Acta Sci. Math., 45 (1983), 273—277

On the homotopy type of some spaces occurring
: in the calculus of variations

A.KOSA

Dedicated to Professor B. S 2.-Nag y on the occasion of his 70th birthday

1. Let neN and let DTRXR" be an open region. Suppose &, €R”
are given such that (0, &), (1, £;,)€D. Denote by M(D) the class of continuous
functions x:[0, 1]=R" such that

) x(0)=¢&, x(1) =&, and I'(x):={{t x()|«€[0, 1])} c D.

The space of R™valued continuous functions over [0, 1] will be denoted by C,[0, 1].
Thus M(D) is a subspace of C,[0,1]. Endow M(D) with the relative topology
of C,[0, 1].

The global methods of the calculus of variations (see [1], [3], [5] and [6]) lead
us to the following problem: how can the homotopy type of M (D) be described
from that of D? In this paper we establish a connection between the homotopy
types of the spaces D and M (D) for a rather wide class of regions D. We shall
define a class of admissible regions and for this class we shall prove the following
theorem.

~ Theorem. Suppose DCRXR" is an admissible region and its homotopy
type is the one point union S\ SV ...\ 8™ of the spheres S of dimension r;=1
(i=1,2,...,k). Then the homotopy type of M(D) is the one point union
StTlySrely Ly S of the spheres ST (i=1,2,...,k).

2. In this section the necessary definitions and constructions will be given.

Definition 1. The regions D,, D,cR"*! satisfying (1) will be called z-in-
variantly homeomorphic, if there exists a uniformly continuous homeomorphism
¢: D,—+D, such that

a) o(0, &) = (O, &) 01, &H=(, &s
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b) the diagram
¢: D, -~ D,
N
R

is commutative where pry: R‘)(R"—»R1 is the projection of the space R!'XR"
onto the first factor.

Denote by [,cR" the n-dimensional open unit interval )]0, I[. Let &,
i=1

(i=k) and r (r=n) be positive integers and 6€]0, 1/2[ a real number. For the
ordered quadruple (k, i, r, 6) define the set Q(k, i, r, 8) as the product

(RLX o 2

Now, suppose that the positive mtegers n, k are given. Let r= (r,, ry, .- rk)EN“
(ri=n for i=1,2,...,k), «, B,0¢l,. Suppose that «;<f; for all i=1,2,... k
and 26€[,. The set D(k r,a, B, 5)CR><R" will be given in the followmg manner:

D(k, r, a, ﬁ 9) := {(f x)ERXR"]tE[O 1], xEI..’. and. if .tE[aivﬁi] _then
x& Q(k, i’ Tis 51)} |

Definition 2. A region DcR"*1 is said to be adniissible if there exist
kEN, reN* (r,=n, i—l 2, ..., k), &, B, 6¢l (;<Bi, i=1,2, ..., k, 20€1), such that

the " intersection ﬂ]a,,ﬂ[ is nonempty, and- D and D(k,r, a, B, 5) are’ tm-

varlantly homeomorphlc reglons

. Remark It can be easily seen that the homotopy type of the reglons
D(k r,d, ﬂ 0) (and. thus that of D) is the one pomt union S’IVS'=V VAN

Now, choose real numbers «,, Bo, o, B, t0 'such that 0<a <a0<t0<ﬁo<ﬁ <1
Define the function f: [0, 1]-[0, 1] in the following way:

(v ’tE[O,'ai']U.A[-ﬁ’,_.l],__A
o« “', (ty—a), €[, o),
TO=\1, - L t€lo ol
ﬂO ’
IO B ﬁo (ﬁ ) tE[ﬂO’ ﬂ ]'
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The restriction of f to the set [0, ¢]U]B,, 1[ is invertible and the inverse also can
be easily given:

. K0, AU, 1,
i t—d’ _ ‘. , .
(fI[o'%]U]ﬁo’u)_l(t) _ o +_t0— 7 (Oto, a,), . _t€[<.! P tO]: .
Bt - (¢ ~ B, t€Ttor B,

B —

Let keN, reN* (r=n, i=1,2, ...,k), o, BEY0, 1] (¢ <pB), S€R* (20€1)
be given. Define the subspace M (k,r, o', §,6)cC,[0,1] as follows:

Mk, 1, @, ', 8) = {x€ G0, 1] Xlepy cOmst, - E()=:x(),
EWEIN QK 8, X = Gt (I—8) (€0,xD,

= e cew ).
Finally, denote by j the identity map of [0, 1].

x(1) = (x)+

3. We start with a simple observation. -

Lemma 1. If the regions D,, D,CR"*! satisfying the condition (1) are. t-in-
-variantly homeomorphic, then M(D,) and M (Dy) are homeomorphic.

