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Topoiogical quasi varieties

DAVID M. CLARK* and PETER H. KRAUSS

A quasi variety is a class of algebras defined by a set of quasi equations

ANPi=Y,
i<n

where each @; and ¥ are equatzons This well known notlon can be generalized in
many ways to accommodate the need for more powerful means of expression. The
notion studied in this paper encompasses two such generalizations going into different
directions. In one direction we follow GRATZER and LAKSER [11] who introduce
structures with operations and relations. They then generalize a result of MAL’CEV
[17] to this settmg A class of structures is 2 quasi variety if and only if it is closed
,undcr the formation of isomorphic images, substructures and reduced products.
Céhtinuing in this direction ANDREKA, BURMEISTER and' NEMETI [1] consider partial
algebras and prove the corresponding result. In another direction we follow TAYLOR
[22] who considers, topological algebras and introduces a new type of (infinitary)
t;bpological_ atomic formula to express net convergence. He then generalizes a result of
BIRKHOFF [3] to this setting: A class of topological algebras is definable by topological
atomic formulas if and only if it is closed under the formation of continuous homo-

morphic images, subalgebras and direct products. In this paper we shall -consider
topological structures (with operations, partial operations, relations and a topology)
and introduce topologlcal atomic formulas to talk about the topology. Since these
new atomic formulas are infinitary, we have to allow for infinite conjunctions in
topologzcal quast atomzc Jformulas : :

Meliel} = ¥,

where each” d5i and W are atomlc formulas and I is a set. A topologzcal quast variety
is a class of topological structures defined by a class of topological quasi atomic
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formulas. In this setting we show that a class of topological structures is a topological
quasi variety if and only if it is closed under the formation of topological isomorphic
images, substructures and direct products.

The definition of this notion was motivated by the observation that topological
quasi varieties naturally arise in the numerous topological duality theorems in the
literature. In each case a category anti equivalence is established between the quasi
variety generated by a finite algebra 9 and the class of compact members of the
topological quasi variety generated by a finite topological structure P having the
same universe as ‘P. Accordingly we call the class of compact members of a topolo-
gical quasi variety a compact topological quasi variety. It easily follows that a class
of compact topological structures is a compact topological quasi variety if and
only if it is closed under the formation of topological isomorphic images, compact
substructures and direct products.

Duality theory is a rather recent topic in universal algebra and the primary
sources are DAVEY [6] and DAVEY and WERNER [7]. We are mostly interested in their
notion of full duality and we review the conceptual framework in which this notion
is introduced. We then give a new characterization of this notion in terms of hull-
kernel closed sets which not only tends to clarify the situation but also leads to new
duality results. We show that there is a full duality for the (quasi) variety generated
by an arbitrary finite algebra having a near unanimity term and only simple non-
trivial subalgebras. This includes all dual discriminator algebras and unifies previous
results for quasi primal algebras, distributive lattices, weakly associative lattices,
median algebras, Kleene algebras and DeMorgan algebras. The full duality results
for quasi primal algebras, weakly associative lattices and median algebras were claim-
ed by WERNER [23] and DAVEY and WERNER [7], however their proofs are not correct.
So we not only vindicate their claims but also establish them in a much broader
context.

Topological quasi atomical theories appear to be an interesting topic for the logi-
cian and — as far as we have been able to ascertain — some of the most obvious
problems in this area are still open. We have addressed ourselves to the question of
axiomatizability and have come up with axiomatizations of several topological quasi
atomical theories, many of which arise in the context of duality theory.

Altogether, we have attempted to put some rather diverse but extremely interest-
ing recent developments in universal algebra and model theory into a unifying perspec-
tive.



Topological quasi varieties 5

1. Topological quasi varieties

In this section we define topological quasi varieties and investigate their basic
properties. Special features are a suitable treatment of partial operations and the
introduction of an infinitary first-order language which permits us to express many
relevant topological facts. '

Given is a similarity type t determined by a set Op of operation symbols, a set
POp of partial operation symbols and a set Rl of relation symbols. A topological
structure X of similarity type t has a (non-empty) topological space X for a universe,
for each n-ary operation symbol f€¢Op has a continuous n-ary operation fX: X"—X,
for each n-ary partial operation symbol g€POp has a continuous n-ary partial
operation g*: D—X, where D=dom (g¥)SX" is the (possibly empty) domain of
g%, and for each n-ary relation symbol r¢RI has a closed n-ary relation rXSX™,
where X" is endowed with the product topology. In all constructions involving
topological structures operations and relations behave as usual so that we shall
only mention them in case something extraordinary or unexpected is happening.
Although all topological constructions are standard as well, we shall be a little more
explicit in this area because there are some subtleties which are easily overlooked.
The situation is quite different with partial operations. There are several options
available here which have been pursued in the literature (see, e.g., GRATZER [10]).
Thus we have to make our choices quite explicit in this area. X is called an algebra
in case it has neither partial operations nor relations, i.e. POpURI=0.

To begin with, for Y to be a substructure of X (in symbols YC X) we require that
Y is a subspace of X and for all gePOp, g'CgX and dom (g")=dom (g¥)NY".
For ¢ to be a continuous homomorphism from X to Y (in symbols ¢: X—Y) we
require that ¢ is continuous and for all g¢POp, if xcdom (g¥), then gpxcdom (g")
and ¢g*(x)=g"(¢x). In the presence of partial operations and/or relations homo-
morphisms are afflicted with some peculiarities which cause much trouble and
confusion in this area. To be more specific, if ¢: X—Y, then the following condi-
tions are not necessarily satisfied: :

(1) If gePOp and oxcdom (g), then there exists yE dom (g%) such that
px=Qy.

(2) If reRI and ¢x¢rY, then there exists y€rX such that px=gy.

Notice that (1) implies that @(X)ZY is closed under g, i.e. ¢ (X) determines
a substructure of Y, but not vice versa. The fact that ¢ (X) may fail to determine a
substructure of Y will be an important issue later. This situation seriously affects
the definition of surjective homomorphism and homomorphic image, and there are
several options available for these notions. The notion of injective homomorphism
is not entirely clear either. Fortunately we do not have to get involved in these trou-
blesome decisions because we only have to consider embeddings where the require-
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ments are quite clear. Consequently we shall use the notions “injective” and “surjec-
tive” only for mappings. ¢ is called a (topological) embedding (in symbols ¢: X i—Y)
in case ¢ is a continuous homomorphism and an injective mapping whose inverse
1s continuous, where

() for all gePOp, xédom (g*¥) iff pxcdom (g");

(i) for all reRl, xer* iff pxer'. :
@ is called a topological isomorphism (in symbols ¢: X {I— Y) if, in addition, ¢ is a
surjective mapping (equivalently, if ¢ has a two-sided inverse). Now it is clear that a
topological embedding is a topological isomorphism with a substructure. For the
direct product Y= JJ(X;|i€I) of the set of structures {X;|i€l} we require that Y
is endowed with the product topology and that for all gc¢POp and all yeY”,

yedom(g¥) iff y(i)edom(gX) forall icl, and
8 (Yos s Y1) (@) = g% (¥o(@), .., a1 (D).

By a trivial structure we mean a one element structure with all partial operations and

relations nonempty. For example, the direct product [J(X;|i€®) of the empty set
of structures is trivial.

If JS1I, then the projection

T Y = JIKXljed)

is afflicted with both peculiarities mentioned above, i.e. (1) and (2) both may fail
although 7; clearly is a surjective mapping.

If o is a class of topological structures then 12", S and S, denote the
classes of topological isomorphic images, substructures and compact substructures
of members of " respectively, and P# denotes the class of direct products of non-

empty subsets of 2. First we show that our definition of direct product is correct
for the category we have defined. '

Lemma 1.1. (Transfer Principle). Suppose I<® and for each i€l, ¢;: Y—~X,.
Then there exists a unique : Y- JJ(X;|i€l) such that for all i€l, ¢;=m0Y.

Proof. Suppose gcPOp and ycdom (g¥). By hypothesis, for every i€/,
@;y€dom (g%) and ¢,2"(3)=g%(p;y). Thus Yy(i)€dom (g*) for all icI and
therefore yy€dom (g%), where Z=]JJ(X;|icl). Finally, yg"(»(@)=0;g"(»)=
=% (0;3)=¢ Yy ())=g*Wy)() for all i€l

Next we show that the usual separation properties can be augmented to obtain
subdirect representations in this setting.

Lemma 1.2 (Separation Principle). For any nontrivial structure Y, YcISPX
if and only if : ‘ '
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() If x,y€Y, where x#y, then there exist X€A and ¢: Y—~X such
that px#oy.

(i) If gePOp and yd¢dom (g"), then there exist Xe€AX and ¢: Y-X
such that @y¢dom (g%).

(i) I/ r€RI and y¢r", then there exist XcA and ¢: Y—X such that
Py r¥.

(iv) If D is a subset of the power set of Y directed by inclusion, 6: D—~Y is a
net in Y and ycY, where od g y, then there exist X¢A and ¢: Y—X such
that (po&dd—grvb Qy.

Proof. The necessity of (i)—(iv) is obvious. So assume (i)—(iv). We consider
all instances mentioned in conditions (i}—(iv), and for each instance we choose
XeA and ¢: Y—-X “witnessing” its occurrence. So let X, ¢;: Y-X,,
where i€, be a set of “witnesses”. By the Transfer Principle, there exists unique

Ui Y — I (Xi|icD)

such that for all i€/, ¢p,=m;0yy. We shall show that ¢ is a topological embedding.
As usual, the witnesses for (i) make ¥ an injective mapping. To show that !
is continuous it suffices to establish that y is a closed mapping. So suppose WY,
where (W)SY(Y) is not closed. Then there exists y€Y such that ¢y is a limit
point of Yy (W) but Y (»)§ Yy (). Let D be the set of USY such that ¢ (U) is
a neighborhood of Y¥y. D is directed by inclusion. For each U€D there exists
SUECY such that WodUCW(U)NY(W). Thus podUYPyy. If U LY,
then by construction we obtain from (iv) X" and ¢;: Y—=X; such that
Q00U i ¢;y and therefore oY odU i oy, contradicting net conver-
gence in direct products. Thus 6U “$”y so that y is a limit point of W, but y¢ W.
It follows that W is not closed so that ! is continuous.

