" Acta Sci. Math., 40 (1978), 347—369

The Taylor coefficients of certain inﬁliite products

B. RICHMOND and G. SZEKERES

In memory of Paul Turdn

1. Let ¢ be any positive fundamental_ discriminant; that is, squarefree and
=1 (mod 4) or g=4d where d is squarefreec and =2 or 3 (mod 4). Let x(j)=

= [JEJ be the Kronecker symbol. Let us define C,,, m=0,1,2,... by

q

1(1 —pnt =) = F(p),

Sy

(1.0) S Cum =
m=0

[P}

n

j=1
where ( is either 1 or —1. Note that when g=5 and {=1, the infinite product is
A== ...A=-)(1 =15 ... 14 t £
A= —=8...(A=HU =1 ... 1+ 14+..

that is, F(¢t) is Ramanujan’s continued fraction [6; p. 294). If ¢=8 and (=1, F(t)
has a similar continued fraction representation

A= -9 ... (1-50 =1 ... L4 & # I
(A== ...(1=H(1 -1 ... 1+83+ 148+ 1+0+...

This representation is due to BASIL GORDON [5], but there are indications, according
to Gordon, that it might have been known to Ramanujan.

In this paper we shall determine the asymptotic behaviour of the coefficients
C,,, first by the saddle point method using a transformation due to Isex1 [7], and
then more precisely by the circle method of Hardy and Ramanujan as modified by
Rademacher, to obtain a convergent series representation of the C,,. Throughout
the paper we make extensive use of results of Isex1 [8]. The exact formula for C,,
is given by equation (4.14) in Theorem 4.1. The asymptotic formula (3.9) shows the
interesting fact that if the product is turned upside down; that is, if the sign of { is
reversed, the coefficients have the same asymptotic behaviour in the sense that they
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oscillate with the same amplitude and a common period of oscillation. In the classical

V_n_z] and the oscillation

case of Ramanujan the amplitude is (5m)~¥* exp( 4n

5Y5
2

is a pure cosine wave of the form cos [%( —?]]. In the case of Gordon's

continued fraction the oscillating part of the asymptotlc term has the form
os M=
08—
for all k=0 and we shall be able to verify this by means of the exact series. If the
product is turned upside down (¢=8, { =—1) then we shall find similarly that
Cy42=0 for k=0.
We require the following results concerning the Kronecker symbol:

, hence vanishes for m=3 (mod 4). This suggests that C,  ,=0,

(1.1) ’ 1(a—7) = 20j)
(1.2) | g 1() = ~=2"11x(f) =
1.3 2 16y exp (28121 = Var .

These results are found for example in LANDAU {11]. Equation (1.3) is Theorem 215
of [11]. We shall often use without mention that x(j)=O0 if and only if (g, j)=1
and that y(mn)=y(m)x(n).

We also note that

oo

1.4 Z ;21? cos 2nmh = ((1))2——=

where, for any real 2, ((A)):A—[).]—-;— (see [9], formula 573)Y). Hence by (1.2)
and (1.3)

/_ < L
' n_qz =—122 2 2x(1)eXp[2m£]='
n=0 nel jo1 q ‘
1.5) .
qg—1 oo n .
= jg; =Z COS [27[ ;'_]] Q/q
where
(16) 2_ 22 ().

1) Note that when 4 is an integer then ((1))= —1/2 which is not the usual convention.
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From (1.3) and (1.5) we obtain for any integer m

(. 5 1) 3 o eos (2 2 ) = 2wy

Formula (1.5) shows incidentally that Q=0 since > X—’$§2> ~ S’—nl? =0
. n=1 n=2

2. In this section we derive a transformation equation for the generating func-
tion F(t). The transformation is obtained from a formula of Isexi and we largely
follow his notation in [7] and [8]. Let z be a complex number with %#z>0 and
h, k be co-prime positive integers with k>1. Let D and K=kq/D denote the
g.c.d. and L.c.m. of k£ and q respectively. Put k=k,D, g=q,D so that (k;,q;)=1
and K=k,q=kq,. Choose integers y, J satisfying

2.0) vk, —0q, = 1.
Let 'H be any solution of .

2.1 hH = § (mod k).
Set . :

_ . h z] . [ H 21:]
x—exp(anE—hE , X=exp 21”7_15 ,

and for 1=a<g,
22) F,(8: b,D, 0) = [T (1—f0m+t) =020 (1 - giom+ -t~
where

23) b=ha-D [—] = {ha}p, = D[[(hpa])+—12—] , 0= 0, = ¢exXp (—‘-27”'{1 %) .

The notation {x}, will be used to denote the reduced residue of the integer x modulo r,
that is 0={x},<r, x={x}, (mod r).
Finally let

e o= £ () ()

X)
where > signifies that u runs through a complete set of residues modulo K=k,gq,
subject to the condition x=a (mod ¢q). In particular

o (3)(2)

We also note that for 1=a<gq, (a,9)=1, D>1

26) Comalh ) = ﬂ%idq) [(f)] [ Zﬂ)] o, (h, K)
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since under the conditions p is not divisible by D, hence neither ——I‘%- nor thl are
integers, and ((—x))=—((x)) for non-integer x. If D=1, (k,q)=1 then there
is a unique p,=a (mod g) such that p,=0 (mod k) and we obtain, noting that for

integer x, ((x))=-—1/2,
26) | 0q-alh, k) = 0, (b, k) + 22

In the following 3, [’ denote sums and products over a=1,2, ..., [%]

a

Theorem 2.1. Let w*(h, k)=exp {2ni{o*(h, k)} where-

@D a*(h, k) = 3 y(a)a,(h, k).
Then

F(x) = w*(h, k) exp{ gzg [%,g[%h] z‘l—z]}X]]’ F,(x; b, D, g).

