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A Rees matrix semigroup over a semigroup
and its maximal right quotient semigroup

ANTONIO M. LOPEZ, JR.

As with the Rees matrix semigroup over a group with zero, one can construct
a semigroup M°(I, W, A; P) where W is a semigroup with zero [3). Under certain
conditions, we show that the maximal right quotient semigroup Q(S) of a Rees
matrix semigroup S=MO°(W, n; P) is isomorphic to the endomorphism monoid of
S=M(Q(W),n; P) as a right S-system.

1. Preliminaries. Although much of the basic notations and definitions are given
in this section, we assume the reader is familiar with the basic terminology and
results on algebraic semigroups as presented in CLIFFORD and PRESTON [2]. Those
wishing a more indepth view of S-systems and semigroups of quotients should read
the survey article by WEINERT [6].

A right S-system with zero Mg is a semigroup S with zero, a set M, and a func-
tion MXS—~M with (m,s)—ms for which the following properties hold:

(@) (ms)t=m(st) for meM and s, 1€S;

(i) M contains an element 9 (necessarily unique) such that 9s=3 for all
SES;

(iii) for all mec M, m0=8 where O is the zero of §.

An S-subsystem N of My is a subset N of M such that NSEN; this will be denoted
by NS Mg. Let Mg and N be S-systems with f: My —~Ng a mapping such
that f(ms)=f(m)s for all mcM and s€S, then fis called an S-homomorphism.
The set of all S-homomorphisms from Mg to Ng is denoted by Homg (M, N). Let
NS My, then Ny is intersection large (N-large) in My if for {3}=XsS Mg, XNN#
#{9}. We denote this by NgS’M . Note that this is equivalent to saying that for
all 92meM there exists s€ S* such that 32ms€N. The singular congruence Yy,
on My is a right congruence such that ay,b if and only if ex=bx for all x in an
N-large right ideal of S. If every nonzero S-subsystem of M is N-large, then M
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is said to be intersection uniform (N-uniform). An S-subsystem N of Mg is dense
in Mj if for each m,, my, mgc M where m;s:m, there exists an s€S* such that
mys#mys and myscN. It is easy to see that when N is dense in M then NS M.

The construction of the maximal right quotient semigroup is due to McMor-
RIS [4] and will not be repeated here. You will recall that every N-large right ideal
of S is dense if and only if Yg=15 the identity congruence. In view of this result,
we define S as being right nonsingular if every (N-large right ideal of S is dense.

2. The Maximal Right Quotient Semigroup. Let S=M°(], G, A; P) be a Rees
matrix semigroup over a group G. In studying these structures, BoTERO DE MEza [1]
showed that if each row of P has a nonzero entry and S is nonsingular then the
maximal right quotient semigroup of S, denoted Q(.S), is isomorphic to Homg (S, S).
In general, this is not the case for M°(1, W, A; P) where W is a semigroup. What
restrictions must we place on M°(I, W, A; P) to obtain similar results?

- First let us consider the fact that the only MN-large right ideal of S is S itself.
This is not true for M°(I, W, A; P) as the next theorem and example will illustrate.

Theorem 1. Let S=M®(I, W, A; P) where W is a semigroup with O and 1,
T is a unitary subgroup of W, and P has an entry from T in each row. If L is an (\-large
right ideal of W then £={(i, 1, D)|lcL,icl, A€ A} is an (N -large right ideal of S.

~ Proof. Let 0#(i,a, })¢S. Since P has an entry from 7 in each row then
there exists p,;€T for some jcI. For 0z2ac W, there exists x€ W such that
- O#¢ax€L since LpS'Wy. Hence we let A b=p;'x and choose pcA then
@, a, ) x(j, b, =(, ap,;b, =G, ap,; p;jlx, w=(>,ax, NEL. It is easy to see
that & is a right ideal of S and hence an (1-large right ideal of S.

Example 2. Let W={0,¢,1}, the semilattice O=e<]1 and consider
MC°(I, W,I; P) where P=(p;) and p,-jz{(l) 111;‘ II;JJ
N-large in W and so by Theorem 1, £={(i,a,)|ac{0, e} i,j€I} is an N-large
right ideal of M°(I, W, I, P); however, it is clear that L=M®(I, W, I, P).

If & is an N-large right ideal of M°(I, W, A; P) what is its relation to the
(N-large right ideals of W, if any? If we let I=A, we are able to obtain some results
to this question.

The right ideal {0, e} is

"Theorem 3. Let S=M%(I, W,I; P) where W is a semigroup with O and 1,
T is a unitary subgroup of W, and P has an entry from T in each row. If £ is an (-large
right ideal of S, then for each kel, M,={scW|(k,s, k)ES,”} is an N-large nght
tdeal of w.

