain the usuval notion of spectral or complete spectral set.

We will need also to consider certain unbounded subsets of C. If Q is a closed
unbounded subset of C; then we let R(Q) denote the function algebra obtained
from the uniform closure of the rational functions on Q with poles off Q and which
vanish at infinity. We shall call such an Q a (complete) K-spectral set for T provided
that the above inequalities hold for all fin R(€) ((f;,;) in M,(R(2))).

We shall call a compact subset Q of C a Dirichlet algebra domain if
{Re (f): fER(RQ)} is uniformly dense in the algebra of real-valued continuous
functions on dQ. More generally, we shall call an arbitrary closed subset Q a Dirichlet
algebra domain if there is a A in C\ 2 such that the compact set

N Q' = {(z-A)7: zEQ}U{O}
isa Drnchlet algebra domam

We record the followmg facts about these “unbounded” Dirichlet domams for
further use. :

Proposrtron 3 1 Let Q be a closed subset of C containing a netghborhood of
inﬁmty and let 2 be in C\ Q.
(i) If Qis a (complete) K-spectral set for T, then Q7" is a ( complete) (2K+1)-
spectral set for (T—2)~1. . i
- @@) If Q7tisa( complete) K-spectral set for (T A)" then Qisaf complete )
K-spectral set for.:T. . - - AU .

10*
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(iii) The set Qis aspectral set for T if and only if Q; ' is a spectral set for (T—A)~1.
(iv) If @ is a Dirichlet algebra domain, then Q is a spectral set for T if and only
if Q is a complete spectral set for T.

Proof. If Qis a K-spectral set for 7, then for every f in R(Q ), with f(0)=0,
g@=f((z—2)"") is in R(Q) and hence,

A@~H) = le@I = Klgl = K| fI.

Now, if fis an arbitrary element of R(Q;Y), then,.

|A@-H7Y)| = | A@T-H)-fO1||+] O] = CK+ DS

The proofs of the “complete” case and of (ii) are similar. If Q is a spectral
set for T, and fis in R(Q;Y), with || f|=1, let x=£(0) and let ¢ (z)=(z—x)/(1 —Xz2)
be the conformal mapping of the disc into itself that carries x to 0. We have that
lo.ofll<1, and since @.of(0)=0, by the calculations above,

|leso /(T —H7Y)|| < 1.

But now by von Neumann’s inequality,

WA@=2) = [o-sopaof(@-1] < L.

This conformal mapping technique was introduced by WiLLiAMs [30]. (iv) follows
easily from the case of bounded domain using (ii). .

We shall call a compact subset Q of C decomposable if Q= NQ; (possibly
infinite), Q; is a Dirichlet algebra domain and there is a constant K such that for any
n and f in M, (R(R)), we can write f=3f; (norm convergent) with f; in

2 A6l =Kl f].

We shall let K, denote the minimum of such constants K. We show the use-
fulness of this notion after establishing that nice finitely connected subsets of C are
decomposable.

Proposition 3.2. If Q is a compact subset of C such that C\Q consists of
finitely many open comnected subsets whose boundaries are dts;omt and each is a
rectifiable simple closed curve, then Q is decomposable.

Proof. Let C\Q2=4,U4,U... UA,, with 4, the connected component of
infinity and let I';=d4, be given a parametrization such that :I'= UT’; has winding
number 1 for every point in the interior of £ and 0 for every point in . C\£2.. Let
2,=C\A4; so that £; is a Dirichlet algebra domain and £, is bounded.:
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For A in the interior of Q and fin M, (R(Q)), let

L@ = Q2mi) [(F@z-2)dz

so that f(i)= Zu' fi(2) for Ain Q. Note that f; clearly extends to a continuous func-
im0

tion on I'; for i#j and hence to a continuous function in I'; by letting f;(1)=
= f(4)— 2' fi(A). Moreover, f, is analytic on the interior of Qo, continuous on

#J
Q, and hence in M;(R(®,)) [8, Chapter VIII, 8.4). Similarly, for 1;50 fi; is in
Now for fixed A in I;, i%j,
156D =d@, L=l - 11}
where |I';| is the length of I'; and d(I';, I';) denotes the usual distance between I';
and I';. Finally, for A ir_x I';, we have

1451 = 171+ ,#2, 1A@) = (1+#ZJ'_d(Fa,F,-)"1- I

and thus > | fill=K]| fI which completes the proof.

