Generalizations of the Hardy — Littlewood inequality

By JOZSEF NEMETH in Szeged

1. G. H. HarpyY (see for instance [3], p. 239) proved the following
Theorem A. If p=>1, a,=Z0 (n=1,2,..)) and A,, = ~ﬁai, then
- p p oo i=1
m 2 AL, < [—-] 2 af
) n=1 P“l n=}1
unless all a, vanish. The constant is best possible..

This result was generalized by Harby and LittLEwooD [2] as follows:

Theorem B. Suppose p=0, c is real (but not necessarily positive), and Za, is
a series of positive terms. Set

n oo

Aln - Z ak and Am,, = Zak.

’ k=1 k=n
If p>1 we have :

)

2 n A}, =K D n~%(na)r with c>1, %)
n=1 n=1
3 2 n Al =K D n(na) with c<l;

n=1 n=1

and if p<1 we have

©) 2 n A5, =K > n¢(na) with c¢>1,
n=1 n=1

&) > n AP =K 3 n~(na)’ with c<l1.
n=1 n=1

Theorem A was generalized by HarDY ([4], p. 273—275), and then by G. M.
PETERSON and G. S. Davies ([7], [8)]), in such a way that the arithmetic means of q,

*) K denotes a positive absolute constant, not necessarily the same at each occurrence.
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in (1) are replaced by more general sums. M. Izumr,. S. 1zumi and G. M. PETERSON
([S]) gave further generalizations, notably they proved inequalities of type

©) =z cn,nf(n){ 3 e } = KS co nf ()2

under certain conditions on the matrix (c, ), the sequence {f(n)}, and p.
Theorem B was generalized by L. LEINDLER ([6]), who replaced in (2)—(5)
the sequence {n~°} by an arbitrary sequence {4, }; for instance he proved the inequality

oo 14
P50 P[z z,,,] a

m=n

Ms
H/\

(M
with p=1 and 4,=0. :
In the present paper we intend to generalize and to combme these results.

nl

i

2. We use the following definitions:
a) CeM, denotes that the matrix C=(c, ) satisfies the conditions:

Cuy=0 (v=m), Cny=0 (v=m) (m,v=1,2,..)), and

® . 0<lmy <N %) (O=v=n=m).

b) C€ M, denotes that ¢, ,>0 (v=m), c,,=0 (v<m) (m,v=1,2,..), and

©) _ %XENZ O=n=m=v).

¢) C¢ M, denotes that ¢, ,=0 (v=m), and ¢, , =0 (v<=m) (v, m=1,2,..),

(10) 0<Smsn, - (v=azm=0).

d) Ce M, denotes that c,,, >0 (v=m), and ¢,,, =0 (v=m) (v,m=1,2,..),

(11) %’lzN4 O=v=m=n).

s

3. We prove the following

Theorem. Let a,=0 and 1,0 (n=1, 2, .4..) be given, and let C=(c, ;) be a
triangular matrix. _ _
(a) If CeM, and p=1, then

n 14 4
(12) 2 ln[ Zl Cn,mam] = N[li(p—l)pp 2 )1 p[z Am Cm n]

n=1 m=n

*) N; denote positive absolute constants (i=1, 2, 3, 4).
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(b) If CeM; and p=1, then

oo p oo m 4
13) Z [Z Cn,md ] = N§e-Dpr 3 23..“’[2 i,.c,,.,n] an.
— n=1

n=m m=1

© If CEM, and O<p=1, then

oo oo 14 " oo n p
(1% ‘?‘1 Ao [_2 cn'vav] = Né“””’p”% Al-» [k;; c,",,lk] ab.
d) If CeM d O<p=1, then
o m r o o I3
(9) 5 0a( 2 conar) = N0 3010 5 e
m= =1 m=1 n=

4. We remark that this theorem implies LEINDLER’s theorem [6], further if
Am = Cm, mS oy ? and we write ¢, , finy instead of elements of the matrix C, then asser-
tion (a) includes Theorem 3 of [5], and in the case 4, =/fG7 and ¢, ,=f(k)a,,, asser-
tion (d) reduces to Theorem 5 of [7].

5. We require the following lemmas:
Lemma 1. ([7], Lemma 1) If p>1 and z,=Z0 (n=1, 2, ...) then

EREEAEN

=1

p—1

The proofs of the following lemmas are similar to that of Lemma 1.

Lemma 2. If O<p=<1 and z;, >0, z,=0 (n=2, 3, ...) then

Lemma 3. IfO<p<1and z,=0 (n=1,2, ...) then for every natural number N,

Sfor which zy =0,

v=

Lemma 4. If p>1 and z,=20 (n=1,2, ...) then for every natural number N

(S =na (2

k=n -

6. Proof of Theorem. For p=1 the assertions are obvious; we have only to
interchange the order of the summations. Further we may assume that not all a,

vanish. (Otherwise the theorem is evident.)
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Proof of inequality (12). By Lemma | we obtain for C=(c, ,) €M,

N n 4 m =1
2 }"n[ 2 Cn,mam] =p y 'J 2 Cn m m [ 2 Cy Aak] =
n=1 m=1

n= 1 m=1

Hence, using Holder’s inequality, we have-

N " r plla( N p Ip
Z A’ [ 2’ c'l I" ] é Nf { 2 A’I" [ 2 Cm kak] } { 2 l,}, P [ 2 i cn I'l] 5:}
n=1 m=1 m= )

= n=m

which, by a standard computation, gives assertion (a).

Proof of inequality (13). By Lemma 4 we have for C=(c, )M,

N N N p—1
2 )'m Z cn,ma =p Z '1 Z C',, mn ch,mav =
m=1 n=m v=n .

.om= n=m

ll/\

N p—1
N —
3 Zlm 2 Ca,mAn| L Cyv nly -
m 1L n=m E

N N p—1 n
—1p 2 [ 2(:\’,"‘1\'] a'l 2 cn,mlm é
. n=1\v=n
N N P\laf N =~ ( =n R Y Y/
YSHEAENN TP
n=1 v=n n=1 m=1 . . .
This gives assertion (b).

Proof of inequality (14). Using Lemma 3 with an index N for which ay =0
we obtain

=
v=n n=1 v=n =y
N N N p—1 N( N p—1
1 — - U
ENZ P PZI.'L.ZC,. vay ch kG _NZ P PZ; kZ Cy, k0 avzvl}‘ncnv
n= v=n k=v v= =y n=

Hence, using Hélder’s inequality ([1], p. 19) we have '

N P N N P 1/'I‘ ,N v 4 1/p
3 z,,[ Seus ] =N 3o Seveaf] | S ame( 3 aen
=1 v=n v=1 k=v v=1 P X 2 :

Hence we obtain (14).
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Proof of inequality (15). We may assume that @, 0. Using- Lemma 2
we have

N m 4 N m n p—1
Z Am( Z cn,man] ép Z j'm 2 Cn,man [ 2 ck,mak} =
7 k=1

m=1 n=1 m=1 n=1
n p—1 p—1 N
>N1_p PZ’AM ch mQn ch,nakJ _Nl_p pu [ch nQx an,ZJ’{m("n,mé

=1 n=1 k=1 n=1 m=n

N n pYlla( w N P i/p
- 1
= N4 p'P{Z )'n 2 ck,nak) } {2 /1,, P Z }‘mcn,m arlx)} .
n=1 k=1 n=1 m=n

Hence we get the required inequality (15), and we have completed our proof.
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