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In a recent paper H. ARAKI and G A, ELLIOTT proved the following theorem
(see [1], Theorem 1):

Let Abea complex muolutory algebra with ‘complete linear space norm such that
)] o xtex) = Xl for all xe A
A is then a C*-algebra, i.e. the submultiplicativity property
@ - : iyl = llx] -l ¥l
also holds for every x, yEA :

These authors raised the problem whether it is enough to assume (1) for normal:
x only, i.e. for which x*x=xx*

The answer is in the negatlve as was shown in [5] by the simple counter example
of the algebra.4 of all bounded linear operators on a complex Hilbert space with
the numerical radlus as norm. This norm does not satisfy .

3 _ Ix*x]|=|x]®> for every xcA.

~ The purpose of this note is to prove that (3), together with (1) only for normal x¢ A
is sufficient for 4 to be a C*-algebra.
We shall use the notation of RICKART’s book [4]. The followmg lemma, similar
to Lemma 1'in [5], plays an important role in the arguments Denote by H(A) the
. selfadjomt part of A. :

Le mma 1. Let A be a complex involutory algebra with linear space norm whzch.
satzsﬁes (3). Then A4 is a normed algebra with contmuous involution.

_ Proof. The ﬁrst step is to prove _ :
@ : Ikl =41hlk]  for every h, ke H(4).
Con51der for A, kEH(A) the 1dent1ty
- 4hk = (h+k)2 (h— k)2+z(h+zk)(h—zk)—z(h—zk)(h+1k)
Wthh is a special case of (3) in[1]. Use the triangle inequality together with (3) to
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have thus ||#k| = (& +]k])*>. Assume that # and k differ from 0, otherwise (4)
is immediate, and replace them by A/||A|| and k/| k|, respectively; then (4) follows
immediately. - '

We define an aux111ary linear space norm as follows: for h, k€ H(A) let

1
Nh+ikl = ﬁ sup{[lh-cost—k-sint| +|h-sin t+k-cost||: t real number}

so that 1 .
—= (IRl + 1K) = 1A+ ikll = 4] + (1K

. V2 ,
holds (for details see [4], p. 7). Moreover, the 1-norm agrees with the original norm
on H(A) and the involution is an isometry with this norm. The multiplication is
also continuous with the 1-norm as for all x, y€ A the inequality '

. lxeylly = 8)xll; - llylly-
holds. It follows that the norm of the extended left regular representation on 4 with
1-norm, defined for x €A by :

Ixl, = sup {IAx+xyll;:4 complex number, yed; |A+]yl, = 1},

‘is an appropriate norm. Indeed, it is equivalent to the l-norm, as it is not hard to
see that -
fxll = llxll,=8x,

for any x¢€ A, so that the involution is a norm-continuous map with the 2-norm.
This completes the proof.
~ In the following v(x) denotes the spectral radius of xEA with respect to the
2-norm

’ v(x)—llm [[x"1 37,
The next result is not an evident consequence of the Araki—Elliott theorem men-
tioned earlier, but it follows from Lemma'1 by the properties of the spectrél radius.

Proposition 2. Let A be 'a. complex commutative involutory algebra with
linear space norm such that (1) holds for any x € A. Then A is a pre-C*-algebra.

Proof. We show first

)  v(h)=Ik| for every hcH(4)
by (1) and the equivalence of the norms on H(A) as follows:
v(h)= lim A3 = lim |A2"3" = lim 14272 =|h,

where in the last step the immediate consequence of (1)

o I=gh1F (n=1,2, .; heH(4))
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was used. The only required propérty of the original norm follows from (5) by 1):
Il =yl = vyt ) R S v ) () e
= x* x| 2y yI12 = x| (413
holds for any x, yc 4. Thus A is a pre-C*-algebra with the original norm in fact.

The main result of this paper is the following

Theorem 3. Let A be a complex mvolutory algebra with complete linear space
norm which satisfies (3) and for which (1) holds for every normaI X€A. Then A isa
C*-algebra. :

Proof. Proposition 2 implies that every maximal commutative selfadjoint sub-
algebra of A4 is a pre-C*-algebra. Consider now 4~, the norm completion of A
in the 2-norm with the extended involution. We shall show that A” is a C*-algebra
with an equivalent norm. In view of [2], Corollary 12 it suffices to prove that the set

{2“”" Fed, b =ﬁ}

=1 n!

is bouhded:in A", First for any normal xEA we have by a C*-norm property

1 * —x* - '.
©) V2 x=lxl,=8 [ Lx-;x _ lx 2x { ]é 16|x* x| '/* =16 ||x]|
which gives for every h¢ H(A) . |
0 | §} , Gy = 16{

since for the normal 7 (ihY'/n! €A the or1gmal norm can be extended By- the

previous equivalence and the quasi-unitary elements. are of norms not greater than

2in C*-algebras. Let now a selfadjoint /€ 4 and a positive number ¢ be given. Choose
~an h€ H(A) which satisfies thlzjnhll2 and ||h— h”2 <g- e—”"”z Then (7) gives by

a 51mple computatlon '

|

|

3 ynt)

2 (Ih)"/n'“ +s<32+8, |

where | o
nZ, (zh)" m (,h)m (l‘ﬁ)n—m— 1 (ih)'""; lr

m=0

l

=fnl'(zh)" (ihy) ég’ni

2 2
L S| I S IRt IA)g
Z @ih) _‘(zh—zh)(zh) I, §.1l11—hllzné W<5
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was used. This shows that 32 is an appropriate bound for the set considered abvoe.
Thus A is a C*-algebra with an equivalent norm, which agrees for every x € 4 with
v(x*x)!/? as well known from the C*-condition. But thus (5) shows by the assump-
tion for any x€ A4 .

®) V)2 = | x* x|V = x]

We need show only the converse to (8) in the remainder. In case if 4 has an‘identity,
for the C*-norm we have by [3], (3. 7) Corollary the expression

9 v(x*x)1/2=inf{zn' A, x= Zn'v,ljexp(iﬁl), hi=hicd; n=1, 2,...}. '
» = = - _

Assuming now Z"' |4;] < v(x*x)'/? +¢/2 for some e=>0 such that x = Zn' A;exp (ih;)
holds with /z EA l;* 5 ( j=1,2,. ,n) we can choose normal X;€A4 which

satlsfy ||x =1, [lexp (lii) x,llz < ¢2)2 Z IA | for _]—1 2, ..., n. Then using (6)
we have

llxfl =

+”_2;)"jxj <V2 Z; 4; llexp (fﬁj)—xj”z +121 [41<
j= j= =

<v(x*x)12 e,

n
x— 2 Ax;
j=1

Since ¢ was an arbitrary positive number, the converse to (8) is valid as claimed.
Suppose finally that 4 has not an identity. Then analogously

1;(x*x)1/2=inf{ va H’j‘: xX= Zn” lj Z.c' (lﬁj)m/m! }‘I‘J=ﬁ;k€/’i" .
' j=1 Jj=1. m=1 o
. . . (]:1, 2,..-,”), n=1’2"“}

holds where 2' A;=0is automatlcally satlsﬁed The proof of the converse to (8)
J=
can be done inan analogous way. The proof of the theorem is complete
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