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Compact weighted composition operators on 1*(%)

R. K.-SINGH and R. DAVID CHANDRA KUMAR

1. Introduction. Let (X, %, 1). be a sigma-finite measure space and let 7T: X —~X
be a non-singular measurable transformation such that the composition transforma-
tion Cy défined as Cyf=foT is bounded linear operator on L2(2). If 6€L=(4),
then the multiplication operator M, defined as” M,f=0-f is a bounded linear
operator on L2(1). The product Cr M, is an operator on L%(1) and we call it a weighted
composition operator on L*(4). This class of operators includes some of the well
known operators such as multlphcatlon operators, weighted shifts and composition
operators [1]. .

In this note we are interested in studying compact welghted composmon opera-
tors on L3(4). _

By B(H) we denote the C *-algebra of all bounded linear operators on a Hilbert
space H. If Cr is a composition operator on L*(1), then f, denotes the Radon—
Nikodym derivative of the measure AT~ with respect to the measure' 1. For any
complex valued function on X, Zy= {x' O(x)—O} and Z, is the complement of Z,.

2. Some general results. It has been proved in [4] that 1f CTEB(Lz(,l)) then
CiCr=M r,» Where f; is the Radon—Nikodym derivative of the measure AT-!
with respect to the measure A. Also it has been proved in [6] that fooT#0 (a.e.).
By usmg these results we prove the followmg theorem

Theorem 2.1. Let CTEB(L"(A)) Then Cr has dense range if and only zf
CCr= Mj- oT*

Proof. Suppose Cr has dense range and let f€L*2). Then there exists a
sequence {f,} in L2(2) such that {Crf,} converges to f. Now

YCrCHf = hm(CTC CTf)——hm(CTMfof)—MfoT(thTf,,) M.rf

Hence CTCT*=Mf°°T'
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Conversely, suppose C:Cr=M foor- Since fooT#0 (a.e), M, ,r and hence
CrCfF is an injection. This implies that ker Cf=ker C;Cf={0} and hence Cy
has dense range.

Corollary 2.2. Let C;€B(I*). Then CrCr=M, ,; if and only if Cy is onto.

Proof. Since the range of Cr is always closed in /%, the result follows imme-
diately.

Theorem 2.3. Let CrMo€B(L¥(1). Then (C1Mp)*CrMo=Migys, .
Proof. If CyMycB(L*(%)), then
(CrMp)* CrM, = MaCrCTMa Migpsy, -

Corollary 2.4. Let ()€L°°(}.) be such that Z,,C(ran TY, the complement of
the range of T. Then (CyM,)(CrMy)* = Mop2s01 if and only if CrM, has dense
range.

Proof. Suppose (CyM,)(CrMy* =Moizr ot Since Zyc(ran TY, 00T#0
(a.e.) and hence (10]*f,)oT0 (a.e). This implies that ker (CTM,,)*—{O} and
hence C; M, has dense range.

The converse of this theorem follows from Theorem 2.1.

Theorem 2.5. Let Cy, My€ B(L*(2)). Then

() CrMe=M,,;Cr,

(ii) Mo,Cr=0 if and only if 6=0 (ae.),
(iii) C;My=0 if and only if 00T=0 (a.e.), and
(iv) CtMy=M,Cy if and only if 0=00T (ae.).

Proof. (i) Let f¢ Lé(,i). Then cTM, f=(00T)(foT)=M,,,Cyf. Hence
CrMy=M,,Cr.

(ii) Suppose M,,C,-O Then MOCT f=0 for every fin L*(2). Since (X, &, J.)
is a sigma-finite measure space, there exists an f€ L%(1) such that f #0 (a.e.). Hence
0-(foT)=0 (a.c.) implies that 0=0 (a.e). -

The converse is obvious. )

(iii) Since C;yMy=M,,+Cr, the proof follows from (ii).

(iv) The sufficiency of this result is obvious. To prove the necessary part, sup-
pose CyMy=M,Cy. Then My Cr=MyCy and hence M, ;_oCr=0. Thus the
result follows from (ii).

The following examples illustrate that there are Cy and M, in B(/?), such that
Cy commutes with M,. Here /* denotes the Hilbert space of square summable
sequences of complex numbers.
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Example 26. Let X=N, the set of natural numbers and 4 be the counting
measure on it. Define T: X—X by T(m)=1, if n=1,2 and T(3n+m)=n+2,
if m=0,1,2 and n€N. Then Cr€B(1%). Define §: X—~C by 0(n)=2, if n=1,2
and 0(n)=3, if n>2. Then My B(l?) and C; commutes with M,.

Example 2.7. If 6€L=(}) .is a cohstant, then M, commutes with every
Cr€B(LX(2)). '

Example 2.8. Let Cr¢B(L¥4)) be such that T(E)=E for some E€% and
0<A(E)=<e. Define 8=X,, the characteristic function of E. Then Cy commutes
with M,.

3. Compact weighted composition operators. Let (X, #,1) be a sigma-finite
measure space. An element E€% is said to be an atom if for every non-null
measurable subset F of E, either A(F)=0 or A(F)=A(F). A measure space
(X, &, A) is said to be atomic if every element of & contains an atom. A measure
space (X, %, 1) is said to be non-atomic if it does not contain any atom. It has
been proved in [4], that no composition operator on L* of a non-atomic measure
space is compact. It is interesting to note that the weighted composition operator
on L*(2) is compact if and only if it is the zero operator. This is evident from the
following theorem.

