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Idempotent distributive semirings. I

F. PASTIIN and A. ROMANOWSKA

0. Introduction

A semiring (S, +, -) is an algebra of type (2,2) where
©.1) (S, +) is a semigroup
0.2 (S, -) is a semigroup
(0.3) (@+b)c = ac+bc and a(b+c) = ab+ac for all a,b, c6S;

We shall always write ab instead of a - b, and we suppose that - linksstronger than + ;
with this assumption we can omit brackets.
The semiring (S, +, -) is idempotent if

0.4) ata=a=aa for all acs$,

i.e. the reducts (S, +) and (S, -) are bands. We say that the semiring (S, +, -) is
distributive if

0.5) ab+c=(a+c)(b+c) and a+bc =(a+b)(a+c) for all a,b,cesS.

The purpose of this paper is to clarify the structure of idempotent distributive_»scniif
rings which henceforth will be called ID-semirings.

We refer the reader to [6], [7] for a construction and a classification of bands. We
shall assume that the reader is acquainted with the definition of the Plonka sum of
a semilattice ordered system of algebras {8].

~~ We shall now list diverse examples which supply the motivation for our investi-
gations. - ' ' S

Resuit 1 ([1], Corollary 8). Let (1, -) and (A, -) be any semigroup:v. OnIxXA=S
we define an addition and a multiplication in the following way. For all (i, %), (j, u)€ S,
let ' '

06 WA+ =G, ad GO0 = 6 4.
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Then (S, +, -) is a semiring for which the additive reduct is a rectangular band;
conversely, every semiring for which the additive reduct is a rectangular band is iso-
morphic to a semiring constructed in this fashion.

We give a direct proof for the sake of completeness.

Proof. Let S be a semiring for which the additive reduct is a rectangular band,
and let us introduce the relations #.and % on S in the following way:

a®b if and only if a+b=b and b+a=a,
a%b if and only if a+b=a and b+a=b.

It should be evident that £ and % are equivalence relations and that £ NZ -is the
equality. Let S/¥=I and S/Z=A, and for any acS, let i,eS/¥ =1 denote
the Z-class of a, and 1,6 S/#=A the Z#-class containing a. By the foregoing the
mapping ¢: S—+IX A, a—~(i,, 4,) is an injective mapping. Let (i, 1) be any element
of IXA. Then i=i, and A=1, for some a,bcS; since (S, +) is a rectangular
band it follows that i,=i,,, and A,=4,,,. We conclude that

(i, ) = (igy 2) = (ipsa> Ap2a) = (B+0)0.

Thus the injection ¢ is in fact a bijection onto I'X A. ,
From (0.3) it follows that % and £ are congruence relations. From the above
we then have S=S/¥XS/A=IXA by .
We consider the semiring I=S/¥. Let i,, i, be any elements of I. Then

ia+ib = ia+b = ib

since (@a+b)+b=a+b and b+(a+b)=>. Hence the additive reduct of I is a right-
zero semigroup. Analogously, the additive reduct of A is a left-zero semigroup.
We conclude that every semiring for which the additive reduct is a rectangular band
may be constructed as stated above.

The direct part ‘is obvious.

Corollary 1. Let (S, +, -) be a semiring for which the additive reduct is a rec-
tangular band. Then (S, +, -) is distributive if and only if (S, +, -) is idempotent.

Obviously the semiring (S, +, -)=(IX4, +, -) of Result 1 is an ID-semiring
if and only if the semigroups (, -) and (4, -) are bands.

We shall say that an ID-semiring is a rectangular [normal, left-zero, ...] semiring
if and only if both the reducts are rectangular [normal, left-zero, ...] bands. A nest
(S, +, ) is an algebra of type (2,2) which satisfies

©.7) a+b=>»
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and
0.8) ab=a

for all a, be S2] [18). It is easy to see that a nest is necessarily an ID-semiring where
the additive reduct is a right-zero band and the multiplicative reduct a left-zero band.
Using the notations of Result 1 we can state that any nest is of the form (IX 4, +, -)
where |I|=1 and where (4, ) is a left-zero band. A dual nest (S, +,.-) is an ID-
semiring where

09 a+b=a
and
(0.10) : ab=1>b

holds for all a, b€S. With the notations of Result 1 we have that a dual nest is of
the form (IX 4, +, -) where |[A|=1 and where (Z, -) is a right-zero band. A left-
zero semiring is of the form (IX 4, +, -) where |4|=1 and where (, -) is a left-
zero band, whereas a right-zero semiring is of the form (IX A, 4, -) where |I|=1
and where (A, -) is a right-zero band.

