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Ergodic theorems in von Neumann algebras

DENES PETZ

0. Introduction. The classical individual ergodic theorem claims that if (X, S, p)
is a measure space, o is an invertible measure-preserving transformation of X then
for every integrable complex function f on X the averages

o () = 5 (Frof+ ko if)

converge p-almost everywhere to an o-invariant function (where «f is defined by
(@f)(x)=f(2(x))). In a von Neumann algebra setting one may investigate the con-
vergence of averages of type (1), when f is an element of a von Neumann algebra
A and o is an automorphism of A. The first ergodic theorems for automorphisms
of von Neumann algebras were established by KovAcs and Sztics {7], [8] and give
that the averages (1) converge strongly provided that U has a faithful normal
o-invariant state ¢. Later LANCE [10] proved an almost uniform ergodic theorem.
Namely, if 4€U then there exists an element A€W such that for every £=0
there is a projection E in U with the property

) o(I—E)<e¢, s,(AE—~AE

in norm (shortly s,(4)~A @-almost uniformly). A similar theorem was obtained
by SiNaf and ANSeLEVIC [12] in special circumstances (for quantum lattice systems),
for several parameters. The crucial point of Lance’s proof is a maximal ergodic
theorem: if AU+ and e=¢@(A)"? then there is an operator C<UA such that
5,(A)=C for every n€N and |C|=2|A4|, ¢(C)=4Ye. This does not have an
analogue in the commutative ergodic theory but (and because) it is a simple con-
sequence of Hopf’s maximal ergodic theorem.

Further extension of the almost uniform theory has appeared in [2], [4], [14]
and [15]. The main objective of this paper is to replace the invariant state with an
invariant weight and to obtain a slightly weaker almost uniform convergence. In
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fact, instead of (2) we can prove
3 Es,(A)E — EAE

in norm. YEADON [16] proved a similar convergence under the condition that there
exists a faithful normal semifinite trace. We treat continuous flows and the case of
several parameters, as well.

Let A be a von Neumann algebra and ¢ a faithful semifinite normal weight
on A*. Then WUy={4cU: p(A*A)<+ < and @(A44*)<+ =} becomes a full
left Hilbert algebra with *-algebra structure induced by U and with inner-product
(4, B),=¢(B*A) (4, BE ;). Our main reference on this subject is the monograph
[13], whose notation we shall follow. Denote by 3# the Hilbert space completion
of W,. For Be¥, one defines an LzcB(#) by the formula LzgAd=BA (AcW,).
L(W)={Ly: BEW,}” is called the left von Neumann algebra of A,. There is
a faithful representation =n: A—~L(U,) defined by n(4)B=AB (AcA, BEU,)
such that for AcA+

B3, if there exists BEA, such that n(4)Y2 = Ly
+ oo, otherwise.

o(4) =1

Here ||B||2=(B, B),. (See [13], p. 276 or [1].) So we may assume that 2 is the
left von Neumann algebra of a full (i.e., achieved) left Hilbert algebra A, and ¢
is the canonical weight on Z(A,)*.

Suppose that W and ¢ are fixed. A linear mapping o: U—-A will be called
a kernel provided that the following conditions hold:

() for 0=4=I and A€ we have 0=a(4)=I and @(x(4))=¢(4),

(i) for every A€ the inequality ¢(x(A4)*a(A))=¢(4*A4) is valid. -
Kernels proved to be useful in ergodic theory. Every Schwarz map satisfying con-
dition (i) is a kernel. In particular, endomorphisms and completely positive maps
of norm one are kernels. We are going to see that kernels have some automatic
continuity.

1. The maximal ergodic theorem. The proofs of individual ergodic theorems
usually need a maximal ergodic theorem. Ours involves a series of operators.

Theorem 1. Let ¢ be a faithful semifinite normal weight on a von Neumann
algebra W and o a linear mapping N~ satisfying condition (i). Assume that
AUt and &,=0 (mEN). Then there is a projection E€WN such that

@ I Es (Aw) E|| = 22, (r, mEN),

®) o(I—E) =2 f el o (4,).
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We divide the proof into lemmas. We always assume UA to be a left von Neu-
mann algebra Z(A,) of a full Hilbert algebra A,.