Theorem 3.1. The weighted composition operator Cx My on L% of a non-atomic
measure space is compact if and only if =0 (a.e.) on Z}o.

Proof. Suppose CrM, is compact. Then CyCrM, and hence My, is com-
pact. By a theorem of [5], f,=0 (a.e.). If 6520 (a.e.) on Z}o, then f;=0 (a.e.).
This implies that C;=0. But no non-singular measurable transformation induces
the zero operator. Hence 0=0 (a.e.) on Z}o. The converse is obvious.

Corollary 3.2. The weighted composition operator Cy My on L¥1) is compact
if and only if it is the zero operator.

Proof. Suppose CrM, is compact. Then (CyM,)*CyM, and hence Mgpsy,
is the zero operator. Hence C1 M, is the zero operator..

Corollary 3.3. No composition operator on L¥?) is compact.

Let 8¢ L=(1). We denote
X = {xeX: 0(x)>8) and M. = {fcL2(): f(x) =0 on X—X?}.

It has been proved in [5] that the multiplication operator M, on L*) is compact
if and only if M/ is finite dimensional. We shall characterize compact weighted
composition operators on-L2? of an atomic measure space. Since (X, %,1) is a
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sigma finite measure space, without .loss of generality we write X .as a countable
umon of atoms and we denote the ith atom by i : T

Theorem 3.4. Let CTMOGB(L“’(}L)) Then CTMO is compact if and only lf
either { fo(i)} or {6(i)} converges 10 zero.

Proof. Suppose Cy Ma is compact Then M,,f is compact and hence- M o js
finite dimensional. This shows that X?/o contains ﬁmte number of atoms. It follows
from this that the sequence {0f,(i)} converges to zero. Since 6 and f; are essentially
bounded functions, either {f,(i)} or {0(i)} converges to zero. This completes the
necessary part of the theorem.

Conversely, suppose either { f,(i)} or {6(i)} converges.to zero. Then either C
or M, is compact. Hence .C; M, is compact. o

1t follows from thrs theorem that there are plenty of compact werghted
composrtron operators on L2 of an atomrc measure space as is shown in the
followmg example.

~ Example 3:5. Let X=N and A(n)=a",0<a<l1. Then[ denotes the welghted
sequence space. Define T: X—~X by T (n) n+1l, if nis odd and T(n)=n-—1,
if n is even. Then Cr€B({?) and fo(n)=a""'(1+a). Hence Cy is compact. If M,
is any multiplication operator on /%, then C; M, is always compact.

The following theorem characterizes compact weighted composition operators
on /*, the Hilbert space of square summable sequences of complex numbers on'N,
the set of natural numbers.

Theo rem 3.6. Let CrMpEB(/? ) Then CT M, is compact if and only if {H(n)}
converges 1o zero.

Proof. Suppose Cy;M, is compact. Then M’e is finite dimensional and hence
Nj’e contains finite number of elements of N. If N contains infinite number of
elements of N, then NJ° must contain only finite number of elements of N. This
shows that f,=0 for all but finitely many elements of N and hence the range of T
contains finitely many elements of N. By taking T(N)=E, we have LT YE)=%
£ MA(E) for any finite M=0. Hence by Theorem 1 of [3], C; is not bounded.
This proves that N7 contains finitely many elements of N. Hence {O(n)} converges
to zero.

Conversely, if {O(n)} converges to zero, then Me rs compact. and hence Cr M,
is compact.

Co rollary 3. 7 “No composmon operator on 1%is compact

Proof The proof follows from Theorem 3 6, when (x)=1.
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" Theorem 3.6 implies that the necessary condition for a weighted composition
operator Cr M, on [? to be compact is that 6 is not bounded away from zero. But
this condition is not sufficient as is shown in the following example '

-Example 3.8. Let X=N and let C;€B(l?). Define 6: X—~C by 0(1) 0
and §(n)=1, if n>2. Hence 6 is not bounded away from zero, but CTM, is not
compact. ’ ' ' B

Definition: A s'ubalgebfé o of B(H) is said to be transitive if & is weakly
closed, contains the identity operator and Lat &/={0, H}, where Latof=

= (0 Lat 4. It has been proved in [2] that if & is a transitive. algebra of B(H )
T acw

containing a compact operator, then </=B(H). :

Let {w,} be a bounded sequence of non-zero complex numbers and let {e,,}
be an orthonormal basis of H. The operator W on H defined by the requirements
We,=0 and We,=w,e,_; (n=1,2,...) is called a weighted unilateral (backward)
shift with the weight sequence {w,}.

Corollary 3.9. The weighted shift W on I? is compact if and only if the sequence
of weights {w,,} converges to zero.

Corollary 3.10. If o is a transitive algebra of B(I®) containing a weighted
composition operator Cp Mg such that 8(n)—~0 as n—oo, then of =B(I?).

The following result of YADAV and CHATTARIEE (7] follows immediately from
Theorem 3.6.

Corollary 3.11. If o is a transitive algebra of B(I®) containing a weighted
shift with weights {w,} such that

3(n) = kZ(') Witg oo Wean/WaWa .o W,

tends to zero as n—o (for n=2), then s =B(I?.

Proof. Since the sequence {5(n)} converges to zero, the corresponding sequence
of weights {w,} converges to zero. Hence the weighted shift is compact. Thus the
result follows (cf. [2]).
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