On optimal control of semi-Markov processes

By D. VERMES in Szeged

1. Introduction

The system we consider changes its states stochastically at random points of
the continuous time. Each of its paths s, is a step function of the time 7€[0, o)
with values in M dimensional Euclidean space E. The probability II.(I", 9)
of the event that the state x€ E will be followed by an element of the set I'C E and
that the system stays in x no longer than 3, depends on the state x but not on the
earlier ones. A process s, of this kind is said to be semi-Markovian (c.f. [2]). It is
known that a semi-Markov process is Markovian iff the sojourn time in any state
x is independent of the following state and is exponentially distributed, i.e. II (I',9) =
=0, (I exp {—A(x)3} with some A=0, where Q,(I)=II.(I, ).

In the first part of the present paper we show that the investigation of general
semi-Markov processes can be attributed to the study of special Markov processes.
More precisely, we prove that the vector process, built up from s, and the time
difference y, between ¢ and the last jump moment preceding ¢, is Markovian. Further
we give an explicit expression for the infinitesimal generator of the extended process
in the case when the sojourn time is independent of the following state.

The second part of the paper deals with the optimal control of semi-Markov
processes. Suppose the probabilities IT,(I", 9) depend besides x, I and 3 on a decision
d too, i.e. they are of the form IT4(I", 9). The value of d can be freely chosen from
a set D, the so called decision space, at any time moment., This way we can influence
the dynamics of the process. In the sequel we consider the case when the choice of
the actual value of 4 is based upon the current state and the actual value of y. In
other words d is chosen according to a function u(x, y), called a strategy.

Generally we will influence the system in order i{o obtain an, in some sense
ideal, process dynamics. Suppose there is given a subset G of the state space, and
that the process reaches ils goal when it enters the complementary set of G, the
target sel. Another interpretation of G is that the system gets damaged when its
state leaves G, the sel of admissible states. Whatever the intuitive meaning of G is,
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it is unintercsting for the controller, what happens afllcr the statc of the process
has lelt it; hence we obscerve the process only until it leaves G. The time of the first
cxil from the set G will be denoted by 7. Assume the cxpense, which constitutes
the basis ol the judgement of the quality of the dilferent strategies, consists ol two
paris. The first one depends on the terminal state, where the process lcaves G [or
the first time; we designate it by p(x, y). The second cxpense component is the
integral of the so-called “differcntial” costs ¢(x, y, d) over the time intcrval [0, 7).
The “diflercntial expense™ ¢(x, y, d) arises when the process has alrcady becn staying
in the state x [or a time y, and the decision d is made. Clearly, the value of the expense
depends both on the initial state and on the chance. A strategy u is said Lo be optimal,
if" it minimizes the expected cost for every initial state.

In the third section of the present paper wc prove a necessary and sufficient
optimality theorem for scmi-Markov processes. The optimality condition is formulated
in form of a boundary value problem relative to the results in [3]. In the [ourth
section we specialize our theorem to Markov jump processes, and we oblain a
more simple optimality eondition, than that of derived from the main theorem
of [3].

The results of the paper, formulated for finite dimensional state and decision
space can be generalized to an arbitrary measurable state space E and a topological
measurable decision space D, without any additional difficulties.

2. Markov equivalents of semi-Markov processes

We denote by R+ the set of all non-negaliv reals, R+ will serve as the time
axis of our processes. Let (R, &, P) be a probability space, and denotle (E, &) a
subspace of the M-dimensional Euclidean space RM with the o-field & of its Borel
sets. Assume v, (n€N, where N stands for the set of all non-negative integers) are
independent, identically distributed R* valued random variables, while the E valued
variables ¢, (n€N) constitute a (homogeneous) Markov chain, i.e.