Lemma 1. Under the hypotheses of Theorem 1, for any n€N there is a projec-
tion E,c N such that

O] VB, (A EN S 6 (rym =),
™ | PU-E)= 3 e5'0(4n.

Proof. Let A; be the right Hilbert algebra associated with W,. So Wc#
and for n€ A the formula R,&=L.n (£€U,) defines a bounded operator R.€Z ().
It is well-known that

{R,: n€Ug} = ZL(Ay).

(See[13] or [14].) Let ¢’ be the canonical weight on the right von Neumann algebra
R2(W)={R,: n€Ag}", that is, for TER(Up)™*

linl?, if there is n€ g such that R, = T2
+ o, otherwise.

o' (T) = {

For A2 (U)* and T€R(Wg)* wedefine h(A4, T) if p(A)<-+o or¢ (T)< + oo,
Namely, let

h(A4,T) = (T¢ &) if AV2 = L, for some (€%,
h(4,T) = (An,n) if TY2 =R, for some ncAs.
k is wo-continuous and additive in each variable separately, and
o (4) - sup {(h(4,T): 0 =T = I, TERQA), ¢’ (T) <+ <},
¢ (T)=sup{h(4,T): 0=A =1, ACL(U), ¢(4) <+ ).
Let n¢¥U,. Then the formula
€po) g Jmm (€, EEU)
defines a bounded sesquilinear form on UA,. Since (0(“(145;# g?p)):s_(p(L(),i# q)=

=|§lI2<+ = there is ;€ U, such that (L g.)1/2= 4; and we have the following

estimation.

Kxlop 1l = @(Lyg 1 M@ (L s 1, ) =

= (Ropoftys Y2 (R o s 132 = | Rop Ity M) = DR p 1€ NNE ]
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Consequently, there is a bounded operator &(R,,)€#(#) such that
(8) <&(Rn‘b'l) 619 62> = <d (ng# gl)'ﬂ, ’]>

If TeRO)* and ¢ (T)<+eo then AT)EB(H#)* and |&T)|=|T|. Since
@(T) commutes with L, for every €U, we have a(T)ER(Ug)*. Taking A=L4,
and T=Rp, (€U, n€U;) we obtain h(4, &(T))=h(x(4), T) from (8). We can
use this to show that ¢"(&(7))=¢'(T) for TR (AU;)*. Namely,
o' (A(T)) = sup{h(4, &(T)): A =1, ACL(A)*, ¢(4) < + =} =
= sup {h(a(4), T): A = I, A€ L (U)*, p(A) <+ =} = ¢'(T).

R(U) @M, is the von Neumann algebra of nXn matrices with entries from

R(Ag). Its elements will be denoted by (X, ,), where X, ,€R(Ug) (r, m=n).
K {( m)Gﬂ(mo)QgM er—O 2 rm—I}

is an ultraweakly compact convex set. We define a real function on X in the follow-
ing fashion:

(Xm) = =21 ,Enl P [A(S, B, Xop) =0 (X))

where B,cL(U)* is fixed and ¢(B,)<+ ~ (m=n). The function g is ultra-
wedkly upper semicontinuous and attains its finite maximum value for some choice
(XK. I I-3X, ,=Z, X€ER(Wg) and 0=X=Z then from the inequality

g((Xr,m)) = g((Xr,m + 6 (r’ ro) 5 (m’ mO) X))
we obtain

©) ‘ h(s,,(Bu)» X) = 9" (X)
for every rgy, my=n.
Now take
{&(X,H,,,,) for r=n-1 .
m 0 for r=n.
The properties of & give that (¥, ,)€K and hence g(( s ,,,)) =zg((Y,,n)- It follows
that

2 Z[h(Bms Xr m) o ( r, m)] = 2 Z(r_l)[(p ( r, m)—(p/(&(Xr,m))]'

m=1r= m=1r=1
Replace B, with ¢;'4,. So

n

(10) D LT ISES 5 £ L% A0}
and by (9) ' '
(¢§)) _ -~ h(s,(4), X) = 6,0’ (X)) (r,m =n).
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Let Ey={ncWs: RyR,=1Z for some A=>0}. E, is a linear subspace of .
If n€E, and w€W; then R,n€W; and by [13], p. 249, for Z=Rg , we have
T*T=R;R4R,R,=|R,|?R}R,. So E, is stable under the operators R, (7€p)
and if E, denotes the orthogonal projection onto the closure of E,, then E,€.2().