Corollary 2. A semiring is rectangular if and only if it is the direct product of
a left-zero semiring, a right-zero semiring, a nest and a dual nest.

Proof. Let (S, +, -) be a rectangular semiring. Since the additive reduct is a
rectangular band, (S, 4, -)=(IX4, +, -) can be constructed as in Result 1,
where (I, -) and (4, -) are rectangular bands. It follows that (I, -) is of the form
(I, X1, ), where '

(in iz)(jlajz) = (ilsj2)

for all (i, iy), (Ji, Jo) €I, X Iy, whereas (4, -) is of the form (A4;X A,, +), where

(A1, 42) (s ) = (A1, t2).

Therefore the rectangular semiring (S, +, -) must be isomorphic to (I; XX 4,X
X Ay, +, ), where

(ila i25 '11’ '12)+(jlsj2’ H1s ”'2) = (ils iz, His ﬂ2)a
(B B25 A1 A 1y Jas Mas ) = (ins Jo» 415 Ho)

for all iy, ji€hy, iy, ja€ly, A, €Ay, and 2y, py€A,. Hence (S, +, -) is isomorphic
to the direct product of the left-zero semiring I, the right-zero semiring A,, the nest
Ay and the dual nest 1. Conversely, any such direct product must yield a rectangulan
semiring. -

Let us consider the variety N of nests DN of dual nests, LZ of left-zero semirings
and RZ of right-zero semirings. Since all the equivalence relations of algebras in these
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classes are congruence relations, all subdirectly irreducible algebras contain exactly
two elements. Hence the varieties LZ, RZ, N and DN are atoms in the lattice of varie-
ties of rectangular semirings. It is easy to see that an arbitrary algebra in a join of
some of the varieties N, DN, LZ and RZ is a direct product of algebras in the compo-
nent varieties. This follows from [11] Theorem 1 (the suitable polynomials are just
xy or x+y). Hence any subdirectly irreducible algebra in a join of some of the varie-
ties N, DN LZ and RZ belongsto one of the component varieties. These remarks
imply the following description of the lattice of varieties of rectangular semirings.

Corollary 3. There are exactly 16 varieties of rectangular semirings. They form
a Boolean lattice.

The variety LZN RZN NN DN is equal to the variety of rectangular semirings.
Each one of the “join” subvarieties of the variety of rectangular semirings is defined
by the identities for rectangular semirings and by one additional identity:

LZNRZ xX+y =xy
LZVN Xy =x
LZ\ DN x+y=x
RZVYN xX+y=y
RZN DN xy=y
NVDN x+y = yx
LZNVRZVN xy+x =x
LZN RZ\V DN x+yx =x
LZN NV DN x+xy=x
RZVN\YDN yx+x=x
LZvRZVNVDN
LZVvRZYN LZvRZY DN RZvNy DN

/
LZvR RZvN LZvDN NvDN
Lz¢ /\szlDN
™ .
' L /\Rf DN

' T
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Proof. The first part of the corollary is clear from the previous remarks. The
second part can be easily proved using standard methods. Let us show for example
that the variety LZV RZ is defined by the identities for rectangular semirings and
the identity x+y=xy. If the ID-semiring (S, +, -) belongs to the variety LZV RZ,
it is a product of a left-zero semiring and a right-zero semiring. So it is easy to see
that the identity x+y=xy is satified. Conversely, if a rectangular semiring (S, +, -)
satisfies this identity, then by Corollary 2, we conclude that it is in fact isomorphic to
the direct product of a left-zero semiring and a right-zero semiring.

Let us again consider the semiring (S, +,--)=(X 4, +, -) of Result 1. Then
(S, +) is a left-zero [right-zero] band if and only if |A|=1 [|I|{=1], and if this is
the case then (S, +, -) may be identified with (7, +, -) [(4, +, -)]. It follows
that any semigroup may be represented as the multiplicative reduct of a semiring.
In particular, any band may be represented as the multiplicative reduct of an ID-
semiring. This fact has been observed by many authors (see e.g. [20] Example 2.3.4).

