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1. Introduction

~In a series of four papers, BIRMAN and SoLomJAK.[18], {19], [20], [21] formulated
estimates for the characteristic values of an integral operator. More specifically
they considered two measure spaces (X, @) and (Y, 1) and an integral operator
mapping £, (X, ¢) into £,(Y, 7). Then they formulated estimates for the characteristic
values of this operator. Clearly, these estimates imply trace class criteria. According
to the summaries of the papers [18], [19], [21] in their main theorems X =Y=0Q™,
the m-dimensional unit cube and ¢(X)=1 and t(Y)=1. In their third paper [20]
they allow X and Y to be unbounded subsets of #£™ provided that either g(X)=1
or 7(Y)=1: They show how this case can be reduced to théir previously treated
case. At the same time they give examples of operators which can be reduced to -
this case. ' o :
In this paper the question of trace class criteria is taken up again for the case-
of X=Y=42* and for the case of both measures being the Lebesgue measuré.
In Section 2 first we assign a bound to a given integral operator K acting in
L,(#£+). This bound depends on a given set of three positive constants («, f, y)
~and we denote it by || K| («, B, y). The first constant ¢ measures, so to speak, the
‘modulus of mean continuity of the kernel K(&, n) with reference the second variable 7.
The second constant f, so to speak, measures an additional smallness of this modulus
of mean confinuity near infinity. The third constant y measures the smallness of .
the kernel itself near infinity and for brevity we refer to it as the decay constant.
Then in Theorem 2.1 we formulate a trace class criterion with the aid of the bound
{1K| (=, B, y). More specifically it is a family of criteria depending on the parameters .

*) Supported by N.S.F. grant GP 28933



92 : R. A. H. Lorentz—P. A. Rejté

(«, B, y)- The only needed restriction on these parameters is that they satisfy the three
inequalities of assumption (2.5) of Theorem 2.1. The first two of these inequalities
simply says that o« and vy is greater than 1/2. The third inequality involves all of
the three parameters (o, 8, 7). Roughly speaking it says that for given « the modulus
of mean continuity near infinity is small compared to the decay exponent y. The
bigger this decay exponent the less addltlonal smallness of the modulus of mean
continuity is required near 1nﬁn1ty

In Section 3 we derive Theorem 2.1 from a Corollary of an abstract Lemma
" of GokHBERG—KREIN [15] which was formulated by BIRMAN—Soromiak [18. a].
The method of our proof differs from theirs inasmuch as the construction of approxi-
mating operators does. Specifically with the aid of the set of three positive constants -
(%, B, y) of Theorem 2.1 for each positive integer 7 a partion of #+ is defined. Then
this partion is used to define a subspace of £,(%+) and we choose the n-th approximat-
ing operator to be the restriction of K to this subspace. In our proof this partition
plays the same role as the Birman—Solomjak approximation theorem by piecwise
polynomial functions [17] did play in theirs. _ . '

The delicate counter-example of the Appendix is due to WEIDMANN. It illustrates
that in assumption (2.5) 'Qf Theorem 2.1 one needs a strict inequality.

2. Formulation of the result

Let K be a Hilbert—Schmidt operator acting in £,(%#+*) with kernel K(¢, n)-
In this section we formulate criteria for K to be in trace class.

To describe these criteria to the operator K and to a given set of three positive
" constants (x, B, y) we assign a bound, ||K|(x, B, 7). Using the well known formula
for the Hilbert—Schmidt norm of an integral operator [4. d] [13. c¢] and a theorem
- of Fubini [4. b.] we see that for each bounded interval # the mean

@ MK = 5 [KE

.is a square integrable function of the variable &. Here, of course, |.#| denotes the
lengt of the interval .. The first constant o will measure the smallness of the modulus
“of mean continuity of the kernel K(¢, ») with reference to the second variable n. More
spe01ﬁcally define a prehmmary bound by

2a+1
1

1] (S 1KE )~ MFK QPR dn).
Rt XS .

