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Change of the sum of digits by multiplication 

I. KATAI 

1. Introduction 

Let N be a natural number and set s/N = {0, 1,..., 2N— 1}. Every n£sfN can be 
written in the form 

(1.1) 2' , 
i = 0 

where £¡=0 or 1 (/=0, 1, ...,N— 1). This representation is unique. Let a.(n) denote 
the sum of the digits of n, i.e. 

(1.2) « ( n ) = J 2 * i -
i=0 

Let MN(x) denote the number of those for which 

a(n) — N/2 

i m 
X. 

Using the central limit theorem of probability theory in the simplest form, we have 
that 

2~nMn(x) - Ф(х) (N - со) 

for every real x, where 
1 * 

(1.3) Ф{х) = —= J e-'^dt. 
У J.TZ — со 

Furthermore, we have 

It seems to be interesting to consider the distribution of the difference tx(lm)—a(n), 
n£s/N for fixed h. This question is trivial for h=2, since a(2w)—a(n)=0. 
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We shall be dealing with the case h =3. Let 

(1.5) A(n) = <x(3n)-a(n). 

Our main result is the following 

Theorem 1. Let KN(x) denote the number of n6s#N for which 

(1.6) 

Then, for every real number x, we have 

(1.7) 2~nKn(X) - HX) 

We can deduce a more precise result, with a remainder term, but now we do not 
try to give the best one. 

This and similar results may have some importance in the probabilistic treat-
ment of rounding errors in numerical analysis. 

2. The splitting of the binary representation of integers 

We define the sets 9JZ* as follows. Let 9Jl0={0}. The sets 9Jtt contain those integers 
mk for which 2 k ~ 1 ^m k <2 k and the binary representation of which does not contain 
two consecutive zeros. Let mk denote a general element of 9Jifc, and Ak the number 
of its elements. It is obvious that A0= 1, A1=l, Az=2. We shall show that 

(2.1) Ak = Ak-1+Ak_2 ( f c s 2). 

Indeed, mk can be written as 

mk = 2k~1 + mk-l or mk = 2k~1 + mk.2, 

whence (2.1) immediately follows. 
Let 

(2.2) F ( z ) = 2 A z k + * . 
k=0 

By an easy calculation we get 

(2.3) m = 
OO 

Let 9Ji= ^93l k . Assume that iVs2. Then for every n£AN there exists a unique 
lc = 0 

element mh£U)l for which 

(2.4) n = m l l+2'i+a«, «(Mjv-u-2. 
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For JV=0 or 1 we use the representation n—mh. Repeating this, we get 

(2.5) n = m l l + 2 ^ { m l t + № « { . . . { m : > ( n ) . 1 + 2 ' . ( , - l « K w } } . . . } } . 

So, for every n we order the sequence of elements of 9Ji. It is obvious that 

(2.6) l1+... + lHn)+2(v(m)-l)=N-l or Nr 

Furthermore, from (2.4) we have 

3n = 3m / l+2'i+2 • (3«), 3mh < 2'i+2, 

and so 

(2.7) A(n) = A(m,J+A(n). 

Hence we have v(n) 
(2.8) A(n) = 2 ¿(mi)-

j=i 

3. The distribution of the number of 9R-components 

Now we consider the number of those integers nfstN for which v(n)=H. 
For the sake of brevity we use the notation 

(3.1) tj = lj+2. 

So we write (2.6) in the form 

(3.2) t1+... + tB = N+2-8, <5 = 0 or 1. 

Let 2NpH(5) denote the number of n£s/N for which v(n)—H and (3.2) holds. Since 

v* f l if n = 0 
/ eSs9dd - i 

J v %
e ° ° | 0 if n ^ O , integer, 

we get 
1/2 , vH 

(3.3) pH(5) = 2*~s f f | I -z-<-N+2~6>de, z = e2ni8. 
- 1 / 2 

First we integrate in the neighbourhood of 0=0. By taking o)=z— I, , we have 

l a F U ) = In f = In f+
A

2m+\ = 6o} + Scoz+0(<X)
3

), \2) 4 - 2 z - z 2 1 — 4co — co2 v ' 

CO2 

In z = ln(l +co) = (O——+ 0(co3). 
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Let 

(3.4) AH = 6 H- {N+2-8), BH = %H+N+2
2~8 . 

