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1. Introduction

. A number of writers (e.g. [I—5]) have dealt with the existence and properties
of linear transformations between function spaces obeying various functional equa-
tions. In almost all cases these equations are of a type that I have termed “appropriate’’
in my article [1]; this term will now be defined. _

Let A(X) be a space of functions defined on a set X. A linear transformation
- W on A(X) to.itself is called appropriate if for each x in X and f'in A(X) the value
of Wf(x) depends exclusively on the value of f at some point in X, say Vx, or (in
the case of spaces of functions defined only up to sets of measure zero) if a similar .
statement is true in the limit for functionals on A(X) whose support tends to x. -
Equivalently, W is an appropriate transformation if Wf(x):Q(x)f(Vx). An ap-
propriate group is a representation of a group by a group of appropriate transforma-
tions. C : o '
A linear operator T from a space A(X) to a space B(U) of functions on X and
U respectively is-said to obey an appropriate functional equation if it is an intertwin-
“ing operator between appropriate groups of transformations on A(X) and B(U):
that is to say, if there is a group G represented by appropriate groups W (g) and
W*(g) of transformations on A(X) and B(U) and if T obeys o '

a1y S TWR) =WHT,  g€G.
In [1] I have shown that if X and U are intervals of the real line, and G is the

additive group of reals, then after possible splitting of X and U into intervals in-
-variant in the groups ¥(g) and V*(g) and changes of variable in X and U all ap-

*) My thanks are due to the Mathematics Department, University of Toronto for an appoint-
ment as Distinguished Visiting Scientist during the tenure of which this work was partly carried out.-
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propriate functional equations can be reduced to four canonical forms, of which the
most important are:

plx+h) } qu+h) .
La T{ 709 fx+h)i@) = ) {Tf(x)} (u+h), u, he R,
1.2 T{” (x(“L)h) fx +h)} (u) MO (TF(x)) ), u€ E, he R

for some set ECR.
If we replace A(X) by pA(X) and B(U) by ¢B(U) then l.a becomes

L , [T (x+ W] @) = [Tf ()] (u+h), u, hER
and if we make only the first of these transformations ILa. becomes
II. TS+ B () = @ (TF()| (W), uc E, hER.

If X.and U are sets in R¥, k>1, and G is the group of translations of R¥, then
the situationis considerably more complicated and there can be many more essentially
distinct forms of appropriate functional equations. The problem of classifying these
may be of interest; but it is complicated by the fact that there can be, for example,
periodic representations of the translation group. It remains of interest to study
equations I and II; I in particular has received considerable attention, notably in
the work of HORMANDER [5], in which the existence of solutions mapping a space L,
onto a space L, with respect to Lebesgue measure on R* is studied.

The reduction of the equation Ia to the form I for transforms over integration
spaces involves a change in the measure on the space; and it is therefore of interest
to investigate the equation for spaces L,(x) and L,(v) with general Radon meas-
ures. ' ' :
Writing r(h)f(x) = f(x—h), the equation I becomes Tt(h)=t(h)T. In general
there is a difficulty in interpreting this equation; for the translation operator t(h)-
does not necessarily map L,(u) to itself, and if it does not the meaning of the equa-
tion is unclear. We therefore start our investigation by studying what properties
. on p ensure that t(#4) is always defined, and also some other properties of 7 (/) that

simplify the structure of u. The following sections then give conditions that are
. necessary for the existence of nonzero T satisfying the equation I, and also discuss
some properties of the solutions.
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2. Conditions for existence of 7(h)

Notation. If p is a positive Radon measure on R, %,(u) is the space of all x
measurable functions f(x) such that | f(x)|? is p summable, and L,(u) is the corre-
sponding Banach space of functions modulo null functions. We write m for Lebesgue
measure, m(dx)=dx, and if u=2m, that is p(dx)=1(x)dx, we write L(p, }) for"
Ly (). '

Theorem 1 Let u be a positive Radon measure in R*. The followmg conditions
on u, for any p, 1=p<-co, are equivalent:

(@) If f€Z,(w) then t(h)fc Z,(u) for all LER*;" :

. (b) if f and g are in the same equivalence class in & (1) so are t(h)f and (Mg
for any hé Rk,

(c) for any h, T(/l) takes L,(u) into itself;

(d) () is a continuous map of L,(u) to itself for any h;

(e) there is a positive Lebesgue measurable Junction A(x), bounded w1th At
over any compact set of values of X, such that 2(x)dx= p(dx) and |t (h)||7=sup ﬂ;&%
. is bounded over any compact set of values of h.

(b) and (c) are clearly equivalent, and imply (a). Now let f and g be equivalent
in &, (1) and let r(x)=0 if f(x)=g(x), r(x)= = otherwise; then r is a u null function,
and so in &,(u). If ©(h)f(x)=1(h)g(x), then t(h)r(x)=; thus if (a) holds, the set
-with -c(h)r(x)— e is a null set an so 7 (h)f(x)=t(h)g(x) almost everywhere: thus (a) .
implies (b) and (c)..

