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On generalized resolvents of nondensely defined symmetric
contractions

BJORN TEXTORIUS

1. In 1977 M. G. KreIN and 1. E. OVCARENKO [6] described all generalized
selfadjoint contraction resolvents of a nondensely defined symmetric contraction
T in Hilbert space using its minimal or maximal selfadjoint contraction extension
as the fixed extension.

In this note recent results of H. Langer and the author on the extension of dual
pairs of contractions together with well-known results of B. Sz.-NaGy and A. KorA-
NYI [10] are used to give a description of the generalized selfadjoint contraction
resolvents of 7 when an arbitrary selfadjoint contraction extension of T is taken as
fixed. The results have immediate application to the extension problem for non-
negative closed linear relations in Hilbert space.

2. Assume T is a symmetric contraction in a Hilbert space $, with nondense
domain D(T). Then results of GR. ARSENE and A. GHEONDEA [1} (cf. also [3]) on
dual pairs of contractions, applied to the pair {T, T}, imply the existence of a
bijection G—T; between all canonical (i.e. remaining in ) contraction extensions
T; of T such that TED T and the set of all contractions G&[2p]. This bijection is
given by the matrix representation

: T [ A D, r ]
() ¢~ \r*p, —r*Ar+p.Gp,

with respect to the decomposition $H=D(T)SD(T)*, with some contractions
AE[D(T)), A=A, I'e[D(T)*, 2,]. Here [H,, H.] denotes the set of all bounded
linear operators from all of §, into H, and we put [H,]:=[9,, H:]. If B is a con-
traction from $, into $, we put Dy:=(I—B*B)V2 and Dp:=R(Djp). R(C) denotes
the range of the linear operator C.

The extension T is selfadjoint if and only if G is selfadjoint. In this case (1)
gives an explicit representation of .the extremal canonical selfadjoint contraction
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(c.s.c.) extensions of T. Indeed, since —{/=G=/ the minimal (maximal) c.s.c.-
extension T, (T, resp.) is obtained from (1) by taking G=—1 (G=I resp.). In
particular, TM—T,,=2DiP,,(T) 1 (by P; we denote the orthogonal projector of
$ onto a subspace & of $). The completely undetermined case (ie. (Tyy—T,)x0
for all x€D(T)I\ {0}, see [5]) thus holds if and only if D, is a bijection
D)t -9,.

Let $D9 be a Hilbert space, ‘T€[$] an arbitrary selfadjoint contraction (s.c.)
extension of T, and P the orthogonal projector of $ onto $. Denote by Q(—1, 1)
the set Ext((—<, —1JU[l, )) in the extended complex plane. The operator
function

z = R(T):=P(T-N"Yg, z€Q(—1,1),
with values in § is called a generalized s.c.-resolvent of T. If T is canonical (H=9)
then the generalized s.c.-resolvent is called a canonical s.c.-resolvent (c.s.c.-resolvent)
of T. If no ambiguity arises we use the notation R, for R,(T) in the sequel.

The c.s.c.-extension T, of T which corresponds to G=0 in (1) will play a special
role. We set R,:=(zT,—I)~. The operator function

zZ — Xo(z) = _zDrPﬁ(T).L (ZTO—I)_IPD(T).LDI', ZEQ(‘— 1, l),

with values in [2;] was introduced in [9] and shown to be contractive for |z|<].
We will show in Proposition 3 that there is a close connection between X, and the
two Q-functions @, and @), of T introduced in [5] by the relations

0,(2) := (CY(T,—z) T CY2+ I)|y1yL

Qu(2) = (CY3(Ty—2I)*CY* ~I)|pryL, z€Ext[-1,1],
where C:=Ty—T,(=2D} Pgp1).

3. Let ® be a Hilbert space. Denote by .4 (®) the set of all functions G holo-
morphic in Q(—1, 1) with values in {G] such that

) —I=6Gx)=1if -1<x<1,
s—)"YGEH-G®), s=1
G'(), s=1

@

2) the kernel K(s, 1) := { (—l<s,t<]1)

is positive definite.
Denote by A;(®) the subset of A4 ((5) consisting of those elements of A" (®)
which are independent of z.

