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A local spectral theorem for closed operators
B. NAGY*)

Dedicated to Professor K. Tandori on the occasion of lis 60th birthday

1. Introduction

Operators with spectral singularities were first studied in the particular case of
ordinary differential operators by NAIMARK [10], SCHWARTZ [14], LancE [7], and
PavrLov [11], [12]. The first attempts at constructing a general theory for the case of
a bounded operator have been made by BAcaLu [1] and NaGy [8]. This theory has
been extended in the more general case of a closed operator by NaGy [9]. The aim of
this paper is to present sufficient conditions for a closed operator (in a reflexive Ba-
nach space), having in its spectrum what may be loosely called an “exposed arc”,
to be K-scalar with a certain subset K of the spectrum (see the definitions below).
These conditions are clearly of local character, and are satisfied e.g. by wide classes
of ordinary differential operators. However, for reasons of space, the application of
these results to the above-mentioned classes will be published elsewhere.

The main result (Theorem 1) may be regarded as an extension of a result of
DuNFORD and SCHWARTZ [2; XVIII. 2.34]. Since the proof there does not seem to be
adaptable to the local case, we follow completely different lines, and make essential
use of a remarkable result of SussMANN [15]. We note that related results have been
obtained by Jonas [5], [6] under certain assumptions on the global structure of the
spectrum of the operator (which will not be made here).

Now we fix some notations and recall some definitions and results. In what
follows X will denote a complex Banach space, and C(X) and B(X) will denote the
set of closed and bounded linear operators in X, respectively. C and C denote the
complex plane and its one-point compactification, respectively. If T€¢C(X), then
o(T) denotes its extended spectrum, i.e. its usual spectrum s(7) if 7€B(X), and
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340 B. Nagy

s(T)U{=} otherwise. If Y is a T-invariant linear manifold, then T|Y =T, denotes
the restriction of T to YND(T). By a locally holomorphic (in general X-valued)
function we mean a function that is holomorphic in each component of its domain.

If HcC, then H¢ will mean C\ H, and H will denote the closure of H in the
topology of C. Let T€¢C(X), and let K=Kc(T). The oc-algebra By consists of
those Borel sets in C that either contain X or are contained in K¢. A K-resolution of
the identity E for T is a Boolean algebra homomorphism of By into a Boolean
algebra of projections in B(X) with E(C)=I which is countably additive on By
in the strong operator topology of B(X) (i.e. a By-spectral measure), and satisfies

E(b)T C TE(b), o(TIEB)X)C b (beBy).

An operator T€¢C(X) having a K-resolution of the identity E will be called a K-
spectral operator. It can be shown, as in [8; Corollary 1 to Theorem 1] for the case of
a bounded T, that the K-resolution of the identity for T is then unique. If E is the
K-resolution of the identity for T, and K,=KMNa(T), then the definition

E(GUK)  boK,

El(b)={E(anc) if b Ky (b€ Bx)

extends E to the K, -resolution of the identity E; for T (cf. [8; p. 38]). So T is K-spec-
tral if and only if T is K;-spectral.

If E is the K-resolution of the identity for T, and the restriction T|E(K)X
is spectral of scalar type in the sense of Bade (cf. [2; XVIII.2.12]), then T will be
called a K-scalar operator.

Note that an operator T€C(X) is spectral in the classical sense due to Bade
(cf.[2; XVIII1.2.1)) if and only if T is @-spectral with the @-resolution of the identity E
for which E({=})=0. By definition (cf. [9]), if an operator is K-spectral, then the
spectral singularities of the operator are contained in the set K. So any statement
establishing that an operator is K-spectral is an estimation of the set of the spectral
singularities as well as a structure theorem for the operator.

 Acknowledgement. The author acknowledges the benefit of helpful conversations
on the subject of this paper with E. Albrecht during his stay as a Humboldt Fellow in
Saarbriicken.