Next, suppose g€POp and y¢dom (g¥). Then by construction we obtain
from (ii) X4 and ¢@;: Y—X,; such that ¢,y¢ dom (g%). Thus x//y(z)eEdom (g%
and therefore yy¢ dom (g%), where Z=[](X;|ic]).

Since the witnesses for (iii) take care of the relations, ¥ is indeed a topological
embedding.

The Separation Principle considerably simplifies for compact Hausdorff
structures.

Corollary 1.3 (Compact Hausdorff Separation Principle). Let J# be a class
of Hausdorff structures and let Y be a nontrivial compact structure. Then YIS P
if and only if Y satisfies (i), (ii) and (iii) of Lemma 1.2.
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Proof. By the proof of Lemma 1.2, it clearly suffices to show that under the
assumption of (i), (ii) and (iii) of Lemma 1.2 y~1 is continuous. This however follows
from the fact that Y is a compact space, ¥ is an injective mapping and J] (X; | i€I)
i1s a Hausdorff space.

Corollary 1.4 (Compact Hausdorff Separation Principle for Algebras).
Let o be a class of Hausdor[f algebras and let Y be a nontrivial compact algebra. Then
YIS PA if and only if distinct members of Y can be separated by continuous homo-
morphisms into members of A .

Remark 1.5. DAVEY and WERNER [7] denote conditions (i) and (iii) of Lemma
1.2 by (SEP) and claim that a compact Y belongs to ISP just in case it satisfies
(SEP). In the presence of partial operations this is not correct and it requires a good
deal of technical detail work to correct their arguments in this case. Unfortunately
we shall have to get involved with this issue in Section 3.
~ Now we introduce just enough language to determine IS_P2¢ as a topological
quasi variety. Let Vb be a proper class of variables. We define the class Tm of fini-
tary ferms as usual building up terms from variables using both operation and par-
tial operation symbols. We have two types of atomic formulas. First the (finitary)
algebraic and relational atomic formulas

=0, FtpTy...Ty—15

where 1,6, 7, ..., 7,.16€Tm, = is the identity symbol and r€RIl; and secondly
the (infinitary) topological atomic formulas

T4 dED’ G,
where (D, =) is a directed set, 7: D—~Tm is a net in Tm and ¢€Tm. A topolo-
gical quasi atomic formula is an expression of the form

Mbjéedy =¥ or V{&,|Eca},

where {&,|¢<4} is a (possibly empty) set of atomic formulas and ¥ is an ato-
mic formula.
An assignment of the variables in the topological structure X is a mapping

x: Vb—~X. For t€Tm we define by simultaneous recursion the two notions “z
is defined for x (in X)” and “t*[x]€X” in case 7 is defined for x.

(1) If v€Vb, then v is defined for x and v*[x]=x(v).

(2) If f€Op, then f1,...7,_; is defined for x iff 7, ..., 7, are defined for x,
and then fro...7,_ X[x]=/* (@ [x], ..., T2, [x]).

3) If g€ POp, then gt,...1,_, is defined for x iff 7, ..., 7,-, are defined for x
and (tX[x], ..., T ,[x])€dom (gx), and then g7¢...T,-, [x] X, - T IXD.
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Next we define the notion of satisfaction for quasi atomic formulas.
X=0 = 1[x]
if 0 and t are defined for x and ¢*[x]=1%[x].
X|= rtg...T,-1[x]
if 7q, ..., T,y are defined for x and (tX[x], ..., T ,[x])erX.

dc¢h

XE1y, - a[x]

ifall 1,, deD, and o are defined for x and X [x] %8P o X [x].
X = M@ e} = ¥ix]
if there exists €A such that X &[x] or Xk=¥[x]. Finally
X = V{m®]ied}lx]

provided X} @.[x] for each £€d. Notice that for each “disjunctive” topological
quasi atomic formula & there is a finite set of “implicational” topological quast
atomic formulas which are equivalent to @ in any nontrivial structure.

A topological structure X is called a model of a class X of topological quasi
atomic formulas (in symbols XE2) if for every &c2Z and every x: Vb—X,
X d[x]. A class o of (compact) topological structures is called a (compact)
topological quasi variety if there exists a class 2 of topological quasi atomic for-
mulas such that " is the class of (compact) models of X. The topological quasi
atomical theory of A" (denoted by Th,, %) is the class of topological quasi atomic
formulas @ such that each member of # is a model of @. The (compact) topological
quasi variety generated by X is the class of (compact) models of Th,,, "

Example 1.6. Some facts which hold in all topological structures by their
very definition are expressible by topological quasi atomic formulas which there-
fore become logically true. As usual we shall write =& in case X=& for all
topological structures. To begin with, notice that for g¢POp and x€X" we have

x€dom (gX) iff X k= guy...v,-1 ~ gU...0,_1[X]
so that k=gvg...v,_1xg0...v,-,! On the other hand,
b= gUg...Up_y = Uy = glg...Up—3 = 8Up...Uyq
so that for x€X"*' we have

x¢cgraph (gXy iff X & guy...v,_1 = v,[x].
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Now let (D, =) be a directed set and »: D—~Vb". Then

}:[dé\Dg(v(d)o, "oy v(d)n—l) X g(v(d)o, AR v(d)n—l)/\ii\"v(d)i L ui] =

= [8(t@os - » 0(d)p-1) 22~ g(utg, ... » thy1)]

because for each topological structure X, gX is continuous. Similarly we can express
with topological quasi atomic formulas that f* is continuous and X is closed,
where f€Op and reRI. We can also say “the graph of g* is closed”, where
gePOp:

[dé\Dg(U(d)o’ e U(d)n 1) ~ U(d)n/\ /S\ U(d)l €0 ux] :g(llo: AR un—l) = Uy.

Let this formula be abbreviated by Cl(g). Now gCl(g), but X=Cl(g) in case
X is Hausdorff and g* is a full operation on X. Of course, this observation applies
to the graphs of operations as well.

Example 1.7. Consider the class of topological abelian groups {4, +, —, 0).
Then a discrete abelian group is forsion if and only if it is a model of the single
topological atomic formula m!yv ™$°0.

Next we shall consider preservation properties.

Lemma 1.8. (i) Suppose XY, tis a term and x: Vb—+X. Then t is defi-
ned for x in X if and only if 1 is defined for x in Y. Moreover, in this case tX[x]=
=1"[x].

(it) Suppose @: XY, tisaterm and x: Vb—X. If T is defined for x, then t
is defined for @ox and @etX[x]=t"[pox].

(iii) Suppose Y=[[(X;|i€l), © is a term and x: Vb—~Y. Thent is defined
for x if and only if for every icl, t is defined for nox. Moreover, in this case
t[xX](¢)=15[n;0x] for all icl.

Lemma 1.9. (i) Suppose XCY, @ is an atomic formula and x: Vb—~X.
Then Xp=®[x] iff Y=®[x].

(ii) Suppose @: XY, & is an atomic formula and x: Vb—X. Then X=
=0[x] implies Y= Plpox].

(iii) Suppose Y= [[(X;|i€l), ® is an atomic formula and x: Vb—Y. Then
Y=&[x] iff Xi=®[r,0x] for all i€l

Corollary 1.10. Topological quasi atomic formulas are preserved by 1, S
and P.

Now we prove a technical lemma which characterizes continuous homomor-
phisms with a fixed domain Y, where we have YCVb. Choose a: Vb—Y where
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a(v)=v for vcY. Next define X to be the set of all algebraic and relational atomic
formulas @ with variables from Y where Yi=®[a], and all topological atomic
formulas ,%S” ¢ with variables from Y, where D is a subset of the power set of ¥
directed by inclusion and Y1, ¢[a].

Lemma 1.11. 4 map ¢: Y—~X is a continuous homomorphism if and only if
for each P€%, Xi=d[poa].

Proof. One direction follows from Lemma 1.9 (ii), so assume ¢: ¥Y—X and
Xi=P[poal for each ®cZ. We claim that ¢: Y—X. Indeed, consider g€POp
and (Xo, ..., X,—1y€dom (g"). Then

Y = gXo. . Xpo1 & 8Xg... Xp-1[a]
and therefore

X = 8Xp---Xp—1 = §Xp.. xn-—l[(poa]'

It follows that {@x,, ..., px,_;)¢dom (g¥). Considering the atomic formula
€Xg... Xp_17X,, where g¥(xy, ..., X,.;)=x,, we establish that

(ng(xo, sy xn—l) = gx((px(h ] q)xn—l)'

Operations and relations are treated similarly so that we are left with showing that ¢
is continuous. So suppose WCX is closed and z€Y is a limit point of ¢ ~1(IW).
Let D be the neighborhood system of y. D is directed by inclusion. For each UeD
there exists SUCUN@ (W), and 6UYSPz. In other words, Yi=6UYSPz[a),
so that XE=oUYSPz[poa). Thus ¢odUYSP ¢z, where ¢odUcW for all
UeD. Since W is closed, @z€W and therefore z€o2(W).

Theorem 1.12. YEISPX if and only if Y=Th,, A .

Proof. Assume YE=Th,,#". We shall establish conditions (i)—(iv) of the
Separation Principle. Without loss of generality we may assume that YCVb.
Let x, y€Y, where x>y, and define 2 as in Lemma 1.11. Then

Y= AM{@|P€2} = x = y[d]
and therefore there exist XeK and b: Vb—X such that
X NMePel} = x ~ y[b].

Define ¢: Y—~X by ¢(v)=>b(v), v€Y. By the choice of variables we may assume
that b==¢@oa. Since X=®[poa] for each ®¢X, ¢: Y-X by Lemma 1.11.
Since @(x)=¢@(y), condition (i) of the Separation Principle is established. The
other conditions are proven by the same argument. Now check that the assertion is
also true when Y is trivial.
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" Corolla ry 1.13. A class A of (compact) topological structures is a (compact)
topological quasi variety if and only if A is closed under 1, S, and P.