Proposition 1. Assume G is holomorphic in Q(—1,1) with values in [®].
Then GeN (®) if and only if
1) [6@I=1 if |zd<1,

- D (G(D-GQ), z#
2} the kernel K(z,0) :={(Gz’(z§) @@-6@7). 2= g (z, teQ(—1, 1)

Is positive definite.
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Proof. We must only prove that 1) and 2°) follow from 1) and.2). Define
F(5):=s(I—5G(s5))™}, —1<s<1. Since F(0)=0, F’(0)=1/ and since for —1<
<s<l, —l<t<l, s5#t

(s — )Y F(s)= F(0)) = (I— G () (I +st(s =) (G - GO (I~ 1G ()%,

a well known result of B. Sz.-NAGY and A. KORANYI [10, Satz C*] yields the existence
of a selfadjoint contraction G in some Hilbert space GG such that F(s)=
=5Pg(I—5G)1)g, —1<s<1. Hence, by analytic continuation

R,(G) := Pg(zG—DYg = (2G(2)-1)7, z€Q(—1,1).

It is now straightforward to see (cf. [8], [9]) that R,(G)€[®] for z€Q(—1,1)
and that G(z)=z"YR,(G)~'+1I) (the right-hand side being extended by con-
tinuity to z=0) is a contraction for |z|<1. Thus 1’) holds. Property 2’) follows
from the relation

(z—2)"YG(2)-G(2)) =
= |2|"2R,(G) 1 Px(2G—I) "2 (I~ Pg)(2G—I)"1PzR.(G)* =0, Imz 0.

Remark. In [5] the class &g[—1,1] of [®})-valued operator functions k in
Ext[—1, 1] with the following properties was introduced:
(i) k is holomorphic in Ext[—1, 1],
@ii) Im z)~* Im k(z)=0 if Im z=0,
(iii) 0=k(x)=1I if x>1 or x<-—1.
Proposition 1 implies that there is a close connection between SKg[—1,1] and
A (®). Namely, k€ Rg[—1, 1] if and only if G: z—~2k(z~t)—1 belongs to A (6).

Proposition 2. Assume GEN (D). Then (I—X,(2)G(2)) €[D;] for
z€Q(=1, 1.

Proof. For |z|]<]1, X (z)G(z) is a contraction; in particular, for z=0 it is
the zero operator. Thus for |z|]<1 the assertion follows from the maximum modulus
theorem.

Next assume that z€C, UC_, where C, (C.) denotes the open upper (lower)
half-plane of the complex plane. The operator I— Xo(z)G(z)Pgr has the matrix
representation

I Xy()G()Py. = (I Xy(2)G(2) O]
r 0 1
with respect to the decomposition $=2,®P;+. The assertion is hence equivalent
to 1¢0(X,(2)G(2) Py ) Recall that if B,, 32 are bounded operators on %, then
o (B B)\{0}= U(BzBl)\{O} 50

-1 Qﬂ(ZDrPQ(T)J.(ZTo—I)—lpz(r).LDrG(Z)Pgr)
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if and only if
—1 Qa(zPﬁ(T)'LDrG(Z)PQrDI'PB(T)'L (ZTO—I)_I).
Note that
I+ 2Py DyG(2) Pg, Dy PocryL (zTo— 1) =

= 2(Ty+DrG(@DrParyt 2 )(zTo— 1),

Now the assertion follows from the fact that T,+DyG(2)Dr Pyyr is maximal
dissipative for z€C, and therefore C_ is contained in its resolvent set.

Assume GENy(Dy). According to (1), the corresponding c.s.c.-extension of
T is Tg=To+DrGDyPyyy1. Introduce the corresponding Q-function Qg of T
with values in [D(T)*] by
Q¢(2) == Dy Pypy L (Tg—2I) * PyryL Dy,  z€Ext[—1, 1]
(cf. {7]). Note that Q. has the matrix representation
D’-PD(T)J.(TG"'ZI)_IPQ(T)_LD’— O
Q¢(2) = 0 0

with respect to the decomposition D(T)* =2 dker (D;), and that if G, G.€ A5(Dr)
then

Q¢.(2) = QG;(Z)(I“"'(G] —Gz)ch(Z))_l-
Obviously (see (2))

0,(2) = 201D+ Dlsmyts Ou(2) = (201(D = Nlseryt -
Proposition 3. Assume G€N;(2D)), z€Ext[—1, 1]. Then

(=X (z™)G) X, (z7) = — Q5 (2)lg, -
In particular,

Xo(z™) = fQo(?)Igra (I+X0(z”1))‘1(1—- Xo(z'l))=Q“(z)lgr,
—(I_Xo(z_l))_1(1+Xo(2_1)) = QM(Z)|52r-

Remark. In the completely undetermined case, ker Dr={0}, so Qs (2)ly, =
=04(z). This can always be assumed without loss of generality.