.l]-x(Ba l): = P(éu+1€B, V,, = tlén = x) =
= P(£11+1€B’ V,, = llén =X, én—-l = xll—l, sEey 60 = xo, vll—l = tu—-l’ sEey v0 = tO)

for arbitrary n€N; Xg, «-.» Xy—1, XEE; ty, ..., 4,1, tER* and B€&, and I, is in-
dependent of n. Further on we assume that IT,, is a probability measure on the space
EXR* (X denotes the Cartesian product), and that the image of Q with respect
to the variables &, is measurable i.e. £,(Q)€ & for arbitrary n€N. &, can be interpreted
as the state of the system between the n-th and n+ 1-th jumps, while v, is the sojourn
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time in the s-th state, i.e. the time diflerence between the n+1-th and »-th jump
moments. If we define

n—1

& (w): = Z vi(w) and N(,w): = sup {n:n,(w) =t}

then 5, means the time of the n-th jump, and N(¢) the number of jumps until the
time 7. We introduce the notation s,(w):=&y, (@) and call the continuous time
stochastic process S={(s;, II,): t€R*, x€ E} the semi-Markov process corresponding
to the measures I7,.

Observe that as a consequence of its definition, s,(w) is a right-continuous
function of the time for any w¢ Q. We suppose for the whole paper that N(¢, ) is
finite for any w€Q and reR*. Conditions guaranteeing this property are given
in [2].

We denote by T the common range of the variables v, (i€ N) and assume 7" to be
right-open. We introduce the notations x,(0, ®):={y 44,0 @) and y,(o, 0):=t+
+0 Ny ¢+q,0 (@) Where t€R*, 0€T, w€Q. Here we have x,(0,w)=s,(w) and
/0, w) means the time difference between the moment ¢ of observation and the
moment of the last jump before ¢, x, (o, w) and y, (o, ®) arise by shifling of the #-func-
tions x,(0, w) and »,(0, ®) to the left by o time units. They can be interpreted as
the x- and y-trajectories, respectively, when we know that at the beginning of the
observation the time ¢ had already been passed since the preceding jump, or moie
roughly speaking the last jump before t=0 was at “f = —¢".

Suppose the distribution of the variable v, is supported on 7T whatever the
initial condition &y=ux is. In other words, T is the smallest closed set such that
P(vy€T |€y=x)=1 holds true for any x€ E. We define the measures P, , (xCE, y€T)
on the product space TXQ by P, ,(4)=P(4,|¢,=x, vo=>y) where 4, denotes the
section of the set ACTXQ, ie. A, ={w€Q: (»,w)€A}. Then P, , means the pro-
bability of the event 4, under the condition that we know, at the beginning of the
observation the process had already stayed in:the state x for a time y.

Let we denote by ¢+ the topology on the space EX T which is the product of
the weakest topology on E and of the right-side topology on 7. In other words,
the sets {(x, ») € EXT: x=x,, y,=y<y-+e}(e=>0) constitute a basis of neighbourhoods
of the point (x,, y,) € EXT. The o-field of Borel sets of T will be denoted by .
BEXT, §XI) or simply & abbreviates the Banach space of all bounded real-
valued functions, defined on EX T which are measurable with respect to the product
o-field &X.7. The norm || £ || of a function f€B(EX T, &X T) is defined by | f]:=
:xesz:«u;]?e’r| f(x, )|. The space Z(E, &) is defined analogously.

Theorem 1. The stochastic process Z={(x;,,), P, ,: X€E, y€T, teR*} is a
homogeneous strong Markov process.
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Proof. Il we make use of the Markov property of the chain &, (n¢N) and
the independence of the variables v, (n€N) a simplc computation proves the relation

P(x,€B, yp = Y, = ¥, p,, = 5 5 vy = xO, py, =y W) =
(1) == P(xteB’ Y = slxs,, = x(n)’ Vs = J’("))
for any n€N 0ms <8y, ooy <8,<l; YV, L, yPeT; 2O, ..., xPel; Bed. (1)
implics that Z is a homogencous Markov process.

