
Degree of approximation by Cesaro means 
of Fourier—Laguerre expansions 

By D. P. GUPTA in Allahabad (India) 

1„ The Fourier—Laguerre expansipn of a function f(x) GL[0, » ] is given by 

( 1 . 1 ) / ( x ) ~ 2 ' a j V i x ) , 
11 = 0 

wheie 

(1. 2) r ( « + 1 ) (n + a) a„ = J e~*x*f(x)LW(x) dx, K ' o 

and L(f (x) denotes the Laguerre polynomials of order « > — 1, defined by the 
generating function 

(1. 3) 2 W(x)co" (1 CO)-"-1 exp ] . 
n=o l I—co) 

The »th Cesaro sum of order lc of the series 

(1. 4) J I $ \ t ) 
n = 0 

is, by definition, the coefficient of r" in the expression 

(1-r)-"-1 2 L^(t)r" = (1 - r)~u~ *(1 -r)-"~1 exp 
n=o 

and is therefore equal to L^+k+l\t). 
In this paper we shall discuss the order of Cesaro means of the series (1. 1) 

at the point x = 0 . On account of the relation L^f (0) — | /Z ^ a j , we have 

(1. 5) J fl„LW(0) = {r(a + 1 ) } - 1 2 f e-H«f{t)LP{t)dt 
11 = 0 11 = 0 o 

(see SZEGO [7], p. 269). Using the Cesaro means of the series (1.4), we find that the 
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nth Cesáro means of order k of the series (1. 5) are given by 

(1.6) <7^(0) = {A^r^ + l)}-1 J e-t°f(t)Li"+k^>(t)clt, 

where A (k) e n 
The Cesáro summability of the series ( 1 . 5 ) has been studied by KOGBETLIANTZ 

[2] and SZEGÓ [6]. It has been shown by SZEGŐ [6] and [7], p. 270, that i f f ( x ) is con-
tinuous at x = 0 and if 

(1. 7) f e-x'2x-k-i,3\f(x)\dx < co, 
i 

then the series (1. 1) is (C, /t)-summable at the point x ^ O with the sum/(0) , provided 
that k > a + 1/2. 

In Theorem I of this paper we estimate the order of Cesáro means of the series 
(1. 5) after replacing the continuity condition in Szegő's theorem by a much lighter 
condition. Similar results for Fourier-trigonometric series and for ultraspherical 
series on a sphere were established by OBRECHKOFF [3], [4]. In Theorem II we prove 
an extension of Theorem I by introducing a parameter p thus arriving at a deeper 
insight into the behaviour of Cesáro means. Such extensions in the case of Fourier-
trigonometric series were given by W A N G [8] and SUNOUCHI [5], while the author 
[1] has earlier studied such a problem for the ultraspherical series on a sphere. 

T h e o r e m I. If 

( 1 . 8 ) F ( , ) = f ^ - d u = o [ l ó g j ) 

and 

i 
then 

ff«'t>(0) = o(log/7)) 

provided that k > a. + 1 /2. 

2. In the proof of the theorem we shall require the following order estimates 
and asymptotic values of the Laguerre functions given by SZEGŐ [7], pp. 1 7 5 and 2 3 9 . 

Order estimates. If a is an arbitrary real number, and cand a> are fixed positive 
constants, and n - » , then. 

IX-a/2-1/4 0(^/2-1/4^ i f c j n ^ x ^ a ) , 

( 2 - 1 ) L " ) { x ) = \0{,f). if 0 sx^c/n. 
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Asymptotic property.*) If a and X are arbitrary real numbers, a > 0 and 0 < 77 < 4, 
then for n °° 

(2. 2) max e ~ */2 | L « (x) | - nQ, 

where 

(2. 3) Q -{ 
max (A—1/2, a/2—1/4) if a s x ( 4 - rf)n, 
max (X —1/3, a/2 —1/4) if x s a, 

and the maximum at the left hand member of (2, 2) is taken in the respective interval 
pointed out in (2. 3). 