@2 IKI@ = sup [1 5
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Here the supremum is taken over the bounded subintervals of #+. Incidentally
note that for continuous kernels with bounded support the finiteness of this norm is
implied by :

sup sup [—
¢ m,m, 1o — 1]
This implication is an elementary consequence of the fact that to a given vector

with reference to a given subspace the best approximation is the orthogonal projec-
tion [4. a][11. b]. Hence

inf [(K( n)— K& mdn = f K, ) — M(S)K dn.

m s

] K&, 19)— K, )l < o

The second constant f# will measure an additional smallness property of the modulus
of mean continuity near infinity. More specifically for a glven ‘pair of positive con-
stant (o, B) we deﬁne a bound by setting

(231

2a+1

2 1
1Kl (@ B) = sup [] ],] (U +mindsY ([ [IKEn)—ME)KEP de dn)
Rt xS '
Here, as usual 9. denotes the boundary points of £ and supremum is taken over
all compact subintervals of #£+. The third constant y will measure the smallness
of the kernel K(&, ) itself near infinity. For brevity we refer to it as the decay ex-
ponent. More specifically with the aid of y we define a bound by setting

2.3), IK12() = sup (1 +m)T [ K@ mEdedn).
: : ( 1,0 XA+

Finally define !

2.4) 1K1, B, 9) = max (K [ B), K [12(7)).

The theorem that follows formulates a family of trace class criteria for the
operator K with the aid of the bound K| («, §, 7).

Theorem 2.1. Let K be a Hilbert— Schmidt operator acting on £,(R*). Sup-
pose that to this operator there are three positive constants (o, B, v) such that

(2.5) Ta=>=1/2, y=>1/2, and QRa+1-2)<2y—1)Q2a-1)
and
2.6) 1K1, B, ) < e=.

Then this operator is in trace class, specifically

Q.7 ‘ KeG,(2,(@Y).
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- We shall establish this theorem in the next section. At present let us consider

' the three inequalities of -assumption (2.5) again. The second one, namely that y=>1/2

is evident. For, only in this case does the bound || K|[,(y) measure smallness at in-
" finity. In fact for y<1/2 this bound is finite for any Hilbert—Schmidt operator.

Concerning the first inequality all that is evident is the positivity of a. Nevertheless
~ a straightforward adaptation of the Weidmann example of the Appendix shows

that it is possible for a non-trace-class operator to have a finite || K|/ () bound with

a=1/2. The details of this adaptation were carried out elsewhere [22]. Concerning
the third inequality of assumption (2.5) all that we ‘know is that it cannot be sharpened
according to the Appendix. .

" 3. Proof of Theorem 2.1

In this section we derive Theorem 2.1 from the Birman—Solomjak Corollary
[18. a]. We do not know whether the assumptions of Theorem 2.1 allow one to
construct an operator K which is unitarily equivalent to the original operator K
and is such that the Birman—Solomjak results of [20] apply to it. We do know,
however, that the three constants («, 8, y) of Theorem 2.1 allow one to construct
a partition of #+. This partition, in turn, allows one to define a sequence of approxi-
mating operators satisfying the assumptions of the Birman—Solomjak Corollary .
[18. a].

Our construction will depend on whéther

(3.1), , 2a+1-28 = 0.
or ' ; .
(3.1), ' 204+1-28 > 0.

In caseAr'elation 3.1), holds, first we choose a preliminary constant r so that

G2, ' Cr@=1=>1.
Then set ) o .
(3.3) v=n,

and to this r we choose 650 large that

2oc+l

'(3.4)1' : 20:—- r>1 and o—r=1..

In case relation (3.1), holds first.-we choose the preliminary constant r so that

(32, - r@=D=>1 and 2u—rQu+1-2p) > 1.
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Then as before define v be'equation- (3.3). At present we choose o so large that

200+1

(3.4), max (20 + 1 —28), =20+1-28 and o6—r=>1.