Examvple 1.14. Since a subspace of a compact topological space is not neces-
sarily compact, by Theorem 1.8, the class of compact topological structures is not
in general a topological quasi variety. This forced us to introduce the notion of a
compact topological quasi variety in the metalanguage.

As mentioned in the introduction, MAL’CEV [17] shows that a class o of algebras
is a quasi variety if and only if it is closed under the formation of isomorphic images,
subalgebras and reduced products, and ANDREKA, BURMEISTER and NEMETI [1]
have generalized this to partial algebras. It turns out that there is no corresponding
result for topological quasi varieties because they are not closed under ultrapowers.

Lemma 1.15. Let X be any topological structure and let U be a nonprincipal
ultrafilter on an infinite set 1. Then the quotient topology on X[ is the indiscrete topo-
logy.

Proof. Let ¢: X'—~X/ be the canonical mapping, MCX' a basic open
set in the product space, and let x¢X’. Choose y€M which differs from x on a
finite set. Since U is nonprincipal, {i€/]x(i)=y@i)}eU. Thus x/U=yp/Ucp(M)
so that @(M)=X]. The assertion follows at once.

Now a definition of the ultraproduct X{, can only be considered adequate if the
canonical homomorphism ¢: X'—X{, is continuous. Thus the topology on X}
has to be trivial. Hence, if X is a non-trivial Hausdorff structure, then X[ is not
Hausdorft. It follows from Example 3.2 that no topological quasi variety containing
a non-trivial Hausdorff structure is closed under ultrapowers.

2. Compact (topological) quasi varieties equivalent to (algebraic) quasi varieties

In this section we shall investiate a method of generating compact topological
quasi varieties which has been recently developed in duality theory. This method
yields many interesting examples of compact quasi varieties which play an important
role in the literature. The foundations of (topological) duality theory were laid in
DAVEY [6]. In a recent paper DAVEY and WERNER [7] give an expansive exposition of
duality theory which contains some important advances yielding new applications.
The idea of central interest to us is their notion of full duality. Unfortunately DAVEY
and WERNER [7] contains some claims concerning full duality whose proofs are not
correct in case partial operations are involved. This then yields some applications
that are not justified. In this section we shall develop a theory of full duality which
hopefully is both correct and substantially contributes to better understanding of this
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notion. Moreover, our approach yields new full duality results which vindicate and
generalize the unestablished claims of Davey and Werner. For this purpose we shall
(almost) completely adopt the notation and terminology of DAVEY and WERNER [7]
and shall briefly review the setting of their investigation.

To begin with, we shall simultaneously deal with two distinct similarity types:
A type t of algebras determined by a set Op of operation symbols, and a type t
of topological structures determined by a set Op of operation symbols, a set POp
of partial operation symbols and a set Rl of relation symbols. Given is a finite,
non-empty set P, an algebra P=(P, /*),c0, of similarity type ¢, and a topological
structure  P=(P, f* g%, 1*) cop scpop rcmy Of similarity type t, where P is
endowed with the discrete topology. In addition we require that P and 9P satisfy the
two equivalent conditions of the next lemma:

Lemma 2.1. The following are equivalent:

(i) Each operation, non-empty partial operation and non-empty relation of P
determines a subalgebra of a power of B.

(i) Each operation of ‘B is a continuous homomorphism from a power of P into P.

The purpose of this requirement is to secure Lemma 2.2.

We now consider the (algebraic) quasi variety ¥ =ISP as a categery, where
for each A, BE.Z, £ (A, B) denotes the set of homomorphisms f: A—B. Simul-
taneously we consider the compact (topological) quasi variety #,=IS.PP as a
category, where for each X, YEZ,, %,(X, Y) denotes the set of continuous homo-
morphisms ¢: X—Y. Notice, since P is a compact Hausdorfl space, X¢S PP
if and only if X is a closed substructure of a direct power of P.

Lemma 2.2. (DAvEY and WERNER [7]). (i) For each Nc¥L, L (U, P) deter-
mines a compact substructure of P4
(i) For each XeR,, Ro(X,P) determines a subalgebra of B*.

For each Uc.Z, let D(A) be the compact substructure of P4 determined by
D(A)=2Z (A, P), and for each Xe4A,, let E(X) be the subalgebra of P* determined
by E(X)=%(X,P). For each fc#(U,B) and gecD(B) define D(f)(g)=
=gof, and for each @€%Z,(X,Y) and Y€E(Y) define E(p)()=¢oe.

Lemma 2.3. (DAVEY and WERNER [7]). D is a contravariant functor, i.e.
(i) DAeR,,

(i) D(f):D(B) ~ D),

(i) D(fog) = D(g)oD(f).

Lemma 2.4 (DAVEY and WERNER [7]). E is a contravariant functor, i.e.
() EX)eZ,
C @) E(e): E(Y) ~ E(X),
(i) E(poy) = EW)oE(p).
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This setting suggests a natural concept of duality. E is called a dual representa-
tion for & if E is onto objects, i.e. for each UE¥ there exists XcZ, such that
A=E(X). DAavEY and WERNER [7] set up a situation where such a dual represen-
tation is achieved canonically. For each Uc¥ and acA define the projection
eq(@)=mn,: D(A)—~P, and for each X€Z, and x€X define the projection ¢y (x)=

<. E(X)—P.

Lemma 2.5 (DAVEY and WERNER [7]). D and E are ad_]OInt to each other, and
ey and &, are embeddings'in & and R, respectively, i.e.
(i) eq: U—EDN).

(il) ex: Xi—DE(X) is a topological embedding onto a closed subspace of
PEX),

(iii) For each he ¥ (W, B) and @cRy(X,Y), the following diagrams commute:

€A

B X 4
o] o e Jev
¥

!
ED®) 555~ ED(B)  DE(X) 5z~ DE(Y)

1| ~

(iv) Thereis a one-to-one correspondence between £ (U, E(X)) and R,(X, D(N))
defined by the commuting diagrams

ANZELEDEA) XX~ DE(X)
\5\ E(9) \;
\ 14 \ ¥
E(X) D)

D(g)

ie. g=E(D(g)oey)oey and @=D(E(p)oey)oty.

In this setting DAVEY and WERNER [7] define their notions of duality and full
duality.

Definition 2.6 (DAVEY and WERNER [7]). (D, E) is called a duality if for
every UEZ, ey: Ull— ED(A) is an isomorphism.

Clearly, if (D, E) is a duality, then E is a dual representation for £. Moreover,
in this case for each ACKL there is a canonical choice for a representative in 2,
namely D(2). Thus all members of the (algebraic) qua51 vamty ISPEB are untformly
represented as algebras -of continuous functions.

The notion of “full duality” concerns the “uniqueness” of the representation.
For this purpose DAVEY and WERNER [7] consider full subcategories D(£)SSS%,.
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Definition 2.7 (DAVEY and WERNER [7]). Let (D, E) be a duality and let
D(L)YS FSE R, be a full subcategory. (D, E) is called full between £ and & if for
every Xc¥, ex: Xi—DE(X) is a topological isomorphism.

Now it appears to us that this relativized notion of full duality is rather mislead-
ing because in a sense it is completely superfluous. This situation then tends to dis-
tract from the real “issue of full duality”. To say more precisely what we mean, let
D(LYSF SR, be a full subcategory. E,, denotes the restriction of F to % and is
called ‘a category anti-equivalence between & and & if it is onto objects, full (i.e.
forany X,Yc& andany h: E(Y)~E(X), thereexists ¢: XY suchthat h=E(¢))
and faithful (i.e. for any @, y€L(X,Y), if E(p)=E()) then ¢=y). In this
setting the last condition is actually redundant:

Lemma 2.8. E is faithful.

Proof. Suppose E(p)=E({), where ¢,{: X-Y, and let x: Yj— P’. Then
for each i€l, moy€E(Y). Thus for all x¢X, ‘

E(@) (00 ) = EW@) (mo) (),
T (X) = mxp (x),
xo(x) = i (x),

P(x).= Y (x).
This establishes that ¢=y.

Similarly we say that D is a category anti-equivalence between % and & if it
is onto objects, full and faithful. Again we may forget about the last condition.

‘Lemma 2.9. D is faithful.
Proof. Similar to the proof of Lemma 2.8.

Lemma 2.10. Suppose (D, E) is a dudality and D(z)gyggeo is a full sub-
category. If (D, E) is full between & and &, then D: £~ and E,: S~ are
both category anti-equivalences which are inverse to each other in thé sense that

 ED@) = forall UcY; DEX)=X forall X

: Proof. By Definitions 2.6, 2.7 and Lemmas 2.8, 2.9 both D and E are onto
objects and faithful. To show that D is full, let A, BEL and ¢: D(B)—-D ().
Define h=eg'oE(p)oey. Then h: U-B and by Lemma 2.5 (iii),

E(p) = egohoeg! = ED(h)

It follows from Lemma 2.8 that @=D(k). This establishes that D is full, and to
show that E is full we argue similarly using Lemma 2.9.
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Now if E is a dual representation for % then the “natural notion of uniqueness”
is category anti-equivalence. Again in the Davey—Werner setting more is required:
Each Uc.¥ can be canonically recaptured from its canonical representation D ().
This is an extremely tight connection so that the next (purely category theoretical)
observation is not surprising.

Lemma 2.11. Suppose (D, E) is a duality and D(L)YS S SR, is a full sub-
category. Then (D, E) is full between & and & if and only if 1 =1D(Z).

Proof. If (D, E) is full between £ and %, then 1¥=ID(¥) by definition.
Conversely, consider 4€.%. In Lemma 2.5(iv) set X=D() and ¢=idp,,. Then
we obtain the following commuting diagrams:

A== ED(Y) DAY 129, DED(A)
g E(idpcay idga) lb(a)
ED(%) D)

By Lemma 2.4, E(idp)=idgp, and therefore g=idgp0eqg=ey. It follows
that D(g) is bijective and hence ¢, is bijective. Now we obtain at once from Lemma
2.5(iii) that for any X€ID(Z), ¢yx: X|-»DE(X) is a topological isomorphism.

