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Differentiability for Rademacher series on groups

C. W. ONNEWEER

In the paper [1] P. L. Butzir and H. J. WAGNER defined the derivative of real-
valued functions f defined on the dyadic group, both in the pointwise sense and in
the strong sense, that is, with respect to the norm of the space to which f belongs.
They proved that this derivative has many properties similar to properties of the
ordinary derivative of functions on the circle group. In the present paper we shall
extend this definition to functions defined on groups G that are the direct product
of countably many groups of prime order. Furthermore, we shall give some applica-
tions to functions that are defined as the sum of a Rademacher series on G.

1. Introduction

Let {p,} be a sequence of prime numbers and let G be the direct product of
groups of order p,, thatis, G= f] Z(p,). Thus the elements of G are of the form
n=1

x=(xy, Xg, ...), wWith 0=x,<p, foreach n=1 and for x,y in G the n-th coordi-
nate of their sum x+y is obtained by adding the n-th coordinates of x and y
modulo p,. Furthermore, if we define the subgroups G, of G by Gy,=G and

for n=1 v
G, = {x€G; x,=...=x, =0},

then the G,’s form a basis for the neighborhoods of 0=(0,0,...) in G. Finally,
for n=1 we define the elements e, of G by (e,);=0 if i=n and (e,),=1.

Next, let G denote the character group of G. We enumerate the elements of
G as follows. For each k=0 and each x in G let @, (x) be defined by

_ @i (x) = exp (2mixy 41/ Pr+1)-
Thus, @ (e)=1 if j=k+1 and ¢@,(e,,)=exp 2ni/p,+;)=w,. We observe here

Received December 29, 1976.



122 ) C. W. Onneweer

that for each j=0

Pys1—1

o (w)* = {

=0

0 if 0<k<pj+1,
pj+1 if k=0.

Let the sequence {m,} be defined by my=1 and m,=p,-m,_, for n=1. Next,
if n=0 is represented as n=a,my+...+a,m,, with 0=a;<p;., for each =0,
then we define y, by

@ 7(3) = G0 G) .o 08D = I exp Qria ¥ ol o)

The x,’s are precisely the elements of G. The functions ¢, are called the
Rademacher functions on G and the y, are called the generalized Walsh functions
on G.

Remark 1. If p,=2 for all n, then G is the so-called dyadic group. The
elements of the character group G, when ordered as indicated here, are the Walsh
{-Paley) functions, see [3].

Let dx or m denote normalized Haar measure on G. For f in L,(G) we
define its generalized Walsh-Fourier series by

S f®ne), where f®) = [ fOnD
k=0 G

In a number of previous papers, [4] and [5], we have studied several properties of
such generalized Walsh-Fourier series. Among other things we defined the concept
of r-generalized bounded fluctuation. We recall the definition here. For each sub-
group G, of G we denote the m, cosets of G, in Gby z,,+G,, ¢=0,1,...,m,—1,
with z, ,+G,=G,. If f is a function on G and if HCG then '

osc(f; H) = sup{|/(x)~f(»)I; x, yc H}.

Definition 1. Let f be a function on G, r a real number with r=1, and

voH= sup{ mgl(osc ;s zq,.,+G,'.))'}ur; n=0,1, }

The function f is of r-generalized bounded fluctuation (fer-GBF) if V,(f)<eo.

In [6] and [5] it was shown that functions in r-GBF have many properties similar
to properties of functions of r-bounded variation (r-BV) on the circle group 7.
However, we shall show that the differentiability properties of functions in GBF,
that is, in 1-GBF, are unlike those of functions in BV.
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2. Differentiation of functions on G

Definition 2. If for a complex-valued function f on G and for x in G

. m Pysa—1 Pje1—1
lim Zm; 2 kpph 3 (@) 7HfCrtles)
j= = =

exists, then we call this limit the pointwise derivative of f at x, denoted by f(x).

Definition 3. Let X(G) denote either C(G) or L,(G), I=p<-oo, with the
usual norm. If for f in X(G) there existsa g in X(G) such that

. m Pys1—1 Pyji1—1 )
lim || Xm; > kpity 5 (@) *f(+lej)—g() =0,
m—>eo || =0 k=0 =0 x(@)

then g is the strong derivative of f, denoted by DM f.

Higher order derivatives are defined recursively. If p,=2 for all # then these
definitions agree with the definitions of ButzeER and WAGNER [l1]. These authors
showed that the Walsh functions x,(x) have the property that D"y, =ny, in
each space X(G) and yM(x)=ny,(x) for all x in G. Further results in [1] are
largely based on these identities. Therefore we shall prove that the ‘derivatives as
presently defined for functions on G satisfy the same identities, after which it is
easy to extend most of the results in [1] to functions on G.