2. The results

Lemma 1. Let X be a reflexive Banach space, and T€ B(X). Let a<b, ¢=0
be real numbers, and

J={26C: a<Rez=<b, |Im z| < ¢c}.
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Let p be a one-to-one holomorphic C-valued mapping on a region containing J, p(J)=H,
and

6)) G = HNao(T)cp((a, b)) = G;.

Assume that there are dense linear manifolds Xo=X,(H) in X and X)=X[(H) in
X* (the dual of X), respectively, such that with the notation R(z, T)=(z—-T)"?
1° for every (x,, X3)€XoX X, there exist in almost every point s¢(a, b)

* * =i * —i
. R (P(S): Xo> xo) tl_g.ni xoR(P(S if), T)xo,
2° there is a positive number M=M(T, H) such that for every (x,, x}) in
XoX X,

JIR*(z, 53, x)— R~ (2, x3, x0)| |dz| = M]x¥]||xo].
G

Assume further that there is a positive number M,=M,(T, H) such that for
every z€ HN\G, (here d is the distance in C)

3¢ |[R(z, T)| = M,d(z, G)™.
With the notation
V) ' K= HNo(T)

the operator T is then K-scalar with the K-resolution of the identity E, for which

X EB)xy = Qui)™t [(R*(z, x5, x)— R~ (2, x3, %)) dz (b Borel, bCG).
) » b

Remark. If X is an arbitrary Banach space, the spectrum of T€B(X) satisfies
(1), with the notation (2) T is K-scalar, and H, is a compact set in H, then there is an
M,=M,(T, H;)=0 such that for every z in H,\ G, the relation 3° holds. Indeed, if
E denotes the K-resolution of the identity for T, then

3 R(z, T) = R(z, T|E(G)X)E(G)) +R(z, T|E(G5) X ) E(GY).
Since E(G5)=E(G;Na(T))=E(K), hence
| o(T|EG)X) C K,

the second term on the right-hand side of (3) is bounded on the set H;. The operator
T|E(G)X is spectral of scalar type, therefore there is an L=0 such that

IR(z. T|E(GY X)| = | f (z—v)'lE(dv)|E(Gl)X| = Ld(z, G)™~
’ &

In view of (3) we obtain 3°,

The proof of Lemma 1. Let C'(C, K) denote the algebra of those functions
f: C—~C which are of class C" on C=R? and are locally holomorphic on K (i.e. on
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some neighbourhood U=U(f)cC of K; we may assume that U has a finite number
of components.) Sussmann (see [15; Theorem 10 and Remark, p. 188]) has proved
that 3° implies the existence of an algebra homomorphism

A4: C¥(C,K) -~ B(X)
such that A(py)=I and A(p,)=T hold, where
pi: z— zF (z€C).

Though Sussmann has stated this result for the case of a densely defined operator in
Hilbert space, it is easy to check that it is valid (with the proof unchanged) under our
conditions (cf. VAsILEscu [16; V.5]).

Let B,=B,(G, K) denote the algebra of those functions f: C—~C, for which
the restriction f|G is bounded Borel, and f|K=0. Let f¢B,, x,€X,, xg€X,, and
define the bilinear form b, on the set XXX, as follows:

@ by(x3, x0) = @ri)* [ f(D(R* (2, x5, X)— R~ (2, X3, X)) dz.
G

.

By 2°, this form is continuous. Since it is densely defined, it can be uniquely extended

1o a continuous bilinear form b, on X*XX. Since X is reflexive, there is a unique
O(f)€B(X) such that

x*Q(Hx = I;f—(x*, x) (x*eX* x€X).