(3.1) < ' ( 0 ) = { ^ ) r ( a + l )} - 1 

3. P r o o f of T h e o r e m I. From (1. 6), 

1 ¡11 1 ~ 

/ + /+/ Lo 1/11 1 

Using the order estimate (2. 1) we find that**) 

1 In 

h+h+h-

1/n 
/ j = 0{n~k) J' e-tty\f(t)\n0l+k+iclt = 0(nx+1) f i|/(0| dt = 

0ù 0 

1 In 
= 0(na+i)[taF(t)]yn+ OQi«+i) f ta~lF(t)dt = 

(3.2) 

= 0 ( / f + ') t"o\t log 

= o(log/7) + 0(77 a + 1 ) log 

Un f ^ 
+ O (»A + ') J O log y j dt = 

1 t a+ 1 

a + 1 
dt 

1/» 

0 t ( a + 1 ) •> a + . 

= o(log77) + o(log77) + o ( l ) = û ( log«) . 

In I2, we make use of the first estimate of L"(x) given in (2. 1) and we obtain 

itf »I 
*) If ¿„T^O and the sequence has finite positive limits of determination, we write a,,~6, 

\b„\ 
**) Condition (1.8) implies that 

F(l)= j |/(H)| du = oit log—j . 
ft ^ ' 
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0{n~k) f e-'ta\f(t)\n<a+k+l)l2-li4t-i'+k+i)'2-1iAdt = 
1 In 

(3 .3) 0[n-k+i«+k+1)/2-1/4] / r / 2 " t / 2 - 3 / 4 1 / ( 0 1 i/i -
1 In 

- k / 2 + l / 4 n - x / 2 + k/2- I/*] / W 2 U = 0 ( 1 ) / + / 
i /« ' It/« a 

a i 

= 0 ( l ) o ( l o g w ) + O ( l ) / - J ^ - i / i = o ( l o g « ) + <?(!) = o(log/7). 

Finally, from (2. 2) and (1. 9), 

/3 = 0{n~k) f e-'t"\f{t)\\L^k^\t)\dt = 
1 

(3 .4) 

0 ( n " * ) / e - » / 2 i a - f c - l / 3 | / ( / ) | 0 ( « k ) i / f = 0 ( 1 ) = o( logw). 

The theorem gets proved on account of (3. 1), (3. 2), (3. 3) and (3. 4). 

4. An additional parameter p, — m a y be introduced into the theo 
rem proved above so as to obtain a still finer result : 

T h e o r e m I I . If 

P + I 

(t - 0, -1 < oo), 

and if 

J g - i / 2 , « - * - 1 / 3 j y ^ i ^ < 00> 

1 

then = 0[(log n)p+ *], provided that k > a + 1/2. 



Cesàro means of Fourier—Laguerre expansions 259 

P r o o f . A s in the p r o o f of T h e o r e m I, we b r e a k the i n t eg ra l i n t o h + h + h -
/ 3 gets d i sposed off exact ly as be fo re . C o m i n g t o IL, we h a v e 

l/'l ! / » , „ , 
Ji = 0(n~k) f e-<t"\f(t)\n*+k+1 dt = 0(nx+1) J J i ^ - t 1 * ' d t = 

0 

O C « ^ 1 ) 
( u J(=o 0 v, u J 

1 I« , xP+1 

o [ ( l o g « ) " + 1 ] + o ( « ' + 1 ) / ta | l o g —J dt = o [ ( l o g / j ) p + 1 ] . 

T h e e s t ima te f o r / 2 is immed ia t e ly o b t a i n e d f r o m (3 .3 ) . T h i s c o m p l e t e s t h e p r o o f . 

I a m g ra t e fu l t o P ro f . R . S. M I S H R A f o r h is k i n d adv ice d u r i n g t h e p r e p a r a t i o n 
of t he p a p e r a n d to t he re fe ree f o r his va luab le sugges t ion r e g a r d i n g t h e p r e s e n t a -
t i on . 
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