By the definition of x, and y, the function (x,(s, ®), y,(o, ®)) with values in
the topological space (X T, €*) is a right-continuous function of the time for any
fixed (o, w)€TX Q. We show that [or any @ *-continuous function f¢B(EX T, §XT)
and +=0 the function L, f(x,,y,) is also %*-conlinuous, ie. the process is Fel-
lerian in the topology #*. (I, denotes the expectation with respect to
the measurc P, ,.) Il feB(EXT,EXT) is a G*-continuous function then
h(w, y)i=/ (éN(,.,.y, ) (@), t+Y =Ny 4y, 0) (a))) can be uniformly approximaicd by
finite sums of characteristic functions, which are right-continuous w.r.t. the second

k. k n k 1
variable for every fixed we Q. (E.g. by g,(w, y)=— if h(w, y)€|———, —+—|,

n n 2n n 2n
where k=0, +1, ..., tr| f| ) If y(w, p) is a characteristic function, right-continuous

in y for any fixed w€ Q, then

[ 1@, y) Pdoolvy > y, & = x) =
2
= [P(vo = Y& = 01" [x(e, y) P(do " {vy = p}IEs = )
2

is a right-continuous function of y, since P(vy>y|,=x) is right-continuous. Thus
f g.(, )P(dw|vy=>y, £E,=x) is €*-continuous with respect to (x,y). Since h is
the uniform limit of g, as # —eo, '

By £ ) = [ h(@,y) P(dw|éy = X, v = )
2

is #*-continuous.

We have shown Z to be right-continuous and Fellerian in the topology #+.
This implies by [1], Theorem 3.10, the strong Markov property of Z and Theorem 1
is proved.

It is known (c.f. [1]), that as a consequence the Markov property (1) of the
process Z, the operators {7;: tcR*}, defined by (7, /) (x, y):=E, , f(x,, y) for any
fEB(EXT, &XT), constitute a semigroup of linear contractions. We say that the
sequence {f,} of elements of the Banach space & tends weakly to f€Z ("lim f,=f)
if the numerical sequence f;(x, ¥) converges to f(x,y) at any point (x, p)EEXT
and || f,]l is uniformly bounded (with respect to #€N). The (weak) infinitesimal
generator A of the semigroup 7, is the linear operator defined by the expression
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Af:= “’lun——(T S—f) for all fe# for which the weak limit on the right-hand side
exists and sahsﬁes Yim T, Af=Af.
0
Since P, ,(vo=t):=P(vy=1t+p|ly=x, vy=>y) is in F(EXT, EXT) we may

. .| . e
define the function a by a(x, ») ::“’111117Px,v(v0§z‘) if the weak limit exists. The
d-l—
relation P, ,(v,=0) implies a(x, y)— Pw(voﬁt)h o. (Here and in the sequel

It . . . ) )
—;7 for f;i denote the right-hand side derivative of the function f with respect 1o
the variable ¢.) Denote Q, ,(B) (B€&) the probability of the event that the process

jumps into a point x’€B after it has left x ic. Q, ,(B):=I (B, «|vy=>Y).

Theorem 2. If the function a is €*-continuous and the sojourn time is in-
dependent of the following state then the weak infinitesimal generator A of the process
is given by the expression

@ AN =) —als ) 0 +ale y) [, 00,,,(dx)
E

for any €*-continuous function f€F with €*+-continuous Af and uniformly locally
Lipschitzian with respect to y, i.e. such that

sup |fCx, y+H)—f(x, p)| < K-t
x€CE,yeET
y+teT

holds true for some K=0, t,>0 and for every t, 0=t<1,.
Proof. The following decomposition holds true for every f¢€ %

th(‘(f,y) f(‘cay) )f(x,y—l—t)—f(x,y) x,y( =t
t

f(x »)+

Pryy (o =

- L PWety) = IFO =X, ¥y > ¥) [ £ t+y—v) P(daléy =

=X, % >y, Nt+y) = 1)+

n P(N(t+y) = 2160 = X, Vo> J’) -E(f(xt,yt)léo =%V =>NCt+y) = 2)“

The definition of N(¢) and the independence of v, and v, imply
P(N(@+p) = 2y = x, v >p) = P(ro+ v = t4+p|fy = X, %> p) =
(4) = f P(VO = t+/1|61 x’)P(V() yEdh, 61 de,léo =X, Vy = y) =