The méppin'g Q: B,—~B(X) will be called a B, functional calculus. If £(G) denotes
the characteristic function of the set G, then clearly

Q(f) = 0(fk(@) (fEBy.
Let {f.}cB, be a sequence, and f;¢B,. We shall write
Lim f, = f;,
if lim Jo(@2)=fo(2) (z€G) pointwise, and N
sup {|/,(D]: z6G, n=1,2,...} =L < .
Byv2°, we have then
[X*Q(f)x| = LM|x*||x] (x*€X*, x€X, n=0,1,...).
Therefore, for every xF€X,, Xo€X,, n=0,1, ... |
Ix*Q(f)x —x5 Q@ (f)xo} = LM (Ix* —xg] [x] + |x5] Ix — xo)-
Further we have
[x*Q(f)x—x*Q(fo)x| = [x*Q(£)x—x3Q (f) %ol +1x5 Q(fo) X0 — x5 @ (fo) Xo| +
+1x0 @ (f)xo—x*Q (fo) x!.
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The first and third terms of the right-hand side are uniformly small in n, if |x*—x}|
and Jx —x,] are small. By 2°,(4) and the Lebesgue convergence theorem, the second
term is small, if » is large. Therefore, Lim f,=/; implies

&) limx*Q(f)x = x*Q(f)x (x*€X*, x€X).

Let B,=By(G, K) denote the subalgebra (in general without unit) of B, consist-
ing of those f in B,, the suppoits of which satisfy suppfMNK=@. We show that

© A(H)=0(f) (feC3(C, K)NB,).
Since f€B,, therefore

suppfNo(T) = suppfNG
is a compact (in C) subset of the analytic arc G,. Sussmann [15; Lemma 6] shows that
A(g)=0 for every g€ C3(C, K) that vanishes in a neighbourhood of ¢(T). Hence for
the function f there is fo€ C3(H)c C3(C, K)NB, such that

™) A(f)=A4(f), 2(N)=2(f0).

(To obtain f, use a suitable partition of unity.) Further, the quoted proofs ([15;
Theorem 10) and [16; V.5.2]) show that f,€ C3(H) together with 1° and 2° imply

x5 A(fo) xo = 2ri)™1 ffo(z)(R+(Z: Xg, Xo)— R~ (z, x3, xo))dz = x5 Q(fo) %o

for every x3€X,, Xo€Xo. From (7) we obtain that (6) is valid.

Now we show that the (clearly linear) mapping Q is an algebra homomorphism,
i.e. for every f,g€B,
® 2(NA() = 2 (f2).

At first let f, g€ C*(C, K)NB,. Since A is an algebra homomorphism, (6) yields

2(NQ(R) = A(NHA(g) = A(f3) = 2(f2).

~ Now let f€C°(C)NB,, gasabove, then there is a sequence {f,}c C3(C, K)NB,
such that Lim f,=f. For every pair (f,, g) the equality (8) holds, thérefore (5) implies
that (8) holds for the pair (f, g). Let g be as before, and let

D = {feB,: Q(/)Q(g) = 2(f3)}-

Since {f,}cD, Limf,=f imply, by (5), f€D, we obtain that D=B,. Fix now
J€B,, and repeat this argument for the function g, then we obtain that (8) holds for’
every pair f, g€B;.

Let B=B(G, K) denote the algebra of those functlons f: C~C which are
locally holomorphic on a neighbourhood U=U(f)cC of K, and for which f|G
is a bounded Borel function. Let f¢B, and let the open set U, contain K and be such
that f|U, is locally holomorphic. Let U, have the same properties and let U,cUj;.
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With the notation U,=C\U,, let (g,, g5 be a partition of unity subordinate to
the open covering (Uy, Us,) of C, and define the operator F(f)€B(X) as follows:

F(f)= A(Jfe)+2 (2o T

This operator is well-defined: clearly, fg,€ C=(C, K) and fg,€B,; further, if (g}, g¥)
Is a partition of unity subordinate to the open covering (U}, UJ) of C (with the same
properties), then g,—gy=gi—g, implies

A(fe)—A(feD) = A(f(g1—2D) = 2(f(g5 — 22) = Q(f£g) —Q(f2o),

since f(g,—g})€C=(C, K)NB, and, as (6) shows, the calculi A and 0 coincide on
this set. The mapping F: B--B(X) is clearly linear. We show that 1t is also multi-
plicative, i.e. it iS an algebra homomorphism.