Proof. By Proposition 2, (I—Xo(z")G)'€[9/]. A direct calculation gives
I—X,(z"H)G) 1 Xy(z7Y) 0y -
(( : )0) R O A R e A T
- Qs (Do, 0)
o o)y
where the matrix representations are taken with respect to the décomposition
H=2, 0D}

= —DpPyryL (T +DrGD Poryt —2I)™ PyyL Dp Py, = (
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Being R-functions, z— — X (z~1) and Q. are increasing on (— oo, —1)U(1, ).
The first function is bounded below (by —I) and above (by I). Therefore, the strong
limit as ¢~ —1 (#\\1) exists which is a contraction. Also the strong limits of Q,
exist under additional conditions on G. We next calculate the limits.

Proposition 4. a) s—'ligrn Qa(’)=5—,lig‘w X(t~H=0;

b) s‘—tliyn_l1 X, (t=)=—1, s—}i\n} X, V)=1;

c) Assume the completely undetermined case holds. Then

— h = -1 if — ¢
s= lim Qo(n =(U+G)™" if —14¢a(0),
1; - _ _ A -1 . Y
s ‘ILIE Qe(t) (I-G) if 14¢a(G).

Proof. Assertion a) is obvious. Assertion b) can be derived from Proposition 3
and [5, Theorem 2.1], or by the argument below. In order to prove c), assume ec.g.
—1¢06(G). It is easy to see that

Qc(l) = =D (M*(A+(I— A)(I+(t+1)(A—tI) )T +11-D;GD;) =Dy =

3 .
© =([+G—(+)DFr*(A—tH'IDF*—(t+1)Dr?)™Y, t<—1.

Denote by E the resolution of the identity of the selfadjoint contraction A€[D(T)]. Put
t:=—1—¢, £>0, and f(z;¢):=e*(t+14+¢)~2%, —1=t=1. Then for each heD(T)*,

1
I+ D=~ Th|* = [ fG; &)(dE.Th, Th;
~1

) tlivrgl ¢+ D)(A—tD™Ch)|*=|E_yTh|%. But E_,Th=0, since E_, 1s the ortho-
gonal projector of D(T) onto ker (A+1)=ker (A+1)/2:Cker (I-AYW*=D(T)0 9,
and I'D(T)*c2,. Thus, (3) implies that (Qg(1))~* decreases to its strong limit
I+G>0 as t/ —1. The assertion follows.

4. We first prove the following theorem on the characterization of the gen-
eralized s.c.-resolvents of T.

Theorem 1. Let T be a symmetric nondensely defined contraction in the Hilbert
space ©. Then the formula

@) R, =R,—zR.D;G(2)(I—Xo(2)G(2)) "Dy PpryLR., z€Q(~1,1)

yields a bijective correspondence between all generalized s.c.-resolvents of T and
all functions GeN (Dy). The generalized s.c.-resolvent is canonical if and only if
Ge Ny (Dp).

Proof. Let 7 be a s.c.-extension of T in $> $. Denote its resolvent by R,,
z€Q(—1,1). Then [9, Theorem 1] implies the existence of a uniquely determined
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holomorphic contraction valued operator function G: z-G(2)€[2,], |z|<]I,
such that » -

(5) .R: = R:(I'l' ZDrG(Z)DrPn(T).LR:)_l, IZI - l.
If, in particular, the extension T is canonical, then G is a constant contraction.
It is straightforward to see (cf. (8], (9] and the proof of Proposition 1) that G
has an analytic continuation to Q(—1, 1), which we also denote by G, and that
GEN (2r). Then (cf. the proof of Proposition 2)
(I+2DrG(2)Dr Pyryt R)TIE[D),  2€Q(-1, 1),

so by analytic continuation the relation (5) holds in the same region. But (4) and (5)
are equivalent ([9]).
Assume, conversely, GEA (D) and put for z€Q(—1,1) =

8(2) := (2To— 142Dy G(2)Dr Pyryt) ™Y, F(2) :=—zS(2).
Let the kernel K be given by
E-DMF@-FOM), z#T
‘ F'(2), z=_
By Proposition | and the formula
6) K(z0)=SOQ'(I+2(z-0"Dr(GE)~GO))DrPrr)1)S(2), z#,
this kernel is positive definite. In order to construct a s.c.-extension of T we apply
a standard technique. Consider the linear set £ of all finite formal sums
f=3¢e.f. (f.€9, z¢Q(—1,1)) and define in £ an inner product (-, -) by