A semiring (S, +, -) is called a mono-semiring if '

0.11) a+b =ab

holds for all a, beS, that is, if the two operations + and - coincide. If (S, +, )
is an idempotent semiring which is also a mono-semiring, then (S, +) and (S, -)
must be normal bands, and (S, +, -} needs to be distributive. Conversely, any nor-
mal band is the additive (or multiplicative) reduct of an ID-mono-semiring ([20],
Theorem 4.4.2). Left-zero semirings and right-zero semirings need to be mono-semi-
rings. A rectangular mono-semiring is the direct product of a left-zero semiring and
a right-zero semiring. An ID-mono-semiring is the Plonka sum (in the sense of [8])
of a semilattice ordered system of rectangular mono-semirings [19].

~ Anidempotent semiring (S, +, -) where the reducts (S, +) and (S, -) are semi-
lattices has been called a - -distributive bisemilattice in [4][12][13][14]. If moreover
(S, +, -) is distributive, then (S, +, -) is called a distributive bisemilattice [15]
(distributive quasilattices in [9]). Here the distributive lattices form the main example.
Another particular case consists of the mono-semirings where the two reducts are
semilattices: they will be called mono-bisemilattices. We remark that mono-bisemi-
lattices could as well be identified with semilattices. A distributive bisemilattice is the
Plonka sum of a semilattice ordered system of distributive lattices [9].
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1. Normal semirings

In this section we investigate the structure of normal semirings, i.e. semirings
satisfying the identities '
(L.1y . Xyzw = xzyw,

(1.2) x+y4z4+w = x+z+y+w.

We shall see later (Theorem 2.3) that any ID-semiring can “in principle’’ be construct-
ed from normal semirings.

First, let (S, +, -) be any ID-semiring. On S we introduce the equivalence -
+ + . .
relations &, #, &, # which are given by

(1.3) aéb if and only if a+b=a and b+a=25b
(1.4) a#b if and only if a+b=b and b+a=a
(1.5) a%b ifandonlyif ab=a and ba=b
(1.6) a#b if and only if ab=b and ba=a

Obviously é, 52, éoé=éoé=é and -.?, .@, Qo@;gi’o.?:.@ ~are the usual
relations of Green for the bands (S, +) and (S, -) respectively [7]. It is easy to see
that & and 2 are congruence relations on the reduct (S, +) [1]. Hence 2 is acon-
gruence relation on the reduct (S, +). On the other hand & is the least congruence
on (S, -) for which (S/9, -) is a semilattice. Thus, 9 is a congruence relation on
the ID-semiring (S, +, -) and it is in fact the least congruence on the semiring
(S, +, -) for which the quotient has a multiplicative reduct which is a semilattice.

+
By interchanging the role of + and . we can state a similar result for 2. Consequently

. F
9\ 9 is the least congruence on the ID-semiring (S, +, -) for which the quotient
is a distributive bisemilattice.

Theorem 1. Every normal semiring (S, +, -) is a subdirect product of (i) a nor-
mal semiring S, which has a left normal additive reduct and a right normal multi-
plicative reduct, (ii) a left normal semiring S, (iii) a normal semiring S, which has a
right normal additive reduct and a left normal multiplicative reduct and (iv) a right nor-
mal semiring S,, where S, S,, Ss, S; and S, have the same greatest bisemilattice ho-
momorphic image.
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Proof. Since (S +) 1s a normal band, # and .? are congruences on (S, +)
{61{19]. Therefore 92 and Z are congruences on .S, and since 9?0.?’ is the equahty,
we have that S is a subdirect product of the normal semirings V=S/92 and
W= S/,S;’. Since ég _05\/9} and .s?’gévgi, it follows that S, ¥ and W have the
same greatest bisemilattice homomorphic image. Let éy,.éy,éy, Ly, 9%,,, 7
and .%’W, éw, éw, P, Ry, Dy be the corresponding relations of Green for the
normal semirings ¥ and W respectively. Since éy=éy, and év is trivial, we know
that the additive reduct of V is a left normal band. Dually, the additive reduct of
W is a right normal band. Again, %, and 9@,, are congruences on V. Putting S,=
V/¥#, and S,=V/%#,, we have that V is a subdirect product of S, and S,, where

V, S, and S, have the same greatest bisemilattice homomorphic image, and where
S, and S, are as stated in the theorem. On the other hand, W is a subdirect product

of Ss=W/9§W and S4=W/2"W, where W, S, and S, have the same greatest bise-
milattice homomorphic image, and where S; and S, are as stated in the theorem.

