A radical class which is fully determined by a lattice isomorphism

By B. DE LA ROSA in Bloemfontein (South Africa)*)

In this note we introduce the concept of a quasi-semi-prime ideal in an associa-
tive ring as a generalization of the notion of a semi-prime ideal. We consider the
class of rings in which all ideals have this property. This class is shown to be a non-
hereditary radical class in the sense of Kurosh. As an application we show that the
existence of a lattice isomorphism between the lattice of (two-sided) ideals in a ring R
and the lattice of ideals in the ring R, of nXn matrices over R, is equivalent to the
“fact that R belongs to the mentioned radical class.

1. The A-radical of a ring

Definition 1. An ideal Qina riﬁg R may be called a quasi-semi-prime ideal
if from RARZ Q, where A4 is an ideal in R, it follows that A S Q.
The following two theorems are easy consequences of this definition.

Theorem 2. For an ideal Q of a ring R the fdllowing statements are equivalent:
(i) Q is a quasi-semi-prime ideal in R.
(ii) If ais an element of R such that RaR& Q, then a€ Q.

Theorem 3. For a ring R the following statements are equivalent.
(1)) All ideals in R are quasi-semi-prime.

(i) Each element a of R belongs to the corresponding ldeal RaR.
(1ii) Each ideal A of R satisfies the relation RAR=A.

We shall make particular use of the second condition of the latter theorem.
For convenience we introduce the following terminology: An element a of a ring
R is called a 1-element if a€ RaR. A ring R is called a A-ring if every element of R
is a A-element. An ideal A4 of a ring is called a A-ideal if 4 is a A-ring. A ring is said
to be A-semi-simple if it contains no non-zero A-ideals. We show that the class of
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A-rings is a radical class accordmg to the definition by KurosH as adapted by Di-
vinsky (cf. [2]).
Firstly, we note that the homomorphlc closure of this class of rings follows
directly by applying the operation preserving properties of ring homomorphisms.
Secondly, it is obvious that the zero ideal of an arbitrary ring is a A-ideal. To
show that every ring contains a unique maximal A-ideal, we verify the following

Lemma 4. The union A(R) of all the )-ideals of a ring R is a A-ideal in R.

Proof. Let A and B be A-ideals in R and let 5 be an arbitrary element of 4 + B.
Then s = a+b, where a€ 4 and b€ B. Since A4 is a A-ideal in R, there exist elements
x;, y; in A such that g=ZXx;ay;. Denoting the element Xx;(a+b)y; by ¢, we can
write: A _ : ‘

at+b—c=a+b-Zx(a+b)y, = b—Zx;by,. '
Hence it follows that a+b—c€ B. Since Bis a A-ideal in R there exist elements u;,
in B such that : P
a+b—c = Zuj(a+b-ov;. .
It follows that

at+b = Zx~(a+b)y,-+2u~(a+b)vj—Zu~[2x-(a+b)y,-]uj.

.Since clearly x;, y;, uj, v;, 4; x;, y,v,€A+B we have that s is a A-element in A+ B.
Therefore A+ B is a A-ideal in R.
Finally, since each element of the union of all A-ideals of R belongs to the sum
of a finite number of these ideals, it is clear that every such element is a A-element
in A(R). Therefore Z(R) is a A-ideal in R. This completes the proof of the lemma.
There remains to show that the factor ring R/A(R) is A-semi-simple.
Lemma 5. The factor ring R/A(R) contains no non-zero A-ideals. )
Proof. Let H/A(R) be a J-ideal in R/A(R) and let A+ A(R) be an arbltrary
element of H/A(R). Then there are elements x;, y; in H such that

h +/1’(R) = Z(x,+ AR (h+A(R) (y: + A(R) = Zx;hy; + A(R).

This implies that A~ Zx;hy; € A(R), and since A(R) is a A-ideal in R, it follows that
h— Zx ihy, = Zuj(h—Zx;hy)v; for some u;, v;€ A(R). Therefore

J’.I

h = Zx;hy; + Zu;hv; — Zu;[Zx, hyJo;.

0

Since u;, v; € A(R)S H, it follows that Xis Vi, Uy, U, u;x;, y;v;€ H. The last equality
therefore shows that H is a J-ideal in R, and accordingly it must be contained in
A(R). Therefore H=A(R), and H/A(R) is the zero ideal in R/) (R) This completes
the proof of the lemma.
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Theorem 6. The property A is a radical property.

Being a radical property, A satisfies the relation 1() S 1IN A(R) for an arbitrary
ideal I in any ring R. The reverse inclusion, however, does not hold in general; for
instance, ENA(Z) = E & A(E) = 0, where E denotes the ring of even integers
and Z the ring of all integers. Thus it follows that A is not hereditary. )

_ We conclude this section by comparing the A-radical property with those be-
tween the Baer—McCoy radical property f and the upper radical property ¢ deter-
mined by the class of all fields. :

Theorem 7 The A-radical property is independent of all radical properties x
such that B=y=¢g.

