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Linear combinations of iterated generalized Bernstein
functions with an application to density estimation

WOLFGANG GAWRONSKI and ULRICH STADTMULLER

Starting from the classical theorem of WeierstraB (and its various modifications)
on approximation of continuous functions by means of Bernstein polynomials (and
1ts generalizations) in this paper a class of discrete and linear operators is developed.
These operators are linear combinations of iterates of the original Bernstein type
operators being constructed analogously to Fejér—Korovkin operators. Generaliz-
ing known results for the classical Bernstein case they approximate smooth functions
more closely than the Bernstein type operators. Moreover, related operators for ap-
proximating derivatives are developed and these deterministic concepts are applied
to probability density estimation for computing the mean square error of certain
density estimators.

0. Introduction and summary

It is well known (e.g. [9]; [22]) that classical Bernstein polynomials and its various
generalizations and modifications (such as e.g. generalized Bernstein polynomials of
Szasz or Baskakov operators) approximate the associated function f with order
O(1/n) provided the derivative f” belongs to the class Lip 1. These operators are dis-
crete, linear, and positive. More precisely, they are of form

©1) 5f; 9= 31 (L) putn seca),

where J throughout denotes one of the intervals R, [0, <], or {0, 1] for simplicity, and
the functions p;, satisfy p;,(x)=0, x¢J, j€Z, nEN. More generally, in this paper

we admit {p,,(x)};_.. to be the n-fold convolution of a probability lattice distri-
bution with expectation x (see Section 1) and we refer to (0.1) as a generalized Bern-

Received September 13, 1982,



206 . W. Gawronski and U. Stadtmiiller

stein function. Then the above order of approximation remains true for (0.1) (e.g.
[13; {2]; 13]; [9]; [12, Ch. 7]; [28]; see also Lemma 3).
In this paper we investigate quantities being related to or derived fromn the func-
tions (0.1) thereby treating the following topics.
(i) Animprovement of the rate of convergence provided fis sufficiently smooth
(Section 2),
(ii) approximation of derivatives of f (Section 3), and as an- application,
(iii) asymptotic of the mean square error (MSE) of an estimator for a probability
density concentrated on J (Section 4).
(i) Dropping the positivity of the operator B, we mention two methods for
increasing the rate of convergence in case of classical Bernstein polynomials. One of
them works by forming operators of type

I
R
ItA

. r
(0.2) L,:= Za,,B,,,,, = w.=d,, a€R

(e.g. [4]; [21], where more general singular integral operators with certain differen-
tiability properties are discussed) whereas the second one uses the iterated Bernstein
operator of Fejér—Korovkin type

©.3) D, .= gl (f) (—1y=1Bi

[11 and the references given there]. Both approximating functions L, ,(f; x) and
D, .(f; x) are polynomials the approximation order of which is O(n~") provided
f€C,,[0, 1}. Besides the increase of the degree L, ,(f; x) has the disadvantage that
f has to be evaluated at the points j/d;n, j=O0, ..., n, i=1, ..., r, whereas the use of

D, .(f; x) requires the knowledge of f at the distinct nodes j/n, j=0, . n only. We
use the second approach due to FELBECKER [11] and extend his result cited above to
operators (0.3) based on (0.1) (Theorem 1). In particular this includes the classical
Bernstein case treated in [11] which corresponds to {p;,(x)} as a binomial distribu-
tion and Szasz and Baskakov operators generated by Poisson’s and the negative
binomial distribution, respectively (see also Section 1).

(i1) If p;,, as a function of x€J, satisfies certain differentiability properties,

then e.g. in [13], [30], [31] 1t was shown that the operators (0.1) are snmultaneously
approximating, i.e. :

(L) 5. - o,

n—oo, provided f fulfills certain smoothness and growth properties. However for
higher derivatives the approximating functions become rather complicated expres-
sions. Hence for approximating the s-th derivative of a function F on-J we consider
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the discrete operators .
(0.4) D (F; %) i= n* 3 py() & F (%]
j

where 4 is the forward difference operator acting on j. Then we prove a theorem on
uniform approximation and a Voronowskaja property for D® (Theorems 2, 3).