Theorem 2. An ID-semiring (S, +, -) is left [right] normal if and only if S
divides the direct product of (i) a left-zero [right-zero] semiring T, (ii) the greatest
bisemilattice homomorphic image T, of S, (iil) a normal semiring T, for which the
additive reduct is a left-zero [right-zero] band and the multiplicative reduct a semilatti-
ce, and (iv) a normal semiring T, for which the additive reduct is a semilattice and the
multiplicative reduct a left-zero [right-zero] band.

Proof. Let us suppose that S is a left normal semiring.

1. Let (¥, +, -) be the semiring where V=S, such that the additive reduct
(¥, +) coincides with the additive reduct (S, +), and such that for all a,b¢S=V,
ab=a in (V, -). Clearly V is a normal semiring for which the additive reduct is
a left normal band and the multiplicative reduct a left-zero band.

$=9 is the least congruence relation on S for which the multiplicative reduct
of the quotient is a semilattice. Hence W= S/¥ is a normal semiring for which
the additive reduct is a left normal band and the multiplicative reduct a semilattice,
and the greatest bisemilattice homomorphic image of W is exactly the same as the
greatest bisemilattice homomorphic image of S. For every x¢S, let L, denote the
P-class containing x. From [6][19] it follows that for any @, x¢ S, we have L.=L,
in (W, -), thatis L =L L,=L,L_, if and only if x=xa in (S, -) or, if and only
if xZax. In this case ax is the only element of I, which commutes with a.

Let us consider the semiring ¥ XW, and the subset R of ¥ XW which is given
by R={(a LyIL,=L, in S/#}. Let (a, L) and (b, L,) be any elements of R.
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Since L L,=L.,=L,, we have (a, L,)(b,L,)=(a, L.L)=(a, L,;)¢R. From xa=x
and yb=y, we have (x+))(a+y)=xa+y=x+y and (a+y)(@+bd)=a+yb=a+y,
thus L,,,=L,,,=L,,,, and so (g, L)+, L)=(a+b, L,+L,)=(a+b, L,, )€R.
We conclude that R is a subsemiring of V' XW.

We now introduce the mapping ¢: R—S, (4, L,)—~ax. This mapping is well-
defined, since ax is the unique element of L, which commutes with a. Further, ¢
is surjective, since (x, L)eR for all x¢S, and (x, L)p=x. Again, let (a, L,)
and (b, L)) be any elements of R. Since axeL, and byeL, we have ax+bye
eL,+L,=L,,,. Further, ax+by=a(ax)+by=(a+by)(ax+by)=(a+b(by))-
-(ax+by)=(a+b)(a+by)(ax+by) from which it follows that ax+by is the. unique
element of L., which commutes with a+5. Thus (a+b, L., )p=ax+by, and so
(a, LYo+, LYyp=ax+by=(a+b, L, )o=((a, L)+, L))p. Since yb=y, we
have by the left normality of (S, -) that (a, LYo (b, L)p=axby=axyb=axy=
=(a, L,,)o=((a, L,)(b, L,))p. We conclude that ¢ is a homomorphism of R onto S.
Hence, S divides the direct product of ¥ and W, where the greatest bi§emilattice
homomorphic image of V is trivial, and where S and W have the same greatest bise-
milattice homomorphic image.

2. By interchanging the role of + and -, and using the same method as in 1,
we can now show that ¥ divides the direct product of a left-zero semiring 7, and a
normal semiring T, for which the additive reduct is a semilattice and the multiplica-
tive reduct a left-zero band. Here T, is the left-zero semiring with carrier S=V,
and' T, is the normal semiring for which the additive reduct is the semilattice

+
/Ly, +)=(S/3+’, +) and the multiplicative reduct the left-zero band on the set

+ +
V/%,=8/%. Similarly, W divides the direct product of a normal semiring T; for
which the additive reduct is a left-zero band and the multiplicative reduct a semilattice,
and a normal semiring T, which is actually a distributive bisemilattice. Here the addi-

tive reduct of Ty is the left-zero band on the set S/, whereas the multiplicative re-

duct of T, coincides with the semilattice (S/., -); on the other hand T2=(PW§W)E
’ . + .+ .

= S/(LVZ), where S/(FVY) is the greatest bisemilattice homomorphic image of S.

