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On arithmetic functions with regularity properties
1. KATAI

Dedicated to Professor Béla Székefalvi-Nagy on his 70th anniversary

1. We shall say that an additive function f(n) is of finite support if f(p*)=0
whenever p is a large prime. Let

P)=ap+oyz+...+o 2k, o =1, =0
be an afbitrary polynomial with complex coefficients. The operators E, 4,1 are
defined by the following relafions:
Exn'__xn+19 Axn=x"+1~xn, Ixn=xn'
We are interested in the following problem: What is the set of additive func-
tions f(n) satisfying the relation
1.1 PEY)f(n) -0 (n —oo).

This question was raised in [1]. Recently we solved it for completely additive func-
tions. Namely, from a famous result of E. Wirsing we deduced that if a completely
additive function f(n) satisfies the relation

(1.2) %' -0

3

then f(n) is a constant multiple of log n; f(n)=clogn satisfies (1.2) with ¢>=0
-only if P(1)=0. In the same paper we proved that for a completely additive func-
tion f(n),

(13 = ZIPES0)] -0 (x~=)

implies that f(n)=clogn. The method used there cannot be applied without
change to additive functions. Now we shall show how we can modify the method
s0 as to be suitable for additive functions.
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254 I. Katai

Theorem 1.1. If (1.3) holds for a complex valued additive function f(n), then
f(m)=clogn+ fi(n) where fi(n) is an additive function of finite support satisfying
the recursion
(1.4 P(E)fi(n)=0 (n=1,2,..).

If P(1)20, then c=0.

Theorem 1.2. If f(n) is a complex valued additive function satisfying the

linear recursion '

(1.5  PE)f(n)=0 (n=1,2,..),

then )
1) fp*)=0 for every prime power p* satisfying p=k+1,
2) fN)=fp") if P —p"=k+1,

3) f(n) is periodic with B where B= [[ p’» and y, is the smallest integer
p=k+1

satisfying p'»t*—pe=k+1.

A modification of Theorem 1.2 was proved earlier by L. LovAsz, A. SARKOzY
and M. SiMoNowviTs [2]. We shall deduce it immediately from Theorem 1.1.

Proof of Theorem 1.1. If the relation

1
(1.6) 7 2 kEY(W)] ~0 (x =)
holds for a polynomial k(z) then it holds for any other polynomial K(z) that is
k
a multiple of k(z). Let P(z)= [[(z—6,), and for a fixed integer m=1, let
i=1
k
0.(zM= [] @"—67). Since P(z) divides Q,(z™), therefore
i=1

T Z10aEN )] -0,

and so

17 = 3 10u(E) )] 0.

mn=x

Let 0, (2)=Po+hiz+...+Bz* (B=1); A('m, n)=j;: ﬂj{f(m(n+j))—f("+j)}- Then

(1.8) A(m, n) = Q,(E™) f(nm)—Qn(E) f(n).

Applying the operator P(E) and taking into account that P(E)|P(E)Q,.(E), we
yet that _

T SIPEAm 0 =1 T IPEED [+ 3 IP(EYOE) [

N
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whence

(1.9) lim = 3 |P(E)A(m, m)] = 0.

Let now P=>2k+1 be a prime, and let n run over the set satisfying P*||n
with v=1 fixed. Then

A(P, n) = Bl f(P" ) —f(PN+ (B t... + B f(P) =

= Bo{f(P" ) —f(P")—f(P)}+ Q1) £(P),

AP, n+h) =f(P)Q,1) (0 <h =2k).
Consequently )
(L10)  P(EYA(m, n) = P()Qn (1) f(P)+0o Bo{ f(P"*D)—f(P")—f(P)}.
Observing that the set of n’s has a positive density, we get that
(1.11) P(1)Q, (1) f(P)+ o Bo{f (P**)—f(P)—f(P)}.