Let us now write t(Mu=y,, that is

[reom@x) = [ S G+ By ().

Our arguments show that (a), (b) or (c) imply that u is quasi-invariant [7]: g null
sets translate into p null sets and g, is absolutely continuous with respect to p, so
that there is for each / a function ¢ (x, /) nonnegative and u summable over any set
of finite 4 measure as a function of x such that w,(dx)= ¢ (x, Mu(dx); since u is
absolutely continuous with respect to u, it follows that 1/o(x, k) is also summable
over any set with finite y, and so finite 4 measure. For any fand A _/ | FONP u(dx) is
finite if and only if flf(x)l‘%p(\c ‘Mu(dx) is finite. Let ¢,(x, )=min (¢ (x, /), n);
. then the map f(x) - ¢, (x, 1) f(x) is bounded on L o (1) to itself for any fixed n and /
~and the set {@,(x, D)f(x); n=1,2, ...} is bounded in L,(u) for each f; by the Ba-
nach—Steinhaus Theorem it is uniformly bounded, and so @(x, h) 1s bounded for
~each A. This proves that (%) is a bounded transformation of L, (p) to itself; if X ()= V
=ess sup {@(x, h) x€ R} then el =K (), log ”r(h)l]—p"1 log K(hy=p~'L (k)
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say, and since t(h)t(h’) = t(h+4") it follows that L(k) is everywhere finite, mea-
surable and subadditive. We now show that L(k) is bounded over any compact set
‘of h. If it is not bounded above, then there is a convergent sequence (,) for which
L(h,) — «=; since, for any A, L(h+h,) = L(h,)— L(—h), we can find such a sequence
convergent to any assigned 4; and we suppose that A has each coordinate 4/ positive.
For any such i let C(h)={x:0=x/=n/, j=1,2,...,k}. Since L(h,) = L(x)+
+ L(h,—x), either L(x)>1L(h,) or L(h—x) = 4L(h,) holds for any given x; and
so m{x:L(x)=L(h,); x€ C(h,)}=4+mC(h,). We can choose the 4, so that 4/~ 0 for
all j and n, and L(h,) > n; then the set {x:L(x)>4n, x€ C(h,)} has-for each n Lebes-
gue measure greater than 1mC(h,).~1mC(h) and hence m{x:L(x)=, x¢C(h)}=
+=mC(h); but this set is émpty, so we have a contradiction. If L is not bounded
below on a set C, it is not bounded above on —C; hence L is bounded on every
compact.

Now by the Lebesgue—-thah Theorem (e.g. [6), Vol. I, Theorem III. 12. 6)

B(a,r)
11»0 m-B( s F )

exists for almost all @ and is finite. Choose a in B(0, r) so that this holds. Any set £
in B(0, r) can be covered by a finite number of translates of a ball B= B(a, r) with
u(B) < (A(a)+1)m(B), and hence u(E) < M(A(a)+1)m(E), where log-M .is the
upper. bound of L(h) in B(0, 2r). Thus p is absolutely continuous with respect to
Lebesgue measure m: u(dx)=A(x) dx with A bounded over any compact. Since then

wy(dx) = A(x+h)dx, @(x, h) = 'l(i‘(J“)h) [t()]|? = sup '1(/1 . )’) is bounded over

= A(a) say

every compact, and so is ||t (#)]] 7.

"This proves that (a) implies (d) and (¢). On the other hand, it is easy to see that
(d) or (e) imply (a).

It is éssential for the truth of this theorem that p<oo, If p=oo, then for (a) to
hold u must be quasi-invariant, and if this is the case then ||t (h)f]=| f]l for any
fand h. We can conclude again that u(dx)=2A(x)dx with A locally summable, but
not that A is necessarily bounded over a compact or restricted in growth.

In future we write L(p, A) for L,(u) when pu(dx)=A(x)dx. We define l(x)—
=1(4, x)=log 2(x), L(h) = L(, h) = esssup [[(x+h)— I(x)]

Theorem 2. Let i obey the conditions of Theorem 1 for some p, 1 =p<<-. Then
L(J, h) is subadditive and for any h o

@ F(4, h) = lim M

-0

exists. F (h)= F(A4, h) is a continuous convex positive homogeneous functlon everyw/zere '
ﬁmte F(i, b)) =—F(, —h).
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If |t(W)| is continuous in h, then A(x) is continuous and I(x) and L(h) are uni-
Jormly continuous, and L(h) is continuous. The limit in (2. 1) exists uniformly in h
over the sphere ||hl|=1. ' '

Theorem 1.shows that L(h) exists and is finite everywhere; it is obviously sub-
additive. Consequently

L((cx+ﬁ)h)< « L(@h) B L(Bh)
atf  ~ath « atp B

for any «, B and so L(xh)/o decreases with a for positive o, and this proves that
F(h) exists and is less than oo. Since L(ak)+ L(— ah) = L(0) = 0, it follows that
F(h)+ F(—h) = 0and hence F(h) =— F(—h) = — . Clearly F(fh)=lim L(«fh)/a=
= BF(h) for any positive § and F(h+k) = lim L(ah)/a+lm L(Bh)/f = F(h)+ F(k).
It follows that F is positive homogeneous and subadditive, hence that it is convex
and so continuous.