Proof. From Theorem 1 of [8] we obtain that ‘
2.8) [T (1 — xam+a)=Cx(@ (| _ yam+a-a)=Lxta) _
m=0

n{x(a)

= w,(h, k) exp{ (Bz Az)}XF,,()E; b, D, 0)

where w,(h, k)= exp {2ri{x(a)o,(h, k)} and
(2.9) A=6a2—6qa+q?, B=6b2—6Db+D? = 6D? [[[';)“ )) 112
by (2.3). It follows at once that

(2.10) | I 0u(h, k) = ™ (h, )
Next we show that ’
@.11) @4 =33 () =30.
a j=1

Using equation (1.1)
?]'x(»a)A = 2" 1(@)6a’=6ga+ g%} = 27 x(a){6(9~a)*~69(g—a)+4’} =

15
2

5 [\4“

x(J){6J —6jg+4¢°} =3 2 Niy40))

by equation (1.2) which proves (2.11):
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Finally we prove

, _ 9D (hq
2.12) aZ'x(a)B-—3 e X[F]

By definition
2 1(@)B = 3 y(a){6b*—6Db+D?*} =

= 60° 3 y(a) H(%)]z“ %} = fg *0) {[(%)]2_ %}

since if D=1, the last two expressions are O by (1.1) and (1.2), and if D>1 then .

e[ ()

when Dfa and yx(a)=0 otherwise. Hence the value of B is unchanged by sub-
stituting g—a for a. It follows by equations (1.4) and (1.7) that

S x@s =30t 3 "_’:x(j)cos(zn%”j)=}3QDZX(E].

2.2 2
=1nnj= q D

Since the product of the left side of eq.uation (2.8) taken over a=1,2, ..., [%] is
F(x), the theorem follows at once from (2.8), (2.10), (2.11), and (2.12).
Lemma 2.1. If D=g and y(h)y={ then .

Il F,(%; b, q, 0) = F(X)F.

Proof. Because D=g, we can take y=0, d=—1 in (2.0), hence ¢=1 and

(2.14) I F, (% b,q,0)= ][ ﬁ[(l,_iqm+b)(1_iqm+q—b)]—(l(a).

a

Now b=ha—q[hq—a], x(®)=yx(ha)={y(a), and 0=b<gq. Hence the exponent in

(2.12) is —{x(a)=—x(b). Since 1=(h, k)=(h, gk,), we have (h,g)=1. Thus as
a runs through a reduced residue system mod ¢, so does ah, hence b. The lemma
now follows from (2.14) and the definition (1.0) of F(t).

Next we derive an alternative expression for the generalized Dedekind sum
a*(h, k) and hence for w*(h, k). Following Iseki we define integers f, g as follows:

f=12, g=1 for (k,6)=1, f=3’ o =4 for (k,6)=2;

(2.15) :
f=4, g=3 for (k,6)=3; f=1, g=12 for (k,6)=6.
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In all cases fg=12 and (f, k)=1. Thus

(2.16) (h, k) =1 (h,gDk) =1,
2.17) (f,gDk)=1.

We define integers ¢ and ¥ to be any solution of
(2.18) fo+gDky =1
and choose the solution H of (2.1) so that
(2.19) hH = 6 (mod gDk).

Set Ky=3 ky(ky—1), Ky=3 ky(ky—1)(2k,— 1),
U, = gDy(aK,+qK,)— ¢p5(2K2+3K(2a—q)+ A),
| Vo=o(*-B),

— 4 s any (2 4 3000) gL 1 (-4
W, =—gp (+2b=2D)+ i et L U TR A G S PAR

where A, B are defined in (2.9). It is shown in [8, p. 947] that
(2.20) G,(h, k)= gTik U,h+V,H)+W, (mod 1).

Now it follows from (2.6), (2.6”) and (2.7) that

o*(h, k) = 2’ x(a)o,(h, k) = % _‘I_Z_]'le(j)aj(h, ky if D>1
(2.21) ¢ =t
1 qu; x(Nojh, k)_—;—%UX(a)kL; if D=1

)

where u,=a+v,g=0 (mod k), 0=v,<k: Writing p,=a-+v,q=r,k, léfa<q and

noting that r,=ak~! (mod g), we can rewrite the expression >’ x(a)]l:—; in the

k) S i = =
form =—= > ry(r), and we obtain for D=(k, g)=1
15(;r=}§q/2
91 1 s -
(.21%) 207 (h, k) = 2 2()o;h =2y 2 (o).
7~ -

r=
1={kr},<q/2

Now substitute for ¢;(h, k) from (2.20) into (2_.21), (2.21’). Making use of (2.11),
(2.12), (1.2) and

5 b =20 2 et lhidy = 20) Z b ®) =0,
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we obtain
g—1 . ’ g—1
_2; x(DU; =—@d Z; Ay (j) = —6¢dQ,
J= =
o -0 2a(3)
jgl' 2V =~ 6¢Q7x 5 )
42‘.1 )W, Yot hi
2 1O _D_'q,é; x()Jj {hi},>
hence

2 ' g—1
20%(h, 1) = =2 h— 0 By (3] -+ L 5 kit
(2.22)
. a

| —x®s 3 ) @mod 1)

. 1={kr},<q/2
where 6p5,=0 if D=1, 1if D=1.
We apply formula (2.22) to the case when D=g, y(h)=C.