Then 
( \B 

g(z) = = e x p ( . A H a ) + B H o ) 4 0 ( N a % 

Observing that (о=2пЮ-4л2в2+0(в3), a2= -4л2в2+0(в3), we get 
(3.5) g(z) = exp (2ni • Анв-4л2(Ан+рн)в2) exp (0(N9% 
Let 

(3.6) Л = / g(z)d0, Л = / g(z)<W, 

where we choose Л 
so that NA2 

From (3.5) we get 
(3.7) Л = 
where A (3.8) Л = f exp(2niAHe-4n2(AH+BH)02)de, 

-A 
A 

(3.9) * = f exp ( - 4 л \ А н + В н в 2 ) т Ч 6 . 
-A 

N In what follows we assume that |ЛН|«ЛГ2/3. Then H= \-0(N2ls), and so 
6 

BH = -У- N+0(N2ls). 
о 

Hence for Ж we easily get that 

(3.10) 

To 

estimate we use the following 

Lemma 1. Let A J {A, B, A) = f exp (i Л <p — Вер2) d<p, 
-A 

A,B,A real numbers, B>0, A =-0. Then 

J(A,B,A) = exp ( - • + О (Я-*/* I л I exp ( - Л* В))+ 
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Proof . 
aVB 

J (А, В, Л) = B~l12 J expii — г - T 2 ] dx = 
-лУв ^ } 

e X p ( ~ ^ ) f * ( ( А ч 2
Ь Г Л ч

 С Х Р (~Ж) , 
-AFB 

where L denotes the segment — A 1Св, + ^ № j- Transforming the integ-

ral to the imaginary axis, by an easy estimation we get the desired result. 
Applying this Lemma by choosing A=2nAH, B=4n(AH+BH), A=N~1/S~" 

(e>0), we get 
e x [ A " ) 

( i n ) л = л + о ( х ) = 4
г ^ н + * н ) } + o ( i / N ) . 

Now we estimate By taking y=cos 2rt 0, Y= 1 — t, we get 

\4—2z—z2\2 = 1 +44f —16/2. 

So in Л ё we get 

| 4 - 2 z - z 2 | - H == (1+44лМ 2 (1-£))- я / 2 ^ e x p i - ^ H A 2 ) , 

Ci>0 constant. Consequently 

(3.12) « exp ( - cx NA2). 

Finally, taking into account (3.3), (3.6), (3.7), (3.10), (3.11), (3.12), we get 

1 ( (H-N/6)2) 

where 1 лГп 

So we have proved: 

Theorem 2. Le/ 2NfSH denote the number of those n£s#N for which v(n)=H. 
Then 

where uniformly ' n H. 
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4. Hie fonction H(T) 

Let 

(4.1) 
m, €9», (=0 

It is obvious that 50(T) = 1, 51( t)=e i t , 52(r) = l + e " . Let =SR*U9JQ, 
where 9JI® contains the even numbers of , and the odd numbers. Let 

First of all we observe that 

for k ^ 2 . Then 

(4.2) 

SP (T) = 2 e"A<-m*\ 

si0)( T) = Si1! X (T) 

1 , 3 C I T , 3 Y s r o 

Now we compute S^\T). The general form of the binary representation of 
nA is the following one: 

A 

n = 0 1 . . . 0 1 

where A is one of the following types : 
2 h places 

1) A = 1 

2) A = 1 1 

3) A = 1 1 1 1 

Case 1) holds for odd k only. If k=2t+1 and /w t=101 ...01, then, obviously 

(4.3) 4(101 ...01) = i + l . 

In the other cases we say that MK£WL is of type if in A there exist exactly r 
zeros. In case 2) k—2h=2 {k even, r=0) . In case 3) k—2/JS3. It is easy to see that 
the number of elements of type 3Shr is 
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We observe that for mk£38hr, A(mk)=h—r. We consider 3mk as the sum of 2mk 

and mk. See the following figure. 

mk 1 0. . . ... 0 ... 1 1 0 1 0 1 . . . 0 1 
2 mk I 1 ... 1 0 1 0 1 0 . . . 1 0 
3 mk 1 1 1 1 

A (mk) 0 - 1 . . . - 1 + h 

Now we take 

22~'Sf»(T) = ¿2-2,^?>(T)+ ¿2-2'-15^1(T) = ZA + ZB. 
1 = 2 (=1 1=1 

We have 

= 2 2 _ 2 t * 2 i 2ft —r—2^ e>t(A-r) _ jg jpeiHh-n J ? 2 - 2 ( ' I + r + v ) . J r + 2 v — 2 j _ 
1=1 h,r V r ) r=0 h=0 v = 1 \ r / 

We observe that 

*-J J, (/J (4f •(£)'-IM^M-I^)}-
_ 2 2 

~~ 2-e~iz + 3 — e~"' 
Furthermore, 

Z o = 1 — e"/4 ' 
So we have 

z 1 f 2 I 2 1 
A 4 — e" 1 2 — e _ i c 3 — e~"J 

In the sum ZB the extraordinary case (4.3) occurs. We get 
Eg — Zjg + 

where 
oo piiz 

ZE= Ec = 2ei<{H-r} 

t=o ¿(4 — e ) h,r 

We ha we, similarly as for ZA, 

Z ^ 1 \ 2 2 \ C A „it I -> 1 N — it I * 
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Summing up, we have 

~ 1 f e2" 4 1 

So we have from (4.2) that 

x 1 3 . 3 e2" 3 1 
4 16 16 4-e" 2 (2—e~")(4—e") ' 

Differentiating two times we can deduce that H{0)=1, H'(0)=0, H"(0) = -2. 