Since p log A(h) = ess sup {/(x+h)—I(x)} contmu1ty of A(h) 1mp11es that the
rlghthand side tends to 0 as 41 —0, that is

2.2 esssup [A(x+Ah)/A(x)] ~{ as i — 0

A(x) is everywhere equal to lim uB(x, r)/mB(x, r) that is, to '
r—0 R

lim f A(y)dy/mB(x,r).
le yil<r

The corresponding integral for A(x+h) has y replaced with y-+#4 and so since A(x)
is bounded over any compact and because of (2. 2), A is continuous. /(x) is then
also continuous and so sup [[(x+A)—I(x)] = plog|t(h)] — O as -0, that is, I(x)
is uniformly continuous. Uniform continuity of L(k) follows immediately: if >0
is such that I(x+h)—I(x) < & when [|h]| <6 then |L(B)—L(}')| < & if |h—#'| < 6.

~ If the limit in (2. 1) does not exist uniformly over ||4|=1, then for some £>0 we
can select a sequence (4,), convergent to a point / on the sphere, and indeed such
that [ln(h—h,)|| —~ 0 as n-><o, so that for all n, ' :

L(nh,) > n[F(h,) + 3¢].
For each n we can choose x, such that I(x,+nh)—1(x,) > L(nh,)—e, and then
n[F(h,)+3e] < 1(x, +nh,,)‘—l(x,,5 = I(x,+nh)—1(x,+nh)+1(x, +nh)¥l(x) =
= L(nh, —nh)+L(nh)< L(nh, —nh)+n[F(h)+F]

For some ny, L(nh,—nh) < ¢ and |F(h,,) F(h)| <.e¢ 1f n=>ng, and then the
lefthand side is greater than n(F(h)+2¢) and the righthand side is less than
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e+n[F(h)+¢], so that the inequality cannot hold for all n. This proves the uniform
convergence in (2. 1). :

Theor'em_ 3. Let F(x) be the positive lrorhogeneous convex function defined by
(2. 1). Then

(@) for any h and any ¢> 0 there is an ay so that if 4> o,
exp [—a(F(—h)+e)] < A(ah) < exp {a(F(h)+¢)};

(b) if 1< (h)|| is continuous in h then this holds umformly over |hl|=1, that is, there
is an ao so that if | x| >ot0

exp [—(F()+elx])] < A(x) < exp(F(x)+ellx]). .

By definition, — L(— ah) < I(ah)—I(0) < L(ah) for all positive « and all /1, so
that for large enough «

—a[F(=h)+e] < l(ah)—1(0) < «[F(h)+¢]

and the first statement follows; the second is a consequence of this and of the uniform
convergence of L(xh) to F(h) over the unit sphere.

The problem of the existence of intertwining operators between representations
of t(h) on integration spaces is clearly linked with the topological properties of the
group (k) acting on these spaces: and more precise results can be found if the
behaviour of 7 (/) is more closely specified.

For any R=>0 let.us write L(p, 4, R) for the set of functions in L(p, 2) whose
supports are in B(0, R). We examine conditions under which the action of t(h) is
closely approximated by its action on L(p, 4, R). ‘ -

If, for each £¢=>0, there is an R such that, for any A

oY } |
2.3 = =L (p, A, R) = (1—¢),
2-3) sup { e L ARy = (=0
- then we say thét 7 is compactly approximated: and if there is an R so that
Ief] }
2.4 —_— L(p, A, R (11—
(2.4 sup {llr(—h)fllr(h)ll feLip 4By = (-9

then 7 is inversely compactly approximated.

Theorem 4. If t is compactly approximated then for any €=0 there is for any
h an oy (h, €) and-a constant A so that if a=0aq

AeF =) (ah)=F@+eD),
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and if |t(W)| is continuous in h, there is an ay(g) so that if || x| > aq

AeFP =) (x) s FO+am

If © is inversely compactly approximated, then these equations become
e—(F(—ah+ex) < 7(ah) = Ae—F(—ah)_’
e~ (F(—=x)+¢ lxll) § A(x) Ae=FC=),

respectively. A
(YA
17T

sup {[A(x+R)/A ()75 |x| =R}

It is easy to see that sup{ :fEL(p, 2, R)} is equal to

and so that 7 is compactly approx1mated if and only if there is for each e>0 an R
such that, forall 4

L{h) = sup {{(x+h)—1(x): flxl < R} L(—e.
In that case one has-on the one hand that Hah)— l(O) L(xh) and on the other -

that
(oth) = l(ozlz)-l(x—i—ah)+l(x)+l(x+oz/z)—l(x) =

— L(=x)+ 1)+ 1(x+ah)~1(x) = sup (1)~ L(=x): x| < R}+L(h)+e =
| ' LAt Lhy—s | |
say. ‘Now .for a=ao(h, &), a(F(h)+e) = L(ah) = qF(h) so that F(h)+A'Ja =
= (/o = 1(0)/a+ F(h)+¢, and so .
| AeFed = A(ochj = eFlah+ex,