Lemma 2.2. Let w*(h, k) be as in Theorem 2.1 and suppose that D=gq,k=gk,,
1(W={. Let h* be any solution of

(2.23) . - BR*=1 (modgk). -
Then

. .0
(2.24) w*(h, &) = u(h, k) exp {iCh-+ )‘2?}

where pu(hk)=+1 or —1. Iﬁ particular if g=1 (mod 4) and k=q, k;=1 then

(2.25) uh, q) = x(h) = (g] (the Legendre symbol) if q is prime
=1 if q is composite.

Proof. We first note that the value of the expression in (2.24) is independent
of the solution A* in (2.23). We have to verify that

(2.26) ) . 0 =0 (mod 49
; g-1 . )
Indeed Q= > 2x()= 3 x(Jj) (mod4) and 2. x())=0, trivially
. =1 . j=1(mod?2) L /1'2?‘1 (mod 2) .
from (1.2) if g is even, and from '(Z'Odz)x(j):x(Z) 5’ 2())=0 if g=1 (mod 4).
j=0{m - j=1

Now if D=gq, ¢;=1 we can take y=0, §=—1 in (2.0), #*=—H in (2.23),
and (2.22) simplifies to

20 ku) = S0 1+ 1) = 0L 40y =

= zqgkl (ﬁ+:h*) (mod 1) by (2.18).
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From here and from w*(h, k,q)=exp {2ni{c* (h, k,q)} equation (2.24) follows
at once.
The sign of u(h, k) in (2.24) depends on whether

o

* - *

2.27) | 26*(h, kyq) 3k (h+ChY)

is an even or an odd integer. We want to show that if g=1 (mod 4) then u(h, g)=

=1(h)=[%) =[§] if ¢ is prime, 1 if ¢ is'composite.
From (2.4) and (2.21)

(2.28)
kl—l q—1 1 1 k—1
20k =5 5 2 20 (- (hG+rah-54) = @ Z in()ihin
r=0 j= j=1
since
k-1 k-1 k-1 g—1
> ik = 1) 3 1) hide = 3 3 x(D(rg+j) =
j=1 ji=1 r=0 j=1
Comparing (2.27) and (2.28) we find that
(2.29) k ; x(NJ{hik = —Q(h+Ch*)+M(h., kyqk
for some integer M (h, k). Clearly
(2.30) ph, k) = (= MR-

in (2.24).
Now suppose that k=g=1 (mod 4). Then by (2.26) 2Q(h+th*=0 (mod 2)
and hence

—1 [C))]
M(h, g) = ‘fz x(ithi}, = 0)2 {hj}, (mod 2).

j=1(mod2)

Equation (2.25) follows from here (2.28) and from
Lemma 2.3. Let q be odd and squarefree, (h,q)=1. Set v=v(h,q)=
@

= ﬁ' {hi},. Then. (—1)’™? is equal to (g] if q is prime, and to 1 if q is

U,9=1
j=1(mod?2)

composite.

Proof. The first half of the lemma is a trivial corollary of Gauss’ lemma,
(see e.g. BACHMANN.[3], p. 266) but we give a direct proof. Each #j, j odd, has a
unique odd residue m; in the interval —g<m;<gq, and m;=m; if and only if i=j
since ih=—jh (mod q), (h,q)=1 implies i+;j=0 (mod q) Wthh is 1mpossxble
since i+j is even and less than 24.
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Let A be the number of negative ones among the m; so that v(h, q)=
=/ (mod 2). Set

P= H{]lj = 19 ceey q—ls (.l’ q) = 1’ ] =1 (mOdZ)}'
Then ’
[T my = (=1y'p = hio9p (mod g)
J

since exactly one of j, g—j is odd hence exactly half of the relatively prime (to q)
reduced residues modulo g are odd. Now if g is prime then AY20@=p12@-D=

E[g] (mod gq), giving (—~1)"®?2=(-1)"= [%] If ¢ is composite and square-

free, g=q,...q,, r=1 then %(p(q) is a multiple of ¢(q;), i=1,...,r, hence
R@=1 (mod gy, i=1, ..., r, B°@=1 (mod q), giving (—1)"®D=1.

In the case of even ¢ no simple interpretation of 1 (k, ¢) has been found. As the
case ¢=38, Q=16 is of special interest, we show:

Lemma 2.4. Let q=38, ky=1, (h,2ky)=1, y(h)={. Then
u(h+2ky, 8ky)) = p(h, 8ky) if ky, isoddand hk, =3 (mod 4),
u(dk,—h, 8k)) = u(h, 8k)) if k, is even.

Proof. Throughout the proof x(j) will denote the Kronecker character
modulo 8 i.e. y(j)=1for j=+1 (mod 8), x(j)=—1 for j=+3 (mod 8), y(;)=0
for j even. Equation (2.29) now has the form

k—1
(2:31) ki Z; x(Dj{hj}e = 8(h+Lh*)+ 64k, M(h, k), k =8k,
1J= ’

hh*=1 (mod 64 k,).
Suppose first that k, is odd and k,h=3 (mod 4). Then x(h+2k,)=yx(h) since
h+(h+2k)=2(h+k,)=0 (mod 8), and

(2.32) (h+2k)* = h*+2k, (mod 16).
as seen from (h+42k)(h*+2k)=hh* +2k,(h+H*)+4=1 (mod 16). Hence
(2.33) 8(h+2ky+L(h+2k)*)—8(h+¢h*) = 16k, (1+¢) (mod 128).