This observation reveals that any duality is full in exactly one way. The “issue
of full duality” appears to be the task of identifying the category ID(%), i.e., to give
a comprehensible description of the topological structures belonging to this category
in terms of their topology and their structure. It does not appear that the Davey—
Werner definition of full duality is helpful in this respect. In an attempt to carry out
this task we shall first give a description of the category 1D (%) which is completely
independent from the category theoretical construction, i.e. which does not involve
the adjoint contravariant functors D and E. For this purpose we introduce the notion
of hull-kernel closed subset of a power of P. This notion plays an important role in
sheaf representation and has been investigated in 2 much more general context in
Krauss and CLARK [16]. However, for our purposes it suffices to consider a limited
version which we shall give a self contained treatment. For each non-empty set S,
let s be the subalgebra of PP? (ISPP-freely) generated by the set {r, |s€S}
of projections. For g, 1€Fg define

Eq(o, 7) = {x€P%[o(x) = 1(x)}
and for an arbitrary subset XS PS define the hull-kernel closure X of X by

X = N{Eq(o, 7)|X S Eq (o, 7)}.
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In other words, y€ X if and only if ¢(y)=1(y) whenever g, 1€ Fg and o(x)=1(x
for all x€X. In particular, each member of ny Fg has a unique extension in ng Fg
so that m, &, =7, §s. X is called hull-kernel closed if X=X.

Lemma 2.12. Forany X, YSP5,
() X&X,
(i) X=X,
(i) XSY implies XCY.
Lemma 2.13. Every hull-kernel closed subset of PS is closed in the product
topology. '

First we shall give a characterization of hull-kernel closed sets which will reveal
the role of partial operations in the topological structures of similarity type t.

Lemma 2.14. Suppose S#=0 and XCSPS. If for every f: ny§s—PB there
exists x€X such that f=n,, then X is hull-kernel closed.

Proof. If y€X, we can define f: nyxFs—P by f(nyxo)=0(y). Choose x€X
so that f=n,. Then for any s€S,

x(8) = m,(x) = me(m) = f(mx(n) = m(y) = ¥(9)

so that y=xecX.

Now suppose AP’ and f: W-~P. We can view f as an [-place partial
operation on P. For each non-empty S we can canonically lift ' to an I-place
partial operation f on PS5, The domain of f is defined by

A = {xe(PS)!|noxcA forall seS},

and f: A—~P5 is defined by f(x)(s)=f(nsox). We call XS P closed under f
if f(x)€X whenever xcX'NA.

Lemma 2.15. Suppose S#0 and XS P5. Then X is hull-kernel closed if and
only if X is closed under every f, where UCSPP and f: N—~P.

Proof. Assume X is hull-kernel closed, ACP!, f: A-P and xeX'NA.
Since Js is generated by {n,|s€S}, each member of Fy is of the form rT’S(nso,
o M ), where T is an n-place term. So suppose

X S E(t3s(ny,, ..., m;,_), 0%s(ng,, ..., T, )
Then
*(n,0x, ..., w5, _ox): 1 —~ P

Sn-1
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and therefore for each icl,
(0%, ..., 7, _,0x)(i) = 19 (ne, (i), ... ,~7rsn_1x(i)) =
= P(x()($0)s -+ » X()(Sp-1)) = 5 (g, v 75, Y (x (D) =
= 03s(ng,, ..., 75, ) (x()) = 6%(ms0%, ..., 7, _ox)(i).
s (s oo s T, ) (J () = (T (s0), -, ) (s5,-0)) =
= P (f (@, 0%)s .. s [y, ,0%)) = F (T2 (700X, ..., 7,,_OX)) =
= (0¥ (7;,0%, ..., ,0X)) = & B (Megs - 75, ) (J (%))

This establishes that f(x)€X=X.

- Conversely, suppose for all UcSPP and f: A—-P, X is closed under f.
Consider nxFsSP* and f: nx§s—P. Define x€P5 by x(s)=f(nx(m)).
We shall show that x¢X and f=n,. So consider ny FsS(P%)* and f: my Fs—~PS.
Let ©(y)=y for all yeX. Clearly n,ot€nyFg for all s¢S and therefore 1€ny Fy.
By hypothesis, f(1)¢X and for each s€S,

J@) () = fms01) = f(nx(n5)) = x(s).
Thus x=f(r)€X. Finally, for each s¢S,

f(nX(ns)) = X(S) = »ns(x) = ”x(ﬁx(ﬂs)) )
Since g is generated by {7, | s€ S}, f=mn,. By Lemma 2.14, X is hull-kernel closed.

Thus

Corollary 2.16. Every: hull-kernel closed set X CPs, r"lzere K #0, determines
a substructure XCSPS,

~ Proof. Suppose gcPOp. By the requirement Lemma 2.1(i), gPSP"+!
determines a subalgebra of §"**. Thus D=dom (g") determines a subalgebra
DCP” and g¢°: D—~P. Thus by Lemma 2.15, X is closed under g™: D—PS.

- Lemma 2/17. For every €L, D(ASPA is hull-kernel closed.

Proof. Consider CPFY. To simplify notation, we take P=(P, +),
where + is bmary Then for any a,be A, n,, 1y, m,45€F,4. Thus for any feD(A),

Toss(N) = J(@+5) = f(@)+B) = m(N)+7() = (@ +m)().

This shows that D(A)SEq (45, m,+m,). It follows that for any g€D(4),
Ta4p(8)=(n,+7,)(g) and therefore gla+b)= g(a)+0(b) Thus g€D(A) and

D(A)SD(A).
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Let S;; PP be the .class of topological structures X, where for -some S0,
XCP® is hull-kernel closed, and :let £,=IS, PP.

Theorem 2.18. D(‘.Sf)g%j,,k_g%o Is a full subcategory.
Proof. Use Lemma 2.13, Corollary 2.16 and Lemma 2.17.
Next we shall chafacter’l;;e duality in terms of hull-kernel closed sets.
Lemma 2.19. Fof cach fED(Fs) there exists x€PS such that f=m,.
Proof. Define x€PS by x(s)=f(r,). Then for any s€S,

1) = () = 1) = mylmy).
Since {n,|s€S} generates Fs, f=n,.

Lemma 2.20. AISPP if and only if there exist non-empty S and hull-kernel
closed XS PS5 such that M=nyFs.

Proof. Suppose UCISPYP. Then there exist non-empty S and f: Fg— U,
and there exist [ and g: W |— P!. For each i€l consider.
Fs > UL P21, P

Let h,~mogof. Then hi&D(Fs)..and by Lemma 2.19, there.exist x;¢P5 such
that h,=n, . Let: X={x;|icI}. Then for any o, 1¢F the following assertions are
equivalent: . : : : :

@ =10
For all icl, mgf(r)=mgf(z).
For all i€l, hi(a)=h(v).
For all icl, n,(o)=n, (7).
e,

Thus W=, Fo=n;&s, and we may assume that X=X:
Lemma 2.21. For any won-empty S and closea{ ,,X‘gP‘g, iy FsEE(X).

Proof. Check directly that for each s,ES’, Ty (ns): X— P is continuous. Since
&s is generated by {r, | s€S}, by induction for each € Fg, nx(1): X—~P is conti-
nuous. The remainder of the assertion follows from the requirement Lemma 2.1(ih).

2
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Now in Lemma 2.5(iv) set AW=n,Fs and i: ny Fsll— E(X) the injection map-
ping to obtain the following commuting diagrams:

7, §s X5 . ED(nx ) X=X, DEI(X )]
/.\ ls(ax) R l D()
E(X) D(nx §s)

Clearly 6y (x)=mn,: 1y Fs—~P.

Lemma 2.22. §,: X|I—D(ny§s) is a topological embedding onto a closed
subspace of PxFs,

Proof. Adjust the proof of Lemma 2.5 (ii).

Lemma 2.23. 64: X|l— D(ny&s) is a topological isomorphism if and only if X
is hull-kernel closed. :

Proof. If 8, is a surjective mapping then, by Lemma 2.14, X is hull-kernel
closed. Conversely, assume X is hull-kernel closed. By Lemma 2.22 it suffices to show
that 8, is a surjective mapping. Indeed, let f€D(ny Fs) and consider

s 2 mx Fs L P.
By Lemma 2.19, there exists x¢€ PS such that fomy=mn,. We shall show that x¢X.
Consider o, 1€ Fg, where XCEq(o,t). Then mny(0)=nx(r) and therefore
[(nx(0))=f(nx(x)). Thus =n.o=mn.1, ie, o(x)=1t(x). This establishes that
x€Eq (0, 1), so x€¢X=X. Now we obtain for any s€S,
f(”x (ns)) - 7Tx(":s) = ”x(nx(”s))~
Since {n,|s€S} generates Fs, f=n,=x(x).

Corollary 2.24. If X is hull-kernel closed, then E(X)=ny§s if and only if

e . , .
€ 55 Tx Fsil— ED(nx &s) is an isomorphism.

Proof. Returning to the definition of §,, we obtain from Lemma 2.23 the follow-
ing commuting diagrams:

e §s =285 . ED(nx s) a( I—X ~ DE(X)
i lE(t’x) 8x ()

E(X) D(ny&s)

The assertion follows at once.
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Now we obtain the promised characterization of duality in terms of hull-kernel
closed sets:

Theorem 2.25. (D, E) is a dudlity if and only if for every non-empty S and
every hull-kernel closed XS PS5, E(X)=ny§s.

Proof. One direction follows immediately from Corollary 2.24, and for the
other use Lemmas 2.5, 2.20 and Corollary 2.24.

Notice that in case (D, E) is a duality, then in particular for any non-empty S,
E(PS)=g;. Next we give a description of the dual category ID(£) which does not
depend on the category theoretical construction:

Theorem 2.26. Suppose (D, E) is a duality and D(L)SSL SR, is a full
subcategory. Then (D, E) is full between & and & if and only if S =2, .

Proof. By Theorem 2.25, for every non-empty S and every hull-kernel closed
XS PS5, ¢x=06x. Thus by Lemma 2.24, (D, E) is full between % and %,,. The
remainder of the assertion follows from Lemma 2.11.