The second inequalities follow from the umform convergence ‘of L(ah)/a if
{=(A)|] is continuous. .
The last two inequalities follow by a similar argument, based on the observa-
tion that A ‘
' lefll | }
sup \———2~——: fEL(p, 4, R)¢ = sup {[A(x)/A(x— W]/?: || x|l < R).
The importance of these results to our later arguments is that they givé condi-
tions under which the growth of A(x) as [[xl[A—_»oo is regular. The approximations
to A(x) in these formulae give examples of the E functions defined in the following.
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Definition. E(4, h) is an upper E function for A if 1(x+h)/A (x)E(}L h) is
bounded for all x and 4 and if for all x

. Alx+h) -
hmsupm =1;

as h tends to infinity along any ray;
E(J, h) is a lower E function for 1 if

Ax+h) .

lim lnfm =

as k tends to infinity along any ray:
Theorem 5. If E(, h) is an upper E function for A, then for any f#O

: l®A o B
s ey = PG EG T -

”T(h)f-i-t(—h)f” .
I‘fh(E(/l n+EQ@, —me) =

lim sup

as h tends to znﬁmty along any ray. If E(A, h) is a lower E function then the same
inequalities hold with signs reversed and lim sup replaced by lim inf.

For any 4 we have

"fs((rah)rﬁ'p - [ )"’A(A ()XEJzﬂrh)h)’1 i = [er sen s

when r=R,if S(x, h, R) = sup {A(x+rh)A(x)E(4, rh):r > R}. Since this is'bounded
and has a limit not greater than 1 as R—o, ' ’

fim sup LECAI 17

N s 14
N SUPTE G, rh) §”f I

" and this proves the first statement. To prove the second and third, we note that for
any &> 0 we can find f; such that f, = f—f; has norm less than ¢ and f; has compact
support. Then if / is large enough the supports of fi, t(Wf, and 1(~ h)f1 are dis-
Jomt s0 that )

i+ T(h)fl I = ”fl 7+ _”T(h)fl li?,
[t W+ 1= B A = lt@ A1+ (B £
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Thus, for A sufficiently large in any direction

If+c@® Sl = 1A+ AI+HILI+ @A =
= £l (1 +E(4, h))‘“’(l +&)+e+KE(4, h)!'Pe
= IFI1(1 +E B)VP(1 +6) + Ke (1 + E@4, )17,
' where K = sup {A(x+A)/E(A, H)A(x)}, and this leads to the second inequality. The
third inequality follows in the same way.

_ The inequalities for a lower E function follow sumlarly ; but the proof relies on
Fatou’s lemma, and does not need boundedness.

3. Existence of continuous translation invariant operators

We now consider conditions on A(x) and u(x) that are necessary for there
to be a nonzero continuous linear T mapping L(p, _A) to L(g, 1) and obeying

@1 [T G+ RI@ = T (B, v, hER.

Our first results depend on the following general theorem, which includes many
of the special criteria that have been used in such problems. ‘

Theorem 6. Let S be.a directed set and for all s in S let V(s) and W(s) be
bounded linear operators on normed spaces A and B respectively, mapping each space
to itself, and let v(s) and w(s) be positive valued functions such that, for all f€¢ A and
gEeB

: 1V (s)flla o W (s)glls
3.2 hm su 1, hm inf =
G2, P2®fla w@)lels

Then zf there is a continuous nonzero linear T: A —»B such that TV (s)=W(s) T for all )
S€ S we must have :

IIA

= 1.

3.3 : llmmf ((; =z 1

These statements remain true for a general set S if lim sup and lim inf are replaced
by sup and inf respectively throughout.

‘If a T obeying the conditions exists, then for any f and e> 0 there is an element
s(f, €) after which

1TV ($)flls _ | IV _
wOITls = 7 s@Ifla = T |
so that ' . _ ' : , -
IT/1s _ 1TV s 0(s). 14e o 1+e o(s)

Ifle = VOIfly wis) 1—e =7 1—¢ w(s)’
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We can choose f'so that the lefthand side is greater than 1 —¢ | T|| and this leads .
to (3.3).
With Theorem 5, this leads to the following criteria.

Theorem 7. Let E(A, k), E(u, h) be, respectively, upper and lower E functions
for A and p. In order that a nonzero continuous solution of (3. 1) exist it is necessary
that 4

, . EQ R (L EQ )
3.9 lim inf E(u )i = 1, liminf (1+E(u,h))‘/" = I,
- 1/p
3.5). lim inf (EGMHEG@ —m)'™

(Eu, hy+ E(u, — h))'/a
as h tends to infinity in any direction.

These result follow-on taking V(#) and W(h) to be t(h), 1+1(h), T(W)+1(—h)
respectively, and then applying Theorems 5 and 6.

