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Existence and uniqueness of random solutions
of nonlinear stochastic functional integral equations

JAN TURO

1. Introduction. Stochastic or random integral equations arise quite often in
the engineering, biological, chemical, and physical sciences (see, e.g., [1], [8] and [6]).
The object of the present paper is to study a nonlinear stochastic functional

integral equation of the type
9(®)

(1.1) x(t, w) = F[t, f fi(t, s, x(s, w), ©) ds,
¢
g(t)

[ £t 5, %(5, ), @) dw(s, ), x(h (1), ©), @) = (Ux)(t, ),
where

0] teR+g[0, +o), and w€Q, the supporting set of a complete probability
measure space (2, #, P);
(i) x: R, XQ~R is the unknown random function;
(iii) F: R, XR*XQ—R and f;: AXRXQ—~R, j=1,2, are given random

functions, where Ad=f{(t, §): 0=s=t<oo};
Giv) g, h: R, —~R, are given scalar functions;
(v) w: R, XQ-+R is a Wiener process.

The first integral of the stochastic equation (1.1) is to be understood as an ordi-
pary Lebesgue integral, while the second integral is an Ito stochastic integral. We
shall give sufficient conditions which will ensure the existence and uniqueness of a
random solution, a second order stochastic process, of the above stochastic functio-
nal integral equation. The tool which we utilize to obtain these results is the compari-
son method. This method is based on the convergence of successive approximations
produced by a comparison operator associated with the operator U. The abstract
form of the comparison method was introduced by Wazewski [11] in the case of
deterministic equations.
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Almost all authors use the well-known Banach fixed point theorem or the con-
cept of admissibility theory, [1], [8] and [6], in proving the existence and uniqueness
of results for cases similar to equation (1.1). Unfortunately these methods involve a
strong condition concerning the function F. By the comparison method this condi-
tion can be slightly weakened. Consequently in this paper conditions involving some
relation between the Lipschitz constants of the function F and the estimations im-
posed on the functions g and 4 appear.

Equation (1.1) is a generalization of equations considered by MANOUGIAN, RAO
and Tsokos [6] (if F(t,uy, up, x, 0)=h(t, )+ u,+uy, f;{t, 5, x, 0)=k;(t,s, w)-

-@;(s,x) and g(1)=t, h()=t), Turo [10] (if F(t, uy, uy, x, 0)=F(1, uy, x, )),
GiHMAN and SKOROHOD [3], and DooB [2], among others.

2. Preliminaries. We introduce a family &, te¢R,, of o-algebras of subsets of
Q with the following properties:
(i) F: CF,, for ty<t,, F,CF teR,;
(ii) for every ¢, w(t, ®) is &,-measurable;
(iii) for =0, the increments w(t+2, @)—w(t, w) are independent (in the pro-
babilistic sense) of #,.

Definition 2.1. We shall denote by C(R.., L,) the space of all continuous
maps x: R, ~L,(Q,%,, P) with the topology of uniform convergence on compacta.

It may be noted that C(R. , L) is a locally convex space whose topology is de-
fined by the following family of seminorms:

Ixll, = sup {Ellx(t, w)|F}/2

where E denotes the expected value of the random process.

Definition 2.2. A sequence {x;} of elements of the space C(R,, L;) will be
called a Cauchy sequence if for every &>0 and n there exists an N such that for
k=N and I=N we have |x,—x,<e

It is clear that the space C(R,, L) is complete, that is, every Cauchy sequence
of its elements has a limit in C(R,, Ly).

Definition 2.3. We shall call x a random solution of the stochastic functional
integral equation (1.1) if xeC(R,, Ly} and satisfies equation (1.1) P-a.e.