Proof. Every ideal of a A-radical ring R is quasi-semi-prime. Therefore R® S R?
implies that RS R?, so that RZ=R. Thus it follows that a nilpotent ring is not
J-radical, and consequently .f£ 1. On the other hand all fields are x-sem1-s1mple
and at the same time A-radical, so that Az y. The proof is completed.

This independence was to be expected since the Baer—McCoy radical, for
instance, is a measure for the presence of nilpotent ideals in a ring, while the A-radical
measures the presence of “well-behaved” ideals such as regular ideals and simple
_ non-trivial ones. Where semi-simplicity with respect to y is of special interest from
a structural point of view; the emphasis must therefore be placed on radicality
with respect to A. The following section deals with an application in this respect.

2. Rings of nX 7 matrices over a ring

Although the ring R under consideration needs not possess a unit element,
we still use the matrix units E;; in a formal way: If x€ R, then xE;; is to be inter-
" preted as the matrix in R, with the element x at the intersection of the i'* row and j th
- column and the zero element of R elsewhere.

Theorem 8. An ideal Q in a ring R is quasi-semi-prime if and only if Q, is a-
quasi-semi-prime ideal in R,. ‘ :

Proof. Suppose that Q is a quasi-semi-prime ideal- in R and let a=2Za;; E;;
be any element of R, such that R,aR,SQ0,. If a4 Q,, then g, ¢ Q for some k, m¢€
€{1,2,...,n}. Since Q is a quasi-semi-prime ideal in R, we have that Ra,,,REQ,
that is, there exist elements x and y in R such that xa,,y ¢ Q. But if this was the
case it would follow that (xE)a( VE, ) =X, VE,. ¢ O,,. However, this is impossible,
~ since R,aR,SQ,. Therefore a € Q,, and we have that Q, is quasi-semi-prime in R,.

Conversely, suppose that 0, is a quasi-semi-prime ideal in R,, and let a€ R
such that RaRE Q. We shall show that R,yR,E Q,, where y=2ZaE;;. An arbitrary
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element of R,yR, is a finite sum of elements of the form
P = (injEij)(zaEij)(Z)’ijEij),
which is the sum of nXn matrices of the form xp,ayséqu. Since RaR& Q, it fol-
lows that x,.ay, € Q, and hence y' € Q,. Therefore R,yR, < @,. Since @, is a quasi-
semi-prime ideal in R,, it follows that y=ZXaE;;€ Q,, and thus that a€ Q. Therefore
Q is a quasi-semi-prime ideal in R. This completes the proof of the theorem.
To prove our final result, we shall need the following fact (cf. [3]).

Lemma 9. If # is an ideal in the ring R, then the set M of all elements at the
intersections of the first rows and first columns of matrices in A is an ideal in R.

Theorem 10. The ideals of the ring R, are of the form M,, where M is an ideal
in R, if and only if R is a A-radical ring.

Proof. Suppose that R is a A-radical ring. Let .# be an arbitrary ideal in R,, -
and let M be the ideal in R associated with .# as in Lemma 9. We show that #=M,.
Let a=2ZXa;;E;;C.#. Then, for arbitrary x, y€ R, one has

xarsyEl 1= (XElr) (zaijEij) (yEsl) € M.

Thus, by definition of M, we have that_xa,;y€ M. Since this is true for arbitrary
X, y€R, it follows that Ra,, RS M, and the fact that M is a quasi-semi-prime ideal
in R ensures that q, € M. The latter relationship, being true for all r, s€ {1, 2, ..., n},
yields the fact that « € M. Therefore #/EM,.

If, on the other hand, m is any element of M, then there exists a matrix Zm; E};
in M with my=m and it follows that

xm, 1)/'qu = (XEpl)(ZmijEij) (yElq) €M,

that is, xmyE,, € 4, where x and y are arbitrary elements of Rand p,q€ {1, 2, ..., n}.
Thus every finite sum of the form Xx,my,E,,, (x;, y;€ R), belongs to .#. Since R -
is A-radical, it follows that mE, € .# for every m¢ M. Consequently M, S .#, and
we have that #=M, .

Conversely, suppose that every 1deal in R, has the form M,,, where M is an ideal
in R, and let 4 be any ideal in R. Then the sets % and £ of matrices in R, with entries
running through the ideals 4, R4 and AR as indicated in

A A... Af A AR...AR
RA RA---RA A AR...AR

| oA
RA RA--RA A AR..AR

respectively, are obviously ideals in R,. By the hypothesis on R, it follows that
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P =R=A4,=(RA),=(4AR),. Hence we have A=RA=AR, and it follows that
RAR=A. The required result follows from Theorem 3' (iii).
By the preceding two theorems we obtain the following

Corollary 11. The ring R, is A-radical if and only if R is A-radical.
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