Important cases are those with A(x) = e™*!(or (1+|x})?) and A(x) =
=& (or (1+[xI)%). E(A, h) and E(u, h) can then be taken to be A(h) and u(h)
respectively; and we find that for a solution it is necessary that ga—pb = 0, using
the first inequality in (3. 4). If a=5=0 the first inequality gives no result: the second
then shows that we must have p=gq, a result due to Hérmander ([5], Theorem 1. 1).
If ga—pb = 0, (3. 5) shows that we must have p=gq.

Sufficiency of the conditions. The conditions given in Theorem 7 are not usually
sufficient for the existence of solutions. Somewhat stronger conditions are sufficient
if p=q, as the following theorem shows. :

. Theorem 8. In order that the identity be a continuous imbedding of L(p,7)
into L(q, p) it is necessary and sufficient that p=q and that }.~9u? ¢ L*/#=9, '

For the imbedding to be continﬁous we must have
3.6 ([7udy)a = K( [ frady)1?

for all f and some fixed constant K.

Take f(x)=[x]|"*xr(x), where yp is the characteristic function of the ball
B(0, R). Then if p <k/a—<q the lefthand side of (3. 6) is infinite, and the righthand side -
finite; hence for (3. 6) to hold it is necessary that p=¢. Now take f=(u/A)"/"=Dyp.
Substituting in (3. 6) gives . ) '
f (A-2pp)tia-p) dy = K;P_Lq’

Ixfl<R -

driving the necessity of the second condition.

‘
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On the other hand, if the condmons hold then by Holder’s 1nequahty, for any
SEL(p, D)

(/f"udx)”" = (ffpgdx)l/p(f#v/(p—q;,l-q/(p—q) dx)p%"

_ so that the conditions are sufficient. _ o
If A(x)=e""", u(x)=€"*", the condition becomes ga—pb = 0. If A(x) =
= (1+x1)% u(x) = (L+{x[)% they become ga—pb > k(p—q). _
The study of the sufficiency of the conditions in other cases depends on ex-
amining more complicated transforms such as the Hilbert transforms or Rlesz
potentials. _
IfTisa bounded translatlon invariant operator from L(p, )) ‘to L(q, 4) then
there is a unique distribution k € D’ such that

Tu = kxu, uED.

If A(x)=O || x|™ as || x| ==, for some m, then k is in S". .

Here D is Schwartz’' space of infinitely differentiable functions with compact
support, S his space of functions with the seminorins sup {||x||"|D/f(x)|}, and D’,
S’ the corresponding duals. The argument is close to that of Hérmander, Theorem
1. 2; modified to allow-for the fact that .S need not be in L(p, 1).

For any u€D and any differential operator D/, TD/u=D’Tu. Since D/u¢
€L(p, ), TDue L(g, ) and so by the Sobolev imbedding theorem (cf. [5] Lemma .
1. 1) Tu(x) is continuous after correctlon on a set of measure zero and (after cor-
rection) - :

Tu(0) = ¢ > j [D’u|1’dx)“1’ =c 2 IDiul, ;

HEL: xil<1

for some constants C, C’. If u tends to 0 in the distribution sense, so does 1D/ uf, ;
and hence u—~Tu(0)€D’; it follows, that for some distribution £k, Tu(O) (k% u)(0)
and hence, by translation invariance, that Tu=% £ u.

If, for some m, A(x)=O(|x|™ then if u¢ S, DiucL(p, A) for any j, and the
argument above goes through with S and S’ replacing D and D’. '

4. Scope of a transformation -

The map u,: f—(/, g>=ffgdx is an element of the dual of L(p, ) if g2~ is
in L(p’, A) and its norm is the norm of gi~! in that space, that is [[u(g)|=
:(f[g[”',{“"/”dx)””'. Writing p” = 1/(p—1) = p’/p, we see that g is ar element
of L(p’, 2~ %) and that [lu(g)| is the norm of g as an element of that space.

Now let 7 map L(p, 2) to L(g, u). The dual of the latter space is represented
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by elements A€ L(q’, =), and for such an & {Tf, k) is continuous in f, so that there
isa T"h in L(p’, 27%") such that (Tf, i)=(f, T'h).

T is represented by a distribution in D’: Tf=kf if f¢ D. We have already pomted
out that T is in S’ if S is contained in L(p, 2), that is to say, if 2(x) is of not more
than polynomial growth as [x|| —<o. The result we have just proved enables us to
show that this also holds if u(x)~! is of not more than polynomial growth.

If fand A are in D then

(Tf, by = (kexf by = (f, ke

where k(x)=k(—x). It follows that h —~kh maps L(g’, p~%) to L(p’, A~7") and if
1~7 is of not more than polynomial growth & and so k is in S’.
We sum up and extend these results in the following theorem.

Theorem 9. Ler T be a continuous transformation linear from L(pg, iy) to
L(qy, to) with norm My and from L(p,, 1,) to L(q, 1t,) with norm M,. For 0=t=
=1 let. .