If n€E, then (s,(4n)n, ny=h(s5.(4,), RiR,)=¢,¢'(R}R,)=¢,lnl* according
to (11). Therefore we may conclude that ||E,s,(4,) E,ll =¢,.

Let F be a projection in # () such that F=I—E, and ¢(F)<+ . Then

@(F)=sup{h(F,Z;+ X, ,): 0=Z,=Z,¢'(Z) <+o} =

= 0+h(F’ ZXr,m) = (p,(ZXr,m) = Zs;;lh(Am} Xr,m) §
= Septh(d, SXom = 3 ento(dy).
m m m=1

Since ¢ is semifinite and lower w-semicontinuous we have o(I—E,)= 3 &, ¢(4,,)
. . m=1
and the proof is complete.

Lemma 2. Under the conditions of Theorem 1 there is a CEQ(QI.Q* such that
C=I and

(12) ' Cs,(4,)C =¢,C (n, meN),
(13) o(I-C) = ,,.;i £ 0 (Ay).

Proof. Let E, be the projection guaranteed by Lemma 1. There is a convergent
subsequence (E,) of (E,) and E, — C for some Ce¢Z(¥). Evidently 0=C=/

and by the semicontinuity o(I—-C)= 5‘ e '0(A,). From E,s(A,)E,=¢,E,
(r, m=n) a routine argument gives that &T(IAM)C =¢,C for every r, méN.
Proof of Theorem 1. Take C¢U* with properties (12) and (13) in Lemma 2
and let: fl AdP(2) be the spectral resolution of C. For E=I-P(1/2) we have
I-E =P(E1/2)§2(1 —C) and (5) follows from (13). On the other hand,
Es,(A,)E = DCs,(4,)CD = ¢, DCD = 2¢, E

1
where D= / A7dP(2). This completes the proof.
1/2

The first maximal ergodic theorem similar to Theorem 1 was obtained by
YEADON [16] for a trace instead of a general weight and for a single operator instead
of a sequence. A version for state and for a sequence appeared in GOLDSTEIN’S
paper [4]. Here we utilized several of their ideas. If A4,=0 for m=1 then the
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theorem claims the existence of a projection possessing the properties ||Es,(4)E| =2¢
and o(I—E)=2¢"1¢(A4). In the commutative case this is equivalent to the inequality

#(fx: swps, (N > 1) = < 1S s

which frequently occurs in commutative ergodic theory (see, for example, [3], p. 705).
As a matter of fact, Theorem 1 implies Lance’s maximal ergodic theorem.
Namely,

5,(4) = 2Es,(A)E+2(I—E)s,(A)(I~E) = 4¢E+2| 4| (I-E) = C,

If |4l=1 and e=@(4)"? then |C, =2 and ¢(C,)=8¢(A4)"/%. We notice that
if ¢@(I)=+ - then the assertion of Lance’s maximal ergodic theorem is false even
in the commutative case.

2. An individual ergodic theorem. In this paragraph we are going to use Theorem
1 to deduce the following

Theorem 2. Let ¢ be a faithful semifinite normal weight on a von Neumann
algebra W and o« a kernel on . Assume that AN and @(A*A)< -+ oo,
@ (AA*)< +co. Then there is A€W such that Jor every €=0 there exists a projection
E in W satisfying the following conditions

¢(I-E)<e and |E(s,(4)—A)E| 0.
Moreover @(A*A)<+ o and @(A4*)< + .
We notice that Lance proved s,(4)—~4 ultrastrongly in [10).

Lemma 3. Suppose that BCU*™ and @(B*)<+ oo, Then there is a decomposi-
tion B=C-+D—E where Cc¥U® DcU*, EcUAY, |C||=9(BY'2, o(D)=¢(BH?,
@(E)=9(B)"® and |C|, D), IE|I=|BI.

©o

Proof. Let f AdP(2) be the spectral resolution of B. Take C = f AdP(2),
-2

D= [ JdP(J) and E=— [ idP()) where ¢=¢(B*". Then D, E=e¢~'B* and

all the requirements are ful-ﬁlled.