The mapping F is an extension of the calculi 4 and Q,=Q|B,. Indeed, let e.g.,
fEC3(C, K). Since G, is compact in C, we have f¢B. Let (U, Uy and (g1, g2)
be as above. Then fg,€C3*(C, K)(NB, and, by (6),

F(f) = A(f2g)+Q2(fg2) = A(fg) +4(fgo) = A(f).

The proof for the calculus Q, is similar. :
If /1€C3(C,K) and f;€B,, then f,f;,€B,. Further, we have

&) A(G(f) = 2()4(f/) = C(f1.fo)-

Indeed, if, in addition, f,€B,NC3(C, K),. then f,f,€C3(C, K)hBo. -By (6) and by
the multiplicativity of the calculus 4, we obtain (9) for this case. Let...

= {fa€By: (9) holds with every f,€C3(C, K)}.

A reasoning similar to that in the proof of the multiplicativity of the calculus 10 shows
that Dy=B,. :

Now let f;, £;€B, let U, be contained in the intersection of the domains of local
holomorphy of £, and f,, otherwise let (U, U,) and (g, £2) be as above By (9) we
obtain

F(fF(f2) = (A(f18) +Q(fi8))(4 (280 +Q(f282)) =
= A(f1128) +2Q (fifa8182) +Q (1 28D

Smce F is an extension of the calcuh A and Q,, respectlvely, further &1 +g2=l
we have

F(F() = F(fi£f2(8.+82°) = FUAfD),

5O | Fis multlphcatlve
Applymg our earlier notations, p; C3(C K) (=0, l) 1mp1y that F(Po)—-_
=A(p))=1, and F(p)=T.
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Let k(b)=k(b;z) denote the characteristic function of the Borel set b in C.
If k(b)eB, then define the operator E(b)¢B(X) by

(10) E(b) = F(k(b)).

Let S be a closed neighbourhood (in C) of the set XK. If the set b belongs to the o-
algebra By, then k(b)€B. Since F is an algebra homomorphism, E is a homomor-
phism of the Boolean algebra Bg onto a Boolean algebra of projections in B(X).
If {b,}=BsNS° is a nondecreasing sequence of sets with the union b,, then E(b,)=
=Q(k(b,)) and Lim k(b,)=k(by). Hence, by (5),

Hmx*E(b)x = x*E(by)x (x€X, x*¢ X*).
n
Therefore E|Bg is countably additive in the weak and, by [2; IV. 10.1], in the strong_

operator topology of B(X), i.e. it is a Bg-spectral measure. The multiplicativity of F
implies that every E(b) commutes with T'=F(p;). Further, we show that '

(1) o(TIEG)X) < b (beBy).

Let zy¢b, and let r: z—{(zy—2)"%(b; z) (z6C). Then réB, and r(z)(zy—z)=
=k(b; z). The multiplicativity of the calculus F yields that

F(r)(zo—T) = (z,—T)F(r) = E(b).

From this we see that (11) holds. Hence E By is the S-resolution of the identity of the
operator T.

Let beBsNSY, x{€X{, xo€X,. Since E(b)=E(bNa(T)), by (4) we obtain

xsE(b)x, = x5Q(k(bNa(T)))xo = (2m)— f (R+(z,xo,x0) R~ (z, x§, x0)) dz. -

bNG
Applying the notation So=S°Na(T)=8°NG, the set S, is bounded, thereforé
[ zE(dz)e B(X). - |
Further, by (4), N
X f zE(dZ)x, = f zxg E(dz)xy =

Sy

= (2ni)~1 fz(R*(z, X3, X)) — R~ (2, x§, xp))dz =

= Xp Q(P1k(so))xo = Xp F(Pl k(So))xo-
By the multiplicativity of F, we have
' [zE@dz)= [zE(dz) = F(p)F(k(Sp)) = TE(S°).
se 5, :
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Hence for every x,=E(S%)x,
Tx, = f 2(E|E(S9)X)(d2) %,

sc
i.e. the operator T is S-scalar for every closed neighbourhood § of the set K.
If b€BgNK®, hence k(b)EB,, then let

E(b) = Q(k(5), E(CN\b)=I—E(b).