(iii) If s=1, then motivated by (0.4) in [15); [16], [29] a smoothed histogram type
estimator was developed for estimating an unknown probability density f concentrated
on J. More generally, in Section 3 as an estimator for its r-th derivative we consider

©5) 190G =+ 3 pawahy (L),

where £y, denotes the empirical distribution function of an iid sample with density
/- Extending the results in [15; 16; 29] we compute the exact order of magnitude for
the MSE (Theorem 5)

E[(f7 (x)—f® (x))z]

which turns out to be ~ ¢-N~*®+3) provided the scaling parameter » is chosen
subject to n=n(N)~N?%°, fis smooth enough and satisfies certain growth condi-
tions. (Throughout a@,~b, means that "llr‘r,xo a,/b,=1) Dropping the property of
positivity for an estimator of the density itself we construct an estimator suggested
by the deterministic approximation operator (0.3). We replace (0.5) by (r=0)

0.6) _ D) 1= 1 3 0, ()4 FN (_fn_)

as an estimator for f(x), where a;,(x) depends on p;,(x) only. Then the order of the
MSE of (0.6) is N™%/@+D when £ is smooth enough again (Theorém 4). Comparable
results for the most popular density estimator, the kernel estimator, give the same
rate of mean square convergence [23].

In this paper we look at the deterministic approximation theorems from a pro-
babilistic point of view, too. This is expressed by the technical treatment of the proofs
where we use e.g. moment inequalities, Tschebyscheff’s inequality, local central limit
theorems and Edgeworth expansions of lattice distributions.

1. Auxiliary results
In this section we collect and prove some lemmata which are basic for the techni-

cal treatment of this paper. We suppose throughout that {p;,(x)}7._.., x€J, is
the n-fold convolution of ‘a lattice probability distribution {p;,(x)} concentrated on
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the integers and satisfying the following conditions:

((N)) ijeC(J),

1.2 Z_'le(x) =1, Zijl(x) =x, 0°=0%(x):= 2 U= x)pju(x),
J J J

My |l (x) == ; lj—x{*pjr(x) <eo

for some k€N, k=2, xéJ and the convergence of the series is uniform on compact
subsets of J. Further {p; (x)} is assumed to have maximal span equal to 1, and if
(M,) holds, then we denote by

m(x) = %’ U =x)pj(x)

the k-th central moment of {p;,(x)}. For practical purposes obviously such lattice
distributions are of interest for which the p;, are “elementary” functions and the
convolutions are easily computable in a closed form. Choices of particular interest
are

(i) the binomial distribution

Pin(x) = ('}) X(1l=xy-4, 0sx=1,

(ii) Poisson’s distribution

P;n( ) - ("IIX) ’ X E 0,

(iii) the negative binomial distribution

P j
n+j 1] x x=0,

)= (" e

which produce for (0.1) Bernstein polynomials, Szasz and Baskakov operators,
respectively. (See also the remarks at the end of Section 4.) Moreover, throughout
U is a compact subinterval of J where ¢2(x)=¢3>0 holds.

Lemma 1. Suppose that (M,), k=2, holds, then
0] ; Jpin(x) = nx,
(i) .JZ' (J—nx)’pju(x) = no*(x),
(iii) ;’ [J—nx{“p;a(x)

A lml(xIn*?,  where A, is a positive constant de-

JIA
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pending only on k,
@)% G- pu =k In@=1)... (=s+1) [T ~ {m'(x)}r=

=1 v, r!
[k/2]

= D a,(x)n’, where the non-specified summation is taken over all integer solutions
v=1

(Vs ..s W) Of the equations vi+2vy+.. +kv,=k, s=v,+...+v,; moreover,. if
k=2r is even, then

2r)!
a.(x) = (r!r2)'| o?r (x).