Note that the two inequalities in (3.2), together with relation (3.1), are equivalent to

1 e 200—1 .
27—1 20+1=28" - p

.Remembering assumption (2.5) and using relation (3.1), again we see that this
inequality does admit a solution r. Let us emphasize again that the definition of
the constants v, & depends on whether relation (3.1), or (3.1), holds. Having defined .
these constants for each positive integer n we define a function_g,,(v, o) by

(3.5) : g.(v, 6Y () = v [%]d

Finally with the aid of this function we define a family of intervals by

 (3.6) S,0,v,0) = [g,(v,0) (), g (v, 6) G+1)), i=0,1,2,...,n—1.

According to definitions (3.5), 4, it is no loss of generality to assume that o>1,
which implies that this function is strictly increasing. Then clearly this family of
intervals defines a partition of the interval [0, v).

Next let ¢, (i, v, ) denote the characteristic function of the interval 3,(i, v, 6)
and define the subspace ,(a, B, y) to be their linear span. Speciﬁcally

3.7 Ko, B, v) = {c,(,v,0); i=0,1,2,..,n—1}

Note that this subspace depends on the constants a, B, 7 inasmuch as v and ¢ do.
Clearly : '

(3.8) o - dim&K,(x,8,9) =n
Let P, denote the ortho-projectof on K&, (a, B, 7) and set
(3.9) - K, = KP,.

Then for each positive integer » this equation defines an operator of rank n. This
fact allows us to apply the Birman—Solomjak Corollary [18. a]. According to this
corollary for the (2n+1)-st characteristic value of the Hilbert—Schmidt operator .
K, that is for the (2n+1)-st eigenvalue of the positive self-adjoint operator (K* K)''2,
we have ' ‘ :
1
2

(3.10) S [%] 1K — K, (HS).
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Here the second factor denotes the Hilbert—Schmidt norm. Actually this estimate
holds for any operator of rank n. The lemma that follows will imply that for the
operator K, of definition (3.9) the right members of estimate (3.10) from a con-
vergent series.

Lemma 3.1. Suppose that the operator K satisfies the assumptions of Theorem
2.1 and define the operator K, by equation (3.9). Then there are constants 6(a, 8, y)
and- (o, B, v) such that - '

(3.11) o, Boy) > 12
and for every positive integer n we have
(3.12) 1K~ K.l (H.S) = A(@, b, 7) [7]5(%’?' "

To establish conclusion (3.11) set | .
(3.1?;) "~ %(a, B, 0) = max [Za;_l—l-—ZB, 20‘:_ 1]
and . ' S
(.14) 5, B, 7) = 1/2 min {2a—x(a, B, o)r, (2y—1)r).

Here the constants r and ¢ are defined by equations (3.2), , and (3.4), .. At the
same time we see from these definitions that this constant §(x, f, y) is greater than
1/2. That is to say, conclusion (3.11) holds.

To establish conclusion (3.12) first we introduce a notation for the difference in
(3.12) by setting

(3.15) ! D, = K—K,

Remembering definition (3.9) an elementary argument shows that the kernel of this
operator is given by ) ' ‘ '
' K(& ) — M(F,G, v, 0))K(©) for n€S£G,v,0)
K( 1) for €[, ).

Next we introduce two more operators by setting

(3.16) D&, m) = {

: D, (¢, €[0, v)
3.17), : D, ¢, n = {0 “ ZE[V :°)
‘and oo

- (0 n€[o, v)
(3.17), | Dya(&m) = {K(E, n neb, ).

Remembering definition (3.15) we see that

(3'18) A Dn =Dn,1+Dn.2'
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To estimate the square of the Hilbert—Schmidt norm of the operator D, we
need a notation. Specifically for each positive integer »n set

(3.19) S (O(,ﬂ 2. (v, 0')) _ ' 1 ’gn(v, Czl(l-:-gi)(v’ i;((‘;’))‘;); (l)l x4+ .

Then we claim that

(3.20) 1D, I (H.S) = [IK[I3 (e, B)Sn(t, B, &a (¥, 0)).