This definition is clearly an extension of the definition of the mapping E in (10) to the
g-algebra By. If {b,} is a nondecreasing sequence in BxNK?°, converging to b, fur-
ther x€X, x*¢X*, then Lim k(b,)=k(b) implies

x*E(b)x = x*Q(k(b))x = lim x*Q(k (b)) x = lim x*E(b,)x.

Hence, as above, it follows that E is countably additive on By in the strong operator
topology of B(X). In particular, if {S,} is a sequence of closed neighbourhoods of K,
converging nonincreasingly to X, and b is as above, then

E(b)x =lim E(pNS)x  (x€X)

in the norm topology of X. The technique of [8; Theorem 3] shows that the operator
T is K-scalar.

Remark. It can be seen from the proof above that instead of 3° it is sufficient
to have an estimation

3 |R(z, T)| = M, d(z, G)™"

with some positive integer r. In this case the only necessary modification in the proof
is that A will be an algebra homomorphism of C"*%(C, K) into B(X). The other
parts of the proof remain unchanged.

In the following lemma we apply the notation p,: C—C, p,(z)=2* (z€C,
k integer), further for hcC we set h~l=p_,(h).

Lemma 2. If Te€C(X) is K-scalar (K=Kco(T)), and there exists
T-€C(X), then T~ is K™ 1-scalar.

Proof. Let E denote the K-resolution of the identity for T. It is not hard to seec
that the projection-valued mapping E, defined by

E (b)) =E(b) (b €Bx-1)

is the K~'-resolution of the identity for 7-1. We shall show that the restriction
T~ YE, ((K~Y)°)X is spectral of scalar type in the sense of Bade (cf. [2; XVIIL.2.12)).
Let .
Y = E((K))X = E(K)X.
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Since T and E commute, and T is injective, (T|Y)~*=T"|Y. Since T|Y is spectral
of scalar type, from [2; XVII1.2.11(h)] (and with the notations there) we obtain that

TYWY =(T|Y)™=Ty(p) ' = Ty(p-o)-
Thus for y in Y we have A
T-ly=1lm [ z'Ed2y

" e, @l=n
in the sense that yeD(7T~1Y) if and only if the right-hand side limit exists in the
norm topology of Y. Hence, by [2; I11.10.8. (f)],

T 1ly=lim f zE,(dz2)y,

ne |z{=n
again in the above sense. Therefore the operator T is K~ *-scalar.

Theorem 1. Let X be a reflexive Banach space, and UcC(X). Let a<b,
¢>0 be real numbers, and
J={z€C: a<Rez<b, |Imz| <c}
Let p be a one-to-one conformal mapping of a region containing J into C (hence p is
meromorphic with at most one pole in this region), p(J)=HcC, and
6)) G = HNa(U)cp((a, b)) = G;.
Assume that there are dense linear manifolds X,=X,(H) in X and X,=X,(H)

in X* such that
1° for every (x,, x3) in XoX X, there exists in almost every s€(a, b)

RE(p(s), x5, %) = lim x5 R(p(s—ir), U)xo,
2° there is a positive number M=M(T, H) such that for every (x,,x}) in

X, X Xg
[IR* (z, %%, X)— R~ (2, x5, xo)|1dz| = M]x§||x,].

G

Assume further that there are a positive number M,=M,(U, H) and a positive integer
r such that for every z€ H\G, (here d denotes the chordal distance in C)

3° IR(z, U)| = Myd(z, G)™".
With the notation
K= HNe(U)

the operator U is then K-scalar with the K-resolution of the identity E, for which

xg E(b)xy = (2mi) ! f(R*(z, x4, Xo)— R (2, x5, x,))dz (b Borel, b c G).
b
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Proof. Due to (1), the resolvent set o(U) of the operator U is nonvoid, and
there is a point z€g(U)NGS. There is a positive number c¢;=c such that (with
understandable notations) the corresponding image set H(c)=p(/(c,)) is a subset
of H=H(c), and z¢H(c,). With these notations then

K(c)) = H(c)’Ne(U) = H(cNeo(U) = K(c) =K.