Proof. (i), (ii) are trivial and (iii) is a form of Marcinkiewicz’s inequality (e.g.
[25, p. 41]); explicit bounds are given in [24, p. 60], [8]. The first equality in (iv) is
obtained by using the k-th derivative of the characteristic function of {p;,(x)} com-
puted via [24, Lemma 2, p. 135). From the latter form the representation as polyno-
mial in n is immediate. This polynomial has degree at most [k/2], since m,(x)=0,
by (1.2) and because v,+2vy+...+kvi,=k, vi+...+v>k/2 imply that v,=1.
Finally the form of a,(x) in case k=2r is given in [7, Corollary 3 of Theorem 2, p.
294].

Using notations and properties of the difference operator in [12, p. 221] and a
local central limit theorem [24, Theorem 17, p. 207, see also pp. 9, 139]in [14, Lemma
1] the following lemma is proved.

Lemma 2. (i) Suppose that (M) holds, meN, 8,0 and 08,Yn—o. Then
Jor xeU we have

1
in(X " —
Ijln—zx;ga,,p’ () (2na*(x)n)m-vi2

the o-term being independent of x€U.
(i) If (M,) holds with r, meN, k=r+2 and 6,>0 with 8,Yn—~c as n—oo,
then for xcU we have
oVnec,n

ar j—r,nX, "=
ljln—le'ga,,[ Pi-ral ) (V2—7EOJ+1n(r+l)12)m

l/_’;l.(l-i-o(l)), n —oo,

(1+o(1)), n—oo.

Again the o-term is independent of x€U and

oo

Comi= [ H,G)"e ™2 dy,

— o0

where H, is the r-th Hermite polynomial defined e.g. in [24, p. 139].

*) For {€R, [£] denotés the largest integer not -exceeding &, as customary.

14
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Finally we mention an approximation theorem together with a Voronowskaja
property for the operators B, in (0.1) which is well known and has been treated in
the literature in various modified versions (e.g. [1], [2], [3], [5], [12], [19], [20], [21],
[28], [30], [31]) since it can be proved along standard lines we omit a proof.

Lemma 3. (i) If (M,) holds for some k=2, and if feC(J) satisfies f(x)=
=0(x"), |x|—>oo, then
(1.3) lim B, (f; %) = f(x)
for all xeJ. Moreover, the convergence is uniform on compact subsets of J.

(1) If (M,) holds for some k=3, andif f€C,(J) satisfies f(x)=0(x*), [x]— oo,
then

: . 6i(x) .,
(1.4) lim n(B,(/; )~ 1) = T 17 ()
for all x€J. Again the convergence is uniform on compact subsets of J.

Considering instead of (0.1) the modification
U+1)n

(1.5) Bi(f3%) = n 3 pp(x) [ f)dy

iln
which can be looked at as generalized Kantorovich functions (cf. [5],[6], [20]) Lemma
3 remains true provided the right hand side of (1.4) is replaced by

1
(1.6) B*(f;x):= -2—(f’(x)+a2(x)f”(x)).
In the sequel for f€C,(J) we use the notation
(1.7) - : B(f; x) = g—z(f)—f”(x).

2, Tterated generalized Bernstein functions

In this section we treat topic (i) mentioned in the introduction. That is, generaliz-
ing Lemma 3 and extending partially the results in [11] we improve the rate of conver-
gence in (1.3). Under (M,), v=2, we consider the growth condition

@D _ - omy(x) = 0R),  |x| = e,

which in particular is satisfied for the examples cited in Section 1 and more generally,
when o%(x) is a polynomial of degree at most 2 and p, satisfies the differential equa-
tion o%(x)pj(x)=p;1(¥)(J—x) (ct. [13], [21), [30]). Then for functions f defined-on J
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and satisfying f(x)=0(x"), |x| > <=, in case of an unbounded interval J the iterated
generalized Bernstein functions

2.2) B.(f), r€N,,

are well defined and continuous on J. Here BY:=I is the identity operator, and
B;*'(f):=B,(B.(f)), r€N,. Further we have by (2.1) and Lemma 1 (iii)

2.3) Bi(f;%) = O(x), |x| »oo, reNo,

the O-constant being independent of n. Moreover, D, , (defined in (0.3)) can be
written as