Now the “‘dilemma of full duality” becomes apparent: The definition of hull-
kernel closed structures X¢S,,PP does not involve the topology of the space X
and the structure of X (in terms of the similarity type t !) but involves the ISPP-free
structures of similarity type ¢! The code to translate between the two similarity types
is given by Lemma 2.1. Unfortunately this code is so involved that the description
“topological isomorphs of hull-kernel closed substructures of powers of P” con-
sidered as a description of the category %, in terms of the topology and the structure
of its members is so circuitous that it is practically incomprehensible. Now the
authors have not been able to find a single example of a duality result in this setting
where a comprehensible description of the dual category 2y, is given in terms of the
topology and the structure of its members unless %), =%,. Thus the “issue of full
duality” appears to be the question:

“When is %y, = #,?”

which by Theorem 2.26 translates into the question:
“When is the duality full between % and %,?”

In fact every “full duality result” the authors are aware of implicitly involves showing
Ry =Ro. To make this explicit we shall conclude this section by describing those
circumstances of duality which yield £,,=%,. Moreover, we shall see that under
these circumstances we will always obtain the stronger conclusion S,,PP=S_,PP,
i.e. closed subspaces of powers of P are hull-kernel closed. Since all of this is rele-
vant only in case (D, E) is a duality, we shall state an important result of DAVEY
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and WERNER [7] which yields duality in all cases considered by them. The key is
their interpolation condition:

(IC) For all non-empty finite T and XCP7, every y: X—P is the- restrlctlon of
a T-ary term function of P (i.e. nx‘;}T—E(X))

Theorem 2.27 (DAvEy and WERNER . [7]) If POpURI .is finite and (IC)
holds, then (D, E) is a duality. )

- Most applications of this theorem can be obtained from a special case which
was proven independently by the authors and R. McKenzie. A (k+1)-ary term t
is called a near-unanimity term for B if for any a, b€P,

™ (a, b, .. b)—t"(ba, y ey D) = —TP(b .,b,a)=0b.

This notion was introduced by BAKER and PIXLEY [2] They prove that (IC) holds in
case ‘B has a (k+1)-ary near-unanmnty term and P is chosen to have all subalgebras
of PB* as relations. :

Corollary 2.28 (Clark, Krauss and McKen21e) Suppose P has a (k-l—l)—ary
near unantmzty term and let P=(P,r),csq.. Then (D, E) is a duality.

Now we shall investigate circ,umstanceé_ yieldihg Rp=R, under the hypethesié
of Theorem 2.27, covering all “full duality results” that have come to our attention.
We start with a strengthening of Theorem 2.27:

Theorém 2.29. If POpURI is finite and (IC) hoIds, then for every non-empty
S and every closed XGPS, E(X)=ny§s.

Proof. Itis easy to verify that this is what DAVEY and WERNER [7] actually prove,
although they don’t state it.

Corollary 2.30. If POp URI is ﬁnzte and*(IC) holds, then R,=Ry if and
only if S, PP=S.PP, i.e. “closed sets are hull-kernel closed”.

Proof. Suppose #y=%, and XcS,PP. By Theorem 2.26, gx: X|[— DE(X)
and therefore, by Theorem 2.29, ey: Xi— D(nx&s). Thus ¢y=0x and X is hull-
kernel closed by Lemma 2.23.

Thus in the settmg determined by the hypothesis of Theorem 2.27, a duality
(D, E) is full between £ and £, if and only if *“closed sets are hull-kernel closed.”
Now DAVEY and WERNER [7] give sufficient conditions for this to occur which we
shall look at next. Actually we shall take a little detour and look back at Lemma
2.15. This tells us that taking all homomorphisms from subalgebras of arbitrary
powers of B into P as (infinitary) partial operations of P would even yield S,,PP=
=SPP. Now to begin with this would force us to.introduce infinitary partial opera-
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tions and to consider a similarity type with a proper class of partial operation sym-
bols, clearly going beyond the formal scope of our setting. Moreover, the hypothesis
of Theorem 2.27 actually commits us to finitely many (finitary!) partial operation
symbols! On the other hand, notice that once we have obtained a duality from The-
orem 2.27, then adding finitary PB-homomorphisms to OpUPOp while keeping
POp finite preserves (IC) and does not affect S, PP whereas in general it will “cut
down” S_PP. If we finally succeed to obtain S, PP=S.PP achieving full duality
this way, then in general we will have blown up the similarity type t to a size which is
too unwieldy for applications, so that the issue of “reducing the similarity type by
removing redundancies” arises. There may also be some practical advantages to
“rearranging the similarity type™ by treating certain relations as partial operations or
operations. Frequently all of this can be accomplished without disturbing full duality.
Let F,, F, be sets of operations, G,, G, sets of partial operations and R,, R, sets
of relations on P respectively, where F,CF,, G,SG; and R, SR,. Suppose that
Py=(P,f, 8" rcr,geG, rer, 304 Po=(P,f,8,r) cp gcq,rer, DOth satisfy the
conditions of Lemma 2.1. We say that F,UG,UR, generates R, if for every
non-empty finite T and XESPT, if ¢: X—~P, then  preserves all relations of R,
(and hence ¥: X—P,).

Lemma 2.31. Suppose R,UUG,UR, generates R,.
(i) If P, satisfies (IC), then P, satisfies (IC).
(ii) If SPP,=S,PP,, then S, PP,=S PP,.

Altogether these observations suggest the following

- Full Duality Strategy 2.32. Step I: Choose t such that POPURI is finite
and (IC) holds. ‘
Step 2: Increase OpUPOp keeping POp finite until S, PP=S, PP.
Step 3: Decrease Rl, possibly treating certain relations as partial operations or
operations, untit Op UPOpURI is a minimal generatmg set of the set of relations
chosen in Step 1.

All full duality results we have looked at can actually be obtained following the
Full Duality Strategy (where in some cases one or more steps may be skipped) and
we shall present selected samples later in this section. First we shall give several tests
to check whether Step 2 of this strategy has been successfully completed. -

Lemma 2.33. If POp=0, then the following three conditions are equivalent:

(i) Sy PP=S,PP.

(ii) Every substructure of a finite power of P is hull-kernel closed.

(HK) For every non-empty finite T, XSPT and ycPT—X, there are two
T-ary terin functions of B which agree on X but not at y.
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Proof. (HK) is just a full statement of (ii), and (i) implies (ii) trivially. So
assume (HK) and let XS PS be closed, z€ P°—X. Then there is a basic clopen set

Ur = {x€PS|nrz = nrx},

where TCS is finite, z€Uy and XNU;=@. It follows that y=n;z¢ n; X. Now
there exists an embedding h: &y Il— §s which sends the projection =,, considered
as a generator of 7, to the projection m, considered as a generator of §s. Since
POp=0, n;X determines a substructure of PT. By hypothesis there exist 6, T€Fy
such that ¢ and t agree on ny X but not at y. Thus h(c) and A(z) agree on X but not
at z. This shows that X is hull-kernel closed and (i) is established.

Corollary 2.34. Suppose POp=9, Rl is finite and (IC) holds. Then the duality
(D, E) is full between & and R, if and only if (HK) holds.

Proof. Use Theorem 2.26, Corollary 2.30 and Lemma 2.33.

DAVEY and WERNER [7] proceed somewhat differently introducing the condition.

(E3)p If T is finite and XCSYCPT, where XY, then there are distinct ¢,
Y: X—P which agree on X.

Now it turns out that in the presence of (IC) the conditions (E3); and (HK)
are equivalent:

Lemma 2.35. (E3);+(IC)=(HK)=>(E3)s.

Proof. Assume (E3); and (IC) and let XSPT and y¢PT—X where T is
non-empty finite. Let Y be the substructure of PT generated by XU {y}. By (E3)
there are distinct ¢, y€E(Y) which agree on X, and therefore not at y. By (IC),
¢ and ¥ are restrictions of T-ary term functions of .

Next, assume (HK) and let XSG YSPT, where T is finite. Consider any y€Y —X.
By (HK) there are o, 1€ F; which agree on X but not at y. By Lemma 2.21, nyo,
nyt€E(Y). This establishes (E3).

Now we obtain an adjusted version of the Second Full-Duality Theorem of
DAVEY and WERNER [7]:

Corollary 2.36. Suppose POp=0, Rl is finite and (IC) holds. Then the duality
(D, E) is full between & and R, if and only if (E3)p holds.

Proof. Use Corollary 2.34 and Lemma 2.35.

In those cases where POp==@ we shall obtain Step 2 of the Full Duality Stra-
tegy by a completely different approach. A finite non-trivial algebra P is called
filtral if all congruences on subdirect products of subalgebras of P are induced by
filters on the index set. Using JONsSON [14] it is not hard to verify that P is filtral if
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and only if it generates a congruence distributive variety and its non-trivial sub-
algebras are all simple (cf. Krauss [15]). So let B be a filtral algebra, let K be the
set of non-trivial isomorphisms between non-trivial subalgebras of P and let E
be the set of elements of P which determine a trivial subalgebra of PB. Consider

P=<P’ n, e)nEK,eGE'
Theorem 2.37. S, PP=S_PP.

Proof. Let XZPS be closed, ASP' and f: A—-P. By Lemma 2.15 we
must show that X is closed under f. So consider x¢X’, where moxcA4 for all
s€S. We have to show f(x)€X, where f(x)(s)=f(rsox). If f has constant value
ecE then f(x)=écX, since XSPS. Otherwise, since P is filtral, there is an ultra-
filter U on I such that for a, b€ A,

fl@=f®) iff Eq(a,b)EU, h@=p iff a-'(p)eU.

Since f and h have the same kernel, there exists an isomorphism #: () I— f(2)
such that f=noh. It follows that f=n*oh, where #* is the canonical extension of #
to X. Since XSP5, X is closed under %, so that f(s)cX iff h(x)€X. Since X is
closed, for h(x)€X it suffices that for any finite TCS, nrh(s)énpX. For each
teT set

h(x)(1) = h(mox) = p,€ P,

M= () (mox)~(p).
teT

and let

Then McU. Consider any i€ M. Then for any €T,

x(?) = (mox)(@) = p, = h(x)(®).
This establishes that n,h(x)énrX.