Bl if n>k.
Proof. It is straightforward from the identity

l+1

ns,(B— sk(B))" '(B) Z’ o' (B)— 2 "“‘(B) (k= 1).



Ergodic theorems in von Neumann algebras 335

Proof of Theorem2. For (€U, let V¢=p where ucU, and a(Lly)=L,.
Since @(a(Ly)*a(L))=¢(Ly+)=)¢]® such a u exists and ¥ can be extended to
a contraction on 3#. By the mean ergodic theorem for a contraction ([11], p. 144)

there is a projection PEZ(#) such that n™? Z‘ ViE~PE for every E€U,. If
€L WU and f(B)=(Bny,n,) for some 111,1126910 then

8() = lim (s, (), 1y = tim (Ryn ™8 3 Vit ) =

= <‘RmP60’ ’72> = <Pél)a 772’7:)

where A=L, . Since |B(f)| =4l 1.l Inzl =181 L f]l thereis an element A4¢€.2(Ay)
with the property )
<A'hs '12> = <R;,,P§o, ’72)

for every n,, n,€ ;. Similarly,
<(1‘f)*7ha fg) = <RmP€3*, Ma)-

Hence An=R,P¢, and (A)*n=R,PE} for every n¢ ;. By [13], p. 252, we may
conclude PE U=, and A=Lp, . Consequently, s,(4)—=~ A4 and a(Ad)=A.
According to the mean ergodic theorem,

k—1
Co—Ply =8 —k? 'Zo Vigo+&, (kEN),
where ||&,]|=6, and &6,—0. By the left representation L we have
A‘—Ié‘ = A*—sk(A)‘I'Bk

where [|Billa=0 (BiB)/*=|&)=8;,. If A=A* then B,=B}, and by splitting

into selfadjoint and skewadjoint parts we arrive at the decomposition

14 A—A = A—s,(A)+BL+iB}

and here B}, Bic#(U)® and | Bils, | Bells=6,. Apply Lemma 3 for B} and

BE. So

(15) A—A = A—5,(A)+C} DL+ EL+i(CR+Di—ED)

and |C{l| =8, 9(DR) =8y, 9(E) =6, (i =1, 2). Choosea subsequence (6,, ) of (5;) such

that 8, <16-k~127%.¢ and use Theorem 1. Taking {4,}= O {D} ,EL ,D% E:}
k=1 3 k x %

and putting 1/k.in the role of ¢ corresponding to Dy, , Ey , Df,,k and E, ,
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we obtain a projection E such that
I Es(DR)EN =2k~ (i = 1,2, k€N, nEN),
IEs.(En)E|l =2k~ (i =1, 2, k€N, neN),

¢(U—E)=4.2 3ks, ==
k=1

In order to prove |E (s,,(A)—/f)E || =0 we can estimate in the followi_ng way:
I Es, (A~ A)E|| = ||5,(4 =5, (D)||+2(Orm,, + 4k ™) = 20~ m, || 4]| + 10k 2.

(Lemma 4 was used to estimate the first term.) This inequality shows the required
resuit. :

We notice that the proof has given a little more than what was formulated in
the theorem. Since the mean ergodic theorem is valid even for power-bounded
operators instead of property (ii) of kernels, the weaker condition

(iiy) there is a C=>0 such that for every n€N and A€, @(a"(4*)a"(A))=
=Cp(4*4) fulfils
would have been sufficient. However, in the really interesting cases, when « is an
automorphism or a completely positive map, condition (i) implies condition (ii).

3. Results on several kernels. Let 2 be a von Neumann algebra and ¢ a
faithful semifinite normal weight on U+, If o;: W—U is a kernel for i=k then

) = 5 3 al(4)

converges in some sense to a limit ®'(4)¢UA provided that ¢(4*4) and @(44*)
are finite." The joint behaviour of several kernels in von Neumann algebras was
investigated by Conze and DaNG-NGoc [2]. This paragraph generalizes some
results from [2], where ¢ is assumed to be a state.

