Note on integral inequalities

By L. LEINDLER in Szeged

In 1] we proved the integral inequality
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1 f S 0z0) dt = ( j freax( f g (x) dx) "
—oo XIPTyig=
for arbitrary non-negative measurable functions f(x), g(x) and for fixed p and ¢
satisfying the conquns 1=p, g=o and 1 /p+1/q 1, assuming that the left-hand
side of (1) has sense.
Setting F(x, y)=f(x)g(») (1) can be written in the form

oo

2 f sup F(x, y)dt >( f { f Fr(x, y) dx}q“’ dy]ll"

oo XIp+yla=t

Professor B. Sz.-NAGy raised the problem whether inequality (2) holds for an
arbitrary non-negative measurable function F(x, y) of two variables. The answer
. to this question is negative. A counter-example is yielded, say in the case p= q 2,
by the function

1 if 0=x=3 and —x+2§y§—x+3,
Fl(xay)z

0 otherwise.

Indeed, straightforward computation-yields, in this case, the value 1/2 for the left-
band side, and the value J5/2 for the right-hand side, of (2).
However, instead of (2) we can prove the inequality

max jo sup F(x,y)dt = ( f { jo Fr(x, ») dx}q/" dy)l/q,

e ax+(—a)y=t

where « runs over the two-point set {0, 1}.
More generally, we have the following

Theorem. Let f(x;, Xs, ..., X,,) be a non-negative measurable function and set

J = max J,



262 - L. Leindler: Note on integral inequalities

where ‘
Ji = f Si(x;) dx;, _Si(xi) = sup J(xq, X, s Xp)
—oo : X15 Xgs cves Xy 19 Xy pr ores Xpy
(i=1,2,...,m).' °
Then we have . '
. v . il Py — . 1p,, .
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N m
for arbitrary numbers py,ps, ..., pn(=1) with > 1/p;=1.
- i=1
Proof. It is clear that

oo

J=y§ o, gié g ([ ([ S dn)n s, i)™ g Jile =

—o0 —oo

oo

( f[ jcSl(xl)SgI/pz(xz) dxl)”2/”1 dxz]”pzii JHe =

— oo

- (_ [ [_ f (_ [ S10x2) g7 () 517 i)™ 84 () dx3]1lp3i Q o, —
= (S (L s S S5t i )42 )™ [ .
S

It is easy to see that repeating this procedure we arrive at the inequality

=Y

J= [ f (( [ [_ [ Sy (1) S§P2(x) SP1/P3(x3) - ...

) . PonlPrmo1 - YHOm
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Since

L+pi/pe+ ... +p1/Pw = D1
and ’

Si(xi)‘ é.f(xl’ Xas -ons xm)7
we thus get (3). This corﬂpletes the proof.
Note that our theorem can be generalized from the space R to the space R".
To prove this we have only to write x;€R" instead of x,€R throughout the proof.
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