[0, )X E

= sup P(r; = #)6y = X)P(vo = 1+ )]8o = Xo, o =) = [ sup P, ,(v=0DPL
X' €E XEE,y
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Since ( /(x5 y)|Eo=X, vo=p, N(¢-I- )))%2) is bounded, and lim P, ,(v=¢)=0 holds
t0
for any x€E, y€T, the last term of the decomposition (3) tends to zcro il #}0, The

definition of N(¢) and inequality (4) imply

Py, )= sup Py,(v= )P s P(ND = 1lé = x, v > y) = Py (0 % 1),
XCE,yeT

|
and hence “lim o P(N@)—1|é,=x, vo=p)=a(x, y) holds true. From the condi-
tjo

tion that the sojourn time is independent of the following staic we obtain
PEEB vy =34)éo=Xv=>p, N() = 1) =

=P =+ylo=xX,y<v=p+i<v) 0.(B),

and conscquently,

[ 7ty =) Pdoléy = %, %>y, N(t) = 1) =
Q2
= [ [£, t4y=HO(@dx)Pro—pedhlly = %, y < Vo= p+t =< v,
0 E

If #40 in the last expression then

tim [/ t+y=v)Pdold =%V =y, N@O) = 1) = [ f(x', 0)Q.(ax)
2 E

holds true, since P(vo=t#; +y|éy=x, y<vy=t-+y<v,)=1and f is €*-continuous. The
last limit relation holds also in the weak sense, since the integral is bounded by | f||
independently of z.

The differentiability and the uniform Lipschilz property of f implies the weak

1
convergence of —t—[ JC, y+8)—fCx, )] —»fy“'(x, y) for }0. Thus if #}0 then each

component of the decomposition (3) tends weakly to the corresponding component
of (2). Next we show that *lim T, 4f=A4f. A decomposition analogous to (3) holds
t}0

true for (T,Af)(x, y)—Af(x, y). Because of the absence of the divisor ¢, the last
three terms of this decomposition tend weakly to zero if #40, while the %*-continuity
of Af implies the first term to converge weakly to zero.

To finish the proof we have to show that every /€% from the domain of 4
with @*-continuous image Af is differentiable and uniformly Lipschitz continuous.
The last two conditions were used only in the proof of the convergence of the first
term of (3). This way the left side and also the right side up to its first term converge
weakly for every from the domain of 4. Since “’11'31 P, ,(vo>t)=1 holds, and

1
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1 \ : . .
" [f(x, y+1)—f(x, y)] converges weakly too if #}0, what is equivalent to the dif-

ferentiability and Lipschitz property of f, and the proof is finished.

We call two Markov processes equivalent (c.f. [1]), if they are defined on the
same state space, and their transition functions coincide, Right-continuous processes
are determined by their weak infinitesimal generators uniquely up to equivalence.
Consequently if the assumptions of Theorem 2 are fulfilled, the function @ and the
measures Q, (x€E) determine the process Z and this way also the semi-Markov
process S up to equivalence.