- Furthermore, writing for the moment-j” for {Aj}, it is easily seen that
1ok . ,
T & 1D+ k)b~ (i) =

=

2 2 jx-6 X jx(H+6 > jx(D-2 2 jx())
j=1(mod4) (j=1mod4) j=3(mod4) j=3 (mod4)

0~ j’ < 6ky 6ky < j’ =<k, 0« j/ <2k, 2k, < ' <8k

(2.34) _

10
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where all summations go from j=1 to j=k—1. For instance
{(h+2k)j} =j +2k, if j=1 (mod4) and 0 <j'+2k, <8k,
j—6k, f j=1 (mod4) and j'+2k,> 8k;, etc.
Now > () =—4k,, > 4)j;((j)=4k,, hence the expression in

(2 34) . j=1(mod4) Jj=3(mod
. 18
=16k —8( 3 (- 2 jx())=
j=1(mod4) j=8(mod4)
8ky < j* <8k 0= j/ <2k
=—16k,—16 > jx(j)+64k, > x(i)
Jj=1(mod 4) Jj=1(mod4)
6k, < j'<8k, 6ky < j <8k

and we have to show, by (2.31) and (2‘.33), if we denote by S, the set of residues j
for which 6k,< {hj},<8k,, that

khQ+D+ 2 4)J'J((J')E4 2 x(j) (mod38),

j=1(mod j=1(mod4)
JES) JES,
or
(2.35) 3. 2 + 2 =k2+) (mod8)
j=1(mod8) j=5(mod8§)
JE€Sy JES,

provided that hk,=3 (mod 4).

Now if A=1 (mod 8), k,=3 (mod4) and (A, 2k,)=1, the elements Aj,j=
=1 (mod 8), j€S, are exactly the elements =1 (mod 8) between 6k, and 8k,,
namely 6k,+7, 6k,+15, ..., 8k,—7, hence their total number is 3 (k;—3). Simi-
larly the elements kj, j=5 (mod 8), j¢S, are 6k,+3,6k,+11,...,8k,—3, and
their total number is } (k;+1). Hence the left hand side of (2.33) is 3 (k,—3)+
+3 (ky+1)=k,—2 which is =3k, (mod 8) since k,=3 (mod 4).

If h=3 (mod8), k=1 (mod 8), the elements &j, j=1 (mod 8), j¢S, are
6k,+5, 6k,+13,...,8k,—5, and the elements #j with j=5 (mod 8), jc S, are
6k,+1, ..., 8k, — 1. Hence we get, by counting their respective numbers, 3 (k,—1)+
+% (ky+3)=k, for both sides of (2.35).

A similar count for A=5 (mod 8), k; =3 (mod 4) gives 3 (k;+1)+3 (k;—3)=k,
and for hA=7 (mod 8), k;=1 (mod 4), % (ky+3)+5 (ky—1)=k,+2 for the left
hand side of (2.35), which agrees with the right hand side in each case. Thus the first
half of the Lemma is proved.

Suppose next that k, is even. Then

(2.36) (4k,— h)* = 12k, —h* (mod 16k,)
as seen from (4k,—h)(12k,—h*)=hh*—4k,(3h+h*)=1 (mod 16k,). Hence
8(dk,—h+{(4k,—h)*) = —8(h+(R*) (mod 128k,) if (=1

= —8(h+{h*)+ 64k, (mod 128k,) if {=—1.
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Furthermore, if we denote by R, the subset of odd residues {1,3,...,k—1} for
which {hj}, >4k,

£ 2 1OIRhH@—B) = 8 3 jr()

since {hj}+ {(4k, h)]},‘ is equal to 4k, if (Wil <4k, and to 12k, if 4k <{h]}k<
<8k,=k, and since 4 2 Jx(j)=0.-To prove the second half of Lemma 2.4 we must

therefore show that
> jx(j)=0 (mod16k)) if h==1 (mod?8)
JER, .
= 8k, (mod 16k;) if h =13 (mod?8).

Now O<j<dk,, {hj}=>4k,={h(dk,—))} =12k, —{hj},>4k,, hence both j and
4k,—j are in R, and jx(j)+(4k,—j)x(4ky—j)=4kyx(j). Similarly 4k,<j<8k,
{hj }e =4k, = {h(12k,~ )} = 12k, — {hj J >4k,, and jx(J)+(12k,—j)=x(12k,—j)=
=12k, 7(Jj). Hence ’

2’ JX(J)—2k1 2 (D+6ky 2 2().

Jj<ak. 1 1<)<8 1
JERy, JERy

But {h(k—)h=k—{hi} therefore exactly one of j, k—j isin R, and since x(j)=
=y(k—Jj), we conclude that among the residues j in R, exactly half have x(j)=+1.

Hence 2 x(j)=0 and we are finished with the proof if we can show that
J€Ry
ky—1

2 x(D) —l—x(h) (mod 4),

j=
JGR,.

or, since for 0—<j<2k,, 2k, —j€ R,«<2k,+j€R, (the condition for both is 4k,<
<{h}=6ky),
2k1—1

Z 2() ——(l—x(h)) (mod 2).

