Equational classes of rings generated by zero rings
and Galois fields
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H. WernER and R. WILLE [6] gave some characterization of those equational
classes of rings in which the lattice of congruences of every ring is distributive. They
showed that these are precisely the equational classes of rings generated by a finite
set of Galois fields, and they also gave a set of identities characterizing these equa-
tional classes. :

We give in this note a characterization of the equational class of rings generated
by all zero rings and a finite number of Galois fields. A ring in such an equational
class is a directed sum of its Jacobson radical J(R), which is a zero ring, and its semi-
simple part, R/J(R). We also consider the lattice of equational subclasses of this
equational class and show that it is distributive.

1. Characterization of %,(P, N)V%,.

Let = be the set of all primes, 4+ the set of positive integers, and & (A" *) the
set of all non-emptly finite subsets of A4"+.

Let P be a fixed, non-empty, finite subset of n and consider a mapping
N: PP (A7), i.e.,, N associates with every peP an N(p)€ #(A *+). Denote by
Z,(P, N) the equational class of rings generated by the set {GF(p*)|p€ P, k€N (p)}
of Galois fields.

For S€P (AN '+) write II S=ny...n, if S={ny, ..., n}, and define II@=1 for the
emptly set .

With every element x of a ring we associate the element

xt= 3 (

n(p) n(p)
)p lxp ,
pPEP geP—{p}

where n(p)=IIN(p).

Let o3 and 27, be two equational classes of algebras of the same type, #; and
A, are independent if there exists a binary polynomial symbol p(x, ¥)=x is an
identity in 7 and p(x,y)=y is an identity in ;.
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G. GrArzer, 11, Laksir and J. PLonka [1] showed that if .#; and .7, arc in-
dependent, then cvery algebra in 4,V A, (the smallest equational class of algebras
containing &, and J}) is the dircct product of an algebra in .#; and another in .%,,.
If, in addition, each algebra & ol A,V .#, has a modular congruence latticc then
cach €AV A, has, up to isomorphism, a unique representation o - o X ./,
where o, € 4] and &/,C.H;.

Let %, denote the class of all zero rings, i.e. %, consists of all rings satislying
xy=0.

Theorem 1. #,(P, N) and 6, are independent equational classes of rings.

Proof. #,(P, N) is defined by the identities x*=xand x [] [ (x*"—x)=0
peEP ncN(p)

(see [6]). In Z,(P, N), (I1P)x=0 for all x€¢ REZ,(P, N). Then consider the binary
polynomial p(x, y)=x*+y+{IIP—1)p*
The object of this note is to prove the following result:

Theorem 2. The following statements are equivalent:
(1) Reﬂg(P, N)V(g0>
(2 R=BXC, BER,(P,N), Cc%, and this representation is unique,

(3) R satisfies the identities:
@ xy=yx, () (IP)xy) =0, () M*'=xy, (d) (x—x)*=0,
e x[I [ «"=x)=0, (& 2( [[ gF"® " x*®=0 (il 2¢P).

PEP ncN(p) peP—{(2}

Proof. The equivalence of (1) and (2) follows immediately from Theorem 1
and the result of GRATZER, LAKSER and PLoNKkA [1] mentioned above, and also the
fact that the congruence lattices of rings are modular.

(2) =(3) is a routine calculation.

(3)=(2). Let B={x€R|x*=x}, C={x€R|x*>=0}. Claim: B and C are ideals
of R.

Let x, y€B, then

oy ., e —1 pn(p) oy i i .

(x+y)* s Zv( ]]' q)p ) 1[xp (p)+ Z' [ . ]xp ) Ly;_l_yp»(p)] -

i=1

PEP g€ P~{p} !

) PP —1 1)11(11)
=x 203 (1 are|”
pEP l

1=1 g€ P—{p}

]x”""’"iy"er*-

n(p)

Since ITP divides (] q)""(")“1 (p l.l ), using (b) we have immediately (x +y*)=
qer—{p}

=x*+y*=x+yp and hence x+y€B. If 2€P, then (—x)*=—x follows from ().

If 2¢ P, then (—x)*"” =(—1)x?"" and so (—x)*=—x. Therefore —x¢cB for any
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x€B. Now by condition (c) it is obvious that rx€ B for any x€ B and r€R. Thus B
is an ideal of R.

C is an ideal, For, if x, y€C and r€R then

(xX+p)P = x2+2xy+32 = 2(xy)*=2.0=0,
o= (X = ([ g P xe =0,
pEP qeP~{p}

thus C is an ideal of R and it is also a zero ring.

Now for each x€R we have

(X*)* - ( Z( Z' q)p'1(ﬂ)—1xp"(1'))>l’

pCP q€P—{p}
o (x Z( Z q)p"(P)—~1xp"(P)—-1)*

peP gcpP—{p}
X 2( ]] q)p"(P)-—lxp"(P)—l by (C)
pEP qcP—{p}

= x*

Therefore v*¢€ B and by condition (d) x —x*€C. Since BNC={0} and x=x*+x—x*
we have R=B® C.

Remark. Let n=2. Let P:{p6n|p"—1 |n—1 for some r=1} and N(p)=
={re A *|p"~1|n—1} for each pcP. The equational class of rings %,(P, N) is
. defined by the identity x"=x. (See L. Lesirur [5] Théoréme 6.)

We have shown in [4], the equational class %,(P, N)V %, is defined by the iden-
tities (x+p)"=x"+)", (xp)' =xy=x"y".

2. Lattice of equational subclasses of Z,(P, N)V%,.

It is an easy consequence of a result in [1] that if 2] and £, are two independent
equational classes of algebras of the same type, then the lattice Z(#;V 3) of equa-
tional subclasses of 2,V A is isomorphic to the direct product of £ (7)) and & (A53).

Thus Z(2,(P, NV %,) == L (X, (P, N))X Z(%,).

. Now all rings in ,(P, N) have distributive congruence lattices (see [4]). A well-
known result of B. Jonsson [2], Corollary 4.2, states that if /" is an equational class
of algebras such that each algebra in it has distributive congruence lattice, then
L(A) is distributive. We conclude that (%, (P, N)) is distributive.
& (%,) is obviously distributive. The above results are summarized in

Theorem 3. & (.%g (P, N)V %) is distributive and isomorphic to the direct product
of L(R,(P,N)) and £(%,).

Finally the author wishes to thank Professor G. Gritzer for his encouragement
during the preparation of this note.
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