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Generalizations of the Hardy—Littlewood inequality. II

By JOZSEF NEMETH in Szeged

1. G. H. HarDy and J. E. LitTLEW0OD [2] proved the following -

‘Theorem A. Suppose that a,=0 (n=1,2, ...) and that c is a real number. Set

Am "= Zn av
If p>1 we have -
an S AR, =K S n~c(n-a) with c>1,%
n=1 n=1

M

@

n Al =K > n(n-a,)’ with c<l;
n=1

n-

li
-

and if 0<p<1 we have

3) 2 n A =K > nc(n-a,)f with c¢>1,
n=1 . ’ . n=1 . .
“ 2 n A =K > n~°(n-a,)’ with c<l.
. n=1 n=1 ! .

The inequalities (1) and (2) were generalized by H. P. MULHOLLAND [4], more-
over (3) and (4) by CHEN YUNG MING [1], replacing the function x in (1)—(4) by
more general functions, notably they proved inequalities of the following type

®) S ne0(4,, ) =K 3 n~cd(nay),
©) S 0w (4, )=K 3 =¥ (na,)
n=1 n=1

under certain conditions on the functions q§(x), ¥(x) and C.

*) K denotes a positive absolute constant, not necessarily the same at each occurrence.
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Theorem A was generalized in another direction by L. LEINDLER [3], who
replaced in (1)—(4) the sequence {n~°} by an arbitrary sequence {4,}; for instance
he proved the following inequality:

M

with p=1 and 4,>0.
In the present paper we prove a theorem which contains all of these results.

AL

n

oo oo p
l"A‘llynépp Z l"l —p[ Z l"l] a"l’
n=1 m=n

2. We use the following notations:

a) @(x) (x=0) denotes a non-negative function such that ¢(x)=®(x)/x is increas-
ing and, for some k = I, f(x)=®(x)/x* is decreasing.

b) ¥(x) (x=0) denotes a non-negative function increasing to infinity such that
o(x)="Y(x)/x is decreasing to zero, when x is increasing from zero to infinity.

O Apa=3 A4 (I=msnse).

3. We prove the following
Theorem. If a,=0 and 2,>0 (n=1,2,...), then

(8) ’ S )qu)(Al,n)éKl S ln¢[—?—/‘ll,m]’
n=1 . n=1 n

and _ ‘

©) 3 4,04, =K, 3 Anqb(%—m,n],
n=1 n=1 n .

where K,-and K, are constants depending on ®; furthermore

(10) > w[%A,,,w]écl 3 4450
=1 n n=1

and

- an > ¥ [j— A;,n]écz 3 7Y (4,

n=1 n n=1

where C, and C, are positive absolute constants.

4. We remark that this theorem implies LEINDLER’s theorem [3] and several
results of CHEN YUNG MING [1] and H. P. MULHOLLAND [4]; the method of proof
of (10) and (11) is similar to that of LEINDLER’S theorem.

5. We require the following lemmas:

Lemma 1. If ®(x) and @(x) are the functions defined above and a,=0, then

n
dj(Al,n)éKZ'lav(p(Al,\')'
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Lemma 2. If €l'>(x) and (p(x) are the Sunctions deﬁned above, and a,=0, then
Jor every natural number N

N
¢(An,N) =K Z a,o (A v, N)'

v=n

Lemma 3. Ifb >O ¢, =0, a,=0 (n=1,2,. ..) and If for every natural num-
ber N ,

N N
2 bnd)(An,N)éKZ Cps
n=1 n=1
then :

b Py )= KZ Cu-

IIMg

6. Proof of Lemma 1. Let f(x) be the function defined above, in point 2,
and write 4, instead of 4, ,. Then :

(4, = .45(41)4"15(/12)—‘15(/‘11)4‘"'+<15(A..)—<1"(A,.—1);
as '
(D(Am) 47(/4," l) - f(Am)Ak f(Am I)Am 1 =

= kf(A,,,)A’,‘"_l(A,,,—A,,,_l_) = ko(A4,)a, for m=2,
- and ®(A4,)=kp(A4,)a,, we obtain the assertion.

Proof of Lemma 2. Let us write B, for A, y (N=n). Then.
®(B,) = ?(B,)— ‘P(B,.+1)+ “+P(By-_y)— ‘P(B~)+¢(B~),
using the estlmatlons

dj( n) dj(Bm'F 1) —f(Bm)B,\ f( +1)Bm+1 = k(p(Bm)(B Bm+ 1) =.k(p(Bm)am5

and .
‘ & (By)=ko(By)ay,
we obtain the assertion.

Proof of Lemma 3. This can be done by an easy computation.

