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A Jordan form for certain infinite-dimensional operators

ERIK J. ROSENTHAL

We derive several theorems about invariant subspaces of operator algebras
of finite strict multiplicity. We generalize a result of EMBRY [3] to show that such
algebras have maximal invariant subspaces (Theorem 2), and we prove some related
theorems. The main results are Theorems 5 and 6, which give a “Jordan form” for
operators which inherit finite strict multiplicity.

The first theorem is a-slight sharpening of its corollary, which is due to HERRERO
[7]. Herrero’s result generalizes LAMBERT’s result for strictly cyclic algebras [11] to
algebras of finite strict multiplicity. Our proof combines ideas from HERRERO [7]
and from RADJAVI arid ROSENTHAL [18]. »

We will use the following notation throughout this article. We use $ to denote
a separable Hilbert space, and #(9) is the algebra of all bounded, linear 'operators
on §. If & is a subalgebra of #(9) or if T is an operator in Z($), Lat o or Lat T
denotes the lattice of invariant subspaces of & or of T. & (T) will be used for the
subalgebra of #(9) generated by T and the identity. Finally, if 9% and 9t are sub-
sets of §, MV N is the closed linear span of M and N.

Recall that a subalgebra of of #($) has finite strict multzplzczty 1f there is a
finite collection of vectors {x1, X3, ..., X,} such that

{Ay 1+ Aoxa+ ...+ A, x, A€} =

In that case, {x;, X,, ..., x,} is called an FSM set for o/, and the minimal cardmahty
of all such.sets of vectors is called the strict multiplicity of of. If & has strict multi-
plicity 1, & is said to be strictly cyclic. The operator T has finite strict multiplicity
if o/ (T) does, and T is strictly cyclic if o (T) is. & is said to inherit finite strict
multiplicity if the uniform closure of its restriction to every invariant subspace has
finite strict multiplicity, and & is said to be hereditarily strictly cyclic if the uniform

closure of its restriction to every invariant subspace is strictly cyclic. We will reserve -

the terms strictly cyclic and finite strict multiplicity for infinite-dimensional operators
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(unless we are talking about the restriction of an infinite-dimensional operator to
a finite-dimensional invariant subspace). '

Theorem 1. Let o be a uniformly closed subalgebra of B(9) containing the
identity, and let McLat of be such that oZ|M has finite strict multiplicity; assume
that {x,, x,, ..., X,} is an FSM set for |M. Then every invariant linear mani-
fold of M whose closure contains the vector x,+x,+...+Xx, is closed.

Proof. Let & be the (umformly closed) algebra of all n><n matrices with
entries from &, and define ¢: o -~ M? by

o(4;) = (4;)%
where X=(x;, X3, ..., X,). Then ¢ is obviously bounded, and ¢ is onto since &/

has finite strict multiplicity on 9.

Let M be an invariant linear manifold of /|9 whose closure contains x,+
+XgF ... +x,, let B=p 1(N™), and let & =@~} (R®). If &/ =2, then =N
since @(N)=@(#)=N". We show that & = # by assuming that 4" = % and
finding a contradiction.

_ Since we are assuming 4 = &, the invariance of R implies that 4 is a proper

left ideal in 4. Also, 1€ # since 3 x;€R; i.e.,
IX = (3 %0 5 %00 2 Xis oes 2, X0,

so 1X€N®™. Since A is a proper ideal, 1 is not in the closure of 4, and so A~ is
not dense in %. Now, let #%c % be an open set such that #N % =0. Then ¢ (%)
is open by the open mapping theorem, and @(#)NN?=@. But then N™ is not
dense in ™. But of course NP =N, giving a contradiction.

The following special case of this theorem is the basis for many important
known results, some of which are listed below.

Corollary 1. (HERRERO [7]) A uniformly closed algebra of finite strict multi-
plicity has no dense invariant linear manifolds other than $.

Corollary 2. (EMBRY [3]) If & is a uniformly closed algebra of finite strict
multiplicity, and if x, is a cyclic vector for &, then x, is a strictly cyclic vector.

Proof. {dx,: Acs/} is dense since x, is a cyclic vector, and hence is all of
$ by Corollary 1.