For definition (3.17), together with the partition property of the intervals {4,(i, v, 0)}
yields '

(3.21) - 1D, F(HS) = 3 [[ 1D.(& ndédn,

: i=0 g+ x5 ,.(,v,0) )
if we use the well known formula [4. d] [13. c] for the square of the Hilbert—Schmidt
norm of an integral-operator. Definitions (2. 3)1, (3.7), and relation (3.16) together
show that

2 - 2o Ign (V, O') (l+1) —&n (V, U) (i)l21+1
wdd a)lDu(f, i e dn = |KIE, B) (750,00 :

Inserting this estlmate in equality (3.21) and remembering deﬁmtlon (3 19) we obtain
" the validity of estimate (3.20),:
In the technical lemma that follows we estimate this sum in terms of » and v.

Actually this is shghtly more general than what we need inasmuch as we do not
assume that v is a given functlon of n.

Lemma 3.2. For each positive integer n and.pair of positive constants v, ¢
define the function g,(v, 6) by equation (3.5). Let o, B be a given pair of positive con-
stants and define the sum S,(a, B, g,(v, 6)) by equation (3.19). Then to each o,
and o=>1 there is a constant y(a, B, 6) such that defining the constant x(a, 8, o) by
equation (3.13) for every (v,n) in (1, <)X (1, <) we have

. 2a L 24+1
(3.22) S,,(O(, B, g.(v, a')) = y(x, B, 0) [%] yr( 8, 0) | [%] .

The assumption ¢=>1 together with definition (3.5) shows that the derivative of
2,(v, 0) is increasing. This, in turn, together with the mean value theorem shows that
for i=1,2,...,n—1, '

184 (v, 0) (+ 1) —g. (v, 0) ()] = 2° [—] (™.
At the same time definition (3.5) shows that for /=0,

180, @) (D =840, ) O)] = v [%] ,
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Inserting thesv ihequalities and definition (3.5) in definition (3.19) yields
2a+1 n—1 ](6 1) (22 +1) [ v }2a+1

(323 S (a, B, 8, (v, 0)) = [2" V"] St
6

nd’

To estimate ‘this sum define the function f,(a, §, v, 0) by
x(e=D (2a+1)

(3.24) 10 B9 ) () =
| [+

First we consider the case of
(3.25), ‘ #(a, B, 6) = 200+ 1—2p.
We claim that this implies that the function f,(«, §, v, o) of definition (3.24) is in-

creasing on the positive real axis. For, suppose that its derivative does vanish at
some point m. Then elementary algebra shows that m satisfies the equation

(3.26) e =1)Qa+1)—2p6]v [%]: —(o—1) Qu+1).

By assumption the right member is strictly negative. It is an elementary consequence
of definition (3.13) and relation (3.25), that the expression in the bracket is positive,
that is

(3.27), (6—1)(2x+1)—2p0c = 0.

Hence there is no point m on the positive axis. where this derivative does vanish,
and our claim follows. The increasing character of this function shows that

n=1 jlo-D(a+1) n x(u-1j(2a+1)
(3.28) 2——16—2,, [ e
1+v 1 14+vi—
. n 'n
Clearly :
n x(a—l)(2a+1) (a' 1)(2a+1)
3.29 dx = plt{c-D(2x+1) d
o egpe T
and v 1 :
y(a 1) (2a+1) [1] y(a'—l)(2a+1)
3.30 -
( .) [ (1+vy")2” dy = v) ¢

o

Remembering relation (3.27); we see that the integral on the right is bounded in-

dependently of v. In fact
y(o 1) (2z+1)

- f F—m =1
CET
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This relation together with relanons (3.29) and (3.30) inserted in estlmate (3. 28)
yields

n—1 j(a—'l)(2a+1) 1 28
(3.31) < plte-D(2a+D) ]

A

Inserting this estimate, in turn, in estimate (3.23) we arrive at,.

i . 1 2a v 2a+1
S,,(oz, ﬂ, I (‘,’ 0)) = (20 0.)24+1 [_;] v21+1—2ﬁ + [F] .
Hence setting _ ' :
(3.32), - nle B, 0) = (2°0) !
* and remembering definition (3.13) we arrive at the validity of conclusion (3.22) in
case relation (3.25), holds.
Second we consider the case of