With respect to the functions appearing in equation (1.1) we shall assume the
following: .
() F(t,uy, us, x, -) is F,-measurable for each t€R+,u1,u2,x€R and is
continuous in ¢ uniformly in wu,, w,, x;
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(i) f;( s, x, -), j=1,2, are #,-measurable for each (¢, s)€4, x€R, and are
continuous as maps from 4 into L,(Q, %, P);
(iii) g, h: R, —~R, are continuous and g(1)=t, h(1)=t, teR,.
" 3. Somme lemmas. Let us define ‘
0]
K= k() [ u(s)ds, 1€R,,
0

L)) Z 1@0)u(r(@), 1€R,.

a = . .. ..
Put Su= 2 L"u with the pointwise convergence of the series in R, where
n=0

L"gLL"‘l, n=1,2, ..., L°=I is the identity operator in C(R,, R,), the class

of all continuous and nonnegative functions defined on R, .
From the definition of the operator L it follows that
L u)(@) = L O u(h, @),

where
heDZ t, hyur (D= h(hy(5), n=0,1,.., t€R,,

L= 1, Ln@= JH@), n=01 ., R,

Lemma 3.1. ([9], [5]) Assume that
(l) k’ l, 8 h; rEC(R+, R+) and g(t), h(t)e[oﬁ t]a tE:R+;

(ii) s=Sr<oo, 5*=Sk*<oco, where k*(t)=k(t)g(t);
*(t
(i) 5. 5*€C(R,, R,) and sup )

R,

- CO,

Then

(a) there exists u,c C(R,, R.) which is a unigue solution of equation
3.1 u= SKu+Sr

in the class L, of all non-negative and locally integrable functions on R_;
(b) the function uy is the unique solution of the equation

(3.2) u = Ku+Lu+r

. df df .
in the class Ly (up))={u: u€Ly, |ullo<o==}, where |ul(=inf {c: u=cu,, c€R.};

(c) the function u=0 is the unique solution of the inequality

3.3) u = Ku+Luy
in the class L, (ug).
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Proof. First we prove (a). We note that if u¢L,,. and is the solution of equa-
tion (3.1), then u€C(R,, R,). Thus we shall prove that equation (3.1) has a unique
solution in C(R,, R,). We shall obtain a solution first on an arbitrary closed,
bounded interval [0, n]. Let C([0, n], R) be the space of all continuous functions on
[0, n], where we introduce a norm | - ||, in the following way:

df s*(t
lull,= sup e=*|u(s)], where A= & supﬁ.
te (o, n) t

Now we can prove that the operator SK is a contraction in C([0, n], R), i.e.,
|SK||<1. Indeed, from the inequality e*—1=ae' for «€[0, 1], 7€R,, we have

o g(h,(1))
ISKull, = supe™ 3 1,(k(h, () [ &= sup e *|u(s)|ds =
{o,n) n=0 0 s€f0,n)

1s*(¢ i
2Oy, = 2,

A

Hence it follows that | SK{<1. Now from the Banach fixed point theorem it fol-
lows that equation (3.1) has a unique solution u,€C([0, n], R,). Since n is arbit-
rary, u, is a unique solution of equation (3.1) on R, .

Now we prove (b). It is obvious that the function u, satisfies equation (3.2).
Next we prove that in the class L, (u,) the function u, is the unique solution of equa-
tion (3.2).

Indeed, if ueL, (u,) is a solution of (3.2) then by induction we get
1 n-1

i= 3 Lh+ 3 LKi+L"i.

i=0 i=0

3
|

Because €Ly, (u,), there exists ce¢R, such that #i=cuyy,, hence L"i=cL'u,.
We easily find that L"uy—0 since u, is the solution of equation (3.1). As a conse-
quence of this L"#—0, and we infer that i satisfies (3.1). In view of the uniqueness
proved for this equation we conclude ii=u,.

Finally we prove (c). If u€L,,(u4,) is the solution of inequality (3.3) then we
have L"u—0,n-o, and by induction we get '

n—1

u= > L'Ku+L'u, n=0,1,...,
<o
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Letting n—c we get u=SKu, hence we conclude that u=0, and the lemma is
proved.