So we may assume that there is a point z€o(U)NH'. Hence the operator
T=(U—2z)"! belongs to B(X). Without restricting the generality we may and will

assume that z=0: ie. that 0co(U)NH  and T=U"€B(X).

With the notation p, of the preceding lemma we have o(T)=p_,(c(U)), and
the function p_,op is a one-to-one holomorphic mapping of a region containing J
into C. Further, p_,op(J)=p_,(H), and

p-1(G) = P—1(H)HU(T)CP—1°P((0: b)) = p_1(Gy).

So with the function p=p_,op replacing p and with the “reciprocals” of the sets
occurring in condition (1), the bounded operator 7 satisfies condition (1) of Lemma 1.
Now we show that it satisfies conditions 1° and 2° there. Since

R(z,T)=z1—z2R(z"%, U) (z7'€o(V)),
for every (xo, x}) in X,X X, there exists in almost every point s€(a, b) the limit
RE(P(s), x5, %) = tlilgli xe R(B(s—i?), T)x,.
Further, for almost every point z=p(s) on p_,(G) (s€(a, b))
R} (z, x§, %) =Ry (2, x%, xp)= —2z"3(R* (271, x}, xo) —R™(z™ %, x§, X))

If the integral of a function f on G, exists, i.e.

SIr@lldzl= [ 1f(e@)p (t)ldt <o,
G, a
then (cf. [2; I11.10.8])
Jlf@ldzl= [ 1f@EHz7?ldz].

p_,(Gy)
Hence

[ IR (2 x8, x)— Ry (2 x5 xo)lldz] = [ [R*(z, x5, x0)—
P-I(Gl) G,

—R~(z, x5, xp)||dz] = Mx5||xo]  (xo€ Xy, X5€X5),
so condition 2° of -Lemma 1 is also satisfied.

EscuMEIER [3; II1.1.7. Korollar, p. 58] has shown that the growth condition 3°
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on the set H\G; implies

[R(z, )| = Mzd(z’ 17--1(G1))_"»2 (ZEP—1(H\G1))-

(The exponent on the right-hand side can be —r if «~¢G,.) Thus Lemma 1 and the
Remark after it yield that the bounded operator T is K~ *-scalar. Applying Lemma 2,
we obtain that U is K-scalar.

For the K~1-resolution of the identity E; of the operator 7' Lemma 1 gives that

XFE, (b7 x = Qu))™t [ (Rf (2, X3, x0)— Ry (2, %3, X)) dz

b-1
(b~ Borel, b~1cG™).

If E denotes the K-resolution of the identity for U then, by Lemma 2, E(b)=E,(b™")
(b€Bg), and an integral transformation yields again

X3E(b)xo = ni)™* [(R*(z, X3, x)—R~ (2, X3, xp))dz (b Borel, bcG).
; ]

Remark. It is similarly seen as in the bounded case that if X is an arbitrary
(not necessarily reflexive) Banach space, the spectrum of the operator UcC(X)
satisfies (1), and with the notation above U is K-scalar, then for every z,cG,NC
there are a neighborhood N=N(z,) and a positive number M,=M,(U, N) such
that

|R(z, U)| = Msd(z, G)™' (26 N\Gp.

In partjcular cases of a spectrum of similar local structure several authors (cf. PAvLov
(13], GAsYMOV and MAKsSUDOV [4]) have considered the spectral singularities as those
points of the curve, in a neighbourhood N of which the resolvent operator satisfies
a growth condition of order larger than one, i.e. the set {d(z, G,) R(z, U): zEN\G,}
is unbounded.

. Corollary. Under the conditions of Theorem 1 and with the notations there the
set GNC: is contained in the continuous spectrum of the operator U.