" Proof. Let ¢:D;—~D, be a t-invariant homeomorphism- (in this case, ob-
viously, the inverse ¢@~:D,—~D; is also a t-invariant homeomorphism). Define
the desired homeomorphism &: M(D,)—~M(D,) as follows-

(2)) (@) :=prap(t, () (€[0, 1]),

where pr,: R1><R"—>R" is the projection of the product space. RIXR" onto -the
second factor. From the f-invariance of the homeomorphism ¢ it follows im-
mediately, that & is a lomeomorphism. It is also clear that &~ hasa form s1m11ar
to that.of &:
(@2 ()(O) = pra 0 72(t, () (t€[0, 1]).
From Lemma 1 it follows that it is sufficient to determine the homotopy. type

of:the spaces M(D(k,r, o, B, 8)). We now turn to the calculation of the homotopy
“type of the space ‘M (k,r,o’, B/, 5). For this purpose we shall prove the following

~Lemma 2. The homotopy type of the space M k, r, o, ﬂ 8) is the one point
union STV SV VS of the spheres S (i=1,2, ...; k).

- )

Proof It is obvious that the space M(k, r, a’, B, 8) is homeomorphlc to the
‘n—dlmensmnal reglon I,,\U Q(k,i,r,6). The de51red homeomorphlsm ¥ can be
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given by (lua,re,p,5)"» Where £ is the function from the end of the 2™
point. Now, by the definition of the sets Q(k, i, r, §) the region I,,\'LkJ Q(k,i,r,d)
is homotopically equivalent to the one point union S !'VS§" :iiv...V.S"t"l
of the spheres S"~1(i=1,2,...,k).

Choose numbers € ‘(k)l o, Bl and ag, By; o, B7€]0, 1] such that the inequalities

s M 7’
0<o’ <ap< min {#} < max {f} <fo<p <1
are satisfied.

Lemma 3. The space M(k,r,d’, f’,0) is a deformation retract of the space
M(D(k,r, o, B, 5)).

Proof. A homotopy

F: [0, 1]XM(D(k, r,«, B’ 8)) g M(D(k’ r,a, p’ 5))
is defined by
xo(2tf+(1—27)j), €[0, 1/2},

Fe, x) = { Q—20)x0f+ Q-1 ¥ (x(%)), 7€[1/2, 1],

where ¥ is the function from the preceding proof.

The restriction of x—F(t,x) to M(k,r,o', f’,8) is the identity, because the
elements of M(k,r, o, p’,8) are constant over [a¢’, ] and linear over the rest .
of [0; 1], consequently

x0(2tj+ (1 = 20) f)|tar, g1 =& (X) = X1, 525
x0(27+ (1 —29) o, 21018, 11 = X¥0(20+ (1 —22)j) o, 101, = X0, 21018, 115
for 7€[0, 1/2], and

[@—20)xof+QRr—1) ¥ (x(W) ]’ .51 = 2—20)x(t) + 21— 1)x (%)) = Xz, p3»
[(2—21)x of+(2r—1) t1’(3‘(to)][o.az']u[ﬂ'.l] = [Q-27)x+ (27— l)xlllo,a']uw'.n =

= X|t0, 018,115
for t€[1/2, 1].

The function x+—F(0, x) is the identity over M(D(k, r, &, B, §)). The function
x—F(l,x) is a retract of M(D(k,r,a, B, 5)) onto M(k,r, o, f’,5). The proof
of Theorem follows immediately from Lemmas 1—3.

If n=2 and the region D is I\{(t, 1/2, 1/2)|t€[0, 1]}, furthermore &,=¢& =
=(1/2,.1/3), then the homotopy type of M (D) is the one point union \7 A

of infinitely many O-dimensional spheres. There are as many spheres as th=e;e are
different ways to wind the graphs of the functions around the omitted segment.
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