Let now n run over the integers =1 (mod P). Then we have A(P,n+h)=

=f(P)0.(1) (0=h=2k), and so P(E)A(m, n)=P1)Q,.(1)f(P). Repeating the

above argument we get P(1)0,(1)f(P)=0. Since P(1)=0 implies that Q,(1)=0,
we have f(P)=0 provided P(1)#0. From (1.11) we get that

P —f(P)—f(P)=0 (v=1,2,..),

and hence f(P")=vf(P) (v=1).

Let P be an arbitrary prime, and let y, be so large that P%=2k+1. Let
815 -..» & be fixed nonnegative integers such that P¥|ln and P%n+i (i=1, ...,2k)
hold for at least one n. Let 4, denote the set of those n’s for which P?|n and
Pn+i (i=1, ..., 2k). The following assertion is obvious: 4, is nonempty for
y=7v, and it has a positive density. i

Clearly P(E)4(n, P) is constant if n runs over the elements of 4,; therefore
it equals O on 4,. Hence

| P(E)A(ny, P)—P(E)4(ny, P) = 0
if m€A, .1, ny€4, (y=7,). Consequently
20 Bol BT —F(PT ) = o Bl f(PTH) —f (P},

and from o,8,=0 we get that

(1.12) Gar=& G =y) &= P)—f(P)

Now we write f(n) as fi(n)+fy(n) where fy(n) is a completely additive function
defined as follows: fo(P)=f(P*) if P=2k+2. Then f(P)=0 if P=2k+2.
For a smaller prime P we put fz(P)=5y°; which implies by (1.12) that fj(P/+})= \
=f(P) if j=y,. _
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Now we have shown that f(n) is a function of finite support; and it is periodic
with a period B,. Consequently
PEYEB-I)fi(n) =0.
Taking into account the relation
(EB:—I)P(E) f(n) = P(E)(EP:—1) fy(n)+(EP1— 1) P(E) f5(n) = (EPx—)P(E) f5(n),
we have

(1.13)

% |-

néZx I(E®: =) P(E) fo(n)| —~ O.

From the theorem cited above we get that fy(n)=c log n. Earlier we have proved
that f(P)=/fx(P)=0 for every large P, provided P(1)>0. This implies that f;(n)=0;
furthermore, from the periodicity of fy(n) and from (1.3) we get that P(E)f,(n)=0
(n=1,2,..).

Assume now that P(1)=0. Then P(E)clogn—0, whence (1.3) yields that

= SIPEADI~0 (&~ ).

n=x

Using the periodicity of fi(n) we get that P(E)fy(n)=0 (n=1, 2, ...). This finishes
the proof of Theorem 1.1.

Proof of Theorem 1.2. Since (1.5) implies (1.3), we get that f(n)=fi(n)+
+clogn, P(E)fy(n)=0; moreover, by (1.5), P(E)clogn=P(E)(f(n)— fi(n))=0,
‘which is impossible for ¢=0. Therefore we have that f(n)= f,(n) is of finite support.
Then there exists a K such that f(p*)=0 for each prime p>XK. For an integer
n let Ax(n) denote the product of all prime factors of n not greater than K. Let
5(n) be the exact exponent of p in n:p®™|n, and set Ay(n)=p—*" Ax(n).

Let n, be chosen so that &(,)=y=0, n, = p? (mod p’+'), and let y be so large
that p"*'—p”’>k+1. Then we can find an integer n, satisfying the following
relations: d(ny)=y+1, Ax(n)=Ax(ny), Ag(m+j)=Ax(n+j) (=1, ..., k). Taking
into account the equality f(n)=f(A4x(n)), we get from (1.5) that

0 = P(E) f(ne)— P(E) f(ne) = ao{f(P"*)—f(P")},

which by «,=0 implies that f(P?+1)=f(P?).
Thus 1) and 2) are proved; 3) is an immediate consequence of them.

Remark. The assertion of Theorem 1.1 remains true if (1.3) is replaced by

l g nsx

(L.3y lim infﬁ Z’%]P(E) £ = 0.
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2. Theorem 2.1. Let f be a completely additive real valued function, and let
P be a nonzero polynomial with rational coéfficients satisfying the relation

@1 ApP(E)f(n)=0 (mod 1)
with a suitable integer Ap0. Then there exists an integer B such that f(n)=g(n)/B,

where g(n) is an integer valued additive function.