Remark 3.1. Now we give some effective conditions under which assumption
(ii) of Lemma 3.1 is fulfilled.
a) If we assume that

(34) k() =k=const, I(tf)y=1]=const, gt) =g1, h(t) =ht, & he[0,1],

and r(t)=¥t, teR,, for some F¢R,, then assumption (ii) of Lemma 3.1 is satis-
fied provided lh<l.

b) if k(t)=k, I()=lt, g(t)=gt, h(t)=ht, r(t)=r1, k, I, FeR,, £¢€[0,1] and
hel0, 1), teR,, then assumption (ii) of Lemma 3.1 is satisfied.

¢) Finally, if we suppose (3.4) and r(t)=Ft? t¢R,, for some F,peR., then
(i) of Lemma 3.1 is satisfied provided IhP<I1.

We construct a sequence as follows:
(3.5 Uy = Kug+Lu,, n=0,1,..,

where u, is defined in Lemma 3.1.

Lemma 3.2. [4] If the assumptions of Lemma 3.1 are satisfied, then
(3.6) O=wu,,=u, n=0,1,..,
and u,=0 for n—oo, where the sign = denotes uniform convergence in any compact

subset of R, .

Proof. Relation (3.6) we get by induction. The convergence of the sequence
{u,} is implied by (3.6). The limit of this sequence satisfies the inequality (3.3), and
by Lemma 3.1 it must be equal to zero identically. The uniform convergence of {,}
follows from Dini’s theorem.

4. Main results. In order to prove the existence of a solution of equation (1.1),
we define the sequence {x,} of random functions by the relations:

4.n Xpy1 = Ux,, n=0,1, ..,

where U is defined by (1.1) and x, is an arbitrarily fixed element of C(R,, Ly).
We introduce the following
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Assumption H. We assume that

(1) there exist functions kj, k;,1€C(R,, R,), j=1,2, such that
2
,F(ta Uy, Up, X, (O)—’F(t, L_‘la l_lZy f’ (D)l = 2 Ej(t)luj—aj|+l(t) |x_§|7
j=1

15 5, x, 0)—f;(t, s, %, 0)| =k;(1) [x—x]|,
for t€R,, s=t, u;,ii;,x,X€R, j=1,2;
(2) F(1,0,0,0, -)eL,(Q, #,, P) foreach tcR,, and f;(t,s,0, -)€Ly (2, Z;, P)
for each (¢, s)ed.

Remark 4.1. We note that from condition (1) of Assumption H we obtain the
following estimates:

|F(t, uy, ug, X, 0)2 = 4K3(2) |y |2+ 4K5 (1) |2+ 412(2) |x[2+ 4| F(1, 0, 0, 0, ) |2

and
/@t 5, x, @) = 2K5(0) [xP+21£;@1, 5, 0, w) 2

for teR,, s=t, u;, x€R, j=1,2, weQ.

Put

k(1) = 6[R1 () k(1) g (1) + k3 (1) k3(1)),
I(r) = 61*(t), r(1) = 2E[[(Uxo)(t, @) —xo (2, w)[*].
Theorem 4.1. If Assumption H and assumptions (ii) and (iii) of Lemma 3.1

are satisfied with k, 1 and r defined by (4.2), then there exists a random solution
X€C(R,, Ly) of eguation (1.1) such that

4.3) E[|x(t, o)—x,(t, )2} = u,(¢), n=0,1,..., teR,.

4.2)

The solution X is unique in the class L,’t,c(uo);f {x: xeLf ., E[|x(t, ®)—x,(t, w)|*] €
€L, (o)}, where L is the class of all locally integrable random functions defined
on R, with range in Ly(Q,%,, P), and L (uy) is defined in Lemma 3.1.