JGRh
But x(j)=1 (mod 2) hence the last condition is equivalent to

2k, —1 1

2 5—2-(1—;((h)) (mod 2)

and this again is equivalent to

aky—1
@2.37) 3 1=1-z(h) (mod4)
jéx, '
We formulate the statement in congruence (2.37) as a separate lemma as it has
some interest of its own. ’

10*
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Lemma 2.5. Let k=16k’, O<h<k, (h;k)=1. Consider the set T,=
={jhlj=1,3, ..., 8k’—1} of the first 4k’ odd multiples of h, and denote by N, the
number of those members of T, whose reduced residues modulo k are in the top half
of the interval (0, k), i.e. 8k’<{hj},<16k’. Then

O(mod4) if h==1 (mod38)

" 2(mod4) if h =13 (mod8).
Proof. The Lemma is not a direct corollary of Gauss’ lemma and we give
an independent proof. The number of odd multiples of 4 between (16r—8)k” and

16rk’, r=1,2, ..., %(h—l) is [Lork —h]_ (16r—8)k’—

)

h] and we must show

that 2 2h
Sy grk'_h] _ 0(mod4) if h=:1 (mod8)
] S e (mod4) if h =3 (mod 8).

Set k’=mh+ky, 0<ky<h, then

[Srk’ h]_4 +[8r ]
and we have to show that for O<k,<h, 2k,, H)=1,
—h—] =1— x(h) (mod 4)
The left hand side here is
5 oo () - 25 B e ()

As r runs through the non-zero residues modulo 4, so does rk, and the congruence
reduces to

(2.38) h 2 -D* [(8) h]] = h(x(h)—l) = y(h)—1 (mod 4).

Break up the summation in (2.38) into -

. 2 -
1=1= [ ] ['l__l.]<;. [Sh 1] [3h 1] As[sh 1] [5h -1 1_[7'1 1] [7h -1 si=h—1

8A—h)) .44
T)] =T—1—t,. where the value
of t,is —1,0,1,2,3 respectively, and we get for the left side of (2. 38)

2.39) —2 (—1)’1+2(—1)‘+22(—1)‘+32’(—1)" (mod 4)

Then in the i-th sum, i=1,2,3,4,5, [(
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where ', ..., > are summed for the respective ranges in the five sums above.
1 3 .
But clearly (—1)* only depends on the residue class of # modulo 16 and there-

fore it is sufficient to calculate (2.39) for h=1, 3,5, 7; 9,11, 13,15. The respective
values are 0, 2, 2, 4, 4, 2,2, 4 and in each case they are congruent to 1— x (k) modulo
4. This proves Lemma 2.5, and the proof of Lemma 2.4 is complete.

3. We shall first use a direct saddle point method to obtain the main asymptotic
expression for C,,. From Cauchy’s integral formula

(3.1) C, = f t=m=1F(f) dt

2m

where I' is any circle of positive radius less than 1 centred at the origin. We set
t=exp {—2n(B— i)},
1 1 5
— —2n{B —i)\ ,2nm(f — i) _ =
(3.2) C, —'1f F(e )e?r d@, where f 57 | am
This in fact is the saddle point condition as one can show that the derivative of
. h 110
F(@)t=™"! is zero for t=ex {—27:( —i—]}, =—|/-=+0@m %) and for
® pi-2n(B-ig)p B=5, )t O
h satisfying y(h)={_. We omit verification as it will not be needed explicitly.
We break the range of integration up into Farey intervals of order N=[§~%%]
For the relevant properties of Farey dissections see [6], Chapter III. Thus
(33) C, = f F(e—Zn([i 16))e2nm(ﬁ -i0) 49,

(h, k) 1 Ih

where I, , is the Farey interval about #/k and the summation extends for 0=h<
<k=N. The Farey intervals with k=g, {y(h)=1 give the dominant terms; how-
ever, we require a few lemmas to prove this.

£+cp, z=k(f—ip) it follows that

First of all, from Theorem 2.1, letting 6= A

L ho.
F(e—ZN(ﬂ-—l ;—w)) -

(3.4)
2 :
= w*(h, k) exp {Cank)chlﬁq/D) ﬂ[{i;pz

Lemma 3.1. There exists a constant c¢=0, independent of the Farey interval
1, of order N such that
I’ Fu(%; b, D, @) = Ofexp (cp~%)}

on I, . Furthermore there exists another constant ¢’=>0 such that on I, ,

II" F,(%; b, D, ¢) = 1+ Ofexp (—¢'f~/%)}. -

-2 p-ig)} II' i 5,0, )
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Proof. Itis easily seen that
|Fa(%; b, D, @)l = 2 p(m) |5’

where p(n) is the unrestricted partition function of n. Now

Ij’—ex [_ELJ
TR Bt )

Since k=N=[8"%*], K=qgk and |(p|——— (the length of the Farey interval 1, ,),
we have

2 B

R ——ﬁz+(p2 = 6131/2

for some ¢,>0, hence |X|=exp (—c,f*n). Itis well known that p(n)=exp (c,n'®)
for some ¢,=0. Thus

ngp(”) exp (—c,8/2n) = Ofexp (a1},

This proves the first half of the Lemma.
If k=g=K then
2 ﬂ
kK BZ+ 2
and |%|<exp (—c,f7Y?), from which the second part of the lemma follows, by the
definition (2.1) of F,. In the following ¢ will denote a suitable positive constant, not
necessarily identical with the constant in Lemma 3.1.

- 27tﬂN2 = B 1/2

Lemma 3.2. Let k#q or k=q and y(h)={. Then

h
—2m(B—i g—ie)y _ [ On )
F(e )=0 exp4—-q3ﬂ for @€l ,.

Proof. This follows at once from (3.4) and Lemma 3.1 since x(g/D)=0 if
Ds£q, and if ks£q then the smallest multiple of g that k can be is 2¢. Hence the

1/2)}. If k=g and {y(h)=—1 then the

expressnon in 3.9) is O{exp( Qﬂ
expressnon is O f{exp (cB~ ).