Proof. Let meM, where k€I arbitrary but fixed, and let SCW. Since
each row of P has an entry from T there exists p,;€T for some jcI Since £ is
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a right ideal of S, then (k, m, k)*(j, p;;'s, k)¢ £. But then (k, ms, k)€Z and
50 ms€ M, Thus M, is a right ideal of W. To see that M, is N-large, we let 0z W
and consider (k, z, k)€S. Since Z;S’Ss then either (k,z, k)€Z or there exists
(n, s, m)e S such that 0=(k, z, k)= (n, s, m)¢ %. In the former case, z€M, and
there is nothing to prove. In the latter case, we have 03(k, zp,,s, m)¢.%. Hence
there exist p, ;€T and O0s(k, zp,,s,m)*(j, 1,k)€¥ and so 0xzp,,sp,;€M,.
Thus M, is N-large in W.
If we restrict our Rees matrix semigroup over a semigroup further to |/|=n-<co,

then ﬂ M, is also an MN-large right ideal of W and we develop the following results

for M°(W n; P).

Theorem 4. Let S=M°(W,n; P) where W is a semigroup with 0 and 1,
T'is a unitary subgroup of W, and P has an entry from T in each row. If & is an N-large
right ideal of S then R={G,t,j)|t€ N\ My, i,j€I} is an N-large right ideal of S

kel

contained in &.

Proof. Since ﬂ M, is N-large in W then by Theorem 1, £ is an N -large
right ideal of S. Let (1 t,j))ER. Since 1€ ﬂ M, then 1€M; a right ideal of §

and so ;'€ M, for some hel with p,hET Consequently, (i, 1p;", i)€% and
since & is a right ideal of S then (i, tp;%, i)*(h, 1,/)€%. But this says that
(, £, ))& since (i, tp,*, D)% (h, 1, /)=, tp3 Py, L )=, 1, )).

Theorem 5. Let S=M%(W,n; P) where W is a semigroup with 0 and 1,
T is a unitary subgroup of W, and P has an entry from T in each row. If S is right
nonsingular then W is right nonsingular.

Proof. Let k,j€I such that p,;€T and suppose a Ywb. Then since Yy is a
right congruence (ap,,)¥w(bpy,) for all h€l. Hence there exists an (N-large right
ideal L of W such that for x¢L, h¢I we have ap,,=bp,x. By Theorem1, L
induces an N-large right ideal #={(i, x, j){x€L and i,j€I} on S. Hence for
(J,a, k), (j, b, k)ES and (i, x, m)€ £ wehave (J, a, k) * (i, x, m)=(J, ap,;x, m) and
(J, b, )% (i, x, m)=(J, bp,;x, m). Thus (j, a, k)Ys(j, b, k) and since S is right
ponsingular then (Jj, a, k)=(J, b, k) and so a=b.

The converse to this result is in general false since if G is a group with zero
adjoined and S=M°(, G, A; P) is regular then S is right reductive if and only
if no two rows of P are left proportional; that is, for any two rows y and A
of P there does not exist c€G such that p,=cp,; for all i€l [5, p. 156] Hence if
S is not right reductive then S is not right nonsingular.

McMorris [4] showed that a semigroup W with 0 and 1 can be embedded in
O(W) by ¢: W—~Q(W) defined by x-[A,] where A.€Homy (W, W). defined
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by #->xt. The zero and identity of W are the zero and identity of Q(W). If P is a
sandwich matrix defined on W, we can define a new sandwich matrix on Q(W)
by allowing the entries of P to be operated on by ¢; that is, p,,€ P would become
[pm]u For convenience, we simply write p,; and let P=¢(P). It is not difficult
to see that M°(W, n; P) can be embedded into M°(Q(W), n; P).

We are interested in obtaining a characterization of Q(S), the maximal right
quotient semigroup of S=M%W, n; P), where W is a semigroup with 0 and 1,
T is a unitary subgroup of W and P has an entry from T in each row.

Theorem 6. Let S=M°(W,n; P) where W is an N -uniform semigroup with
0 and 1, T is a unitary subgroup of W and P has an entry from T in each row.
If f1 ¥—~S is an S-homomorphism where & is an (-large right ideal of S then
there exists an indexing function i: I1-I, and for each h€I a W-homomorphism
fo: N My~W such that flg((m, x, £))=(i(m), f,(x), t) where R is defined in Theo-

kel
rem 4.

., Proof. Let f: £—S§ be an S-homomorphism and % an (-large right ideal
of S. By Theorem 3, for each k€I, My={sc W|(k, s, k)¢ &} is an N-large right
ideal of W and so is ﬂ M, . By Theorem 4, we can construct #= (d z, g)|z€ ﬂ M,

and d, gEI} an ﬂ-large right ideal of S contained in %Z. Let d be a fixed element
of I. For me€l and x€ ﬂ M, we have f((m, x,3))=f((m, x, ) x(j, p;;, 8))=

=f((m, x, ) *(J, p3;", 9) for some j€I with p,€T, since fis an S-homomorphism.