We conclude that S divides the direct product of the semirings T, T,, T, and Tj.

3. The semirings T3, T;, T3, T, mentioned in the theorem are all left normal
semirings. Therefore every semiring which divides their direct product must also be.
left normal.

In a similar fashion we can prove the following theorem.
Theorem 3. An ID-semiring (S, +, -) has a right [left] normal additive reduct

and a left [right] normal multiplicative reduct if and only if S divides the direct product
of () a nest [dual nest] T, (ii) the greatest bisemilattice homomorphic image T, of
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S, (ili) @ normal semiring T, for which the additive reduct is a right-zero [left-zero}
band and the multiplicative reduct a semilattice, and (iv) a normal semiring T, for
which the additive reduct is a semilattice and the multiplicative reduct a left-zero [right-
zero] band.

By Result 0.1, Corollary 0.2, Theorems 1.1, 1.2 and 1.3, we can now conclude
to the following division theorem for normal semirings in general.

Theorem 4. An ID-semiring (S, +, -) isnormal if and only if S divides the direct
product of (1) a rectangular semiring T,, (i1) the greatest bisemilattice homomorphic
image T, of S, (iii) a normal semiring T for which the additive reduct is a rectangular
band and the multiplicative reduct a semilattice, and (iv) a normal semiring T, for which
the additive reduct is a semilattice and the multiplicative reduct a rectangular band.

It should be remarked that the components 75, T5, T3 and T, can be constructed
in terms of sets, semilattices and distributive lattices (Result 0.1, Corollary 0.2,

412

Lemma 5. The greatest bisemilattice homomorphic image of anormal semiring
(S, +, -) is a distributive lattice if and only if S satisfies the identity

(1.7 o x(x+y+x)x = x.

Proof. A distributive bisemilattice which satisfies (1.7) must be a distributive
lattice [9]. Therefore the greatest bisemilattice homomorphic image of a normal se-
miring satisfying (1.7) must be a distributive lattice. Let us conversely suppose that
the greatest bisemilattice homomorphic image of the normal semiring (S, +, -)
is a distributive lattice. By the foregoing theorem we know that .S divides the direct
product of Ty, T, T, and T,, where T3, T, and T, are as stated in Theorem 4, and
where T, is a distributive lattice. One easﬂy checks that Ty, T,, T, and T, satisfy
(1.7). Thus § satisfies (1.7).

Theorem 6. An ID-semiring (S, +, -) is @ normal semiring if and only if S is
the Plonka sum of a semilattice ordered system of normal semirings that satisfy the
generalized absorption law (1.7).

Proof. Let E be the set of all equations which hold for all normal semirings for
which the greatest bisemilattice homomorphic image is a distributive lattice. Let
R(E) denote the set of equations which are consequences of E and which are regular.
Let Kg and Kgg, denote the equational classes defined by E and R(E), respectively.
Since (1.7) belongs to E we have from Theorem 1 of [10] that K, consists of those
algebras which are the Plonka sum of a semilattice ordered system of algebras
which belong to K. Evidently the algebras which belong to K are exactly the normal
semirings satisfying (1.7), and since the equations (0.1), (0.2), (0.3), (0.4), (0.5),
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(1.1) and (1.2) are all regular, it is obvious that K, consists of normal semirings.
The normal semirings T;, T, and 7, which appear in Theorem 4 all belong to X
since their greatest bisemilattice homomorphic image is trivial. It follows from [9]
that distributive bisemilattices belong to Kz(g,. Thus the normal semirings T, Ty,
T; and T, of Theorem 4 all belong to Kp(g. Since Kpp, is an equational class it
follows from Theorem 4 that every normal semiring telongs to Kgg.

Remark. If we restrict ourselves to mono-semirings, then Theorem 6 is equi-
valent with the result of [19] which states that every normal band is the Plonka sum
of a semilattice ordered system of rectangular bands. Our Theorem 6 also generalizes
Plonka’s decomposition of distributive bisemilattices [9]; this latter generalization
goes in another direction than Padmanabhan’s generalization of Pionka’s result:
we keep distributivity but abandon commutativity, Padmanabhan keeps commuta-
tivity but abandons distributivity [5].