Gathering what we have found we can now state a very general result with many
immediate applications. If the finite nontrivial algebra P has a k- 1-ary near unani-
mity term we perform Step I by taking all members of SB* as relations for P accord-
ing to Corollary 2.28. Now MiTsCHKE [18] has shown that such an algebra always
generates a congruence distributive variety. Thus P is also filtral just in case its
non-trivial subalgebras are all simple. In this case we can do Step 2 by adding the set
K of non-trivial isomorphisms between non-trivial subalgebras of 9 as partial
operations of P and the set E of elements which determine a trivial subalgebra of
as constants of P according to Theorem 2.37. Step 3 remains as a clean-up operation
which uses Lemma 2.31 and relies on more special properties of the algebra P.

Theorem 2.38. Suppose P has a k+ 1-ary near unanimity term and only simple
non-trivial subalgebras. Let F, G and R be sets of operations, partial operations and
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relations on P respectively, where ECF, KSG and RSSP*. If

P= (P, r, gvf>r€R,g€G,f€F

satisfies the conditions of Lemma 2.1 and RUGUF generates SB*, then (D, E)
is a full duality between 1SPB and IS _PP.

A non-trivial finite algebra P is called a dual discriminator algebra if the dual
discriminator on P, defined by
ey ={ 1 *2?

z if xs#y

is a term function of . This notion is due to Friep and PixLey [9]. In this case the
dual discriminator serves as a 3-ary near unanimity term on P and forces nontrivial
subalgebras to be simple, so Theorem 2.38 applies.

Corollary 2.39. If B is a dual discriminator algebra and

_ P=(P,r, 1, &cs92, nex, eck
then (D, E) is a full duality between 1SPP and 1S_PP.

Davey and WERNER [7] give many examples of full duality applying their Second
Full Duality Theorem. Three of these applications are not correct (quasi primal
algebras, weakly associative lattices and median algebras) because in those cases
POp 9. These erroneous arguments also appear in WERNER [23]. Now it turns out
that all three examples are dual discriminator varieties and we can still establish
their claims as consequences of Theorem 2.38. As additional applications of Theorem
2.38 we consider primal algebras, quasi primal algebras, distributive lattices (where
P is a dual discriminator algebra which is not quasi primal) and De Morgan algebras
(where  is a filtral near unanimity algebra which is not dual discriminator). Finally
we give an application of Corollary 2.34 considering semi lattices with unit (where
is neither filtral nor near unanimity). The reader will easily convince himself that
the remaining examples in DAVEY and WERNER [7] can be treated similarly.

Example 2.40: Primal algebras. A non-trivial finite algebra P is called
primal if every (finitary) operation on P is a term function. Clearly a primal algebra
has a 3-ary near-unanimity term. Moreover, it is simple and has neither proper sub-
algebras nor nontrivial automorphisms. Let P=(P), ie. take OpUPOpURI=0.

Theorem 2.41. If B is a primal algebra, then (D, E) is a full duality between
ISP and IS, PP. :

Proof. HUE=0 and the subalgebras of P2 are B2 and the diagonal of B2.
It follows at once that @ generates SP2. The assertion follows from Theorem 2.38.
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Example 2.42: Quasi primal algebras. A non-trivial finite algebra Q
is called quasi primal if the ternary discriminator on Q, defined by

x if x#y

is a term function of Q. Since d2(x, y, z2)=12(x, %(x, y, z), z), a quasi primal
algebra is a dual discriminator algebra and Theorem 2.38 applies. To carry out Step
3 of the Full Duality Strategy in this case, several options appear to be available
and we choose the setting of DAVEY and WERNER {7]. Let H be the set of all isomor-
phisms between all subalgebras of Q together with the empty mapping and let

Q=(0, 1, e>r’€Ii, eCE*
Theorem 2.43. (D, E) is a full duality between ISPQ and IS PQ.

Proof. The subalgebras of Q2 are exactly the direct products of subalgebras
of Q and the isomorphisms between subalgebras of Q. It easily follows that HUE
generates SQ2. The assertion follows from Theorem 2.38.

Example 2.44: Distributive lattices. Let D=({0,1}, A, V) be the two-
element lattice generating the (quasi) variety of distributive lattices. Then

(xA»)V(xAz)V(yAz)

defines the dual discriminator on {0,1} and Theorem 2.38 applies. Let
D=({0, 1}, =, 0, 1).

Theorem 2.45. (D, E) is a full duality between ISPb and 1S,PD.

Proof. D has no non-trivial automorphisms and it is easy to verify that {=}U
U{0, 1} generates SD2. The assertion follows from Theorem 2.38.

Example 2.46: Weakly associative lattices. W=, A,V) is called
a weakly associative lattice if it satisfies the lattice axioms with the exception that
the associative laws are replaced by the weak associative laws

(xA2)V(yAD)Vz =z, ((xV2)AQPVI)Az = z.

‘This notion is due to FRIED and GRATZER [8]. A weakly associative lattice has the
unique bound property if any two elements have unique upper and lower bounds.
FRrIeD and PixLEY [9] show that a non-trivial finite weakly associative lattice is a filtral
algebra.if and only if it is a dual discriminator algebra if and only if it has the unique
bound property. So let W=(W, A, V) be a non-trivial finite weakly associative
lattice with the unique bound property. Then Theorem 2.38 applies. Let H be the
set of all isomorphisms between all subalgebras of 9B together with the empty
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mapping, let = be the ordering on any fixed two-element subalgebra of T and let
W=W, =,1,¢cn, ek

Theorem 2.47. (D, E) is a full duality between ISPIB and IS _PW.

Proof. WERNER [23] shows that {=}UHUE generates SI3%. The assertion
follows from Theorem 2.38.

Example 2.48: Median algebras. Let M,=({0, 1},d), where d is the
dual discriminator on {0, 1}. Then Theorem 2.38 applies. The only automorphism of
M, is defined by 0'=1 and 1’=0. Let M,=({0,1}, =,%,0,1).

Theorem 2.49. (D, E) is a full duality between ISP, and IS . PM,,.

Proof. WERNER [23] shows that {=}U{}U{), 1} generates SIMZ. The asser-
tion follows from Theorem 2.38.

Example 2.50: DeMorgan algebras. The (quasi) variety of DeMorgan
algebras is generated by the algebra M=({0,4,b,1}, A,V,0,1, ~) where
{{0,a,b,1}, A, V, 0, 1) is a bounded lattice with a and b incomparable and ~ is
the unary operation defined by ~0=1, ~1=0, ~a=a, ~b=>b. It is easy to check
that I has only simple subalgebras and

m(x, y,z) = (xAp)V(xAz)V(yAz)

is a 3-ary near unanimity term for 9. This time m™ is not the dual discriminator
on M, and BLok and PiGozzi [4] check that the dual discriminator is not a term
function of M at all. Now let = be the partial ordering

-

on {0, a, b, 1} and let « be the automorphism of 9 that interchanges @ and b. Let
M={{0,a,b, 1}, =, a).

Theorem 2.51. (D, E) is a full duality between ISPM and 1S_.PM.

Proof. DAvEy and WERNER (7] verify that {=}U{«} generates all 45 sub-
algebras of M2 The assertion follows from Theorem 2.38.

Example 2.52: Semi lattices with unit. Let €=({0,1}, A,1) be the
two-element semi lattice generating the (quasi) variety of semi lattices with unit.
Now take §=({0,1}, A, 1).

Theorem 2.53. (D, E) is a full duality between ISPS and IS, PS.
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Proof. DAVEY and WERNER [7] verify (IC) and (E3),, and we verify (HK)
directly: Choose T finite, XSS7, yeST—X. Let

z = ANxeX|x = y}.
Now define o, 1€ Fy, by

o =AN{mlz( =1}, == AN=|y@)=1}.

Since y¢ X, z>y sothereexists t¢T such that z(r)=1 and y(¢)=0. Thus ¢(y)=0
but t(y)=1. However for any x€X, if x=y then x=z so that o(x)=t(x)=1,
whereas if xZy then xzz so that o(x)=1(x)=0. This establishes (HK). Now
use Corollary 2.34,

3. Axioms for topological quasi atomical theories

In this section we shall present examples of (compact) topological quasi varie-
ties and investigate their topological quasi atomical theories.

Example 3.1. A topological space is T if distinct points have distinct neigh-
borhood systems. Consider the empty similarity type t, i.c. OpUPOpURI=0, and
let Py={0, 1} be the Sierpinski space with open sets §, {0}, {0, 1}. Then for any
topological space Y the following are equivalent:

(i) Ye¢ISPPR,,
G) Y [ 2 5 A, L =~ o,

(iii) Y is a T;-space.

Proof. The equivalence of (ii) and (iii) is obvious and (i) implies (ii) by Corollary -
1.10. Finally assume (iii). We shall verify conditions (i) and (iv) of the Separation
Principle. Suppose x, y€Y, where xsy. Then, say, there exists an open neigh-
borhood U of x, where y¢ U. Define

()_{o if zeU,
PE =11 i zeU.

This establishes condition (i) of the Separation Principle. Suppose D is a subset of
the power set of Y directed by inclusion, d: D~Y isanetin Y and y€Y, where
6d"S y. Then there exists an open neighborhood U of Y such that § is not even-
tually in U. Now define ¢ as before and condition (iv) of the Separation Principle
is established. (i) of the assertion now follows from the Separation Principle.

This example shows that the class of Ty-spaces is a topological quasi variety in
any similarity type.
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Example 3.2. A topological space is Hausdorff if and only if limits of convergent
nets are unique. Thus a topological structure X (of any similarity type t !) is Hausdorff
if and only if for any directed set (D, =) and any net v: D—~¥Vb, X is a model of

[vdi-ei u/\vd“—p» wl=u=~w,
Thus the class of topological Hausdorff structures is a topological quasi variety in
any similarity type. While our axioms are simple and uniform they constitute a
proper class, and we claim that this is essential.