Remark. We would like to thank the referee for bringing the paper by Gisss
and IRELAND [4] to our attention. In it the authors define the derivative for functions
on groups G which are the direct product of finitely many cyclic groups. Their
definition closely resembles our Definition 2, see [4, Section VI].

Theorem 1. For each n=0 and each x in G we have 32 (x)=ny,(x).

Proof. Since y,(x)=1, the theorem is clearly true for y,(x).
Assume n=gymy+...+a,m,, with 0=ag;<p;,; for each i=0 and a,=0.
Take a fixed j with 0=j=r. Then

Pj+1—1 1 Pj1—1
m < kpii 120 (@) % g, (x+lejyq) =

Pyl

Pjia—1
= my kg(: kpih lg; (@)% 2 () (ej ) =

P -1

J+1 1 Pyya—t Yo —k
= ij,,(X) k;(') kp]:_-f'l I;(') ((01) (aj )’
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according to (2). Using (1) we see that this expression can be simplified further into
mjln(x)ajpj_:lpjn = a;m; g, (x).
Next, for each j=>r we have

Pjn—l Pys1—1 Pj+1—1 Pjia—1

J J+ J
2 ka+1 12(') (w) 'k/n(x+lej+l)_'n Za (%) kZ(’) kP;+1 ’%" ((Dj)_”‘=0-
Therefore,
A0 = 3 amz() = na().
j=

It is clear that a similar result holds for the strong derivative of y, in each of
the spaces X(G).

3. Rademacher series on G

In this section we shall consider Rademacher series on G, that is, functions
defined by a series R(x)= > 2 ;9;(x). We shall assume that ¢, is real for each k=0
and that R(x) exists for a(:l x in G. The last assumption is equivalent to the
condition that _2(') |¢;] < ==, as can be seen as follows. Define the element x = (x;, X;, ...)

i

in G by x;,,=0 if ¢=0 and x;,,=1 if ¢;<0 and p;,,=2, whereas x;,,=
=(p;s1—1)/2 if ¢,<0 and p;;,%2. Then @;(x)=1 if ¢;=0 and Re[p;(x))=
=-1/2 if ¢;<0. Consequently, for all i=0 we have ¢; Re[p;(x)]=]|¢]/2 and

this shows that > |¢;|<<-. We also observe that for Rademacher series on G the
i=0

following proposition holds. Its proof is similar to the proof for the case of Rade-
macher series on the dyadic group [7, page 212] and will not be given here.

Proposition 1. If R(x)= S’ciq)i(x) is a Rademacher series on G then (i)
i=0
if 2 leil?<<o, then R(x) converges a.e., (i) if 2 |ci|*=ce, then R(x) diverges a.e.
i=0 i=0
Now we turn to the differentiability of such Rademacher series.

Theorem 2. R is differentiable at a point x in G if and only if Z’m myc, @ (%)
k=0
converges.

Proof. For each j=0 and each / with 0=/<p;,, we have

RGctleg) = 3 aoilxtle) = 2 co+ee,0@)+ 3 o).
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Hence, for each j=0 we find, using (1), that

Pji1—1 Pje1—1

m; k;(; kpih 122 (@) ™ R(x+le;.y) =

+

Pyy1—l Pjy1—1
p: kpih ’ZO (@)~ %c;@;(x) (@) = m;c;Q;(X)pjt1pjs1 = Mmjc;@;(x).

k

Consequently, R is differentiable at x if and only if S'mjchwj(x) converges.
j=0

We now mention a number of corollaries of Theorem 2. For a Rademacher

series R let
Ag = {x€G; R differentiable at x}.

Corollary 1. If for some x in G we have x€Ag and if y is a rational element
of G, that is, y has the property that there exists a constant K so that y,=0 for
k>K, then x+y€Ay.

Proof. Since for j=K we have ¢;(y)=1, we see that
oo K-1 oo
Z('] mc;p;(x+y) = '2(') mjc;@;(x+y)+ _ZK m;c; ;(x).
j= j= j=
Hence, if x€A4g, then Theorem 1 implies that x+y€Ag.
Because the rational elements of G are dense in G we have
Corollary 2. If Ay is not empty, then Ag is dense in G.
In view of Proposition 1 we have

Corollary 3. For each Rademacher series R we have m(4g)=0 or m(dg)=1.

An argument similar to the one in the beginning of this section shows the fol-
lowing,.