3. Optimal control of semi-Markov processes

Suppose we are given a family of semi-Markov processes {S*: d¢€ D} satisfying
the conditions of Theorems 1 and 2, and determined by the function a(x, y, d)
and the measures Qf ,. The decision space D is a measurable subset of R*, & and
%, denote respectively the induced o-field and the induced topology on D. The
decision (or control) parameter d can be freely chosen by the controller at every
moment. But we only suppose that the decisions are made on the basis of the observa-
tion of the state x, and of the time y,. In other words d is chosen according a func-
tion u: EX T~ D. If u is measurable and (¢, €p)-continuous, then it determines by
049 and a(x, y, u(x, y)) a new Markov process Z*={(x,, »,), P¥ ,: X€ E, y€ T, t€R*}
and hence a new semi-Markov process S" too. (According to a remark at the end
of Section 2 of [3] the trajectories x;, y, need not be indexed by u.) We call a mea-
surable, (4*, ¥p)-continuous function u: EXT —~D a (feed-back) control strategy,
the set U of all strategies the strategy space, while S* and Z" are called the processes
governed by the strategy .

Observe, that if A" and 4? denote the weak generators of the processes Z" and
Z', respectively, then the relation

©) A f(x, ) = A" f(x, )

holds true for every f from the domain of A" and for every x¢€ E, y€T, The relation
(5) implies that if two strategies 1, and u, are equal on a set BC EX T, then the processes
Z" and Z" coincide on B.

Let there be given set G'C EX T, open in the ¥+ topology, and such that for
all processes Z" (u€U) the time t(o, w):=inf {t: (x,(0, ), ,(c, w))§ G’} of the
first exit from G’ is a Markov time (c.f. [1]). The complementary set of G’ is the
target set.

Suppose the funtions p: (EX T)\ G’ [0, ) and g: G'X D ~[0, ) are bounded,
measurable, ¥+ and ¥+ X %}, continuous, respectively. We are looking for a strategy
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w* € U minimizing the functional
T

Tooy@): = B {p ey 2+ [ a0 s u (i, ) dt}
0

for any initial state x€E, y€T, such that J(u*) is bounded.
We introduce the notation Bg(x, y):= inl[4'g(x, ¥)+q(x, y, d)], where
d¢ch

AY(x, p) = ;" (%, ) = a(x, y, ) (x, ) +ax, p, d) [/, 0) Q4(dx).
E

The following theorem gives a compleic characterization of the optimal stratcgy.
Theorem 3. A strategy u' € U is optimal iff the boundary value problem

(©) A" [(%, ) +4q(x, y, u(x,9)) = Bf(x,y) =0 il (x,»)€G,

™ fx,9) =p(x, ) if (x40

possesses a bounded, measurable solution f*.
The proof of Theorem 3 is based on the following lemma, proved in [4].

Lemma. If % is a Markov time with x=c, then for any u€U the relation

®) Ty @) = B (T @)+ [ 4 (e yes u(x,, p))dt}
0
holds true.

Proof (Theorem 3). Let u*€ U be an optimal strategy, and let f*(x, y):=J, ,(u*)
The Feller property of Z" implies *-continuity of f*. (6) is equivalenti relations

o) ATf* (6 9) +q(x, p, ut (%, 9)) = 0 forall (x,y)€G,
(10 A*(x, ) +q(x, y,d) =0 for all (x,))€G’, deD.

To prove (9) let us apply the lemma to the strategy u* and to the time »¥=hcR*.
With the abbreviation ¢"(x, y):=¢(x, y, u(x, ¥)) we obtain:

13
T'Itl‘* *(xb J’) _f* (x’ J’) = E;:’,ky']xh,yh (u*) - Jx,y(u*) = E;é;ky f qu*(xt’ yt)dt,
0
and hence

1 1 I
wk Lk w3 * *) — Wi k¥ e o
AT f* = lim o (Tf* =) lg?ghé/']}th q*.

