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An inequality between symmetric function means
of positive operators

T. ANDO

Dedicated to Professor B. Szdkefalvi-Nagy on his seventieth birthday

1. There are various methods of averaging of an n-tuple A=(4,, ..., 4,)
" of bounded positive (semi-definite) operators on a Hilbert space. The most basic
are the arithmetic mean (A;+...+A4,)/n and the harmonic mean n(A7'+...+ A7)~
(provided all 4; are invertible). ANDERSON and TRAPP [2] called (47 +...+A4;)7t

the parallel sum of the n-tuple A, and denoted it by 4,: ... :4,, orin short ﬁ' P
. i=1

Further they gave a variational description for parallel sum;

) <x, []=]1 A,.] x> - inf{g"l ey Aix)|x = §1 x,.},

where (x, y) denotes the inner product of the vectors x and y. Formula (1) was
then used to define the parallel sum for a general n-tuple of positive operators.

For an n-tuple of positive numbers, a=(a,, ..., #,), MARcUs and LopEs [5]
defined symmetric function means (or Marcus—Lopes means) E, (&) by

o €. (@)
2 E, (o Ek'—n..—, k=1,2,...,n
( ) k,n( ) ek—l,n(a)
where ¢, (&) is the normalized k-th elementary symmetric function of &=

=(0y, ..., o), thatis;
k .

1]

1si)<...<ip=nj=1

. .

k
Using an equivalent version of definition (2), ANDERSON, MORLEY, and TRAPP 3]
introduced two kinds of symmetric function means for an n-tuple A=(4,, ..., 4,)

en(@=1 and ¢ ,(2) =
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20 T. Ando

of positive operators;
G,..(4) = (Z’ A,-]/n (arithmetic mean),
i=1

n

Spn(Ad)=n ( II: A,-] (harmonic mean),
i=1
and
ool 1 YA 1 -
Gn® = 2N 4 oy S o)) k=20m

sk,n(‘;{) = 111: {kAi+(n_k)sk,n—l(g(i))}s k= 1’ sery n—l,
where_.]f(,.) denotes the (n—1)-tuple (4y, ..., 4i_y, Ai1q, .., 4,)- By definition both
&, .(4) and s, ,(A) are invariant under permutations of 4,,...,4,, and the
maps A&, ,(4) and A5, (A) are positively homogeneous and monotone
with respect to coordinatewise ordering. If all A; are invertible, then

6k,n(}i_l)_l = Sn—k-*)-l,n(’z)i k = 1) PR IA
where A-'= (47, ..., A;Y). For any n-tuple 4
sl,n(‘:i) = 6l,n(‘;i) and 6n,n(‘:i) = Sn,n(;{)'

Besides the easily proved inequalities

n (g1 Ai) = {:"(g)} = (g; Ai]/n, k=1,...n

not much is known about the order relation among &; ,(4) and s ,(4), j, k=2, ...
..,n—1. If all 4; are scalars, that is, A=&, then both &, (&) and s, (&)
coincide with the Marcus—Lopes mean E, (&). Therefore it follows via spectral
theory that if A is a commuting n-tuple then

6Itr,n(;{) = sk,n(‘;{) = sk+1,n(‘;{) = 6k-{‘l,n(":i)’ k = 2: cery n_z-

The equality S, (4)=s; (4), k=2,...,n—1 is not valid in general for a non-
commuting n-tuple.
*ANDERSON, MORLEY, and TrAPP [3] asked if the inequalities

Cin(A) = G110 (A), k=2,...,n-2
(or equivalently
Sen(A) Z 5341,0(A), k=2,..,n-2)
and
Sin(d) = 5 ,(4), k=2,..,n—1

are valid for every n-tuple 4. They mentioned, without proof, that in case n=3
the inequality 62,3(2)552,3(2) could be derived via electrical network consideration.
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The purpose of the present paper is to give a mathematical proof to the in-
equality S, 5(4)= s, 5(4).

2. Our proof is based on a solution of an extremal problem, due to FLANDERS [4].

Lemma. Given two set of vectors xi, ..., x,, and yi, ..., y,, define a functional
Y(A) for an invertible positive operator A by

W)= 3 (o, Ayt 3 0 A7),

Then mf Y(A)=20[{x;, y)llas where I[{x; 5 yJ>]]]1 is the trace norm of the mXn
matrix [(x,, yi)l.
See [1] and [4] for a proof.

Theorem. For any triple A=(A4,, A, Ay) of positive operators
&) C52,3(;{) = 52,3(1:{)-

Proof. All A; can be assumed invertible. Since s, 5(4)=G, (4 1), and

Ky, X2
<y’ S,, 3(A 1)y>

(x, Gy,3(A™ )" 1x) = sup
operator inequality (3) is equivalent to
(o, G o (A2 (3, B o (A2 = (v, )| forall x,,
which is equivalent, in view of the arithmetic-geometric means inequality,_ to
@) (x, @p,5(A)x)+ (3, Spa(dHy) = 2/(x, )| forall x,y.
Since
S,,5(4) = %{AI: (Aot As)+ 4s: (As+ A1)+ A3t (4,4 4,)),

formula (1) gives _
(%, S,, a(d)x) =

= ]nf ) 2 {<x+xn 4; (x+xl)>+<xl+1’ 4; x1+1>+<xt+2s A4; xl+2>}

Xy, Xgy Xg 2

®

where x;=x;_; for j=4,5, and similarly

<ys 62 3(;{_1)y> =
= inf — 2 {@+yi, AT+ YN+ Give1s AT Vi )+ Diver A7 Vv o))

Y1V }’3 i=3

©)
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where y;=y;_; for i=4,5. Then Lemma yields, for fixed x, x;; X, X3, ¥, Y1, Vs>
and y;,
) Gt xp, A (e X))+ Xpen, AiXig)+Kive, AiXine) + P+, AT+ +
+ Giv, AT Vs F Pive, A7 i) 2 2|8, i=1,2,3,

where

x4x;, Yy (04X, Vi) HX Viee) |

Si= | K> yHY) Kizns Vi) Kisas Viaw)

Kivas VFV)  Kie, Vier)  Kivas Vien)

Now according to (5), (6) and (7), the inequality (4) will follow from

3
(®) ;; ISill, = 2[¢x, p)I-
To see (8), consider a 3X3 Hermitian matrix
2 -1 ~1
T=1-1-1 2
-1 2 -1

Since 7 has —3, 0 and 3 as its eigenvalues, ||T||.,, the operator norm of 7, is

3
equal to 3. Easy computation shows 2 tr(S;7)=6{x, y). Then

i=1.

é ISl = %é ISy 1T e = %Lzsl tr(SiT)' = 2|(x, Y.

This completes the proof.

The method in the above proof can be used to prove S, (A)=s,-, (A)
for every n-tuple A4. But the inequality &, (4)=s, ,(4) stands still open.

Added in proof. In the revised version of [3] a different proof is presented.
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