It will be manifest for the reader that we actually used [19] and [9] in our proofs
towards Theorem 6. We could have given a direct proof by showing that for every
normal semiring (S, +, )

[ 828, (x,y)>x(x+y+x)x

is a partition function of (S, +, -) (in the sense of [8]). Our procedure via Result
0.1, Corollary 0.2, Theorems 1 to 4, has the advantage that it gives insight in part of
the lattice of subvarieties of the variety of normal semirings.

In the next section we generalize Theorem 6 for arbitrary ID-semirings.

2. A decomposition of ID-semirings

Let (S, +, -) be any ID-semiring. Then S/‘é and S/9 are ID-semirings where

+ .
one of the reducts is a semilattice. Our first result here states that S/9 and S/2 must
be normal semirings.

Theorem 1. Let (S, +, -) be an ID-semiring where (S, +) is a semilattice.
Then (S, -) is a normal band.

Proof. Clearly @ is the least congruence on (S, +, -) for which the quotient is
a distributive bisemilattice. For any a¢.S we denote the Q-class containing a by a.

The. distributive bisemilattice .T=S/9 is the Plonka sum of a semilattice ordered
system of distributive lattices

(Y’ <Ta>aEY, <¢ﬂ,a>a§ﬁ;a,ﬂ€ Y>
2 :
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Let a and b-any elements of S, such that ab=ba=>~b. Clearly ab=ba=b in
the distributive bisemilattice 7, and so a¢T,,beT, for some x, ey, w1th p=a.
We distinguish two cases: l.a=pf, and 2.a=>p. )

1. If =B, then a and b belong to the same distributive. lattlce T Let X be
any. element of b which satisfies xa=ax=x. Then x+a=a+xca+b=a. One.
readily checks that also bx+b¢bh, and . (bx+b)a=a(bx+b)=bx+b, and :so
bx+b+a=a. Consequently b=ba=b(bx+b+a)=bx+b and dually b=xb+b.
If we interchange the role of x and b we also have x=xb+x=bx+x. Further,
xb+bx = (xb+bx)*=(xb)2+ (xb) (bx) + (bx) (xb) +(bx)? = xb+x+b+bx = (b+x)? =
=b+x and so b=b+xb+bx=xb+bx=xb+bx+x=x. We conclude that b is
‘the only element of its 9-class which is a solution of xa=ax=x. .

2. Letus now suppose that a>f. From ab=» it follows that (dg, b= aE b,
where ag, g, beT,. Since T} is a distributive lattice, we also have a+b=adg, z+b=.
=@, 5, and consequently a+b¢€ag, 5. One can see that (a+b)a—a(a+b) a+b.
Let y be any element of ag,, g which satisfies ya=ay=y. Clearly y+a a+yeag,,
and since dg,,; forms a multiplicative rectangular band, we have’ at+y=y+a=
=(a+y)y(a+y)=(a+y)(ya+y)=(a+y)y=ay+y*=y. Similarly y(a+b), (a+b)y¢
€@, and a+y(a+b)=y(a+b), a+(a+b)y (a+b)y

Therefore, :

a+b = ‘(a+b)y(d+b) = (a+b)y((a+_b)+a) =‘(a-l—_b)y'(a+l_7)+,(‘a-.l-b)'y =
= (@+b)+(a+b)y = (a+b)(a+y) = (a+b)y = (a+(a+b))y = |
= y+(a+b)y = y(a+b)y+(a+b)y = (y+a)(a+b)y = y(a+b)y =0

and we conclude that a+b is the only element of the PD-class aQ,, s which is a solu-
tion of ya=ay=y. Let x be any element of b which satisfies xa=ax=x. Again
a+x€dg,,; and a(a+x) (a+x)a=a+x, and so by the foregomg we have a+x=
=q+b. Furthermore b=(a+bb=>b(a+b), x=(a+x)x= (a+b)x x(a+x)=
=x(a+b), where x,beb, and where b and a+b ‘belong to the same distributive-
lattice Tﬁ By 1. we conclude that b=x. Therefore, b is the only element of its P-class
which is a solution of ax=xa=x.

‘From 1. and 2. we conclude that @b=b in S/@ 1mphes that w1th every aca
there corresponds a unique beb which is a solution of ax=xa=x.. Therefore
(S, -) is a normal band [6]. o

Theorem 2. For an ID-semiring (S, +, ) the folIowmg are equwalent

@ Qﬂ@ is the equality,
(i) (S, +, -) satisfies

@y .. . . xy+yx. = yx+xy,

5
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(iii) (S, +, ) is a subdirect product of ID-semirings for which one of the reducts
is. a semilattice,

@iv) (S, +, -) divides the direct product of (1) a distributive bisemilattice, (2)
a normal semiring for which the additive reduct is a rectangular band and the multi-
plicative reduct a semilattice, and (3) a normal semiring for which the additive reduct
is a semilattice and the multiplicative reduct a rectangular band.