Corollary 4. R is differentiable for all x in G if and only if Z”'mjlcj]<oo.
=0

Finally we give the analogue on G of the well-known example of Weierstrass
of a continuous nowhere differentiable function on T, namely f(x)= ﬁ' 27" cos2"x.
n=0
Corollary 5. There exists a continuous nowhere differentiable function on G.
Proof. Let R(x)= 3 (m) '¢,(x). Clearly, R is continuous on G and, accor-
k=0

ding to Theorem 1, R is differentiable at x if and only if S’ ¢, (x) converges. Hence,
k=0

Ay is the empty set.
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As mentioned earlier, the functions in GBF on G have many properties in
common with the functions in BV on 7. However, we shall now show that this is not
the case with the differentiability property.

Theorem 3. () If R is differentiable at a point x in G then R¢r-GBF for all
r=1. (b) There exists a function R in GBF for which m(4g)=0.

Proof. (a) Consider a fixed coset z, ,+ G, of G. Since R is continuous on
G there are points x,y in 2, ,+G, such that

0s¢ (R; 2, ,+G,) = R(x)—R(y) = S ci(@: () — 9. (5)-

Since x;=y; for 1=i=n, we have ¢;(x)=¢;(») for 1=i=n; also, 0o(X)=
=¢@¢(y)=1. Therefore, )

0sC(R; 2,,,+Gp) = | > 0(¢.(X) <p,(y))l<2 2 leil-

t=n=

Hence,

m,—1 1/,

IS (ose; 2460y} = {m(2 3 1al)} =20 3 el

q=0 i=n+1 i=n+1
Next, if RM(x) exists for at least one x in G, then Theorem 2 implies that there
exists a natural number K such that for all i>K we have leil<(m)~*. Hence, if
n=K, then

2(m )llr 2' IC , = z(m )1/r 2 (m)—l = 2(m )llr(m ) 12’2—k = 2(m )(l—r)/r

Thus, Rer-GBF if r=1.
(b) Let R be defined by

R() = S (— I} (2 m) 2 gy (3).

According to Theorem 2, R'I(x) exists if and only if Z’ (—1)*k~"2¢,(x) conver-

ges. Since ¢, (0)=1 for all k=0 we see that R"(0) exnsts and, hence, Theorem 3(a)
implies that R¢ GBF. However, it follows from Proposition 1(b) that m(4z)=0.
In case G is the dyadic group we have obtained some slightly stronger results
than those of Theorem 3. Since this case is especially interesting we mention these
results briefly. :



Differentiability for Rademacher series on groups 127

Proposition 2. If R is a Rademacher function on the dyadic group and if
rz1 then

oo

V,(R) =sup{20+0lr 3 ¢)|; n=0,1,...}.

i=n+1

Proof. Like in the proof of Theorem 3(a) we see that for each coset z, ,+G,
in G we have x,y in z,,+G, such that

oo

) ZH ci((pi(x)_ Q’i(J’))‘ .

i=n

osc(R; 2z, ,+G,) =

~ Now we observe that if G is the dyadic group we can find elements x and y in this
coset so that for i=>n we have x;=0 if ¢;=0 and x;=1 if ¢;<0, whereas y;=1
if ¢;=z0 and y;=0 if ¢;<0. For this choice of x and y we see that

2 ci(‘Pi,(x)_Qoi(.V)) =2 2 el
i=n+1 i=n+1
The rest of the proof is obvious.

In [2, p. 323] J. E. Coury raised the question whether or not there exists a func-
tion on [0, 1) which can be expressed as a Rademacher series on [0, 1) and which
is differentiable in the classical sense on an uncountable set of measure zero. Though
we are unable to solve this problem we have obtained an affirmative answer in the
present context of functions and their derivatives on the dyadic group.

Proposition 3. There exists a Rademacher series on the dyadic group which
is differentiable on an uncountable set of measure zero.

Proof. Let R(x)= > k~¥227%p,(x). Clearly, R is well-defined and it follows
k=1

from Theorem 2 that x€A4y if and only if 2”' k=g, (x) converges. So, Proposition:
k=1

1(b) implies that m(4g)=0. Next, in order to show that A, is uncountable we
observe that for every real number a we can find a sequence {a,} with a,€{+1,—1}

for all n=1 and so that 3 a,n""2=a. Moreover, these sequences can be chosen

n=1
so that if a=p then {a,}>{B,}. -Also, for every such sequence {u,} there exists
a uniquely determined x in the dyadic group such that ¢,(x)=a, for all n. Hence,
for each real number a we can find a corresponding x in the dyadic group for

which > k~'2¢,(x) converges. This shows that 4 is an uncountable set.
k=1
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