In [14] an example is given of an operator T for which {z: |z]=R,} and
{z: |z|=R,} are both spectral sets for T, while the annulus {z: Ry=|Zz|=R,} is
not a spectral set for T. The use of decomposability shows that no such example
can exist if we consider K-spectral sets instead.

Theorem 3.3. Let Q be decomposable with Q= (1 ;. If each Q; is a (com-
Jjzl
plete) K;-spectral set for T and sup K;<eo, then there exists a K such that Q is a

(complete) K-speciral set for T.
Moreover, if each Q; is a spectral set for T, then Q is a complete K,-spectral

set for T.
T Proof. Let f be in M,(R(®)) and write f=3 f; with f; in M,(R(2)). I
we set M=51;ij; then
[AD] = %’ 1/(T)] = MKq| f|
from §vhich the first result follows.

If each £ is spectral for T, then since each £; is a Dirichlet algebra domain,
it is completely spectral by Proposition 3.1. Hence for f in M,,(R(Q)) we have

JAN SZ 14T = Kol /1.
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Corollary 3.4. If Q=09; is decomposable and each Q; is spectral for T,
then there exists an invertible operator S with |S™ -[|S|=K, such that S~'TS
has a 0Q-normal dilation.

Proof. Apply the Theorem together with [18].

We note that if Q is decomposable and spectral for T then the hypotheses of
Corollary 3.4 are certainly met. Thus we obtain that for 2 a “nice” n-holed domain
whose holes are separated, then up to similarity every spectral operator is
dilatable. The hypothesis that the holes of £ are separated is necessary only
for the proof we gave and many domains not satisfying this are decomposable.
For example, the domain Q=Q,NQ;, where Q,={z: [z|=2}N{z: |2+ 1|=1} and
Q,={z: |z—3/4|=1/4}N {z: |z—5/4|=1/4} is decomposable with Dirichlet algebra
domains @, and @Q,. By combining these ‘techniques with the MLAK decomposition
theorem [15], one can extend considerably the class of sets for which spectral implies
similar to a dilatable operator. However, it is not clear at this time whether or not
. these techniques yield any sets Q for which R(Q) is not hypo-Dirichlet. It would
also be interesting to have more particular information on the decomposability con-
stant K,, versus the value 2n+1 in the hypo-Dirichlet case.

We conclude this section with a different application of the notion of decom-
posability.

Corollary 3.5. If T is a bounded invertible operator on $ for which there
exist invertible operators S, and S, satisfying

ISTTS| =« and |S7'T71S,|| = B,
then there exists an invertible operator S such that both
[S™1TS| = and |ST'T1S| =8.
Proof. If af=1, then o(T)S{z: |z]=a} and o(T~YES{z: [z|=B} whick
implies that .
6(T)S {z: p*=|z| =a} and hence aff =1.
Setting R=a~'T we have that |[R*||=|S7Y[Sy] and |R-"|=|S;Y[1S.] for
n>0. Therefore, by the result of Sz.-NAGY [24] there exists an invertible operator
S such that S~ RS is unitary wl_]_ich implies that [|S~TS|=a and |S—1T-1S|=8.
If af>1, then Q,={z: |z{=a} is a spectral set for S'7S,, and hence a
complete spectral set since €, is a Dirichlet algebra domam This 1mphes for
f in M, (R(Qp)) that
' lIf(T N = [, ®@ LAST TS, 1) ] = Kl lel I

and so Qo isa complete (ST I1S1l)-spectral set for T. Slrmlarly, Q={z: |z|= ﬂ“}
isa complete ([|S; ] I Sall)-spectral set for T. Therefore, by Theorem 3.3, Q=Q,N Q,,
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is a complete K-spectral set for T for some K. Again applying [18], we have that
there exists an invertible operator S with [|[S~Y|]|S|=K and such that 2 is a
complete spectral set for S$~1TS. In particular, this implies that l]S 1TS |=« and
IS—T-1S[=8.