Lemma 3.2 shows that the total contribution in (3.3) of all the Farey arcs
On
4q93B
contribution from those arcs in (3.3) with k= D =q and y(h)=(. From equation
(3.4) and Lemma 3.1 we obtain

except those with k=g _and x(m=C is O[exp ) We now evaluate the
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C,":x(h)z:cexp( 2mm——] w*(h, q) fexp{-z-q?-gl_}_l_-+(2 m—-—= Q)(,B—i(p)}d(p
(3.5)
+0 {exp[ Qﬁ+2nmﬁ cﬁ'llz)}+0{exp£—3gﬁ}.

Here f can be written as

I, q
1 B+ilgN Cn
(3.6) T, :/CN exp (Ey/w+ E,w)dw, E, = 2q3 , E,= 27rm—-—2g

and this can be changed into a contour integral

1 f exp (Ey/w+ E;w) dw
Lo
with an error O {exp (cBN?)}= O {exp (cp~ 1%} (see Avous [2, p. 185]) Now

T f exp (Ey/w+ E;w)dw = 21 Tes {exp (Eyfw+E,w)rdw =
©+)

— 2 VETE. _my/ o
- w/EELQYVEE) = 2] 21 (% Voam—to)

where Il(t)=l,Jl(it) is the modified Bessel function of order 1. Hence by (3.5)

Cn = 2 YQIGqn—T0) 1 (5 VOGam—TD) X = (b, exp(~2nim 2) +

Y
2¢°p
Using the expression (2.24) for w*(h, ¢) and the saddle point condition (3.2) we
obtain- )

+0 {exp( +2nmp— cﬂ'llz)}

Cu =2 YOI =T0)1: (% VO Tam—T0)) x

()2' u(h, q)cos{Zn (m—-(§h+h*) Q]}+O{ex [2‘]”1/?_9_6,”1/4]}
x(h

for some positive constant ¢, where Q= Z’ x()Jj2 h*h= 1 (mod ¢2) and u(h, q)

is given for odd g by equation (2.25), otherwnse by (2.29),. (2.30).
By the well known asymptotic formula

(3.7

L= V_zl?t—et [1+0 (%]] (t >)
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(e.g. [1, formula 9.7.1]) (3.7) reduces to
o 2n 1/ mQ
Co = gy [ ) )

{ ["2'2 u(h, k) cos [21: [m——({h+h*)—)J+0(V:71)}

x(h) C

3.8)

This shows in particular that the asymptotic expression (3.7) gives C,, with a relative
accuracy of exp (—cm'®), except possibly when

2 ;tz(h, q) cos{2n (mg—(Ch—i-h*)“—gz]} =0.

=L

Thus, for Ramanujan’s continued fraction (g=5, {=1, 0=4) we obtain

C,= 4—L I (ﬂ m:_l‘) X {cos [% (m - %]] +0 (exp (—éml“))} =

Vsm—1 \25
(3.9)
= (Sr‘gm exp[;s 1/5——)><{cos[25 (m—%)]+0(m‘1/2)}

When ¢g=5,{=—1, we obtain

C,=——r 2 exp(;"5 l/S—n;)x{cos [45 (m+ 2?;)]]+0(m‘1/"’)}.

(5m)34
In the case of Gordon’s continued fraction (¢g=8, {=1, Q=16) we get
'Cm—ﬁ exp [-} l/%] X{cos (m;_l)n +0(m™V 2)} hence the asymptotic term
isOfor m=3 (mod 4). Similarly if g=8,{ = —1 then the oscillating partis cos S ,

hence O for m=2 (mod 4).

4. Finally we consider the representation of C,, as a convergent series. Starting
from the integral formula (3.1) we again break the range of integration up into
Farey arcs of order N where N is some positive integer. The saddle point condition
is now of no help and we take exp (—2nN~%) for the radius of the circle I'. We
write (3.1) in the form

@n C,= 2 exp( 2nim ) fF( 2m—_2"w)e2""""d(,o w= N"%—ip,

(h,k)=1

where I, , is the Farey interval about A/k and the summation extends over 0=h<
<k=N.
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To evaluate the integral (4.1) we again make use of Iseki’s transformation. Let
us define r, by

II"Fo(%;b,D, 0) = > 1,3
a v=0

where F,(%; b, D, g) is as in (2.1). Then applying Theorem 2.1 to (4.1) with z=kw,

C,= 2 o*hk) exp( 2nim —] f Z’ ry [2mka] X

=1
{nQD? [hq) 2nv| ( Cch_]
X exp {[—2—I€2q—3x F "—W w4 2T[m—? w d(p.

We break the summation over v into two parts: 2’ 2’ + 2 where ¥ is the greatest
integer such that v=0 v>7

4.2)

- (KOD* [ q) _ tbo ( q]
Thus the coefficient of w=! is positive for v=0,1,...,¥, and zero or negative
for v=v. The sum Zv’ “is of course empty if ¥<0, in particular if Ds=gq.
. v=0
Next we split (4.2) in three sums as follows:
(44
" h H
Z’Z’ w*(h, k)exp 2mm f Zr exp 2mv7 cexp(—Ey/w+ Fow)do +
D;éq In, ke

+ ;Z w*(h, k)exp[ 2nim ] f r, exp(va—f—)exp( E\|w+ F,w)do +

V>
D=gq

+§Ni 2 w*(h, k)exp[ 2mm——-) f Z'r exp(2mv%)exp(—Ez/w+Fow)dgo

h

D=q x()=¢ Ty
where
_ 2ny _ 2nmy nCQ _ 2nv | 10
B=tgr B=gr g™ B=—Trtags

(4.5)
{nQ

Fy= 2nm——
2q

and 2” denotes summation over those & for which (k, k)=1, O<h<k.