Proof. From the assumptions of the theorem, Cauchy’s inequality, and the
properties of the stochastic integral ([3], [7]) it follows that the integrals in equation
(4.1) exist for each n (see Remark 4.1) and x,¢C(R,, Ly, n=0,1, ....

To prove the existence of a solution of equation (1.1) we first prove the follow-
ing estimates

4.9 El|x,(t, ®) —xo(t, ®)|?] = u(t), n=0,1,..., teR,,
4.5) El|x,4m(t, @) —x,(t, @)} = u,(t), n,m=0,1,..., teR,.
It is clear that (4.4) holds for n=0. If we suppose that (4.4) holds for some n=0,
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then from (x+))?=2(x2+)% and (x+y+2z)?=3(x*+y*+z%, an application of
Cauchy’s inequality and the properties of the stochastic integral we have

E”xn+1(t, w)—xo(f> w)lz] =
= 2E[|(Ux,) (t, @)= (Uxo) (1, @)1+ 2E[|(Uxo) (£, 0} —x, (¢, @)|F] =

g(t)

= 6ROE[| [ (A 5 xa(5 @), )AL 5, %05, @), ) dsf] +

g(t)
+6k:(DE [l f (72t 55 %, (s, @), @) —f3(2, s, Xo(5, W), )) dw (s, a))|2] +

+ 6I(1) E [|x,(h (1), @)—xo(h (1), ®)[*]+2E[| (Uxo) (t, @) — %o (¢, @)[] =
g(t)

= (6K (D e)+6RNES®) [ Ellxa(s, @) —xo(s, @)l ds+

+6E () Ellx,(h (1), 0)—xo(h (D), 0)PJ+2E [ U (xe) (t, @) —xo(t, @)F] =

g(t)
= k() [ uo(s) ds+1Oue(h () +7(1) = up(2).

Now (4.4) follows by induction.
It follows from (4.4) that (4.5) holds for n=0, m=0, 1, .... Now the inequality
(4.5) follows from

E[lxn+m+1(t, w)—xn+1(t9 (D)|2] = (Kun)(t)+(Lun)(t) = un+1(t)a tER+ s

and by induction.

Since u,=0 for n— (see Lemma 3.2) and from (4.5) it follows that {x,}
is a Cauchy sequence (see Definition 2.2) in C(R,, L;). Now, since C(R,, L,)
is a complete space, there exists an Xe¢C(R,, L,) such that x,—~X. If m—eo,
then (4.5) yields estimation (4.3). By the estimation

E[%(, ) —(UR(, w)ff] =
= 2E[|f(t, cL))'_'xn(t’ (D)‘2]+2E[|(an_1)(t, (L))—(U.’_C')(t, w)l2] =
= 4u,(t), n=0,1,..., teR,,

it follows that the random function X satisfies equation (1.1).

The uniqueness part of the theorem follows immediately from assertion (c) of
Lemma 3.1. Indeed, if we suppose that there exists another solution % of equation
(1.1) belonging to Ly (1) then we easily infer that @#(r)=E[|X(t, ©)— %(z, w)|?]€
€L, (y), and #=Kia+Lii. Hence and from (c) of Lemma 3.1 it follows that
E[|%(t, w)—%(t, w)|*]=0. This completes the proof of the theorem.
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Remark 4.2. By using the Banach fixed point theorem or the concept of ad-
missibility theory it is easy to prove that there exists a unique random solution of
stochastic equation (1.1) if Assumption H is fullfiled and

(4.6) k(g +1(t) <1, teR,,
where k and / are defined by (4.2).

The following theorem, which follows from part ¢) of Remark 3.1 and Theorem
4.1, shows that condition (4.6) is more restrictive than the assumptions of Theo-
rem 4.1.

Theorem 4.2. If Assumption H, assumption (i) of Lemma 3.1 and condition
(3.4) are satisfied and if r(t)=Ft®, teR,, for some p,F€R, then the assertion of
Theorem 4.1 holds provided 1h?<1.
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