One of the best known unsolved problems in operator theory is the transitive
algebra problem. Recall that an operator algebra is fransitive if its only invariant
subspaces are {0} and $. The problem is whether Z(9) is the only (weakly closed)
transitive algebra? Many partial results have been obtained, beginning with ARVE-
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SoN’s work [1]. An affirmative answer would imply that every operator has a non-
trivial invariant subspace — see [18, Chapter 8]. Finding results such as the follow-
ing appears to have been the main goal of LAMBERT [11], [13] and HERRERO [7], [8]
in studying algebras of finite strict multiplicity.

Corollary 3. (HERRERO [7]) The only weakly closed transitive algebra of finite
strict multiplicity is B(9).

Proof. Let s be a transitive, weakly closed algebra of finite strict multiplicity.
Since & is transitive, every invariant linear manifold of & (other than {0}) must
be dense in §. Hence, by Corollary 1, {0} and § are the only invariant linear mani-
folds of /. The Rickart—Yood theorem (cf. [18, Corollary 8.5]) then implies that
A =%5(9). '

Lemma 1. If o« is an algebra of strict multiplicity n, and if WMicLat o/, then
the compression of & to M+ has strict multiplicity at most n.

Proof. Let P be the projection onto M+, and let ¢, e, €3, ..., e, be vectors
such that
{Are;+Asest...+A,e,0 A€} = 9.

Let .szi:{PA:AEM}, and let f;=Pe;,, m;=e;— f;. It suffices to show that

(Aifi+ Aofot ...+ A, [ Acad) =ML,

Note that PAm;=0 for every Acs/ since McLatof/. Given xc ML, choose
{4y, Az, ..., A} C & such that x=A,e;+ A,e,+ ... + A,e,. Then

PA.fi+...+ PA,f, = PA,(fi+m)+...+PA,(f,+m,) = Px = x.

In the above proof we found » vectors to prove that o/ had finite strict multi-
plicity. Some of these vectors might be 0. In the strictly cyclic case, since the strict
multiplicity does not increase, the compression algebra will also be strictly cyclic.
This proves

Corollary. If o is a strictly cyclic algebra, and if IMELat f, the compression
of o/ to M+ is strictly cyclic.

EmBry [3, Theorem 2] proves that every intransitive strictly cyclic algebra has
~a maximal invariant subspace. The next theorem is a generalization of Embry’s
theorem.

Theorem 2. If o is an algebra of finite strict multiplicity, then every (proper)
invariant subspace of < is contained in a (proper) maximal invariant subspace.

,
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Proof. Since the uniform closure of &/ has the same invariant subspace lattice
as &/, we can assume that o7 is closed. Let MM¢cLat &/ with M=$H. By the Haus-
dorff Maximality Principle there exists a maximal chain {9,} of proper invariant
subspaces containing M. Choose a countable dense subset {x;: i=1,2,...,} of
Laj M,, and choose M, so that x,¢M, . Then

Um,, = {x} = Um,.

If UM, =9, UM, is dense in H. By Corollary 1 to Theorem1, UM, =$.
By the Baire_Category Theorem, some M, =9, which is impossible. Thus, U, =%,
and so UM, is a maximal invariant subspace containing 9.

For a large class of algebras of finite strict multiplicity, maximal invariant sub-
spaces have co-dimension 1.

Theorem 3. If o is an algebra of finite strict multiplicity such that for every
McLat o, the compression of o to M is not strongly dense in B(M™L), then every
maximal invariant subspace of < has co-dimension 1.

Proof. Let 9 be a maximal invariant subspace. If the co-dimension of M is
greater than 1, the compression of o to M+ has a non-trivial invariant subspace R.
This follows from Corollary 3 to Theorem 1 since the compression s not Z(M+)
by hypothesis. If we show that M@ McLat of/, we will be done since this will
contradict the maximality of M.

Since McLat .o/, it is enough to show that if ye®, then AyeTRepM for
every A€s/. So let Py and Pg. be the projections onto 9 and ML, respectively.
Then ’

Ay = (PyL+Py)Ay = PrL Ay+PpAy.

Note that Py, &/ is in the cofnpression algebra, so Py Aye‘jt. And of course
Py AyeR.

Corollary. If & is an Abelian algebra of finite strict multiplicity, then every
invariant subspace of o is contained in an invariant subspace of co-dimension 1.

Proof. This follows immediately from the previous two theorems since &
being Abelian guarantees that the compression of & to ML is also Abelian and
hence not strongly dense in Z(WML).

We can even say more about algebras generated by certain strictly cyclic oper-
ators.

