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The independence of the distributivity conditions in groupoids
LAJOS KLUKOVITS

Dedicated to Professor K. Tandori on his 60th birthday

1. Introduction

In the early fifties L. Rédei raised the following problem. The associativity of
a binary operation — denoted as multiplication — on a set 4 means the fulfilment
of a set of n® equations where n=card 4, namely, a(bc)=(ab)c for all (a, b, c)c 43.
He asked whether there exists a proper subset BcA4® such that if the equation
- ‘yz)=(xy)z holds for all (x,y,z)€B, then the operation is associative on A4,
ie., the groupoid (4, +) is a semigroup. We say that the associativity conditions
are independent over the set A, iff there is no such proper subset B of A43.

This problem was solved by G. SzAsz [2] in 1953. He proved, that the asso-
ciativity conditions are independent over any set of at least four elements, but they
are not independent over sets of two or three elements.

Analogous notion of independence may also be introduced for other kinds
of identities. Thus, in 1954 R. WIEGANDT [3] and later R. WIEGANDT and J. WIESEN-
BAUER [4] made similar investigations on the distributivity of two binary operations.

Recently we have proved in [1], that the mediality conditions for groupoids — a
groupoid is medial (entropic or Abelian according to other terminologies), if it sat-
isfies the identity

(xy)(zw) = (x2) (yu)
— are independent over a set A if and only if 4 consists of at least four elements
and in sets of at most three elements we have the proper subset mentioned in the
original problem.

In the present note we investigate the distributivity conditions for groupoids.
A groupoid {4, -) is distributive if the following two identities hold

)] x(yz) = (xy)(x2),
&) : ' (xy)z = (x2)(y2).
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If we have (1) (or (2)) only, we say that the groupoid {4, - ) is left- (right-) distribu-
tive or simply semidistributive.

We prove that the distributivity conditions are independent over a set A4 if
and only if 4 consists of at least four elements, while the semidistributivity con-
ditions are independent over A4 exactly when A contains at least three elements.

2. Preliminaries

Let 4 be any set and let a,b, ¢, ... denote distinct.and x,y, z,... arbitrary
elements of 4. We say that the (ordered) triplet (x, y, z) is left- (right-) distributive
in the groupoid (4, -, if x(yz)=(xp)(xz) (x»)z=(xz)(yz)). The triplet (x,y, z)
is distributive in (4, -), if it is both left- and right-distributive. The triplet (x, y, z)
is left- (right-) isolated over the set A, if there exists a binary operatlon oon A
such that all triplets but this one are left- (right-) distributive in {4, oy. ‘The triplet
(x, y,-2) -is isolated over ‘A, if there exists a binary:operation % on 4 such that all
triplets but this one are dlstrlbutlve in the groupoid (4, % ). In these cases we say
that the triplet (x, y, z) is left- (right-) zsolated or zsolated in the groupozd
{4, o) or {4, %), respectively. -

The triplets (x, y, z), (x’, ", 2)EA® are of the same type, 1f there exists a
permutatlon @ on A such that x'=xeq, y’ yqo and z'=z¢.

Prop051t10n 1. If the trlplet (x, y, z) is left-dtstrtbuttbe (left-isolated) in the
groupoid (A, -), then there exists a binary. operation % on A such that (x,y, z) is
right-distributive (. rtght-lsolafed) in (A, x).. :

"Proof. The operatlon EIH deﬁned by uxv=vu.

- By thls proposition in the case of sem1d15tr1but1v1ty we can restnct ourselves to
left-distributivity and left-isolatedness. .

Proposition 2. If the triplets (x,y,z) and (x',y’,2’) over A are of the saine
type, moreover, (X, y,z) is distributive (left-distributive) in {A, -, then there exists
a binary operation % on A such that (x',y’,2") is distributive (left-distributive) in
(4, *).

Proof. If ¢ denotes the suitable permutation on A, then put:
uxv=(up-vp"Yo.

Corollary. If the triplets (x,y,z) and (x',y’,2") are of the same type, more-
over, (x,y,z) is isolated (left-isolated) over A, then (x',)’, z) is tsolated ( Ieft-
isolated) over A, too.
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By the above Proposition 2 and its Corollary we have to. deal with the fol-
lowing five types of triplets only:

@ (a,a,0), (B (a,a,b), @ (a,vlé, a, (0 (a,bb), (o) (a,b,0).

Lemma 1. If o is a left (right) zero element of the groupoid (A, ), then
forany x,y€A the triplet (0, x,y) (the triplet (x,y,0)) .is distributive in (4, -).

" Lemma 2. If o is a zero elemem of (A - then all trtplets cner A contazmng 0
are dlstrzbutwe

Lemma 3. f eisa Ieft unit element of (4, -5, then for any x,ye€ A the trzplet
(e, x,y) is left-distributive in (4, - ).