One difficulty mitigating the usefulness of results on dllatmg completely bounded
maps is the lack of uniqueness. However, even in the class of operators for which
the annulus is a complete spectral set and hence dilatable, there is no uniqueness
to the normal dilation as was observed in [1]. In the next section we pursue a more
restrictive notion of dilation on the annulus for which uniqueness persists.

4. In this section we show that even for the annulus algebra R(4), the analogue
of Arveson’s result for Dirichlet algebras is false. Namely, we show that there exists
a unital contractive linear map ¢: R(A)—~2(H) which is not completely contractive.
We remind the reader that in this case the closure of the real parts of the rational
functions on A4 with poles off 4 is a subspace of codimension one in the algebra of
continuous real-valued functions on 94,

We begin by tying together some results on completely posmve maps. The
equivalence of statements (1) to (5) is certainly known [3], while (6) is based on an
idea of CHor [5]. Recall that a linear map ¢ defined from a self-adjoint subspace & of
aC *-algebra A to 2(9) is said to be completely positive if ¢,: M, (6) -2 ($5®C,,)
is positive for n=1,2,3,.

Proposition 4.1. Let 4 be a unital C*-algebra, 16 RC A a subalgebra and
let @=R+R* (or its closure). Then the following are equivalent:

(1) Every unital contraction ¢: R—~L(9) is a complete contraction,

(2) Every unital, positive @: ©—~2(9) is completely positive,

(3) Every positive ¢: ©S—L2(9) is completely positive,

(4) For all n, every unital positive ¢: S~ M, is completely positive,

(5) For all n, every positive ¢: S-~M, is completely positive, and

(6) For all n, the convex hull h(S+*@ M) of {f®p: feS*, pc M} is norm
dense in (SQ@ M,)*. '

Proof. The fact that (2) implies (1) follows from [3; Proposition 1.2.8 and
Theorem 1.2.9]. The equivalence of (2) and (4) follows from restricting $ and ¢
to finite dimensional subspaces. Similarly (3) and (5) are equivalent. The equivalence
of (4) and (5) follows by considering ¢(1)=R,  restricting to the subspace where
it is invertible and replacing ¢ by R-V2¢(-)R-V2, Since R is a subalgebra; by von
Neumann’s inequality, umtal positive maps on & are contractwe on R and so (1)
implies (2)

" . We now establish the equivalence of (5) and (6). To do th1s we need to’ rmll
that there is a-one to one correspondence between-linear maps: from & -into' M;
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and linear functionals on ©®M,, such that under this correspondence a linear
map is completely positive if and only if the associated linear functional is positive
{12] (see also [22]). For ¢: &~ M, a linear map, the corresponding linear func-
tional s, is given by s,((f;))=2 @(f. ;) j» where the outer subscript indicates
taking the (i, j)-th entry of the matrix.

Now if ¢ is positive, fis in &%, p isin M;"; and we set Q=¢(f), then

5,(f®p) = 3 pi ja;,

which is easily recognizable as the sum of the entries of the Schur product (p; ;¢ ;)
of p and Q. Since the Schur product of positive matrices is positive and since the
sum of the entries of a positive matrix is positive, we have that s,(f®p)=0. Hence;
if ¢ is positive, then s, is positive on every thing in the convex hull A(S+Q M})
of {f®p: f€S*, pcM;}. Thus, when h(S*t® M) is dense in (SR M,)*, s,
will be positive and consequently, ¢ will be completely positive.