First we prove the following _
Lemma2.l. If A*f(n)=0(mod1) (n=1,2,...) for a k=1, and f(n)
completely additive, then f(n)=0 (mod 1). '

Proof. Let us assume that k=1. Then summing the congruences f(n+1)—
—f(m=0(mod 1) for n=pu,...,qu—1, we have f(g)—f(p)=0(mod1) for
each pair p, ¢ which by g=np gives that f(n)=0 (mod 1).

Now we use induction on k. Assume that our lemma is true for k, and consider
the condition 4**1f(n)=0 (mod 1). Starting from

ST AFLf() = AFN)— A1) =0 (mod 1),

we get
Af(N)=c (modl), c=4f(1).

If Q is an arbitrary polynomial with integer coefficients, then

(E-D'QE)(N)=cQ(1) (mod 1).

Let 0(z2)=0,.(2)= ( 1] =(14z+...+z" 1% Then (E—I)"Qm(E)=(E"'—1)",

consequently .
(E"=I)f(mN) = cQ,(1) (mod 1);

furthermore;

(E"— IYf(mN) = (E- I} f(N) = ¢ (mod 1),

whence ¢(Q,(1)—1)=0 (mod 1). Since Q,(1)=m*, we get c(m*—1)=0 (mod 1)
(m=2,3,...). Therefore c is a rational number. Let c=A/B,' where A4, B are -
coprime integers. If Bs<1, then by choosing m=B, we get ¢(B*—1)=0 (mod 1),
- ¢=0 (mod 1), ‘which is a contradiction. This completes the proof of the lemma.

Proof of Theorem 2.1. Let A be the set of all polynomlals P with rational
coefficients for which
ApP(E)f(n) =0 (mod1)

holds with a suitable integer A4p. Then A is an ideal in R[x]. Let P(z)—

= ]] (z—0;)€ 4. From the fundamental theorem of symmetric polynomials it follows

17
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that
. Yk gm__gm
kn(z) = I L

j=1 2—9]

has rational coefficients; consequently
R, (z™) = ]](z"' 7)€ A.
Furthermore, R, (E™f(nm)=R,(1)f (m)+R,,,(E )f(n). Let F be an integer such
that FR,(E™)f(n)=0(mod 1). Then we have
FR,(1)f(m)+ FR,,(E)f(n) =0 (mod 1).
If R,(1)=0, then R,€A4. If R,(1)s0, then applying the operator 4 we get that

FR,(E)Af(n) =0 (mod 1),
whence R, (z)(z—1)€A4.

Let P be the generator element of A, that is, a polynomial of minimum degree
in A. Let deg P=k. From (2.1) we get that 4 is not empty. If k=0, then our
theorem is obviously true. For k=1 assume first that P(1)=0. Then

(2.2) 6(2) = (P(2), R,(2)€EA,

implying deg §(z)=k, i.e., R,(2)=P(z2),

2.3) {61, s Oy = {01, ..., 0p} (m=2,3,.),

whence it follows that 8,=...=0,=1, P(z)=(z—1)*. Assume now that P(1)=0.
Then

6(2) = (P(Z), Rm (Z)(Z— l))EA:

consequently deg 8(z)=k, and from (z—1; P(z))=1 we get that P(z)=R,(2)
(m=2,3,...), which implies (2.3), and so 6,=...=0,=1, which is impossible.

Thus we have proved the following assertion: If (2.1) holds with a suitable
P then there exists an integer F 0 and an integer k>0 such that

(2.4 FA*f(n) =0 (mod 1).

Using Lemma 2.1 with Ff(n) instead of f(n) we get that Ff (n) is an integer for
every n. This finishes the proof of the theorem. _

3. Conjecture. Let P(z)=1+ay, z+...+oz* (k=1) be a polynomial with
at least one irrational coefficient. If a completely additive function f(n) satisfies
the relation P(E)f(n)=0 (mod 1) (n=1,2,...) then f(n) is identically zero.