Proof. Let (S, +, -) be an ID-semiring which satisfies (i). Then (S, +, -)
. + .
is .a subdirect product of S/2 and S/9, where the multiplicative reduct of S/9 is

a semilattice, and the additive reduct of S/é is a semilattice. Thus (i) implies (iii).
It follows from Theorems 1.1 to 1.4 that (iii) implies (iv). Let us now suppose that
(S, +, -) satisfies (iv). Clearly the normal semirings listed in (iv) all satisfy (2.1),
and so (S, +, -). satisfies (2.1): consequently (iv) implies (ii). Let us suppose that

.+
(S, +, -) satisfies (2.1). We know that the 2N Z-classes are rectangular. On the

. . +
other hand, the 2 P-classes form subalgebras which satisfy (2.1). It is an easy
matter to check that a left-zero semiring, a right-zero semiring, a nest or a dual nest
can only satisfy (2.1) if they are trivial. From Corollary 0.2 we conclude that the

Qﬂg-classes of (S, +, +) must be trivial. Thus (ii) implies (i).

Let K be a fixed class of algebras of finite type and K, K, subclasses of K.
The product K, oK, is the class of all algebras A from K on each of which one can
find a congruence 8 such that A/9¢K, and such that all 6-classes form subalgebras
which belong to K, [3].

Theorem 3. The variety of ID-semirings is the product of the variety of rectan-
gular semirings and the variety of ID-semirings which satisfy the equivalent conditions
of Theorem 2. :

Proof. The canomcal homomorphism 0 S—»S/@ X S/@ induces the con-
gruence relation 9 ﬂ@ on S. Clearly S/9 ﬂ@ S0 satisfies the equivalent condi-

tions (i) to (iv) of Theorem 2, and the (@ﬂ@)-classes form rectangular semirings.

Remark that we can construct rectangular semirings and the semirings which
appear in (iv) of Theorem 2 in terms of sets, semilattices and distributive lattices by
our results of Section 0. We now give a decomposition for arbitrary ID-semirings;
we use Theorem 1.6, and we shall generalize it.

Lemma 4. The greatest bisemilattice homomorphic image of an ID-semiring
(S, +, -) is a distributive lattice if and only if S satisfies the generalized absorption
law (1.7).

Proof. It should be clear that the greatest bisemilattice homomorphic image
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of an ID-semiring which satisfies (1.7) must be a distributive lattice. Let us now sup-
pose that the greatest bisemilattice homomorphic image of the ID-semiring (S, +, -)

is a distributive lattice S/vaé. Since Qfﬂé ggivé, we have that Qvé/g ﬂé
is the least congruence on S/9 ﬂé for which the quotient is a bisemilattice, and’
(S/@ﬂ@)/(@v@/@ﬂ@) S/@V@ is a distributive lattlce By Theorem 1 and
Theorem 3 we know that S/@ﬂ@ is a normal semmng, and so by Lemma 1.5 we
may conclude that the normal semlrmg S/@ﬂ@ satisfies (1.7). Let @ and b be any.
elements of S. We denote the 9 ﬂ@-class containing a and bbya a and b respectively.

Then a(a+b+a)aca(@+b+aya=a since S/9 ﬂ@ satlsﬁes 1.7. Then a,
a(a+b+a)aca, and since the multiplicative reduct of @ is rectangular we have
ala+b+a)a=a. Thus (S, +, -) satisfies (1.7).

Theorem 5. Every ID-semiring is the Plonka sum of a. semilattice ordered
system of -1D-semirings whtch satisfy the generalized absorption law (1.7).