1 — 1—1¢ t , L _ 1—¢ +—f_’ ).,”p‘ — /1(()1—')/‘70,;»‘1“,’
D: Po Py 9 9o g1

I’ltl/pt = #(()l—f)/po #tl/P] .

- Then T is a continuous translation invariant map from L(p,, A ) to L(g,, u,) and from
L(q,, u=%) to L(p,, A=) with norm not greater than M}™'M}.

If, for any t,%, and p, or their reciprocals grow at infinity not faster than a poly-
nomial, then T is represented by a convolution with a distribution k in S’.

This theorem follows from the previous arguments together with the theorem
of Stein and Weiss on interpolation of operators with change of measure [9]. The
importance of the last result is that it extends the range of transformations to Wthh
the Fourler transform methods of the next section apply.

5. Fourier transforms of solutions

Explicit characterizations of transforms can be obtained by Fourier transform
methods for transforms acting between spaces on both of which ||z (%)| is a continuous
_ function of s and 1 is either compactly approximated or inversely compactly ap-
proximated on both. Theorem 4 shows that in that case A(x) and u(x) are approx-
imated by functions of the form exp+ F(x) up to multiples of order exp & x|. We
shall suppose in what follows that 1 and u are exactly of these forms. The results
that follow apply without change if 2 and u are of this form up to multiplication by
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functions that are bounded above and below by positive constants. In the general
case the arguments need some modifications, but will go through if the hypotheses
in Theorem 10 that C(u)/q is contained in C(1)/p is replaced by the hypothesis that
C(u)/q is in the interior of C(A)/p. ,

Let us suppose that A(x)=exp F(4, x), p(x)=exp F(4, x), where F(4, x) and
F(u, x) are as in section 2. These functions are positive homogeneous and convex,
and hence are the support functions of closed convex sets C(,l), C(u) respectlvely
F(, x)=sup {v-x: ve€C(D)}.

If f¢ L(p, A) then its Fourier transform for w = u+iv is given by

6.1 @O f ) = [f(x)e~wxdx = [f(x)er=-iv=dx
Now ' : ) ]

S @l er=dx = [1f]perx=r e 2(x) dx

so that f(x)e"~ is in L, if pv.x= F(4,x) for all x, that is, if v'is in C(3)/p. If v is an
interior point of C(2)/p let the distance of v from the exterior C(1)/p be a >0, so that
pv-x—F(A, x) = a for all x; then f(x)e"*¢cL, for

flf(x)[ e X dy = f'f(x)|€" x=FG.xp ) (x)V e dx =
”f“p A[/e palxi dx]l/p = Ca—¥7,

by Holder’s inequality, with C a constant depending only on k and p.

f(w) therefore exists if v€ C(1)/p whenever p=2 and, as a function of u, /(u+ iv)
is the Fourier transform of a function in L,, that is, is in L,. In general f(w) is analytic
for v in the interior of C(1)/p and is the Fourier transform of a function in L when
considered as a function of «, and has a supremum for fixed v of the order of a= ¥’
with a the distance of v from the boundary of C(1)/p.

Now let T:f — k+f be a map from L(p, }) to L(g, n); then the adjoint T’
can be represented as a map f — kxf from L(q’, u~%) to L(p’, A~"") and k is a
distribution in S, e,,, where e, (x)=e~™*, is in L(g’, u™%) if ¢’ v.x—q" F(u, x) = 0
for all x, that is provided that gve€ C(i), and then (k*e,)(x) = e~ ™*(2n)**k (w)
isin L(p’, A~7"). This implies that k (w) exists and that » € C(1)/p. Thus for a nonzero
map T to exist we must have that C(4)/qg < C(u)/p and k(w) must be analytlc for v
in the interior of C(u)/w. '

The problem of maps from spaces with measures of form exp (— F(4, x)) to
those with measures of similar form reduces to the one just discussed: this is, in the

" notation above, the question of a map from L(p, A7!) to L(g, u~!') and this is equi-
valent to a map from L(gq’, u%) to L(p’, A”"); the condition for.this is that p”C(1)/p’
cq"C(uw)/q’, that is, that C(2)/p < C(u)/g.

4*
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We now investigate conditions for a multiplier function to give such a map.

_ Definition. For a=0 let M?  be the set of all m(«) such that mu)fu) is

in L whenever f is in L(p, "“"“) lf m@)f(u)= g(u) then we write M2 (m) (or

(m(u)) when it is necessary to specify the variable in m) for the norm of the
mapf—»g on L(p, &™), to L,. .