Theorem 3.1. The conjecture is true for k=2.
Proof. Let ¢=£(2), n=,(3). From P(E)f(1)=0 we get that
3.1 ' o0& =—agn (mod 1),
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and from P(E)f(2)=0 that
(3.2 Qay+1)é+an=0 (mod1).

Similarly, by considering P(E)f(n)=0 (mod 1) for n=7 and n=6, and taking
into account (3.1) we deduce: ;

S =—0f®)—ap f(9) = —30, £ ~2a,n  (mod 1),

33) S =a (mod1),
a0 f(7) =—f(6)—a f(8) (mod 1),
3G9 o f(D) =—(1+3a)é—n (mod 1).
Similarly,
Gy 0 f(5) =—Q+a)f—am (modl) (n= 4).

‘Starting from P(E)f(14)=0 (mod 1) we get

(E+40.8)+f(DN+a fB)+0 f(5) =0 (mod 1).

Substituting (3.3) and (3.5) into- the left hand side, we get (1-+4a,)é+oan+an—
—Q+a)t—on=0(mod 1), whence —¢&+3a,¢+an=0(mod1), and, by (3.2),
(3.6) a¢ =28 (mod 1), ’ :
3.7 : oun =-—5¢  (mod 1).
For n=26 and n=13- we have '

Q1)+ fON+af(22-T) =0 (mod1)

) +a fQ-N+2f(3-5 =0 (mod 1),

where by subtraction we get

(.3) o f(1) = 3¢~27—2m¢ (mod1).
Considering n=5 and taking into account (3.8) we get
39 f®) = é—a;n—35+2n (mod 1)

Putting now n=25 and n=12 we get that
S5+, f(2-13)+a, f(3%) =0 (mod 1),
S +a, f(13) 4o, f(14) =0 (mod 1).
Subtractmg them and by using (3. 8), (3.9) we deduce that

G10) T 5p—3:42a,8 =0 (mod 1).
From n=3 we get ‘ o o
(3.11) o f(5) =—n—-20,¢ (mod 1).

Putting now n=48 we have
S22 3)+<>t1f(72)+012f(52 2)=0 (mod 1),

17*
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and by (3.11) and (3.4) we get
3.12) C9E+3n+40,6 =0 (mod1).
Since f(2%)+a, f(3)+ o f(2)+ayf(5)=0 (mod 1), we get that

o f(5) = —56—2¢; (mod1)
(see (3.6), (3.7)) which implies by (3.11) that
(3.13) n+5¢420¢ =0 (mod1).
Now from (3.10); (3.12), and (3.13) we infer that

7E—Tn=0 (mod1l) and 4n—8£ =0 (modl),

which proves that ¢ and n are rational numbers. Assume now that =0 and
n#0. Then (3.6) and (3.7) show that «, and «, are rational numbers, and the
proof is finished. Let £=0 and 0. Then by (3.7) and (3.1) we get that «; and

oy are rational numbers. In the case n=0, £0 we use (3.6) and (3.1) to derive
the same result.

Finally, let us assume that £=0, n=0, and P is the smallest prime for which

f(P)#0. Since P =3, therefore P+1 is a composite number, f(P+1)=0, and
so a, f(P+1)=0 (mod 1). Let us consider the relation
(3.19) JP)Y+a, f(P+1)+a, f(P+2)=0 (mod 1).
If P+2 is a composite number then f(P+2)=0, and so f(P)=0 (mod 1). Using
that «, f(P)=0 (mod 1), a,f(P)=0 (mod 1), and that f(P)=0, we deduce that
o, and o, are integers. Assume now that P+2 is a prime number.  If f(P+2)=0
then we are done as before. Let f(P+2)0. Then

S+ +o, f(P+3)+a f(P+4 =0 (modl),
and P43, P+4 are composite numbers with prime factors smaller than P, whence
it follows that f(P+3)=f(P+4)=0 and f(P+2)=0 (mod1). Since

FP+ D+ f(P+2)+ o f(P+3) =0 (mod 1),

we have a,f(P+2)=0(mod 1), and so a, is a rational number. (3.14) implies
that «, is also rational. The proof is complete.
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