Lemma 2. If T is a strictly cyclic operator, and if 6(T) is a singleton, then T
has a unique maximal invariant subspace.
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" Proof. The Corollary to Theorem 3 implies that 7 has a maximal invariant
subspace. Suppose that 7" has two distinct maximal invariant subspaces M;-and IM,.
Let M=M,NM,, and choose unit vectors e, €M;-NM, and e, M, NM;". Since
M, and M, have co-dimension 1 by the last corollary, ML=V {e;, e,}. Let

T= [T1 T 2]
0 T3
be the decomposition of T with respect to M@ VL.

" Now, T, has one-point spectrum since T does, and Ty is strictly cyclic by Corol-
lary 1 to Theorem 1. Since a strictly cyclic operator with one-point spectrum on a
finite-dimensional space is similar to a unilateral shift, T; has a one-dimensional
eigenspace. Thus e, or e, is not an elgenvector suppose e, is not. Since e,€M,,
Te, €M,; ie.,

T, T.Y(0
(& 7)(0)- e,

So Tye.€My, and T,e,cM; ie., Tye€MNIML. But iD?zﬂiDIl V{e,;}, which
shows that e, is an eigenvector of T;. This contradiction completes the proof.

Corollary. If T is a strictly cyclic operator whose spectrum is a singleton, if
McLat T and is the unique maximal invariant subspace of T, and if ecML, >0,
then e is a strictly cyclic vector for o (T).

Proof. Since e is not contained in any proper invariant subspace, it is a cyclic
vector. By Corollary 2 to Theorem 1, e is a strictly cyclic vector.

Theorem 4. Let T be a strictly cyclic operator with one-point spectrum. Let
WM be its maximal invariant subspace, let e€ ML, e#O and let Be A (T). Then
(1) BecM if and only if R(B)cW.*)
(i) x is a strictly cyclic vector if and only if (x, e)=0.
(iii) B is invertible if and only if (Be, e)0.
(iv) Every operator in o (T) has one-point spectrum.

Proof. By the Corollary to Lemma 2, e s a strictly cyclic vector. Let &f =</ (T).

() If R(B)cM, trivially -BecM. If Be=xcM, since HLe=$, we have
R(B)=Bsle=sfBe=LxIM.

(i) If x is a strictly cyclic vector, x¢ M, so (x, e)=0. If (x, ©)=0, Lxt M,
so Zx=9 (since every element of Lat o/ is contained in ).

(iii) If B is invertible, R(B)E M, so (Be, &)=0 by (i).

*) R denotes “range”.
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If (Be, e)0, R(BYE M. Thus R(B) is dense in $, and R(B) is invariant
under A. Hence R(B)=$H. By a theorem of LAMBERT [11, Lemma 3.1] every point
in the spectrum of B is compression spectrum. Thus B must be invertible.

(iv) Let Be=oe+m, where meM. If As«, then ((B—JA)e, e)>0. Thus,
B— is invertible, so 1¢a(B); ie., o(B)={a}.

LAMBERT [11] proved that a unilateral shift whose weights are p-summable and

“decrease monotonically to 0 is strictly cyclic. Since such an operator has Donoghue
lattice, and since that property is trivially inherited, such an operator is hereditarily
strictly cyclic. The class of hereditarily strictly cyclic operators is much wider than
this. For example, if S is any quasinilpotent hereditarily strictly cyclic shift with
Donoghue lattice, let T=S@(S+1). Since the full spectra of S and S+1 are
disjoint, Z(T)=4(S)® L (S+1). (Consider the Riesz decomposition.) Thus if e
is a strictly cyclic vector for #(S), e®e is obviously a strictly cyclic vector for
A (T).

An example of HEDLUND [6] shows that even for o/ =/ (T) where T is a uni-
lateral weighted shift, &/ being strictly cyclic does not in general imply that o is
hereditarily strictly cyclic. Thus, in the theorems that follow, we cannot remove
the ““hereditary” part of the hypothesis.

In the case of an hereditarily strictly cyclic operator with one-point spectrum,
we can describe itsinvariant subspaces in some detail. This is done in the following
theorem, which generalizes the well-known fact that an operator on a finite-dimen-
sional space is unicellular if and only if it is cyclic and has one-point spectrum (see

" [18, Theorem 4.7)). There are operators which are unicellular but have spectra con-
taining more than one point — see [4].

Theorem 5. Let T be strictly cyclic. If T is unicellular, then o(T) is one point.
Conversely, if T is hereditarily strictly cyclic and if o(T) is one point, then T has
Donoghue lattice (i.e. there is an orthonormal basis {e,}>, such that the non-trivial

invariant subspaces of T are the subspaces 9, =\ e; for positive integers k).
Jj=k .