Since L(p, e*"*") decreases as a increases, and since the norm of a fixed element
increases with a, MJ , increases with a, and the norm of a fixed m decreases with a.
These monotomcmes are strict. Thus in particular if p>q, M, is empty if a=0,
but contains the unit function 1f a=0. ‘

Theorem 10. Let A(x)=exp F(4, x), p(x)=exp F(u, x), where F(2, x), F(u, x)
are support functions of closed convex sets C(2), C(u). Let pF(A, x)=qF(u, x) for
all x. Let m(w) be analytic if v€ C(p)/q and for each v in C(u)/q let m(u+iv) be in
M?; with M} ‘,(m(u+ iv)) = K677 where K, y are constants independent of v, y<k,
and o is the dlstance of v from the boundary of C(A)[p. Let C(u)/q be not entirely
contained in the boundary of C(A)/p. Then if q<2 the map f —~ g, where g (w)=m (w)f(w)

) for v€C(u)/q is a bounded translation invariant map from L(p, }) to L(g, p).
If 2<q <o the same holds provided that m(w) is umformly bounded for v in C(u).

According to the hypotheses there isforeachvin C (y)/q an element g(v x)€L,
such that

63 - @OREeri) = [s@ e,
and '. ‘ | | 3
(6.9 8@ = 5K ([ ()l et 1=t dx)tie.

Our first aim is to prove that this g is essentially independent of v, that is, g (v, x)=
. =g(x)e”* for some g in L(q, w. '

Choose a, b, v in C(u)/q so that a,=v,=b, for all r; we may as well suppose
the 1nequa11t1es StI‘lCt since there is nothmg to prove unless some are Stl‘lCt and we
can ignore the coordinates for Wthh a,, b,, v, are equal. Letting w, = u r+1v,, for
large enough 7 Cauchy’ s theorem glves ’

L £(2)dz
NGO W= fp(z,w)
' : cLem o . .

where P(z, w) = (27*1) "H(z —w) and where C(T) Inc (T) w1th C (T) the rect-
angle with vertices at ia, =T, ib, £ T descrlbed posmvely Callmg the 1ntegral on
the rlght I (T) 'it follows that . .

T+1

g0 = [I(tydi = J(T)+R(T),
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where J(T') is the part of the integral in (6. 4) over the product of the horizontal sides -
of the rectangles, and R(T) is a sum of terms of the forms . :

g(z) é(ia+x)
f dt / PG dz and [dt[P(za+x W)
T ia+T

together with others obtained by replacing T and T+1 by — T, —T—1 and a by b.
The terms of the first type are not greater in modulus than

©.6)

T+1 .T+1

b
8+ 1) i\ /[ / dt ]“"<
/ / pasamd =] ”’yu trral ] ) =

a

b

T+1 Ve

: _ ’
.= AT"‘[dy[/ g+ iy)e dt] ,
Y o ‘

a

for some constant 4. If g=2 the inner integral is not greater than C,lig(y, -)l,
where C, is the norm of the Fourier transform as a map from L, to L,.. Moreover,
gu+iv) = m(u+zv)ii(u) where k(x)=f(x)e"* and then

f]/l(x)|”e""""dv = f|f(x)|”el"’ *x+0x Jy = f{f(x)lpeF(l XY dx,

because F(4, x) = sup {v.x:v¢€ C(l)} pv.x+4 | x| since all points w1th1n 6 of v are
in' C(4). Then by (6.4) llg(, ), =K67"| /1.
We can suppose without loss of generality that at most one point of [a, bl, say

a, lies in the boundary of C(A)/p. The integral in (6. 6) is of the order of fé 7dy

where ¢ is the distance of y from-the boundary of C(A)/p. If ais not in the boundary, :
this is bounded if a is in the boundary, it is of the order of the integral f k=1-v dr

with r ="[ y—a, and is again bounded if y<k as requlred by hypothe51s Hence the
term (6. 6) is O(T™%) as T—co.

"This argument fails if g<2; however, in that case under the strengthened hypoth-
esis that m(u+iv) is bounded we can consider the side terms in the integral (6. 5)
directly. According to (6. 2), assuming again that g is in the. boundary of C(1)/p,
| f(u+ iv)| is bounded by a constant multiple of 7" and, arguing much as.above, the

integral is of the order of 7—* multiplied by the integral of fr"“‘”"')‘ldr. and
. o
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" since p’> 1 this is bounded. Once again the side terms tend to 0 and we can write
g(w) = I,— I, where ’

oo

@ml, = f T | s@ded -

y=a —oo

co oo

- f 8@, O f e / gla e oiimde,
0

-~ oo

and similarly _ ‘ o
il = — [g(b, O eri-iemde.

On comparison with (6. 3), it follows that g(x)=g(v, x)e " is indepehdent of v
and then
([ig@lsp(dn)ia = ( [lg(o, Djse-ew=+Fundx)in =

= (f!g(va X)l"dx)l/q = K5-1f,, .

when the point v is chosen arbitrarily in the interior of C(2)/p. Thus the map f—g is
continuous on L(p, 1) to L{g, p). '

.Note that the conclusions of the theorem are valid if g=2 even if C(u)/q is
entirely contained in the ‘boundary of C(4)/p provided that y can be taken to be zero..