Theorem 3. Let U, @, o, D', st (i=k) be as above. If A€t and &,>0
(mEN) then there is a projection E in W such that

(16) IEsh, - ss,(A) Ell = C(k, An)ey,

a7 pI—E) =241 3 ezko(4,),

where C(l, A,)=2 and C(k+1, A,)=2C(k, A,)+4| Al
Proof. For k=1 this is Theorem 1. By induction there is a projection E,
such that :
“Emsk—l "s:u(Am)Emu = C(k—l, Am)ema qD(I_Em = zke;k+l¢(Am)'

fMy-1°
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Apply Theorem 1 with «,, I—E, and ¢, (mEN). We obtain a projection E with
the following properties:
| Esy, (I~ E)E| = 2e,,

oU-E)=2 3 et oU-E) =24 3 ez*0(4,).
_ m=1 m==1
Hence E satisfies (17), and we verify (16).
Esy, ...sk(A)E =
= Esk (2E, s .. sL (A En+2(I—E)sk7L . sk (4, )~ E,)) =
= 2C(k—1, Ap)enI+2| Ayl Est (I— E,)E = 2C(k—1, Ay) e I+46m | Al L.

Corollary. Let U, q,a;, ¢, s, (i=k) be the same as above. Suppose that
o(I)=1 and AcU*, Then there exists an operator CE€N such that

skosA=C
for every ny,ng, ..., mEN. Moreover,
ICI =3l4l, @(C) = ep(A)M*+1|4|**+2
where € and & are constant (depending only on k).

Proof. Assume that [|4||=1 and apply Theorem 3 in the case A4,=A4, ¢ =
=@ (A)**+! and A4,=0 for m=1. Then

Esk ...sL(A)E = C(k, A) o (A1,
@(I—E) = 21 p(4)p(A) ™41 = 24 +1p (4)VF 41,
Therefore s, .53 (4)=2C(k, A)p(A4)*/*+'+-2(I-E)=C, and
ICill = 2C(k, A) @ (A)V¥+1+2 = 2C(k, A)+2,
@(Cy) = 2C(k, A)p (AVFH1 42542 (A)h+,

Now we have |Cy|=8 and ¢(C,)=cp(4)"/*+1
In the general case one can obtain an operator C, for A|A4]~* as above and
take C =||4|C,. So C satisfies both requirements.

Theoremd. Let U, ¢,a;, &, s, (i=k) be as above. Suppose that Ac%
and @(A4*A), 9(AA*) are finite. Then for every e>0 there is a projection E€U
such that o(I—E)<e and , :

B, s () — @*... S (A) E|| ~ O
if ny—oo, ..., Mmoo independently.

2
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Proof. We follow the lines of the proof of Theorem 2 but use Theorem 3
instead of Theorem 1. For the sake of simplicity we assume that k=2.
Similarly to (15) we have the following decompositions on the basis of Lemma 3:

A =(A—sH(A)+D (4)+ Ci+D}—El+i(CH+Di—Ep),
D1(A4) = (D1(4) — D (4)) + PP (4) + CP+ D} + Ef +i(Ci+Di — EP).

Here 0=Dj, E},|ICill=é,, o(D)=d,, @(E)=4,|Djl|=2]4l, |El=2|4] (=
=1,2,3, 4) and 5,—»0 For every IEN

s,,zs}I(A)—dW@l(A) = s2 st (A—s, (A))+s (451 (A)—s7 P (4))+
+ 55,50, (C1+D} — E} +iCP+iD}—iED+57,(CP+ D} — Ef +iC} +iD} — i E}).

Choose a subsequence (3,,) of () such that &, <17*27127*=% and apply
Theorem 3 to the elements D:,, s Em, ! with 1/I in the role of £ (IeN, i=4). So we
have a projection E such that

@(I—E) = 2t+1g 3 [k[-k3-1p—k+5 = ¢
1=1
and
. 2
B, () El = 5

where ny, ny, IEN, i=4 and X D E. Use Lemma 4 and the inequalities above to
obtain the estimate :

2ml|AII 2my| 4] 16
|E(s2,s2 (A) 452¢1(A))E”S L r‘,z

+ 43y,

which concludes our proof. -
Theorem 4 is a discrete Dunford—Schwartz—Zygmund type ergodic theorem

for non-commuting kernels (cf. [17]). A continuous version will be contained in
the next paragraph.

4. Continuous flows. First we establish an automatic continuity of kernels.

. Lemmas. If a: A~ isa kernel then there is a w-continuous kernel a°: A—~A
such that a(A)=a°(A) if @(A*A) and ¢(AA*) are finite.