Lemma 3.3. For each regular cardinal » there is a compact topological space X,
which is not Hausdorff but whose subspaces of cardinality less than » are zero-dimen-
sional (i.e. have a basis of clopen sets) Hausdorff.

Proof. For X, take the set x+2 with subbasis consisting of all sets UU {x}
and UU{x+1} where UZSx is an open interval.

Corollary 34. Let X be the topological quasi-atomical theory of Hausdorff
spaces. Then every subset X, of X has a model which is not Hausdorff.

Proof. Let x be a regular (e.g., successor) cardinal larger than the number of
variables occurring in the formulas of Z,. We verify that X, ,=2,. Let &¢X,
and choose a: Vb—X,. Let V be the subspace of X, determined by the images
under a of the variables that occur in @. Without loss of generality we may assume
that a: Vb~Y. Since Y has smaller cardinality than x, Y= ®&[a] by Lemma 3.3.
It follows from Lemma 1.9 (i) that X, = ®[a).

Example 3.5. Consider the empty similarity type t, i.e. OpUPOpURI=0,
. and let P be a finite set with at least two elements carrying the discrete topology.
Then for any topological space Y the following are equivalent:
(i) YEISPP,
(i) Y=Th,,P,
(iii) Y is a zero-dimensional Hausdorff space.

Proof. The equivalence of (i) and (ii) follows from Corollary 1.10, and (i)
implies (iii) trivially. Finally assume (iii). We shall verify conditions (i) and (iv)
of the Separation Principle. Suppose x, y€Y, where x>y. SinceY is a zero-dimen-
sional Hausdorff space, there exists a clopen neighborhood U of x, where y4 U.
Choose a, b¢ P, where a=b and define

(z)__{a if zeU,
PB=1p i zquU.

This establishes condition (i) of the Separation Principle. To establish condition (iv)
we proceed just as in Example 3.1.
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.. This example shows that the class of totally disconnected Hausdorff structures is
a topological quasi variety in any similarity type.

The difference between Examples 3.1 and 3.2 on the one side and Example 3.5
on the other forces us to broach the subject of “axiomatizability”” of a topological
quasi atomical theory. Intuitively speaking, -a theory is axiomatizable in case it is
“intelligible” and, roughly speaking, this means that axioms for the theory can be
“explicitly written down” in some sense. Well-known technical expliciations of this
notion then follow suit, which in the case of infinitary languages (like ours!) require
rather sophisticated machinery. Without getting involved in all of this (and we shall
not!), it is clear that in Examples 3.1 and 3.2 we have explicitly written down axioms
for the topological quasi atomical theories of Ty-spaces and of Hausdorff spaces
respectively, whereas in Example 3.5 we have not explicitly written down axioms for
the theory of zero-dimensional Hausdorff spaces. The reason is simple: We have not
been able to. Since further inquiries into this matter require considerations going
beyond the scope of this paper, we shall leave it at that.

Example 3.6. Let t be the similarity type of topological Abelian groups
(G, +, —, 0), and let C be the circle group of real numbers modulo the integers with
the quotient topology. By Pontryagin’s Duality (PONTRYAGIN [21]), for any compact
topological structure Y, YIS PC if and only if Y is a compact Abelian group.

Of course, the axioms for Abelian groups (trivially) “axiomatize™ the topological
quasi atomical theory of topological Abelian groups. However, that the class of
compact Abelian groups is generated (as a compact topological quasi variety) by C
is a highly nontrivial observation.

Now we shall turn to the examples of Section 2. Each “full duality result”
obtained from Corollaries 2.34, 2.36 and Theorem 2.38 yields two category anti-
equivalences ’

D:ISPSB —~ IS, PP, E:IS.PP — ISP

between the (algebraic) quasi variety ISPB and the compact (topological) quasi
variety IS, PP which are inverse to each other (Lemma 2.10). The primary goal of
this kind of “unique representation” is to gain insight into the quasi variety ISP
from ones knowledge of the compact quasi variety IS PP (at least this appears to be
the original motivation for “duality results”!). An obvious prerequisite for success
is that one “knows” which topological structures X belong to IS,PP. Now in a
sense one does because the definition of the quasi variety IS, PP contains a clear
description of its members. However, this description is not very helpful to “decide™
whether a given topological structure X does belong to IS_PP or not. In fact the
Compact Hausdorff Separation Principle (Corollary 1.3), which really just spells
out-the -description “topological isomorph of a compact substructure of a power of
P>, rarely is helpful in this task. What is needed is a description of the members of
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IS_PP in terms of their topology and structure which does not involve “constructions”.
Now in Section 1 we have done exactly that. We have found the “right” language to
characterize the members of IS_PP as the compact models of the topological quasi
atomical theory of P. But in general this is not an “intelligible” description in the
sense that it is not possible to “decide” whether a given topological quasi atomic
formula @ of this language does belong to Th,, P or not. What is required is an
“axiomatization” of the topological quasi atomical theory of P. Now we have already
run into trouble with that task failing to axiomatize the topological quasi atomical
theory of zero dimensional Hausdorff spaces in Example 3.5. Fortunately what is
required in the examples arising in the setting of Section 2 is something more special:
We need to find an “axiomatization’ of the topological quasi atomical theory of the
compact topological quasi variety IS, PP, and this we can do.

Example 3.7: Boolean spaces. Returning to the setting of Example 3.5 we
show that we can axiomatize the compact topological quasi variety IS PP of Boolean
spaces. Let BL denote the class of all formulas

{P|PcZ}=>x =~y

where Y is a compact space, Z is defined as in Lemma 1.11 and x and y are two
points of Y which are not separated by clopen sets. Then for any topological space Y
the following are equivalent:
(i) YeIS PP,
(ii) Y is a compact model of BL;
(iii) Y is a Boolean space.

Proof. The equivalence of (i) and (iii) follows from Example 3.5. Next assume
(iii). To prove (ii) it is sufficient, by Lemma 1.10 and (i), to verify that P=BL.
Accordingly consider

{P|Pez}=>x =~y
in BL as above, b: Vb—P such that P=®[b] for each #¢Z. By Lemma 1.11
¢@: Y=P, where @(v)=>b(v). If bx=by, then ¢~1(bx) and ¢@~'(by) are clopen
sets separating x and y. Thus bx=>by and therefore PE=(x=y)[bl.

Conversely assume (iii) fails. Since Y is compact there must be distinct members
x and y of Y which are not separated by clopen sets. But then

{P|Pel} > x =y
is a formula of BL not satisfied by Y, and we conclude that (ii) fails.
| As in Example 3.2, the size of the axiom system cannot be reduced.

Corollary 3.8. Let X be the topological quasi-atomical theory of Boolean spaces.
Then every subset 2o of X has a compact model that is not Boolean.
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Proof. The proof is exactly the same as in Corollary 3.4 since every zero-dimen-
sional Hausdorff space can be embedded in a Boolean space.

The axiom system BL will be incorporated into our subsequent examples. Before
we continue we should like to make a few comments on the nature of this axiomati-
zation of the topological quasi atomical theory of Boolean spaces. Although it
appears to be a “‘reasonable” axiomatization of the (infinitary) first-order theory
under consideration, it does not appear to be a mathematically useful characteri-
zation of Boolean spaces. Now the usual definition of Boolean spaces obviously
translates into a simple higher order definition in the language under consideration.
Thus item (ii) of Example 3.7 may be viewed as a (mathematically useless) first-
order axiomatization of the compact quasi variety IS PP, whereas item (iii) may be
viewed as a (mathematically useful) higher-order axiomatization. This pattern will
reoccur in all subsequent examples.

Corollary 3.9 (Hu [13)). If B is a primal algebra, then (D, E) is a full duality
between ISPP and the category of Boolean spaces.

Proof. Use Theorem 2.41 and Example 3.7.

Example 3.10: Boolean H-spaces. Return to the setting of Example 2.42.
Actually, we shall consider a more general setting where Q is an arbitrary non-trivial
finite algebra, H is the set of all isomorphisms between all subalgebras of Q together
with the empty mapping, and E is the set of elements of Q determining a trivial sub-
algebra of Q.

Now take Q=(Q, 1, €),cn, .cg and consider each n€H as a partial operation
symbol, and each ecE as an individual constant to determine the similarity type t.
Davey and WERNER [7] call a topological t-structure X=(X,7*,e*),cp .cz
a Boolean H-space if

(i) X is a Boolean space.
(i) Each #* is a homeomorphism between closed subspaces of X,

(iii) (noy)*=n*oy*.

(iv) @Np*=n*Ny*.

(v) If 5 is the identity on Q, then ¥ is the identity on X.

(vi) 9%X=0.

(vii) If ecE and 7 is the identity on {e}, then n* is the identity on {¢*}.

(viii) If ey, e,€E and ne,=e;, then n*eyX=ef. »

We need a topological fact whose verification is straightforward.

Lemma 3.11. Let X and Y be compact Hausdorff spaces, XoSX and g: X,~Y.
Then (the graph of) g is closed in X XY if and only if X, and g(X,) are both closed and
g is continuous.

3
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Using this lemma we observe that the definition of Boolean H-space translates
directly into topological quasi equational axioms:

Lemma 3.12. Let Q be a nontrivial finite algebra. Then a compact t-structure
X is a Boolean H-space if and only if it is a model of
(i)’ BL.
(i)’ Cl(n), nux~nv=>u=v, where n¢H and Cl(n) is defined in Example 1.6.
(iii)’ néu~voyux~v, where 1,90, y€H and nod=vy.
(iv) yumve[quxvASu=v), where y,1,0€H and y=nN4.
(V) nvxv, where n is the identity on Q.
Vi) Quzo. .
(il quve[ux~eplvael, where 5 is the identity on {e}.
(viii)’ neg~e,, where ey, e,€E and ne,=e,.

Proof. The equivalence of (i) and (i)’ is Example 3.7 and the equivalence of
(i) and (ii)’ follows from Lemma 3.11. The remaining equivalences are straightfor-
ward.