Lemma 4. Let (x,y,z) be an 4isovlat-ed (left-isolated) triplet in the groupb'i'd
{4, +), and let A’2A. Then there exists an extension (A’, o) of (A, -) such
_that (x ¥s z) is isolated ( Ieft-isola!ed) in_ (A’, o), too

Proof For any u,v€A’ deﬁne

{uv 1f u, v€A,
uov d othermse,

where d is an arbitrary fixed element of 4™\ 4.

3. Semidistributivity

Theorem 1. The semzdtstnbuttuty condzttons are independent over a set A if
and only if card A=3.

To prove this theorem our first step w1l1 be the followmg

Lemma 5. Let A={a, b} If the trzplets (a, a, a), (a,b b) (b a, a) and
(b, b, b) are left-distributive in a groupoid (A +), then this groupoid is Ieft—dlstrz-
butive.

Proof. There are sixteen binary operations on the set 4. Six of them are
distributive and .additional three.are left-distributive. If we examine the remaining
seven groupoxds then we get. that in each of them one or more trlplets mentloned
in the lemma are not left-distributive, which proves the lemma.

Proof of Theorem 1. The necessity is implied by Lemma 5. To prove the
sufficiency, by Lemma 4, we have to present a suitable binary operation on the set
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A={a, b,c} for each of the five types.

Type () ‘l’, Z
cla

Here b and c are left unit elements, therefore, by Lemma 3, it remains to check
the triplets (a, x,y). If x,ye{b,c}, then a(xy)=ay=b=>bb=(ax)(ay), moreover,
a(ax)=ab=b and (aa)(ax)=cb=>b, while a(xa)=aa=c and (ax)(ag)=bc=c.
Finally, a(ag)=ac=b but (aa)(aa)=cc=c, ie., the triplet (a,a,a) is left-isolated
over A.

b

Q
o

Type (B)

o o8 |
660
o0 o
s 66

In this groupoid the only product unequal to c¢ is ab=b. Therefore the triplet
(a, a, b) is left-isolated.

abc
Type (¥) ‘gg;;
. cla b ¢

Now b is a left zero and c is a left un‘ii element, therefore the triplets (b, x, y) and
(c, x,y) are left-distributive for any x,y€A by Lemmas 1 and 3. Furthermore,

a f x=y=a or x=¢, y=a,

a(xy) ={

¢ otherwise
and : .
a if x=y=a or x=b, y=a or x=c¢, y=a,

(ax)(ay) = {c otherwise,
which shows us: that (a, b, a) is left-isolated over A.
Ia b ¢
Type (5 ala c a,
ype (9) . 4
cla aa

In this case a is a right zero element, moreover, b is a left unit element, therefore
the triplets (x, y,a) and (b, x,y) are left-distributive for any x,y€A4. Since for
any x, y€A, c(xy)=(cx)(cy)=a; moreover, ’

‘ ¢ if x=y=ha,

;a(‘xy)={

a otherwise,



Independence of the distributivity conditions 97

and (ax)(ay)=a, we have got that the triplet (a, b, b) is left-isolated over 4.
|a bc

Type (E) aja a ¢
aaa

b
claaa

Here the only product different from a is ac=c, thus

¢c if x=y=a and z=c¢,

x(yz) = {

a otherwise,
and
¢ f x=y=a, z=¢ or x=a, y=b, z=¢

@) =

a otherwise

which shows the left-isolatedness of the triplet (a, b, ¢).

4. Distributivity

Theorem 2. The distributivity conditions are nonindependent over a set A 1f
card A=3. :

Proof. From Lemma 5 and its dual statement we obtain that the distribu-
tivity conditions are nonindependent over a set A, if card A=2. To settle the case
card A=3 we prove the following claim: -

Let A={a, b, c} and suppose that all the triplets (a, a, x), (x, a, a), (a, x, x)
and (x, x, @) are distributive in the group01d A, for any xe{b,c}. _Then the trlplet
(a, a, a) is also distributive.

It is obvious, that in the case of aa=a the triplet (a,a,a) is distributive.
If (a,a,a) is not left-distributive; then we have the following three possibilities:

(i) a(aa) =a and (aa)(aa) = x,
(ii) a(aa) =x and (aa)(aa) =aq,
Gii) a(aa) =x and (aa)(aa) =y,

where x, ye{b,c} and x=y.
We shall show that from each of the above cases a contradiction can be derlved
Case (i) If aa=x, then ax=a and xx=x, which leads to a(xx)=ax=a
and (ax)(ax)=aa=x, ie., the triplet (a, x; x) is not left-distributive. If aa=z,
where z##a,x; then az=a and zz=x. Consider the triplet (a,aq,z); which is
distributive under our assumptlon But (aa)z=zz=x and (az)(az)=aa=z, thus
we have a contradiction.