Proof. Let zéGNC, and let E denote the K-resolution of the identity of the
K-scalar operator U. By Theorem 1, we have E({z})=0. Let e€Bg. Since U is
K-spectral, with the notation U,=U|E(e)X we have o(U,)Ce.

Let d be an open neighbourhood (in C) of z such that d€B,. Then the set e=d*
belongs to By, and z€o(U,). Hence

E@X=(z-U)E(eXc(z-U)X,
where VY means V(YN D(V)) for any operator ¥ and any set Y. Since E is count-
ably additive, we obtain that E({z})Xc(z—U)X. Since E({z})=0, we have

@ X=0z=-0)X.
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Assume now that (z—U)x=0 for some x in X. Then, for every e as above,
(z—U)E(e)x =E((z—U)x =0.

Since z€p(U,), we obtain that E(e)x=0. By the countable additivity of E, we have
E({z})x=0, hence x=0. So z is no eigenvalue, and (4) shows that it belongs to
the continuous spectrum of U.

References

[1] 1. BAcALyU, Masuri spectrale reziduale, Studii Cerc. Mat., 27 (1975), 377—379.

[2] N. DunrorDp and J. T. SCHWARTZ, Linear operators. Part I: General theory, Interscience (New
York, 1958); Part I1I: Spectral operators, Wiley-Interscience (New York, 1971).

[3] J. EscuMEIER, Lokale Zerlegbarkeit und Funktionalkalkiile abgeschlossener Operatoren in
Banachriumen. Diplomarbeit, Miinster, 1979.

‘ [4] M. G. Gasymov and F. G. Maksubov, On the principal part of the resolvent of nonselfadjoint
operators in the neighbourhood of spectral singularities, Funkcional. Anal.i PriloZen., 6 (1972)
16—24. (In Russian)

[5] P. Jonas, Eine Bedingung fiir die Existenz einer Eigenspektralfunktion fiir gewisse Auto-
morphismen lokalkonvexer Raume, Math. Nachr., 45 (1970), 143—160.

[6] P. JoNas, Zur Existenz von Eigenspektralfunktionen mit Singularititen, Math. Nachr., 88
(1979), 345—361.

{7] V. E. Liance, On a differential operator with spectral singularities, I, II, Mat. Shornik, 64
(106) (1964), 521-—561, 65 (107) (1964), 47—103. (In Russian)

{8] B. Nacy, Residually spectral operators, Acta Math. Acad. Sci. Hungar., 35 (1980), 37—48.

[9] B. NaGy, Operators with spectral singularities, Preprint.

[10] M. A. Naimmark, Investigation of the spectrum and eigenfunction expansion of a nonself-
adjoint second-order differential operator on the half-axis, Trudy Moskov. Mat. ObS¢.,
3 (1954), 181—270. (In Russian)

[11] B. S. PavLov, On the nonselfadjoint operator —y”+p(x)y on the half-axis, Dokl. Akad.
Nauk SSSR, 141 (1961), 807—810. (In Russian)

[12] B. S. Paviov, To the spectral theory of non-selfadjoint differential operators, Dokl. Akad.
Nauk SSSR, 146 (1962), 1267—1270. (In Russian)

[13] B. S. PavLov, Selfadjoint dilation of the dissipative Schrédinger operator and its resolution
in terms of eigenfunctions, Mat. Shornik, 102 (144) (1977), 511—536. (In Russian)

[14] J. T. ScHwarTZz, Some non-selfadjoint operators, Comm. Pure Appl. Math., 13 (1960), 609—
639.

[15} H. SussMANN, Generalized spectral theory and second order ordinary differential operators,
Can. J. Math., 25 (1973), 178—193.

[16] F.-H. VasILEScU, Analytic functional calculus and spectral decompositions, Reidel (Dordrecht—
Boston—London, 1982).

DEPARTMENT OF MATHEMATICS
FACULTY OF CHEMISTRY
UNIVERSITY OF TECHNOLOGY
H—1521 BUDAPEST, STOCZEK U. 2—4.



