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Note on a theorem of Dleudonne

J JANAS

DIEUDONNE [2] has proved that for any feL'(A), S*L'(A)#L1(A), where
A is a nondiscrete, locally compact abelian group. Applying Banach algebra’ methods
we shall prove the same result for L!(G) over a compact, connected Lie . -group G.

Dieudonné has proved the above result-by applying the methods of harmonic
analysis on LCA groups. Later this theorem was proved by GOLDBERG and BURNHAM
{3] by applymg Banach algebra methods. We shall follow their ideas, but since in
our case the: algebra Ll(G) is not commutative in general the proof i is much more
difficult.

We start by recalling a few notions from Banach algebras Let B be a complex
Banach algebra. s ST e - - : :

~ Definition l We say that bEB isa d1v1sor ofzero 1f rb=br=0 ,for some
réB, r=0.

Definition 2. We say that a€B is a topolog1cal divisor of zero, if there
exists a sequence {g,}CB -such that. |]g,,|]25>0 (n=1,2,...) but |ag,l+lg.al-0,
as n— oo,
~ We have the followmg 51mple results on topologlcal d1v150rs of zero 1n Banach
algebras : :

(1) If a€B “is5 a topological divisor- of zero, but not a divisor of zero, then
aB#B.

(2) Let D be a dense subset of B. Assume that for a certain sequence {x,}cB,
x| =6=0 (n=1,2,...), llx,d] +l]dx |~0, as:n—oo, for every deD. Then every
element of B is a topologlcal divisor of zero in B. .

In what follows we assunie that the reader is’ familiar w1th the ba51c theory of
compact Lie groups, as is presented for example in [1]. Let G be a compact, connec-
ted Lie group. Denote by G its dual. For: h¢ LP(G) (p=1)-we denote by |[A], the
LP-norm. For a€G and T,Ea the charactef function (p,(g) Tr T,(g) is contlnu-
ous on G
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Lemma. Let G be a compact, connected, non-abelian Lie group. Then for
every h€ L*(G) we have

(i) |h*0.()|=M,, VoG,

(ii) h*@.(8)=@.xh(g)~0 as a—{}, .

(iii) there exists 6=>0 such that |@,]|=8 for a certain a—{<<}.

Proof. (i) Ih*¢a(g)l§f [h(x) - pa(gx~D)ldx = |hllll @l .=,

(i) Let A(x)= f h(x) T,(x)*dx; here T,(x)* denotes the adjoint of T,(x)€
€L(H,) (L(H,) stands for all linear operators in H,). Assume that dim H,=N,.
We have

| 2> Nlh@I3 = A3
o ) a€GC.
where [|A(«)]2=Tr A(x)* A(x).
Since - - -
- ' [Trh@@)*A@) - NJV2 -0 as a— {e}
and’ o - . .
h* 0o(8) = [h(s™1 Q) Tr T, (s) ds = [h(x) Tr T() T.(x)* dx = Tr 7.(g) h (c),
therefore |

Ik 04(@)] = Tt Tu()h(@)] = (Ve Trh@ @] ~ 0 as o ~ {eo).

(iii) Let T be a maximal torus in G. Since ¢,(g1g2)=¢,(g§g1), Vo€ G, applying
Weyl’s theorem [1, Th. 6.1] we have

[lo.@ldg = [lo.lu@)ds,
T
where u(i)=lp(t)|2|W[‘1, lp@®E= ﬁ 4sin? n6,(2), |W-|€N is a universal integer,
j=1 .
and 0,, ..., @, are distinct roots of G. But T is commutative, so )
N. .
@ () = 2 exp(2inA{® (),
- - k=1 .
where AQ(f) are real. Assume that dim T=n. Then we have
Wty on t) = 3 at,, afD€Z, Vk, p.
: , p=1 .
Thus ' ‘

1 .
W1 [le.@u@dt = [ [ lexp @rial® 1) Ay () + ... +exp QmialD 1) Ay, (D) u(D) dt,
1, 0 L Lo . . - LT
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where (=(t,,7) and |4,(D)|=1, s=1,2,""., Noy L=[0, 1'%, ‘Hence -
rmﬂ¢mwmm |
ff |1+exp(2m(a(")—aﬁ")tl)Az(i)Z (i')+

.. +exp (2m(a“') a{‘l‘)) tl) Ay (D4, (i')[ u(t1 , f) dt df

Choose a—{c} such that a{ — aﬁ);éO for every: k, p. Applymg Szegd’s theorem
we have :

[ f H+...+exp (2m(a ®,—af ) AN.’(f)Zl,(i’)l u(ty, f) dti di =
In
, .
= fexp f log u(t,, ¥) dt, di.
I, L
Since
1 .
f log sin?r dr > — oo,
0

80

. 1 :
exp f log u(ty, f)dt, = 6(f) > 0
0
and is a continuous function of tel,. Hence
f f 1+ .. +exp (2ni(afh—afP) ) An, (DA D|u(n, 1) dt, di = 3,
for a certain d=>0. Note also that the number
‘ 1
[exp [ logu(n, f)dndi
I, 0

does not depend on o, and so
W [ lo.(t) u(t)dt = 6

fdr every a€G. The proof is complete.
As is well known, no h€ LY(G) (h=0) is a divisor of zero in L*(G). Hence
applying Lemma, (1), and (2) we get

Theorem. Let G be a compact, connected Lie group. Then for every h€ L' (G)
the mapping L'(G)3g—~h*g€ L' (G) is not surjective.

Proof. If G is abelian, the result holds by the theorem of Dieudonné. Hence
we can assume that G is not abelian. By (i) and (ii) of Lemma and the Lebesgue do-
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minated convergénce theéorem we have [|h*@,|l;—~0 ‘as a—{e}, for any h€L?*(G).
Application of (1) and (2) ends the proof.

Remark 1. Since L?(G) is L'(G) module, for p=1, the above theorem can
be easily extended to L? (G) Namely, for every h€ L'(G) the mapping LP(G)>g—
—~hxg€ LP(G) is not surjective. The proof is the same as before (note that [¢,|,=
=[@,ll;, YaEG).

-Remark 2. It-seems that the above result is also true in the context of nil-
potent Lie groups (this is true for the Heisenberg group of arbitrary dimension).

I would- like to.thank .the referee for pointing out an error in th¢ first version
of this paper.
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