Since ¢"* is #+-continuous, the last relation shows that f* is in the domain of A"
and proves (9). Equation (7) holds, since P, ,(t=0)=1 holds for any pair (x, y) § G".
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Next we prove relation (10). Suppose there is a decision dy and a point-pair
(%0, o) €G’, for which (10) is false, Then for any u € U with u(x,, yo)=d, the relation

A'* (X0, Yo) + Q(XO, Yo U(Xo, yo)) <0
holds true. We define for arbitrary € T the strategy u,€ U:

dy if x=x, and y,=y=<y,+1,
(X, ¥)i =19 ; "
u*(x,y) elsewhere.
Since for any u€ U the relations Vlim T3 A"f*=A"f* and “lim T} ¢"=¢" hold, there
140 {0

exists for any =0 a £,>0 such that for all 0=/—<#¢,

T[A" £ (%0, 7o) + 4" (o, ¥0)] < O

holds true, We introduce the notations uy:=u,,,,;, . for a fixed # €T, and x (0, @):=
=min [t, T, Min (¢, #,)], where 7, denotes the time of the first exit from the point
Xo. Since the strategies u, and u, coincide on the set {xo} X[ W, yo+min (t;, 1))
so do the processes Z"2 and Z™, and the last inequality can be rewritten in the form

»

(11) S, [ 14" (o, 744" (vo, p)]dt < 0.
0

If we apply Dynkin’s formula (corollary of Theorem 5.1 of [1]) to the function
[¥=J(u*), to the process Z" and to the Markov time %, we obtain

oo @) = B0 AT o @)= [ A" (5., yat}.
0

The application of the lemma to u, and % implies

rd
Tsam (o) = Egg»yo{-lxmy,,(”o) - f q" (%o, yr)dt}.
0

We denote by pu the Markov time of the first entrance in the set Hy=[{x,}X
X[y, Yo-+min (t;, 1)) | NG, (Clearly, x is the time of the first exit from H,.) Let we
define Qyi={(o, w)€ TX Q: u=t}. Intuitively Q, means the set of the elementary
evenls, for which (x,, y,) leaves G’ before crossing the set H,. Applying the lemma
to p and the strategies u* and u, respectively, with the aid of the decomposition
Q' =TXQ=02,U(Q"\ L), we obtain for any (x, y)€G’

Toy @) = Eyaa{p (e, )+ [ 4" (oo, y) e} +
0

u
+Exygoay [ 47 G pdt+ Ty, ") Exyyon,

0
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and

Ty (tte) = o {p Geer )4+ [ ¢ ooy y) it} +
0

I3

- E.l\"?yx.ﬂ’\ﬁo .[ Q(xt 4 r) dt 4 J.voyo (uﬂ) E.'\"?y xﬂ’\s’zo ’
0

where x, denotes the indicator function of the set 4. Since the strategies u, and u*,
and hence also the processes Z™ and Z" coincide outside of fI,, the relation

T

T
Extytoo{p oo v+ [ 4" Gy vt} = By %0, {p Geer )+ [ " (s ) dlt}
0

0

holds true for any (x, )¢ H,. Further on, since il (o, 0)€Q"\ 2, the trajectory
((x,(0, ®), y,(0, w)) does not cross the set H, before u,

I n
E-'\ffstz'\szo f q"*(x,,y,)dt = E;c‘?yXQ’\ﬂof q" (x:, y,) dt
0 0

holds true for any (x, )¢ H,. Again by the same argument we obtain the relation

1

By Xong, = Phy(u=1t) = Pi,(t < 1) = ExyXone,
{or any (x, y) ¢ H,. The coupling of the last five relations implies
T (o) =gy ) = Bty { s, () =T, @)} +
+E3,, (f [4"f " (x0, ) + 4™ (xo, y)]dt =
= [0 (0) = T3 VL ER, 3 B22,, Horn o+

+Ey, [ 1A (0, ) +4" (x0, )]dt.
0

With the .abbrc-:viation w=EQ  ED Yoo, =Ly, P,y (0=<7) the last equality
-can be written in the form

(l - OC) [Jxo, Yo (uO) - Jxo,yo (ll*)] = E"“oox Yo f [A"of* (xO: Jh) + quo . t)] dt <0,
0

where the inequality follows from (11). Since 0=a=1 the last relation contradicts
the assumed optimality of u*, and hence relation (5) is proved.