?



98 L. Klukovits

Case (ii). If aa=x, then our assumption implies ax=x and xx=a. These
contradict the left-distributivity of the triplet (g, a, x). Namely, a(ax)=ax=x
and (aa)(ax)=xx=a. If aa=z, where z#a, x, then we have az=x and zz=a.
From the right-distributivity of the triplet (a,a,z) we get xx=a and from the
left-distributivity of (a,z,z) we obtain xx=z, whence a=z, a contradiction.

Case (iii). Let aa=x. Then ax=x and xx=y, which imply the nondistribu-
tivity of the triplet (a,a,x), indeed, a(ax)=ax=x and (aa)(ax)=xx=y. If
aa=y, then agy=x and yy=y. The right-distributivity of the triplet (a,a,y)
implies xx=y, while from the left-distributivity of (a,y,y) we infer that xx=x,
ie., x=y, a contradiction. .

If we dualize the above procedure, i.e., consider the triplet (v, », w) and left-
(right-) distributivity instead of the triplet (w,»,u) and right- (left-) distributivity
in each step respectively, then we get that the triplet (a, a, @) is right-distributive,
thus it is distributive.

Theorem 3. The distributivity conditions are independent over a set A if and
only if card A=4.

Proof. The necessity is the content of Theorem 2. To prove the sufficiency let
A={a; b, c} first, and we define suitable binary operations on A which show the
isolatedness of the triplets of types (£), (7), (6) and (¢) over A.

Iabc

Type (B) ‘ a4 'Z

c|jc ¢ ¢

o0

This groupoid is left-distributive, namely, for any x, y, z€4

a f x=y=z=a,
x(yz2) =3b if x=y=a and z =0,
¢ otherwise,

a f x=y=z=a,
(xy)(xz2)=3b if xy=a, xz=b, ie, x=y=a, z=b,
¢ otherwise.

On the other hand
a f x=y=z=aq,
(xp)z=13b if x=y=a, z=b,
c- otherwise,
o a .f x=y=z=a,
(A =

¢ otherwise,
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‘which shows us, that the triplet (a, a, b) is not right-distributive, i.e., it is isolated.
Ia bc

Type (7) Z Z g z

clc c'c
This groupoid is idempotent, therefore all triplets of the forms of (x,x,y) and
(x,y,y) are distributive. Indeed,

x(xy) = (xx)(xy) and (xx)y = xy = (xy)(xy),
MOTeover,

x(yy) =xy = (xy)(xy) and (xy)y = (xy)(¥y)

Since c is a zero element; thus by Lemma 2 all triplets containing ¢ are distributive.
It remains to check the triplets (a,b,a) and (b, a, b). After an easy computation
we get that the only nondistributive triplet is (a, b, @), i.e., it is isolated over A.

'abc

o

Type (d)

«

alc a.
blc ¢
cle ¢

[+

The only product unequal to ¢ is ab=a, for this reason x(xy)=(xy)(xz)=c¢ and
(xz)(yz)=c for any x, y, z,€ A. But

{a if x=a and y=z=0b,
Gy)z = ¢ otherwise, o
which shows the isolatedness of the triplet (a, b, b).
' |a bc
T e (¢ ala b a'
ype (&) e b o
cla b ¢

The elements b and c are left units; so the triplets (b, x,y) and (c, x,y) are left-
distributive for any x,y€A. Moreover, a and b are right zero elements, there-
fore, the triplets (x,y,a) and (x,y,b) are distributive for any x,y€A. Since
a(xc)=a and (ax)(ac)=a for arbitrary x€A4, the groupoid is left-distributive.
For any x€A we have (xa@)c=ac=a and (xc)(ac)=(xc)a=a, (xb)c=bc=c¢ and
if x=a,

a
(xc)(be) = (xc)c = {

¢ otherwise,

and (xc)c=(xc)(cc). These show, that the triplet (a, b, ¢) is isolated in this groupoid.

bid
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We have seen in Theorem 2 that the triplets of ‘type («) are nonisolated over
sets of three elements, but they are isolated over four elements sets. Namely, con-
sider the following operation on the set 4= {a, b, ¢, d}:

There are exactly two products different from' d: aa=b and ba=c. Since x(yz)—
=(xy)(xz)=d for all x,y,z€A, this groupoid is left-dlstrxbutlve but -

{c if x=y=z=a,

oMz =14 ‘otherwise,

and (xz)(yz) d for all x,y, zEA which lead to the 1solatedness of the trlplet
(a,a,a) over A.
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