3.25), . % p,0) = 2L

If the two numbers in definition (3.13) are equal then relation (3.25); also holds
and we have just seen the validity of conclusion (3.22). Accordingly we assume that

20+1-28 <

20+1
pat
Clearly, this implies that ,
(327 (6=1)Qa+1)—2p0 < 0,
which, in turn, implies that equation (3.26) does admit a positive solution m. That
is to say the derivative of the function £, (x, 8, v, o) does vanish at m. Hence this func-

tion is increasing on the interval [0, m] and decreasing on the interval [m, o), Thls
fact together with definition (3.24) shows that

n=1 jle=1(a+D) By (e—1)(2a+D) m(e-Da+1)

(3.33) 2 v 2“51f st v
@ TR )

It is not difficult to estimate this mtegral In fact we claim that relation (3.27),
implies :

o xlo-D @zt ne I 1
(334) f mdx = [—v'] (2v)°’
)

T*
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For, setting

an elementary change of variables, yields

n (6~1)(2a+1)
l*7:aﬁ§%&]
)

At the same time, we see from relation (3.27), that

(2a+1)-—— o1,

f (1+ t)2”

c—1 l
20—-2f < ;—1.

This shows that

. v a—1 1
fa+n7 i = v
0 B

if we remember that by-assumption v=1. Inserting this estimate in the previous
one we obtain the validity of estimate (3.34).

It is not difficult to estimate the second term in (3.33) either. To do this recall that
the positive number m was defined by equation (3.26). This equation together with
relation (3.27), shows that setting '
= (6—1)QRu+1)
7( B, 0) = (c—1) Qat+1)—2f0"

[2f=s@na

n

we have

Then elementary algebra shows that equation (3.26) implies

(3.35)

me-D2a+1) (o— 1)(2a+1)_2b, [n"](ZaH) 2¢+1
v

e = (G B0) 7
-

Inserting estimates (3.35) and (3.34) in estimate (3.33) we obtain

n—1 j(o—l)(2a+1) [ ](Za+l) 1
=
v

| A AN AR S
(3.36) [ 4]]

(c—1)Q2a+1) -~ [

+(3(w, B, o)) °

v

2a+1

](2a+l)—
Vv
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Inserting this estimate (3.36), in turn, in estimate (3.23) and setting

: (@=DQa+1) 2
(3.32), y2(%, ﬁ o) = (2"0)2““[2+(7(a, Bo) ° ],

we arrive at the validity of conclusion (3.22) in case relation (3.25), holds. This
completes the proof of Lemma 3.2, if we remember that accordmg to definition (3.13)
either relation (3.25), or relation (3.25), holds. :

Having established Lemma 3.2 we can easﬂy derive conclusion (3.12) of Lemma .
3.1 from it. For, insertion of conclusnon (3 22) in estimate (3.20), yields
1](0 r){(2a-+1)

) 2a—x(a, B,0)r
(.37 1D,AlIPH.S) = K3 (2 Ay (@ B, 0) [-n—] + [7

if we remember definition (3.3). According to relation (3.17),

1D, JB(HS) = [ IK(E, n)dedn.

(v,e0)x R+

This relation tdgether with definitions (2.3), and (3.3) yields

2y—-1)r
(3.3, 1D, (HS) = IKIE0) [%] :

Thus setting ‘ :
M B, ) = [IKIE (, B (1 4y (e B, o) +IKIE(]Y*

and remembering definition (3.14) we arrive at the validity of conclusion (3.12) of
-Lemma 3.1. ‘ _

Finally we can easily derive Theorem 3.1 from Lemma 2.1. For, insertion of
conclusion (3.12) in the Birman—Solomjak Corollary (3.10) yields

1{246(2, B, y)
u2n+1(K) = )'(ai ﬁ’ ‘))) [—]

According to conclusion (3.11) of Lemma 3.1 the right members form a convergent
series. Hence