Sufficient conditions for a map generated by m to be continuous L(p, A=)~
—~L(g, p~") follow from this theorem, by using the duality arguments. These are
that C(A)/p < C(n)/q, that C(A)/p is not completely contained in the boundary of
C(u)/q, that if p=2m(u+iv) is in ME; and that M7, (m(u+iv)) < K6~7 where 9
is the distance from v to the boundary of C(u)/q and K, y are.as before. If p<2 we
need in addition that m(u+ iv) is uniformly bounded for v¢ C(u)/q.

These conditions are unaltered by translations of C(4)/p, C(u)/q through the
same displacement. This is a particular case of the foilowing observation:

If the kernel k generates a continuous transformation from L(p, 1) to L(q, )
then the kernel k(x)e’”‘ generates a continuous transformation from L(p, le™?**)
to L(g, ue™%%). :

The effect of the change in 'measures involved in thxs statement is to alter F(A X)
to F(A, x)~pa-x and F(u, x) to F(u,x)—ga-x and so to displace both C(1)/p
and C(u)/q. by —a.

We give some applications of these arguments to partxcular kernels.

a) The one-dimensional Hilbert transform has k(x)=1/nx, k(u)=sgn u. This
has no analytic extension, so that 4 cannot map any L(p, /) continuously to L(g, y)

“if C (i) contains any nonzero v: that is to say, if y is in the class we are considering
in this section, it must be constant. ’
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b) The Riesz potentials are the transforms R, with kernels ||x||*~% O<a<k,
apart from a constant multiple; the Fourier transform m(u) is a constant multiple
of lu|~*. This has no analytic extension and the same conclusions apply as for the
Hilbert transform.

c) Let e(x)=e """ Then é(w) = (1+2w,2)"" is analytic for |Jv| <1, and uni-
formly bounded on any region ||v|| < 1—34, if § > 0. Conditions sufficient in order that
the map T,

T = [e N f()dy,

act continuously L(p, ) ~L(q, p) are:

A. F(u, x)<q|x| for all x and B: if p=¢g=2, pF(u,x) = (¢gF2, x) and if
p>4q, pF(i, x)<qF(A, x) for all x. :

Dually, the conditions that T act continuously from.L(p, p~1!) to L(g, A7!) are

A’ F(A, x)<pllx|; B if q§p§2, gF(4, x)=pF(u, x) for all X, if p>q
qF(A, x)<pF(u, x) for all x. -

d) For the kernel k(x)=e "*"* the conditions are the condmons B and B’
above.

e) If g<p and C(u)/q is contained in the interior of C(/l)/p then the identity is a
continuous map L(p, 1) ~L(g, w).

This follows easily enough from the theorem, or directly from Theorem 8,
for if the conditions hold then there is an & neighbourhood of C{w)/g in C(L)/p

‘and so F(4, x)/p F(u, x)/q > ¢| x| for all x, so that the conditions of Theorem 8
hold.

The theorem also allows us to state some cases in which the class of translation
invariant maps from L(p, 4) to L(g, u) is vacuous, that is, consists only of the zero
map. Among these are the following: '

a) C(u)/q is not in C(1)/p, that is, pF(u, x)>qF(,1 x) for some x.

b) p=>¢g and C(u)/q contains a boundary point of C(A)/p, that is pF(u, x)=
=gF(4, x) for some x.

For suppose that there is a v common to the boundaries; for this v, =0, and if
m(w) generates a map L(p, 2)—~L(qg, u) then m(u+1u)EM" and this, as we have

~seen, is vacuous if p>g.

On the other hand, the class of maps is never vacuous if C(u)/q is in the interior
of C()/p; for then if p>gq the 1dent1ty is a continuous map L(p, A)—~L(q, 1) and
if p=gq the function m(w)= e is a multlpller generating a nontrivial continuous
map. _

Lastly, with 1 and u of the same forms, there remains the question of the existence
ofmap L(p,A) ~L(g,u""yand L(p, A=) -~ L (g, ). Here the functions in one space or
the other are very large at infinity, and do not have Fourier transforms: nor do
the functions involved in the dual problem in the other space. The problem can be
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considered by other methods, and some results may be obtained by using generalized
Fourier transforms. However, the following result is obvious, as consequences of
previous theorems.

" For the map L(p, A~')—~L(qg, 1) the comparison functnons of Theorem 7 are
E(@A~', hy=—exp (— F(2, b)), E(u, l)=exp F(u, h) so that L(p, A~")~L(g, p) is
vacuous unless A and u are 1.

The question of maps from L(p, 2) to L(g, p~") reduces to that of maps from
.L(p, A%P%%) to L(g, p~'e®™*) according to the argument above, where a is any
point. If @ is common to C(4)/p and — C(u)/g, 0 is a common point of the correspond-
ing regions after displacement: for the equivalent F’s F(4, x)=0, F(u, x)=0 for all
x:-Assuming this to be the case, we have the éonti_nuous imbeddings L(p, ))c L,
L,cL(g,u™"), and so any continuous map L,—L, induces one from L(p, 1) to
. L(q, u~ ). If p=gq there are always such maps that are not zero. If p=>q, the 1dent1ty
is a map from L(p, 2) to L(q, u‘l) if a is interior to C(/l)/p
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