Thus f((m, x, 3))=(, y, d) for some i€l and y€ W. Now let s€/ and a, b€ (| M,
kel

and suppose f1 ((s a, 0))=(i, y,0) and f((s, b, 9))=(h, z, d). Since W is N-uniform
then aWNbWs<0 and so there exists O0=xcaWNbW such that x=aw and
x=bu for some w,ucW. Since (s,aw,d), (s, bu, )€ # then f((s,aw, )=
=(i, y, 0)*(j, p3;'w, 0) and similarly f((s, bu, 9))=(h, z, 3) *(j, p;;*u, 8) for some
J€L But f((s, aw, 3))=f((s, bu, 9)) and so (i, yw, 0)=(h, zu, ). Hence i=h and
we can consider the first index as a function of s, denoted i(s). Now for each h¢1,
we define f,: k@l M,~W by x—y where f((h, x,d)=(i(h), y,d). Each f, isa

W-homomorphism since for s€ W and x€ () M, we have
kel

f((h, x5, 3) = f((h, xpy; P3}'s, B)) = f((h, x, 0))x(J, p3}'s, 8) =
= (i), y, N *(j, p3;'s, 0) = (i(h), yps; p3;'s, 8) = (ih), ys, 9)
and so Fw(x)s=ys=£,(xs). The remainder of the theorem now follows from the fact

that for (m, x, 1)€ £, f((m9 X, t))-f((m9 X, 3)*(J,Pa, ’ t)) f((m’ X, 3))*(],P3, 1)=
=(i(m), fu(x); ) (j, £3}" )=(i(m), fu(), £).
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‘We now prove the main result of this paper.

Theo'rem 7. Let S=M O(W,n; P) where W.is an N-uniform semigroup with
0 and 1, T is a unitary subgroup of W and P has an entry from T in each row. If S is
right nonsingular then Q(S)=Homg (S, S) vohere S=M°(Q(W), n; P).

Proof. Let [ f]€Q(S) and define pg,y: S-S by (s, g, 1)~(i(5), 4,9, t) where
¢.=Lf] and i(s) are defined in Theorem 6. We should note that by Theorem 5,
S being right nonsingular implies that W is right nonsingular and so [£]€Q(W).
To see that py is an S-homomorphism we consider um((s q, t))aie(r g, u)—
=(i(s), 4.9, )%, &, )=(i(s), 4:9P,8, u) and

in((s, g, )% (r, 8, w)) = ”F”((S’ apug; W) = (i(5), 4,9P, &, ).

Thus pp.y is an S-homomorphism. We now" define ¢: Q(S)—Homg (S, S) by
[f1=ugs;- To see that ¢ is well defined suppose [f]=[g]. Then f and g agree on
some dense right ideal % of S. We must show that [ ﬂ]:[gj] for all jel. Since
£ is a dense right ideal of S then it is also MN-large. By Theorem 3, for each k<],
M, ={se Wik, s, k)€ £} is an N-large right ideal of W and so is ﬂ M,. By Theo-

rem4, Z= {(d z, h)|z€ ﬂ M, and d, hEI is an ()-large right 1deal of S contalned
in £ so flg=gla agree Thus for jeI, f;: ﬂ M,—~W and §;: () My—~W agree
ker ker

on their domains and by Theorem S () M, is a dense right ideal of W so
ker

[ f 1, [1€@(W) and [ f 1=[¢;]. We now show that ¢ is one-to-one by supposing
that p=p,. Since for each kel (k,1,0)€S, pip(tk, 1,8))=(i(k), [£], d) and
Ha (K, 1, 8))=(f(k), [&J,9) then [f]=[g] and i(k)=j(k) for all kel Thus

for each kcl, f, and g, agree on some (-large right ideal of W call it L,. Let
L=NL,. Since L is an {Y-large right ideal of W then by Theorem 1
k

I
P= {E(d, z, h)|ze L and d, hel} is an N-large right ideal of S. We claim that f
and g agree on &. Let (d,z, he & then there exists m€l such that p,, €T in P
andso f((d, z, D)=f(d, z, ) *(m, s, h) and g((d, z, 1))=g((d, z, &) * (m, p;;}, h).
But f((d, z, 3))=g((d, z, )) since f; and ¢, agree on L,SL. Consequently, the
claim is established and [f]=[g] in Q(S); furthermore ¢ is one-to-one. To show
that ¢ is onto let occHomg (S, S) and consider 6-1S={xcS|o(x)€S). Since
SC’S then ¢71SC’S and SN 1SES’S. Next define : SNo~1S—~S by
x—~o(x). Clearly, t is an S-homomorphism so by Theorem 6, there exists 2 an
M-large right ideal of S, an indexing function i: /-, and for each h¢I a W-homo-
morphism £: kﬂl D,—~W such that 1|g((m, x, 1))=(i(m), £,(x), t). Note that 2

€
is a dense right ideal of S since S is right nonsingular and that t92CS. Let T=1l|,
and consider [)€Q(S). Since Sy is dense in Sy then U=0 and so ¢ is onto.
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What remains to be shown is that ¢ is a semigroup homomorphism; that is, p;..,=
=psH) Where the operation on the right is composition of functions. Let
(5,9, €S then  propi((s, 4 D)=pi (i (5, ¢, 1)) = I‘[n((_l(s) [£1q, )=
=GO, If; ollgdg, 1)=(((s), Lf,(,,g,]q, )=p0((s, 9, 1)) since fg((s, x, )=
_f(g((s X t)))_f((.] (S), gs(x)’ t)) (’ (] (S)), j;(s)(gs(x)) t) (’ (.] (S)), .f_, (s)gs(x) t)
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