5. Proof of Theorem 1 

From (2.1) we have that 

(5.1) Ak = Cl6»i+C20§, 

where 

(5.2) = = c2 = l # . 
\ j i 2 2 1 10 10 

L e m m a 2. L e i C(jV, /„) the number of those n£AN the longest component 
of which is greater than /„. Then 

(5.3) 2 - * C ( A U 0 ) « i V . ( - ! ) \ 

P r o o f . Assume that the longest 9Ji component of n is / (S/0) . Then for a suit-
able integer t we have n = h+2'+2u+2'+l+iv, where 

(5.4) h 2 ' , v < 2N~'~'~i, ueW,. 

T h e n u m b e r of n sa t i s fy ing (5.4) is <scAt-2' •2N~'~'~i. S u m m i n g u p f o r t, a n d I, 
we have 

2~nC(N, l0)^N 2 2~'~2A, « N № \ 
ISl0 v ^ > 

N _ 
L e m m a 3. Le t Hi=——6(N) yN, where e (A0 00 (-W-•«>), and 

6 

(5.5) 5 = 2 • 

Then 

(5.6) s « < r » ^ > . 
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P r o o f . First we observe that for o l 

'i tBij=I 

We take c—1+5, <5—0. Then, by repeating the estimation that we used for the 
deduction of (3.5), we get 

c~*Fa = exp [ (6/ / x — N)d+(%H1+N/2) S* + 0 (№3)]. 

By choosing 3=(NQ(N))-1/2, we get (5.6). 
Let 

<5.7) <p(T) = 2~N 2 EHAW> 

(5.8) A(n,HJ = l ^ K ) , 

(5.9) J5TJ = J^j). 

We take A(n, H^=A(n, v(n)), when v(«)< / / 1 . Let 

(5.10) <p0(i)=2~N 2 
n 

First we consider <p0(f). It is obvious that 

(5.H) <po(T)= 2 t1+... + tBlSN j=l 
From Lemma 3 we get 

(5.12) <?>„(t) = / / ( t ) H i + 0 ( 5 ) = H(x)Hi + 

Now we estimate the difference <p(r)—<p0(r). Let s / denote the set of those 
integers n£s/N for which 

tj, +12 + ... + tHl =§ N - g (AO (log N)2 YN. 

Let We show that si has at most 0(2N/N) elements. From Theorem 2 
it follows easily that the number of those n£s / N for which 

v(n) 

is 0(2N/N). For the remaining elements of S4 we get 

iKAOOogAO2^ tHl+1+...+tv(n)^ 

=s max (LJ+2) • (v(n)—H^) TK 4(max LJ) • Q{N) FN, 
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i.e. 

(5.13) max lj S (log N)2. 

From Lemma 2 we have that the number of n £ s t N satisfying (5.13) is smaller than 
0(2N/N). W e h a v e 

(5.14) \cPoW-<Prt\ « 2 - ' v 2 1 + 2 - ' v M 2 I Bin, HJ | = 
n€ si nZ® 

It is obvious that 
l i « 2 N / N . 

We can write n£38 in the following form: 

n = M+ 2s I, ... + rHl = s, 

where M has the components , . . m , . 
H\ 

Let 3>M denote the set of these elements. Then, by (1.4), applying the Cauchy 
inequality, we have 

2 \B(n,H^\<< 2 M O ' ) l « 2 " - s j / i v = 7 . 

Observing that 
N-s ^ eiN)ilog2N)-fN 

for n£0), we get that 
I 2 « 2N • N1/l YgiN) • log N. 

So we get that 

(5.15) \(p0(x)—(pii)\« — + | T | J V ^ I W ) • log N. 

Consequently, 

(p(T) = H(T)hI + O(e-I 'eW) + O(1/iV) + O |t | JV1/4 . logiV). 

Observing that i / (0) = l , /T (1 )=0 , H"(0) = - 2 , we get 

H i T) = 1 — T 2 + 0 ( T 3 ) = exp (—T 2 +0(T 3 ) ) . 

By t a k i n g T = x / N , we have 

9>(>:/|/ÍV) = e x p ( - x 2 / 6 ) + o ( l ) (AT-«») 

uniformly for every x in an arbitrary bounded interval. But exp (—x2/6) is the 
characteristic function of the normal distribution function with zero mean, and 
variance l/]/3. Using the well-known theorem of probability theory on the 
convergence of characteristic functions, we get Theorem 1 immediately. 
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