(2 a:.f;" ngg;) = Z(K(Z, C)f.::’ g;)y

which is nonnegative by (6). £ can be canonically embedded into a Hilbert space
$ and we identify & and its image in 9. Since (g1, &./)=(K (0, 0)f, f)=(f,f) we
can also identify $ with a subset of $ by the correspondence f—g,f. Next we define
an operator T on ¥,:={f=>¢.f.€8: f,=0} by
T(e.f) = 2746 [t f), 2 #0.
It follows from the relation .
e [~ fr 8. [—& ) = (({2*(z—2) "' S(2)* D (G(2) — G(2)*) D Poyr) L S(2) +

+H(SE*+N(S@+N)ff)~0, z-0
that the domain £, of T is dense in $. In order to see that T is symmetric with defect
numbers (0, 0), let z,{eQ(—1,1), z{=0. Then for f,gc$H

(Te. f, e.8) (e f; Tegg) = (D)2 (zS ()~ IS(OM -7 S(2)+27S©))f. ) = O,

K(z, 0 := {
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so T is symmetric. The denseness of R(zT—1) follows from the relation

T-D(leg—2.2) = (z— g g
The closure of T, which we again denote by T, is thus selfadjoint in $. Observe that
ET—=D % f=—¢.f, z€Q(—1,1), and that for |z|>1
WT—zD)teo fI2 = |2 *(F' (27D f)-

A minor modification of the proof of [10, Satz C] then leads to the conclusion
|Tll=1. Furthermore,

(ET-1Ta f. £08) = —(e. /: 208) = —(K(2, 0)f, g) = (S(2)1, 2),
hence P(zT'—1)"1|4=S(2). '
It remains to show that T is an extension of T — it is then minimal since
cls {GT=DN"19: z€Q(—1, D} =cls. {e.f: z€Q(—1, 1), f€H) = $
— and that T'is canonical if G is constant.
In order to show the first assertion, assume f¢D(T), z=0. Then (note the
relation z=Y(S(2)+1)=S@)(To+ DrG(2) Dy Pory1))
(Te. f—eoTf, er8) = (z27(K(2, )~ K (0, ) f—K (O, DTS, g) =
= (' S@+D+Uz~-)"'Dr(G(2) =G Dr P+ S(2) +T) £, S(D)g) =
=((S@+DTf, S &) +H{(z=D'Dr(G(2) -G () )Dr Pory S(2)f, {S()g) ~ O,
z -0,
that is, for each €9, (7%, f, §)—(If, ), z—~0. But then '

for each g¢$. Thus Tf=TY.
The second assertion follows easily. Indeed, if GeAG(2Dr), then K(z,{)=
=S)*S(z) and ’

B =2 (K& 0f.04) = (ZS@f. Z SOL)-

But an element f=3¢ f. belongs to $0$ if and only if 3 §(z)f,=0. This
concludes the proof of the theorem.

The c.s.c.-extension T, and its resolvent play a special role in Theorem 1. How-
ever, it can be replaced by any canonical or even noncanonical s.c.-extension of
T. In order to see this, fix a s.c.-extension 7' in § corresponding to the function
GeN'(D,) according to Theorem 1 and denote its generalized resolvent by R.:

R.:= Pg(zT-DNg, z6Q(-1,1).
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Introduce a function @ with values in [ D(T)*] by
0(2) := D PyryL Po(T—21)™' Pyry2 Dy, 2€Ext[—1, 1].
Note that Q=0Q, if GEAH;(2D,).

Theorem 2. Let T be a symmetric nondensely defined contraction in the Hilbert
space . Then the formula

(7 R.= R:—Z_R:Dr(G(Z)—G(Z))(l+(Q(Z_l),9r)(G(Z)—G(Z)))—lDr PyniR.,
z€Q(—-1, 1)

yields a bijective correspondence between all generalized s.c.-resolvents of T and
all functions GeAN (D). The generalized s.c.-resolvent is canonical if and only if
GEN(2p).

Proof. Since (4) is equivalent to the relation
R.=R.(I+2zD;G(z)D, Pyt R)7,
from which we obtain by specialization
() R. = R.(1+2DrG(2)Dr Pyt R.)7Y,
it is straightforward to prove (cf. [9, Theorem 2]) that the formula
(9) R.=R.—zR.D(G(2) -G (2)(I—Xo(2)G(2)) (I~ Xo(2)G(2))Dr Pp(ryL R.,
z€Q(—1, 1);

yields a bijective correspondence between all generalized s.c.-resolvents of T and
all functions G€A"(Zy), and that the generalized s.c.-resolvent is canonical if and
only if GeAG(Z;). It remains to show that relation (9), which still contains the
special extension T,, appearing in the function X;, can be rewritten in the
form (7).