Proof. Every point in ¢(T*) is an eigenvalue of T* since every point in ¢(T)
is compression spectrum. If 7* had two linearly independent eigenvectors, T would
have two non-comparable invariant subspaces. Thus T unicellular implies that ¢(7)
is a singleton. -

Conversely, -suppose that T is hereditarily strictly cyclic, and that o(7T)= {4}

" Let S=T-1,. Since Lat S=LatT, it suffices to show that S has Dor)éghue
lattice.

Let M,=9H. If M, has been defined, let M, ; be the unique maximal invariant
subspace of S[M,. Since 0 is compression spectrum for S|M, for each k, SO)<
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CIM,,,. Choose a unit vector e, M. Then ¢, is a strictly cyclic vector, and
S"e €M, '

Let S"e,=e,+m,, , where e M., and m, €M, . Since S is strictly
cyclic, {S"e,: n=0, 1,2, ...} spans 9. Hence, €={e,: n=0, 1,2, ...} is an ortho-
gonal spanning set. Each ¢;¢ M; if j=i, so €L(N IM,); ie, N M, ,={0}. This
shows that Lat 7 contains a Donoghue lattice. To complete the proof, we must
show that there are no other invariant subspaces.

Let M be any invariant subspace of T, and let # be the largest index such that
McM,. (Since MM, and since ) WM;={0}, such an n exists). If W=,
M,+, is the unique maximal invariant subspace of T|IM,, and so McIM,,,, a
contradiction. So M=M,, and we are done.

SHIELDS’ article [20] contains many of the known results about weighted shifts.
It includes some discussion of strictly cyclic shifts. The invariant subspace lattice
of every weighted shift obviously contains the Donoghue subspaces, but there may
be other invariant subspaces. Shields defines a shift to be strongly strictly cyclic if
its restriction to each of its Donoghue subspaces is strictly cyclic. This definition is
somewhat weaker than hereditarily strictly cyclic. Shields proves {20, Prop. 38] that
a quasinilpotent strongly strictly cyclic shift is unicellular. Although the statement
of Theorem 5 does not include Shields’ theorem, its proof obviously yields his result

. t00. (The proof in [20] depends on calculations with the weights.)

Theorem 5 suggests that hereditarily strictly cyclic operators might serve as
“generalized Jordan blocks”, and that operators which inherit finite strict multi-
plicity may have a “Jordan form” in some sense. This is the case, and it is proven
in Theorem 6 below. We require two lemmas.

Lemma 3. Let T be a strictly cyclic operator whose spectrum is a singleton,
and suppose that T inherits finite strict multiplicity. Then T is hereditarily strictly
eyclic.

Proof. Let a(r)={A} andlet S=T—.. It suffices to prove the theorem for S.
By Lemma 2, S has a unique maximal invariant subspace ;. As in the proof of
Theorem 5, let ¢, be a unit vector orthogonal to 9, . Then e, is a strictly cyclic vector
by Theorem 4, and e, = Se, is in M, since 0 is compression spectrum for S. Since
S is strictly cyclic, {S"e¢,: n=0,1,2, ...} spans §, and so {S"¢,: n=1,2,3, ...}=
={S"¢,;: n=0,1,2, ..} spans M,; i.e. e is a cyclic vector for S|M,. Hence,
by Corollary 2 to Theorem 1, e; is a strictly cyclic vector since S|, has finite
strict multiplicity. o

We now proceed as we did in the proof of Theorem 5 to construct a sequence
of invariant subspaces M, such that S|M, is strictly cyclic. At each step, S|M,
strictly cyclic implies the existence of a maximal invariant subspace M, ,,, and then
S|M, ., will be strictly cyclic. To complete the proof, we must show that N M, =
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={0}, and that S has no other invariant subspaces. But this follows exactly as in
the proof of Theorem 5. i

Lemma 4. Let {x, y} be an FSM set for the operator T, and suppose that T
inherits finite strict multiplicity, and that 6(T)={0}. Let W=/ (T)x and R=27(T)y,
and assume that M is infinite-dimensional. Then either MNN={0} or there exists

a finite-dimensional invariant subspace & of T complementary to W such that MV K =
=MVR=9.