~ Conversely, if h(&+®M?) is not dense, then choose a linear functional s
which is positive on h(S*®@M;}) but negative somewhere on (SM,)*+. If
¢s: ©—~M, is the associated linear map from & to M, then ¢, is not completely
positive. However, if £ is in &+ and x=(x,, Xy, ..., X,;) 1S a vector in C”, then

<(P,(_f)x, x> = 2 (psmi,j * xjfi = S(f@P) —_>~ 0,

where p=(X;x;) is a matrix in M,}. Thus ¢ is positive but not completely positive.

One advantage of this result is that it allows one to replace problems involving
the selection of measures, by problems involving the approximation of matrix-
valued functions. As an example of this we present a new proof of the well-known
result that every positive map on C(X) is completely positive [23].

Corollary 4.2. Every positive map ¢: C(X)—+~2(9) is completely positive.

E;Proof. It is enough by the Proposition to show that p in (C(X)®M,)* can
be approximated by a sum 3 f;p;, when f; is in C(X)* and p; is in M. To this
end fix £>0 and choose a finite open covering {U;} of X such that for x, y in U;
we have |p(x)—p(»)ll<e. Let f;; ...;f, be a positive partition of unity of X sub-
ordinate to the U;’s. Fix points x; in U;, set p;=p(x;) and note that

lp—2 fipil <e.

We remark that if one were interested in the question of when a unital k-con-
tractive (k-positive) map is completely contractive (positive), there is an appropriate
analogue of Proposition 4.1. One just replaces contractive by k-contractive and
positive by k-positive in (1) to (4) and h(S*Q® M) by a bigger set (a set which
contains, in particular, all elements of the form, f@0 with fin (S®M;")). The
standard results; such as, the fact that every k-positive map of C(X)® M, is com-
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pletely positive can then be proved along the same lines as that for Corollary 4.2,
Further analogous results for C*-algebras having only finite dimensional irreducible
representations of bounded dimension can also be obtained.

We turn our attention now to the annulus A={z: R,=|z|=R,}, where
0<Ry<R; and let & denote the closure of R(4)+R(4) in C(dA). It was proved
in [29] that & is a subspace of C(94) of codimension one and, in fact, that C(34)
is the span of & and log |z|. From these facts, it is clear that C(d4) is also the span
of & and A(z), where we set

1, |zl =Ry,
h(z)={0 :z:= .

We also need another characterization of €. For this we define positive linear func-
tions s;, j=0, 1, on C(dA) by

i) = (12m) [ SR, a6, j=0, 1.

Note that if f(z)— 2’ a;z’ is a Laurent polynomial, then so(fN)=s(f)=a,.

Thus so(f)=s5(f) for all fin &. Since © has codimension one in C(04), it fol-
lows that

= {feC4): so(f) = 5:(N)}.
Note also that s;(h)=j, j=0, 1. We fix these notations for the remainder of this
section. .
We begin with the negative result.

Theorem 4.3. There exists a unital contractive map ¢: R(A)—~ M, which is
not completely contractive. '

Proof. By virtue of Proposition 4.1; it is sufficient to construct an F in
(S® M,)* which is pot approximable by elements of A(S+Q M;").
We define F=(f; ;) as follows:

S12(R,€°) = fun (R €7) = 0,

| 2z, 0=0=n>2,
S12(Ro€®) = fu(Ry€®) = { 2(n—0)/n, =/2 =0 =3r/2,
200—-2m)r, 3n2=0=2x,
fn(Roew) =f22(_Roeia) =1,

80/n, 0=60=n/2,
fu(R,€%) = f1a(Rie=) =1 8(n—0)n, n2=0=nm,
- 0, n=0=2n
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Note that s(f;,;)=s1(f,;) and that F is positive at each point so that F is in
(CSOMy*.
Fix ¢>0 and suppose there exist g, in ©* and P, in M, I=1,2, ...,n such

that |[F— % g Pfj<e. Let

a,; = (i/7) [ g(R;é%)db, j=0,1; 1=12,..,n,
[
and let
o
b,;=(/n) [ g(R;eé)d6, j=01; 1=12,..,n

Note that a;,o+b1,o=290(gl)=291(g¢)=at,1+b1,1-
Also let

A; = (1) f F(R;e®)d0, B;=(1/n) f“ F(R,é%df, j=0,1,
so that ’ *
w=G9 a=(p'D) 2-(Y me a-(l 1)
Note that
l4;— 2 ai;Bl| <e and [|B,—3 by,Bl|<e, j=0,1,
since all are integrated over the same intervals.