2.4 Dy,=I-(I—-B), keN.
Then we prove '
Theorem 1. Suppose that (M,) holds for some k=2r+1, réN, and m, satis-

fies (2.1) and m,€Co _o(J) for v=2,3,...,2r. Moreover, assume that f€C,(J)
and f®(x)=0(*"%), |x|>oo. Then

lim o (D, a(f3 )~ f(0) = (1Y B (3 %)

Jor all xcJ. Further the convergence is uniform on compact subintervals of J. (The
powers of B in (1.7) are inductively defined in the same way as those of B,.)

Proof. We proceed by induction with respect to r (see [11]). If r=1, then
Theorem 1 is contained in Lemma 3 (ii). Hence we assume the assertion to be true for
r—1, r=2. Let K=[a,b]SJ and for 6>0 we use the notation K;:=[a—9,
b+4d]. Then we have

@5) 10 = Z0-9L2 1 p-drer-, xek
where o(h)—+0, if h—~0 and

(2.6) r—x*e(y—x) = O((y—x)), |yl -+

uniformly in x€K. Now the Taylor series expansion (2.5) gives (use (1.2))

G059 = 3L 5 (1 9+ 3 (L) o (L-x)pner =

— 2'if‘”’()f)

Z (= nx)"pjn(xX) + Eu(x).

v=2 V'

Using (2.1), the differentiability properties of m, and the growth restriction on @7,
by Lemma 1 (iv) we can write the latter identity as
—1

B=D(30) = 3 =2+,

s=1

14*
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where the functions g, are independent of n and- satisfy the conditions

2.7 g:(x) = 0(x), |x| —<o,
and

Cz(,_s)(J), l=s=r
28) gse{ CW), r<s=2r—1

with g,(x)=B(f; x). Hence it follows that

w(B,—I)(f;x)=n"YB,—D'1B(f; x)+
(2.9)

2r—1

+ Z' 7By —1) 71 (gs; X) + (By— I 71 &n X).
(Note that B, can be applied to g, &,, and B(f), by (2 7), (2.6) and (2.3).)
Next, for functions f,€C(J) satisfying
(2.10) fi(x) = 00, |x| —o
uniformly in n we get (see (2.3); M=0)
sup (B, — D) (f,; X)| = sup|fu(x)| +sup|B,(fu; X)| =
x€K xcK x€K

= sup [fa(¥)| +sup

xeK

:/n%;z‘,ﬁ'( ]p i) 2 f,.( )P,..(x)

J/”QKJ

+sup
xecK

=2 sup |[fi(x)|+Msup > (%

x€KsnNJ x€K jin¢Ky

+ 1) Pin(x) =

p;..(x)) =

o=
x€EKzNJ x€K

=2 sup |f,(x)]+M sup { (k) lxlk._: +31T}? ‘%—xk

. {1
2 swp 1I+0(-ks),
x€KsNT n

by Lemma 1 (iii). Further, by (2.3) and (2.10) we may apply this estimate to f,(x)=
=(B,—I)"%(f; x) and thus we obtain inductively (observe (2.7), (2.8))

sup |(B,—I) ~'(gs; %) =

xckK
272 sup |[(B,—I)"t(gss x)|+0( n"/z] 2=s5s=r

*€K( 96N

1
-t sup |g,(x)]+0(W), r<s=2r-1

x€Kp_1ysNd

as n—oo, Now from (2.9), by the induction hypothesis, we have

7~ (B,—IY "' B(f; x) - B~Y(B(f; %)) = B'(f; %)
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and, since k=2r+1,
n'_s(Bn_I)’-l(gs; X) ing Oa 5= 2’

as n—co, uniformly on K. Finally we conclude from (2.5), (2.6), and Lemma 1 (iii)
that (M, g, §=>=0).
, M
rliE) =e+Mr* 3 |j—nxfpp(x) s e+—==2¢
|i—nx|>én V;
when n is large enough. This and (2.4) complete the proof.