Proof. Let Wy={A4cU: ¢p(A*A4), p(AA*)<+ }. We show that « is weakly
continuous on the unit ball of ,. By Remark 2.2.3 in [6] it follows that o|%,
extends to a w-continuous mapping of 2, which is obviously a kernel.

First we prove that if V' : # —3# is defined by a(L)=Ly:(¢€¥,) and neUy
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then V*(nn®)€¥U;. Take &(R,p,) from (8). Then
(€ @R b IE) = (@R IE s Ep = <“(L¢;k é1)'1, n =

= (&3 &L V(L) = (&1, L, V*(EED)).
So L, V*(mm)=a(Rp,)i=a(Ryp,)*¢ for every E€,. According to [13], p. 248,
V¥n®)eA; and RV.(,,b,,)——oc(R,,,,b) Moreover, since ¢’ (&(R,p))<+ <o, there is
m€Wy such that V*@’)=nn3.
Let (L;) be a directed net in the unit ball of {L,: ¢ QIO} converging weakly
to 0. We have

(L), ny = &, V(b)) = (L, 11, 11) ~ 0.
By polarization {x (L ), wy—~0 for every 1, u€¢ Ay and we have obtained a(L;v)—»O
weakly.

In this paragraph we deal with one-parameter semigroups of kernels. Namely,
for teR™* let a,: A—UA be a kernel so that ay=identity and o,0a,=a, ., (7, sSERT),
We assume the following continuity property:

(i) ¢ (x,(A4)*a,(4)) is continuous if ¢(4*4) and @(44*) are finite.

If «’s are endomorphisms and ¢ is a,-invariant for every t€¢R™* then (iii) is always
fulfilled.

Define V,€8(#) by oa(L)=Ly,; ((€). Then (V,) is a one-parameter
semigroup of contractions, t—V,¢ is continuous for every £¢,. We need the
following technical lemma.

Lemma 6. Let (a,) be a one-parameter semigroup of kernels with property (iii).
Then for €W, the integral

1 T
or(L) = f o(Lydt (T =>0)
1 7 '
exists in weak™ sense. In addition, u=70 f Vi &dtcWy and L,or(Ly).

1 T
Proof. Let cT=7f V,Ede for E€U,. If neA; then
[1]

1 f 17
Rl =5 [RV.tdt = [ 0Lyt
o 0

There is a unique operator a1 (L,)€Z% () such that
1 F :
(18) or(Ln = [ w(Lydt (eU).
0 .

2%
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Similarly aT(Lg#)n——- f a,(Ly#)ndt and it is easy to see that or(Lgs)= or(Ly)*.

Using [13], p. 252, we may conclude {;(§)€Wq=U, and L n=07(Ls). The rest
of the assertion is given by (18).
An important consequence of the above lemmas is that for any kernel « we have

T
(19) (o7 (4) = % J ala ()t
0

if @(4*4) and @(A4A4*) are finite.
Now we are in a position to prove the maximal ergodic theorem for a one-
parameter semigroup of kernels.

Theorem 5. Let U, ¢, (x,),0r be as above. If A€Wt and ¢,>0 (MEN)
then there is a projection E in W such that

0(U~E)=2 3 e:'0(4y), |Eor(4)E| =&, (meN,TERY).
m=1

1
Proof. For 6=0 we define 4%= 3 fcx,(A,,,)dt and s,,(A)——Z o;5(A).

Then s3(42, ) 645(A4,) according to (19) and @(A2)=¢(4,). Now apply Lemma 2
to A2, ., %;. So we obtain C,¢ U with the properties

Cs0us(An) Cs = C333(ALYCy = G, 9U—C) = 3 770 (4y).
m=1

Choose a sequence (4;) such that 6,\O and C, —~C weakly for some Ceu;f.
Then - :

o(I-C) = fs;1<o(Am), COrs, (Am)C = £nC (K, m, nEN),

By straightforward estimation, .
Cor(4,)C = C(or(A4,,)— a,,,,k(A ))C+Co,5, (4,)C =
=2T YT —n, || 4] C3+¢,C.
Since |T—nd,| can be chosen arbitrary small we infer Co;(A4,)C=¢,C (mEN).
If fl AdP(1) is the spectral resolution of C then take E=I—P(1/2) again
as in thg proof of Theorem 1.