7. Proof of the Theorem. Inequality (8). Applying Lemma 1 we obtain that

2

Zlé(Aln) kZAZaq’(Al\ 21

holds for every natural number N.

9 A
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Interchanging the order of the summatiéns we have

a N a,
Zl;k Z (p(Al \)Av N"‘k Z ’— {t_-Av,.N(p(Al;v))‘v}"

Ay
Since .
(12) x0() = xp()+rp() = 9(x)+ & () for x=0, y=0
and ' o _ ' »
(13) . ex) = fx)*xk = H0xk = F(x) for r=1, x=0,
we obtain '

" N
(14) 2=k ;’1t—l{d)[t;—vAv,N]lv+¢(A1"‘,)iv}_§

N
=k > {t"“dﬁ[%”—AV,N]AV-H“(D(A;,‘,)).v}.

Hence, choosing ¢ such that 1—-kz~" be positive, we obtain

1 oA k-tt-t X a,
;. u¢( l,n)él—_]—c'._t__—l"g;lnd; ZAn,N )

which proves (8).
Inequaln‘y 9. App]ymg Lemma 2 we have, for an arbltrary natural number N,

N ;’llnq&(/‘1 ) k 5’ A Z a (p(Av N) 22
Interchanging the order of the summations we obtain
ir a,
yZ_k a (p(A\ N)AI n_’k Z t— tTAl,n(P(Av,N)lv .

Using (12) and (13), simllar]y to (14), we have -
N a '
Zzékv% {t"”d)[ﬁAl,v] /Iv+t-ld>(Av_N),1v}.
Hence, if 1—-kt™"' > 0 we get ' '
L k<=1
g AP (A,, N)-“l—,(?r Z A ‘P[A: /11,,.],

and using Lemma 3, we obtain (9).

Inequality (10). We may suppose that the series on the right-hand side is-
convergent, and thus we can define a sequence {m,} in the following way:
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Let my=0and for n=1let m, be the smallest natural humberk( >m,.,) such that’
Am"_|+l.k;>—Ak+l,°°' Then A’"n+l”"n+lEA’."II"‘I.{'I)»OO’ and .

(]5) . Aln"+l,n1,,+1§2Am"+1,mn+z’
and ' |
(16) o . . Am,,+ 1,00 §2Am"“f;1."'n+_l °

We first show that

‘ . mn+1. X a. . :
(17) _2 . lvql [Am,,+1,eo '_lf‘]ézq’(Am,.+l,.gn,Hl)Am,,+l,w'
We ute the following notations: _.

Am,.+1',m,.+1

™=

.‘lv

Using the properties of the functions ¥ (x), o(x) we get:

’ ) m : C m,+1 '
n+1 . a, n .
1s) . 2 A [A'".1+1'°°._}.—]§Am.‘+l,°° 2 an(T\f 'a,).
Cv=m,+1 My v=mp,+1 v

Let v;, ¥; denote the subscripts such that m,+1 =v,, ¥ =m,,,, and

(n) . (n)
Ty, aviéAmn+1,h'n+l’ Tﬁj an>Amn+1.”'n+l'
Then
Mt M a1 o(1a) DA ey @(A
Z a,.Q(T‘(,")av)= 2 vy Q(S)v v) §2 m,.+l,m,.+,g(£) m,.+1,m,.-+)) +
- v=m,+1 v=m,+1 Ty i Ty,
@ : W
+2 Q(Am,,+l,m,,;,)avjéAm,,+l,m",,,,Q(Am,,+l,m,,“) 2 (n) +'
o : i Ty, .

@ : '
+ Q(Am,,+ l,m,.“) 2 alﬁjéqu(Am‘,,+l,m,,+l)'
J . .

thus, by (18), we get (17). Using (15), (16) and (17) we have:

.: 'J*qu[Avooﬂ]ézAm +1 mql(Am +1,m 1)§
v=m;‘+l s A\' n , n ’ ",+
. ) . - M2 k. -
§2Amn+l,wa.(Al,',"n+.l)§4Amn+l,m'|+|W(Al,m'.“)és 2 lkq][Z a,l.
. . . k=m, \v=1

9‘
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m

SAVY’[AV,.,:—VJ§8 > "2 [ﬁak]gm Sz‘,w[z‘v'ak],
cv=1 v n=0 v=m,

which gives (10). S
Inequality (11). We distinguish two cases. First we suppose

A

I,m<oo,

We define a sequence of integers pg, iy, ... . We set p,=0, u,=1 and if p, has
already been defined we choose u"“—k, where k(= u,) denotes the smallest integer
satlsfymg - ‘ :