" In later applications (see Section 4) we need a modification of Theorem 1 for
‘the generalized Kantorovich operators B} (defined in (1.5)). Putting

k (k : .
03 ph= () evmmn ke,
we have '
@4y Dy, = I-U-B), KeN.

Since the following theorem is proved along the same lines as the preceeding one we
omit its proof and only state

Theorem 1*. Under the assumptions of Theorem 1 we have
lim n’(D:n(fa x) "f(X)) = (_ 1)"—1B*r(f'; X)

Jor all x€J. Again the convergence is uniform on compact subsets of J.

3. Approximétion of derivatives

In this section we treat topic (if) mentioned in the introduction; that is, we prove
an approximation theorem for the operators (0.4) together with a Voronowskaja
property. In the sequel 4 denotes the difference operator defined by Aa;:=a;,,—a;
acting on a sequence {a;} (e.g. [12, p. 221]). For differences of higher order we have

r(r
3.1 Aa; = Z(’)(v) (—1)"a;4,, reN,,
ve
where 4%;:=a;.

Theorem 2. Suppose that (M,) holds for some k=2 and FeC,(J), s=0,

satisfies FO(x)=0(x"), |x|>e. Then
lim D (F; x) = F®(x)

Jor all x€J and the convergence is uniform on compact subsets of J.



214 W. Gawronski and U. Stadtmiiller
Proof. First we note that for FEC,(R)

32 #F(L) = Lrog,)

with some &;,€[j/n, (j+s)/n). Extending F suitably from J on R we have, by (3.2)

(s, 6=0) : _

1D (F; ) = FOW)] = |2 (FO )~ FO@)2ja )] =
J

sot 3 FOE—FO@lent)-
jn_x >8 : o
Further, restricting x to a compact subset of / with positive constants M, M’ we gét
(see Lemma 1 (iii)) . .
ID(F; x)—FO@) = e+ M 2 €0 —x[Pjn(x) =
Ejn—x|>8

’
T = 28

= £+MZ_(-'S—1-+ J_

if n is large enough. This completes the proof. .
The exact rate of convergence is given by the following Voronowskaja property

x) Pjn(’f) f

Theorem 3. Suppose that (M,) holds for some k=3 and F¢Cy,o(J), s=0,
satisfies FCt()=0(x*"%), |x|-»e. Then

(3.3) lim n(DY (F; x)— FO (x)) = 15 (SFC+D(x) +o* (k)’F(sJiii (x))

Jor all x€J, the convergence being uniform on compact subsets of J.

Remark. If s=0, 1, then the right hand side of (3.3) can be written as B(F; x)
and B*(F’; x), respectively. This exhibits Theorem 3 as a generalization of Lemma
3 (ii) and the corresponding analogue for B}. (See the remarks. following Lemma 3.)

Proof of Theorem 3. Extending F suxtably from J on R 1f necessary, smce
FeC,,4(J), we have (0=v=ys)

)= S @) e (z)”
F[ n ) ,,‘§0;L!F n)\n +(s+2)!F @) n)
with j/n=¢;,=(j+v)/n and further, by (3.1),

SF (n) s+1F(M)(j/n) Z;’[Sliél)“"ri{

=0 nuﬂ! v=p \V

1 S 4 s s+2
reran 30 comrerene).
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Since, by (3.1), for a;=j* and j=0

II lll\
Ca

0
L Iz
5!
;1), p=s+1,

0,
S—v — 1 siu o 1’

we obtain
D0 = 3 (L) pu() 497 2 £ (L) g+

1 s s < eors
+112(S+2)“2( J(— D ZF(H;)@’.")I)""()C)-:- :

0
= B,(F; X) + 5= B,(F*+V; )+ 0 [—1—)
n 2 2’1 H b ’12

the O-term being independent of x as long as x is restricted to a compact subset of J.
Now Lemma 3 completes the proof.