The estimation of the three parts in (4.4) is based upon the following Lemma
which will be proved at the end of this section.
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Lemma 4.1. Let m, v be integers, H as defined in §2, and ¢=0 arbitrary.
Then
0} .
Zn'exp{ 2nim £+27nvk£+2ma*(h K} = O{k3+ ma} n=+1 or -1,
‘where 2 denotes summation over those h for which y(h)y=n{.
h

Consider now the first summation in (4.4). Since the length of the Farey interval

I, is z% and k=N, we have by (4.1) and (4.5)

( 2nv ) 2nv N-=-2 2nv v
- A

R (Eo/w) = TKw -

= N1 k) = qEN D) = ¢
Thus

[h{exp( EO/w+F0w)d(p O{kN exp( +2nWJ}
and upon interchanging the order of summation of 4 and v and applying Lemma 4.1
we obtain

—"‘—V+2ﬂ:mN'2 —1-{-5 l}

22 exp (...) f —O{N~ > Sirje @ k3 mdf =
Déq 0 B

k=1 v=
1 N —E+e
— 0{82"'"N-2m3N—1 2’ k 3 }
k=1
since the radius of convergence of the infinite series is 1. Thus for the first summa-
tion of (4.4)
. N —l+a :
(46) ) 22/ — O{e2me-2N 3 m3}_
2 557

In a similar manner we obtain for the second summation of (4.4), by the remark
after the definition (4.4) of ¥,

4.7 2’ 2 [ >. —0{e2’""N'”N_?l’+em%}.

lh e V>V
D_

Let us now consider the third (principal) part of (4.4). Define C} by equation
(1.0) with {=1. It follows from Lemma 2.1 that

4.8) r,=ct.
Transforming f as in (3.6), we obtain by the method of Ayoub
I,
4.9 fexp {Ex/w+ Fyw}do = f fexp {Eofw+ Fyw}dw+O{e2mN-2 k-1 N-1},

In,k (0+)
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Upon interchanging the order of summation of 4 and v and employing Lemma 4.1
and (4.9), it follows that the third summation of (4.4) is

Vv v

(4.10) ZN’ > [3 f Zc}Ak(m,v)Lk(m,v)+o{e2m~'=m§N’§”}

v=0 k=
D=

k=1 h I 1 v=0
D=q x(W=¢ ! q
where
hg=1 H h
4.11) 4, (m,v)= 2 exp {Zm' [v—-—m——i—a*(h, kq)]}, hH =—1 (mod kq)
K=1 kq kq
(h,kq)=1
2(h)=¢
and
L,(m,v) = ll f exp {Ey/w+ Fow}dw = 2nVEyF, I, (2 VF,E,)
ICFS)
provided that F,>0, i.e. m>g. Hence for m>—Q—
4q 4q

’

@12 Lmy) = 2 Q-4 (gm—1Q) L @) (hgm—10P").

If we let N—oo, equations (4.4), (4.6), (4.7) and (4.10) yield with Lemma 2.2:
Theorem 4.1. Let C,, be given by equation (1.0) and C} by (1.0) with {=1.
-1
Let Q%= %qz (/)2 and h* be a solution of hh*=1 (mod q%k). Then for m=Q%*/q
i=1

@.13) Co= 3 C L(m, v) AL (m, v)
*/q
where L,(m, v) is given by (4.12),

kq—1 2n o*
4.14) AP (m,v) = 3 u(h, kq)cos * (mh+vh*— v Ch+h%)
' x(’;l);lé ’
with i (h, kq) given by (2.25) and (2.29), (2.30) when (h, kq)=1, u(h, kq)=0 otherwise.

The following are the first thirty values of Q*/q:

q S 8 12 13 17 21 24 28 29 33 37 40 41 44 53

1 |
Q*/q—;-—2-1122343657877

g 56 57 60 61 65 69 73 76 77 85 .8 89 92 93 97
Q*q 10- 14 12 11 16 12 22 19 12 18- 23 26 20 18 34
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To prove Lemma 4.1, we estimate

k—l
(4.15) 2 exp{—2nim £+2mv7+2ma*(h k)}
z(:)— nt

by means of Kloosterman sums. Define the trigonometric sum

(4.16) ' Su,v; 4, 4;)= 3 exp {@ (uh+qh*)}
(2x,<r’;:;
h=a (mod A)

for integers u, v, 4, A, r>0 where A is a positive divisor of r and Ah*=1 (mod r).
It was proven by KLOOSTERMAN [10] that there exists a =0 such that with >0
arbitrary,

4.17) S, v; A, A;r) = O(r'=#+¢(u, r)f).

According to SALIE [12] and DAVENPORT [4], f can be taken as ﬂ_% and we
assume this for convenience.

By making use of the expressmn (2. 22) for *(h, k), the sum in (4.15) can be
written as

,21 A(h, k) exp {g%l’% [—(3¢5Q+gqm)h+5(gqv—3¢Qx(h))h*]} if D=g,

x()=nf

Z’ A(h, k) exp{ 2Dk —(3péQ+gDm)h+ végDh*]} if Dsgq
x(h) nC

where we have taken H=046h*, hh*=1 (mod gDk), by the definition (2.19) of H.
The value of

-1
Ak 8y = exp{ni [ 15 x(j)j{hj}.,—ix(k)ap,l 5 o)}
q j=1 q r——
- 1={hr},<q/2

only depends on the residue class to which 4 and k& belong modulo ¢, provided that
we select the solution y of yk;—d6g,=1 in (2.0) always in the interval -0=y<g,.