(3.38) 2 Hanya(K) < o=
Since the characteristic values were orderedin decreasing order
Zlu..(K) = mK) +pa(K)+2 Zluz..n(K)-
n= n=
e
Hence inserting estimate (3.38) in this inequality we arrive at the validity of con-

clusion (2.7), if we remember the. deﬁmtlon of trace class [13 d]. This completes the
proof of Theorem 2.1,
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Appendix

A Hilbert—Schmidt operator with ||K|| (1,1, 1) < e which is not
in trace class

By JOACHIM WEIDMANN

Before constructing such an operator note that for a=1, f=1, y=1 we have
20+1-28=(2y—1)Qa—1).
In other words for these constants the third inequality in assumption (2.5) of Theo-
rem 2.1 is replaced by an equality. '
- To construct such an operator we first define two ortho-normal sets of functions
in £,(R+) by setting

V?- sin (in¢)  ¢€[0, 1)

and
. . 1/2 sin(mn) neli,i+1]
(A-2 bi(n) = .
Ad a { N4l i+11
It is an immediate consequence of this ortho-normality that setting

oo

a3y K& = 3 s a@b,
we have ’
a9 f f K&, P dé dn = Z[ jz] < oo, .

That is to say this kernel defines a Hilbert—Schmidt operator K."At the same time
it follows that

@s o KRG = S a@a,
and hence
A6 . tr [(K*K)Y?) = ‘Sa ._1_2. = co.

In other words the operator K of definition (A-3) is not in trace class.
Next we maintain that its kernel is Holder continuous. More specifically we
maintain that

(A-7) 1K1, 1, 1) < e.
To establish this estinfate first we claim that

(A8) sup (L ny2( [ [ K2, n) de an)! <
.m n 0
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For, in view of the ortho- normality of the system {a;} at each pomt n definition
(A-3) yields

o o 1
2 = —| B2
of K2, n) g = .~-§1[i+1] B ().
At the same time we see from definition (A-2) that

i+1<mn, implies f RO =o.
Hence . "

1
1+n,°

ff KA mdedn = 2 Z (z+1)2 =

m o

and the vahdlty of (A-8) follows. Second we claim that for every (é, 1) and (&, 12)
we have

o

: T = |12 — 114
a9) K m) =K ma)l = 2n it Sy

For, in case #, and 5, are in the same interval, say .

(A-10) melm,m+1) and n,€[m, m+1),
definition (A-3) yields B
(A1) K19~ K1) = [ 72 (501 =)

Remembering definition (A- 2) we see from the mean value theorem that

(A-12) B (112) — b (1)l = V2 = 1a).
Definition (A-1) together with assumption (A-10) y1elds

Hence in this case relation (A-11) together with estimates (A-12) and (A-13) yields
the validity of estimate (A-9). In the general case let the integers m, » be defined by

(A-14) ‘ my=m =+l =mes < my+ 1.
Then definition (A-3) yields
_ . _ mi(é)
(A-15) KKl = 3| +2bm,(n)
if we use the triangle inequality.
Since

sin ((my +1)7) = 0,
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the mean value theorem implies for i=1, 2
' Ibmi(ni)—Sin ((m1+ l)ﬂ), = VZ_n ;= (my + Dn|.
Assumption (A-14) clearly implies that
Iy — Oy + 1)| = (g + D] = =1y
At th¢ same time, similarly to (A-13) we have for iil, 2,

amg(f) - . Vz—
m;+2| = 1+min (ny,2,)

Inserting these three relations in estimate (A-15) we arrive at the validity of estimate
(A-9). Remembermg that for € in [1, ) the kernel K(&, ) vanishes, we see that
estimate (A-9) implies -

32y oo _
sup (1 +min (1, ’72)) [‘_Vlzi_ﬂ‘] (f f IK(&, n)— K (&, no)2d¢ d")llz -
. . 1 n 0 .

" Finally combiring estimates (A-8) and (A-16) we arrive at the validity of estimate
(A-7).
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