4, MSE for density estimators of Bernstein type

In this section let f be an unknown probability density concentrated on a known
interval J. Starting from the empirical distribution function £} based on iid obser-
vations Xj, ..., Xy having density f, Theorem 2 shows that, f,¢)(x), defined in (0.5),
is an asymptotlcally unbiased estimator for the r-th derivative f®(x) provided f
satisfies certain growth and smoothness conditions. If r=0, then for various parti-
cular cases in [15], [16], [29] the asymptotic of the MSE was computed. Asymptotic
distributions for £{” have been derived in [27). Based on Theorem 1* and Theorem 3
now we accelerate the mean square convergence, when r=0, and determine the
asymptotic behaviour of the MSE for f{(x) if r=0.

First dropping the positivity of 7 and motivated by Theorem 1* we consider

N (4
4.1) _ D, ,(x)==n ? a;,(x)AFy (;—)
with
@) au®) = 3 () B2 0

as an estimator for f(x).

Theorem 4. Suppose that (M,) holds for some k=2r+1, réN, m, satisfies
(2.1) and m,€C,_5(J) for v=2,3,...,2r. Moreover assume.that fcCy(J) and
SEx)=0(*™), [x]-ce.
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@) If ¢*(x)>0, then

EBra-r@) = (LD o( D)4 Lvey as n-e,

where

_ f)Vn L
Vn(x)_-——z‘,_o(v)w(m if r=1

2 -
V—
Here the remainder terms hold uniformly on USJ and o(x)=0, for x€U.

@) If o*(x)=0, thenas n -

E((D, .(x)—f(x))’) = {f () } Ny (—127) f(x)n o(n)
Proof. We decompose
E((D,,n()~f(®))) = (E(D,,.(%)) —f(x))* + Var (D, (x))

as a sum of bias squared and a variance term. If F denotes the distribution function
of f, then an application of Theorem 1* yields

V() = f(x) yn+0Q), if r=>1.

4.3) E(D, .(x)=n Jz_a,.,,(x)AF[-”;—J 2( ](—1)' 1BY(f; x) =

iy
n

= Do (f3 ) = f() + B (f;x)+0 (%]

where the o-term holds uniformly on compact subsets of J. For the variance we note
that

@4) Cov[AFN( ) AFN(ﬁ)J=%AF(j][5ﬂ‘“AF(:)]

and obtain

(4.5) Var (D, ,(x)) = n® Zk’ Cov (AFN (%), AFy [1;—]] 4, (X) @ (x) =

2 ' . 2
J
= TV-{Z aj,,(‘c)zAF( ) {%’ a,—,,(x)AF(;)] }
(i) Suppose that ¢%(x)=0. If r=1, then a;(x)=p;,(x) and, by Lemma 2(i)
it is easily shown that

46 W 3 (P 4F (2] = 5 Vfr(a)(x)ﬂuo(l),. —_—
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uniformly on U. If r=2, then we use a local central limit theorem (see formula (1.4)
in {14]; or Theorem 1 in [24, p. 207]) and obtain

B*'(pjn’ x) = _—'1—+0(l]9 iENO’
V 71’n0'0 n

where the O-term holds uniformly in x¢U. From this we get, by (4.2),

2r—1 1
a;,(x) = ——— +0(_)
90 G V2rna, n

and thus, by the remarks foliowing Lemma 3,

V2= g,
_@-n

l/2n Gy

@7 e ;ajn(x)ZAF(%)g{-(?"T")- ( = )} g( )B*'(f x) =

S )+0[V )

uniformly on U. Now a combination of (4.3), (4.5), (4.6), (4.7) completes the proof
of part (i).

(i) In case 0%(x)=0, we have p;,(x)=4; ,, for some j€Z, &; being Krone-
cker’s symbol. This implies that a;,(x)=p;,(x)=96; ., by (4.2). Using (1.6), (4.3)
and (4.4) we find part (ii).

In case 6%(x)>0 obviously the choice n=n(N)~cN?+D =0, N-co,
yields the estimate (r=1)

E(D,,,(x)~f(x))} = O(N=*4r+D), N —co.

For corresponding kernel estimators (cf. [18, section 4]) N ~4/4r+1) js the exact order
of magnitude. By more careful estimates of ¥,(x) the constant involved in the leading
term could be reduced.