Indeed, (8) and the definition of the function Q imply

0(27) = Dy PogryL (To+ DG (2) Dy Poyryt =27 1) Pyt Dy Py, 2EQ(— 1, 1),

and, according to Proposition 2, (I—Xo(z)é(z))‘le[@r]. zeQ(—1,1). Hence, the
proof of Proposition 3 carries over to yield the relation

(I-X(G () Xy (2) = =0z Vo, 2€Q(=1, 1),
and the statement follows from the identity
(I-X(2)G(@D) I~ Xo(2)G (2)) =
= (I-(I-X%@G() 7 X (DG (D) -G2)) ™, z£Q(-1, D).
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Remark |. Itis easy to see that (9) implies the relation

PIf = PTf+Dr(GO)~GO)DrPynyLf, fEH.

In particular,

(cf. [5, (5.7).

Remark 2. Recently E. R. CEKANOVSKII [2] stated among other things the
following theorem: The symmetric nondensely defined contraction T has a canonical
non selfadjoint contraction extension T such that 7* ST (that is, T is a canonical
non selfadjoint -extension of the dual pair {T,7} of contractions) if and
only if T has more than one c.s.c.-extension. This is a consequence of (1)
and Theorem 2. Indeed, T has a unique c.s.c.-extension if and only if. Dy=0, which
is true if and only if {T, T} has a unique canonical contraction extension. More-
over, {9, Theorem 1] and Theorem 2 imply that if 7 has a unique c.s.c.-extension
T’, then the only generalized resolvent of the dual pair {T, T} is the s.c.-resolvent
(zT'—1)"1, These statements carry over via the Cayley transformation to dual
pairs of dissipative linear relations.

Now it is easy to recover the results of M. G. Kreln and 1. E. Ovéarenko from
Theorem 2. To this end, assume that G€A5(2D;) and that the completely undet-
ermined case holds. If z¢Ext[—1, 1], the representation formula (7) can be written
in the form '

(10)
—(F= 2D DH(G(™) = O)(I+Q6()(G (™) = G) Dy Poyryr (T—2D)

Assume e.g. G=~I, and put k(z):=(1/2)(G(z")+1), z€Ext[~1,1]. Then &
belongs to K5 _[—1, 1] according to the remark after Proposition 1. We thus obtain
the formula [5, (5.1)]

PTf =T, f+Dr (GO +I)DrPyryL f, fEH

P(T—:zD)Yg=(T-z)1~

P(T—zI)"Yg =
= (T,—2D)~ =(T, - zI)"* C2k (2)(I+(Q,(2) - )k (2)) " :C¥*(T, — 20)~*

by specialization from (7).

Formula (10) can further be rewritten to yield a representation similar to the one
in (7). For each z€ Q(~1, 1) we define a linear relation T(z) by T'(z):=(G(z"9)—G)~~
It has the following properties:

1) If zeC,, then T(z) is a maximal dissipative closed linear relation in §.

2) T(z) is a holomorphic function (in the sense of [7]) such that T(Z)=T(z2)*.
Thus [7, Proposition 1.2] implies the existence of a decomposition Dp=(2p)eD(2r)=
independent of z such that (2;), and (2;).. are reducing subspaces of T'(z) for ali
z€Q(—1,1), the operator part T(z), of T(z) is a maximal dissipative operator in
(2r) if Imz>0, and the infinite part T(2)w of T(2) is T(2)=:={{0, £}: g€(Zp)=}

22



338 B. Textorius: ' Generalized resolvents

Put I',:=(T—zI)"'Dy. Then (10) can be written in the-form
P(T—zIy g = (T=zI) =T, T(2) " (I+Q¢e() T () ™)1 T% =
= (F~z1)"' ~T.(Qe()+T(2)) ' T} '
(see [7 (l 8)]), where for x>1 or x<—1
.—(I+G) = T(x)’1 =G(x)- G=I-6.

‘In parncu]ar, G=—1 gives 0=T(x)='=2/ (cf. [7, Theorem 4. 3] and [4]).

: The results can be applled in a straightforward way to.solve the extension
problem for a nonnegative closed linear relation S in § (cf. [6]) by using the trans-
formation T = —I+2(S+I)" We leave the details to the reader..
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