To finish the proof we have to show, that the solvability of the boundary value
problem (6), (7) is sufficient for the strategy u* to be optimal. For this we refer to
2], where the proof is given for more general processes.
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4, Optimal control of Markov jump processes

As it is known, a semi-Markov process is Markovian, iff the sojourn
time in any state is exponentially distributed, independently of the following state, i.e.
P(v,=9)¢,=x)=exp {—A(x)9} with some A(x)=>0. As a consequence of the ex-
ponential distribution of v, the relation P(v,=94y|€,=x, v,>y)=exp {—A(x)+ 9}
holds true, and therefore, a(x, y)=A(x) holds independently of y. It arises the ques-~
tion, when is it possible to control a family of Markov processes optimally by strate-
gies based only upon the observation of the current state but not upon the sojourn
time. The same question was extensively studied in [4]. In the sequel we show that
the main result of [4] can be obtained as an easy consequence of Theorem 3. More
precisely we show that if the expense components do not depend on the time the
process has already spent in its current state, then conditions relative to those of
Theorem 3 are necessary and sufficient for optimality.

Suppose we are given a family {X*: d€ D} of Markov jump processes determined
by the reverse expected sojourn times A(x, d) with A(x, d)=K, and by the jump
probabilities Q¢ . Denote U,, the class of all measurable strategies u: E - D. Suppose
GCE is a set, such that the first exit time t from G is Markovian, and the functions
Pt ENG [0, =), g: GXD —[0, =) are bounded and measurable. A strategy u*€ Uy,
is said to be optimal, if it minimizes the functionals

T = B{pGe) + [ a(x uGe))dr)

under all strategies ucU,, for any x€E. We introduce the notation Bf(x):=
=inf [A*f(x) +¢(x, d)] for all functions f€%(FE, &), where
deD
(12) Af(x) = = ACx, dfX) + 40, d) [ F(x') Qdx").
E
Then we can state the following

Theorem 4. A strategy u* is optimal in U, iff the boundary value problem
(13) \ A" [(X) +q(x, u*(x)) = Bf(x) =0 (x€G)
(14) J&) =px) (EENG)

possesses a bounded solution f*.

Proof. If A is bounded, then the infinitesimal generator of the process X*
is defined for all functions f€Z(E, &) and is given by (12). Consequently, if we ex-
tend the process X, to Z, onto the space EXT, then the generator 4%, of the latter
will be given by A%, g(x, )=g; (x, 1) —A(x, ) (¥, ) +A(x, ) [ g(x', 0)Q%(dx") for
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all functions geH(EX T, §XI") uniformly Lipschitzian with respect to y. Z(L, §)
can be cmbedded in ZIEX T, £X T as the subspace of all functions, constant with
respect Lo y.

If a function f*€# (L, &) suflices (12)—(13), then g*e B (EX T, &XT) delined
by g"(x, »):=/"(x) for any y€ 7' is a solution of (6)—(7), sincc g, =0. Hence, the
oplimality of u* follows from the stalement of Thcorem 3.

To prove that il u* is optimal in Uy, then /™ (x):==J, (u*) is a solution of (13)—(14)
we can repeal the proof of the corresponding part of Theorem 3. We have only
to show that u, can be chosen [rom Uy, t0o. Sct ty(x)=u*(x) il x 7 x¢ and uy (xo) =dy,
and the rest of the proof can be carricd out analogously to that of Theorem 3.

We remark that Theorem 4 applies to Markov jump processcs, a similiar result
can be derived [rom the results of [3]. Bul an essential dilference is that in Theorem 4
the operators 4" are simple intcgral operators, while with the methods of [3] one
can derive optimality conditions with unbounded operators only, even in the case
of a jump process.
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