Finally we extend Theorem 1 in [16] by

- Theorem 5. Suppose that (M,) holds for some kz=max(3,r+2), reN,.
Further, assume that f€C,, ,(J) and fe+I(x)=0(x¥"2), |x|— .
D If 6*(x)=> 0, then

r (r+1) 2 (r+2)
E(( F0 @) =D @))F) = { (r+ l)f, + (x)z":a xS (x)} [’:2]+

f®e, n'+i'2 1

5 I ON TN

—o(nr+l?),

as n-—o, where c, , is defined in Lemma 2. Again the o-terms hold uniformly on U.
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(i) If ¢*(x)=0, then
D (x)—f© SO@DY | (L) Lt 1 .
B9 @100 = (1522 +ol )+ L+ 06, n .

Proof. Due to the standard decomposition

E(7 () ~1 @) = (B0 0)~f () + Var (7 ()
we treat each summand separately. By Theorem 3 (s=r+1) and (0.5) we get
(F'(x)=f(x))
. (4.8) E(J(x) = DY*V(F;x) = [ (x) +

+§1; (C+D) DX +6%(x) 2 (x)) +o (71,—)

uniformly on compact subsets of J. For evaluating the variance we use partial sum-
mation (see also [14]) and obtain from (0.5)

f0 e = 1y 3 -, 460 (L),
Hence, by (4.4), we have

Var (f{? (x)) =

AF [ );%(E(f,f," ) =:1-11I,

say. For 1I we have by (4.8)
“.9) In= —11\70(1), n - oo,

Next, by the contihuity of fat xcU (g, 6>0) we get

I _ an-i-lf(x)

A" roa(X
TN S xlsa( Pira ) =

nr+l U +1)n

=— n ] OV 10 dy (A5 a)+

IJ/n—-xIS jin

p20+1)

+ (4p;- ,,,(x))zAF( )_:I’+II',

N int x|>6
say, and _
@.10) V= e
Writing (4F(j/n)=1)

271

2 (dpj-..(0))

lJ/n—xl 3

e B 5 (00), 2.0
= i+v=r,alX)Pj+u~r n(X),
s N 1)in STt 2 0VPienr,n (%)
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the use of Cauchy’s inequality combined with Lemma 1 (iii) yields
=20, n
= N y : - .

Putting this together with (4.8)—(4.10), and Lemma 2 (ii) we have established part (i).
In case 6%(x)=0, direct computation of I (note that p;,(x)=0; px and x is an

integer) yields
2r+2 rfrY. ' 2
Z AF[ ){Z(; [V) (— l)r_vaj-h'—r,nx} =

-5 (j)( ) =S B ) -
=N ;AF—n— r+nx—j _’N'%AFF” —v)

2r+1

FE 42 0G®), e,

thereby finishing the proof of part (i1).

Looking at the case o¢%(x)>0 we see that the “optimal” choice n=n(N)~
~cN2Er+9) ¢~ (0 N-oo leads to the exact oider of magnitude N~ +9 for the
MSE of f} (') Comparable results for the classical kernel estimator give the same rate
of mean square convergence (e.g. [18]). Finally it should be pointed out that in parti-
cular the estimators (0.5) for the derivatives derived from (0.4) seem suitable rather
than estimators obtained from £,¥ by differentiation with respect to x; for such esti-
mators have. complicated forms, if r is large. However in practice the computation
of the coefficients of p;,(x) in (0.5) essentially requires only the evaluation of dif-
ferences for a sequence of integers.

In this paper we have considered approximating operators and density estima-
tors constructed by a lattice distribution. Motivated by a local central limit theorem
another example is suggested by ' '

Din(x) = e~U—m¥2. jeZ xcR,

2nn
which can be shown (see [16], [17]) to be a “good’’ approximation of a lattice distri-
bution with mean »x and variance n (i.e. ¢2(x)=1). This approach leads to Favard
operators for (0.1) [10}, [17] for wh1ch the topics of this paper can be discussed in a
similar way. : .
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