Remark. The assumption that 9 is infinite-dimensional is for convenience.
If both M and N are finite-dimensional, since TP will then be cyclic and nil-
potent, the lemma reduces to a well-known finite-dimensional theorem (see [5, Theo-
rem 1, 57)).

Proof. Note first that MV IR = since every vector in § has the form Ax+ By
where A4, B€ o/ (T). By Corollary 2 to Theorem 1 and by Lemma 3, T|9M is hered-
itarily strictly cyclic, and we may apply Theorem 5. So let 9,, IM,, P, ... be the
non-zero invariant subspaces of 7|9 in decreasing order (Vy=M). If M were
finite-dimensional, then NN ={0} since T|M has no finite-dimensional invariant
subspaces. So assume that N is infinite-dimensiona] and that the non-zero invariant .
subspaces of T'|:t are My, N, N, ... in decreasing order. )

Now, if MNN={0}, we are done. If not, MNR=M,=N,, for some k and
m. Thus, MNN has finite co-dimension « in H. We proceed by induction on a.
If =0, then M=N=9H, and ]K={0} does the trick. So assume true for a=n—1,
and consider a=n.

Since MNN=N,, if MNNER,, then m=0 and NcM, and again
f={0} suffices. So assume -MNRN,;, and let y, be a unit vector in N,ONR,.
Then y, is a cyclic vector for T|R,. (In fact, y, is a strictly cyclic vector.) Thus,
{x, y,} is an FSM set for MVR,;, and MOAR=MNN,cMVR,. Moreover, the
co-dimension of MNN in MVN, is exactly n—1, and the inductive hypothesis
applies. So choose a finite-dimensional invariant subspace &, of T' complementary
to such that MVK{H=MVR,, and let K={z€H: Tz€K,}. We will show that |
has the desired properties. ‘

First, if zéM and z0, then Tz¢ K, since T|P has.no finite-dimensional
invariant subspaces. Hence, since the co-dimension of I in § is finite, K is finite-
dimensional, and since 0 is the only point in the spectrum of 7, T'|® is nilpotent.
Thus, the dimension of K is greater than the dimension of &, since TR CK,. Hence,
the co-dimension of IMVRK is less than the co-dimension of MV K,, ie. MVK
must be all of §. Finally, TRCK,cR, so R is an invariant subspace of 7. The
proof is complete. :
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The purpose of Lemma 4 is of course Theorem 6 below. Lemma 4 yields Theo-
rem 6 fairly easily. But first, define the operator 7 to be a Jordan operator if T has
n complementary invariant subspaces M, M,, ..., M, such that H is the (not
necessarily orthogonal) direct sum of the M;’s, and such that either the matrix of
T[M; is a (finite-dimensional) Jordan block, or T'[M; has Donoghue lattice.

Theorem 6. Let T be an operator on § which inherits finite strict multiplicity,
and whose spectrum is finite. Then T is a Jordan operator.

Proof. Let a(T)={4, %, ..., %} Then T has k complementary invariant
subspaces 9y, Hs, ..., H; whose span is all of § such that ¢(T|H,)={4;}. It suffices
to prove the theorem for each T'|9;, so assume that $, =9 and 1,=0 (otherwise,
consider 7T—4,). ' ’

We now proceed by induction on # the strict multiplicity of 7. For n=1, Theo-
rem 5 applies. So assume true for strict multiplicity »n—1, and let {x;, x5, ..., x,}
be an FSM set for T. Let M,=«/(T)x;. By the inductive hypothesis, the theorem

n—1
holds on V %;. Let

i=1
n—1 . m
V mi = \/ wja
i=1 j=1

where the 9 ’s are mutually complementary invariant suBspaces of T, where T|M;
has\Donoghue lattice for j<m, and where M,,.is finite-dimensional. (We are thus
throwing all of the finite-dimensional invariant subspaces of T into 3,. By the
Jordan Canonical Form Theorem, this is equivalent to the”above definition of Jor-
dan operator.)

Now, if 9, is finite-dimensional, since T'|9t; has Donoghue lattice for j<m,
%, is necessarily complementary to 9M; for j<m. In that case, replacing M, by
M, VR, does the trick. If N, is infinite-dimensional, Lemma 4 applies to N,VIR,.
(If m=1, RN, is complementary to M, , and we are done.) So let N, VM, =K[KVD,,
where & and 9 are complementary, and where & is a finite-dimensional invariant -
subspace of 7. Then & must be complementary to 9, M,, ..., M,,_,, and replac-
ing M, by M,,VK] comples the proof. '
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