Let 3, denote summation over those indices for which Re((P))=0. We
then have that

(Spa1, 1P =(Sai1P)u < (Adu+e=2+¢
(2 ra1,1P)as = (3 a1,1B)ae < (A +e =¢.
Since det(3,a;,,P;)=0, we have that
Re (3 ,(ar,1Ph) = [(Zpa1,1B)e| < V2 +o)e.
Similarly, we find that
Re (3, (b1 Bhe) = |(Z,b1,1B)s| = V2 +2)e.
However, since 0=q;,=aq,,+b,," we see that »
Re((Z ay,0P)s) = Re((Z,a1,0B)is) = Re((Z a1+ by, ) Plis) < 2V 2 +0)e.

Now, it is clear that for e sufficiently small; this conttadicts the fact that
€ => "Ao-z' al,OPIH = |(Ao—2 at,oPt)m| = |1/2“(2 az,on)m|-

and
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This contradiction shows that A(S*® M) is not dense in (S®M,)* which
completes the proof of the Theorem.

Before continuing let us make a remark. If ¢ is a unital contractive linear map
from & to M,z'whjch is not completely contractive it is clear by Proposition 4.1
that it is not two-contractive so that [|¢@,]| >1. It may be true for the annulus al-
gebra R(A) that a unital two contractive linear ¢ must be completely contractive.
Although the above techniques can be used in principle to resolve this problem, we
have been unable to do it.

We now turn our attention to a completely positive map from C(94) to &
related to that given in Lemma 2.1 which in the case of the annulus we can describe
explicitly.

Theorem 4.4. The map ¢: C(04)—~S defined by
e(2) = [g+s0(g) h+5.(g) (1 -h))/2
is a unital, completely positive map with range &.

Proof. The proof is straightforward.
The explicit nature of ¢ allows us to construct dilations, something like the
g-dilations of [23]). Note in particular, that ¢(z")=z"/2 for ns=0.

Theorem 4.5. Let A={z: Ry=|z|=R,} be a spectral set for T in £(9).
Then there is a Hilbert space K29 and a normal operator N on | with ¢(N)S04
such that

T"=2PN"|$, n=0, and (RE+RD/2=PzN*N|$.

Moreover, if & is the smallest reducing subspace for N containing $, then N is unique
up to unitary equivalence.

Proof. Let y be the unital contractive homomorphism from R(4) to £(9)
defined by ¥ (f)=f(T) and  the positive extension of ¥ from S to 2(9). If we let
¢=yog, then ¢ is a unital positive map from C(94) to £(9) and hence is a unital
completely positive map. Applying Stinespring’s Theorem to ¢ we obtain a Hilbert
space 829 and a *-homomorphism 7: C(94)—~L2(9H) such that ¢(-)=Py7(-)[9.
Let N=n(z) so that N is normal, ¢(N)Sd4, and

. 2PgN"|$ =2fo0(z") = Y () = T".
Also since |z|*=(R}~ R))h(z)+ R we have that
PsN*N|$ = § 0 o((Ri— RD(2)+ BS) = (R3-+RD/2.

Finally, the uniqueness statement comes from the uniqueness of a minimal
Stinespring representation. ' {
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Note added in proof. Recently Jim Agler in “Rational Dilation on.an Annulus™
(Ann. Math., 121 (1985), 537—564) has proven that every operator for which the
annulus A is a spectral set, possesses a dA4-normal dilation.
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