Proof. Let (S, +, -) be any ID-semlrmg, and let us consxder the normal semi-

ring S/@ﬂ@ S. For any ac¢S, a will denote the @ﬂ@-class containing a. It
follows from Theorem 1.6 that S is the Plonka sum of a semilattice ordered system of-
normal semirings satisfying (1.7) :

22 (¥, Soacys (Pa,p)p=asa, pev)-

For any a€¥, let S,= {aIaeS,} -

Let acS,, and let f=a in Y. Let x be any element of ag, g, and cons1der
b=axa. Then axacaXa=dg,,, and so b is an element of a@, g which satlsﬁes
ab=ba=>b. Then a+bca+b=ay, 4, and so a+b=(a+bb(a+b)= (a+b)(ba+b2)—
=(@+b)b=ab+b2=b, and similarly b+a=>b. By symmetry we may conclude
that an element b of ag, ; is a solution of ay=ya=y if and only if b is a solution
of a+y=y+a=y. Let b and b’ be any elements of a¢,, such that ab=ba=b.
and ab’=b'a=b". Since ag,,, forms a rectangular semiring, we have from the
foregoing

b= (b+b)+b = (b+b)+aba = (b+b'+a)(b+b'+b)(b+b'+a) =
= b+b)b(b+b) = b+b = (b+b’)b’(b+b’) =
(a+b+b')(b'+b+b)(a+b+b3 ab'a+(b+b) = b’+b+b’ = b’

Hence a+y=y+a=y has a unique solution in @g, s, and this solution coincides
with the unique solution of ay=ya=y in @, ,. We define the mapping ¥, 4:
S,—~S; by the requirement that for every acS,, af,,, is the unique solution in

5¢



252 F. Pastijn and A, Romanowska

ag, g of the above considered equatlons It follows from our considerations that
Va,p is well-defined. : :
- Let' us consider the system -

@3) (e Sden W dempiaper)-

It should be obvious that for every acY, §, and S, have the same greatest bisemi-

lattice homomorphlc image which is a distributive lattice. Therefore S, is an ID-

semiring which satisfies (1.7) ‘for all «€?. Ev1dent1y S, OS,,— g if a;éﬂ since

S, ('lS,,_ @ in that case.

... Let a, BeY, with B=«, and let us suppose that a,a’€S,. Then b=ay,,,
b'=a l,ba ,,ES,,, and bb’cbb’ —-a(p‘z $8 Py, 3=, 5. Funher

(b+a)(b'+¢f) bb’ +ba’ +ab’+aa’

implies that bb’+aa’=bb’, and similatly aa’+bb’=bb". Hence bb'=(aa)y,,
and- so, (@@, =@y, g)(@¥, ). Analogously (a+a W, z=ay,s+a'y, .. We
conclude that (J, p)p=q;a, pev is a family of homomorphisms. It should be obvious
that for every a€Y,y, , is the identity mapping on S,. Further, let y=f=a in ¥,
and let acS,. Let us put ay, ;=b and by, ,=¢. Then beag,,, and cebgpy =
=aQ, ;0p,,=a¢P,, ,. Further ab=ba=b and bc=cb=c imply ac=ca=c, and
so c=ay, ,. Thus ¥, z¥, ,=¥, ;. We conclude that (2.3) is a semilattice ordered
system of ID-semirings which satisfy the generalized absorption law (1.7).

Finally, let a¢S, and b€S;, and put ay,,,=a and by, .,=b". Then
db’E&'E’=Z1'(p¢,,,,5go,,,,ﬂ=65=a_b, hence a’b’ and ab belong to the same rectangular
semiring a’b’=a_b. Further, . a'd’=(d' +a)(b'+b)=a'b’+a’b+ab’+ab . and so

a'b'+ab=a’t’. Similary ab+a'b’=a’b’, and thus ab=ab+a’t’'+ab=a’b’ We.con-

clude that ab= (anp(z ap)(OY5,0p) and by symmetry, a+b=(ay, ,,)+(bt//,, «p)- Con-
sequently, (S, +, -)is the Plonka sum of the systern (2.3).

The reader may Check that for any a, fc¥, with f=a, and a€S,, we have
ay, p=b if and only if a(a+b+a)a=b. Thus we can conclude to the followmg

g Corollary 6. For any ID-semiring (S, +, -),

f: S2 ing S9 (x’ }’) e x(x'j'y-l'x)x
is a partmon functwn ' ' ‘

Proof. Immedlate from the proof of the foregomg and from [8]

Problem. Let (S +, ) be an ID- -semiring where (S +) 15 a semilattice.
By Theorem 2.1 (S, -) must be a normal band. Characterize the normal bands which
can be realized in this way. Remark that [16] and [17] give information about the -
normal bands (S, -) where (S, +, -) is an ID-semiring for which (S, +) is a chain:
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