Thus the sum (4.15) splits up in at most g2 sums of the form ¢S(u, v; A, A;r)
with A=gq, r=gDk and u=—(gDM+3p6Q). But ug= —(gDgm+3¢Q (vk — D))
by (2.0) and so (ugq, k)=(gDgm—3¢QD, k)<qum+3|quD| (u,r)=0(m), and
(with p=3)

r-f+e(y, r)f = O_(kgﬂm%).

Hence by (4.17) the expression (4.15) itself is O(k***+*m'/®), which is precisely the
statement of Lemma 4.1. The proof of Theorem 4.1 is now complete.
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5. We apply Theorem 4.1 to the case when ¢=8,0=16 and {=1,m=3(mod 4)
or {=—1, m=2 (mod 4). Suppose first that k is odd and that hk=3 (mod 4).
Then y(h+2k)=yx(h), as in the proof of Lemma 2.4, and we find, by the first case
of the Lemma and (2.32) :

(1) wh, 8k cos 5 (mh —%(Ch + 1)+ u(h+2k, 8k) cos% (m(2k+h)—
- % (C(h+2K) +(h+2K)") =

1 1
= u(h, Sk){cos%(mh—-z-(ch+h*))+cos%(mh—3(ch+h*)+

+k(2m—{—1)) =0

since m=3 (mod 4) if (=1 and m=2 (mod 4) if {=—1. Clearly the co-prime
residues 2 modulo 8%k with y(h)={ can be uniquely grouped in pairs A, h+2k
satisfying the condition khA=3 (mod 4) and each pair of corresponding terms in
(4.14) cancels, by (5.1). Therefore AL (m, v)=0 for odd k in (4.14).

Suppose next that k is even. Then y(h)=yx(4k—h) and we find, by the second
case of Lemma 2.4 and (2.36)

1
w(h, 8k) cos%(mh—5(Ch+h*))+u(4k—h, 8k) cosz%(m(4k—h)—
— 2k~ )+ (4k—hy") =

_ om 1 " T 1 "
= u(h, 8k){cosm(mh—7(£’h+h ))+cosE(mh——2—(Ch+h )+

+2k@+{~2m)} =0

since m is odd when {=1, even when {=—1. Thus the terms in the sum (4.14)
cancel in pairs and A®(m, v)=0 also for even k. Thus AP (m, v)=0 for all k,
and we obtain the following corollary of Theorem 4.1:

Theorem 5.1. If ¢=8, {=1 (Gordon’s continued fraction) then C,=0 in
(1.0) for all m=3 (mod 4). If ¢=8,{=—1 then C,=0 for all m=2 (mod 4).

Another interesting case is ¢=12 when the principal asymptotic term of C,
vanishes for m=5 (mod 6) if {=1 and for m=3 (mod 6) if {=—1. It is quite
likely that C,, is zero for these values of m but at present we do not have the appro-
priate modification of Lemma 2.4. It would be interesting to prove these results
independently from the series representation (4.13).
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It is easy to give an interpretation of Theorem 5.1 in terms of partitions. Take
first Gordon’s product

(1= =1 (1= —x1) ...
T (=00 =x%) ... (1-x)(1—x9)...

Since C,=0 for m=3 (mod4), we have F(x)—F(—x)+i(F(ix)—F(—ix))=0
and upon expressing this equation as a sum of four fractions of products and bringing
the fractions to common denominator we obtain for the product

F(x) =3 C.x"

G(x) —_ E(l—}-x"”‘“)(]—x8'"+3)(1—xs"'”)(l—xs'"*’)(l +x16m+2)(1+x16m+14) —

: =2dllxn’

G(x)—G(—x)+i(G(ix)—G(—ix))=0, thatis d,=0 for n=3 (mod4). Or, if we
take the partitions of » into distinct positive integers of the form 8m+1, 16m+2,
8m+7, 16m-+14, 8m+3, 8m+5, and if #=3 (mod 4) then the number of such
partitions in which parts 8m+3 appear an even number of times is the same as
the number of those partitions in which parts 8m+3 appear an odd number of
times. By reinterpreting parts 16m+2 and 16m+ 14 as (8m+1)+(8m+1), 8m+7)+
+(8m+7) respectively, we obtain

Theorem 5.2. Denote by II, the set of those partitions of n into positive odd
parts in which summands =+3 (mod 8) appear at most once and summands
=1 (mod 8) appear with multiplicity at most three. Then if n=3 (mod 4), exactly
half of the partitions belonging to II, contain an even (odd) number of summands
=43 (mod 8).

For instance II,, contains the 14 partitions (1,1,1,3,13), (1,1, 1,5, 11),
(1,1,1,7,9), (1, 1,17, (1,1,3,5,9), (1,5,13), (1,9,9), (1,1,3,7,7), (1, 3, 15),
1,7,11), (3,5, 11), (3,7,9), (5,7, 7, (19). The first seven of these contain an even
number of summands =13 (mod 8), and the last seven an odd number of such
summands. :

By turning Gordon’s product upside down, a similar theorem is obtained for
n=2 (mod 4), with +1 and +3 interchanged. For instance in the ten partitions
(1,17, (5,13), (1,3,5,9), 3,5,5,5), (1,5,5,7), (1,3,3,11), (3,3,3,9), (3,3, 5, 7,
(3, 15), (7, 11) of 18, exactly five contain an even number of summands =+ 1 (mod 8).
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