(19) ‘ . AM,.+l R—3Au,.-l+'l,[l,,

provided such a k exists. If p,, > p,+1 then let p,,, = p',  —1 and if W, =
= u,-+1 then let p,,.; = u,+ 1. If there exists no natural number k& with (19) then
let g,,=-oo: It is clear that this inductive definition always stops at some n=~N,,
that is Iy, = holds. For in opposite case, by the definition of y,, the inequality
(20) 3/

u2-—

In—— 1 +In

holds for all 2=n<N,, where =4, .,,,, ., and inequality (20) for infinitely
many # would imply Z4, = o contrary to the assumption. By (20) we have for | =n <
< Ny—1

(2]) ’ Al,u —3111 l+1n
and , .
(22) At g =3 3+ STy
Next we remark that
.o Hps
(23) . 2 )‘vql[Al v A ] 2A1 u,,+;ql(A;l,,+1,u,,+,)'
v=u,+1

By the properties of the functions ¥ (x), o(x) we have

Hnst Hpan a'
2> A,W{A”lJ 2 )V’[AlumT“]z

v=,4"+1 v=p,+1
Hpy Hpa A
a, < . a,
— Pl= . _v
=4 s 2 an[Al,u.,nl]:Al,unu < an[Au.,H.u,.H) .
V=it l v v=pu,+1 oy

Hence, applying the idea of broof of (17), we obtain (23) immediately.
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Using (23) we get
. Np—1 Hnst No_l
(24) 7 Z A YI[Al v 1 ] 2 Z Al y Bn +1T(Ap,.+1 I‘n+1) 23

n=0 v=p +1

By the definition of the sequence {x,} and by (21) we have
. 1 . " No—2 o
(25) 23 =2 _2(’) Al,lln+1 T(Allnfl,ﬂn}- 1) +2 ;;_Al.ﬂpn,l YI(Alln*‘l.lhwx) +

24,5, V(A r1,0) = Zat s+ e
Using (19) and (21) we get

No—-2

.(26) ' 55_2 2 (Al s Hn- l+A“n—1+1,ﬂn+l)T(Al‘n"'l,”ni»l)é

Ng—2'

=2 ‘22 (3Al-‘n—2+1,l‘px;1 +2/_‘u.,—‘1+1.u" +-Au,.+1,u..+1)T(Au,ﬁvl,un“)g

No=2

=2 2 (3/1#" 2+1 I‘n x+5Au,._1+.l,ﬁn+/1un+l)ql_(Aﬂ,ﬁi,ﬂ..u)'

n=2

An easy computation gives by (19) and (21) that
27 : D4 = 2[5/11 Y’(An w)+l ¥(4,, w)]

"By (22) we obtéin _
(28) Ay ¥ (i 11, ) S Bt 1, umg 2T gzt 1o n) ¥ Ayg_ 141, )-
Using (26), (27), (28) we get .

et st 26 = 18 Sf lnql.[kéak]a

which by (24) and (25) gives (11) in case Zlk<oo

If Z/l,,_—oo then we define another index-sequence {m, } Let mo—-O and m; =1.
If mo<m, <---<m, (n=1) have been defined, then let m,,Jrl be the. smallest natural
number k with -

(29) . Ay 14224,

m,_;+1,m,

By the definition of m, we have

(30) Tlm, L — § A [T mn+1"1+2A".'n—l'mn,
(31) A1 et =300,
(32) ,‘_l,m,w,—l=3/1m,.,_1,m,l
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First we remark that Slmllarly to the proof of (17) and (23) we obtain the fol-
lowing inequalities

(33) k_z‘ Ak. W[A'"n thMpy1— 1 Z ] 2A'"n 1, Mppy—1 W(A'"rn'"n+l"‘1)
. my—1 - .
Gy . k_zl Akql[Al,mz—l 7 ] 2/11 m—1 P (AY y 1)

By the definition of sequence {m,} and by (30) we have
- o -
DA% 4 [Al,k T] =2
k=1 x)

my—1

2 a oo
'S (e 8] 3

k=1 : : k

Since ¥ (2x)=2Y¥(x),

n=2 k

n

m,—1 | m -1 !
2 a oo n+ 1 a, .
. 27 = k—Z; lkq’[ 1 ma—1 lk]+2 Z _2' ;~kql[Am;,_,,ni,;*l—l.)_:] = 28'
By (33)-and (34), : ‘
28 = 2/11.,"2_1‘1’(141',,,1_1)-}-4 ‘.Z; A"’u-lvmv|+l'l W(Ammmnu-l) = 29'
Usmg 31, (32) we get A _ .
>, = 6,1lsr'(A1 o.,)+12 2 Ay, ¥ (A, ) = 24 3 S W[fav],

n——l =n

which is the required inequality (11). The proof is complete.
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