Theorem 6. Let U, ¢, (&), 1. be as above. If ¢(A*A) and p(AA*) are finite
then there exists an operator ®(A)eW with the following property. For ¢=>0 thereisa
projection E€W such that o(I—E)<e and

|E(er ()~ SA)E|[|~0 T —~+co.
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Proof. By Lemma 6, g;(A) exists as a weak™ integral and #—V,¢ is continuous
for £¢¥,. Since A, is dense in #, now 1—~V, x is strongly integrable over

e\}ery finite interval (cf. [3], p. 685') 'Hence Lr(x)= f V.xdt is defined for every

x€3#. Now we apply Theorem 1 from [3], p. 687, and obtain that {;x-Px for
every x€# as T—+oco. From this point on one can follow the lines of the proof
of Theorem 2. One can show that if £€?, then P{cU, and op(Ly)y—~Lpn for
every n€U;. Let ®(L;)=Lp,. From the equality &—PL=¢—{ ({)+& deﬁnmg
&, by left representation we have

A—d(4) = A—0,(A)+ 4, (kEN)

where A=L;, 4,=L; and |4],=¢(4f4)"*=|&l=6,~0 as k—+e. Hence
we can write

(20) 07(A) =B () = [07(A) =00 (A)]+[0,50,, (4) — 570, (A)] +
+lstou(d) —sist oA+ 0 [ 3 as(— () +or ()

1 m
where s, (B)=7n_ > 0;5(B) and we assume that I, n are integers, k=13, [T+ 1]=nd.
i=1

For the sake of notational simplicity we denote by D;(T, k, §) the jth term
on the right hand side in (20) (j=3). Then

AD,(T k, O = 2T *(16—T) ] =27 4] (=1,2),
and by Lemma 4 _
IDo(T, k, 8)| = 2Un~2o,(A)] = 2KT 2] 4].
On the other hand, taking '
DT, 8 =+ 3 iy A)—0rs(d)
we have

IDs(T, k, O)ll2 =

S V4@ -0

if [T+1]=nd is fixed and 6—0. For every integer [T] we choose 6=0 such that
| DT, k, 8)||o=T "2~ T¢. Splitting A into selfadjoint and skewadjoint part, taking

a subsequence " (6,,) of (6,) with the requirement 5,,,k<k‘12"-"s, we obtain

67(A) =B (4) = 07(B () +ior (B(K)) + 0 (B(TD) +

+ia;,,,‘(B4([T]))+j§; Dy(T, my).
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Here Bi(l) is selfadjoint and |B'(!)||,=I"12'. Now split all the B’(I)’s into
3 summands by Lemma 3. So B/())=Ci(l)+D’(1)—iE’(l) and |C'D)|, D',
IE/(Dl=1"12"". Apply Theorem 5 to D/({) and E’(l) with the constant [~1
(€N, j=3) and get a projection E. Then on the one hand,

o(I—E)=2-8 311127 = 16¢,
=1

and on the other hand, we estimate in the following fashion:
|E(or(A)— () E|| = 2k~ 27*e+8k1+2[T] 712711+ 8[T] 1+
+AT 1| A +2m, T || A].
Therefore [E(o7(A)—P(A))E|~0 as T+ and the proof is complete.

Finally we formulate a continuous form of Theorem 4, which is a Dunford—
Schwartz—Zygmund type theorem (cf. [17]). T.et ¥ be a von Neumann algebra
and ¢ a semifinite faithful normal weight on it and for i=k let (¢! be a one-
parameter semigroup of kernels possessing the continuity requirement (iii). Define

. 17
0 .

and we know that ¢’ (4)—~®*(4) under the conditions and in the sense of Theorem 6,
under the hypotheses of Theorem 6.

Theorem 7. Let U, ¢, (&), ¢, ' be as above and A€W such that ¢(A4*A),
@(AA*) are finite. Then for e=0 there is a projection E€ such that

|E (0%, ... 0%, () — &*... LA E|| - 0
if Ty—~+oo, ..., Ty~ independently and @(I—E)<s.

Since the proof is very similar to that of Theorem 4, we omit it. We only note
that instead of Theorem 3, one has to use the continuous form of it.
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