Our goal is to prove that the topological quasi variety generated by Q is exactly
the class of Boolean H-spaces. This will require a somewhat detailed examination
of the consequences of the axioms (i)’ —(viii)’ for Boolean H-spaces. While some
parts of our argument may be found in Davey and Werner’s proof of SEP, a cor-
rect proof of the Compact Hausdorff Separation Principle appears to require that
we reproduce our argument in full. To do so we introduce some more specialized
notation. If AEQ and X is a Boolean H-space, we let “1,” denote the identity on
A and “X,” the domain of 1%. Moreover, we write “1,” for the empty map:
1,=0€¢H, and “X,” for the domain of 1): X,=0CX.

Lemma 3.13. Let X be a Boolean H-space, nc¢H, % and B subalgebras of Q.

(i) 1% is the identity on X .

(i) If n has domain A, then n* has domain X 4.

(i) X, np=X,NXp.

(iv) ACSB implies X, S Xp.

W ™Y = .

Proof. (i) 1,N1p=1, so 1XN1F=15N1,=1%. Thus 1%<1,.

(i) Let YSX be the domain of #*. nol,=n so 7%clX=yX so YSX,.
Then n-ton=1,, so (17"¥on*=1521,. It follows that 1¥=1, so X,=Y.

(ili) X np=dom 1%5,z=dom (1,N1z)*=dom (1XN1¥)=X,NXp.

(iv) Use (iii). ‘

(v)'Leét n have domain 4. Then n-lon=1, so (3~*on*=1X. It follows
that (7*)™'S(y")*. Replacing n by n~1, we obtain [(77)*]7'Sn* so (~H*ES
S -
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Lemma 3.14 (DAVEY and WERNER [7], 2.7, (3)). Q is injective in the category of
Boolean H-spaces.

Our proof of the Compact Hausdorff Separation Principle will depend on finding
“many” continuous homomorphisms from a Boolean H-space X into Q. We say
x€X is a fixed point of ¥, ncH, if x is in the domain of #* and n*x=x. Now
define

H,={ncH |x is a fixed point of n*}

and let S, be the subalgebra of Q consisting of all elements fixed by each member of
H,. Notice that every morphism ¢: X—Q takes x into S,. Let EX={eX | ecE}
and let Hx be the substructure of X generated by x:

Hx={n*x|n€H, x in the domain of nyUEX,

Lemma 3.15. Let X be a Boolean H-space, x€X.
(i) x€X, if and only if S,SWN.
(i) If x4 E*, then |S,|>1.
(i) If x=eXcEX, then S,={e}.
@iv) If a€S,, then thereis a ¢: Hx—Q such that ¢(x)=a.

Proof. (i) If x€X, then x is a fixed point of 1¥ so each element of S, is a
fixed point of 1,. Thus S,SA4. Conversely, let S.E 4. By definition of S,

Is, = 1oN {nn€H,}
so, by (iv),
15, = 13NN neH).
The right contains (x, x) so the left does as well, and x€Xs . Now S,54 so, by
(3.13, iv), x€X5 £X,. N
(i) Since x€Xg by (i), and X,=@, we obtain S,#0. Suppose S,={e}.
Then e€E so by (3.10, vii) we would have x€Xg =X,={X}SEX.

(iii) Consider x=eXcEX. Then X is the only fixed point of 1X (3.10, vu),
so S,C{e}. Butif ¥ is a fixed point of #*: X,—~X,, then

P =15 =1XNn" = a1,0n*.

Since #X=0, 1,Sn so ne=ecS,.
(iv) If x=e*cEX, then S,={e} so by (vii)) Hx=FE* and we define qo(cx) ¢
for cEE Now suppose ¢,d€E and #*c*=d*. Then

(*, d9€1Fon™o1¥ = (10n01,)" = 0. |
Consequently 1,0m01.#0 so n(c)=d and @uH*cX)=¢(d*)=d=n(c)=n(pcX).

ki
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Next consider x¢ EX. Then {n*x|[n€H}NEX=p so that, in view of the
preceding paragraph it remains to find an H-preserving map

Y:{n*x|neH} ~ Q.

If n has domain 4 and x€X,, the domain of #*, then by (i) a€ 4. Moreover, if
n*x=y*x then x is a fixed point of (y*)on*=(y"ton)%, by (3.13, v), so a is
a fixed point of y~'on and na=ya. It follows that i is well defined by ¥ (n*x)=na.

Theorem 3.16. Let Q be a nontrivial finite algebra, Q=(Q, ", €),cy. cck-
For a t-structure X the following are equivalent:
(i) XeIS, PQ.
(ii) X is a compact model of (i)’ —(viii)".
(iii)) X is a Boolean H-space.

Proof. (ii) and (iii) are equivalent by Lemma 3.12 and (i) implies (ii) by Corollary
1.10. It remains to show that a Boolean H-space X satisfies the conditions of the
Compact Hausdorff Separation Principle, Corollary 1.3.

We first consider x, y€X where x7#y. By Lemma 3.14 we need only find
x: HxUHy—~Q separating x and y. If x, ycEX, then HxUHy=FE* and we take
xe*=e (3.15, iv). Otherwise, assume x¢EX. If ycEX take any y: Hx—~Q
(3,15, iv). If y¢ EX and HxN Hy=EX, take any ¢:Hx—~Q, ¢: Hy—~Q and let
x=pUy.

Finally, suppose x¢EX, y¢ EX and Hx=Hy. Let n*x=y. By (3.15, i) S,
is contained in the domain of 5. We claim that some member of S, is not fixed by
7. Indeed if na=a for all a¢ S, then would have nNls =15 _so nxﬂlg‘x=1§‘x.
But x€Xg_ (3.15,1) and n*x=y#x. Choose acS, sothat na=a. Let ¢: Hx—~Q
take x to a (3.15, iv). Then @ ()= (H*x)=ne(x)=na=e(x).

To verify the second condition, choose x not in the domain #X. Let # have
domain A. Then x¢X,. By (3.15, i), S,EA. Choose a€S,—A4 and ¢: Hx—Q
taking x to a. By Lemma 3.14 ¢ extends to a y: X—~Q where ¥ (x)=a is not in
the domain of 5. As there are no relations we obtain (i) from Corollary 1.3.

Corollary 3.17. If Q is a quasi primal algebra, then (D, E) is a full duality
between ISPRQ and the category of Boolean H-spaces.

Proof. Use Theorems 2.43 and 3.13.

Example 3.18. Bounded Priestley spaces. Return to the setting of Exam-
ple 2.44. A topological structure (X, =%) is called a Priestley space if X is a parti-
ally ordered Boolean space and for each x, y€X, if x3Xy then there is a clopen
increasing set containing x but not y. (X, =%, 0%, 1%) is a bounded Priestley space
if (X, =) is a Priestley space with bounds 0* and 1X. Now for each choice of a
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bounded partially ordered space Y=(Y, =",0",1") where YSVb, and any
x, y€Y, where xx"y and every clopen increasing set containing x also contains y,
define X as in Lemma 1.11 and let i be the formula

/\{d>]<15€27} =X =y

Let BPS denote the class of all such . T hen for any topolo glcal structure Y the follow-
ing are equivalent:
(i) YeIS,PD.
(i) Y is a compact model of BPS and the axioms for bounded posets.
(i) Y is a bounded Priestley space.

Proof. Assume (i). To prove (il) we must show, by Corollary 1.10, that.
D=BPS. Let y¢BPS as described above, b: Vb—~D where D= @[b] for
each PcX. By Lemma 1.11, ¢: YD where ¢(v)=>b(v). Since ¢ is a homomor-
phism ¢ (1) is a clopen increasing set. Now if ¢(x)=1 we conclude x€¢~1(1)
so yeop~1(1). It follows that @(x)=¢(y), ie, DE(x=y)[b].

To prove (ii) implies (iii), assume that Y is a compact bounded partially ordered
space that is not a Priestley space. Without loss of generality we assume Y S Vb.
Then there are x, y€Y where x%Yy but every clopen increasing set containing x
also contains y. Defining X as in Lemma 1.11 we obtain

AN@|PeX}=>x=y

in BPS not satisfied by Y. Thus (ii) fails.
Finally, it is easy to see that (iii) gives the conditions of the Compact Hausdorff
Separation Principle from which we obtain (i).

Corollary 3.19 (PriestLEY [19], [20)). (D, E) is a full duality between ISPD
and the category of bounded Priestley spaces.

Proof. Use Theorem 2.45 and Example 3.18.

We shall omit the axiofnatization of the topological quasi atomical theories of
IS.PW (Example 2.46) and of IS,PM, (Example 2.48).

Example 3.20: DeMorgan algebras. We first observe that by omitting
all references to the bounds 0 and 1, in the previous example we would obtain a
system PS of axioms for all Priestley spaces (X, =*). Now return to the setting of
Example 2.50. Then for any topological structure Y the following are equivalent:

(i) YEIS . PM,

(i) Y is a compact model of PS, the poset axioms and

oMU U, U=V= U= N
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Proof. (i) implies (1) by Corollary 1.10 and DAvey and WERNER [7] show that
the conditions of the Compact Hausdorff Separatxon Prmmple follow 1mmed1ately
from (ii). - :

Corollary 3.21 (CornisH and FowLEr [5)). (D, E) is a full duality between
ISPIR and the category of all Priestley spaces with an order inverting homeomorphism
of order two.

Proof. Use Theorem 2.51 and Example 3.20.

Example 3.22: Boolean semi lattices with unit. Return to. the setting
of Example 2.52. Then for any topological structure ¥=(¥, A, 1) the following are
equivalent:

(i) Y<IS,PS;

(ii) Y is a compact model of BL and the axioms for commutative semi lattices
with unit.

Proof. By Example 3.7 we only have to show that (ii)‘implies (i). Under the
hypothesis of (ii)) Davey and WERNER [7] verify the conditions of the Compact Haus-
dorff Separation Principle for Algebras.

Corollary 3.23 (HormMaNN, MisLoVE and :S;I'RALKA 12).. (D, E) is a full
duality between ISPS and the category of Boolean semi lattices with unit.

Proof. Use Theorem 2.53 and Example.3.22.
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